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Observability Analysis in Navigation Systems with an Under water
Vehicle Application
Aditya Gadre

ABSTRACT

Precise navigation of autonomous underwater vehicles (AQVs one of the most
important challenges in the realization of distributed andcooperative algorithms for
marine applications. We investigate an underwater navigain technology that en-
ables an AUV to compute its trajectory in the presence of unlawn currents in real
time and simultaneously estimate the currents, using rangs distance measurements
from a single known location. This approach is potentially seful for small AUVs
which have severe volume and power constraints.

The main contribution of this work is observability analyss of the proposed nav-
igation system using novel approaches towards uniform olpgability of linear time-
varying (LTV) systems. We utilize the notion of limiting sysems in order to address
uniform observability of LTV systems. Uniform observabily of an LTV system can
be studied by assessing nite time observability of its liming systems. A new de -
nition of uniform observability over a nite interval is int roduced in order to address
existence of an observer whose estimation error is boundeg dn exponentially de-
caying function on the nite interval. We also show that for aclass of LTV systems,
uniform observability of a lower dimensional subsystem deed from an LTV system

is su cient for uniform observability of the LTV system.
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Chapter 1

Introduction

1.1 Contribution

An acoustic underwater navigation system is proposed whidls suitable for small
autonomous underwater vehicles (AUVs). This navigation sgem utilizes distance
(or range) of an AUV from a single acoustic beacon at a knowndation, along with
velocity (heading and speed) of the AUV, to estimate positioof the AUV. It enables
an AUV to compute its trajectory in real time and in the presemce of unknown
currents, which are estimated simultaneously with the poson of the AUV. This
navigation algorithm is referred to asrange navigationin this work.

The main contribution of this work is the observability anaysis of the proposed
navigation system using novel approaches to assess unifaotyservability of a linear
time-varying (LTV) system. We utilize the notion of limitin g systems to study uni-
form observability of LTV systems. We show that for a class dfTV systems, uniform
observability of a lower dimensional subsystem derived frothe LTV system is su -

cient for uniform observability of the LTV system. We introduce a new de nition of
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uniform observability over a nite time interval which facilitates assessment of su -
cient conditions for the existence of an observer whose esdtion error is bounded
by an exponentially decaying function.

The range navigation system is mathematically characterzl and observability
rigourously studied. We characterize AUV trajectories forhich the navigation sys-
tem is observable guaranteeing su cient conditions for theexistence of a stable ob-
server.

The proposed range navigation algorithm has been succedlgfuleployed on the
VT Miniature AUV using an acoustic modem on the AUV and an extenal acoustic
transponder. The system can be extended to use more than oremastic transponder
and also provides a framework to implement synchronous ngetion in which AUVs

navigate in a group by knowing positions of and ranges from leér AUVS.

1.2 Motivation

To decrease costs and deployment complexity associatediwRUVs, there have been
several e orts to design a very small AUV, including the AUVsreported in [1], [2],

and [3]. At this very small size, standard navigation technology @y not be suitable
due to volume and/or power constraints. These constraintsdve motivated us to
consider development of underwater navigation algorithmthat require low volume
and low power instrumentation that can be tted on small AUVs

Range navigation provides a low volume and low power altertize to underwater

navigation for small AUVs. It could potentially result in reduced hardware complexity
as well as reduced deployment complexity. It would also enl@bdeployment of a eet

of AUVs from a mothership and enable leader-follower form@in control of multiple
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AUVs [4].

In practice, navigation systems are implemented as obsersewith the extended
Kalman Iter being the most common. For such an observer witlstable error dynam-
ics to exist, the navigation system must satisfy certain uform observability condi-
tions. However, uniform observability of navigation systes is almost never assessed
in literature. This is mainly due to the fact that assessmenbf uniform observability
using the observability grammian can be prohibitively di cult.

Instead of directly assessing observability, it is more camon to identify condi-
tions under which the estimation error covariance does notwérge b, 6]. This is the
classis design by simulation approach. The system is simidd and the estimation
error covariance matrix is examined. If the estimation ermocovariance matrix di-
verges, then either new sensors are added to the system toiaeh observability or
trajectories that result in divergence of the covariance ntax are avoided. We seek
to provide a sound mathematical basis to assess uniform obsility of the range
navigation algorithm and towards this end we introduce new @roaches to study

uniform observability of LTV systems.

1.3 Background

There are two general classes of technology commonly ugédzfor underwater naviga-
tion: acoustic navigation and inertial navigation. Acousic navigation is exempli ed
by a long-base-line (LBL) navigation system, which consistof a grid of acoustic
transponders pre-surveyed onto the sea oor. An underwaterehicle can triangu-
late its position using range measurements from these trgganders. The distance

between two transponders in the LBL system, known as the bdses length, varies
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from 100 meters to more than 6000 meters. LBL is not dissimildrom terrestrial
GPS and provides very good positioning accuracy (positiarg error is less than 1m)
for long range navigation 7]. However, deployment complexity of an LBL system is
high due to the requirement of pre-surveying a grid of acousttransponders on the
sea- oor and recovery of transponders after the mission. ®e of these issues have
been addressed by using acoustic transponders on the sedaa@, which use GPS
to get position information, thus removing the need for sumying the ocean oor.
However this system is not as accurate as the LBIg]|

Other acoustic navigation technologies are the short-basiee (SBL) and the ultra-
short-base-line (USBL) navigation systems. In SBL, the AU\talculates its bearing
and range from multiple transponders. These transponderseanormally deployed on
the ship, thus removing the need to deploy transponders in ¢hocean. The baseline for
SBL is a few tens of meters. The USBL system extracts the aralvphase information
of an acoustic ping transmitted by a single acoustic beacounsing a transducer with
multiple acoustic receivers on the AUV. Phase di erences tfie acoustic ping arriving
at multiple receivers are used to calculate the bearing of ¢hAUV with respect to
the beacon. Normal baseline for USBL is about 10cm. Both SBlnd USBL provide
position with respect to the transponders and hence additi@l sensors are required
to get absolute position of the AUV.

Inertial navigation systems rely on precision instrument@on, such as accelerom-
eters and gyros, to measure the AUV attitude (pitch, roll andyaw angles and cor-
responding angular rates) and linear accelerations in ondéo estimate the AUV
position. High accuracy inertial measurement units are vgrexpensive and are not
suitable for small AUVs due to volume and power constraintsNavigation based on

dead-reckoning uses heading and pitch angle and forward sdanformation to esti-
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mate the position of the AUV. However due to sensor drift, dekreckoning alone is

not su cient, as localization errors accumulate over time.

1.4 Related Work

Navigation based on range measurements from a single looatiis related to the
problem of target motion analysis (TMA), an analysis techrque developed for missile
guidance applications. The goal of TMA is to estimate the pdason and velocity of
a moving target using various measurements. Extensive wohias been reported for
bearings-only tracking, including 9, 10, 11, 12], in which position and velocity of
the target are determined from measurements of the angle di& line of sight to
the target. However, the literature for range-only trackimg, which is closely related
to our proposed underwater navigation system, is very liméid. Local observability
for range-only TMA is addressed in4] by the analysis of the Fisher information
matrix. In [13], similar analysis is performed for a restricted case whehd observing
vehicle is moving in a circular trajectory and the target is mving along a straight
line with constant velocity. E ects of seeker vehicle maneters on observability in
bearings-only tracking are studied in14] and optimal maneuvers that maximize the
performance of the estimator are identi ed in 15).

The underwater navigation system that uses range measurent® from a single
known location, along with the AUV velocity information, is discussed in4], [8] and
[16, 17, 18.

In [8], navigation system based on range measurements is termextlae synthetic
long baseline (SLBL) navigation. A variant of SLBL uses rargjrate as an additional

measurement. SLBL is shown to be a good candidate navigatispstem for o -shore
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surveys. It is shown that for line surveys, SLBL has signi catly better accuracy
than dead-reckoning.

A navigation system that integrates range measurements froa single acoustic
transponder with inertial sensor measurements is implemtea as a least-squares al-
gorithm in [18]. This system enables an AUV to determine its position relate to
the acoustic beacon in the presence of unknown currents. # shown that addition
of range measurements improves the navigation performanaeer dead-reckoning.

