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ABSTRACT 
A method of estimating natural frequencies and damping ratios from noisy impulse responses is considered. 

Parameter evaluations are carried out, in the time domain, from the instantaneous envelope and the total phase, which 
can be derived from the complex signal formed by the autocorrelation function and its Hilbert transform. This approach 
enables modal parameter estimates to be obtained with acceptable errors even when the level of the random noise, 
added to the impulse response, is very high. 

c( r) complex signal 
c' ( -r) complex signal formed by approximated 

functions 
c"( r) approximated complex signal for small 

s 's 
E { * ) espectation operation on (*) 

tJ Fourier transfonn 
F(T) function depending on the type of 

estimator 
f(t) generic function 

j(H)(t) Hilbert transform ofj(t) 
fn natural frequency (Hz) 
dl Hilbert transform 

h(t) impulse response function 
h<H)(t) Hilbert transfonn of h(t) 

M( r;T) amplitude modulating function 
M'( r;n approximated amplitude modulating 

function 
m spectral line index 

m(t) modulating function 
n index of samples 

n(t) random noise 
R residue magnitude 

s(t) impulse response contaminated by a 
random noise 

T data block length (s) 
t time (s) 

Greek 

a( r;n phase varying with time 
a' approximated initial phase 
E* error on (*) 
s viscous damping ratio 

p( r) autocorrelation function 

p( r; n autocorrelation function for a finite data 
block length 

p' ( r; T) approximated autocorrelation function 
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p" ( r; n approximated autocorrelation function 

for small �'s 

p•(H)( r;n Hilbert transform of p'( r;T) 
p"(H)( r;T) Hilbert transform of p"( r;T) 

p.. correlation between the impulse l,j 
responses h; and hj 
decay rate (rad/s) 

an standard deviation of the added noise 

r time lag (s) 

md damped angular frequency (rad/s) 

mn natural angular frequency (rad/s) 

W0 carrier angular frequency (rad/s) 

. . . . . .  . '1· . ,, .·,· ... , . .  
. . . . . . . . . . . . . 
. . ' · .. · ; '··" :·; . . . · .. · . . . .. . .. ·· . . . .  · . . . .  

Correlation functions are widely used in mechanical vibration tests to obtain the system frequency 

response function [1]. In particular, they have been studied with regard to lightly damped structures [2], 

the response of which can be highly distorted, resulting in an overestimation of the damping ratio if 

achieved by the classic half-power technique. They have also been used to obtain improved estimates of 

the frequency response functions of structures excited by transient signals and in the presence of extraneous 

noise [3,4]. 

This paper describes a method of estimating natural frequencies, damping ratios and also residue 

magnitudes from impulse responses corrupted by very high additive noise. The autocorrelation function 

of the impulse response is obtained first. Then it is Hilbert transfonned in order to form a complex signal 

(the real part of which is the autocorrelation function and the imaginary part is its Hilbert transform) from 

which the instantaneous envelope and phase are gained. The slopes of these last two functions, i.e., the 
decay rate and the damped angular frequency respectively, allow the natural frequency, the viscous 

damping ratio, and hence the residue magnitude to be derived. This approach can clearly operate on a single 

mode. Therefore, if a multi-degree of freedom system is to be studied the mode of interest must be picked 

out by filtering the total function. The estimates on the envelope and on the phase are carried out by least 

squares fittings, which, as pointed out in previous works [5 - 7], minimize the effects of the possible 

residuals of the random noise. Thus good evaluations can be obtained, as shown by the numerical 

simulations presented, even when the noise level is very high. For these reasons the method seems to be 

especially useful when it is difficult or impossible to repeat tests on the system, and the noise present cannot 

be removed by averaging several data blocks. 

. . 2 .. . · 
.'· . . . . . 

