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Statistical Analysis of Wireless Systems Using
Markov Models

Abstract
lhsan A. Akbar

Being one of the fastest growing fields of engineering, wireless has gained the
attention of researchers and commercial businesses all over the world. Extensive research
is underway to improve the performance of existing systems and to introduce cutting
edge wirel ess technologies that can make high speed wireless communications possible.

The first part of this dissertation deals with discrete channel models that are used
for simulating error traces produced by wireless channels. Most of the time, wireless
channels have memory and we rely on discrete time Markov models to simulate them.
The primary advantage of using these models is rapid experimentation and prototyping.
Efficient estimation of the parameters of a Markov model (including its number of states)
is important to reproducing and/or forecasting channel statistics accurately. Although the
parameter estimation of Markov processes has been studied extensively, its order
estimation problem has been addressed only recently. In this report, we investigate the
existing order estimation techniques for Markov chains and hidden Markov models.
Performance comparison with semi-hidden Markov models is aso discussed. Error
source modeling in slow and fast fading conditionsis also considered in great detail.

Cognitive Radio is an emerging technology in wireless communications that can
improve the utilization of radio spectrum by incorporating some intelligence in its design.

It can adapt with the environment and can change its particular transmission or reception



parameters to execute its tasks without interfering with the licensed users. One problem
that CR network usually faces is the difficulty in detecting and classifying its low power
signal that is present in the environment. Most of the time traditional energy detection
techniques fail to detect these signals because of their low SNRs. In the second part of
this thesis, we address this problem by using higher order statistics of incoming signals
and classifying them by using the pattern recognition capabilities of HMMs combined
with cased-based |earning approach.

This dissertation also deals with dynamic spectrum allocation in cognitive radio
using HMMs. CR networks that are capable of using frequency bands assigned to
licensed users, apart from utilizing unlicensed bands such as UNII radio band or ISM
band, are aso called Licensed Band Cognitive Radios. In our novel work, the dynamic
spectrum management or dynamic frequency allocation is performed by the help of
HMM predictions. This work is based on the idea that if Markov models can accurately
model spectrum usage patterns of different licensed users, then it should also correctly
predict the spectrum holes and use these frequencies for its data transmission.
Simulations have shown that HMMs prediction results are quite accurate and can help in
avoiding CR interference with the primary licensed users and vice versa. At the same

time, this helpsin sending its data over these channels more reliably.
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Chapter 1

| ntroduction

We can specify a physical system by giving the values of a number of variables
that describe the system. For example, a chemical system can often be specified by the
values of temperature, pressure, and volume, whereas the instantaneous description of a
spacecraft would include its position in spatial coordinates, its mass, and its velocity.
These critical variables of a system are called state variables. When the values of all state
variables of a system are known, we can say that its state has been completely specified.
Thus we can say that the state of a system is all that is needed in order to describe the
system at any instant. In the course of time a system passes from state to state and thus
exhibits dynamic behavior. Such changes are called state-transitions or simply transitions.

To explain a Markov process, let us start with an example of a frog and a lily
pond as described in [1]. Assume that there are alarge number of lily pads in a pond, and
afrogis sitting on one of these pads. Let us also assume that the frog must always sit on a
pad and never swim in the water. It occasionally jumps in the air and lands on alily pad;
sometimes the one it had been sitting on and sometimes a different one. For the moment
we are interested not in the time pattern of its jumping, but in the location of the frog
after successive jumps.

To make our discussion specific, lets consider that the pond has a finite number of

lily pads, N, numbered from 1 to N . If we use n to denote the number of jumps made



by the frog, and S, to denote the number of the pad occupied after the nthjump, then the

sequence

SS S0 S S

specifiesthe frog’ sitinerary. Such a sequence is known as the trgjectory of the process.

Figure 1.1: The pond abstracted.

We now have a physical realization of a state-transition process. The state of the
process is the number of the pad occupied by the frog. The quantity S, represents the
state of the process after its nth transition, which is called its state at time index n. In an
N -state process, S, may take on any integer value 1,2,..,N at any time index
n=0,1 2, ... that shows the number of transitions made by the process. Figure 1.1

shows the abstraction of the pond.

As we observe the sequence of the states occupied by the frog, i.e., the process
tragectory, it can be easily observed that it is random. The statistical behavior of this
process could be specified if the probability

Pr(S.u =118, =15, =k,... 5 =m) (1.1



was known for all values of its arguments. This is the probability that each state will be
occupied after the n+1th transition, given the entire trgjectory or history of state
occupancies through time n.

Fig. 1.2 shows a typical state transition diagram of an N-state Markov process.
The states are labeled using numbers 1,2, ..., N, and possible transitions are shown by
arrows originating from one state and transitioning into a target stete.

Pen

Figure 1.2: lllustration of different states of a Markov process and their transitions.

In this thesis, the terms Markov Chain (MC), Hidden Markov Model (HMM) and
Semi-Hidden Markov Model (SSHMM) are used specifically for the mathematical models
that generate Markov chain process (MCP), hidden Markov process (HMP) and semi-
hidden Markov process (S-HMP), respectively. Although these categories of Markov
models are related to one another, their mathematical interpretations vary widely and
cannot be generalized.

To develop a certain Markov model based on some observed data, we need to

estimate its parameters, i.e., the probability of transitioning from one state to another and



in case of HMMs, also the probabilities of producing different symbols while being in a
particular state. For this purpose, maximum likelihood estimate is used for MCs and the
Baum-Welch algorithm (BWA), a special case of Expectation Maximization (EM)
algorithm, is widely used for discrete HMM parameter estimation [2]. A derived form of
the BWA is available for the parameter estimation of SSHMMs [3], [4]. Note that in all
these estimation problems, we first have to assume a fixed number of states of model
under study.

Although Markov models are used extensively in wireless channel modeling, an
important point about these models should be noted. Markov channel models are brittle in
the sense that a dight change in system parameters, e.g., a change in received SNR, in
transmitter-receiver separation, in channel impulse response, in the modulation format, or
in the receive signal processing, requires that new system performance data be generated
and the Markov parameters re-estimated.

The accurate modeling of error sequences that occur in wireless channels is
necessary for a better understanding of network performance and for improving the
design of communication protocols. For example, a thorough understanding of the
packet loss and busty nature of errors is essential for the proper design and parameter
tuning of error control protocols, etc. The term discrete channel model is usually used for
technique that can simulate the error traces produced by wireless channels [5]. One of the
primary advantages of these channel models is fast execution time. Using these models,
one can dynamically generate artificial error patterns for the communication system
under study and use these traces to simulate, and thus better understand, the performance
of a given system. Due to their ease of use and repeatability, the system engineer can
utilize these error patterns for characterizing and improving the performance of awireless
system.

Chapter 3 of this thesis deals with the modeling of error traces that occur in
wireless channels. Real world wireless channels often contain memory and hence these
error events cannot be treated as independent random processes. It is therefore not
possible to model such data by using standard random variables available in literature. In
such situations, Markov models have proved to be a valuable tool in anayzing and

modeling/reproducing observed data. The natural candidates for this purpose are Markov



Chains (MCs) and hidden Markov models (HMMs) [6], [4]. Both of these models are
flexible enough to fit a wide variety of experimental data with high accuracy. Although
we usualy use MC and HMMs for modeling experimental data, semi-hidden Markov
models (SHMMs) are aso becoming popular especidly in the field of
telecommunications [7], [4]. This is primarily because of their reduced computational
burden in parameter estimation as compared to traditional Markov models.

Although the theory of parameter estimation of Markov processes is well
established and understood, the work on estimating the order of these models has started
in early 1990s. Finesso, in 1990, used the Law of Iterated Logarithms (LIL) and
information theoretic measures to estimate the order of MCs and HMMs [8]. Khundapur
and Narayan have recently proposed an order estimation technique for SHMMs that
assumed that the model under study has only one bad state [9]. The order of a Markov
process is defined as the minimum number of states required to model the data
accurately. In MCs, this corresponds to the depth of memory of the process whereas in
HMMs, the order corresponds to the number of quantized state levels. As the problem of
Markov order estimation is yet to be solved satisfactorily, we present a simulation based
approach to the order estimation of discrete wireless channel models. Specificaly, we
study the order estimation of hidden Markov models that are used to represent the error
traces generated by the Rayleigh fading channels. We will discuss order estimation of
Markov modelsin detail in Chapter 3.

Let’s discuss error traces that are generated by wireless channels in more detail.
Fig. 1.3 shows the redlization of a fading envelope of wireless channel [10] using a
Markov chain model. The envelope is divided into two states, i.e. a good state and a bad
state. The channel generates no errors (zeros) when it isin good state and generates errors
(ones) when it is in bad state. In this way, the channel produces error patterns by
transitioning from one state to another state. Note that even when the transmitter is turned
off, the maximum Bit Error Rate (BER) that a communication system can incur can not
exceed 0.5. Since the process is deterministic, the state sequence can be generated just by
looking at the observed error patterns. The increase in the number of states of a MCP

corresponds to increase in the memory of the process.
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Figure 1.3: A two-state MC redlization of a wireless fading envelope. The observation

sequence (a binary error sequence) is a deterministic function of states.

Fig. 1.4 shows the redlization of similar wireless channel fading envelope using a
three-state hidden Markov process. The envelope is now divided into three quantized
levels and the divided regions so formed are labeled as a good state, an intermediate state
and a bad state. We assume that when this system is in the good state, its performance is
quite satisfactory whereas when in the intermediate state, the probability of error
generation is considerably high as compared to that in the good state. In the bad state, we

experience significant degradation in system performance.
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Figure 1.4: A three-state HMM redlization of a wireless fading envelope. The observation
sequence (a binary sequence) is a probabilistic function of states.

Contrary to the Markov Chain process, in HMM the observation sequence is a
probabilistic function of its states. Therefore in our case of bit error patterns, a probability
is assigned to each state that corresponds to the likelihood of generating zeros or ones. In
other words, every state behaves as a Bernoulli source [11] with usually different
probability of error generation. In a good state, the probability of producing Os (no errors)
is significantly higher than producing 1s (errors) and vice versa. Note that even if we
further divide a state into two sub-states (or in other words if we increase the number of
states of the HMM), the depth of the memory still remains the same. State splitting is
generaly assumed, in practical applications of HMMs, with an assumption that the
system will perform better by increasing the number of hidden states. In our work of
wireless channel error trace modeling, we have found that this is not necessarily true and
a two-state HMM is usudly sufficient for modeling the error behavior of wireless
channel. PH distributions approximations [4] are used to model the fade durations in



wireless channels. Results of modeling both slow and fast fading channel error sources
are presented in this report.

Chapter 4 and 5 of this thesis deals with cognitive radio (CR). CR is a brain-
empowered wireless communication paradigm that is aware of its environment and uses
the methodology of understanding-by-building to learn from the environment and to
adapt to statistical variations in the input stimuli. The two primary objectives for the
design of cognitive radio are highly reliable communications whenever and wherever
needed and a more efficient utilization of the radio spectrum. The three fundamental
cognitive tasks are radio-sense analysis, channel-state estimation, transmit power control
and dynamic spectrum management. The six (ideal) characteristics of a cognitive radio

are asfollows:

Intelligence - allows the radio to have the ability to perform autonomous decisions.
Awareness - |ets the radio be familiar with itself, its capabilities and its surroundings.
Learning - to be capable of dealing with situations that were not anticipated during the
network’ sinitial deployment.

Adaptability - to be able to adapt to new regulations.

Reliability - should be able to establish reliable communications whenever and wherever
possible.

Efficiency - should be efficient in performing its tasks.

A cognitive engine can be defined as the intelligent agent that manages the
cognition tasks in a cognitive radio. This agent can be thought of as an independent entity
that oversees the cognitive operations of the radio. Given the input from its environment
or users, the cognitive engine analyzes the situation, performs necessary calculations and
proceeds by responding or reacting to the stimulus. As an example, this response can be
adapting some of radio’s parameters such as modulation scheme, frequency of
transmission, frequency of reception, etc. given the user requirement and the current

radio environment.



Detection of CR signa is difficult by using conventional energy detection
techniques because of very low Signal-to-Noise Ratio (SNR). Second order
cyclostationarity [12] allows signal sensors or receivers to classify the incoming signal in
very low SNR situations. It also reveas distinctive features in the cycle frequency
domain according to the modulation parameters of transmitted signal. We use second
order dtatistics of incoming signal in the frequency domain and utilize its two
dimensiona statistics, called the a-domain profile, as the training sequence for the
HMM. Maximum likelihood method is used for decision making along with case-based
reasoning to reduce the number of HMMs. A typical spectral correlation function and its
corresponding a-domain profile of an FSK signal a 9dB SNR is shown in Fig. 1.5
below.

Binary FSK Spectral Coherence with SNR=-3 dB Obs. Length=200
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Cycle frequency ofF | 1 a5

(a) Spectral Coherence

Binary FSK Cycle Frequency Profile with SNR=-3 dB Obs. Length=200
T T T T T T T

Maximum Strength of Spectral Coherence

oz} —

1 1 1 1 1 1 1 1 1
a 0.1 0.2 0.3 0.4 BE 06 o7 08 09 1
Cycle frequency off |
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Figure 1.5: Continuous-Phase Binary FSK spectral coherence and -domain profile at 9dB SNR.



In November 2002, the Federal Communications Commission (FCC) published a
report prepared by the Spectrum-Policy Task Force aimed at improving the way in which
this precious resource is managed in the United States. In their report they state that “In
many bands, spectrum access is a more significant problem than physical scarcity of
spectrum, in large part due to legacy command-and-control regulation that limits the
ability of potential spectrum users to obtain such access.”

M easurements have shown that there are frequency bands even in urban areas that
are largely unoccupied, some of them are only partially occupied and some are heavily
used. This spectrum usage statistics gives us a notion of spectrum holes which is defined
in [13] as a band of frequencies assigned to the primary user, but at a particular time and
specific geographical location, the band is not being utilized by that user. The concept of
spectrum holes can be shown in Fig. 1.6.

- Licensed users' network Cognitrve networl: traffic

Power Prequency I
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Figure 1.6: Illustration of spectrum holes in cognitive radio network. The cognitive network is
utilizing licensed frequency bands by performing CSMA based spectrum allocation.

Spectrum utilization can be improved significantly by making it possible for a
secondary user (who is not being serviced) to access the spectrum hole unoccupied by the

primary user at the right location and at the right time. Cognitive radio has recently been
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proposed as the method to promote the efficient use of the spectrum by exploiting the
existence of spectrum holes. It observes the current spectrum conditions in the given
band, orients itself, identifies the available spectrum, plans the possible user for it,
decides on the best plan, and acts by allocating resources, negotiating protocols, etc.
While engaged in the transmission, the radio may observe the signal of the incumbent
user. If such signal is detected, the radio’s cognition cycle should direct itself to jJump out
of the spectrum to minimize interference. It should then look for other available
spectrums to continue its data transmission.

We propose to predict the spectrum usage patterns of different licensed users
using HMMs. Different HMMs would first train themselves from to the spectrum usage
patterns of the incumbent users and once reliable models are developed, the spectrum
manager would decide which frequency to use based on the likelihood of spectrum holes
of these bands. In our preliminary work, usage patterns are assigned binary bits with
zeros indicating no traffic and ones indicating that the spectrum is being used by the
incumbent user at that particular time. Hence we obtain binary vectors for different
frequency bands and use these vectors as training sequences for HMMs assigned for
different radio bands. These HMMs will then predict the occurrence of spectrum holes
for their respective users and the cognitive engine will decide which frequency to use
based on these predictions.

Some notable contributions are as follows:

A simulation based study on the order estimation of binary hidden Markov

wireless channel models.

A simulation based study on the behavior of the Bayesian Information Criterion

(BIC) and Akaike's Information Criterion (AIC) for binary Markov Chains and

hidden Markov models.

A novel HMM based classification of different types of signals having very low

SNRs using cyclostationarity.

A novel technique of dynamic spectrum allocation in cognitive radio networks

using HMMs.
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Chapter 2

Markov Theory

This chapter is organized as follows. We first present the basic Markov theory and
discuss is mathematical formulation of Markov processes. We then discuss Markov
chains, hidden Markov models and semi-hidden Markov models, the three magor
categories of Markov models. Parameter estimation of discrete Markov models is studied
next. We will focus our study on different forms of the Baum-Welch algorithms that are
used to estimate the parameters of HMMs and semi-HMMs. Phase-type distribution
approximation is discussed next that is used for modeling quantized fading statistics.

2.1 Markov Processes

Markov processes are those processes in which the current state of system
depends on the previous state (or states). A system can have finite number of states or it
can have infinite states. However, a finite state assumption is obviously more practical.
We define the discrete state space with elements s, s,,...,S, or ssimply with numbers

1,2,...,N when thereis no ambiguity.

A homogeneous finite state Markov process can be defined as a process in which
the current state of the system depends on the previous state (or states) in such away that

the state dependency at a particular time instant is not dependent on the time at which the

system is observed. Mathematically, if X =X, X,,...,% isthe state sequence and a; isthe
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probability of transitioning from statei to state |, then for afirst-order Markov process we

can write
a; =Pr(x =i|x..=1]) (211)
Consider atransition from a particular state 5 to some other state s; in exactly n
steps. Thistransition from state § to s; can occur via different paths and the conditional
probability that the system passes through a particular path, say
s®s®s ®.®5 ®s isdenotedby a;a; ... ;. Thesum of the corresponding
expressions for al possible paths is the probability of finding the system at time r +n in

state s, , giventhat at time r it wasin state 5 and is denoted by a" . Hence,

a =a, (2.12)

.EZ) = a,a, (2.1.3

and in general 3" = a,a (2.1.4)
and g™ = g (2.1.5)

The last equation reflects the fact that the first m steps lead the system from s to some
intermediate state §,, and the last n stepsfrom s, to final state s; .

A Markov process is irreducible (or indecomposable) if every state is accessible
from every other state. In other words, s; can be reached from § with some t such that
al’ >0. With the homogeneity condition, we can replace & by a,. A Markov process

is aperiodic (or acyclic) if there exists no state such that the process will continue to
return to that state with fixed periods T,2T,3T,..., where T >1 is the greatest integer
with this property. Positive recurrent (or persistent) Markov chains are those Markov
processes in which the expected return time is finite for every state. A transition matrix

A =[a;; i,]=12,..,N] which is positive (that is, every element of the matrix is
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positive) is irreducible and aperiodic. A matrix is a stochastic matrix if and only if the
rows sum to 1. Hence the state transition probability matrix is always a stochastic matrix.

For a discrete state space, the integration in the k-step transition probability are
summations that can be computed asA* (the k-th power of the state transition matrix). In

other words, if A is one-step transition matrix, then A¥is the transition matrix for the k-
step transition. The stationary distribution of states is a vector p that satisfies pA =p.
We can also say that the stationary vector is a left eigenvector of the transition matrix,
associated with the eigenvalue 1.

If Ais irreducible and aperiodic, then there aways exist a unique stationary

distribution. It is aso noted that A converges to a rank-one matrix in which each row

denotes the stationary distribution of the states. Mathematically, L!@T A* =p. This means

that if we observe a random wak based on an irreducible and aperiodic transition
matrix A , then the long term probability of being in a given state is independent of the
state from where the chain was started and is dictated by the stationary distribution. This
is sometimes known as the exponential forgetting of Markov chains.

After defining these terms we are in a position to discuss ergodicity in Markov chains. An
ergodic finite state Markov process is defined as a process that is aperiodic and
irreducible. Most of the systems of our interest are modeled as ergodic Markov chains, as
this corresponds to a well-defined steady-state behavior. For additional material on these
topics, refer to [6], [7], and [14].

