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A Strict Border for the Decidability of
E-Unification for Recursive Functions∗

Heinz Faßbender Sebastian Maneth

28 May, 1998

Abstract

During the execution of functional logic programs, E-unification prob-
lems have to be solved quite frequently, where the underlying equa-
tional theory is induced by recursive functions. But, what about the
decidability of those E-unification problems? Up to now, there does
not exist a concrete answer to this question for classes of equational
theories which are induced by particular recursive functions. In this
paper, we try to give an answer to this question by drawing and ver-
ifying a strict border between undecidability and decidability of E-
unification problems for particular classes of recursive functions. Since
this result shows that the E-unification problem is undecidable even
for a very restricted class of recursive functions, the nondeterministic
implementations of those problems in functional logic programming
languages are justified.

1 Introduction

During the execution of functional logic programs, certainE-unification prob-
lems must frequently be solved. Consider, e.g., the program of the functional
logic programming language BABEL [MR92] in Figure 1. This program de-
fines the predicate sublist and the function append ; sublist checks whether its
first argument is a sublist of its second argument, and append concatenates
two lists in the usual way.

∗A preliminary version of this paper appeared as [FM96].
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sublist(x, y) : − y = append(z1, append(x, z2))
append(CONS (x1, x2), y1) := CONS (x1, append(x2, y1))
append(NIL, y1) := y1

Figure 1: A functional logic program

In computations of the predicate sublist , an equation such as

ty = append(z1, append(tx, z2))

must be solved, where ty and tx are the current values of the variables y and
x, respectively. Clearly, this is just the Eappend -unification problem for the
terms ty and append(z1, append(tx, z2)); and the computing machinery tries
to compute an Eappend -unifier ϕ, i.e., it tries to answer the question whether
ty and append(z1, append(tx, z2)) are Eappend -unifiable.

From the implementational point of view, for functional logic program-
ming languages, it is very important to know whether the considered E-
unification problem is decidable, i.e., whether there exists an algorithm that
yields an answer for every possible input. Note that an input of such an
algorithm consists of a set E of recursive function definitions and two terms
t and s which should be E-unified.

In general, it is well known that the decidability of an E-unification prob-
lem depends on the set E of equations. For example, if E is the empty set,
then the E-unification problem coincides with the usual unification problem
of terms, which is decidable [Rob65, MM82]. If E is the set of Peano’s axioms,
then the E-unification problem coincides with Hilbert’s tenth problem, which
was shown to be undecidable [Mat70]. However, there are many specific the-
ories that are decidable, such as associativity A [Mak77], associativity and
commutativity AC [Sti75], etc. (see [BS94] for a survey). When dealing with
functional logic programs, we are rather interested in general results that hold
for a whole class of theories. Usually, such classes of E-unification problems
are characterized by particular classes of term-rewriting systems (TRS; see,
e.g., [DJ90]), referring to their ability to describe (directed) equalities. In
this context, there are a number of results on decidability of E-unification
for particular classes of TRSs, which will be discussed in Section 4. As we
will see, from a programming point of view, some of the classes considered in
Section 4 are much more practical than the classes for which we show decid-
ability. However, our intention was not to put very specific conditions on the
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Figure 2: A derivation step of a top-down tree transducer

TRSs (or even on the goals), but rather to show for known classes of TRSs
where the border of un-/decidability of the induced E-unification problems
lies. We feel that this gives better insight into decidability of E-unification
from a “syntactic restriction” point of view.

In particular, we show that the E-unification problem is undecidable for
the class EtdT of sets of recursive functions, which are induced by very re-
stricted term-rewriting systems called top-down tree transducers. In other
words, we show that there exists a set E ∈ EtdT and two terms t and s such
that it is not decidable whether t and s are E-unifiable.

Intuitively, a top-down tree transducer [Tha70, Rou70] is a left-linear,
confluent, terminating, constructor-based [You89], and strictly not subunifi-
able [Ech90] TRS, such that every function symbol has rank 1 and for every
function symbol f and every constructor σ of rank k ≥ 0, there exists exactly
one rewrite rule of the form

f(σ(x1, . . . , xk))→ r

where r is a term over constructors and function calls of the form g(xi), such
that g is a function symbol and xi is a variable from the left-hand side. A
derivation step of such a tree transducer is shown in Figure 2.

For example, in Figure 3 we present the rewrite rules of a top-down tree
transducer that defines a function f which computes Fibonacci numbers.
Since it is only allowed to call the predecessor of the left-hand side’s argument
in the right-hand side, we use a second function h to compute f on the
predecessor of the predecessor of the left-hand side’s argument. In other
words, we turn course of value recursion into simultaneous recursion. Natural
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f(0) → s(0)
f(s(x1)) → +(f(x1), h(x1))
h(0) → 0
h(s(x1)) → f(x1)

Figure 3: Rewrite rules of a top-down tree transducer for computing
Fibonacci numbers

numbers are described by terms over the input symbols s and 0 of rank 1
and 0, respectively. Furthermore, the addition is presented as the binary
constructor +, which has to be interpreted if the Fibonacci number should
really be evaluated.

In particular, we will show that the E-unification problem is even unde-
cidable for the class of equational theories which are induced by top-down
tree transducers with two different function symbols, and where the rank of
every constructor is less than or equal to 1, i.e., monadic trees .

Furthermore, we show that the considered class of sets of recursive func-
tions is minimal with respect to undecidability; i.e., if we restrict the class
of sets of recursive functions which are considered, then the E-unification
problem becomes decidable.

That means, the main point of the paper is drawing and verifying a strict
border between decidable and undecidable equational theories that are in-
duced by TRSs that define recursive functions. For this purpose, we consider
monadic tree homomorphisms and monadic top-down tree transducers. The
difference between these two is the number of function symbols. Since the
border between undecidability and decidability lies between these two classes,
the number of functions seems to be crucial with respect to the decidability
of E-unification for recursive functions.