• 

If the impulse response function of a single degree of freedom (SDOF) system 

h(t) = Re -en sin( mdt) t�O (1) 

valid for a real mode, is contaminated by an uncorrelated additive random noise with zero mean and 
standard deviation an, the autocorrelation function of the resulting signal 
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s(t) = h(t) + n(t) 

is given by the following relationship 

p s ( r) = E { s( t )s( t + �)} = 
( ) 2 r=O Ph � +ern 

Ph(r) �;tO 

(2) 

(3) 

Since the signal, (Eq. 2), is available for a limited time interval T, its autocorrelation must be estimated by 

the time average 

(T-t) 

Ps( r;T) = F(T) s(t)s(t + �)dt 
0 

(4) 

where the function F(n assumes either the value (T-�t 1 for the unbiased estimator or 11 for the biased one 

[8,9]. Furthermore, Ps( r;n is an even function and for this reason only the part relative to 0 � r <Twill 

be considered. 

The autocorrelation estimator, concerning the impulse response function only, is then written as follows 

(T-r) 
Ph ( r; T) = F(T) h(t )h(t + �)dt 

0 

which, after the substitution of h(t), provides the relation 

R 2e-ar 
P (..,.· T) F(T) cos( r•\d..,.) r.\d2 /a 1-e-2a(T-r)-h " ' = 2 2 Ul " Ul 

4 a + md 

It can be also expressed in the fonn of a modulated signal 

where the time varying functions are given by 

(5) 

(6) 

(7) 
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-

and 

1-e -2a(T-r) cos rod (T-r) + 
2 2 1/2 l- e-2o-(T-r) 

rod -e -zo-(T- r) [a sin 2rod (T-r) +rod cos2rod (T- r)] 
a( r; T) = -arctan 

w� 1 a -e-2a(r-r) ro� + cr2 I cr -acos 2cod(T- r)+ rod sincod(r-r) 

(8) 

(9) 

Provided that the time interval (T-r) is large enough, that is for 'l'«T, the estimated autocorrelation ph( r;D 
is a good approximation of ph( r) [8]. Besides, if T is assumed fairly long with respect to the system time 
constant, then Eqs. (8) and (9) reduce to 

and 

0' 
a' = -arctan -

(10) 

( 11) 

Introducing Eqs. ( l 0) and ( 11) into Eq. (7) gives an approximated version of the estimated autocorrelation 
function, p'h( r;n. However, as a consequence of the modulating signal, (Eq. (10)), the approximated 
autocorrelation and 

p'�) (r; T) = M' (r;T)sin(wdr +a' ) (12) 

are not a Hilbert transform pair (see Appendix A). The Bedrosian theorem (see Appendix B) cannot be 
applied and so the complex signal, formed by the autocorrelation as the real part and Eq. ( 12) as the 
imaginary part 

c' ( r) = p' h ( r; T) + jp' �H) ( r; T) = M' ( r; T)ej( rodr+a') (13) 

is not analytic. Nevertheless, if OJd»Cf, that is, for the viscous damping model, '2 sufficiently small 
compared with unity [5], p'h( r;D and p'h (H)( r;n, as Wcf=Wn( 1-,2)112 and cr=,mn, are further simplified to 
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and they can be regarded as a Hilbert transform pair, while the complex signal 

R2 . c" ( r) = F(T) e-ar elwdr 
40" 

(15) 

if not strictly, at least in the limit sense [10], can be considered analytic. In fact, under the conditions 
mentioned above, the spectrum of the modulating function falls off rapidly and its contribution beyond m d 

is negligible. 
Modal parameters, i.e., the natural frequency and the damping ratio, are derived from the complex 

signal. In fact the instantaneous envelope 

(16) 

if represented in a semi-log plane, is a straight line, the slope of which is the decay rate, 0". Similarly, the 
slope of the instantaneous phase 

m d r = arctan 
p"�H) ( r; T) 
p"h ( r; T) (17) 

is the damped angular frequency, md. It is now straightforward to evaluate the natural angular frequency 

(18) 

and the viscous damping ratio 

(19) 