Broadly speaking, Markov processes can be divided into three sub-categories;
Markov chains, hidden Markov processes and semi-hidden Markov processes. A Markov
chain process (MCP) is the process in which the states are directly observable. In other
words, the observation sequence is a deterministic function of the states. A hidden
Markov process (HMP) is a doubly stochastic process in which the generation of
observation symbols depends on the emission properties of the states. Therefore, a state
can usualy generate more than one observation symbol and we cannot directly observe
the state sequence from the observation sequence. Semi-hidden Markov process (SHMP)
is a process in which each state can emit a sequence of observations before transitioning
to another state. The main purpose of this report is to investigate the order estimation of

binary Markov processes, show our preliminary results in this area and explain proposed
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future research directions. Recall that by the order of Markov models we mean the
minimum number of states that is required to correctly model an observed sequence. For
the case of Markov chains, order corresponds directly to the memory of the chan
whereas for the case of hidden Markov models and semi-hidden Markov models, this
generally corresponds to the number of hidden states. In this report, we will be mainly
focused on the order estimation of Markov chains and hidden Markov processes. A

performance comparison with the semi-HMMsiis also presented at the end of chapter 3.

2.2 Markov Chain

Markov chains (also known as Random Walks on Graphs) are the simplest forms
of a Markov process. Markov chains are probably used in al fields of engineering,
physics, biology, economy, etc. In wireless communications, they are mainly used to
model complex channels that contain memory, especialy in those places where we don’t
have closed form expressions to approximate or reproduce the behavior of such channels.
Extremely complex error statistics can be successfully modeled using these simple
mathematical models. In this section we formally define Markov chains and highlight
some of their important characteristics.

A Markov chain of order kisdefined asaprocess X, X,,..., X, such that
Pr(Xoq | Xis Xyeeey X)) = Pr(Xoss | Xians Xiogaar oo X,) (2.2.1)

For afirst-order Markov chain, the state transition matrix A iswritten as

; dp .. Gy
QG Gy . Gy

A=(y)=": : (2.2.2)
aNl aNZ aNN

with a; =Pr(X,,, =i| X, = j) and a =1.
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As an example of a first-order Markov chain, let us show how to predict the
probability of a particular symbol pattern. Suppose there is a three state Markov chain
process in which state 1 denotes Rainy (R), state 2 denotes Cloudy (C) and state 3 denotes
unny (S) weather. The state transition probability matrix is assumed to be

04 03 03
A= 02 06 02 (2.2.3)
01 01 08
We wish to compute the probability of observing SSR SC S given that today is S. Using
the chain rule, we obtain
Pr(S,S,R,S,C,S) = Pr(S)Pr(S|S)Pr(R | S)Pr(S|R)Pr(C|S)Pr(S|C) (2.2.9)

= P38381 84588 (5 =1, by assumption)
=1(0.8)(0.1)(0.3)(0.1)(0.2) = 0.00048

For the case of discrete state space, the k-step transition probability can be
computed as the k-th power of A. If s the stationary distribution, then the stationary
Markov chain satisfies the relation A= . If Ais stationary and aperiodic, for k
sufficiently large

lim A* = (2.2.5)

and hence the process is independent of the initial distribution . The mathematical

form of multiple order Markov chains is more complex. We will discuss some cases of

second-order and third-order binary Markov chainsin chapter 3.

2.3 Hidden Markov Models

A simple HMP can be explained as follows. Suppose we have three urns and
these three urns contain balls having different colors and with different proportions.
There are four colored balls, i.e., green, blue, red and black. We randomly select an urn
according to some probability distribution, and pick a ball from that urn at random. After
noting the color of the ball, we place the ball in the same urn and then select another urn,

based on a specific probability distribution. The urn might be the same urn selected
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before or it can be a different urn. We now pick a ball from this newly selected urn and
observe its color. Hence there are two random processes occurring one after another, i.e.,
the selection of an urn and the selection of aball from that particular urn. If we repeat this
process many times then we have a sequence identifying different balls that we picked
from different urns. However note that looking at a particular ball does not identify the
urn from which the ball was picked. We can observe that there is an underlying hidden
process, i.e., the selection of urns (which is not directly observable when we look at the
sequence of balls taken from these urns). The weather example discussed earlier can also
be explained as a HMP if we include an underlying process such as the cloud conditions
in aparticular day. The wireless channel can be modeled in the same way where different
guantized fading levels can define different states of the channel and where every state
has a specific distribution of generating zeros and ones. The combined output of these
states gives the overall bit error statistics of the communication system under study.

Let us formally define HMP based on stochastic realization theory. A hidden
Markov process can be defined asthe pair { X,, Y,; tT } of stochastic processes defined

on the probability space (W,F,P). The finite set (X, Y) is said to be a stationary finite
state system (SFSYS) if the following conditions are met:
() (X,,Y,) arejointly stationary
(1) Pr(Yos = Your X = Xar 1Y = Y00 X1 = %0) = Pr(Yo = Yoo, X = X [ X = %)
The processes X,and Y,are caled the state and the output of the SFSS

respectively. The cardinality of  will be called the size of SFSS. The probability
distribution of discrete observations that can take M values is usually expressed in matrix
form as

by, By, ... By,

_ by By by

B (2.3.1)

bNYl bNY2 bNYM
with b, =Pr(Y, =k | X, =i) 1=12,..,M;]=12,..,N. A stochastic process Y, with

valuesinthefiniteset isahidden Markov processif it isequivaent to the output of the
SFSS.
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We now briefly discuss the estimation of these two probability distributions in
HMMs, i.e. the probability of transitioning from one state to another or to itself and the
probability of generating symbols from a particular state. The first contribution related to
the parameter estimation of hidden Markov processes was made in the late sixties. Baum
and Petrie [15] studied the Maximum Likelihood Estimation (MLE) of the parameters of
an HMP. They also provided an agorithm for the numerical computation of the MLE,
basically inventing the Expectation Maximization (EM) algorithm for HMM parameter
estimation, that later became very popular. In 1975, the HMP was proposed by Baker as
one of the models of choice for automatic speech recognition [ 16]. Computational aspects
became very important and much work was done on the implementation of Baum’s
algorithm. Later a refined form of this algorithm was proposed that became popular as
the Baum-Welch Algorithm (BWA). For details about the BWA and its different forms
(for both HMMs and semi-HM M), refer to [4].

We have previously used HMMs for modeling error sources in WCDMA systems
[17] and implemented different BWA agorithms to fit real world bit error statistics. Our
work was based on the assumption that the cardinality of state space can be either 2 or 3,
i.e., we assumed that the HMMs used for modeling has 2 or 3 states. The idea of using a
2 state or a 3 state model was based on the assumption that the channel conditions are
such that we have a state (that we call a good state) in which errors occur very rarely, also
there is an intermediate state where errors occur with some higher rate and we have a
third state (a bad state) in which errors occur quite frequently. For a 2-state model, we
assume that the channel has two states, a good and a bad state. Clearly our assumption of
using a 2-state or 3-state model could be incorrect. Hence we realize a need for an order
estimation technique that can tell us the optimum number of binary HMM states that
should be used for a given model.

At this point let us define the order of a HMM more formally. The order of an

HMP Y, is the minimum integer for which there exists a Markov chain X, such that
Y, = f(X,) for some function f . The knowledge of the order of an observed HMP Y,
allows the construction of the most economical representation f (X,) in the sense that the

number of parameters (the transition probabilities of X, ) is minimized. It can be shown
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that the order cannot be estimated using the classical maximum likelihood technique
because increasing the number of states automatically increases the likelihood [8]. Thisis
atypica behavior of the likelihood function when the parameter is structurdl, i.e., when
the parameter (usually integer valued) indexes the complexity of the model. Modelswith
an equal number of states can each be described by the same number of parameters and

are interpreted to have the same degree of complexity.

2.4 Semi-Hidden Markov Models

These are adso known as semi-Markov processes or Markov renewal processes
[7], [4]. The semi-hidden Markov approach often leads to a significant reduction of the
model parameter set and hence computationally efficient models can be achieved as
compared to the HMM in most cases. This is especially true when the observation
symbol contains long stretches of identical symbols. We can view semi-hidden Markov
process as the process whose successive state occupancies are governed by the transition
probabilities of a Markov process, but whose stay in any state is described by an integer-
valued random variable that depends on the state presently occupied, and on the state to
which the next transition will be made. Thus at transition instants the semi-Markov
process behaves just like a Markov process. However, the time at which transition occurs
is governed by a different probabilistic mechanism. This process is also called the
embedded Markov process. The semi-Markov process can be described mathematically
in the following paragraphs.

Let p,be the probability that a semi-hidden Markov process that entered state

ion its last transition will enter j on its next transition. The transition probabilities, p;,

must satisfy the same equations as the transition probabilities for a Markov process
discussed in section 2.2 and 2.3, i.e,,
p, 30 i=12,..,N; j=12..N (2.4.1)
N

and p, =1 i=12,...,N (2.4.2)

=1
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where the process has N states. Whenever the systemisin state i, it determines the next

state j according to the state i s transition probabilities p,, p,,..., P . However, after
] has been selected, but before making this transition from state i to state j , the process

holds for atime t; , in state i . The holding time, t; , is a positive, integer-valued random

variable governed by a probability mass function h;(.) , known as the holding time mass
function for atransition from state i to state j . Thus,

Pr(t; =m) =h;(m) m=2123,...; i,j=12,...,N; (24.3)

Assume that the means t;; of al holding time distributions are finite and that all holding
time mass distributions are at least one time unit in length, i.e.,

h;(0) =0 (2.4.4)

Fig. 2.4.1 shows the portion of a possible trgectory for a discrete-time semi-

hidden Markov process. Large black dots show that the process enters a given state

immediately after a transition. The figure shows that the process entered the state 1 at

time O, was held in state 1 for 3 time units, and then made the transition to state 2. It then

held in state 2 for 1 time unit, and then jumped to state 3. It held in state 3 for 2 time
units, and then jumped to state 2.

2
State

Time

Figure 2.4.1: Semi-hidden Markov process state transitions

Algorithms similar to the BWA are available for the parameter estimation of S-
HMMs [3], [4]. SHMM parameter estimation agorithms for binary sources take
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runlength vectors as the input sequence. A sequence of zeros and ones

000011000000000000001110000001100000 can be compactly written as 0*1°0*1°0°1°0° .
This method of compression is called runlength coding. Since error sequences produced
by wireless channels usually contain long stretches of zeros (denoting no error in
transmission), the equivaent runlength vector is significantly shorter in length than the
original binary sequence. This results in considerable reduction in simulation runtime as
compared to the traditional BWA [4], [17].

2.5 EM Algorithmsfor HMM and Semi-HMM Parameter Estimation

In this section we will discuss different forms of the Baum-Welch agorithm that

we use to estimate the parameters of HMMs and semi-HMMs.

25.1 TheForward-backward BWA for HMM

In this section we will introduce the forward-backward BWA algorithm to
estimate A, B, and using the forward and backward variables given the observation
sequence.

The Baum-Welch forward-backward algorithm [4], [18], and [19] is perhaps the
most efficient and frequently used method for automatically estimating the parameters of
discrete HMMs. Its biggest appeal lies in the way it effectively avoids the possible
explosion in computational complexity resulting from the evaluation of all the states of a
model of training data. The key to the elimination of redundant computation is to exploit
the fact that all possible state sequences must merge into one of the complete states set at
onetime. The BWA isaspecia case of the EM algorithm.

The implementation of the forward-backward Baum-Welch algorithm involves
computation of two different probability terms. First, the forward path probability is
defined as the joint probability of having generated a partial observation sequence in the
forward direction (i.e., from the start of the data), and having arrived at a certain state at a
certain frame. Next, the backward path probability denotes the probability of generating a

partial observation sequence in the reverse direction (from the final frame of data), given
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that the state sequence starts from a certain state at a certain time. The parameters of the
HMMs can be estimated by using these probabilities. The full details of the Baum-Welch
procedure for parameter estimation, as well as the various implementation issues, is
described in this section.

Let us define a sequence Y, =V,,Y,,..,Y; ad aso the model g={A,B, }.

Define the forward variable
() Pr(YL Yo Yo X, =5 19) (25.1.1)
as the probability of the partial observation sequence y;, Y,,..., Y, in state 5 at times step
t given the mode . This variable can be computed inductively, and from these

variables, Pr(y; |g) iscomputed. Theinitialization is done as follows

(3, )=Pr(y, X, =s| )=Pr(y,[ X, =5, )Pr(X; =5 ) (25.1.2)

(1, )=phb(y) (25.1.3)
In the matrix form, we can write
(yi, )= (2.5.1.4)
and the induction is done as
w1 (1) = Pr(YL Yoo oo Yoo X =S| ) (25.15)

i=1
N
w= Oa b t1{12..T-3,j1{1.2...N} (25.1.7)
i=1
If we denote a,(y;, ) and as the elements of (y;, ), then in matrix form it can be
written as
Vi, )= (W4 Py, ) t=12..T (2.5.1.8)
whereP(y,, )is a function of the state transition matrix and the output symbol
probability matrix, B, for the current input sequence.
The computation of the forward variable ,,(]j) intheinduction step accounts for

al possible transitions to state s; from time step t to t +1, and the observable vy, at timet

+1. Figure 2.5.1 shows the graphical computation for . The forward variable is
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usually stored as a row vector that needs to be normalized. The normalization can be

done by dividing the elements of the forward variable by its sum for a particular time
instant.

t t+1

(i) ta()

Figure 2.5.1.1: Computation of forward variable in the forward-backward BWA.

We now define abackward variable (i) as

() PV Yesooeon Yr | X =8, ) (25.19
which denotes the probability of the partial observation vy,,,, V..., ..., ¥y given that at time
step t themodel isin state 5 and giventhemodel . Theinitialization is done

() 4 iT{12..,N} (2.5.1.10)
and the matrix form is written as

(v;, ) 1 (25.1.11)
Theinduction is done as

()= ’ ab (Vor) (i),  t={T-1T-2..3,i={12..,N} (25112

=1

23



t t+1

(i) wa()

Figure 2.5.1.2: Computation of backward variable  in the forward-backward BWA.

If we denote (Y., ) asthe elements of (Y, ), then we can use the matrix

form and write
@) =P(Y.q) (Yq) t=T,T-1..1 (2.5.1.13)
where P(y,,q)is a function of the state transition matrix and the output symbol

probability matrix B for the current input sequence. This backward variable is a column
vector and it needs to be scaled to avoid computational underflow. The scaling can be
performed by dividing the elements of the backward variable by the scaling factor that
was obtained by adding the forward variables for the corresponding time index. Scaling is
discussed in the next section. Note that

Pr(yy | )= " () ()t {12,..T) (2.5.1.14)

i=1
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a;b; (%.41) Q
s)

() )
<« R

Figure 2.5.1.3: Parameter estimation using forward and backward variablesin BWA.

The estimated parameters of the forward-backward BWA are given as

_ expected number of transitions from state § to state s,

] — (2.5.1.15)
expected number of transitions from state §
expected number of timesin state s, and observing symbol k
b; (k) = P e — 9y (2.5.1.16)
expected number of timesin state s,
p, = expected number of timesin state 5 at timet =1 (25.1.17)
The probability of obtaining a sequence given the model is
N
Pr(yi | )= a()bl) t{12..T} (2.5.1.18)
i=1
The parameters are estimated as follows
T
a, ()P by (Xu)bp, (1)
Pi,. = - - (25.1.19)
a, (b, (i)

t=1

25



a, ()b, (i)
b, (k) =2 (2.5.1.20)
“a, (Db, ()

= () 4(@) (2.5.1.21)

2.5.2 Scaling of the Forward and Backward Variables

Most of the earlier literature dedicated to estimating the parameters of HMMs
using the BWA do not address the issue of scaling the Markov model parameters. The
forward and backward vectors tend to zero exponentialy especialy for large data size
and numerical underflow results if these variables are not properly scaled. We can scale
the variables if we define

() = UL (25.2.1)

N -
(i)
i=1
and hence define the scaling vector C, as

N

C= ) (25.22)
i=1

N __

Thisimplies that (1) =1 (25.2.3)
i=1

and _(i):ﬁ (2.5.2.4)

t 5.2
G
with the initialization of ~ = é (2.5.2.5)

where 1 denotes the column vector containing al ones. This method avoids numerical
underflow in both the forward and the backward variable. Refer to [4] for more detall
about scaling.
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2.5.3 TheForward-only BWA for HMMs

In the forward-backward implementation, the algorithm requires the amount of
memory that is proportional to the data size T, which can be very large. In contrast,
unidirectional algorithms require an amount of memory that is independent of the data
size and it also uses less memory than the forward-backward Baum-Welch algorithm,

primarily because of the fact that the backward variable IS not used during re-

estimation. We only need to keep the forward variable in memory and this also makes the
model easily programmable in a DSP chip. The forward-only Baum-Welch agorithm
can be applied online without waiting until the entire sequence of length T has been
received. We can aso discard previous sequences, and then estimate the model from the
estimated parameters obtained from those sequences. Let us now represent the
mathematical expressions for estimating the parameters of the forward-only BWA.

From the forward-backward BWA,, it is evident that we have to compute sums of
the form

T

S(y;)=  (Y)UY) (V) (25.3.1)

t+1
where U(t,y,) is a matrix. We will try to find efficient ways of representing these

matrices. In the forward-backward BWA the standard form for determining these

matricesis used. It follows from the forward and backward probability definitions that

S= Sy (25.3.2)

where SO0)= POAVMYIPOL) (2539

and P(y)) = é P(y.) (25.3.49)
are the corresponding matrix probabilities. For uEv £ w

P(y) =P(y,)P(Y,) (25.35)

S(y) = S(YP(Yea) + P(V)S(Yirr) (25.36)

These equations form the basis for the recursive agorithm. Remember that the forward

variable in the forward-backward BWA is computed using

(W)= (WP(Yes (25.3.7)
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If we define s(¥') = sy )Py + (V)P(veh (25.3.8)
where s(y)) = S(y;) (2.5.3.9)

andif t, =t and t,, =t,, we have the following

W= (BPV) (2.5.3.10)
S(V,™) = S(B)P(Ye) + (WU(E, Yiun) (25.3.11)
The numerator of the equation
;
a, ()p;,b, (Vee)br, ()
P, = (2.5.3.12)
a, (i)b, ()
t=1
;
can be written S(y;) = (y;_l)uij Pib; 5 (V) (V) (25.3.13)
t=1

where U;isthe N” N matrix whose ij - thelement is one, and the rest of its elements are
zeros. It follows from this equation that
51 =5 (MWPY) + (00U Py by o (%) (25.3.14)

The numerator of equation

a, (i)b, (J)
" t:k
bjpﬂ(k) = . - (2.5.3.15)
a, (J)b, (j)
t=1
.
can be written as Si(y)= (y:It.)Ujj v, %) (Vi) (2.5.3.16)
t=1

where (y,y,)=1,if y=y,,and (y,y,)=0if y?! y,.Hencewe can write

s (™ Y) =S (VL PV + (V) (Y Yed)Us (25.3.17)
Also S A =5 (WPYe) + (Y)U; Py by o (%) (2.5.3.18)
s Y) =S (YL VP(Ye) + (V1) (Y Y)Y,y (25.3.19)

are the equations that replace the forward-backward BWA.
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Note that we do not need to keep any of these variables in memory. Equations (2.5.3.18)
and (2.5.3.19) are the only equations used in the parameter estimation of a genera HMM
using the forward-only BWA. Theinitial conditions for the algorithm are

s;(y) =0 (2.5.3.20)
(v, y)=0 (2.5.3.21)
The parameters of this forward-only BWA are estimated as follows
(y)1
Py pr1 = S : (2.5.3.21)
S ()1
i
s
b .(y)=—"t—-—- (25.3.22)
bt bj,p+1(y)

i
Note that by using only the variable for parameter estimations and not using
any backward path reduces memory requirements significantly, but it might sometime

give sub-optimal results.