This paper is organized as follows. Section 2 contains preliminaries. The
considered TRSs and E-unification problems are defined in Section 3 and
compared with related results in Section 4. The undecidability of the E-
unification problem for equational theories that are induced by monadic top-
down tree transducers is shown in Section 5. In Section 6, the other side
of the border of decidability is shown by verifying the decidability of the E-
unification problem for equational theories that are induced by monadic tree
homomorphisms. Finally, in Section 7 we give some conclusions and further
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(un)decidability results that follow from the results of Sections 5 and 6.

2 Preliminaries

Let us recall some basic definitions and notions that we will use throughout
the rest of this paper.

2.1 General Notations

The set of non-negative integers is denoted by IN . The empty set is denoted
by ∅. For some j ∈ IN , [j] denotes the set {1, . . . , j}; therefore, [0] = ∅. For
i, j ∈ IN with i ≤ j, [i, j] denotes the set {i, i+ 1, . . . , j}. For a finite set A,
the cardinality of A will be denoted by card(A). The difference set of two
sets A and B, i.e., the set {x | x ∈ A and x /∈ B}, is denoted by A−B. For
a set A, the set of words over A and the set of nonempty words over A are
denoted by A∗ and A+, respectively. The empty word is denoted by ε. The
length of a word w ∈ A∗ will be denoted by |w|. For a set A and an integer
n ≥ 0, the set of words over A of length n is denoted by An.

2.2 Ranked Alphabets, Variables, and Terms

A pair (Ω, rankΩ) is called a ranked alphabet if Ω is a finite set and rankΩ :
Ω → IN is a total function. For every symbol f ∈ Ω, the natural number
rankΩ (f) is called the rank of f . For every i ≥ 0, the set Ω(i) ⊆ Ω consists
of all symbols in Ω that are of rank i. A ranked alphabet can be defined
by either (1) an enumeration of the finitely many nonempty subsets Ω(i), or
(2) a set of symbols which are indexed by their unambiguous rank. In this
paper we will mostly use the latter of these methods. In the following, let
(Ω, rankΩ) be an arbitrary but fixed ranked alphabet.

For the rest of this paper we choose the set of variables to be the set
V = {x, z, x1, z1, x2, z2, . . . }. In rewrite rules, we always use x, and in goals,
we use always z.

Let S be an arbitrary set. The set of terms over Ω indexed by S, denoted
by T (Ω, S), is the smallest set T ⊆ (Ω ∪ S ∪ {(, ), , })∗, such that the fol-
lowing holds: S ⊆ T , and if f ∈ Ω(n) with n ≥ 0 and t1, . . . , tn ∈ T , then
f (t1, . . . , tn) ∈ T .

5
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For every term t ∈ T (Ω,V), the set of occurrences of t, denoted by O (t),
is a subset of IN∗, which is inductively defined as follows:

1. if t = x with x ∈ V, then O(t) = {ε},
2. if t = f with f ∈ Ω(0), then O(t) = {ε}, and

3. if t = f(t1, . . . , tn) with f ∈ Ω(n) and n > 0, and for all i ∈ [n] : ti ∈
T (Ω,V), then O(t) = {ε} ∪ ⋃

i∈[n]
{iu | u ∈ O(ti)}.

For every term t ∈ T (Ω,V) and every occurrence u of t, the subterm of t
at occurrence u is denoted by t/u. The label of t at occurrence u is denoted
by t[u]. The set of variables occurring in t is denoted by V (t); that means
v ∈ V (t), if v ∈ V and there is a u ∈ O (t) such that t/u = v. The term
t with the subterm at occurrence u replaced by the term s is denoted by
t[u← s].

2.3 Substitutions

A mapping ϕ : V → T (Ω,V) is called a (V ,Ω)-substitution if {v | v ∈ V and
ϕ (v) 6= v} is a finite set. The set of all (V ,Ω)-substitutions is denoted by
Sub (V ,Ω).

Every (V ,Ω)-substitution ϕ is characterized in terms of those (finitely
many) variables that change under ϕ. Let v1, . . . , vn ∈ V be the complete
list of variables, such that ϕ (vi) 6= vi. Then ϕ is unambiguously defined by
[v1/ϕ (v1), . . . , vn/ϕ (vn)].

2.4 Term-Rewriting Systems and E-Unification

A term-rewriting system, denoted by R, is a pair (Ω, R) where Ω is a ranked
alphabet and R is a finite set of rules; every rule has the form l → r with
r, l ∈ T (Ω,V) and V(r) ⊆ V(l).

An equivalence relation ∼ over T (Ω,V) is called an Ω-congruence over
T (Ω,V) if for every f ∈ Ω(n) with n > 0 and for every t1, s1, . . . tn, sn ∈
T (Ω,V) with t1 ∼ s1, . . . tn ∼ sn: f(t1, . . . , tn) ∼ f(s1, . . . , sn).

Let R = (Ω, R) be an arbitrary term-rewriting system. The set of equa-
tions induced by R, denoted by ER, is the set {(l = r) | (l → r) ∈ R}. The
E-equality, denoted by =E, is the finest Ω-congruence containing every pair
(ψ(t), ψ(s)) where (t = s) ∈ E and ψ is an arbitrary (V ,Ω)-substitution.

6
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Two terms s, t ∈ T (Ω,V) are E-unifiable if there exists a (V ,Ω)-substitution
ϕ, such that ϕ(s) =E ϕ(t).

3 E-Unification with Recursive Functions

In this section we describe the E-unification problems Umon-tdT and Umon-Hom

for the class of sets of equations which are induced by monadic top-down tree
transducers and monadic tree homomorphisms, respectively. In Sections 5
and 6, it will turn out that Umon-tdT is undecidable, whereas Umon-Hom is
decidable. Thus, the underlying classes of sets of equations are close to the
border that can be drawn between undecidability and decidability of the
E-unification problem for recursive functions.

We recall the definition of top-down tree transducers [Rou70, Tha70].
Unlike the usual definition, we have omitted the use of separate input and
output alphabets, and rather use one alphabet of constructors, ∆.