Actually, the previous estimates together with the initial value of Eq. (15) could also allow the residue of 
the impulse response to be obtained from 

R= 4ac" (0) 

F(T) (20) 

When several modes (M) are present within the considered frequency band, the total impulse response 
can be written as follows 

M 

(21) 
i=l 

so the relative autocorrelation function is given by 
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M M 
p < M) ( r) = p iJ ( r) + (j; r = 0 

i=l j=l 

-- r > O 
i=l j=l 

(22) 

After the substitution of the impulse responses, each similar to the one given by Eq.( 1 ), and under the above 
said conditions, it becomes 

M 
p(M)( r; T)::: F(T)._ R;e-arr 

i=l 

R.OJd . I , I 

4 2 2 
a. a. + md. I I , l 

112 cos rod,ir- arctan 
(j. I 

md. ,I 

+ 

(23) 

where a =(a.+a.), ns=(m,.� .+rod .) and Or:(ma 1.-m,.� .) with maJ· >m,.� ,··In this case, before applying the S I j . u,l ,) u , u,l � u, 
identification technique, it is necessary to filter the mode of interest, because the approach, based on the 
Hilbert transform, can be only employed on a single mode. Therefore this method is particularly suitable 
for structures with lightly coupled modes. 

Numerical tests have been carried out on impulse responses sampled over N =4096 points. The number 
of lags,however, was chosen equal to 512 in order to get a sufficiently good estimate of the autocorrelation 
function and also to have the possibility of employing a radix-2 fast Fourier algorithm, because the Hilbert 
transfonns were obtained using a frequency domain method. In addition, since the biased autocorrelation 
estimator has been adopted, the true autocorrelation is weighted by a triangular window, centered at the 
origin. Therefore, the sampling period must be chosen such that the values assumed by the instantaneous 
envelope, in the time interval where estimates are carried out, are smaller than the ones of the triangular 
window. Thus the contribution of this last function to the decay rate is negligible with respect to that of the 
exponentially decaying signal [ 11]. 

The impulse responses have been corrupted by an additive, uncorrelated noise with zero mean and 
standard deviations given in percent of R, which is equal to 10 in all the examples. Decay rates and damped 
angular frequencies were estimated by linear least squares fittings, so that the effects of the possible random 
noise residuals, due to the numerical evaluation of the autocorrelation function, have been minimized. Each 
instantaneous phase has been straightened [ 12] in order to eliminate the periodical jumps of the 
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trigonometric function present in Eq. ( 17). The intersection of the regression line, whose slope is cr, with 
the ordinate axis provides the initial value ofEq.(15), from which the residue magnitude can be estimated, 
Eq.(20). 

In Table 1 modal parameter estimates of an impulse response relative to the natural frequency fn= 11.1 
(Hz) and the damping ratio '=0.01 are presented. Since the sampling period is equal to0.00195312 sec (i.e., 
approximately 512 samples per second), the data block length is almost 8 sec, whereas the maximum time 
lag is 1/8 of it. No filtering has been used, before perforn1ing the Hilbert transform, on data up to an=40%. 
However from O'n=50% onwards the noise has been partially filtered out, because otherwise it was 
impossible to get the straightening of the phase owing to the jumps caused by the high level of the noise. 
Instantaneous phases, relative to unfiltered and filtered noise, are shown in Figs. 1 and 2. 