2.5.4 TheForward-backward BWA for Semi-HMMs

In this section we discuss a modified version of the forward-backward BWA that
is used to estimate the parameters of semi-HMMs. The state transition matrix of a semi-
HMM can be written as

Pll P12 Pls
P, P, .. P

p= * % = (25.4.1)
P, P, . P

where s isthe total number of observation symbolsin the process. In case of error source
modeling, s takes only two values, either 0 or 1. The input sequence is in the form of a
runlength vector and hence the length of the input sequence is greatly reduced, especially
when we have sequences involving long stretches of identical symbols. Refer to section
2.4 for details about the runlength vector. The dimensions of the individual sub-matrices

in the diagonal depend upon the number of all the states that can generate that particular
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observation symbol. The dimension of off-diagona sub-matrices depends upon the
number of states that generate the current observation symbol, and the number of states

that can generate the next observation symbol.

Following the notations given in [4], define the fast forward variable (v)',t) as
%)
L) = OQP™(X,t) (25.4.2)
i=1

where, istheinitial state probability vector,
X, isthe observation symbol, O or 1 in case of error sequences,
m isthe number of times a particular symbol is observed,
t isthe model parameter vector.
The fast forward variable (v/,t) is a row vector and is obtained in the vector form

during the implementation of the algorithm. Define

1l
o(¥1,t) =Py, O [Rx Pux ] (2.5.4.3)
i=1
1l
and (V1) =Py O [P Pox IRK, (2.5.4.4)
i=1
and hence develop an algorithm for computing the fast forward variable
o(V,1) = X,
(v, 1) = (v, 1P (2.5.4.5)

o) = (VP
Note that al these variables are row vectors. The dimension of these variables at a
particular time depends upon the observation symbols observed at that time and the
number of states that can generate that observation symbol. For example, if at time t a
symbol 1 is observed and there are k states that can output a symbol 1, then the
dimension of the fast forward variable is k. Hence, the fast forward variable is of the
order 1” k.

The backward variable (v",t)isshown as
N
v, ) =0QP"(X,t)1 (2.5.4.6)
i-ny
Note that thisis a column vector. Define
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L
oV 1) = O [Py x PXx 11 (2.5.4.7)
i=t

Py
D) =P O [P P (2548)

i=t+l
Hence we derive the backward al gorithm
oV ) =1
(1) =Py o(Vat) (2.5.4.9)
oW 1) =Prex o(t)
Note that all of the above variables are in the form of a column vector. The dimension of
these variables at a particular time depends upon the observation symbols observed at
that time and the number of states that can generate that observation symbol. For
example, if at time t a symbol 1 is observed and there are k states that can output a
symbol 1, then the dimension of the fast backward variable is k and the order is k= 1.
More detail about this algorithm can be obtained from [3] and [4].
In order to estimate the model L , define
G(i,})=Pr(q =i,G,, = | |O,L) (25.4.10)
where O denotes the observation sequence. This can be written in terms of the forward

and backward variables as

Lm( o)1
G .= de PrC(CC)+1| L)CHJ o (25.4.11)
G =[0],unless = _and =
Also
m( ()-1) 4 L™*
G .= (mC o) er'cg | LC)C e (25.4.12)

where [0] denotes the matrix containing al zeros. In simulations, the
probability P(O| L) is not necessarily required.
C-1
The expected number of transitions from i toj is  G(i,]), and this can be
t=1

used directly to estimate the state transition matrix P. Note that the elements of transition

31



matrix can be estimated in the form of blocks, and hence the simulation runtime can be

significantly reduced.

25.5 TheForward-only BWA for Semi-HMMs

We can use modifications in the agorithm given in [3] and [4] to obtain the
forward-only version of the BWA for estimating semi-HMM parameters. This algorithm
does not need the fast backward variable and hence it is capable of estimating the
parameters of Markov models on the fly. As this model uses the runlength vector as input,
it is fast as compared to the models that work on symbol-by-symbol basis. The forward-
only estimation property also alows it to be easily programmed in a DSP chip for red
time applications.

Consider the state transition matrix that was discussed for forward-backward
semi-Markov models. The matrix has the form

P. P, ... Py

P, P, .. Py

P= (255.1)

PSl PSZ e PS

where s is the total number of observation symbols in the process. Define the fast

forward variable (v/,t)as
9
(v,t)= OQP™(X,t) (25.5.2)
i=1

where istheinitia state probability vector
X, isthe observation symbol, 0 or 1 in case of error sequences
m is the number of times a particular symbol is observed
The fast forward variable (v/,t) is arow vector and is obtained in the vector

form during the implementation. Define

%
O(V]t_ ' t) = p)(1 O [Pr;(rllxll PrXiXM] (2553)

i=1
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11
and (v, 1) =Py O [Prgy  Pry 1P (2.5.5.4)
i1 i (AT PN

and hence develop an agorithm for estimating the fast forward variable
o, 1) =
(1) = (v, t)PFy (2.5.5.5)
o) = (V)P
Note that all of these variables are row vectors. The dimension of these variables
at aparticular time is the number of states in the model.

Wedefine s, (x;™) as

;04 =8,()P™ + (x)V (2.5.5.6)
where the matrix V is calculated using the following procedure
b =rem(m,2) V =bW
R=P Q=P° G=W
whilem >0
G=RG+GR R =R? (25.5.7)
m=(m - b)/2 b =rem(m,2)
V=RV +bGQ Q=QR"
end

This allows us to use fast matrix exponentiation which is very useful in reducing
the runtime of the algorithm because the value of m could be very large, as the lengths
between two consecutive bursts could be very long. The vector s is used to get the state
transition matrix

N
PG, j) = s,j(xfl) t=12,..T (25.5.8)
i=1
This algorithm might give us sub-optimal results as we are trading off the speed for
computational complexity.
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2.5.6 Phase-Type (PH) Distribution Approximation

The Phase-type distribution or PH distribution [4] is used to estimate the fade
duration [10] occurring in wireless channels. The PH distribution is a specia case of the

matrix-geometric distribution with the form

g(x, )= A*'b (2.5.6.1)
where isarow vector, b isacolumnvector,and isau’ u sguare matrix.
p= A 2 (2.5.6.2)
is a stochastic matrix. By definition,
1=1 (2.5.6.3)
b=(-A)l (2.5.6.9)

In this section we will develop an EM agorithm for approximating a probability
distribution f (x) with phase-type (PH) distribution.
To develop the EM algorithm, the matrix product is written as
906 )= 888 (256.5)

z

where a ,,, =hand z=i}". Define

(Z; X, ) = iy aioi1 aix,zix,1 a1'X,1,u+1 (2566)
so that a(x, )= (z ) (2.5.6.7)

Dividing both sides of this equation by g(x, ), and defining (z x, )= (z X, )/ 9(X, ),
it can be rewritten that

(zx )=1 (2.5.6.8)

z

Inthisway (z;%, ) canbeinterpreted as a probability distribution.
Define (%, ,)=f(x)/g(x, ), and replace the log (zx, )as the sum of

logarithms

log (zx, )=log ; + ' loga,_; (2.5.6.9)

k=1



Note that (zZx )= a;a;-a& ; & . (2.5.6.10)

Z,ip=i i

isthe i - th ement of the matrix

(x, )=A*b (2.5.6.11)

Since ‘”l (%)= (%)= A"b=g(x ) (25.6.12)

we have (x )g(x )= f(9=1 (25.6.13)
and hence X X

T C O B O (2.5.6.14)

X

This result can be used in ssimulations directly. Referring to [4], the BWA

algorithm for fitting the PH distribution to f (x) isgiven asfollows
o= e (X ) (X ) (2.5.6.15)

X-

% ) kL) (x-k )

aij,p+1 = aij,p : xk:1 (25616)
(% ) k-1 ) (x-k+1 )
X k=1
(X' p) i(X-l p)
B =0, o (2.5.6.17)
(% p) k-1 ) (x-k+1 )
X k=1

Define the recursive forward algorithm as

o, )= (x )= (x-1, )A x=12,.. (2.5.6.18)

and (X, )can beevauated recursively by the backward algorithm
@ )=b (x+1, )=A (X ) x=12,.. (2.5.6.19)
All the elements of the forward variable (1), (2),..., (x-1) andthe backward

variable (1), (2),.., (x-1) do not need to be saved if the data is processed by

defining a matrix

W(x )= A ARz (xok ) (k-1 ) (2.5.6.20)

k=1 k=1
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(x- k, ) (k-1 ) isasquare matrix whose ij - thelement is (k-1 ) ;(x-k, ).
We can write

W(x+L )=  A**b AK'=AW(x )+b (x-1 ) (2.5.6.21)

k=1

Hence the following forward-only agorithm can be obtained

o, )= @ )=b W(@ )=0 (2.5.6.22)
Next we compute
A ) =a; wi(x ) (2.5.6.23)
and (X, ):M (2.5.6.24)
9(x, )
with ax, ) = (x ) (2.5.6.25)

We then update the sum of the estimated parameters using (2.5.6.15), (2.5.6.16)
and (2.5.6.17). Notethat (k-1 ) ;(x-k, ) can bereplaced with A (x, ), and this

result can be easily used in smulationsto estimate a; ., -

Recalculate
W(k+1 )=AW(, )+b (k-1 )
(k, )= (k-1 )A k=12..,x-1 (2.5.6.26)
(k+L )=A (k)

and hence estimate the model parameters as

T
a1'j,p+:l.:C| A](X'm’ p)/g(xm’ p)
m=1

T (2.5.6.27)
lq,p+1 :Ci ai (Xm- 1' p)/g(xm’ p)
m=1
where C, isthe normalization factor given as
T
Cl=  AGw )90 )t (%=1 ) 9% ) (2.5.6.28)

m=1
The memory requirements for this algorithm are very small because there is no

need to keep track of forward and backward paths.
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2.6 Other Direct Maximization Techniques

Some other methods for estimating HMM parameters use direct maximization of
likelihood process using gradient search techniques. Some of these techniques are
momentum smoothing, adaptive step size, conjugate gradients and quasi-Newton
methods. The basic idea of these technique is that since likelihood of an HMM can be
represented using a polynomial equation, these methods try to maximize the probability
by selecting the optimal model parameters. It should be noted that none of these methods
guarantees to achieve the global maximain the parameter searching. The primary reason
of not using them in our research is because of the typically long time series that we

usually encounter in wireless communications.
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Chapter 3

Order Estimation of Discrete Markov Channel
Models

Even though the estimation of the parameters HMMs has been studied
extensively, a consistent estimation of the number of hidden states still remains an
unsolved problem [18], [19], and [27]. Recent advances in the order estimation of HMMs
have given great hope in solving this problem in a genera HMM setting. In this chapter,
we discuss the order estimation problem of binary HMMs, which we encounter in
wireless channel modeling, using a simulation based approach. This approach is adopted
because of the lack of mathematical theory on the consistent estimation of the number of
hidden states of an HMM. We first discuss the estimation of the number of states of MCs,
since these two problems are closely related to one another. The chapter is organized as
follows. First we formulate the order estimation of Markov models as a classica
composite hypothesis testing problem. Next we discuss the likelihood (and also the log-
likelihood) of binary MCs and HMMs. The Bayesian Information Criterion (BIC) and the
Akaike's Information Criterion (AIC), that are used most extensively in solving this
problem, are discussed later. Then we discuss the identifiability problem that we face in
the case of binary HMM order estimation. The autocorrelation function, used as a
performance evaluation method of different Markov models, is derived and some
important information theoretic measures are discussed next. Simulation results are

presented in the last section.

38



3.1 Hypothesis Testing in Markov Order Estimation

The order estimation of Markov processes is influenced by the theory of
composite hypothesis testing. In this section, we give a brief overview of its theory and
its use in estimating the order of different Markov models.

In Markov order estimation, we usually face the following composite hypothesis testing
problem. The hypothesis H, is normally defined as the hypothesis that the process
belongs to the set of models with order r,, denoted as M © against the hypothesis H, that

a process belongs to the set of all models with orders other than r,, here denoted as r

with r >r,. This can mathematically be written as(E, M")\M ™. Thus

H,: The source belongto M ™

H,: The source belongsto (E,M")\M ™

Here M™ 1 M'. We usualy think of having a set with all possible models of orders less
than a specific order. We start with the lowest possible order and the test gradually rejects
the order that failsin favor of the remaining set of the models. The test on the samples of
length n isafunction that maps this process on {0, 1}. If the function is 1, the test rejects

H, in favor of H,, otherwise the test does not reject H,. The region K, on which the
test rgjects H, iscalled the critical region.

When dealing with the composite hypothesis testing of Markov models, the n-th
likelihood ratio test between M and M\ M * has acritical region defined as [20]

sup Pr(y;)
K,= yi:logB%— £ pen(n) (3.1.1)
S sup Pr(y))
Al M

where pen(n) is an n-dependent threshold and Pr(y;') is the likelihood of processy," given

the model. The term pen(n) must be positive to give anon-trivial test level.

39



3.2 Binary Markov Chain Order Estimation

In this section we present the theory of Markov chain order estimation using the
goodness of fit approach. We will focus on binary error sequences, i.e., sequences
represented by zeros and ones, in which a binary 1 denotes a transmission error and a0

denotes no error. Mathematically, an error sequence e,,€,...,6, with order k has a

conditional probability of an error at the time n that can be written as
Pr(e,|€,&,.,6,1) =Pr(& &, - s61) (3.2.1)

Here the states are defined as k-tuples S, =(€, ,.1,€, 1s2:--,€,) and the state transition

matrix for a k-th order Markov chain has 2“” 2“dimensions. In general, the multiple
order Markov chain of order k having n symbols has n*” n* dimensions and in our case
of binary sequencesn = 2.

The states have physica meanings since different basis sequences constitute
different sets of states. As the order of a Markov chain increases, the basis sequences that
constitute these models aso increases and this increases the number of states. However,
note that increasing the order of a Markov chain exponentialy increases the chain
complexity.

In Markov model building we usually use two test criteria, namely the *criterion
and the information criterion I. If n(e,e,,...,&,,) denotes the frequency of transitions of
error patternse,e,,...,§,, and P, . are the corresponding probabilities, then we can

write

I = n(e.l.’%”q<+l)ln( ﬁq%,,,q(ﬂ / ﬁ%%---ﬂ«l) (322)
€€ 81

Here | is asymptotically distributed as0.5 #. The ?criterion can be written as

2

- n* (ell €1 Q<+1)( bqez...q(ﬂ - bez%,,,qﬂ)z / @9293__%(1 (323)

SR IRNC N
It isshown in[4] that 21 and 2 are approximately equal for large data samples. Given an

error sequence, the general steps for finding the optimum order of a Markov chain are as

follows:
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Start with the hypothesis that the sequence is obtained from a binary symmetric
channel with no memory. Test this hypothesis against an aternate hypothesis that it is
obtained from afirst-order Markov chain. If the above hypothesis is rejected then test the
hypothesis that the sequence is drawn from a fist-order Markov chain against the
hypothesis that it is drawn from a second-order Markov chain. Continue testing until the
correct order fits the experimental data reasonably well.

For finding the degrees of freedom, we refer to [4], [21] and [22]. According to
[4] the total number of degrees of freedom is 2, where k denotes the order of Markov

chains. [22] states that the testing of the null hypothesis that a chain is an r-th order
Markov chain within the hypothesis that it is of t-th order is asymptotically 2 with
(2 - 29 - (2 - 2") degrees of freedom.

We now briefly mention the three possible test results that can be obtained using
this goodness of fit approach. A test result is pessimist when the CDF of | is lower than
the CDF of the theoreticadl 0.5 *. As shown in the Fig. 3.2.1, if we choose the

information criterion to be 3, then the theoretical plot recommends selecting the
corresponding order with approximately 88% confidence whereas the information

criterion gives a confidence level of approximately 82%.

F(x)

X

Figure 3.2.1: An example of pessimist test result of MC order estimation using goodness of fit

approach. Here the CDF of | islower than that of 0.5 ?plot.
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In an optimistic case, the theoretical CDF is lower than the empirica CDF, as
shown in Fig. 3.2.2. In this case, for an information criterion of 3 (on the x-axis), the

theoretical 0.5 2 plot recommends to choose a confidence level of around 77% where
from the information criterion we get around 82% confidence on our test.
In a true test, there is no difference in the CDFs of | and 0.5 *plot and the two

CDFs essentialy overlap one another. Thisis showninFig. 3.2.3.

Figure 3.2.2: An example of optimist MC order estimation test result using goodness of fit
approach. Here the theoretical CDF is lower than the empirica CDF.
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. FO

X

Figure 3.2.3: An example of true test MC order estimation result using goodness of fit. Here the

two CDFs overlap one another.

3.3 Likelihood of Binary Markov Processes

If we denote by n; the number of transitions from state i to state j and a; as their

corresponding probabilities, then the likelihood of process g,e,,...,e (considering

Markov chain modeling) can be written as
N N
Pr(e]) = R log(a;) (33.1)
This can be obtained by a simple computation and given an error sequence, the
likelihood of MC of a certain order is found to be a fixed number, and can be obtained
simply by assigning different basis sequences to different states and observing the
number of times a particular state is visited. However, this is not the case with HMMs

wherethe likelihood is cal cul ated as,

Pr(e')= B(g) PB(e,) P... PB(g,)1 (3.3.2)
Here istheinitial distribution of states and based on the definition of output symbol
probability matrix B, we can writeB(g) =diag(b,,,). A graphical illustration of the
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BWA estimation of HMM parameters and its convergence on log-likelihood surface is
shown in Figure 3.3.1.

" Global maximum--..._

i .. lLocalmaxima i

log-likelihood

> N e S
S A

initial condition
Figure 3.3.1: A conceptua profile of the log-likelihood surface during HMM parameter
estimation using the BWA.

It is proved that the likelihood of a Markov process increases as we increase the
number of states [8], [20]. Thisis aways found to be true in all practical MC cases but
not in HMM simulations as the Baum-Welch algorithm, used for estimating the
parameters of HMMs, can be stuck at loca maxima of likelihood, and the likelihood in
this case could be less than the likelihood found for HMMs of smaller order. To resolve
this problem, we run the BWA several times with different initial conditions and choose
the model (of a certain order) that gives us the maximum value of the log-likelihood.
However, note that this still doesn’t guarantee to give us the optimum model (the global
maximum) because there are infinite possibilities of initial conditions and checking all of
them for the global maximum is quite impossible.

Due to large data size, the true likelihood of the process tends to zero and we use
split data likelihood [23] to estimate the true value of likelihood. Because of extremely



low numerical values of these probabilities, we use the logarithm of the likelihood values.
In this process, the observation sequence is segmented into blocks of equal length and
these blocks are considered mutually independent. The overall likelihood of the observed
process is then the product of individual likelihoods. Mathematically, for block size of m
and atotal of n blocks, we can write

A
Pr(e |9) = O Pr(el ey 19) (332
k=1

Fig. 3.3.2 shows the log-likelihood values of different HMMs that are obtained by
running the BWA multiple times on an observation sequence with different initial
conditions. The maximum value of the log-likelihood is also mentioned in the figure. We
choose the model that gives this maximum value of the log-likelihood. In Figure 3.3.3,
we present the improvements that can be achieved by running the BWA multiple times
with different initial conditions. An error sequence is given as input to the BWA that is
run with different initial conditions. Each initial condition produces an HMM and the
optimum model is achieved by selecting the one that produces the maximum value of the
log-likelihood. Another model is selected that produces the minimum value of the log-
likelihood. The autocorrelation function of the input sequence is then compared with
autocorrelations of these two HMMs. The autocorrelation of the optimum HMM is found

to be much closer to the autocorrelation of the original sequence.
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log-likelohood

50
BWA trials

100

Figure 3.3.2: Log-likelihood values obtained by running the BWA 100 times. Significant

improvement can be achieved by running the BWA multiple times with different initial

conditions.
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Figure 3.3.3: Autocorrelation of the original input sequence with the autocorrelations of the two

HMMs.
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34 MCand HMM Order Estimation Using AIC and BIC

According to [18], “in the case of HMM, the problem of model selection (and in
particular the choice of the number of states in the Markov chain component model) has
yet to be satisfactorily solved.”