Definition 1 (Top-Down Tree Transducer)
A top-down tree transducer is a tuple (F,∆, R) such that:

• F is a nonempty ranked alphabet of function symbols which are all of
rank 1,

• ∆ is a nonempty ranked alphabet of constructors, and

• R is a finite set of rewrite rules which contains, for every f ∈ F and
every σ ∈ ∆ of rank k ≥ 0, exactly one rule of the form

f(σ(x1, . . . , xk))→ β

where β ∈ T (∆, {g(xi) | g ∈ F and i ∈ [k]}).
We denote the class of sets of equations that are induced by top-down

tree transducers by EtdT .
A top-down tree transducer is called monadic if all constructors are of

rank 1 or 0. The corresponding class of sets of equations is denoted by
Emon-tdT . Usually the derivation relation of top-down tree transducers is not
defined for terms where function symbols are nested. However, since we want
to consider the sets of equations that are induced by such transducers, we
define the derivation relation term-rewriting system-like, and allow nesting
of function symbols.

7
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Definition 2 (Reduction Relation for Top-Down Tree Transducers)
Let T = (F,∆, R) be a top-down tree transducer. The reduction relation for
T , denoted by ⇒T , is a binary relation over T (F ∪∆,V) such that for every
t, s ∈ T (F∪∆,V): t⇒T s if and only if the following holds: there is an occur-
rence u∈O(t), a substitution ϕ∈Sub(V ,∆), and a rule f(σ(x1, . . . , xk))→ β
such that:

1. f(σ(ϕ(x1), . . . , ϕ(xk))) = t/u and

2. s = t[u← ϕ̂(β)],

where ϕ̂ is the natural extension of ϕ from variables to terms in T (F ∪∆,V).

Remark 1 Every top-down tree transducer T is a convergent term-rewriting
system [FHVV93], i.e., the reduction relation ⇒T for T is terminating and
confluent. Hence, every term t over F , ∆, and V has a unique normal form
[New42] which is denoted by:

nf (t,⇒T ).

In [Hue80] it is shown for arbitrary convergent term-rewriting systems (and
hence, also for top-down tree transducers) T that two terms t and s over F ,
∆, and V are ET -equal, if and only if their normal forms are equal. More
formally,

t =ET
s, if and only if nf (t,⇒T ) = nf (s,⇒T ).

We use this simple check from the previous remark to define Umon-tdT .

Definition 3 (E-Unification Problem for mon-tdT)
The E-unification problem for monadic top-down tree transducers, denoted
by Umon-tdT , is the following problem:

Given: An arbitrary monadic top-down tree transducer T =
(F,∆, R) and two terms t and s over F,∆, and V.
Question: Are t and s ET -unifiable?

Using the previous remark, this reads as follows:

Does there exist a substitution ϕ ∈ Sub(V ,∆) such that the fol-
lowing condition holds:

nf (ϕ(t),⇒T ) = nf (ϕ(s),⇒T ).

8
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Note that we only consider a restricted kind of E-unification problem,
namely, those problems with solutions ϕ ∈ Sub(V ,∆). This kind of E-
unifiability should be correctly called (ET ,∆)-unifiability, as in [Ech90]. Nev-
ertheless, since we are motivated from a functional logic programming point
of view, we are only interested in solutions where a variable is bound to a con-
structor term and not to a function call. Hence, in this paper, it is justified
to speak of E-unification problems instead of (ET ,∆)-unification problems.

As mentioned before, Umon-tdT will be shown to be undecidable. We also
define the E-unification problem UT ′

mon-tdT for mon-tdT and a particular given
monadic top-down tree transducer T ′. Clearly, undecidability of Umon-tdT is
a consequence of the undecidability of UT ′

mon-tdT .

Definition 4 (Particular E-Unification Problem for mon-tdT)
Let T ′ = (F,∆, R) be a monadic top-down tree transducer. The E-unification
problem for T ′, denoted by UT ′

mon-tdT , is the following problem:

Given: Two terms t and s over F,∆, and V.
Question: Are t and s ET ′-unifiable?

In other words:

Does there exist a substitution ϕ ∈ Sub(V ,∆) such that the fol-
lowing condition holds:

nf (ϕ(t),⇒T ′) = nf (ϕ(s),⇒T ′).

Let us now define a particular subclass of EtdT , namely, the class EHom of
sets of equations that are induced by tree homomorphisms.

Definition 5 (Tree Homomorphism)
Let T = (F,∆, R) be a top-down tree transducer. Then T is called a tree
homomorphism if card(F ) = 1.

We denote the class of sets of equations that are induced by tree homo-
morphisms by EHom . As with top-down tree transducers, we call a tree homo-
morphism monadic if all constructors are of rank 1 or 0. The E-unification
problem for monadic tree homomorphisms is denoted by Umon-Hom , and the
corresponding class of sets of equations is denoted by Emon-Hom . In Section 6
it is shown that Umon-Hom is decidable.

9
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4 Comparison with Related Results

There are a number of results concerning the decidability of E-unification
for particular classes of TRSs, e.g., Peano’s axioms without multiplication,
which can be expressed in Pressburger arithmetic [Pre27]; monoids [Mak77];
or particular, restricted, confluent string-rewriting systems [OND95].

More closely related to the classes of TRSs that we consider here are the
following theories:

1. Standard theories [Nie96], which are an extension of shallow theories
[CHJ94]. A shallow theory is induced by a TRS that is R restricted in
the following way: in the right-hand sides of the rules of R, variables
may occur only at depth at most 1.

2. Particular, restricted convergent (that is, terminating and confluent)
TRSs, as considered in [Hul80, KN87, Mit94].

3. Particular, restricted, confluent, constructor-based, and linear TRSs
[LR96].

4. Finite, length-reducing, and confluent Thue systems [NO90].

Let us now elaborate on these results and show that the induced classes
of equational theories are incomparable with the class of TRSs for which we
prove un-/decidability of E-unification in Section 5 and Section 6, respec-
tively.