Various applications of underwater navigation using rangeeasurements from a
single acoustic transponder are explored if,[16, 17]. These applications include
homing, feature following and large area surveys using migle vehicles that share

the same acoustic beacon.

1.5 Organization

The dissertation is organized as follows. Mathematical té® used throughout the
dissertation are introduced in Chapter2. New approaches to uniform observability
analysis are presented in Chapte8, where we use the notion of limiting systems to
address uniform observability and show that for a class of M systems, uniform
observability of a lower dimensional subsystem derived frothe LTV system is suf-
cient for uniform observability of the original LTV system. Also we introduce a
new de nition of uniform observability over a nite interval, in order to address exis-
tence of an observer whose estimation error is bounded by atpenentially decaying
function on the nite interval. The Range navigation algorthm is introduced with
a discussion of uniform observability for the case of knowrugents in Chapter 4.

Chapter 5 presents extension of the range navigation algorithm to thease of un-
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known currents. Range navigation algorithm has been sucsédly implemented on
VT Miniature AUV. Hardware and software aspects of this imptmentation discussed
in Chapter 6. In chapter 7 we present results from eld trials of the range navigation

algorithm. Finally we present conclusions in Chaptes.



Chapter 2

Mathematical Preliminaries

2.1 Notation

Notation used throughout this dissertation is standard andany special notation is
de ned before its use.

The set of real numbers is denote®. The set ofn m real matrices is denoted
R"™ M. The n n identity matrix is denoted by I,. The Euclidean norm of a vector

is denoted byk k, and the spectral norm of a matrix is denoted by k.

2.2 Concepts from Linear Systems Theory

In this section we provide basic introduction to the linear gstems theory. For in

depth discussion of concepts introduced here, the readeréferred to [L9, 20, 21].
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2.2.1 Linearization

We consider systems represented by a nonlinear ordinary drential equation
x(t) = f(x(®);ut);t); t to; X(to) = Xo

y(t) = g(x(t); u(t))
wherex(t) 2 R" 1, u(t) 2 R™ 1, y(t) 2 RP 1. A linearized model can be used to

(2.1)

approximate behavior of the system about a nominal state tjactory x,(t) and the

corresponding nominal inputuy(t). The linearized system is
X (1) = Ao(t)x (t) + Bo(t)u (t); t  to X (to) = Xo

y (t) = Co(t)x (1) + Do(t)u (1)

(2.2)

where
@1x(t); u(t); 1)
@((t) Xo(t);uo(t)
@1x(t); u(t); 1)
@) Xo(t);Uo (1)
@px(t); u(t); 1)
@((t) Xo(t);uo(t)
@x(t); u(t); t)
@) Xo(t);Uo (1)
and x (t) = x(t)  Xo(t), u (t) = u(t) uo(t) andy (t) = y(t) Yo(t).

Ao(t) =

Bo(t) =

(2.3)
Colt) =

Do(t) =

2.2.2 Linear State Equation

A linear system is represented by
x(t) = A(t)x(t) + B(u(t);  x(to) = Xo

y(t) = C(t)x(t) + D(t)u(t)
where A(t) 2 R" ", B(t) 2 R" ™, C(t) 2 RP " and D(t) 2 RP ™. All coe cient

(2.4)

matrices are assumed to be bounded and continuous.
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2.2.3 Solution of Linear State Equation

For any initial time t, and initial state x,, the complete solution to @.4) is given by
Z t
X()= ( tto)Xo+ (5 )B( )u( )d (2.5)

to
where (t;t,) is the transition matrix corresponding to A(t). The transition matrix

( t;t,) is the unique solution of the matrix di erential equation
Ctt) = Al (tto); (tate) =1 t o (2.6)
Some of the transition matrix properties used in this work a

d . \_ :
gt I)=A0CL ) (2.7)

TCE)= (8)A0) @9

2.2.4 Stability of a Linear System

De nition 2.2.1  (Uniform Exponential Stability) . The linear system(2.4) is uni-
formly exponentially stable if there exist nite positive @nstants land > 0,

such that for anyt, and X,,
kx(hk e @ kxk; t  t,

Lemma 2.2.2 (Uniform Exponential Stability) . The linear system(2.4) is uniformly
exponentially stable if there exists a continuously di ergiable and symmetric matrix

Q(t) and positive constants, and such that

I Q) (1)
AT(H)Q(t) + QA(L) + Q(t) I
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De nition 2.2.3  (Uniform Asymptotic Stability) . The linear system(2.4) is uni-
formly asymptotically stable if it is uniformly stable anddr any positive constant

there exist positiveT, such that for anyt, and x,,
kx(t)k kxok; t to+ T

A system is uniformly asymptotically stable if and only if itis uniformly expo-

nentially stable.

2.2.5 Observability

De nition 2.2.4  (Observability). The linear system(2.4) is observable over a nite
interval [to; t; ] if the initial state x(t,) can be uniquely determined from the inpui(t)

and the outputy(t) for all t in [to; t¢].

Lemma 2.2.5 (Observability). The linear system(2.4) is observable over a nite

interval [to; t¢] if and only if the observability grammian
Z,
M (to;ti) = T(6to)CT(HC() ( tto)dt (2.9)

to
is invertible.

A stronger form of observability is de ned by uniform obserability.

De nition 2.2.6  (Uniform Observability). The linear system(2.4) is uniformly ob-

servable if there exist positive constants ; and , such that
0< 4 M(tt+ ) ol (2.10)

forallt t,.
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De nition 2.2.7  (Controllability) . The linear system (2.4) is controllable over a
nite interval [to;t¢] if given any initial state x(t,) = X,, there exists a continuous

input signal u(t) such thatx(t;) =0.

Lemma 2.2.8 (Controllability) . The linear system(2.4) is controllable over a nite

interval [to; t¢] if and only if the controllability grammian
ts
W(totr) = (toit)B(0)BT(t) T(to;t)dt (2.11)
to
is invertible.

De nition 2.2.9  (Uniform Controllability) . The linear system (2.4) is uniformly

controllable if there exist positive constants, ; and , such that
0< 4 W(t+ ) ol (2.12)

forallt t,.

2.3 State Observation and Observer Design

An observer is described by the linear state equation
R() = AR+ B(Ou®) + HO[y() CHORM]; t to; R(t)) =% (2.13)
wherex(t) 2 R" ! is the estimated state andH (t) 2 R" P is the observer gain. The
observer errore(t) = x(t) R(t) satis es
et) =[A(t) HOCH]et); t to elto)= & (2.14)

The observer gainH (t) is chosen such that regardless of the initial erroe,, the
observer error asymptotically reaches zero, that ix(t) ! x(t) ast!1 . If the
LTV system is uniformly observable, then such an observer igaexists (see e.g.19],
Theorem 15.2).



2.4 Stochastic Estimation and the Kalman Filter 13

2.4 Stochastic Estimation and the Kalman Filter

The Kalman lIter, also known as the Kalman-Bucy lter, is an optimal recursive

algorithm for the state reconstruction of a linear stochast system of the form
x(t) = A(x(t) + G()! (1); t to; X(to) = Xo
y(t) = C(t)x(t) + D(t) (t)

where G(t) 2 R"™ ™, D(t) 2 RP 9 are coe cient matrices and! (t) 2 R™ ! and

(2.15)

(t) 2 RY 1 are zero mean, white Gaussian processes such that

covl (t);! ()= Q) (t )
cov[ (); ()I=R(® (t )
covl (t); ()1=0

The estimation error covariance is

n (0]
P(t)=E [x(t) ROIX®) 2RO (2.16)

and the Kalman gain is
K(t)= P(t)CT(t)R (1) (2.17)

The Kalman lter consists of a di erential equation for the conditional mean of the

state and another for the state estimation error covarianceatrix [22].

R(t) = AMRM + PH)CT(HR YO [y(t) COK(M)] (2.18)
R(t) = A()P(t) + P()AT(t) + G(t)Q(t)G' (t) (2.19)
P(t)CT(t)R *()C(t)P(t)

The error state equation is written

et)= A(t) PHCT(R H)C() et); t to; ety) = & (2.20)
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The Kalman lter requires that (2.15 is uniformly controllable and uniformly
observable 23].