Let us now give a brief introduction to the theory of order estimation for HMMs.
We know that the likelihood values in case of HMM, given observed data, increase by
increasing the number of states of the models. Hence, the problem of order estimation of
Markov processes deals with the compensation of the likelihood function. A penalty term
is added to the maximum likelihood and the resulting compensated likelihood is
maximized. The genera form of an order estimator is[20]

r, argmax, suplog Pr(y;) - pen(n,r) (34.1)
Pl M'
Proper choice of the penalty term allows the strongly consistent estimation of the model
order.

For the case of a Markov chain, the order estimation problem is relatively easier.
Finesso uses the Law of Iterated Logarithm (LIL) to get an estimate on the order of a
Markov chain [8]. Since such knowledge is not available from LIL in the case of HMMs
and werely on universal coding [24] when dealing with Markov models with hidden state
gpace. The universal code maps the integers (representing messages) onto prefix-free
(also called self-delimiting or instantaneously decodable) binary codes. These codes do
not require the receiver or the transmitter to know the maximum integer (number of
potential messages) ahead of time. Examples of such codes are unary coding, Fibonacci
coding and Rice coding etc. [24], [25]. The use of universal coding arises when we need
to understand the behavior of the ratio of likelihood,

sup logPr(y;') - sup logPr(y;') (34.2)

Pl M Pl M0

We now briefly discuss different HMM order estimators that are available. An
excellent survey of these estimators is provided in [19] and [20] and we borrow some
important results from them. As pointed out earlier, HMM order estimator theory is
influenced by universal source coding and composite hypothesis testing. Different HMM
order estimators, that we have studied so far, mainly rely on the theory of universa
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source coding and among them the Bayesian Information Criterion (BIC), Minimum
Description Length (MDL) and Penalized Maximum Likelihood (PML) [20] are the most
popular. All these order estimators are related to the generalized likelihood ratio testing
approach. To prove their consistency, we need the Asymptotic Equipartition Principles
(AEP) or the Shannon-McMillan-Breiman theorem [24], which will be discussed in some
detail shortly. Most of the order estimators satisfy a generalized Neyman-Pearson
criterion of optimality. Specifically, the optimal estimator minimizes the probability of
underestimation among all estimators whose probability of overestimation lies below a
specific value.

Another main topic of HMM order estimation is the study of error exponents for
different estimators. Error exponents or Bahadur efficiency [20] has proved to be a
relevant measure of asymptotic relative efficiency. It is the best rate of exponential decay
of the probability of underestimation among all estimators whose probability of
overestimation is uniformly bounded away from unity over the entire range of (unknown)
measures that could generate the observations.

A different estimation technique of HMM order is inspired by the idea of
penalized minimum distance that was proposed by Chen and Kalbfleish [26] and is
known in the literature as the CK criterion. The work of CK is extended recently by
MacKay from one dimension to multiple dimensions for the case of HMMs [27], [28].
The CK criterion estimates the parameters of a model (including the number of
components) by minimizing aform of penalized minimum distance function given by

D(F,,F)=d,(F,,F)- c, ) log |, (3.4.3)
j=1
over dl F. Here F is the finite mixing distribution with K components and mixing

probabilities . The function d,g is the Kolmogorov-Smirnov distance [11] of the two

J
functions. MacKay uses the penalized minimum-distance method to consistently estimate
the number of hidden states in a stationary hidden Markov model for finite mixture
models. The author proves the consistency of the proposed estimator for the observed
data and uses computer simulations to evaluate the performance of this estimator on real
world data. However, for the case of binary sequences, this estimator cannot be used in

its current form as the proposed method requires that the family of finite mixtures of the
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conditional distribution be identifiable, which is not true for the binary distribution (see
[29], pp. 185). However, it is true for the binomial(n, p) distribution when n> 2K,
where K isthe number of hidden states.

Let's now discuss the Bayesian Information Criterion (BIC) and Akake's
Information Criterion (AIC), arguably the two most important and frequently used order
estimation techniques currently. Let k be the dimension of a Markov model and n be the
length of observation sequence, then the BIC order estimator is defined as

r, agmin -2(suplogPr(y;))+klog(n) (3.4.4)
Pl M"

The BIC is a specia case of penalized maximum likelihood order estimators. It
was introduced by Schwarz in late 1970s using Bayesian reasoning. For MCs, the
following theorem is established by Csiszar and Shields [30]

For a stationary irreducible Markov chain process with distribution P*

and of order r*, the BIC order estimator convergesto r*- almost surely.

For a complete proof of this theorem, refer to [19], [30]. At this point, we don’t
have a proof for the consistency of BIC for HMM order estimator, but we are hopeful to
follow the theory of BIC estimator, already proved for MC, to establish the consistency
of this order estimator technique in a generd HMM setting. In this report we have
performed severa HMM simulations to study the performance of BIC applied on binary
error sequences.

The AIC is defined as

fo

argmin - 2(sup logPr(y;)) +2k (3.4.5)

Pl M"

3.5 Identifiability

When dealing with the order estimation problem of Markov processes, the first
difficulty we normally face is the identifiability problem. Generaly speaking, the
identifiability of a function means that if the function evaluates identical values then the
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arguments must be the same. In other words a function is "identifiable" if and only if itis
one-to-one. Mathematically, for any function f(.) to beidentifiable,

f)=f(y)U x=y "xy (3.5.1)

An example of a function that is unidentifiable is the sine function within the

range [0,¥). This is because of the fact that this function can have the same value for

more than one argument (e.g., sin(0)=sin(2 )). Note that the same function is

identifiable if the arguments are restricted to [ 12, | 2] :

The identification of the function of Markov chains was discussed by Blackwell
and Koopmans [31] and then was later studied by Gilbert [32] who expanded the work of
Blackwell and showed a necessary identifiability condition. This problem was further
studied by Dharmadhikhari who provided the sufficient condition for identifiability for a
function of finite Markov chains [33]. Later Heller completed the characterization of
identifiability of finite Markov chains[34].

In the identification problem related to Markov processes, one usually wishes to
learn whether or not adistribution of Y,,Y,,... liesin agiven model class, for example, we
may wish to determine whether a distribution has certain characteristics, e.g., whether it

is independent and identically distributed or it is generated by a Markov chain, etc.

3.5.1 ldentifiability of a Binary Hidden Markov Process

A random process Y is said to have a mixture distribution if its distribution
depends on a quantity that also has a distribution. The density of a random process Y
given the density of g mixture components can be written as

g
fy(y)= mfi(y) (35.11)
i=1
where f, (y) arethe densities, m are nonnegative quantities that sum to one and g is the
number of mixture components. It isinteresting to note that the marginal distribution of Y
(where Y is a HMP) given X, the underlying state sequence, is a finite mixture process
[35].
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N
fy(y) = G =Y [ X =K) (35.1.2)

k=1
Here | isthe stationary distribution of states and N is the total number of states of the

mixture model.

Most of the order estimation techniques that we have studied so far are based on
the fact that the margina distribution of the observation sequence is a finite mixture
model and estimating the order of the HMM corresponds to the estimation of the number
of mixture components. This requires the finite mixture model to be identifiable which is
not true for binary processes and can be shown by a simple example. If a process Y can

be modeled as a mixture of binomial distributions with parameters p, and p,, then we

can write
fy (y)=Pr(Y =vy)
=Pr(Y=y|p)Pr(p=p)+Pr(Y=Yy|p,)Pr(p=p,) y=0,1
1 1
Ty p/(@- p)" Y Pr(p=p)+ y p/L- p,)"Y Pr(p=p,)

Let Pr(p)=a, then Pr(p,)=1-a

1 1
WW=®=()Wa-af%+()£a-mf%ra)
=a(l- p)+@1- a)d- p,)
1 1
Priy=0= p(- p)la+ 1 p(1- p)" (- a)

=ap +(1- a)p,
Here there are two equations and three unknowns, so we can have an infinite number of

solutions.

3.6 Autocorrelation Functions of Markov Processes

In this section we will discuss the autocorrelation functions of MCs and HMMs.
First we will discuss the autocorrelation of MCs and then obtain an expression to evauate
the autocorrelation of HMMs.
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Let {Xt -t }be an irreducible homogeneous Markov chain on the first m
positive integers, with transition probability matrix P. Suppose that {Xt} IS stationary so
that Pis for al t the distribution of X,. By the irreducibility, there exists a unique,
strictly positive, stationary distribution, which we shal denote by the vector

=[ , .. x]- Theirreducibility implies that there exists 1 as asimple eigenvalue of P
and the corresponding right and left elgenvectors are unique up to constant multiples. It
then follows that such eigenvectors are multiples of column vector 1=[111...1] .

If we define a vector v=[123...N], a diagonal matrix V with v on the
principal diagond, i.e., V =diag(v), and p; (k)= (P")ij , we have the following results
for the mean of X, and the covariance of X, and X,,,, for al nonnegative integers k.

Note that all such results are not meaningful unless the states 1, 2, 3,..., m are
guantitative.

E(X,) = ‘Ni = v (3.6.1)

1
i=1

where Pr(X, =i)= ;and =[ ; ,.. \].

N N
E(X X)) = o Pr(Xe = 11X, =1) (36.2)
i=1 j=1
= ()nw,= e 369
]
Cov(X,, X)) = VPV - (V) (3.6.4)

Evenif P isnot diagonalizable, some simplification of the expression for the covariance
can be achieved by writing P in Jodan canonical form [36], [37]. The matrix P can be

writtenas U U, where U, U'and  are of theforms

U=[I R], U'= and =
W

Hence
P‘=U *U'=1 +R *W (3.6.5)

and
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Cov(X,, X)) = V(I +R *W)v'- (v)’=( VR) “(Wv)  (366)
Since this is true for k =0, we have aso the variance of X, by using k=0 in (3.6.6),

and hencethe ACF of { X,} can bewritten as

_ Cov(X, Xew) _ ( VR) *(Wv')
© var(X)  VRWY

(3.6.7)

k

Equation (3.6.7) is used to obtain the ACFs of different MCs that we will discuss in
section 3.9. It is a faster way of obtaining the autocorrelation of Markov Chains. We can
directly obtain the autocorrelation without first having the data generated from the model
and then obtain its sample autocorrelation. MC reverse ssmulation, i.e., generating data
from the model, is initially used to obtain the autocorrelation from the generated data in
order to validate the mathematical expression that we obtained for the MC ACF.

Now we derive the expression for HMM autocorrelation function. As a preliminary step
we state two results which we will use in deriving moment properties of a hidden Markov

model. If we denote f(Y) as the function of Markov chain and assume that its
expectation exist, we can write,

E(FO0) = E(T001X, =0) 369)

This is proved by conditioning on X, and noting that P(X, =i)= . Secondly, provided

again that the relevant expectations exist, we havefor kI that

B0 = 0L =1 %= 1) 2y (369)
where p; (k) = (P“), . We can also write (3.6.9) as [18]
B = E(FOCYIX =1 X0 = DPIX =1 X =) (3610)
Theresult (3.6.9) then follows since Pr(X, =i, X, = ]) = ;p;(K).
For the case of binomial-hidden Markov model, the conditional distribution of

Y;is binomial with the parameters n,and p(t) . We shall assume throughout this section

that Pisdiagonalizable, since that is the case of most practical interest. We use notations
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h=[p, p,..py] with p being the probability of generating an error in state i,

H =diag(h) and D =diag( ).
From equation (3.6.8) we have

EY)= (np),=n A

i=1

and
N
EY) = (np(1- p)+n?p?) |
i=1
=n,_h'+n(n - )hDh’
=n h'+n(n -1 HK
Hence

Var(Y,)=n(n-1) Hh'+n h'-n?( h')°
=n?( Hh-( W) en( R HA)

Now we have for k1

N
EYVY.) = (WP)(M.p,) P, (K)=nn,, HPH

ij=1
The covariance can therefore be written as

COV(Y, Yeo) =i HP''-( 1))
Hence the autocorrelation is given by
an [ HP-( 1))

Corr(Y,Y,, )=
U (Var(Y)Var (Y,,))

provided that Hh' - ( h')2 =Var ( p(t)) isnonzero, we can define

h'- Hh
Hh'- ( h)*

and write the autocorrelation as
k v 1\2
2 HP''- ()

1
r.=(1+aln) z2(1+aln,
= n)z( M) Hh'- ( h)?

(3.6.11)

(3.6.12)

(3.6.13)
(3.6.14)

(3.6.15)

(3.6.16)

(3.6.17)

(3.6.18)

(3.6.19)

(3.6.20)

(3.6.21)



Sinceit can be shownthat h'3 Hh', it followsthat a is nonnegative, and the factors

-1/2

(1+a/n) " and(1+a/n, ) “are a most 1. If nis constant with respect to t,

expression (3.6.21) shows that the autocorrelation depends on k only through P*. It is
further shown in [18] that in general for N and P diagonlizable we can express the
covariance of Y,and Y,,, in terms of the k-th powers of the eigenvalues w (other than 1)

of P.With U asdefined earlier, c= HUand d' =U *h', we havefor ki

N

Cov(S,S.) =nn.,  Gwd, (3.6.22)

and the corresponding expression for the autocorrelation can be obtained by dividing it
with the variance.

The case n, =1 provides models for binary time series and the results derived

above ssimplified to the following:

E(Y)= h (3.6.23)
Var(Y)= h'-( h')’ (3.6.24)
Corr(Y,,Y,,,) = Hi.kr_"(' (h.)zl) (3.6.25)

3.7 Information Theoretic Measuresfor Markov Processes

Some information theoretic measures related to Markov processes are briefly
discussed in this section. Information theoretic measures such as some measures of
distance between two Markov models are useful if these models have the same number of
states. Our understanding is that these measures are not useful in this work as in models
having different number of states, the likelihood of Markov models increase, given an

observed sequence, as we increase its number of states.
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3.7.1 Kullback-Leibler and Divergence-Rate Distance

If /, and /,are two probability measures on a data set Y," for a given n, the
Kullback-Leibler distance (also called Kullback-Leibler divergence, relative entropy or
KLD) between /, and /,is defined by

DU/, II1)=  1(01ogl/,()1/,(X)] (37.11)

8 vy

with the usual convention that a term in the above sum is taken to be zero whenever

/,(x)=0and is taken to be ¥ whenever /,(x)>0and /,(x)=0. The following

properties should be noted:

O£ D(/,||/,)E¥ (3.7.1.2)

D(/,|I/,)=0,if /, =1, (3.7.1.3)
The asymptotic relative entropy or divergence-rate distance between the two

processes, denoted by D, (/,|/,), isdefined mathematically as

D, (/,1/,) Li@rQ%D(/l Il7,) (3.7.1.4)
It should be noted that
0ED,(/,|/,)E¥ (3.7.1.5)
D,(/,|/,)=0,if/,=1, (3.7.1.6)

In 1993, Kieffer used an information-theoretic approach to estimate the order of a
constrained finite state model class [38]. The two theorems presented in his paper related
to code-based model identification and order estimation were extensively used later.

3.7.2 Shannon-McMillan-Breiman Theorem

In ergodic theory, the Shannon-McMillan-Breiman theorem (also denoted as the
SBC theorem) is one of the most fundamental limit theorems for classical discrete
dynamic systems. The Shannon-McMillan (SM) theorem is also known as the
Asymptotic Equipartition Property (AEP) in classical information theory. The SMB
theorem is a stronger version of the SM Theorem and can be interpreted as a specia case

of the individual ergodic theorem.
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SBC is a strong and almost sure convergence statement. Recall that the Shannon
entropy of a probability distributionP on afiniteset  isdefined by

H(P)=- P(a)logP(a) (3.7.2.1)

d
where log generally denotes the natural logarithm. In the information theory setting it is
more common to use the base 2 agorithm, relating to the bit as the fundamental
information unit.

Let Y, be a finitely valued ergodic process with probability distribution Q(.).
Then

%IOQQ(YE)® Eo[logQ(Y, |Y.})]  amost surely (37.22)

This form of the theorem has direct application in information theory because it allows
the estimation of the entropy rate of afinite alphabet stationary ergodic source.

Now assume Q to be the stationary ergodic distribution of Y, and M be afinite

order stationary Markov measure on the sequence space, with the assumption of the

absolute continuity of Qwith respect to the n-th order marginal of M and denoting the
corresponding density by q(ys'), Barron defined the divergence rate of a true

distribution Q with respect to the reference measure M as[39]
D, (QIM) = limEq[log (¥, | Y, )] (3.7.2.3)
Then D, (Q|M)iswell defined and

Lloga(y") ® D, (Q|M)  amost surely (3.7.2.4)
n

Finesso generalized the theorem [8] for the case of HMP and stated that if Y, is

stationary ergodic under the probability distribution Q and a HMP under the alternate

k
distribution P for some fixed qthen for q(Y,) :% and defined

D, (QIM) =limE[loga(Y, | ;)] (37.2.5)

then D, (.) iswell defined and moreover
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Q)
P(Y;*

L1092 ) @ b, (Q|P) amost surely (3.7.2.6)
n

For the detailed proof of this theorem, refer to [8]. In [20] it is shown that for g and g
being two HMP, then for all initial distributions q and g on the hidden state space of ¢
and g respectively,

1 RAYY
lim=log—"——=D, (F,|P ) amostsurely (3.7.2.7)
<n PRI 7

o1 dP"
where D¥(R7|F:7)_L'®rQEE IogCI

is defined as the relative entropy rate or

n

divergence rate between two processes.

3.8 Modeling Quantized Fading Statistics

We present PH distribution simulation results using Clarke’s model [10] of the

Rayleigh fading channel with Doppler parameter f, =10Hz, and with sampling rates of
0.5Kbps and 10K bps.

Case 1 - PH Approximation of Rayleigh Fading with f4 = 10Hz and fs = 0.5Kbps

The probability density function of the resulting Rayleigh fading envelope is shown in
Fig. 3.8.1.
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Figure 3.8.1: Probability density function of Rayleigh fading envelope. Rayleigh fading
parametersare f, =10Hz and f, = 0.5Kbps.

We simulated 1 million steps of the fading amplitude to estimate the state
transition probability matrix where the states are represented by the quantization intervals
(0, 0.0149), (0.0149, 0.0329), (0.0329, 0.0725), (0.0725, 0.1601), (0.1601, 0.3535),
(0.3535, 0.7805), (0.7805, 1.7234) and (1.7234,¥ ). The quantized levels of the fading
envelope are shown in Figure 3.8.2. There are 8 quantization levels, and the sixth, the
seventh, and the eighth quantization levels are selected in this ssmulation. The primary
reason for selecting these quantization levels is because of sufficient data samples

contained by these levels.

59



Figure 3.8.2: Fading envelope quantized to different fading levels. Rayleigh fading parameters
are f, =10Hz and f, =0.5Kbps.

This sixth quantization level is then approximated using a 10-state PH distribution
approximation model. The quantized state distribution vector is given as input to the
model that approximates the PH-distribution, i.e. the model discussed in Section 2.5.6.
The matrix that is obtained from the PH-distribution approximation algorithm (for
guantization state 6) is shown below.
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0.0509 0.0425 0.0146 0.0266 0.0063 0.1203 0.0769 0.5836 0.0049 0.0736
0.1095 0.1390 0.0326 0.1439 0.1878 0.1283 0.0953 0.1307 0.0200 0.0130
0.0784 0.0508 0.2106 0.0391 0.0036 0.0159 0.2870 0.0180 0.2962 0.0003
0.0362 0.0866 0.0459 0.3886 0.3557 0.0210 0.0081 0.0364 0.0181 0.0036
0.0016 0.0261 0.0117 0.3209 0.6108 0.0000 0.0102 0.0139 0.0007 0.0039
0.1465 0.0204 0.0248 0.0418 0.0060 0.1537 0.0362 0.0995 0.0162 0.4549
0.2531 0.0412 0.1223 0.0519 0.0015 0.1601 0.0794 0.0574 0.2227 0.0103
0.0905 0.0383 0.0054 0.0298 0.0197 0.0978 0.0195 0.1755 0.0094 0.5140
0.3791 0.0133 0.0368 0.0022 0.0021 0.1018 0.0079 0.1676 0.2886 0.0007
0.0003 0.0173 0.8782 0.0490 0.0039 0.0021 0.0255 0.0003 0.0235 0

The fade duration distribution for the sixth quantization state and its approximation are

shown in Figure 3.8.3. The plots show avery close match.
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Figure 3.8.3: Fade duration distribution and its approximation for the sixth quantization level.
Rayleigh fading parametersare f, =10Hz and f_ = 0.5Kbps.
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Figure 3.8.4: Fade duration distribution and its approximation for the seventh quantization level.