4.1 Related Decidability Results

4.1.1 Standard and Shallow Theories

Shallow variables are variables occurring in a term at depth at most 1. Shal-
low theories are induced by TRSs in which only shallow variables occur.
In [CHJ94] it is shown that E-unification is decidable in shallow theories.
In [Nie96] an extension of this result is presented, namely, decidability of
E-unification for an even larger class is shown. In this class, nonshallow
variables may occur in specific cases. However, there is still a restriction
that in a rule s→ t, common variables of the terms s and t must be shallow.

Let us now show that both of these classes are incomparable with the class
Emon-Hom of equations induced by monadic tree homomorphisms. Standard

10
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and shallow theories are defined for nonmonadic cases, too. Thus there are
shallow theories that are not in Emon-Hom . On the other hand, monadic tree
homomorphisms allow rules of the form s→ t, such that s and t have common
nonshallow variables.

4.1.2 Results by Mitra

The reference that is most relevant and also most closely related to our results
is [Mit94]. There, decidability results for three different classes of convergent
TRSs are given: the E-unification problem is decidable if E is induced by:

1. A convergent TRS, in which the right-hand side of each rule is either a
variable, a ground term, or a constructor-only term. This is an exten-
sion of [Hul80].

2. A convergent TRS, in which for every rule l → r the following holds:
every subterm that occurs in r and the root of which is a function
symbol, also occurs in l. This is an extension of [KN87].

3. A linear, convergent TRS, in which the right-hand side of each rule is
either a variable, a constructor-only term, or a flat term. A term (which
may contain constructors) is flat if it has a single defined function and
all variables below this function symbol appear directly below it. Also,
for each function symbol there may be at most one rule with a flat term
as a right-hand side.

Let us now discuss the incomparability of each of these classes with the
class mon-Hom of monadic tree homomorphisms. Each of the classes in
1–3 are defined for nonmonadic TRSs, also. Thus, in each class there are
TRSs that are not in mon-Hom. On the other hand, consider a monadic
tree homomorphism T that includes the rules h(γ(x1)) → σ(h(x1)) and
h(γ′(x1)) → σ(h(x1)). Then it is easy to verify that T is in neither of the
classes described under 1, 2, and 3. From this incomparability, the incompa-
rability of the induced classes of equational theories follows.

4.1.3 Restricted, Confluent, Constructor-Based, and Linear
TRSs

Limet and Réty show in [LR96] that the E-unification problem is decidable
for equational theories induced by constructor-based, confluent TRSs with
linear goals that respect the following three conditions:

11
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1. rewrite rules are linear,

2. if a subterm r of some right-hand side unifies with some left-hand side
l, then the most-general unifier σ does not modify the variables of l,
and

3. right-hand sides contain no nested functions.

Since there is no restriction to monadic rules, there are theories induced
by TRSs respecting Sections 4.1.1 through 4.1.3 which are not in Emon-Hom .
On the other hand, the restriction of linearity of the goal of their class is
quite strong. The problem Umon-Hom is not restricted to linear goals. Thus
the class of E-unification problems considered in [LR96] and the class of
problems in Umon-Hom are incomparable. Furthermore, as we will see in the
proofs of Lemmas 1 and 2, the cases of nonlinear goals turn out to be the
most interesting.

4.2 Related Undecidability Results

4.2.1 Finite, Length-Reducing, and Confluent Thue Systems

Let us now consider an undecidability result, and compare it with our unde-
cidability result of Section 5. In Theorem 3.2 of [Ott86], the undecidability
of the uniform E-unification problem for finite, length-reducing, and conflu-
ent Thue systems is proved. In [NO90] this result is improved, and for a
given Thue system T and given words u and v it is shown that the question
whether there exists a word w, such that uw =T vw, is undecidable.

Thue systems are very close to monadic TRSs; therefore let us discuss
how the results by Narendran and Otto are related to our result. (In the
following, let us consider Thue systems as monadic TRSs.)

The Thue systems considered in [NO90] are not constructor-based, and
a rule of the form γ → c is allowed. Thus, equational theories can be in-
duced that are not in Emon-tdT . On the other hand, rules of a monadic tree
homomorphism need not be length-reducing, and thus the class of equational
theories induced by finite, length-reducing, and confluent Thue systems (seen
as monadic TRSs) is incomparable with Emon-tdT .

12
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Fixed: (u2, . . . , uk), (v2, . . . , vk) ∈ (Σ+)k−1

Given: Two words u1, v1 ∈ Σ+.
Question: Do there exist indices i2 . . . , in ∈ [k], where n ≥ 2,

such that the following condition holds:
u1ui2 . . . uin = v1vi2 . . . vin ?

Figure 4: The problem MPCP ′

5 Undecidability of Umon-tdT

In this section, we show the undecidability of Umon-tdT . In fact, we show two
stronger undecidability results; namely:

1. we give a particular monadic top-down tree transducer T ′ such that
given two terms s and t, the problem UT ′

mon-tdT is undecidable, and

2. we show that the problem remains undecidable if s and t are of a
particular given form.

Both the undecidability of Umon-tdT and the undecidability of UT ′
mon-tdT are

consequences of result 2.
To prove result 2, we reduce an arbitrary instance, denoted by MPCP ′,

of the modified Post’s correspondence problem (MPCP for short) [Pos46],
which is undecidable, to it. MPCP ′ is defined in Figure 4, where Σ is an
alphabet with card(Σ) ≥ 2. The sequence of indices i2, . . . , in is called a
solution of MPCP ′.

Let us now reduce the problem MPCP ′ to problem 2. For this purpose
we construct the monadic top-down tree transducer T ′ and a mapping red
which maps an arbitrary input (u1, v1) of MPCP ′ to an input red((u1, v1)) of
problem 2.

The top-down tree transducer T ′ is constructed in such a way that
ū1(f(z)) and v̄1(g(z)) are ET ′-unifiable if and only if MPCP ′ has a solu-
tion for input (u1, v1), where ū1 and v̄1 are corresponding monadic term
representations of u1 and v1, respectively.