De nition 2.4.1  (Uniform observability of a stochastic linear system) The stochas-
tic LTV system (2.19 is uniformly observable if and only if there exist positiveon-

stants , 1 and , such that
Z t
0< 1lp T(;t )CTOHR Y()C()( ;t )Hd 2lp (2.21)

t

for all t.

De nition 2.4.2  (Uniform controllability of a stochastic linear system) The stochas-
tic LTV system (2.195 is uniformly controllable if and only if there exist positie

constants , 1 and , such that
Z t
0< 1ly (t 5 )G()Q)G™() "t ; )d 2ln (2.22)

t

for all t.

Under the assumption of positive de niteness d(t) for all t, (2.12) implies (2.22.

Similarly, under the assumption of positive de niteness oR(t) for all t, (2.10 implies

(2.22).



Chapter 3

Observability of LTV Systems

3.1 Introduction

In this chapter we introduce mathematical tools that are us#for observability analy-
sis of the range navigation algorithm. These tools help adefss the two main problems
in assessment of uniform observability - computation of thebservability grammian
and study of asymptotic properties of the observability gmmian. We present new
notions of observability of an LTV system and introduce relonship between uni-
form observability and limiting systems of an LTV system. Tk notion of limiting
systems allows us to study nite time observability of limiing systems of an LTV
system in order to assess uniform observability of the LTV syem. We show that for
a class of LTV systems uniform observability can be assesseyl studying uniform
observability of a lower dimensional system derived from éoriginal LTV system.

We also introduce a new de nition of uniform observability ger a nite interval.

15
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We restrict observability analysis to LTV systems of the fam
x(t) = A(DX(); t  to; X(to) = Xo
y(t) = C(t)x(t)

whereA(t) 2 R" " and C(t) 2 RP " are uniformly continuous and bounded.

(3.1)

3.2 Observability of an LTV System

Observability of an LTV system is related to how the state of he system a ects the
output of the system. In addition to invertibility of the grammian in Lemma2.2.5

su cient conditions for observability of an LTV system are gven by a rank test (see

e.g [L9).

Lemma 3.2.1 (Observability). Supposeq (n 1) is a positive integer such that
C(t) is at leastqg times continuously di erentiable, andA(t) isq 1 times continuously
di erentiable. Then the linear system is observable djtg; t; ], if for somet 2 [to; t;],

rank O(t) = n, where

2 3
Lo(t)
O(t)=§ : Z
Lq(t) (3.2)
Lo(t) = C(1);

Li(t) = L; 1(t)A) + Ly 1(t)
By de nition, observability of an LTV system is tied to a particular nite time
interval. Observability over one nite interval does not neessarily imply observability
over another nite interval. However, if an LTV system is obgrvable on a nite

interval [to; t;], it remains observable for any nite interval that contains |to; t; ].
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3.3 Uniform Observability of an LTV System

According to De nition 2.2.6 uniform observability bounds the observability gram-
mian away from being singular for allt. Uniform observability implies observability,

however the converse need not be true.

Remark 3.3.1. Since A(t) and C(t) are bounded, there always exists, such that
the upper bound in(2.10 is satis ed. Thus in the sequel we consider only the lower

bound.

In this work, we consider a specic to assess uniform observability of an LTV
system, since as is shown in Sectid@?, smaller values of are preferred for improved

estimator performance.

De nition 3.3.2  (Uniform Observability for ). The linear system in(3.1) is uni-
formly observable for a given> 0 if and only if there exist positive constants ; and

> such that
0< 4 M(tt+ ) ol (3.3)

for all t.

By construction, if an LTV system is uniformly observability for some then it is
uniformly observability for any ; > . Under this de nition of uniform observability
for , an LTV system that is not uniformly observable for some ; may still be
uniformly observable for some, > ;.

To study uniform observability of an LTV system for a , we must assess asymp-
totic properties of the observability grammian. The notionof limiting systems pro-
vides a tool that lets us use the standard observability rankest from Lemma3.2.1,
to assess uniform observability of LTV systems. In the nextestion we introduce the

notion of limiting systems of an LTV system.
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3.4 Limiting Systems

The notion of limiting systems of an LTV system in the analys of controllability
and observability appears in early work34)], although our treatment of the subject
borrows heavily from 5. More recently, limiting systems have been used for analgs
of non-autonomous nonlinear systems ir2¢, 27).

In this section, we rst show how limiting systems are constrcted, and then show
that they exist under suitable hypothesis. Given a sequena# positive scalarsft;g,
i=1:::;1, we de ne a sequencéA'i (t)g of translations of the matrix coe cients
in (3.1 by

Ali(t) == A(t+ t))

and the sequencé C'i(t)g is de ned similarly.

De nition 3.4.1  (Limiting Systems). If f A'i(t)g and f C'i (t)g converge toA,(t) and
Co(t) respectively, then the system

X(t) = Ao(t)x(t)
y(t) = Co(t)x(t)

is a limiting system of (3.1) induced byft;g.
We rst show that the sequences in question have convergenitssequences.

Lemma 3.4.2 (Existence of Limiting System) Given bounded and uniformly con-
tinuous S(t) : [to; 1 ) 7! R™ ™ and an in nite sequence of positive scalarkt;g, there
exists a subsequende; g of ft;g such that the corresponding sequence of translations

fSi(t)g converges to som&,(t).
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Proof. Let E = fey;e;:::gbe acountable dense subset df{1 ). First, we show that
f Sti(t)g converges orkE using a standard argument (see for exampl@§], Theorem
7.23). SinceS(t) is bounded, the sequence of matricesS' (e;)g has a convergent
subsequencéS % (e;)g indexed byf 1,9 f t;gthat converges to some&1 and thus
iI!ilm S 1 = S;. Note that the sequence of matrice$S i (e;)g is bounded and thus
has a convergent subsequence indexedfoy.;g f 1igsuch thati!ilmS 2i(g) = S,.
Moreover, sinced ,;g f 1,0, iI!ilm S 2i(g) = S;. We continue this process, resulting

is a set of nested sequences
ftig f 19 f ni9
with the property that
MERORE

forall1 j n. Letf ;gbe the sequence obtained from the set of sequerice;g
asn!1l ,thenfSi(g)g converges toS; for all § 2 E. SinceS(t) is uniformly

continuous, there exists a continuous extensids,(t) (see for exampleZ§, p. 99). O

Lemma 3.4.3. |If the sequences A '(t)g and f C i(t)g converge toA,(t) and Cy(t),
respectively, then the corresponding sequence of obselitglyrammians M ' (t;t + )

converges to the observability grammia¥ ,(t;t + ) of the limiting system.

Proof. Note that

Mitt+ )= M(t+ ;t+ i+ )
Zt++i

[C)( ;t+ DITICC)( ;t+ )ld

t+

Z ..
[CC + )( + ut+ DI'ICC + )( + it+ ld

t
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Since. IlimA (1) = Ao(t) and ,Iilm C i(t) = Co(t), we can write
il il

lIimMYU(tt+ )=

il ZH
lim[CC+ )+ at+ ITICC+ )+t )d
S Zy

lim[C () 'GtN'[C'() '(;t)d
zZ.
[Co( ) 0(;t)]T [Co( ) of;t)]d

t

Mo(t;t + )

0

In the next section, we present the principal conclusion ragding uniform observabil-

ity for of an LTV system from our use of limiting systems.

3.5 Limiting Systems and Uniform Observability

for

Lemma 3.5.1. The linear system(3.1) is uniformly observable for > 0 if and only

if all of its limiting systems are observable oft;t + ]forall t t,.