Rayleigh fading parameters are f;, =10Hz and f_ =0.5Kbps.
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Figure 3.8.5: Fade duration distribution and its approximation for the eighth quantization level.

Rayleigh fading parametersare f, =10Hz and f_ = 0.5Kbps.
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Case 2 - PH Approximation of Rayleigh Fading with fq = 10Hz and fs = 10Kbps

Another Rayleigh fading channel is tested for PH approximation. The channel has

f, =10and f, =10KHz. The seventh, eighth, and ninth quantization levels are chosen

for the PH approximation. The quantization levels are (0, 0.0149), (0.0149, 0.0329),
(0.0329, 0.0725), (0.0725, 0.1601), (0.1601, 0.3535), (0.3535, 0.7805), (0.7805, 1.7234)
and (1.7234,% ). Figures 3.8.6, 3.8.7, and 3.8.7 show the PH distribution approximation
for the seventh, eighth, and ninth quantization levels respectively. The PH distribution for
the ninth state does not match with the original distribution.

T T
- original data H
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Figure 3.8.6: Fade duration distribution and its approximation for the seventh quantization level.

Rayleigh fading parametersare f; =10Hz and f, =10Kbps.
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Figure 3.8.7: Fade duration distribution and its approximation for the eighth quantization level.

Rayleigh fading parametersare f, =10Hz and f, =10Kbps.
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Figure 3.8.8: Fade duration distribution and its approximation for the ninth quantization level.

Rayleigh fading parametersare f, =10Hz and f, =10Kbps.



3.9 Order Estimation of Binary Markov Chain Using Goodness of Fit

Case 1- Zero-Order Markov Chain

We perform order estimation test on a binary memoryless chain with the BER of
0.1. Fig. 3.9.1 shows the CDFs of different test statistics. The top plot shows the test
result to be optimistic. From the result we found out that the three information criteria are

very close to the theoretical 2 plots. Hence we reject these hypotheses and conclude that

the given sequence is from a binary symmetric channel with no memory.

Order O vs. order 1

1 T
-"‘-F
l'-‘
g
é 0.5 L i
4
E ‘J-l‘".’
.r"'—.'
0 L _....4._._.._.-\--v--\-v-u-r-—--r"‘\'—'-.'\ Ll L T L
10 10™ 107° 10 10™ 10° 10"
Information Criterion
Order 1 vs. order 2
1
2
é 0.5} .
X _,a-"-r
-l".—-
O L s s k2 g e R T \-.M' L L Lol L L Lo
10™ 10° 102 10" 10° 10*
Information Criterion
Order 2 vs. order 3
1 T
2
@ 0.5} .
x
o -1 ‘ 1
10 10

Information Criterion

Figure 3.9.1: Markov chain order estimation using goodness of fit. The origina sequence is a

memoryless chain.
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Case 2 - First-Order Markov Chain

A first-order Markov chain for binary error sequence takes the form

Pr(e, 1&,&,-,6,1) = Pr(&, |6, ,) (39.1)

The state transition matrix can be written as

Pr(0]0) Pr(1|0)
P= | | (3.9.2)
Pr(0|1) Pr(1|D
We generate many error sequences based on the following state transition matrix
0.90 0.10
= (3.9.3)
0.73 0.27
Order O vs. order 1
0.8 i i
:‘—? 0.6 !! -
1
E 0.4 i i
0.5 c? !
0.2 ————— Info : I
0™ 10° 10" 10° 10° 10"
Information Criterion
Order 1 vs. order 2
1 ‘
2
g 0.5F 4
__,." —————— Info
o] - T R L
10 107 10™ 10° 10"
Information Criterion
Order 2 vs. order 3
1 :
0.8 -
2 o6l 0.5¢c?| |
- Info
E 0.4 -
0.2 -
o) Y -t T L . L L
10 10" 10° 10" 10°

Information Criterion

Figure 3.9.2: Markov chain order estimation using goodness of fit. The true order of Markov

chainis 1.
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The length of each error sequence generated for these tests is 100,000 bits and the
tests are performed 1000 times to get the statistics of information criteria. The first test,
order 0 vs. 1 (Fig. 3.9.2 top plot), shows that the information criterion doesn’t fit the

theoretical 0.5 2CDF. In fact the sample values of the information criterion are much
higher than the theoretical 0.5 *CDF. However for order 1 vs. order 2 and order 2 vs.
order 3we find | to be distributed as 0.5 *. Therefore from these plots, we infer that the

given datais drawn from afirst-order Markov chain.

Case 3 - Second-Order Markov Chain

Let us now consider order estimation of a second-order Markov chain with a
transition matrix having the form

Pr(0]0,0) 0 Pr(1|0,0) 0

_ Pr(0]10) 0 Pr(1|1,0) 0

P (3.9.9)
0 Pr(0|0,2) 0 Pr(1]0,1)
0 Pr(0|12) 0 Pr(1]1,2)
We consider the following state transition matrix
090 0.00 0.10 0.00
0.60 0.00 0.40 0.00
= (3.9.5)

"~ 000 095 000 005
0.00 070 0.00 0.30

Fig. 3.9.3 shows that first two information criteria are greater than the theoretical
0.5 ?*plots whereas in the third plot, (test for order 2 vs. order 3), | is found to be

distributed as 0.5 2. Hence from the plots we infer that the Markov chain is of order 2.
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Order 0 vs. order 1
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Figure 3.9.3: Markov chain order estimation using goodness of fit. The true order of the Markov

Chainis?2.
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Case 4 - Third-Order Markov Chain

The state transition matrix for a third-order MC is an extension of the

second-order Markov chain given in [4]. The state transition matrix takes the form

Pr(0|0,0,00 O
Pr(0]10,00 O

0 Pr(0]0,1,0)
P 0 Pr(01110)

0 0

0 0

0 0

0 0
(3.9.6)

0

0

0

0
Pr(0]0,0,1)
Pr(0]1,0,1)

0
0

0
0
0
0
0
0

Pr(0|0,1,1)
Pr(01111)

Pr(1/0,0,0)
Pr(1/1,0,0)

0

0
0
0
0
0

0
0

Pr(1/0,1,0)

Pr(111,10)
0

0
0
0

0

0

0

0
Pr(1/0,0,1)
Pr(1]1,0,2)

0
0

0
0
0
0
0
0

Pr(1/0,1,1)
Pr(111,11)

We generate Markov sequences according to the following state transition matrix

09000 0

06000 0

0 0.7800
o O 0.9900

0 0

0 0

0 0

0 0
(3.9.7)

o O O

0.8500
0.8000

0.1000
0.4000

0
0
0.2200
0.0100

o O O

o O O

0.1500
0.2000

o O O o o

0.2500
0.4500

Fig. 3.9.4 shows that the information criteriain first three tests are greater than the

corresponding theoretical 0.5 ?plots. We infer from the tests performed above that the

information criterion remains greater than the theoretica 0.5 Zplots till the optimum

order is estimated. After estimating the correct order, the information criterion | is found

tobe 0.5 ?distributed. Hence the order of Markov chain is found to be 3.
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Figure 3.9.4: Markov chain order estimation using goodness of fit. The true order trueis 3.

We have shown how to estimate the correct order of aMarkov chain before fitting
the Markov models to experimental data. Note that for using this technique, we need to

70



have a sufficient number of sequences to obtain the statistics of information criterion.
Also the simulation time to process so many sequences is practically not possible in the
real world scenarios. In later sections, we will use BIC and AIC to estimate the order of
Markov chains. BIC and AIC provide fast estimation of the order of MCs without the

need of requiring alarge number of data sequences to obtain the test results.

3.10 Forward-backward and Forward-only BWA Simulation

In this section we test the accuracy of two forms of the BWA (forward-backward
and forward-only) that are used to estimate the parameters (A, B and ) of HMM.

An error sequence is generated using the two-state HMM of (3.10.1) and the
resulting sequence is used to train two different HMMs, one using the FB-BWA and the
other using the FO-BWA.

_0.5890 0.4110 5= 0.9409 0.9634

= = =[0.2184 0.7816]  (3.10.1)
0.1149 0.8851 0.0591 0.0366

Different initial conditions are used in both cases and the best model (based on the
log-likelihood values) is chosen. The log-likelihood using the FB-BWA is found to be -
721.0073 whereas using the FO-BWA, the best model is found to have a log-likelihood
of -721.2814. The convergence of model based on log-likelihood during the search
process for the case of the FB-BWA isshown in Fig. 3.10.1. Similar plot is obtained with
the FO-BWA simulation.

Fig. 3.10.2 and 3.10.3 compares the error-free intervals of origina and HMM
generated data using both the FB-BWA and the FO-BWA. The two plots show very a
close match. Table 3.10.1 summarizes the comparison of error-interval probabilities of
sample sequence and sequences generated using the two HMMs, obtained from two
different forms of the BWA. The HMM that is obtained by using the FB-BWA is found
to be dlightly better for the error intervals of lengths 1, 2 and 3.
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Figure 3.10.1: Convergence of log-likelihood values using the FB-BWA.
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Figure 3.10.2: Comparison of error-free intervals of origina data and HMM generated data using
the FB-BWA.
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Figure 3.10.3: Comparison of error-free intervals of origina data and HMM generated data using
FO-BWA.

length-1 length-2 length-3 length-4
original 0.9512 0.0488 0 0
FB-BWA 0.9597 0.0389 0.0010 0.0005
FO-BWA 0.9639 0.0341 0.0020 0

Table 3.10.1: Probability of error intervalsin original sample and HMM generated data obtained
using the FB-BWA and the FO-BWA.

It is aso found that the variance of the log-likelihood values obtained from using
the FB-BWA is larger than that of HMMs the variance obtained using the FO-BWA.
There could be two reasons. Either the log-likelihood profile of the FO-BWA is unimodal
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and all initial conditions converge to same peak or there are many peaks with essentially

the same maximum values of the log-likelihood.

3.11 MCand HMM Order Estimation Using AIC and BIC

Casel- First-Order Markov Chain

An error sequence is generated from a second-order Markov chain. Different MCs
and HMMs are developed and AIC and BIC for each of these models are then calcul ated,
based on their respective log-likelihood values. The results are shown in Table 3.11.1.

model k - AIC BIC

independent 1 768.9626 1.5339" 10° 1.5455" 10°
first-order MC 2 732.9876 1.4661x10° 1.4773%10°
second-order MC 4 732.1630 1.4701° 10° 1.4925" 10°
third-order MC 8 726.8199 1.4781° 10° 1.5229" 10°
2-state HMM 4 733.8313 1.4757" 10° 1.4981" 10°
3-state HMM 9 731.6999 1.4814° 10° 1.5318" 10°
4-state HMM 16 731.0626 1.4941° 10° 1.5837" 10°

Table 3.11.1: AIC and BIC results for different Markov models (original sequence is afirst-order
binary MC).

It is found out the AIC and BIC both select the first-order Markov chain as the
best candidate to model the given data. The ACFs of the first-order MC, the 2-state
HMM and the 3-state HMM are plotted in Figs. 3.11.1, 3.11.2, and 3.11.3 and compared
with the sample autocorrel ation.
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Figure 3.11.1: First 20 lags of sample ACF and order-1 MC ACF. Sample ACF is obtained from
the data generated by afirst-order MC.
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Figure 3.11.2: First 20 lags sample ACF and 2-state HMM ACF. Sample ACF is obtained from
the data generated by afirst-order MC.
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Figure 3.11.3: First 20 lags of sample ACF and 3-state HMM ACF. Sample ACF is obtained from
the data generated by afirst-order MC.

Case 2 - Second-Order Markov Chain

In case 2, a second-order MC is generated and different Markov models are
developed. Table 3.11.2 shows the values of AIC and BIC obtained from these models.
Both AIC and BIC select the second-order M C as the best candidate.

model k - AIC BIC
independent 1 735.7232 1.4374° 10° 1.4789" 10°
first-order MC 2 734.7704 14735  10° 1.4844" 10°
second-order MC 4 672.4514 1.3529%x10° 1.3747x10°
third-order MC 8 670.2456 1.3565" 10° 1.4000" 10°
2-state HMM 4 724.1406 1.4563" 10° 1.4780" 10°
3-state HMM 9 697.5232 1.4130° 10° 1.4620° 10°
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4-state HMM 16 677.4835 1.3870" 10° 1.4740" 10°

Table 3.11.2: AIC and BIC vaues of different Markov models (original sequence is a second-

order binary Markov Chain).

First-order MC, second-order MC and 4-state HMM ACFs are cadculated and
plotted along with the ACF generated from the observation sequence. The second-order
M C seems to be the best fit here.
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Figure 3.11.4: First 20 lags of sample ACF and second-order MC ACF. Sample ACF is obtained
from the data generated by a second-order MC.
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Figure 3.11.5: First 20 lags of sample ACF and first-order MC ACF. Sample ACF is obtained
from the data generated by a second-order MC.
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Figure 3.11.6: First 20 lags of sample ACF and 4-state HMM ACF. Sample ACF is obtained from
the data generated by a second-order MC.
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Case 3 - Three-State HMM

we wish to find the theoretical reason for this behavior of AIC and BIC order estimator.

In case 3, athree-state HMM is generated and in this case, both AIC and BIC pick
a2-state HMM instead of a 3-state HMM as the best candidate. Thisis a consistent result
that we have observed that in case of binary HMMs that AIC and BIC both usually pick a
2-state HMM as the best candidate. We are further investigating this in more detail and

model k - AIC BIC

independent 1 776.6481 1.5553" 10° 1.5605" 10°
first-order MC 2 760.2741 1.5245° 10° 1.5349" 10°
second-order MC 4 752.1174 1.5122° 10° 1.5329" 10°
third-order MC 8 734.0367 1.4841 10° 1.5254" 10°
2-state HMM 4 734.4222 1.4768x10° 1.4975x10°
3-state HMM 9 734.4220 1.4868" 10° 1.5334" 10°
4-state HMM 16 729.6323 1.4913" 10° 1.5740° 10°

Table 3.11.3: AIC and BIC values of different Markov models (origina sequence is a 3-state

binary hidden Markov sequence).

well.

ACFsareplotted in Figures 3.11.7, 3.11.8 and 3.11.9. The first-order MC (having
relatively high values of AIC and BIC) doesn't seem to fit the sample data reasonably
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Figure 3.11.7: First 20 lags of sample ACF and first-order MC ACF. Sample ACF is obtained
from the data generated by a three-state HMM.
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Figure 3.11.8: First 20 lags of sample ACF and 2-state HMM ACF. Sample ACF is obtained from
the data generated by athree-state HMM.
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Autocorrelation Function (ACF)
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Figure 3.11.9: First 20 lags of sample ACF and 4-state HMM ACF. Sample ACF is obtained from
the data generated by athree-state HMM.

Case 4 - Five-state HMM

In case 4, we use a 5-state HMP and develop different HMMs using the BWA.
Table 3.11.4 summarizes AIC and BIC results.

model k - AlIC BIC
2-state HMM 4 734.4950 1.4656x10° 1.4895x10°
3-state HMM 9 734.4852 1.4753" 10° 1.5291" 10°
4-state HMM 16 734.4815 1.4896" 10° 1.5848" 10°
5-state HMM 25 734.4400 1.5070" 10° 1.6563" 10°

Table 3.11.4: AIC and BIC values of different Markov models (original sequence is a five-state

binary HMP).
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As seen from the table, the 2-state HMM is chosen to be the best model for the
given binary data. We now plot different ACFs to observe the closeness of original data
and developed models. Figs. 3.11.10, 3.11.11, 3.11.12 and 3.11.13 show the ACFs of
original and model generated data. It can be inferred that the performance (with respect to

autocorrelation) of all these modelsis essentially the same.
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Figure 3.11.10: First 20 lags of sample ACF and 2-state HMM ACF. Sample ACF is obtained
from the data generated by a five-state HMM.
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Figure 3.11.11: First 20 lags of sample ACF and 3-state HMM ACF. Sample ACF is obtained
from the data generated by afive-state HMM.
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Figure 3.11.12: First 20 lags of sample ACF and 4-state HMM ACF. Sample ACF is obtained
from the data generated by afive-state HMM.
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Figure 3.11.13: First 20 lags of sample ACF and 5-state HMM ACF. Sample ACF is obtained
from the data generated by a 5-state HMM.

Case5- Six-StateHMM

BIC and AIC order estimation is performed on an error sequence that is drawn
from asix-state HMM. The result is summarized in the Table 3.11.5.

model k - AIC BIC
2-state HMM 4 736.9440 1.4819x10° 1.5047x10°
3-state HMM 9 736.8%43 1.4917" 10° 1.5430" 10°
4-state HMM 16 736.7852 1.5056" 10° 1.5967  10°
5-state HMM 25 736.7299 1.5235" 10° 1.6659" 10°
6-state HMM 36 736.7299 1.5455" 10° 1.7505" 10°

Table 3.11.5: AIC and BIC vaues of different Markov models (origina sequence is a six-state
binary HMP).



As clear from the table, both BIC and AIC choose a 2-state HMM as the best
choice even though the data is generated from a six-state HMM. Now the ACFs of of 2-
state and 6-state HMMs are compared with the sample data ACF. We don't see any
improvement in the model by increasing the number of states from 2 to 6.
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Figure 3.11.14: First 20 lags of sample ACF and 2-state HMM ACF. Sample ACF is obtained
from the data generated by a six-state HMM.
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Figure 3.11.15: First 20 lags of sample ACF and 6-state HMM ACF. Sample ACF is obtained
from the data generated by a six-state HMM.

Case 6 - Seven-State HMM

As afinad test, we perform BIC and AIC order estimation on data generated by a
seven-state HMM. Table 3.11.5 summarizes the results. Again AIC and BIC choose a 2-
state HMM as the best candidate among other HMMs. We now plot some ACFs using the
models from the Table 3.11.6. There is no significant difference between the ACFs plots
of 2-state and 7-state HMMs.

model k - AIC BIC
2-state HMM 4 734.4950 1.4772%10° 1.4974x10°
3-state HMM 9 734.4852 1.4872° 10° 1.5326" 10°
4-state HMM 16 734.4815 1.5012" 10° 1.5819” 10°
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S-state HMM
6-state HMM
7-state HMM
8-state HMM

25
36
49
64

734.4400
734.4232
734.4136
734.4105

1.5176" 10°
1.5396" 10°
15672 10°
1.5956" 10°

1.6438" 10°
1.7213" 10°
1.8145" 10°
1.9186" 10°

Table 3.11.6: AIC and BIC values of different Markov models (original sequenceis a seven-state

binary HMP).
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Figure 3.11.16: First 20 lags of sample ACF and 2-state HMM ACF. Sample ACF is obtained
from the data generated by a seven-state HMM.
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Figure 3.11.17: First 20 lags of sample ACF and 7-state HMM ACF. Sample ACF is obtained
from the data generated by a six-state HMM.

3.12 Orde Estimation of Binary Hidden Markov Rayleigh Fading
Channe Modédls

In this section we discuss the order estimation of binary error sequences that are
produced by wireless fading channels. BPSK modulation is used and channel fading is
modeled as Rayleigh distributed. The noise is modeled as AWGN. We will show the
effect of varying the sampling rate on a constant fading rate of 7Hz and the SNR of 10dB.
Three different cases are presented with the varying sampling frequency of 0.5Kbps,
1Kbps, and 1M bps.