Theorem 1 There is a monadic top-down tree transducer T ′ = (F,∆, R),
such that the following problem is undecidable:

Given: Two monadic terms u1, v1 ∈ T (∆′, {x}) where ∆′ =
∆−∆(0).

13
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Question: Are u1[x/f(z)] and v1[x/g(z)] ET ′-unifiable, where
f, g ∈ F?

Proof of Theorem 1 Let us now construct the monadic top-down tree
transducer T ′. We start from the fixed tuples of words (implied by MPCP ′,
as mentioned above) (u2, . . . , uk) and (v2, . . . , vk). The top-down tree trans-
ducer T ′ is constructed as follows:

T ′ = (F,∆, R),where

1. F = {f, g}.
2. ∆ is the union of the three ranked alphabets Indices, Letters, and
{e(0), c

(0)
f , c

(0)
g }. Indices is the ranked alphabet

{i(1) | i ∈ [k]}.

and Letters is the ranked alphabet

{a(1) | a ∈ Σ and there exist a ν ∈ [k] and a v, u ∈ Σ∗,
such that uν = vau or vν = vau holds.}.

3. The set of rewrite rules, denoted by R, is the set:

{f(i(x1)) → ūi(f(x1)) | i ∈ Indices} (1)
∪ {f(e) → e} (2)
∪ {g(i(x1)) → v̄i(g(x1)) | i ∈ Indices} (3)
∪ {g(e) → e} (4)

∪ {f(a(x1)) → cf | a ∈ Letters} (5)
∪ {g(a(x1)) → cg | a ∈ Letters} (6)

∪ {f(cf ) → cf} (7)
∪ {f(cg) → cf} (8)
∪ {g(cf ) → cg} (9)
∪ {g(cg) → cg} (10)

Rules of the forms 5–10 are only of technical nature. Furthermore, the part of
a monadic tree that corresponds to ui or vi is denoted by ūi or v̄i, respectively.

14
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From the construction of T ′, it obviously follows for every i2, . . . , in ∈ [k]:

nf (f(i2 . . . ine),⇒T ′) = ūi2 . . . ūine

and

nf (g(i2 . . . ine),⇒T ′) = v̄i2 . . . v̄ine.

That means the sequence of indices i2, . . . , in is a solution of MPCP ′ for the
input (u1, v1), if and only if the substitution [z/i2 . . . ine] is an ET ′-unifier
of ū1(f(z)) and v̄1(g(z)). Obviously, the mapping red is simply given by
red((u1, v1)) = (ū1(f(z)), v̄1(g(z))).

Since by construction of T ′ only ET ′-unifiers of f(z) and g(z) (and there-
fore of ū1(f(z)) and v̄1(g(z))) do exist which have this form, we have reduced
MPCP ′ to our problem. Thus, from the undecidability of MPCP ′, the un-
decidability of our problem follows.

Proof of Theorem 1 2

From Theorem 1 we can infer the undecidability of UT ′
mon-tdT , where T ′

is the monadic top-down tree transducer defined in the proof of Theorem 1,
and of the uniform problem Umon-tdT .

Corollary 1 Let T ′ be the monadic top-down tree transducer defined in the
proof of Theorem 1. Then, UT ′

mon-tdT is undecidable.

Corollary 2 Umon-tdT is undecidable.

By proving the undecidability of Umon-tdT , we have considered one side
of the border of decidability of E-unification for recursive functions. In the
following section, we consider the other side. Furthermore, in Section 7, we
mention some undecidability results that follow immediately from Theorem 1.

6 Decidability of Umon-Hom

In this section we show that the E-unification problem for the class of sets of
equations induced by monadic tree homomorphisms is decidable. Let us first
state two lemmas for specific cases of E-unification problems for this class
of sets of equations which will be needed for the proof of the decidability of
Umon-Hom .

15
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Since we are dealing with monadic constructors, let us switch to word no-
tation, i.e., let γ1(. . . γn(α) . . . ) be denoted as γ1 . . . γnα. Let ∆T denote
all word representations of terms in T (∆), that is, the regular language
{wa | w ∈ ∆∗

1, a ∈ ∆0}, where ∆1 is an alphabet of the symbols in ∆(1)

and ∆0 is an alphabet of the symbols in ∆(0). Furthermore, we say a word
w ∈ ∆∗

1 can be consumed, if for every letter γ that occurs in w, there is a
rewrite rule h(γx)→ h(x) in R. In particular, if w = ε, then no such rule is
necessary in R.

Lemma 1 Let T = ({h},∆, R) be a monadic tree homomorphism, and let
v ∈ ∆∗

1. Then, Umon-Hom is decidable for goals of the form z1 =ET
vh(z1).

Proof of Lemma 1 Let T = ({h},∆, R) be a monadic tree homomor-
phism. Consider the procedure solve1, shown in Figure 5. This procedure
takes as input a string of symbols in ∆1 and a set of symbols in ∆1.

Claim: The call solve1(v, ∅) returns an ET -unifier for the goal z1 =ET

vh(z1) if and only if there exists one; otherwise it returns a string of the form
w false, with w ∈ ∆∗

1.
Let us first prove termination for solve1, and then show that it indeed

returns an ET -unifier, if there is one.
Cases 1 and 2 of solve1 terminate immediately. Only case 3 calls solve1

recursively. In case 3, the string v′ is nonempty; thus S ′ = {γ | γ occurs
in v′} is a nonempty set. If S ′ is not a subset of S, then solve1 is called
recursively with the set S ∪ S ′ as a second argument. Then, in particular,
it holds that card(S ∪ S ′) > card(S), S, S ′ ∈ P(∆1), thus solve1 will be
called at most card(∆1) times, which is a finite number, because ∆ is finite
by Definition 1.

Let us now show why solve1 returns an ET -unifier if and only if there is
one. Consider ξ = nf (h(vz), ⇒T ) for v ∈ ∆∗

1. Obviously, ξ will either be a
terminal word in ∆T (case 1) or h(z) will occur in ξ. For the latter case, we
distinguish between v′h(z) for |v′| = 0 (case 2) and |v′| > 0 (case 3).