In this way negligible errors have been obtained for the natural frequency, while the damping ratio has 
been estimated with acceptable errors (lower than 10% except for the last case: ern= 100% ). Also, the 

TABLE 1 ESTIMATES FROM THE AUTOCORRELATION OF THE IMPULSE RESPONSE WHOSE MODAL 
PARAMETERS ARE: R=10, fn=11.1 (Hz) and �=0.01 

R 

5.0 10.02398 0.240 11.10026 0.24 1 o-2 0.10037 1 o-1 0.37 

10.0 10.09049 0.905 11.10092 o.83 1 o-2 0.1 ooa2 1 o-1 0.82 

20.0 10.13895 1.39 11.10359 o.32 1 o-1 0.10106 10-1 1.06 

30.0 10.12334 1.23 11.10799 0.72 10-1 0.10041 10-1 0.41 

40.0 10.19487 1.95 11.12298 0.21 0.10106 10-1 1.06 

50.0 9.90685 0.931 11.12121 0.19 0.96572 1 o-2 3.43 

70.0 9.79538 2.05 11.14763 0.43 0.94497 1 o-2 5.50 

100.0 9.02127 9.79 11.18929 0.80 o .83033 1 o-2 16.97 
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;:, 0 
., 1: 
c � 1: c ... 
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-

.018 .115 .213 .311 .488 .184 .711 .871 .177 
nma (s) 

Fig. 1 Instantaneous phase from the unfiltered 
autocorrelation function relative to an=50 (0/o) 

Fig. 2 Straightening of the instantaneous phase 
(an=50 °/o) when the residual noise is partially 
filtered out 
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amplitude evaluations, obtained from Eq.(20) through the estimates of a and c" (0), show small errors, and 

particularly good results have been obtained when the noise has been partially removed. The time history 

and its envelope, relative to an=70o/o, are shown in Figs. 3 and 4. 

Nat ural frequency and damping ratio estimations, for an impulse response with the same fn of the 

previous example, but with a smaller damping ratio ( '=0.003), are shown in Table 2. Better estimates than 

the ones in Table 1 have been achieved for the natural frequency, while errors of the same order have been 

obtained for the damping ratio. It is worth noting the effectiveness of this approach by comparing the 

previous estimates with the ones directly derived from the impulse response and its Hilbert transfonn (see 

Table 3). In this case, an error on s of the order of 10% is already reached for O"n=10%. Worse results, 

although acceptable up to O'n=70%, for damping ratio estimations have also been obtained when an impulse 

response of a system with low natural frequency and light damping ratio, i.e., a function highly truncated 

at the end of the time lag window (where the value of its envelope is 0.725 times the initial one), is 

considered (see Table 4). 
Finally, (see Table 5)  modal parameter estimations from an impulse response containing two modes 

are presented. One mode at a time has to be studied, so each mode has been taken away from the spectrum 
by an adaptable cosine tapered filter. The width of the filter, used to extract the first mode, has been reduced 

. 

. . 
. . . . . 

. ·. 
. 

. . . 
. . . 

. 

TABLE 2 ESTIMATES FROM AN IMPULSE 
RESPONSE WITH THE SAME NATURAL 
FREQUENCY AS IN TABLE 1, BUT WITH s=0.003 

5.0 

10.0 

30.0 

50.0 

70.0 

100.0 

-2o-t 

.!�, 

11.09971 o.26 1 o-2 

11.09959 0.37 1 o-2 

11.10068 o.61 1 o-2 

11.10420 0.38 1 o-1 

11.11020 o.92 1 o-1 

11.1 0641 o.58 1 o-1 

• 
: 

•
• •  •

• 
: : .:': : 

•• H 

: : '.:'<·.'·,: =::=.: ,:·:,=. 
. . ... . . . . . . .  

o.30086 1 o-2 0.29 

o.30096 1 o-2 0.32 

o.29892 1 o-2 0.36 

0.29351 10'2 2.16 

o .28606 1 o-2 4.65 

0.24936 1 o-2 16.89 

.ose .11s .213 .Jet .488 .see .ee• .781 .e7t .111 
Time (s) 

Fig. 3 Impulse response with the standard deviation 
of the added random noise equal to 70o/o 
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TABLE 3 MODAL PARAMETERS DIRECTLY 
ESTIMATED FROM THE IMPULSE RESPONSE OF 
TABLE 2 