First, let us introduce the test of stationarity (also called Runs Test) on a given
observation sequence. This test is used in different fields of science and engineering to

see if the observed data is stationary or not. A process Y, is called strictly stationary if
the distribution of (Y,,,...,Y,.,)isthe same as that of (Y,,...,Y,)for each values of pand

k. A process Y, is caled second-order stationary if its mean m, = E(Y,)is constant
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(independent of n), and the autocovariance only depends on the time difference k for all

n, i.e, (Cov(k,n)=Cov(Y,,Y, ) =Cov(k)). The Runs Test uses simple hypothesis
testing approach to make a decision. Here the hypothesis H,is the hypothesis that the

given sequence is stationary where as the aternate hypothesis H,is the hypothesis that it

is non-stationary. The Runs Test on a binary sequence is performed according to the
following procedure [40]:
1. Define a run as a number of consecutive ones in the given binary sequence
(usually referred as an error burst in our case).
2. Divide the trace into segments of equa lengths. The segment length can be
arbitrarily chosen, aslong as all the segments are of equal length.
3. Compute the lengths of runsin each segment.
4. Find the median value of the run length in the trace and count the number of runs
of length above and below the median value.
5. Plot ahistogram for the number of runs.
For a stationary sequence, the number of runs distribution between the 0.05 and 0.95 cut-
offs should be close to 90% [98].

Case 1 - Rayleigh Fading with 7Hz Doppler Frequency, 0.5Kbps Sampling Frequency
and 10dB SNR.

BPSK error statistics is obtained with the sampling frequency of 0.5Kbps
operating in a Rayleigh fading channel having the fading rate of 7Hz, and the SNR is set
to be 10dB. The fading envelope is shown in Fig. 3.12.1. A portion of this fading
envelope for aperiod of 0.1secisshowninFig. 3.12.2.
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BPSK Rayleigh fading SNR=10dB, fs=0.5Ksamples/sec, fd=7Hz
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Figure 3.12.1: Rayleigh fading envelope, f, =7Hz, f, =0.5Kbps, andSNR=10dB.
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Figure 3.12.2: A segment of Rayleigh fading envelope from 17.1sec to 17.2sec,

f. =0.5Kbps, and SNR =10dB .
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The error trace is obtained and is tested for stationarity. Fig. 3.12.3 shows that the
test accepts the hypothesis that the given data is stationary as the PDF lies between 5%
and 95% cutoffs (1.00 and 19.00 in this case).
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Figure 3.12.3: The Runs Test applied to the error trace obtained using BPSK with f, =7Hz,

f. =0.5Kbps, and SNR=10dB .

The error trace obtained from waveform level ssimulation is trained using the
BWA. The algorithm is run multiple times to avoid local maxima and saddle points. The
best model is chosen on the basis of the log-likelihood values obtained using the
procedure discussed in section 3.3. Split data log-likelihood is used to evaluate the
performance of different models. The sample autocorrelation of the original error trace is
compared with the autocorrelation of the 2-state and 3-state HMMs. The resulting plotsin
Fig. 3.12.4 show avery close match. Table 3.12.1 summarizes AIC and BIC simulation
results of 2-state and 3-state HMMs. AIC does not differentiate between order-2 and

order-3 whereas BIS chooses order-2 as the optimum order.
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Figure 3.12.4: Comparison of autocorrelations of the origina data with a 2-state and a 3-state
HMM. Origina error trace is obtained using BPSK simulation with f, =7Hz, f,=0.5Kbps,

andSNR =10dB .
model k - AIC BIC
2-state HMM 4 1.57280" 10° 3.14568x 10° 3.14615x10°
3-state HMM 9 1.57275" 10° 3.14568x 10° 3.14674° 10°

Table 3.12.1: AIC and BIC values of different HMMs (original sequence is an error trace
obtained from BPSK with Rayleigh fading simulation with 7Hz doppler frequency, 0.5Kbps
sampling frequency, and 10dB SNR).
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Case 2 - BPSK Rayleigh Fading with 7Hz Doppler Frequency, 1Kbps Sampling
Frequency and 10dB SNR.

We simulated a BPSK Rayleigh fading scenario with the fading rate of 7Hz, the
sampling frequency of 1Kbps and with the SNR of 10dB. Fig. 3.12.5 shows a portion of
the fading envelope from 18.85 to 19.85 sec. The Runs Test is performed on the data to
check the stationarity in the error sequence. The test accepts the hypothesis that the data
is stationary against the alternate hypothesis that the given data is non-stationary.

HMMs of order-2 and order-3 are used to model the channel error statistics and

the resulting autocorrelations are shown in Fig. 3.12.7. The plots show a close match.
Table 3.12.2 summarizes AIC and BIC results.

BPSK Rayleigh fading SNR=10dB, fs=1Ksamples/sec, fd=7Hz
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18.85 18.86 18.87 18.88 18.89 18.9 18.91 18.92 18.93 18.94 18.95
Time in sec

Figure 3.12.5: A segment of Rayleigh fading envelope from 18.85sec to 18.95sec, f, =7Hz,
f, =1Kbps, andSNR=10dB .
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Figure 3.12.6: The Runs Test applied to the error trace obtained using BPSK with f, =7Hz,

f, =1Kbps, andSNR=10dB .
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Figure 3.12.7: ACF comparison of the origina data with a 2-state HMM and a 3-state HMM.
Original trace is obtained using BPSK simulation with f, =7Hz, f, =1Kbps, and SNR=10dB.
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model k - AIC BIC

2-state HMM 4 3.12710" 10° 6.25428x10° 6.25475x10°
3-state HMM 9 3.12932" 10° 6.25882x10° 6.25989x10°

Table 3.12.2: AIC and BIC vaues of different HMMs (original error trace is obtained using
BPSK simulation with f, =7Hz, f,=1Kbps, SNR=10dB).

Case 3 - BPSK Rayleigh Fading with 7Hz Doppler Frequency, 1Mbps Sampling
Frequency and 10dB SNR.

In case 3 we simulate a BPSK communications system with 1Mbps sampling
frequency. The channel is modeled as Rayleigh fading having the fading rate of 7Hz and
the noise is assumed AWGN. The SNR is set to be 10dB. Two portions of the fading
envelopes, each of duration 0.1sec, are shown in Figs. 3.12.8 and 3.12.9. We can see that
the system in this case processes a very large amount of data, as compared to previous
cases, in a short period of 0.1sec. This results in very long stretches of zeros when the
system is in good state. This is because of the slow fading rate and using very high
sampling frequency with the SNR of 10dB. Similarly when the channel is in fade, the
system experiences long stretches of traces having zeros and ones, distributed according
to a certain probability distributions. Since these segments of the error trace contain
memory, and because of slow fading and high sampling frequency, the channel in good
state is expected to remain in a good state for a very long time before transitioning to a
bad state and vice versa
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Figure 3.12.8: A segment of Rayleigh fading envelope from 2.1sec to 2.2sec,
f, =1IMbps, and SNR=10dB .
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Figure 3.12.9: A segment of Rayleigh fading envelope from 7.5sec to 7.6sec, f, =7Hz,

f, =1IMbps , and SNR=10dB.
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The error sequence generated from the waveform level ssimulation is tested for
stationarity and the resulting histogram is shown in Fig. 3.12.10. As seen from the plot,
the test rgjects the hypothesis that the given error sequence is a stationary sequence.
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Figure 3.12.10: The Runs Test applied to the error trace obtained using BPSK with f, =7Hz,

f, =1Mbps, andSNR =10dB .

We obtained different HMMs from this error sequence and plot their
autocorrelations to compare them with the autocorrelation of the original sequence. The
results are shown in Fig. 3.12.11. We found that no HMM fit the given data with
considerable accuracy. Table 3.12.3 summarizes the simulation results. This could be
because of overestimating the number of states of the HMM. It is sometimes found that

large number of states doesn’t collect the statistics of the observation sequence.
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Figure 3.12.11: Comparison of autocorrelations of the origina data with 2-state, 3-state, 4-state,
and 8-state HMMs. Original error trace is obtained using BPSK simulation with f, =7Hz,

f, =1IMbps, and SNR=10dB .

model k - AIC BIC
2-state HMM 4 1.41891" 10° 2.83786x105 2.83809x 10°
3-state HMM 9 1.41887" 10° 2.83792° 10° 2.83898" 10°
4-state HMM 16 1.58530" 10° 3.17093" 10° 3.17282° 10°
5-state HMM 25 1.53818" 10° 3.07687 10° 3.07982" 10°

Table 3.12.3: AIC and BIC values of different Markov models (original error trace is obtained
using BPSK simulation with f, =7Hz, f_=1Mbps, and SNR=10dB ).

Fig. 3.12.12 shows the comparison of the probability of the error-free intervals of
the origina and HMM generated error sequences. The distributions obtained from the
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HMM generated error sequences do not follow the distribution of the error-free intervals

of the original trace.

original erorr trace
———— 2-state HMM
........... 5‘State HMM

Probability

10° 10" 10 10
Length of intervals

10

Figure 3.12.12: Distribution of the error-free intervals of the original and HMM generated error

sequences.

Table 3.12.4 shows the frequency of error bursts of different lengths in the
original trace and the traces generated by the 2-state and the 5-state HMM. It can be seen
that the frequencies of the error bursts of the original trace vary widely with those

generated by HMMs.

length 1 length 2 length 3 length 4

original 34389 3686 420 43
2-HMM 26940 4300 838 171
5-HMM 27649 3920 1086 268

Table 3.12.4: Comparison of error bursts of different lengths in the original and HMM-generated

trace.
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As mentioned before that semi-HMMs are gaining popularity in modeling
telecommunication systems, we train two semi-HMMs, one with four states (two good
and two bad) and the other having eight states (four good and four bad), using the
runlength vector of the original error trace. Several semi-HMMs are obtained and the best
models are chosen based on the split-data likelihood values. ACF comparison is shown in
Fig. 3.12.13. We see that neither model can fit the data with reasonable accuracy. Thisis
primarily because of the non-stationarity in the data.
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Figure 3.12.13: Comparison of autocorrelations of the origina data with a 4-state semi-HMM and
a 8-state semi-HMM. Origina error trace is obtained using BPSK simulation with f, =7Hz,

f, =1IMbps, and SNR=10dB .

The error trace is then split into two traces, a good trace that contains zeros in
runlength vector form and a bad trace that is obtained from the data when it is in fade.

This procedure is further explained in Fig. 3.12.14. The length of bad trace is chosen by a
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factor C, where C is the sum of mean and standard deviation of the error burst runlengths.

This method of data splitting can be found in more detail in [40].

0000 ... 0000000110 ... 10111000000 ... 000000001101 ... 010111000...
| good trace | badtrace |C | good trace | bad trace [|C |

Figure 3.12.14: Illustration of good and bad traces obtained from the original error trace.

Runs Test is performed on the bad trace and the test accept the stationary
hypothesis. The resulting histogram is shown in Fig. 3.12.15.
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Figure 3.12.15: The Runs Test applied to the bad trace that is obtained from spitting the origina

error trace into good and bad traces.
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We then train different HMMs to fit the bad trace and found out that a 2-state
HMM is not an appropriate model to reproduce such data. It is also observed that the
models perform better as we increase the number of hidden states. The 5-state, 10-state
and 15-state HMMs are found to be better models, among al others, to reproduce the bad
trace. ACF comparison is shown in Figs. 3.12.16 — 20. The runlengths of good trace is
found to be best modeled by an inverse Gaussian random process. The comparison
between the distribution of runlengths of the good trace and inverse Gaussian random
processisshown in Fig. 3.12.21.

A binary sequence is produced by generating the runlengths of the good trace
from the inverse Gaussian process and by generating the segments of bad traces using the
15-state HMM. ACF comparison of the two data sequences is shown in Fig. 3.12.22.
Comparing with Figs. 3.12.11 and 3.12.13, the two plots show a close match. Table
3.12.5 summarizes the simulation results. BIC and AIC both choose the 5-state HMM as
the best model.
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Figure 3.12.16: Comparison of autocorrelations of the bad data trace with a 2-state HMM.
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Figure 3.12.17: Comparison of autocorrelations of the bad data trace with a 3-state HMM
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Figure 3.12.18: Comparison of autocorrelations of the bad data trace with a 5-state HMM.
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Figure 3.12.19: Comparison of autocorrelations of the origina data with a 10-state HMM.
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Figure 3.12.20: Comparison of autocorrelations of the origina data with a 15-state HMM.



model k - AIC BIC
2-state HMM 4 5.7699" 10* 1.1541x10° 1.1546x10°
3-state HMM 9 3.1382" 10* 6.2783x10* 6.2890" 10*
5-state HMM 25  2.9490" 10* 5.9031x10* 5.9327x10"
10-state HMM 100  3.0719" 10* 6.1639" 10* 6.2820" 10°
15-state HMM 225  3.1172° 10* 6.2795 10* 6.5454" 10*

Table 3.12.5: AIC and BIC values of different Markov models (original sequence is binary bad

trace).
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Figure 3.12.21: Comparison of runlength distributions of the good trace with the distribution of

the inverse Gaussian process.
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Figure 3.12.22: Comparison of autocorrelations of the origina data with the data generated using

an inverse Gaussian process and a 15-state HMM.

Fig. 3.12.23 shows the distribution of the error-free intervals of the original and
regenerated sequences. The plots show a close match. Table 3.12.6 shows the frequency
of error bursts in the two sequences. Comparing with Table 3.12.4, the frequencies of
these intervals are found to be much closer in this case. Semi-HMMs are also used to
model the bad trace. Fig 3.12.24 shows the ACFs of the bad trace and the ACFs of the 4-
state and 10-state semi-HMMs. Even though we run the forward-backward fast BWA
multiple time to avoid local maxima in both cases, It is interesting to find that both semi-
HMMsfail to model the bad trace.
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Figure 3.12.23: Distribution of the error-free intervals of the original trace and the trace produced

by the inverse Gaussian process and the 15-state HMM.

lengthl length2 length3 length4

origina 34389 3686 420 43

regen. 35213 3711 432 78

Table 3.12.6: Comparison of error bursts of different lengths in original and the trace generated

from the inverse Gaussian process and the 15-state HMM.
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Autocorrelation Function (ACF)
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Figure 3.12.24: Comparison of autocorrelations of the bad data trace with the 4-state and 10-state
semi-HMMs.

3.13 Neural Network and its Connection With theHM M

In [43], Chapter 17, the authors have studied some connections between Artificial
Neural Networks (ANNSs) [41] and HMMs. ANN, also known as a Simulated Neural
Network (SNN) or just Neural Network (NN) is an interconnected group of artificial
neurons that uses a mathematical or computational model for information processing
based on a connectionist approach to computation. Connectionist approaches base their
models upon the known neurophysiology of the brain and attempt to incorporate those
functional properties thought to be required for cognition. Connectionist systems rely on
paralel processing of sub-symbols, using statistical properties instead of logical rules to
transform information. In most cases the ANN is an adaptive system that changes its
structure based on external or interna information that flows through the network. They
are nonlinear dstatistical data modeling tools that can be used to model complex

relationships between inputs and outputs or to find patternsin data.
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ANNSs, like people, learn by example. They are configured for a specific
application, such as pattern recognition or data classification, through a learning process.
Since ANNs work very well in identifying patterns or trends in data, they are used in
variety of applications such as sales forecasting, industrial process control, customer
research, data validation, risk management, and target marketing. A typical ANN with
four inputs and one output is shown in Fig. 3.13.1. For more details about ANN, refer to
[41].

[nput Hidden Layear Cutput

Figure 3.13.1: A four inputs, one output and a single hidden layer ANN.

ANNSs are strikingly similar to HMMs. [43] talks about the relationships between
HMMs and feed-forward ANNSs. This paper actually discusses some HMMs that are
defined by ANNs and also certain stochastic ANNs from a hidden variables moddl in
which a threshold logic unit is hidden aong with each state of the process. ANNSs are
usually trained using the back propagation algorithm, which is very similar to the BWA.
For further study on the similarities between back propagation and the BWA, refer to
[42].
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We are not aware of any mathematical proof in literature but it is a well known
fact that we generally do not require more than two hidden layersto train an ANN. In this
work on HMM order estimation of stationary data sequence, we have determined that
usually only two hidden states are required to model any arbitrary binary time series.
Case 3 of section 3.12 (the case with the sampling rate of IMbps) should be treated as a
specia case where we constructed a bad trace by concatenating short segments of error
sequences and the models with higher number of states gives a better fit. Hence there is
likely to be a strong relationship between the number of hidden layers of ANN and the
number of hidden states of HMM.

3.14 Inferencefrom the Simulation Results

Our study so far concludes that we can mode the fade duration of fading
envelopes (both flat and frequency selective) by using Markov processes. A thorough
performance evaluation of HMMs that was developed using the FB-BWA and the FO-
BWA shows that the accuracy of the FO-BWA (with respect to BER, error-free and error
intervals) is comparable to that of the FB-BWA. However, the computational complexity
of the FO-BWA isfound to be significantly less than that of the FB-BWA.

The goodness of fit approach to estimate the order of the MC is found to be
consistent but requires a prohibitive amount of ssmulation runtime to process all the data
sequences. Also, we need a large number of sequences to obtain reliable test results and
cannot use this method with the limited number of sequences. BIC and AIC, on the other
hand, provide accurate MC order estimation and can accurately estimate the order based
on asingle observation sequence.

The lack of mathematical theory for HMM order estimation has led us to rely on
computer simulations to estimate the order of binary HMMs. BIC and AIC seem to
differentiate between Markov chain and hidden Markov sources and both methods
usually select the 2-state HMM as the best choice if the original source is a stationary
hidden Markov source (of any arbitrary order). For non-stationary source, no HMM and

semi-HMM s found to model such data and we split the data into good trace and bad
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trace to obtain a reliable mathematical model. Bad trace is found to be approximated best
by the models with higher number of states.

3.15 Conclusion

We present a simulation based approach to the order estimation of discrete hidden
Markov Rayleigh fading channels. It is found that for a stationary channels, a 2-state
HMM is sufficient to represent the error trace. For non-stationary error-trace, a technique
[40] of splitting the data into two different traces is used. By splitting the data, we can
successfully represent the bad trace using HMMs and the good trace can be modeled by a
standard random process.

We aso study the order estimation of MCs using goodness of fit approach and
found that the method can consistently estimate the correct order of MCs. The behavior
of the BIC and AIC isalso studied for MC and HMM order estimation.
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Chapter 4

Signal Classification and Detection Using HMMs

This chapter deals with the sensing and classification of low power signals by a
cognitive radio device. These problems (signa detection and signal classification) are
among the two most challenging in CR [50], [51], [52]. Detection and classification of
signals with very low SNR are crucia for proper CR functionality as they enable the CR
to react and adapt to changes in the radio environment. In this work, spectral coherence, a
key property of second-order cyclostationary spectral anaysis, is investigated as a tool
for detection and classification of signals in a CR environment. Many processes exhibit
cyclostationarity, i.e., their statistical properties vary periodically with time. For example,
in telecommunications, telemetry, radar, and sonar applications, periodicity is due to
modulation, sampling, multiplexing, and coding operations. In mechanics it is due, for
example, to gear rotation. In radio astronomy, periodicity results from revolution and
rotation of planets and on the energy pulsation of stars. In econometrics, it is due to
seasonality; and in atmospheric science it is due to the rotation and revolution of the
earth.

A two-dimensional cycle frequency domain profile (also known as a-domain
profile) is used here for detecting and classifying signals. A simple threshold based
technique is employed for detection and the hidden Markov model, due of its well known
pattern recognition capabilities, is used for classifying the type of signa after its
successful detection. A similar approach isused in [95] where Artificial Neural Networks
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(ANNSs) are used to classify signals. We present the effects of varying the observation
length in signal detection and classification. It is found that this cyclostationary based

system can detect very weak signals and at the same time can correctly classify signa

type.

4.1 Introduction

The radio spectrum is a precious resource that should be used carefully. It is
however found that most of the radio spectrum has been utilized very inefficiently and
over time, this has resulted in an apparent lack of radio spectrum for new technologies to
be implemented [45]. Realizing the fact that the licensed spectrum remains unused most
of the time, the Federa Communication Commission (FCC) is now considering to adopt
unlicensed, rule-based strategies for spectrum allocation in certain frequency bands [46].
In May 2003, the FCC convened a workshop to examine the impact that cognitive radio
could have on spectrum utilization and to study the practical regulatory issues that CR
would raise. The FCC then expressed its desire to improve access to the radio spectrum
through better utilization of time, frequency, power, bandwidth, and geographical space
and its strong belief that CR holds the potential to accomplish these goals[47],[48].