In case 1, solve1 returns the string vw as the solution. If we check this
by substituting it for z1 in the goal, we obtain vw = vh(vw), and since
nf (h(vz),⇒T ) = w, it follows that vw = vw; thus vw is in fact an ET -
unifier.

In case 2, solve1 returns vwα if there is a rule h(α) → wα, and w
can be consumed. By substituting this solution for z1 in the goal, we
obtain vwα =ET

vh(vwα) =ET
vh(wα) =ET

vh(α) =ET
vwα. Thus

16
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solve1(v : ∆∗
1, S : P(∆1)) : ∆̄T (where ∆̄ = ∆ ∪ {false(0)})

case nf (h(vz),⇒T )
(1) = w, with w ∈ ∆T : break(vw);

(2) = h(z): if there is a rule h(α)→ wα in R with w ∈ ∆∗
1, α ∈ ∆0

and w can be consumed then break(vwα)
elseif there is a rule h(γx)→ wγw′ in R with γ ∈ ∆1, w ∈ ∆∗

1,
w′ ∈ ∆T and w can be consumed then break (vwγw′)

else break(false);

(3) = v′h(z), with v′ ∈ ∆+
1 : let S ′ = {γ | γ occurs in v′};

if S ′ ⊆ S then break(false) else break(v · solve1(v′, S ∪ S ′));
end (of case)

Figure 5: The decision procedure solve1

vwα is indeed an ET -unifier. If there is a rule h(γx) → wγw′ and w
can be consumed, then vwγw′ is returned. This is an ET -unifier, because
vwγw′ =ET

vh(vwγw′) =ET
vh(wγw′) =ET

vh(γw′), which is equal to vwγw′

by the existence of the rule h(γx) → wγw′. If there is no rule of the form
h(α) → wα or h(γx) → wγw′, then there does not exist an ET -unifier, be-
cause there is no rule to make the rightmost ends of the strings z and h(z)
equal; therefore these two strings cannot be ET -equal for any z.

In case 3, (v ·solve1(v′, S∪S ′)) is returned (the dot denotes concatenation
here).

At this point it is only certain that if there is a solution, it is of the
form vy with y ∈ ∆T . Let us verify this by substituting vy in the goal:
vy =ET

vh(vy) and thus y =ET
v′h(y), which is a goal of the original form.

However, if v′ only contains symbols that we have already checked in terms
of computing the normal form of strings of the form h(vz), then there cannot
be any solution, and solve1 returns false.

Proof of Lemma 1 2

Let us now give an example of a monadic tree homomorphism and a goal
of the form z1 = vh(z1) to illustrate the decision procedure solve1.

17
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Example 1 Let T = ({h},∆, R) be a monadic tree homomorphism with
∆ = {a(1), b(1), c(1), d(1), e(1), α(0)}, and let R consist of the following rules:

h(a(x1)) → d h(x1) (1)
h(b(x1)) → c h(x1) (2)
h(c(x1)) → abα (3)
h(d(x1)) → h(x1) (4)
h(e(x1)) → e h(x1) (5)
h(α) → ddα (6)

Let us now consider three different goals and show the calls to solve1, the
involved normal form, and case.

1. Goal: z1 =ET
a h(z1). solve1(a, ∅) computes nf (h(az),⇒T ) = d h(z),

and then by case 3 returns a · solve1(d, {d}).
solve1(d, {d}) computes nf (h(dz),⇒T ) = h(z). Rule 6 is of the form
h(α)→ wα, and w = dd can be consumed by rule 4; thus by the (first)
if-part of case 2 this call of solve1 returns vwα = dddα and the initial
call solve1(a, ∅) returns the string adddα.

Let us verify that this is indeed an ET -unifier by substituting it for z1

in the goal:

adddα =ET
a h(adddα)⇒T ad h(dddα)⇒3

T ad h(α)⇒T adddα.

2. Goal: z1 =ET
ab h(z1). solve1(ab, ∅) computes nf (h(abz),⇒T ) =

dc h(z), and then by case 3 returns ab · solve1(dc, {c, d}).
solve1(dc, {c, d}) computes nf (h(dcz),⇒T ) = abα, and by case 1 this
returns vw = dcabα. Thus the initial call solve1(ab, ∅) returns the
string abdcabα.

Let us verify that this is indeed an ET -unifier by substituting it for z1

in the goal:

abdcabα =ET
ab h(abdcabα)⇒T abd h(bdcabα)⇒T abdc h(dcabα)

⇒T abdc h(cabα)⇒T abdcabα

3. Goal: z1 =ET
e h(z1). solve1(e, ∅) computes nf (h(ez),⇒T ) = e h(z),

and then by case 3 returns e · solve1(e, {e}). Again nf (h(ez),⇒T ) =
e h(z) is computed. However, now by case 3 it is checked if S ′ = {e} ⊆
{e} = S, which is true; therefore false is returned from this second call
to solve1. Thus the initial call of solve1(e, ∅) returns e false.
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To demonstrate the elseif part of case 2, consider the monadic tree homo-
morphism T ′ = ({h},∆, R′), where R′ consists of the rules 1–4 and rule 5′,
which is defined as follows:

h(e(x1)) → deacdcα (5′)

Now consider the goal z1 = d h(z1). Then solve1(d, ∅) computes

nf (h(dz),⇒T ′) = h(z).

By the elseif part of case 2, the string ddeacdcα is returned. As the reader
may confirm, d h(ddeacdcα)⇒3

T ′ ddeacdcα.

Lemma 2 Let T = ({h},∆, R) be a monadic tree homomorphism, and let
v ∈ ∆∗

1. Then, Umon-Hom is decidable for goals of the form h(z) =ET
vz.

Proof of Lemma 2 For showing the correctness of the lemma, we define
the decision procedure solve2 in Figure 6. This procedure takes as input
a string of symbols in ∆1 and a subset of ∆∗

1, which is used for checking
whether all possible cases are checked in case 5.