Proof. Suppose that @.1) is not uniformly observable for . Then there exist a
monotonically decreasing sequence of positive scalarsg that converges to zero and
a sequence of timeét;g and corresponding unit-norm vectors x;g such that

xI M (ti;ti + )X i i=1;2:::1: (3.4)

Then by Lemma3.4.2 there exists a subsequende 1;g f tijg for which fA i (t)g
converges. Applying Lemma3.4.2to fC i (t)g yields a subsequencé ,;g f 1.0
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such that f C 2i (t)g converges. Let the subsequence of unity-norm vectadirg,.ig
fx;g correspond to the subsequenck 2'g, then fx,;g is bounded and there is a

subsequencé ig f ;g for which x , converges. Since

fig f 20 f 10

the limits
iI!ilm A(t) = Ao(t)
iI!ilm C (1) = Cy(t)
iI!ilm X, (t) = Xo(t)
exist. Thus
iI!ilmxTiM (tt+ )x, =0
implies that

XeMo(t;t + )X, =0
and that the limiting system
X(t) = Ao(t)x(t)
y(t) = Co(t)x(t)

is not observable ontft + .
Now suppose that 8.1) is uniformly observable for . Then there exists > 0

such that the corresponding observability grammian sati®s
M(t+ ) |

forallt t,. By construction, the observability grammian of any limithg system of
(3.1) must satisfy the same bound and must be observable foron [t;t + ] for all

t to. O
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3.6 Uniform Observability for Using Reduced
Order System

In this section, we use the notion of limiting systems of an LY system to facilitate

assessment of uniform observability for.

Lemma 3.6.1. For x(t) = [x](t);x](t)]", wherex;(t) 2 R"™ and x,(t) 2 R", the

LTV system
2 3

(b = 4Au0 Axg

X(to) = Xo
hAzl(t)_ Az(t) (3.5)
i

y(® = 1, 0 x(t)

where matrix partitions match partitioning of x(t) and all coe cient matrices are

uniformly continuous, is uniformly observable for > 0 if the LTV system
z(t) = Agp(t)z(t); Z(to) = 2o

Y2(t) = Asa(t)z(t)

is uniformly observable for .

(3.6)

Proof. Suppose the 8.5) is not uniformly observable for . Then it possesses a limiting

system
2 3

= 47 Aols 00 =

h Ao;21(_t) A0:22(t) (3-7)
|

y(® = 1, 0 x(1)

that is not observable on{;t + ] for somet. Thus the observability grammian
Z .,
Mo(tit+ )i=  [Co( ) o(it)]" [Col ) of:t)Id (3.8)

t



3.6 Uniform Observability for Using Reduced Order System 23

h [

is not invertible, whereCy( ) = 0 and (;t) is the transition matrix corre-

In,

sponding to (3.7). Thus there exists a vector 6 0 such that
TMy(t:t+ ) =0
By non-negativity of the integrand in (3.8),
Co( ) o(5t) =05  2[tt+ ]

De ne 2 3

z
2( )= o:t) =4 1()g
2( )
where,z;( ) 2 R" and z;( ) 2 R"2. Then from C, = [1,,;0],

z;( )=0; 2 [tt+ ]
We can write,
d _d _
§20)= 5 oGt
= Ao(t) o(;t)
2 3

= A (1) 4 0 5
z( )

where Aq(t) is the coe cient matrix in ( 3.7). Thus we can write

dizz( )= Ao22( )Z2( )

which implies,
()= ap(it) 2 260

Also,
Ao;12( )22( ) = 0; 2 [t;t + ]
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Consider the observability grammian for 8.6)

Z.
Moao(tit + )= Ac2( ) Ae(it) ! Ao12( ) A.(it) d (3.9)
t
Multiplying by , yields,
Z .
Moo(t;t+ ) 2= Ao1o( ) Aen(:t) T Ac12( ) Ap(it) 2 d (3.10)
t
which implies,
Z .
Moza(tit+ ) 2= Ao1a( ) aen(it) T[Acia( )zo( )]d =0 (3.11)

t

Thus there exists a vector , 6 0 such that
s Moao(tit+ ) 2=0

Thus the limiting system of (3.6) is not observable for over the intervalfft + ] for

> 0 and hence 8.6) is not uniformly observable for . O
3.7 Uniform Observability for over a Finite In-
terval

A stable observer exists for an LTV system if it is uniformly bservable. In general, it
is di cult to assess uniform observability by computing the observability grammian

and then studying its asymptotic properties. In practical gstems, however, it can
be acceptable to consider nite time intervals t;t;]. We seek to show that there
exists a Luenberger observer over the nite interval with oberver error bounded by
an exponentially decaying function. For this, we require alervability to be satis ed

over a sliding interval contained in {,;t;]. We formally de ne this requirement as

uniform observability for over a nite interval.
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De nition 3.7.1.  An LTV system is uniformly observable for over a nite
interval [to;ts] if the LTV system is observable over intervalg ;t] for all t in

[to+ ;tf]-

We next show that uniform observability for over a nite interval is su cient
for the existence of a Luenberger observer with observer @rfbounded by an expo-

nentially decaying function on the nite interval.

Theorem 3.7.2. Suppose the LTV systen{3.1) is uniformly observable for over a

nite interval [to;t;] and let
Z t

Q(t) = exp( 1) "(;t)CT()C()( ;t)d (3.12)

t

whereC(t) is the matrix coe cient of (3.1) and ( ;t) is the state transition matrix
of (3.1). Then the observer gairH (t) = Q (t)CT(t) is such that the error-state is

bounded by an exponentially decaying function for dlin [to + ;t].

Proof. Since the system 3.1) is uniformly observable for over the nite interval

[to + ;t¢], the matrix

Nt ;t)y= "t ;t))M@E t)(t ;t)
Z (3.13)

TGHCT)C() ( st)d

t

is invertible for all t 2 [t, + ;t¢], whereM (t ;t) is the observability grammian of
(3.1). Since we considet only in a nite interval and since all coe cient matrices of

(3.1 are bounded, there exist positive constants; and , such that
0< 4 N(@t ;t) ol (3.14)
Hence we can write

O<exp( )al Q) 2l 8t2[to+ ;tf] (3.15)
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Di erentiating Q(t) with respect to t,

Q(t)= CT()C(t) exp( ) "(t ;t)CT(t Tt )(t ;t)
exp( 1) T(;)CT()C()( ;t)d

Z,

AT()  exp( ) T(;t)CT()C()( ;t)d

z,

t

exp( 1) T(;t)CT()C()( ;t)dA(t)

t

Substituting (3.12 in (3.16 yields
Q)= CT(HC(t) exp( ) "(t )CT(t HCt )H(t ;t)
Q) AT(HQ() QA
The observer-error state equation

et) =[A(t) HMCM]et); t to elto)= &
can be written as
gt)= A() Q '(CT(H)C(L) e(t); t to; €(t))=&=Xo Zo
De ne A(t) = A(t) Q (t)CT(t)C(t). Hence we can write
AT(HQ() + QAWM + Q) = A(M)  Q *HCT(HC() ' Q1)
+Q() A() Q YHCT(HC(t) + Q)

= AT()Q(N) + QA()  2CT()C(t) + 1)
Substituting (3.17) in (3.19 yields

AT(1)Q(t) + Q(A(L) + Q(t)
= CHHC(t) exp() "(t ;t)CT(t HCt H(t ;t) Q)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Noting that the rst two terms on the right hand side in (3.20 are negative semi-

de nite, we can write

AT(HQ() + QA + Q) Q(Y) (3.21)

From (3.15 we can write

AT(HQ) + QAN + Qt)  exp( ) 4l (3.22)

Thus there exists a bounded symmetric matrixQ(t) that is continuously di erentiable
and satis es

exp( )1 Q) 2l (3.23)

AT(HQ(M) + QAN + Q) exp( ) 1l; 8t2[to+ ;tf] (3.24)

where A(t) is the observer system matrix. Using3.23 we can write

exp( ) 1ke()k®> e ()Qt)e(t)  oke(t)k®; 8t 2 [to+ ;ty] (3.25)

Similarly, forall t t,+ ‘
% e' ()Q()e(t) = e (1) hRT(t)Q(t) + Q(UA(t) + Q(t)I &t)
exp( ) 1 ke(t)k? (3.26)
exp ()= e (e

Hence for anyey = e(tg) and Qg = Q(to) we can write,

e ()Q(t)e(t) exp exp( )—;(t t)) eQo&; t to+ (3.27)

Using (3.25 we get,
; exp
1exp( )

2
—F—eX
1exp( )

ke(t)k® exp ( )—;(t to) € Qoo

(3.28)
poexp( ) (t to) kek’
2
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De ning
=exp( )2 (3.29)
1
we can write
1
ke(t)k®  exp =(t to) kek® 8t to+ (3.30)

Here 1 since », 1 and > 0. Thus the observer error is bounded by uniformly
asymptotically decaying function.
Thus there exists an observer gaill (t) = Q 1(t)CT(t) such that the error-state

is bounded by an exponentially decaying curve for allin [to + ;t¢]. O

As can be seen from3.30, smaller values of are are preferred for improved

estimator performance.