Another chalenge posed as wireless communication technology progresses and
systems are being deployed is interoperability among systems operated by different
entities, for example, different government agencies communicating with each other in
emergency situations or communications between armed forces from different countries
that are deployed at remote |ocations, etc.

Hence, we need to solve two challenging problems in order to respond to the
increasing demand of more efficient communication systems, i.e., better spectrum
utilization (through opportunistic spectrum access) and making seamless communications
possible among different systems. Since most of the time, this opportunistic spectrum
access and seamless communication exist without a centralized coordination, a radio
needs to be able to continuously observe its environment, change its parameters, and at
the same time make sure that its actions improves not only its own performance but also

the performance of the network in which the radio operates. Cognitive radio is believed
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to have the potential to solve these challenging problems due to its capability of
opportunistic spectrum access and adeptly responding to the change in its operating
environment.

Since the diversity and complexity of digital communication system is expected
to increase significantly, the future CR should alow communications between wireless
devices having heterogeneous radio access technologies over the unoccupied spectrum as
an opportunistic access to the channel. To initiate communication by CR devices, the
classification of the received signa becomes very important after successful signal
detection, since the knowledge of signal types occupying spectrum bands, on which a CR
attempts to operate, provides more comprehensive awareness to the CR. For example, in
IEEE 802.22 WRAN systems [49], the CR is required to take actions differently
according to the type of incumbent signal it detects. The CR is required to evacuate not
only the channel whenever a TV signal appears, but it also must evacuate the two
adjacent TV channels as well, and apply a spectral mask which specifies the allowable
transmit EIRP levels for other TV channels it can use. On the other hand, in the case of a
wireless microphone, a CR is required to evacuate only the channel where the wireless
microphone signal appears and is allowed to use adjacent channels.

The rest of this chapter is organized as follows. First we briefly discuss the
cyclostationary spectral analysis and provide a mathematical formulation of spectral
autocoherence. The a-domain profile is then discussed. We next study the spectral
autocoherence and the a-domain profile of different types of modulated signals.

Simulation results are presented at the end of this chapter.

4.2 Cyclostationary Spectral Analysis

A cyclostationary process [53], [54], [57] [58], [59] is a random process with
probabilistic parameters, such as the autocorrelation function, that vary periodically with
time. Most signals (analog as well as digital) exhibit cyclostationarity because of the
periodicities in these signals due to sampling, modulation, multiplexing, coding, etc [55],
[56]. Cyclostationary spectral analysis is the study of the periodicities hidden in such
signas.
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The concept of cyclostationarity has been applied in many areas of signal
processing including synchronization [60] - [63], interference cancellation [64], [65],
filter design [66], [67], adaptive filtering [68], system identification [69], coding [70],
[71], queueing [72], [73], and detection, etc. [74], [75]. The same concept is used in
other fields such as biomedical engineering [76], climatology [77], hydrology [78], and
prediction [79], [80], [81]. It is found that the spectral correlation is a characteristic
property of wide-sense cyclostationarity (cyclostationarity of the autocorrelation) and the
spectral correlation function is a generalization of the power spectral density function
[55]. It isaso found that different types of modulated signals (such as BPSK and QPSK)
that have identical power spectral density can have distinct spectral correlation functions
that can help in the identification and classification of these signals. Stationary noise and
interference are found to exhibit no spectral correlation. Also, the spectra correlation
function contains phase and frequency information related to timing parameters in
modulated signals. For more information, refer to [91], [92], [93], [94].

A process x(t) hasthe spectral correlation given by

2 1 2] a a
St o t.mz?xT w, f +E X: w, f- > dw (4.2.1)
where
1 t+7/2 _i2pfw
X;(t, f) o 1o x(w)e dw (4.2.2)

for al values of the spectral location parameter

f=1 §42 442 (4.2.3)
2 2 2

and the spectral separation parameter

a= f+2 + 1.2 (4.2.4)
2 2

of interest. The spectral location parameter is the frequency of the second-order
periodicity and is commonly referred to as the cycle frequency.

Let’s consider two functions u(t) and v(t) such that
u(t) x(t)e (4.2.5)
v(t)  x(t)e (4.2.6)
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Their time-variant finite-time complex spectra U, (t, f) and V, (t, f) are given by

U:(tF) 7 uwe % aw 4.2.7)
t+T/2 iopfw
and V, (t, f) t_mv(w)e PMaw (4.2.8)
The spectral correlation (4.2.1) is identical to the statistical (time-smoothed) cross-
spectrum
C(1,6)0 S, (6 — LU (w, PV (w, F)d 4.2.9
SIS, 0o oo, 7Ur WV (w w (4.2.9)

Therefore, the parameter f isalso referred to as the spectrum frequency.
The time-variant cross periodogram

1
=

a * a

. 1 3
S 1) UT(t,f)VT(t,f)°?xT t’f'E X; t,f-E St f) (4210

is time-smoothed to obtain the spectral correlation (4.2.1). It is also referred to as the
time-variant cyclic periodogram (or the time-variant finite-time cyclic spectrum). As
mentioned in [54] Chapter 7, the time variant cyclic-correlogram can be written as

t-(T- /2

R? (t.¢) T X W+—= X W-% e 1o (4.2.11)

t- (T- [t/ 2

and the cyclic periodogram S (t,.) is the Fourier transform

S (t,.) = F{R: (t,.)} (4.2.12)
Equation (4.2.12) is called the cyclic-periodogram-cyclic-correlogram relation. Since the
gpectral correlation (4.2.1) is a time-smoothed version of the time-variant finite-time

cyclic spectrum (4.2.10),

1 t+Dt/2

So (G o = Dt t-ou2

S (w, f)dw, (4.2.13)

it iscalled a statistical cyclic spectrum. Using the approximate equivalence [54] (Chapter
11) the spectral correlationS; (t, f),, which is the tempora cross correlation (with

temporal separation ¢ =0) of the time-functions

%XT .,f+% and ——x, ,f-2 (4.2.14)

JT 2
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can be interpreted (approximately) as the spectral autocorrelation (with spectral

separation a ) of the frequency function

— X (t,. 4.2.15
X () (42.15)
namely
1 f+Df /12 1 a a
2 (t, f =X, tv+t= X tv-— dv 4.2.16
S, ) @—T o o > %o > ( )

f-Df /2
here Df =1/T . Note that in order to idealize the spectral correlation, it is required that
Dt ® ¥ , whereas Df ® 0. The two spectral cyclic spectra have a cycle resolution given

by the reciprocal of the temporal resolution

1
D2 @ (4.2.17)

Therefore, the cyclic spectra can resolve second-order periodicity at two cycle
frequencies, say a,and a,, if and only if these two cycle frequencies are separated by
more than the cycle resolution (4.2.17), i.e,,
|a,- a,|>Da (4.2.18)
Using thelimit Dt ® ¥ , we can write

lim S (t, )y = limS] (¢, )y (4.2.19)

¥
1 vy (R (2)e' ™ dt (4.2.20)

-¥

where I%’ (¢)isthelimit cross correlation. Note that

S =FR ()} (4.2.21)

The cyclic autocorrelation, according to [54] can be written as
S (f)= lim lim St f)y (4.2.223)
or S (f)= lim lim St fy (4.2.22b)

Eq. (4.2.229) gives the interpretation of the limit cyclic spectrum as an idealized version
of the spectral correlation (4.2.1). Equation (4.2.22b) givesits alternative interpretation as

an idealized version of a spectrally smoothed cross-spectrum.
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According to [54] the limiting cross spectrum for two time series x(t) and y(t) is

defined by

S(f) =lim lim Sty (4.2.233)
and S, (f)=lim lim §_(t, )y (4.2.230)

The time-variant cyclic cross periodogram (or cyclic finite-time cross spectrum) is
therefore given by
1 a - a
ot f) =X, t,f+= Y t,f-— 4.2.24
SHCLREDE ;W : (4.2.24)

and, by using the analogy, S (t, ) can be characterized by the Fourier transform

SQ/T (t,)=F{ R‘jﬁ (t,.)} (4.2.25)
for which the function
Ry, (t.7) 1wl y w- L g rangy (4.2.26)
T 2 2

is the time-variant cyclic cross correlogram. The limit statistics exhibit the symmetries

given by
R (-1) = R.(t) (4.2.27a)
RS (1) = R() (4.2.27b)
S (- f)=S4(f) (4.2.27¢)
S7(f)=SL(f) (4.2.27d)

The limit cyclic spectrum éf(f) in (4.2.22a) isthelimitas Df ® 0

N a .. a
M= DiXq t+3 Xy tf-2 (4.2.28)

e ¥ Dt D2

of the two spectral components

JOF Xy o t,f+% and /Df X, t,f-% . (4.2.29)

In fact, since the mean of each of these frequency componentsis zero,
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l Dt/2 a
lim— Df Xy, tf+o dt=0. (4.2.30)
Di® ¥ Dt—Dt/Z 2

Assuming only that either f £a/2* 0 or x(t) contains no first-order periodicity with

frequencies f +ta/2, then éf(f) is actualy the limit, as Df ® 0, of the temporal

covariance of the two spectral components (4.2.29). Normalization of this temporal
covariance by the geometric mean of the two temporal variances

Dt/2

lim=  Df dt (4.2.31)

gives the temporal correlation coefficient of the two spectral components (4.2.27). But,

thelimit as Df ® O of these two temporal variances yields the two limit spectra

2
X,y b f i% dt (4.2.32)

Consequently, the limit as Df ® 0 of the temporal correlation coefficient of the

two spectral components (4.2.29) is given by

A

Ci(f) — S (1) (4.2.33)
[SI(f+al2)S(f - al2)]?

which is called the spectral autocoherence (or simply autocoherence) of x(t) at the cycle
frequency a and spectrum frequency f. It follows from the relation (4.2.33) that

|IC2(f)|£1. (4.2.34)
Moreover, since the magnitude of the correlation coefficient can equal unity if and only if
the two variables (time series) are linearly dependent, then the autocoherence magnitude
can equal unity at somevauesof f and a ,

IC2(f)|=1 (4.2.35)
if and only if the two time series (4.2.30) are linearly dependent (in the mean square
sense) inthe limit Df ® Ofor thesevaluesof f and & .

The magnitude of the spectral coherence ranges between 0 and 1. It is the measure of the

strength of cyclostationarity in a signal. Its maximum over the spectra frequency f

gives the cycle frequency domain profile (also known asthe -domain profile).
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| (a) = max |C2 ()] (4.2.36)

The cyclic frequency domain profile is used here in the detection and classification of

signals having low SNRs.

4.3 Cyclic Spectral Analysisof Modulated Signals

In this section, the spectral coherences and cycle frequency domain profiles of the

following modulation techniques are discussed in the presence of AWGN:

Double sideband suppressed carrier amplitude modulation (DSB-SC AM)
Binary phase shift keying (BPSK)

Binary frequency shift keying (B-FSK)

Minimum phase shift keying (M SK)

Quadrature phase shift keying (QPSK)

The common simulation parameters for generating spectral coherence are

Sampling frequency F, =1, every frequency is normalized to F,

Intermediate carrier frequency (IF) F,=0.25

Noise source: additive white Gaussian noise

Signal-to-noise radio (SNR) of training signals = -3dB and -5dB, defined as the
ratio of signal power over one symbol period to the average noise power

Data samples captured per observation at IF, T = 1024 samples

Number of observations N = 100

4.3.1 SCF and Cycle Frequency Domain Profile of DSB-SC AM
The DSB-SC AM can be expressed mathematically as [82],[83], [84]

S(t) = A, cos(2pF t) m(t) (4.3.1
The AM specific simulation parameters are,

The carrier amplitude A, =1
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The binary random message sequence m(t) assumed to be +1 and -1 equaly
likely per sample
The SNR for AM is defined as the ratio of instantaneous signa power to the
average noise power
Figure 4.3.1 shows the cyclic spectral coherence and the corresponding cycle frequency
domain profile of the AM signal with SNR of 0dB and observation length of 100.

4.3.2 SCF and Cycle Frequency Domain Profile of BPSK
DSB-SC AM can be expressed mathematically [82],[83], [84]

s(t) = Z_F—Ebcos(z f.t+ g.)m(t) (4.3.2)

Thebitenergy  isnormalized to have unity energy,

Binary random message sequence m(t) having +1 and -1 equally likely per
symbol duration T,

Bitrate F, =1/T, =0.1

Roll-off factor of root raised cosinefilter (RRC) =0.35

Figure 4.3.2 shows the cyclic spectral coherence and the corresponding cycle frequency
domain profile of BPSK signal with SNR of 0dB and observation length of 100.

4.3.3 SCF and Cycle Frequency Domain Profile of B-FSK
The binary FSK modulation can be expressed mathematically as[82],[83], [84]

s(t) = ZT—Ebcos(z F.t+2 Dft), O£t£T, (binaryl)
b (4.3.3)

S(t) = Z_I_—fbcos(z F.t-2 Dft), OEt£T, (binaryO)
The bit energy E, is normalized to unity energy over one bit duration
The constant frequency offset f =0.1
BitrateF, =1/T, =0.1
Figure 4.3.3 shows the cyclic spectral coherence and the corresponding cyclic domain
profile of the binary FSK signal with 0dB SNR and 100 observation length.
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4.3.4 SCF and Cycle Frequency Domain Profile of M SK
MSK modulation can be expressed mathematically as [82],[83], [84]

¥ ¥

s(t) = m()p(t-2iT,)cos2 K+ my(t)p(t-2T, -Ty)sin(2 F) (4.3.4)

i=0 i

m (t) and m,(t) arethe odd and even bits of m(t) respectively

Bitrate F, =1/T, = 0.1
The digital modulation index, the maximum frequency deviation during one bit period, is
defined as,

h=2Df " T, (4.3.5)

MSK is continuous-phase FSK with a minimum modulation index h = 0.5 that
will produce orthogonal signaling [82]. Therefore the frequency offset can be obtained
from (4.3.5) where Df is set to be 0.025. The cyclic features will be shown
a2(F,+0.025) =0.5+0.05. This is confirmed by the spectral coherence and cycle
frequency domain profile of MSK, shown in Fig. 4.3.4.

4.3.5 SCF and Cycle Frequency Domain Profile of QPSK
The QPSK modulation can be expressed mathematically as[82],[83], [84]

2 cos (i - 1)5 cos(2 Ft)

s(t) = OEtET, i=1234 (4.3.6)
2E. . .

—=29n (i-1)— cos(2 Ft
—=sin (i-1)5 cos2 )

S

The symbol energy E,isnormalized to unit energy over one symbol duration
Symbol rate F, =1/T,=0.1
Roll-off factor of root raised cosinefilter (RRC) =0.35

Theindex i ischosen from 1, 2, 3, and 4 with an equal probability of 0.25
Figure 4.3.5 shows the SCF and corresponding cycle frequency domain profile.
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DSBSC AM Spectral Coherence with SNR=0 dB Obs. Length=100
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Figure 4.3.1: Spectral Coherence and cycle frequency domain profile of DSB-SC AM.
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BPSK Spectral Coherence with SNR=0 dB Obs. Length=100
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Figure 4.3.2: Spectral Coherence and cycle frequency domain profile of BPSK.
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FSK Spectral Coherence with SNR=0 dB Obs. Length=100
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Figure 4.3.3: Spectral Coherence and cycle frequency domain profile of binary FSK.
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Figure 4.3.4: Spectral Coherence and cycle frequency domain profile of MSK.
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Spectra Coherence of QPSK
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Figure 4.3.5: Spectral Coherence and cycle frequency domain profile of QPSK.

4.4 Signal Detection

In this section we discuss the method that is used for signal detection in the cycle

frequency domain. The crest factor, discussed briefly in this section, is used for detecting
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the peaks of the signals. Monte Carlo ssmulations are used to evaluate the performance of

this proposed technique.

4.4.1 The Crest Factor asa Detection Threshold

The crest factor (CF) is proposed for finding dominant peaks in the cycle
frequency domain. The crest factor of a waveform is equal to its peak amplitude divided
by its root mean square (RMS) value, i.e, for the a waveform x(t) with peak x ., and

X=us PEING its RMS value, we can write the crest factor C as

C = e (4.4.1.1)

XRM S

In the case of cyclic spectral coherence, we can write the crest factor C, as,

—__max( () (4.41.2)

J_Z()/

where ( )is the cycle frequency domain profile and N is the total number of discrete

cyclic frequencies.

The use of the crest factor in signal detection is necessary because usually the
system is operating at low SNR and aso because of using finite numbers signa blocksin
averaging. It is found that when the observation length is not sufficient to suppress the
noisein cycle frequency domain, it is very difficult to find dominant peaks. In such cases,
the noise floor in the cycle frequency domain profile changes by varying the observation
length and the SNR. Therefore, it is difficult to set up a unified threshold value for signad
detection.

Fig. 4.4.1.1 shows the flowchart for finding dominant peaks. As an example, the
dominant peaks for BPSK signal with 50 observation block is shown in Fig. 4.4.1.2,
evaluated using the steps shown in Fig. 4.4.1.1.
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Figure 4.4.1.2: Determination of crest factors of BPSK signal.

4.4.2 Threshold Test for Signal Detection
Hypothesis testing is applied for determining the existence of signals when
AWGN is present. The following simple hypotheses are used,
H, : x(t) =n(t)

(4.4.2.1)
H, : x(t) = s(t) + n(t)

For signal detection, a threshold is defined as the CF for the case when the signal
does not exist. The proposed threshold-based signal detection test be performed as
follows

C, <C, :Declare H,
(4.4.2.2)

C; 3 C, :Declare H,
The distribution of CF when no signal is present in the cycle frequency domain
profileis shown in Fig. 4.4.2.1. The CF for the probability of false dlarm of 10% is found

tobe 1.71 in this case.
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Figure 4.4.2.1: Distribution of crest factor when no signal is present.

45 HMM As Signal Classifier

Hidden Markov Models have been successfully used for pattern recognition in
different fields of science and engineering. Some examples are speech recognition,
handwriting recognition, face recognition, etc. Due to the need for an online estimation
technique in real world applications, the forward-only BWA (FO-BWA), that can
estimate HMM parameters on the fly, is used for building HMMs.

Since the peak signal components of a particular modulation type, for a given
SNR and observation length, can vary dlightly and degrade the performance of a signal
classifier, we use binary sequences that are obtained from cycle frequency domain profile
using the crest factor.

For the case of binary sequences, the probability of generating the observation

sequence giventhe model  can be written mathematically as
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Pry, z By PBy P PBy 1 (4.5.1)

Here B(y,) with k=1, 2, 3,..., T denotes the probability of generating symbol y, from
different states. As mentioned before, because of the long data size, we use the logarithm
of Pr(y, |z), usualy known as the log-likelihood.

Hence five different binary sequences, each for a specific modulation type, are
used for training and incoming signal is also used in binary form. The SNR used for
training is 0dB and the observation blocks are set to be 100. Different initial conditions
are used and the best model, based on the value of split-datalog-likelihood, is selected. In
thisway, we obtain five HMMs, one for each

During the recognition phase, the cycle frequency domain profile of the unknown
incoming signal, after its successful detection, is then sent to the HMMs. The log-
likelihood values generated are compared with the log-likelihoods of the original training
sequences and the closest match is selected as the signal type. A simplified block diagram

of signal classification is shownin Fig. 4.5.1.