5.0 11.10154 o.14 1 o-1 o .29864 1 o-2 0.45 

10.0 11.09959 o.4o 1 o-2 0.27239 1 o-2 9.20 

• 

g-, 
-

• � 1 
""' 

-1 
.098 .tiS .213 .Jit .488 .58S .184 .781 .871 .177 Time (s) 

Fig. 4 Instantaneous envelope of the autocorrelation 
function estimated from the impulse reponse 
presented in Fig. 3 



from ern =30% upwards, in order to limit the noise contained within it. In contrast, the second bandpass filter, 

at the beginning narrower than the other one, has been kept unchanged. From the approximated variant of 

the autocorrelation function, weighted and distorted by the bandpass filter [13], it is possible to derive the 

modal parameters with the same approach described before. Very good estimates have been achieved for 

the natural frequency, whereas damping ratio and initial amplitude estimations are good enough, maximum 

errors are of the order of 10%, for standard deviation values up to 40%. At higher ern unacceptable errors 

have been noticed. However, as for the SDOF system, estimates gained from the autocorrelation functions, 

TABLE 4 ESTIMATES FROM AN 
AUTOCORRELATION FUNCTION WITH: fn=0.5 Hz 
AND ,= 0.001 

5.0 0.49999 0.19 1 o-2 

10.0 0.49998 o.47 1 o-2 

20.0 0.49998 0.47 1 o-2 

30.0 0.49996 0.71 10-1 

50.0 0.49994 0.13 10-1 

70.0 0.49991 0.19 10-1 

100.0 0.49986 0.21 1 o-1 

o. 1 o 132 1 o-2 

0.98782 1 o-3 

0.10196 10-2 

0.10306 1 o-2 

0.10709 1 o-2 

0.11337 10-2 

o.12906 1 o-2 

1.32 

1.22 

1.96 

3.06 

7.09 

13.37 

29.06 

TABLE 5 ESTIMATES FROM AN IMPULSE FUNCTION CONTAINING TWO MODES: R1:R2:10, fn1=9(Hz), 
fn2=19(Hz), ,1=0.005 AND ,2:0.003 

a,l 

5.0 

10.0 

20.0 

30.0 

40.0 

50.0 

mode 

1st 

2nd 

1st 

2nd 

1st 

2nd 

1st 

2nd 

1st 

2nd 

1st 
2nd 

R 

10.06326 

10.03966 

10.03906 

10.00031 

10.06722 

9.67351 

10.09833 

8.98226 

9.99695 

8.99746 

9.66486 
7.43636 

0.63 

0.40 

0.39 

0.0031 

0.67 

3.26 

0.98 

10.18 

0.031 

10.03 

3.35 

25.64 

9.00056 

19.00072 

9.00095 

19.00143 

9.00211 

19.00259 

9.00337 

19.00339 

9.00463 

19.00201 

9.00537 

19.00073 

o.62 1 o-2 o.50870 1 o-2 

3. 78 1 o-3 o.30141 1 o-2 

0.11 1 o-1 o.51275 1 o-2 

7.54 1 o-3 o.30025 1 o-2 

o.24 1 o-1 o.52467 1 o-2 

1.36 1 o-2 o.28971 1 o-2 

o.37 1 o-1 0.53620 1 o-2 

1 . 78 1 o-2 o .26658 1 o-2 

0.51 10-1 0.53884 10-2 

1.06 1 o-2 o.26666 1 o-2 

o.6o 1 o-1 o.52566 1 o-2 

3.85 1 o-3 o.21199 1 o-2 

1.74 

0.47 

2.55 

0.0829 

4.93 

3.43 

7.24 

11.14 

7.77 

11.11 

5.13 

29.34 
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especially for high an, proved to be much better than the ones that could have been obtained directly from 
impulse responses. In Figs. 5 and 6 the instantaneous envelopes, relative to C1n=40%, are shown. Data 
within the vertical lines was used for the linear least squares fittings. 