3.8 Existence of the Kalman lIter

In this section we show that uniform observability for over a nite interval is su -
cient to guarantee Kalman gain that is stabilizing over a nte interval [to; t¢].

For the Kalman lter implementation, the dynamical system nust be excited by
white noise R9. The LTV system (3.1) with process and measurement noise can be

written as
x(t) = A(Dx(t) + G(H)! (1)
y(t) = C(Ox()+ (1)
where! (t) and (t) are zero-mean, white Gaussian processes such that
covl (1);! ()= Q) (t )
cov[ (t); ()I=R(®) (t )
covl (t); ()1=0

(3.31)
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and Q(t) and R(t) are assumed to be bounded, symmetric, positive de nite and
continuously di erentiable for all t.

Assuming matrix functions A(t), G(t) and C(t) to be bounded in @.31), the
Kalman lter ( 2.18 is uniformly asymptotically stable if the pair f A(t); G(t)g is
uniformly controllable and the pairf A(t); C(t)gis uniformly observable 29]. Without
loss of generality, we assume that the pairA(t); G(t)g is uniformly controllable and
assume that the pairf A(t); C(t)g is uniformly observable for over the nite interval
[to; ts]. We next show that under these assumptions, the Kalman gais stabilizing

onfto+ ;ts].

Lemma 3.8.1 (Existence of Stabilizing Kalman Gain) Suppose(3.3]) is uniformly
controllable and uniformly observable for over the nite interval [t,;t¢]. Then
the Kalman gainK (t) = P(t)CT(t)R (t) is such that the state estimation error

is bounded by an exponentially decaying function for alin [to + ;t¢].

Proof. This proof is based on the approach taken ir830]. Since @.3J) is uniformly
observable for over the nite interval [to;t;], there exist positive constants ; and

> such that
Zt
0< 4l TGOCTOR MMC()( ;t)d 2l

t
forall tin [to+ ;t¢]. Under the assumptions of uniform controllability and unfiorm
observability for over the nite interval [ to; t¢ ], along with positive semi-de niteness
of the initial error covarianceP (0), solution P (t) of the matrix Riccati equation exists
forall tin[to+ ;tf][23 and P(t) is bounded such that there exist positive constants

1 and » such that,

0< 4l P (1) ol 8t 2 [to+ ;ts]
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Hence,P (t) exists for allt in [t,+ ;t;]. SinceP(t) is positive de nite, so isP 1(t),

and there exist positive constants 3 and 4 such that,
0< 3 P Xt) 4; 8t2[te+ ;tf]
Also we can write,

RA= P OAM ATOP ')

(3.32)
P H(OGHQMGT (P *(t)+ CT(HR *(C(Y)
De ne a candidate Lyapunov function by
V(e(t);t) = e (P (et (3.33)

wheree(t) = x(t) ®(t) is the estimation error. SinceP (t) is bounded from below

and above, there exist positive constantss and ¢ such that,
0< sl V(et);t) 6l; 8t2[to+ ;tf]
Di erentiating V (e(t);t) with respect to time, we can write

V(e(t);t) = e (t)f At) P®CTH)R YH)C() P (1)
+P Ht) A(t) P()CT(HR HB)C(t) + R *(t)ge(t)

Substituting for P- 1(t) from (3.32 and simplifying,
V(e(t);t) = e'(t) P H(H)GMQMGT (P *(t)+ CT(HR Y()C(t) et) (3.34)

The right hand side of 3.349) is in general negative semi-de nite and henc¥ (e(t);t)
is non-increasing for allt in [to + ;t¢], and hence the error(t) is bounded. That is,

there exists some 1, such that

ke()k  kek: 8t 2 [to+ :tf]
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To show that e(t) is bounded by a uniformly exponentially decaying functionwe
need to show that\/(e(t);t) is negative de nite for all t in [to+ ;tf]. It is su cient

to show that
V(e(t);t) V(et )t )< 0 8t2[to+ ;tf]

or equivalently show that
YA t
V(e(); )<0; 8t2][te+ ;ts]

t
This follows from (3.34 and the conditions of observability over sliding intervad
[t ;t]in[ty+ ;t¢] and uniform complete controllability of (3.31). Detailed steps
that show V (e(t);t) V(e(t );t )< Oare presentedin23] and are not reproduced
here.
Thus Kalman gainK (t) = P(t)CT(t)R (t) is such that the state estimation error

is bounded by an exponentially decaying function for all in [to + ;t¢]. O

In the next chapter, we introduce the range navigation algahm.



Chapter 4

Range Navigation

4.1 Introduction

In this chapter we present the problem statement of the rangeavigation algorithm
and introduce the system dynamics therein. We identify thre cases under which we
study observability of the range navigation system. Thesehtee cases are - when
no currents are present, when the currents present are knovand when the cur-
rents present are unknown. We present observability analgsof the range navigation
algorithm for cases when no currents are present and when therrents present are
known. Analysis of range navigation in the presence of unkwa currents is presented

in Chapter 5.

4.2 System Dynamics

We use the Cartesian coordinate system for de ning system dgmics. Figure4.1

shows the coordinate frame along with the nomenclature uséat de ning the system

32
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Yll

0 v "X

Figure 4.1: Coordinate system and AUV dynamics.

dynamics. Since the vertical position of an AUV is easily imsimented using a depth
sensor, we simplify the notation and consider motion only ithe horizontal x vy
plane. Without loss of generality, the absolute position othe acoustic beacon is
assumed to be (0, 0). The position of the AUV is at time is [x(t);y(t)]". The
yaw (heading) angle of the AUV is' (t) and it is measured counter-clockwise from
the x-axis. Water-relative speed of the AUV isu,(t). The currents are denoted
by v = [v«;w]", wherevy, and vy, are components of currents irx and y directions
respectively. We assume that the currents are constant.

As is standard for navigation algorithms, the system dynaros utilized herein are
based on a kinematic model of the AUV. Dynamic models are diglt to use since
they would vary with AUVs and AUV con gurations, and they are often not available

in su cient delity.
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The system dynamics are

2 3 2 3
X(t) uy(t) cos’ (t)
y(t) u(t) sin’ (t)
‘(1)L = u,(t) ;U ter S(to) = So (4.1)
V(1) 0
vy(t) 0

The AUV measures its range from the origin and its heading ategy The measurement

equations are
2 3

h(t) = AEGERZON
(1)

(4.2)

4.2.1 Implications of Modeling Errors

Since we are using a kinematic model to describe motion of atuX, there will be a
mismatch between the estimated and true motion of the AUV focertain maneuvers.
For example, a kinematic model does not capture the sidegsinotion during turning
when there is a non-zero angle-of-attack(t) = ' (t) (t), where (t) is the instanta-
neous direction of the AUV's velocityp(t). Figure 4.2 shows the angle-of-attack of an
AUV. Angle-of-attack is small for typical straight line maneuvers in practice and it is
di cult to instrument on a small AUV. In the kinematic model, the angle-of-attack
is always zero so that (t) and (t) are the same. To demonstrate the performance
of the navigation algorithm when the angle-of-attack is nowzero, we utilize a full
six degree-of-freedom dynamic model of a representative XUn Section 4.6. We
empirically show that bounded position estimation errors acur when the vehicle is
turning and experiences a non-zero angle of attack, yet thegition estimation errors

converge to zero when the vehicle returns to a straight lineajectory.
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Figure 4.2: Angle of attack

4.3 The Three Cases

In this section we identify the three cases under which obsebility properties of the
range navigation algorithm are studied. We also introduceystem dynamics in polar
coordinates for all the three cases. Polar coordinates aread for the observability

analysis in the sequel.