Figure 4.5.1: Block diagram of HMM based signal classification system.
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4.6 Simulation Result

4.6.1 Signal Detection

We analyze the performance of SCF based signal detection technique by varying
the observation length and the SNR of theincoming signal. The block lengths used in this
anaysis are 25, 50, 75, and 100. The SNRs used for the performance analysis are -9dB, -
6dB, -3dB, and 0dB. Figs. 4.6.1.1, 4.6.1.2, 4.6.1.3, 4.6.1.4, and 4.6.1.5 show the detection
probabilities of AM, BPSK, FSK, MSK, and QPSK respectively. As seen from the
figures, al signals with the exception of QPSK processed with only 25 blocks gives
100% probability of detection. The detection probability increases significantly with the

increase of observation length and also with increasing SNR.

Probability

Figure 4.6.1.1: Probability of detection of AM signals with 10% false darm.
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Figure 4.6.1.2: Probability of detection for BPSK signals with 10% false alarm.
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Figure 4.6.1.3: Probability of detection of FSK signals with 10% false alarm.
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Figure 4.6.1.4: Probability of detection of MSK signals with 10% false alarm.
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4.6.2 Signal Classification

Monte Carlo simulations are performed for evaluating the performance of the
HMM based signa classifier. The HMMs (in Fig. 4.5.1) are trained with SNR of -3dB
and 300 observation blocks. Different incoming signals with SNR of -3dB and -5dB are
received at the receiver front end and are processed with varying observation lengths to
obtain the percentage of successful classification. The results are summarized in Fig.
46.2.1,4.6.2.2,4.6.2.3, 4.6.2.4, and 4.6.2.5 respectively. Note that the signals having a -
5dB SNR usually require more observation blocks to achieve a given performance than
when the signals have a -3dB SNR. It is interesting to note that for the case of FSK
signals, the number of blocks required for more than 80% correct classification is the

same for these two cases.

I I
| |
1 —o—0
—O— -3dB case
—&— -5dB case
08F----9f---pf----f----q---- -7 -7 —---- F----1
| |
| |
| |
> | |
E 06— - [
5 | |
© | |
Qo | |
o | |
o | |
04+ ¢ - - EE——
| |
| |
| |
| |
0.2 i e T e ----- F--- 1
| |
| |
| |
| |
0 L L
200 250 0 350 400 450

Observation length

Figure 4.6.2.1: Percentage of successful classification of AM when incoming signals have SNRs
of -3dB and -5dB. Training signal has -3dB SNR and 300 observation length.
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Figure 4.6.2.2: Percentage of successful classification of BPSK when the incoming signals have

-3dB and -5dB SNRs. Training signa has

3dB SNR and 300 observation length.
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Figure 4.6.2.3: Percentage of successful classification of FSK when the incoming signals are
coming at -3dB and -5dB. Training signal has SNR of -3dB and observation length of 300.
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Figure 4.6.2.5: Percentage of successful classification of QPSK when the incoming signals have -

3dB and -5dB SNRs. Training signal has SNR of

3dB and observation length of 300.



4.7 Conclusion

We have investigated SCF based techniques for the detection and classification of
radio signals in a cognitive radio environment. Simulation results have shown a high
probability of correct detection, even a very low SNR, if the number of observation
blocks isincreased accordingly. The system can be easily expanded to accommodate new
signal types. One of the advantages that this proposed signal detection method offers is
that it does not require any prior knowledge about the transmitted signal. This allows the
CR device, which tries to access to a specific channel in an opportunistic manner, to
blindly detect signals from active or licensed users that are operating in a particular
channel.

Performance evauation of the novel HMM based signa classification technique
is adso presented. It is found that signal classification can be performed with 100%
accuracy if the incoming signals, that usually have low SNRs, are processed with large

number of observation blocks.
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Chapter 5

Dynamic Spectrum Sharing in Cognitive Radio
Using HMMs

Cognitive radio networks can be designed to manage the radio spectrum more
efficiently by utilizing the spectrum holes in primary users licensed frequency bands
[97]. Recent studies have shown that the radio spectrum is poorly utilized by licensed
users even in urban geographical areas. This spectrum utilization can be improved
significantly by making it possible for secondary users (who are not being served by the
primary system) to access spectrum holes, i.e., frequency bands not used at a given time,
by primary users. In this chapter we propose to use hidden Markov Models (HMMs) to
model and predict the spectrum occupancy of licensed radio bands. This novel approach
can dynamically select different licensed bands for its own use with significantly less
interference to and from the licensed users. It is found that by predicting the duration of
spectrum holes of primary users, the CR can utilize them more efficiently by leaving the
band, that it currently occupies, before the start of traffic from the licensed user of that
band.

The impact of CR transmission on the licensed usersis also presented. It is shown
that significant SIR improvements can be achieved using a HMM based dynamic
spectrum allocation as compared to the traditiona memoryless CSMA based approach.

The results obtained using the HMM are very promising and HMM techniques can offer
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a new paradigm for predicting channel behavior, an area that has been of much research
interest lately.

Recent measurements have shown that there are frequency bands, even in urban
areas that are largely unoccupied. Some of these frequency bands are only partially
occupied while others are heavily used. Spectrum usage statistics give us a notion of
spectrum holes which are defined in [85] as bands of frequencies assigned to a primary
user, but at a particular time and specific geographical location, the bands are not being
utilized by that user. The concept of the utilization of spectrum holesin CR using CSMA
based band allocation is shown in Fig. 5.1. As seen from the figure, the CSMA based
spectrum allocation would always result in collision whenever the primary user, whose
band is currently occupied by the CR, starts using a currently used band for its data
transmission. This could significantly degrade the performance of both CR network as
well as the data communication of primary users. Thisis especialy true if both networks

have base stations that are located in close proximity.

Figure 5.1: lllustration of spectrum holes in a cognitive radio network. Spectrum allocation is
performed using the conventional CSMA based technique.

Cognitive radio [50], [51], [52] has recently been proposed as a method to
promote the efficient use of the spectrum by exploiting the existence of spectrum holes.
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The CR observes the current spectrum conditions in a given band, and if it detects no
traffic, it may start its data transmission using the same band. While engaged in the
transmission, the radio may observe the signal of the licensed user. In conventional CR
design, if such asignal is detected, the radio’s cognition cycle should direct itself to jump
out of the spectrum in order to minimize interference. It should then look for other
available spectrum to continue its data transmission. In this work, we propose a new way
of utilizing the spectrum holes. Instead of jumping out from a given frequency band after
detecting the presence of a signal from the licensed user, we propose to perform a
prediction on usage behavior and then decide to remain in the same frequency band or to
move to another band. If a correct prediction is performed, the CR can leave the current
frequency band before detecting any signal from the primary user. We hope that our
method will provide minimal collisions with the signal from the licensed users.

Our methodology can be explained as follows. Different HMMs first train
themselves using spectrum usage patterns of the incumbent users and once reliable
models are developed, the spectrum manager decides which frequency to use based on
the likelihood of spectrum holes of these bands. In this work, usage patterns are assigned
binary bits with zeros indicating no traffic and ones indicating that the spectrum is being
used by the licensed user at that particular time. Hence we obtain binary vectors for each
frequency band and use these vectors as training sequences for HMMs assigned for
different radio bands. The HMMs will then predict the occurrence of spectrum holes in
different bands and the cognitive engine will dynamically choose available frequencies
for its use.

The rest of the chapter is organized as follows. First we will briefly introduce
time-series prediction using hidden Markov models. Next we discuss the Markov-based
Channel Prediction Algorithm (MCPA), the agorithm used for dynamic spectrum

allocation. Simulation results and conclusions are given later.

5.1 Theory

For the case of a binary sequence, the probability of generating the observation

sequence given the model z can be written mathematically as
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Pr(y; |z)= B(y,) PB(Y,) P... PB(y;)1 (5.1.1)
Here B(y,) for k=1, 2, 3,..., T denotes the probability of generating symbol y, from

different states. Because of the significantly long data size, the logarithm of Pr(y; |z),

usually known as the log-likelihood function is used. In this work of dynamic spectrum

allocation, we predict the next behavior of channe by finding the joint probabilities
Pr(y;,0|z) andPr(y, ,1|z) and then make a decision on which frequency band to use

for data transmission.

There seems to be a recent interest in data prediction/forecasting using HMMs
recently. Some of the recent work includes stock market forecasting [86], [87],
forecasting early conflict in the southern Balkans [88] and predicting earthquakes are
examples. The main reason of such awide use of HMM in prediction problemsis mainly
because of its strong theoretical foundations and tractability. This is mainly because of
the fact that using the HMM to forecast a time series is easily explainable and has solid
statistical foundation, properties that are not usualy available in Artificia Neura
Networks (ANNSs) [89] and [90], which are aso used frequently for predicting time

series.

5.1.1 Markov-based Channel Prediction Algorithm (MCPA)

The spectrum occupancy is modeled as binary sequence with one signifying that
the spectrum is occupied at the particular instant by the primary user and a zero denoting
that the spectrum is unoccupied at that instant. The spectrum usage pattern is modeled as
exponentially distributed (in simulation case 1) and as Poisson distributed (in ssmulation
case 2) with channel occupancy ratio of more than 50% in both cases.

Let us now explain the Markov-based Channel Prediction Algorithm (MCPA)
used to predict the behavior of different channels and performs spectrum allocation
dynamically. Binary sequences are obtained based on channel statistics as explained
earlier. Different HMMs are then trained for each frequency band of interest using these
binary sequences. The Forward-only BWA is used to obtain the parameters of the
HMMs, namely the state transition matrix P, output symbol probability matrix B, and
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the initial state probability vector . The flowchart of the algorithm in case of single

primary user isshownin Fig. 5.1.1.

P
<«

A 4
Observe channedl usage

patterns and update
HMM parameters

: —— Pr(y,0|z) Pr(y1|z)
Predict channel availability and 3
unavailability using HMM

\ 4

If Pr(y,0z) >Pr(y,1|z)
Transmit

Figure 5.1.1: Flowchart of the MCPA for a single primary user case. Multiple channel caseis an

extension of this agorithm.

We predict channel behavior by finding the joint
probabilitiesPr(y; , 0|z) andPr(y; , 1|z). If at a particular instance we observe that
Pr(y;, 0|z) >Pr(y,, 1|z), which means that the probability of a particular frequency
band being unoccupied is higher than the probability of it being occupied, the cognitive
radio can use the frequency band of interest for its data transmission. We compare the

two probabilities with athreshold d such that the channel is assumed in use when
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Pr(y;, 0|z)- Pr(y;, 1]|z)3 (5.1.1)
Simulations are performed using this criterion with different values of d.

The graphical illustration of the MCPA technique is shown in Fig. 5.1.2. Note
that the CR traffic leaves a particular band before the detection of data transmission from
the primary user. In this way, we can significantly reduce the impact of the CR network
on licensed users. Simulation results have shown significant improvement in the SIR of
licensed users by performing spectrum allocation using HMMs.

Figure 5.1.2: lllustration of dynamic spectrum allocation using MCPA.

The case of multiple primary users is just an extension of single user case.
Different log-likelihood values are calculated and the channel that gives the highest

probability of being unoccupied among al channelsis selected for data transmission.

5.2 Simulation Results

We present the two simulation cases with four licensed users (here called

interferers) and one unlicensed user. Each interferer has a unique spectrum usage pattern
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that has an occupancy probability of not less that 50%. The first case assumes the spectral
usage patterns of the primary users to be exponentially distributed. In Case 2, we study
the effectiveness of the MCPA when the spectral patterns are Poisson distributed. Fig.
5.2.1 shows the graphical representation of the simulation setup. The slot duration of both
the primary user and the CR network is assumed to be same. Also, the system is assumed

to be interference limited and noise isignored in this study.

Figure 5.2.1: Simulation scenario with four licensed users and one cognitive radio transceiver

labeled as‘TX’ and ‘RX’. The primary users are labeled using upper case a phabets.

Case 1 - MCPA Performance when the Spectral Usage Patterns of the Licensed Users
are Exponentially Distributed

Figure 5.2.2(a), 5.2.2(b), 5.2.2.(c) and 5.2.2(d) show the spectrum usage statistics
by the first, the second, the third and the fourth primary users respectively. The first plot
shows the frequency of consecutive time slots when a particular spectrum is occupied
whereas the second plot shows the frequency of consecutive unoccupied slots.
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Figure 5.2.2: Spectrum usage patterns of (a) - first licensed users, (b) - second licensed user, (C) -

third licensed user and (d) - fourth licensed user. The spectral patterns are assumed exponentially

distributed.
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We now present a comparison with the conventional CSMA based spectrum
allocation technique and our proposed method of HMM based dynamic spectrum
alocation. In the CSMA based spectrum allocation scheme that we adopt, the CR uses
the channel when it observes no activity by the primary user and quits it whenever it
senses that the primary user has started sending data through that channel (which may be
very difficult to perform in practice). We therefore expect some degradation in terms of
the SIR of the primary user because of the interference from the CR network that can not
be completely avoided using the CSMA based approach. However, these possible
collisions can be avoided by using the MCPA approach as the CR leaves the channel
before the start of data transmission by the primary user. We perform a study to observe
the impact on the licensed users by using these two techniques. We vary the power of the
CR signa while keeping the powers of licensed signals constant and calculate the SIR at
the receiver of the primary users. The value of used in this smulation is 0.0005. The
CDFs of the SIRs in both cases (CSMA and MCPA) are plotted in Fig. 5.2.3. We can see
an improvement of approximately 12dB by using HMM based dynamic spectrum
allocation.

Empirical CDF

F(SIR)

SIR (dB)

Figure 5.2.3: Comparisons of the primary user’s SIR using CSMA based and MCPA based

schemes.
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Table 5.2.1 shows the BERs for different values of d and their corresponding
throughputs. We can see that an increase in d gives better performance in terms of the
BER. At the same time, the throughput decreases because of tougher constraints that the
radio has to fulfill in order to transmit its data. Fig. 5.2.4 shows the BER plot for different
values of d used in the simulation. Figure 5.2.5 shows the percentage of time the CR uses
the four licensed bands for its data transmission. As seen from the figure, the CR utilizes
all the possible frequency bands, using the MCPA, based on the prediction results.

Threshold No. of bits CR Throughput

transmitted BER %

~0 4352 0.0294 98.25
0.0005 7905 0.0248 81.66
0.0030 4384 0.0212 69.55
0.0040 3016 0.0196 63.98
0.0059 5579 0.0151 48.15
0.0060 21794 0.00059 32.05
0.0063 47074 0 27147

Table 5.2.1: Performance of the MCPA in terms of bit error rate and throughpui.
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Figure 5.2.4: BER performance of the MCPA with four primary users.
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Figure 5.2.5: Percentage of time the cognitive radio uses four radio bands using (a) - CSMA
based scheme and (b) - MCPA based scheme.

Case 2 - MCPA Performance When the Spectral Usage Patterns of the Licensed Users
are Poisson Distributed

In the second case we assume the spectral allocation statistics of the primary users
follow Poisson distribution. The distributions used in this case are shown in Fig. 5.2.6.
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Figure 5.2.6: Spectrum usage patterns of (a) - first licensed users, (b) - second licensed user, (C) -

third licensed user and (d) - fourth licensed user. The usage patterns are assumed to be Poisson

distributed.
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The CDFs of the SIRs in both cases (CSMA and MCPA) are plotted in Fig. 5.2.7
for = 0.0050. We can see an improvement of approximately 20dB by using the HMM
based dynamic spectrum allocation. Table 5.2.2 shows the BERs for different values of d
and their corresponding throughput. As in case 1, we can observe significant
improvements in terms of the BER as the threshold d increases. At the same time, the
throughput of the system decreases because of the increase in d, due to tougher
constraints that the radio has to fulfill in order to transmit data. Fig. 5.2.8 is the BER plot
for the different values of d used in the simulation. Figure 5.2.9 shows the percentage of

time CR uses these four licensed bands for its data transmission.
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Figure 5.2.7: Comparisons of the primary user's SIR using CSMA based and MCPA based

schemes.
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Throughput

CR

No. of bits

Threshold

BER %

transmitted

0.0300 93.64

45578

0.0260 89.82

43905

0.0030

54.03

0.022

26412

0.0050

0.00766 14.57

7173

0.0065

0 5.34

2034

0.0070

Table 5.2.2: Performance of the MCPA in terms of bit error rate and throughput.

434
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X 10

threshold d

Figure 5.2.8: Performance of the MCPA with four primary users. Throughput is aso shown with

the corresponding values of the threshold.
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CSMA based scheme and (b) - MCPA based scheme.
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5.3 Conclusion

We conclude that HMMs can significantly aid in dynamic spectrum allocation in
cognitive radio by performing accurate predictions of the channel states of licensed users.
We observe that by properly tuning HMM parameters we can obtain the performance
comparable to BPSK case with just AWGN noise present in the system even though the
CR is using frequency bands that are used by the primary users more than 50% of the
time. This obviously comes with the cost of lowering the throughput as we put more strict
conditions on the use of licensed channels by increasing the threshold.
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Chapter 6

Conclusion and Future Work

This dissertation deals with the statistical analysis'/modeling of discrete wireless
channels and two novel applications of HMMs in cognitive radio.

The fade duration of Rayleigh fading envelope is modeled using the PH
distribution approximation. The technique is found to approximate the unimodal as well
as bimoda fade duration distributions of the sixth, the seventh, and the eighth
guantization levels of the fading envelope that has Doppler frequency of 10 Hz and
sampling rate of 0.5Kbps. The PH distribution can also approximate the seventh and the
eighth quantization levels of the envelope that has f;, =10Hz and f, =10Kbps. It

however falls to approximate the fade duration of the ninth quantization level. An
extension of this work includes the fade duration approximation of other channel models
using PH distribution.

The order estimation problem of binary MCs using BIC and goodness of fit
approach is investigated. It is found that both techniques can consistently estimate the
correct order of the MCs. The goodness of fit approach, however, is found to be difficult

to implement practically, as it requires prohibitive amount of sequences to collect the
statistics of “or information criteria. The BIC and AIC order estimation is then

investigated for binary HMPs and it is found that both estimators usually select a second-
order HMM as the model of choice, when the data is obtained from a stationary binary
HMP. The autocorrelation function is used to find the closeness between the original data

157



and the model. The split-data log-likelihood is used in all simulations to avoid local
maxima and saddle points. It is found that the BIC and AIC both select second-order if
the channel produces stationary error traces. It is aso found that non-stationary error
traces, that contain very long stretches of zeros, cannot be modeled by hidden or semi-
hidden Markov models. For modeling such traces, we adopt the procedure, recently
proposed in [40], which splits the data into two traces. The runlength of good traceis then
approximated using a discrete random process, inverse-Gaussian in our case, and the bad
trace is approximated using HMMs. It is found that a 2-state HMM can not model such
data and we require higher-order HMMs for modeling such trace. It is interesting to note
that no semi-HMP is found to model the bad trace. An error sequence is produced using
the inverse-Gaussian process and HMM that is found to be statistically similar to the
original error trace. This detailed analysis on the order estimation of binary HMMs has
revealed some interesting findings and these results can contribute in building reliable
model s to approximate the wireless channels.

The second part of this dissertation deals with the application of HMMs in
cognitive radio networks. First, the problem of the classification of signals in cognitive
radio using HMMs is investigated. The proposed pattern recognition based approach uses
cyclostationarity of signals to classify different modulated signals after successful
detection. The crest factor is used to obtain the peaks in the a-domain profile. It is found
that signals with low SNRs can be detected, with very low probability of fase alarm, if
the sufficient number of blocks is used to obtain the a-domain profile. The signal
classification method is also tested for signals having low SNRs and the results are found
to be very promising. In future, we intend to study the effect of changing the IF frequency
on signal detection and classification. The effect of multipath on signal
detection/classification will also be investigated. Also, SNR estimation using HMMs will
also be studied. These are some important issues that are faced by cognitive radio
networks currently.

We proposed a novel technique of spectrum alocation using HMMs. The
proposed method can reduce the interference to and from the licensed users significantly.
The system is tested in two different channel conditions and the results are found to be
very promising. Using this technique we can obtain the performance of the CR, in terms
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of BER, comparable to the performance of the system working in just AWGN
environment with no interference. Future research will include the extension of this
scheme in non-binary channel state statistics, where signal powers from different licensed
users will be used to predict the availability of different channels.
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