Claim: The call solve2(v, ∅) returns a string ST of symbols that are of
the form w · false or wα, where w ∈ ∆∗

1 and α ∈ ∆0. The terms h(z) and vz
are ET -unifiable, if and only if ST contains at least one term t ∈ ∆T . In this
case, the substitution [z/t] is an ET -unifier of h(z) and vz.

Although cases 4 and 5 in solve2 seem very similar, they have to be
separated to ensure the termination of the procedure.

Let us first prove termination of solve2.
In cases 0 and 3, solve1 is called, which terminates by Lemma 1.
Cases 1 and 2 terminate immediately.
For proving the termination in cases 4 and 5, we define the complexity

measureM(v, S) and show that it will be reduced by every recursive call of
solve2.
M(v, S) is defined as

|v|2 · card(∆)2 − card(S).

Note that by definition of the second argument of solve2, every element in S
is of length |v|. Thus,

card(S) ≤ |v| · card(∆). (∗)
19
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solve2(v : ∆∗
1, S : P(∆|v|

1 )) : (∆̄T )∗ (where ∆̄ = ∆ ∪ {false(0)})
let α ∈ ∆0; β, β′ ∈ ∆1; w ∈ ∆∗

1 in
if v = ε then

(0) break(solve1(ε, ∅));
if v 6= ε then

(1) if there is a rule h(α)→ vα ∈ R then break(α);
(2) if there is a rule h(βx)→ vβα ∈ R then break(βα);
(3) for every rule h(βx)→ vβwh(x) ∈ R do

break(β · solve1(w, ∅));
(4) for every rule h(βx)→ wh(x) ∈ R, where there is a

u ∈ ∆∗
1, such that wu = v and |w| > 1 do

break(β · solve2(uβ, {uβ}));
(5) for every rule h(βx)→ β′h(x) ∈ R, where there is a

u ∈ ∆∗
1, such that β′u = v do

if uβ /∈ S then break(β · solve2(uβ, S ∪ {uβ}));
break(false).

Figure 6: The decision procedure solve2
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Case 4: We have to showM(uβ, {uβ}) <M(v, S).
We have |u| < |v| − 1; that means |uβ| < |v|.
We get:

M(uβ, {uβ}) = |uβ|2 · card(∆)2 − 1 <M(v, S)

because of (∗) and the fact that for every m < n : m2 ≤ n2 − n.
Case 5: We have to showM(uβ, S ∪ {uβ}) <M(v, S).

We have |u| = |v| − 1; that means |uβ| = |v|.
We get:

M(uβ, S ∪ {uβ}) =M(v, S)− 1 <M(v, S)

which completes the proof of the termination of solve2.
Let us now show why solve2 produces an ET -unifier, if and only if one

exists.
Case 0 is solved by solve1.
If there exists a rule h(α)→ vα ∈ R in case 1, then [z/α] is an ET -unifier,

because h(α) =ET
vα.

If there exists a rule h(βx) → vβα ∈ R in case 2, then [z/βα] is an
ET -unifier, because h(βα) =ET

vβα.
In case 3, v is a prefix of a rule’s right-hand side. If there exists a rule

h(βx)→ vβwh(x) ∈ R, then a possible solution starts with β, followed by a
solution of the goal wh(z′) =ET

z′. The new goal has a form as the goal in
Lemma 1. Hence, a solution is computed by solve1, if and only if one exists.

In case 4, the prefix of the rule’s right-hand side is a prefix of v. A possible
solution starts with β followed by a solution of the goal h(z′) =ET

uβz′. The
new goal is of the same form as the previous one. But, as shown in the
termination proof, it is of reduced complexity. Hence, it can be solved by a
recursive call of solve2, if and only if a solution exists.

In case 5, the prefix of the rule’s right-hand side is a symbol that is also
the leftmost symbol in v. A possible solution starts with β, followed by a
solution of the goal h(z′) =ET

uβz′. The new goal is of the same form as the
previous one, where uβ has the same length as v. Hence, it can be solved by
a recursive call of solve2, if and only if a solution exists. As shown by the
termination proof, the recursive call does not lead to an infinite loop. This
is guaranteed by the second argument of solve2, which includes all prefixes
that have been checked so far.
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Since solve2 compares v with the right-hand sides of the rewrite rules
in R, and only those rewrite rules the right-hand sides of which start with
something that is comparable with a prefix of v are considered, a solution is
computed, if and only if one exists.

Proof of Lemma 2 2

Let us now give an example of a monadic tree homomorphism and a goal
of the form vz =ET

h(z) to illustrate the decision procedure solve2.

Example 2 Let T = ({h},∆, R) be a monadic tree homomorphism with
∆ = {a(1), b(1), c(1), d(1), e(1), α(0)}, and let R consist of the following rules:

h(a(x1)) → c h(x1) (1)
h(b(x1)) → ab h(x1) (2)
h(c(x1)) → bcα (3)
h(d(x1)) → e h(x1) (4)
h(e(x1)) → d h(x1) (5)
h(α) → baα (6)

Let us now consider four different goals and show the calls to solve2, the
involved normal form, and case.

1. Goal: baz =ET
h(z). solve2(ba, ∅) computes as solution α in case 1.

Let us verify that this is indeed an ET -unifier by substituting it for z
in the goal: baα =ET

h(α)⇒T baα.

2. Goal: bz =ET
h(z). solve2(b, ∅) computes as solution cα in case 2. Let

us verify that this is indeed an ET -unifier by substituting it for z in the
goal: bcα =ET

h(cα)⇒T bcα.

3. Goal: abcz =ET
h(z). solve2(abc, ∅) computes in case 4 to b ·

solve2(cb, {cb}), which computes in case 5 to ba · solve2(ba, {cb, ba}),
which computes as solution baα in case 1. Let us verify that this is
indeed an ET -unifier by substituting it for z in the goal: abcbaα =ET

h(baα)⇒T ab h(aα)⇒T abc h(α)⇒T abcbaα.