4.3.1 Case 1: No Currents

When no currents are present, the state of the system $t) = [ x(t); y(t);" (t)]" and

the system dynamics are

2
x_(t) uy(t) cos' (t)
s(t) = ;l(t)z Eul(t) sin' (t)z to; S(to) = So (4.3)
ux(t)
%p —r s
x2(t) + y(t)g
(1)

h(t)= 4 (4.4)
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In the polar coordinates, we de ne the state of the systers,(t) = [r(t); (t);" (t)]".
Any point (x;y) in the Cartesian coordinates is equivalent to its polar fon (r; )

through the relations

X =1TCO0S

y = rsin

The system dynamics and the measurement equation in the pokoordinates are

2 3 2 3
r(t) uy(t)cos[ (t)  (t)]
Sp(t) = ; _(t)z = E url(it)) sin[ (t) (t)] z ;U o Sp(to) = Spo (4.5)
'(t) ux(t)
2 3
ho(t) = 4" V5 (4.6)
(1)

We assume thatr(t) > O for all t.

4.3.2 Case 2: Known Currents

When currents present are known, we de ne the state of the ggsn by s(t) =

[X(t);y(t);" (t)]" and the system dynamics are
2 3 2
us(t)cos' (t) + vy

X(t)
s(t) = E)L(t)z = §U1(t) sin' (t) + vyz; t to; S(to) = So (4.7
(1) uz(t)
2p L
x3(t) + y*(t)g
(1)

h(t) = 4 (4.8)



4.3 The Three Cases 37

The system dynamics and the measurement equation in the polkoordinates are
2 3 2 3

r(t) u.(t) cos( (t) (t)) + vy cos (1) + vy sin (t)
sp(t) = E {t) z = ;Url((tt)) sin( (1) (1) %sin () + - cos (t)z (4.9)
(1) uz(t)
2 3
hy(t) = 4" Ws (4.10)
(1)

4.3.3 Case 3: Unknown Currents

When currents present are unknown, the range navigation agthm estimates the
currents along with the position of the AUV. We de ne the stakt of the system by

s(t) = [x(t); y(t);" (t); vx(t); vy (t)]" and the system dynamics are

2 3 2 3
x(t) uy(t) cos’ (t) + vy
y(t) ui(t)sin® (t) + vy
s(t)y=8"'(t)1 = u(t) ;b te, S(to) = So (4.11)
V(1) 0
v (1) 2, o
h(t) = 4 0 g (4.12)
(1)
The system dynamics and the measurement equation in the polkoordinates are
- r(t) 0 ui(t)cos( (t) (1)) + vicos (t) + vysin (t) ’
£{t) mlsinC () () Fysin (1) + g cos (1)
sp(t) = @' ()2 = ux(t) (4.13)
Vy (1) 0

v (1) 0
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2 3

hp(t) = 4 "0 5

(4.14)
(1)

4.4 Range Navigation with No Currents

In this section, we examine the case when there are no curreresent. We linearize

(4.5 around any arbitrary trajectory and study observability of the LTV system thus

obtained.

4.4.1 The Linearized Model

The LTV system obtained by linearizing @.5) around a nominal state trajectorys,(t)
and corresponding nominal inputu,(t) is

Sp (1) = Ao(t)sp (1) + Bo(t)u (1);  Sp (to) = Spos t 1o

hp (1) = Co(t)sp (1)

(4.15)

wheres, (t) = sp(t)  Spo(t) =[r (t); (t);" (t)]" is the perturbation from the nom-
inal state spo(t), hp (t) = hp(t)  hpe(t) is the perturbation from the nominal output

hpo(t), and u (t) = u(t) uo(t) is the perturbation from the nominal input u,(t).

Dening o(t) = ' o(t)  o(t), the coe cient matrices can be written as
2 3
Uo(t)sin o(t)  Uso(t) sin oft)
Ao(t) = E “rl;((tt)) sin o(t) 2= cos ot) 2=l cos ot) z
0 0

3 (4.16)
Cos o(t) O 2 3

2
10
Bo(t) = gr(t) sin o(t) 0Z; Co(t)=4 5
L 0 01
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Using the relationships in @.%, Ao(t) can be expressed as

0 o(ro(t)  s(B)ro(t)
Ao(t)zg Z

ORI = (4.17)
0 0 0
Using similarity transform, we transform @.15 into
g ty2 3 2 823 3 2 3
4Z_a(t)5 — 4A11(t) AlZ(t)S 4Za(t)5 + 4Bll(t)5 u (t)
Zy(1) Ax(t) Ax(t)  zu(t) B2i(t)
2 3 (4.18)
h : Z,(t)
yt)= 1, 04 S = z,(t)
Zy(1)
where . .
h it h it
z()= zZI(t) P Z@® =or@® " @)
) 3 ) 3
0 ot ot
An® =4 ~O0ls ;= 40 Ws
h i h i (4.19)
- ot ro(t) - - ro(t
Ax(t) = ) % %3, Agy(t) = h % |
cos o(t) O |
Bu(t)= 4 ° 15 , Bar(t)= osin o(t) O

ro(t)

4.4.2 Conditions for Uniform Observability for

We seek su cient conditions ons(t) for which (4.18 is uniformly observable for .
Under Lemma @.6.1), uniform observability for of (4.18 is equivalent to uniform
observability for  of the pair [Az,(t); A12(t)] from (4.19.

Let the observability grammian for the pair A2(t); Ao(t)] from (4.19 over an

interval [t ;t] be
YA t

M (t ;t)= 20t )AL()AL() 2(;t )d (4.20)

t
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where ,,( ;t ) is the state transition matrix corresponding toAx,(t). We can

express the state transition matrix as

Z
2( 5t ) = exp Agx( )d
Z L0
_ 0 4.21
—eP ()" 2

=exp[ Inro( )]

Simplifying, and noting that ry(t) > O for all t, we can write

: _ Tt )
2»(;t )= e ) (4.22)
Substituting for ,,( ;t ) and Ag( ) in (4.20 and simplifying
Z t
M (t t)=r2t ) 2()d (4.23)
t
Note that M,(t ;t) is a scalar.
Theorem 4.4.1. Suppose there exists scalar> 0 such thatr(t) for all t. The

pair [Ax(t); Aa(t)] in (4.19 is uniformly observable for if there exists > 0 and at

least one 2 [t ;t], foreveryt ty,+ , such thatj{ )j>

Proof. Sincej o( )] , We can write 2( ) 2. There exist positive constantsK ;

and K, such that j o(t)j <K 1 and j*,(t)j <K , for all t. Therefore

d .,

o) =2 o) (1) < 2K1K = K (4.24)

Foranytin[t ;t]

i? St)i Kj ot (4.25)
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It follows that

St 2 OKj ot (4.26)
There exists an interval T of length | = min 5; -~ , on one side of or the other,
such that
2(tr) % Kj trj>0; 8tr2T (4.27)
Integrating over T,
Z Z,
2(tydty; 4 K zdz>0 (4.28)
T 0
which results in
Z 2
St)d 1 K5 >0 (4.29)
T
De ne
2 |2
= | K —
2

Thus > 0. SinceT [t ;t],
Z, Z
2(ty)dty 2(ty)dty (4.30)
t T
and
Z t
At ) S(tydty  rAt ) =g (4.31)
t
The observability grammian for the pair P,(t); A12(t)] can be written as
Z t
M (t t)=r%t ) 2(tydty g 8t to+ (4.32)

t

Thus the pair [A2,(t); A12(t)] is uniformly observable. O
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The nominal trajectory described by arbitrarily small o( ) for all in some
interval [t ;t] describes a straight line segment whose extension wouldspahrough

the origin.

Remark 4.4.2. Suppose the AUV travels along straight line segments whogeee-
sions pass through the origin for nite intervals and left;; t;] be the longest of such
intervals. We can choose t, t; so as to ensure that the system is uniformly

observable for .

Remark 4.4.3. Local observability of the nonlinear system does not implyobal
observability. Indeed, there exist AUV trajectories that @ not globally observable
even though they are locally observable. For the nonlinegistem (4.18, we can
identify trajectories that are not distinguishable but ald which the linearized system
is locally observable. Speci cally, any straight line tragtory is not globally observable.
For any straight line trajectory, there is a parallel trajetory with equal range to the
origin, as shown in Figure4.3. The original trajectory and its mirror image are
indistinguishable. While straight line trajectories are at globally observable, they are
locally observable so long as they are not part of a line seginiat passes through
the origin. Thus straight line trajectories are permissild if the estimate of the initial

state of the vehicle is su ciently close to the true initial sate.