The possibility of estimating natural frequencies and damping ratios from very noisy impulse responses 
has been investigated. Modal parameters have been evaluated from the instantaneous envelopes and phases 
of autocorrelation functions derived from impulse responses contaminated by uncorrelated additive 
random noise. 

Although the approach presented needs a data block length long enough so that a meaningful estimation 
of the autocorrelation function is obtained, unlike other methods that similarly operate in the time domain, 
it does not require any trigger, which could be a particularly delicate problem for multi-degree of freedom 
systems. 

With this approach it is possible to avoid test repetitions that are usually required in order to average 
out the added random noise, which is always present in experimental data. For this reason the method could 
be especially useful whenever data acquisition cannot be repeated. Therefore, the autocorrelation of the 
response function, along with the Hilbert transform method (which is insensitive to the effects of the signal 
truncation at the end of the time window), seems to be attractive for structures characterized by long time 
constants, for instance some large space structures. They generally present very low natural frequencies 
and light damping ratios, and therefore exhibit responses which are truncated at the end of the observation 
window. Besides, due to their peculiar characteristics, dynamical tests on such structures should be carried 
out in orbit. There great difficulties are encountered in excitation and in test repetition. 

Although only one mode at a time can be analyzed, the method can provide acceptable results provided 
that modal densities are not excessively high. 

This research was sponsored by the Ministero della Pubblica Istruzione under grant: "Stima del fattore 
di smorzamento da segnali molto rumorosi". 

., 0.. 0 
__ , > c 
..... 

.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50 5.00 
Time (s) 

Fig. 5 Instantaneous envelope of the filtered first 
mode (0"":40°/o) 
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Fig. 6 Envelope of the filtered second mode ( O"n=40o/o) 
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Hilbert Transform 

The Hilbert transfonn of an integrable functionf(t) is given by the Cauchy principal value of the integral 
fl4,15] 

+oo 

p. v. !( -r) d-r t- 'f 
-oo 

(A. l )  
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Because the previous relation can also be regarded as the convolution betweenf(t) and ( 1/n t), it is possible 
to apply the Borel (or convolution) theorem and then to obtain the functionj<Hl(t) through the Fourier transform 

(A.2) 

where sgn represents the signum function. 
Actually the signal processing is performed on sampled data sequences and therefore the direct and the 

inverse transforms are achieved by FFT algorithms. In this case null buffers have to be added at the end 
of the time sequences in order to remove the circular effects and to obtain the desired linear convolution 
[16]. From the discrete Fourier transform (Fm), derived from the time sequence ifn), the discrete Hilbert 
transform is given by the following relationship 

where sm is the discretized counterpart of the [-j sgn(w)] function, that is 

s =0 m 

+j 

m = 1,2, . . .  , 

N 
m =0, 

2 

N 
m= +l, . . .  ,(N -1) 

2 

where N represents the total points within the block length: data sequence and added zeros. 

Bedrosian Theorem 

(A.3) 

(A.4) 

The Bedrosian theorem [ 17, 18] is applied when the Hilbert transform of a product of functions has to 
be performed. In particular, when the signal is given by the product of a modulation function and a pure 
sinusoid carrier 

its Hilbert transform is equal to 
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f(t) = m(t) cos W0t (B. l )  

(B.2) 



when the angular frequency of the carrier is greater than (or at the most equal to) the highest angular 

frequency component of the m(t) spectrum. In our case the modulation signal is an exponentially decreasing 

time function and therefore its spectrum is unlimited, so the Bedrosian theorem is not applicable. 

Nevertheless, if the decay rate of the exponential function is much smaller than the damped angular 

frequency, the functions 

and 

f (H) ( t) = Ae-(J 1 sin m dt 

(B.3) 

(B.4) 

can be considered as a Hilbert transform pair. Furthermore, the complex signal 

(B.5) 

is almost analytic. In fact, even if the negative frequency spectrum of c(t) is not completely suppressed, it 

can be considered negligible for practical purposes. 
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