4. Goal: dez =ET
h(z). solve2(de, ∅) computes e · solve2(ee, {ee}) by

case 5, which computes ed · solve2(ed, {ee, ed}) by case 5, which
computes edd · solve2(dd, {ee, ed, dd}) by case 5, which computes
edde · solve2(de, {ee, ed, dd, de}) by case 5, which computes by case 5
edde · false, because ee is still in S.
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Note that the procedure solve2 may compute more than one solution, because
every possible construction of a solution is considered.

We now quote a result for monadic top-down tree transducers that we will
need for certain cases in the proof of the decidability of Umon-Hom . Top-down
tree transducers for monadic constructor alphabets coincide with generalized
sequential machines (GSMs) [Gin62] (cf. Section 4 in Chapter 1 of [Sal73] for
a suitable definition of GSMs). We can therefore make use of the following
well-known lemma.

Lemma 3 (Theorem 3.1 of [GR63]) Regular languages are closed under
GSM mappings.

Now, we are ready to prove the following theorem.

Theorem 2 Umon-Hom is decidable.

Proof of Theorem 2 Let T = ({h},∆, R) be a monadic tree homomor-
phism. Then, the E-unification problem can occur in the following four forms
(modulo commutativity), where we have only to consider terms in normal
form:

1. w =ET
w′

2. vhi(z1) =ET
w′

3. vhi(z1) =ET
v′hj(z1) or

4. vhi(z1) =ET
v′hj(z2)

for i, j ≥ 0, w,w′ ∈ ∆T , and v, v′ ∈ ∆∗
1.

Case 1: Trivially decidable.

Case 2: Applying Lemma 3 and the fact that the language ∆T is regular, we
get that the language L1 = {nf (vhi(u),⇒T ) | u ∈ ∆T} is regular. Therefore,
this case is decidable, because L1∩{w′} is regular and the emptiness problem
for regular languages is decidable (see, e.g., [HU79]).
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Case 3: We can reduce the goal vhi(z1) =ET
v′hj(z1) in the following way:

without loss of generality, |v| ≤ |v′|. Then either v′ = vv̂ for some v̂ ∈ ∆∗
1,

or there is no ET -unifier. Thus the goal reduces to hi(z1) =ET
v̂hj(z1).

This goal can again be reduced in the following ways:

1. If i < j, then we can reduce the goal to the form z1 =ET
v̂hj−i(z1). Since

tree homomorphisms are closed under composition [Eng75], there is a
tree homomorphism h′ such that nf (h′(w),⇒T ) = nf (hj−i(w),⇒T ) for
all w ∈ ∆T , and therefore this case reduces to z1 =ET

v̂h′(z1), which is
decidable by Lemma 1.

2. If i = j, then there is a solution if and only if |v̂| = 0.

3. If i > j, then we can reduce the goal to the form hi−j(z1) =ET
v̂z1,

which is (again by the closure of tree homomorphisms) reducible to
h′(z1) =ET

v̂z1 and therefore decidable by Lemma 2.

Case 4: Let

L1 = {nf (vhi(u),⇒T ) | u ∈ ∆T}

and

L2 = {nf (v′hj(u),⇒T ) | u ∈ ∆T}.

Since, as in case 2, L1 and L2 are regular, L1 ∩L2 = ∅ is decidable, and thus
the ET -unification problem is decidable for this case.

Proof of Theorem 2 2

7 Conclusions and Immediate Results

In this paper we have shown the undecidability of the E-unification problem
Umon-tdT and the decidability of the E-unification problem Umon-Hom . The
two underlying classes of equational theories for these E-unification prob-
lems are induced by very similar types of restricted term-rewriting systems
called monadic top-down tree transducers and monadic tree homomorphisms,
respectively. Thus, we have drawn a quite strict border between the unde-
cidability and the decidability of E-unification for recursive functions.
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Figure 7: Results of this paper

The following undecidability results follow immediately from the verified
results.

Undecidability for Top-Down Tree Transducers: The class Emon-tdT

is a subclass of EtdT , but since Umon-tdT was shown to be undecidable, the
undecidability result applies to EtdT as well.

Undecidability for Primitive-Recursive Tree Functions: Since
the class of primitive-recursive tree functions is exactly the class of func-
tions which are induced by modular tree transducers [EV91] and every top-
down tree transducer is a particular modular tree transducer [EV91], the
E-unification problem for primitive-recursive tree functions is undecidable.

Further Research Topics: Our results are depicted in Figure 7. There,
we have depicted the different classes of tree transducers that induce equa-
tional theories for which the E-unification problem is undecidable or decid-
able, respectively. In future work it would be interesting to consider the class
EHom of sets of equations that are induced by tree homomorphisms, i.e., to
drop the restriction of monadic terms. Also, it might be interesting to con-
sider the class EtdT and to restrict the input terms in certain ways, such that
the corresponding E-unification problem becomes decidable. It seems like
there are only a few restrictions needed to achieve this. Also, combinations
between the results of [Mit94] and our results could be considered, such as
Mitra’s flat-term restriction for linear, convergent TRSs (as discussed in the
introduction) plus the additional possibility to call functions that are defined
by restricted tree homomorphisms.

In [Sie78], the notion of unification type was introduced. It gives infor-
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mation about the size and existence of a minimal complete set of E-unifiers
for two terms. It is interesting to note that for E-unification problems that
are induced by particular classes of TRSs, it is in general not clear of which
unification type they are. However, maybe for small classes of TRSs such as
monadic top-down tree transductions it could be possible to give more in-
formation about the unification type. This seems to be an interesting, open
problem that could be the subject of further research. The only thing that
seems to be clear for the E-unification problems which we considered here
with respect to the unification type is the following. Equational theories in-
duced by monadic tree homomorphisms are in general not of unification type
1 (unitary). Consider, e.g., the monadic tree homomorphism T = ({h},∆, R)
with ∆ = {a(0), b(0), c(0)} and R = {h(a) → a, h(b) → b, h(c) → a} and the
goal h(z) =ET

z. Then a and b are E-unifiers, i.e., there is no single most-
general unifier, and thus the unification type of ET is not equal to 1 (in fact,
it is equal to 2 for this example).
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