4.5 Range Navigation in Known Non-Zero Cur-
rents

In this section, we consider the case that known constant aants act on the AUV.
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1 pa(t)
paA(t)

v

Figure 4.3: Indistinguishable trajectories

45.1 The Linearized Model

The linearized system obtained from4.9) is

§p (t) = Ao(t)sp (t) + Bo(t)u (t); Sp (tO) = Spo; t2 [to;tf]

(4.33)
hp (1) = Co(t)sp ()
where, de ning o(t) = ' o(t) oft)and o(t)="¢ (1),
2 3
0 Alz(t) Ulo(t)sin o(t)
Ao(t) = §A21(t) An(t) 428 cos ot) z
0 0 0
3 (4.34)

2
cos o(t) O 2 3
10 05
Bo(t) = § 2 sin o(t) 0f; Co(t)=4
A 001
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where

Ar(t) = ug(t)sin o(t) vxsin o(t) + vy cos oft)

U1o(t)

r2(0)

ulo(t)

r(t) o(t)
From the relationships in @.9), Ay(t) can be written as

2 3

0 o(t)ro(t)  us(t)sin oft)
o(t) - § z

St fo(t) Uso (1)
To(D) o (D o0 COS o(l)

0 0 0

sin o(t) +

Ao(t) = cos o(t)

sin (t)

Vy vy
2(t) rS(t)

cos o(t)

Ay(t) = sin o(t)

cos o(t)

o(t)

As in Section4.4, we express the state equatior4(33 as
2 3 2 3

_ gAu(t) An(t)g 2() + 4Bu®g
2A21(t) 3:6\22(1:) Bo1(t)

z(t) u (t)

y(t) = 4t © 05z(t)
010

where
h it
z(t)= r () " () (1)
2 3 2 3

A(t) = 40 Un(t)sin o(t)5; Ass(t) = 4 o(Dro(t)g
0 0

h h o
Aa(t) = ) o) Uioll) oog o(t) Axn(t)= LI

ro(t) o (t) ro(t)

cos o(t) 0 h i
Bu(t)= 4 OO 15; Boy(t) = r(t) sin o(t) O

(4.35)

(4.36)

(4.37)

(4.38)

We see that the expressions for the paiAL,(t); A2(t)] in (4.38 are identical to the

expressions in 4.19.
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4.5.2 Conditions for Uniform Observability

We seek conditions under which the pairA,,(t); A1(t)] from (4.38 is uniformly

observable for .

Theorem 4.5.1. Let there exist some > 0 such thatr(t) for all t. The pair
[A2x(1); A1(t)] in (4.38 is uniformly observable for if there exists some > 0 and

atleastone 2 [t ;t]foreveryt t,+ ,such thatj{ )j>

The proof of Theorem4.5.1is identical to the proof of Theorem4.4.1and hence
it is omitted here.

The condition obtained in Theorem4.5.1is exactly the same as in the case of
no currents. It is worth emphasizing that in the context of tre original non-linear
system describing AUV motion, Theorem#.5.1is a local result, as is Theorerd.4.1
An observer for the nonlinear system will converge only if #hestimate of the initial

state is su ciently close to the true initial state.

4.6 E ect of Non-Zero Angle of Attack on AUV
Trajectory Estimation

In this section we show the e ects of angle-of-attack on thegsformance of the ob-
server using a 6-DOF nonlinear model of an AUV. We show throhgsimulation that
bounded estimation errors occur during turning maneuvershen the angle-of-attack
is non-zero, but the estimation error converges to zero wheine AUV starts moving
along straight line trajectory after the turn.

A 6-DOF dynamic model of an AUV is used to generate referenceajectories in

the horizontal plane. The 6-DOF model captures the side-pliof the AUV during
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Figure 4.4: E ect of the angle-of-attack on the estimation.Squares and circles denote

start and end points respectively.

turning maneuvers. The angle-of-attack is non-zero durinturning maneuvers, but
negligible during straight line trajectories. This resuls in an increase in the AUV
position estimation error during turning maneuvers, but tle estimation error con-
verges to zero during the subsequent straight-line trajeaty. This fact is illustrated

using the trajectory shown in Figure4.4. The true trajectory is generated using a
6-DOF dynamic model, while the estimated trajectory is comyted using an extended
Kalman Iter based on the kinematic model of AUV motion. For the same trajectory,
Figure 4.5 shows the rate of change of heading of the AUV, the angle-atack, and

the position estimation error.
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Figure 4.5: AUV angular rate, angle-of-attack and positiorerror
4.7 Demonstration

The navigation algorithm was demonstrated on 21 November @8, using represen-
tative hardware but without building or otherwise acquiring the acoustic hardware
required to compute underwater range from a known locationThe VT Miniature
AUV was deployed in a freshwater pond that had no signi cant arrents. The AUV
was run on the surface so that the GPS signals were availablentinuously. Posi-
tion information from the GPS was used to compute the ranges ¢the AUV from
a xed location and to provide the ground truth for the algorthm. The AUV was
instrumented with an electronic compass for measuring thelWV heading' (t) and
a MEMS gyro for measuring the angular rateu,(t). Propeller position of the AUV
was instrumented, enabling estimates of the AUV spead(t) from the steady-state
propeller rotation rate.

Position data from the GPS is converted into an Earth-Fixed EF) reference frame.
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10

North (m)

210

-45 -40 -35 -30 -ZESaSl ™ -20 -15 -10 -5 0
Figure 4.6: Actual AUV trajectory - square and circle denotestart and end point,

respectively, and diamond is the origin set at a known locatn.

The EF frame has its origin xed to an arbitrary point on the suface of the earth,
and its x-axis points due North,y-axis points due East andz-axis points towards the
center of the earth. At its origin, thex vy plane of the EF frame is locally tangential
to the earth's surface. In our experiments, the origin of tls frame is set to a known
location near the pond where the experiment was conducted.h& trajectory of the
AUV in the EF frame, as determined from the GPS measurements shown in Figure
4.6. The AUV heading' (t) obtained from the electronic compass is shown in Figure
4.7. Figure 4.8 shows the AUV angular rateu,(t) obtained from an MEMS gyro.
Peaks in Figure4.8 indicate turns made by the AUV.
A discrete time extended Kalman lIter (EKF), based on the kirematic model @.7),

was implemented to estimate the AUV position. Implementatn of the extended
Kalman lter is standard (see e.g. Bl], pp. 496), except we assume that the process

noise covariance matrixQ(k) varies with time. When the AUV makes a turn we
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Figure 4.7: AUV heading' (t) from compass.
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Figure 4.8: AUV rate of change of heading,(t).
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Figure 4.9: Actual and estimated trajectories. Squares andrcles denote start and

end point, respectively.

assume thatQ(k) is larger than when the AUV is traveling along a straight lire.
This matches the fact that along a turn the kinematic model othe AUV is less
accurate due to non-zero angle-of-attack.

Figure 4.9 shows the GPS track of the AUV and the estimated AUV trajectoy
determined by the EKF. The estimated trajectory agrees welvith the GPS track
except along turns. As predicted, the estimated trajectoryconverges toward the
actual trajectory after each turning maneuver. The turn cetered near (-25, -10)
shows modest divergence of the estimated trajectory befotige turning maneuver.
We believe this is due to oscillations in the GPS track and cogsponding range

measurement that do not re ect actual motion of the AUV.



Chapter 5

Range Navigation in the Presence

of Unknown Currents

5.1 Introduction

In this chapter, we consider the case when the currents preseare unknown and
must be estimated along with the position of the AUV. For thiscase the reduced
order system does not lead to easy expression for the obséilty grammian, as
it did for the cases of no currents and known currents. Here wese the notion of
uniform observability for over a nite interval [t,; tf ] to study the range navigation

algorithm.

5.2 The Linearized Model

The systems dynamics in polar coordinates for the case of undwn currents are

introduced in Section4.3.3 A linear time-varying system is obtained by linearizing

51
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(4.13 around a nominal trajectory
Sp (1) = Ao(t)sp () + Bo(t)up (t);  Sp (to) = So; T2 [to; tr] (5.1)
hp (1) = Co(t)sp (1)
where, de ning o(t) = ' o(t)  o(t),
2
0 An(t) up(t)sin o(t)  cos ot) sin o(t)
Aa(t) An(t) 2llcos o)  sin oft) =i oS oft)
Ao(t) = 0 0 0 0 0 (5.2)
0 0 0 0 0
0 0 0 0 0
A(t) = uge(t)sin o(t) vxsin o(t) + vy cos 0(t)
Ugo(t) . Vy
Ax(t) = rlg((t)) sin (1) 2(t) 2(t) o(t) (5.3)
_ U1o(t)
Ax(t) = O COS (1) o(t) COoS o(t) o(t) sin o(t)
and
2
CoS o(t) O
o Sin o(t) O 2 3
Bo(t) = E c=4 228 (5.4)
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Using relationships in @.13, Ao(t) can be expressed as

Aq(t) =
2 3
0 o(Oro(t) ug(t)sin o(t)  cos oft) sin o(t)
() o (1) 10(t) -
=0 PO e oS o) sin o) 7 cos oft) (5.5)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

In the next section we nd conditions under which b.1) is observable over a nite
interval and then combine these conditions with the requiraent that (5.1) must be
observable over all sliding intervalst[ ;t]in [t + ;t{]. This combination yields
the conditions under which 6.1) is uniformly observable for over the nite interval
[to; ts ].

5.3 Observability Analysis

Theorem 5.3.1. Assumeu(t) 6 0 for all t 2 [tg;t;]. Then the system(5.1) is
observable over the nite intervalto; t¢] if

4a3

~(1) 8 432 dabt+ (4a* + BP)t2

(5.6)

for somet in [to;t;], wherea = (tp) and b= °y(to), such thata and b are not both

Zero.
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Proof. The observability matrix O(t) for the linear system 6.1) is

2 3
1 0 0 0 0
0 0 1 0 0
0  Osx(t) Osa(t) Osu(t) Oss(t)
0 0 0 0 0
o(t) = (5.7)

Os1(t) Osa(t) Oss(t) Osa(t) Oss(t)
0 0 0 0 0

O71(t) O7a(t) O7s(t) Ora(t) Os(t)
0 0 0 0 0

where
Os3y(t) = H(t)ro(t)

Oss(t) = Ugo(t)sin oft)
O34(t) = cos (1)
Og4(t) = cos (1)
Ogs(t) = sin o(t)
Oai(t) = (1)
Osa(t) = *o(t)ro(t)
Osat) = 2-6(t)sin o(t)
Os5(t) = 2 (1) cos o(t)
On(t) = 3-(t) (1)
On(t) = SOre(t) + o(t)ro(t)

Oz(t) =  32(t)cos o(t)  3%(t)sin o(t)
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Ozs(t) = 32(t)sin o(t) + 3 *(t) cos o(t)

Assume that the linearized system&.1) is not observable over the interval tf; t¢ ].
Then by Lemma3.2.1 O(t) is not full rank for all t 2 [to;t;]. Since columns 1 and 3

are independent of each other, the 3x3 submatrix
2 3

Osa(t) Oss(t) Oss(t)
O(t) = gosz(t) Osa(t) 055('[)2 (5.8)
O7a(t) Og7a(t) Oys(t)

obtained from O(t) by removing columns 1 and 3 and all all-zero rows, must be rlan

de cient for all t 2 [to;t¢]. That is,
detO(t) =0 8t 2 [to;t¢]
We can therefore write, for allt 2 [to; tf],
Aro(t) a(t)  3ro(t)*2(t) +2r(t) o(t) o(t) =0 (5.9)
Sincery(t) > 0 for all t in [to; ts ], (5.9) is equivalent to
A453(1)  3°2(1)+2 () H(t) =0 (5.10)

Solving the above di erential equation for (t), we can write,

4a3
(1) = 432 dabt+ (4a* + BP)t2 (5.11)
wherea = (tg) and b= °,(to).
Thus if the linearized system §.1) is not observable then
4a3
({t) = o forall t 2 [to;ts] (5.12)

dabt+ (4a* + B)t?

Invoking the contrapositive yields the desired result. O
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Remark 5.3.2. It is important to note that for real numbersa, b and real timet, the
denominator in (5.12) is zero if and only if botha and b are zero. Knowinga and
b, if we solve fort such that the denominator in $.12) is zero, the solution to the

guadratic equation int is an imaginary number.

The case where and b are both zero is a special case which results in a straight

line trajectory whose extension passes through the origin.

Theorem 5.3.3. Straight line trajectories whose extension passes throutjie origin

are not locally observable.

Proof. If (5.1) is not observable, then from $.10 we can write
45(t) 3% +2 (1) o(t) =0

for all t in [ty;t¢]. A trivial solution to this di erential equation is given by (t) =0
for all t in [to; t;]. For straight line trajectories whose extensions pass thugh origin,
bearing angle (t) is constant for all t in [ty;t¢], and hence o(t) = O for all t in

[to;ts]. Thus straight line trajectories passing through the origp are not locally

observable. O
5.4 Uniform Observability for over a Finite In-
terval

In this section we nd conditions under which 6.1) is uniformly observable for
over the nite interval [to;t;]. According to Theorem3.7.2 combining the specic
observability requirements from Theorem5.3.1 with the requirements for uniform

observability for over the nite interval [to;t;] yields specic conditions on the
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trajectory of an AUV for which a Luenberger observer existat least on the interval

[to+ ;tf]-

Theorem 5.4.1. Supposeuy,(t) 6 0 for all t in [to;t;]. Then (5.1) is uniformly

observable for over the nite interval [to; t;] if

o) 6 40 ), | (5.13)
430) 4s()%() + 440 ) 2

forall tin [to+ ;tf], where =1t

Remark 5.4.2. Even though it is di cult to nd trajectories for which the co ndition
(5.13 is not satis ed, we can show that for simple trajectories, st as a straight
line trajectory whose extension does not pass through thegar, (5.13 is satis ed.
Condition in (5.13 can be checked by an AUV in real time to avoid unobservable

trajectories.

5.5 lllustrative Experiment

The VT miniature AUV was deployed in the Lafayette river nearNorfolk, Virginia,
on 30 August 2004. Tidal ow produces signi cant currents inthe river. The AUV
was run on the surface so that GPS signals were available comibusly. Position
information from the GPS (without di erential corrections) was used to compute the
range of the AUV from a xed known location and to provide the gound truth for
the algorithm. The AUV was instrumented with the sensors desibed in Section4.7.
To measure currents, three drifters, designed by Dr. Jay Atis of the Old Dominion
University [32], were deployed. The GPS data from the drifters was used toropute

the currents. Trajectories of the AUV and the drifters are sbwn in Figure 5.1 The
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Figure 5.1: AUV and drifter trajectories. Squares and cirels denote start and end

points respectively. '+' indicates points where each drittr collected GPS data.
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Figure 5.2: AUV heading' (t) obtained from the compass.
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Figure 5.3: Current components/, and vy, obtained by the nearest drifter point along

the AUV trajectory.

AUV heading ' (t) obtained from an electronic compass is shown in Figuie2 At

any point (x;y) on the AUV trajectory, componentsv, and v, are approximated by
Vx and vy at the nearest drifter data point. This approximation to v, and vy is used
as the ground truth for the current estimation. Figure5.3 showsv, and vy, along the
AUV trajectory. The AUV experiences changing currents alag its trajectory and

hence from the AUVs perspective, the currents vary with time Figure 5.4 shows
the actual GPS trajectory and the trajectory estimated by tte EKF. The estimated
trajectory closely follows the actual GPS trajectory excdpalong the turns. This is

due to the mismatch between the kinematic model of the AUV matn and the actual
AUV dynamics during turning maneuvers 83]. Figure 5.5 shows the actual and the
estimated currents,v, and vy, along the AUV trajectory. The estimate of currents by

the EKF is close to the actual currents calculated from the diters position data. The
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Figure 5.6: Position estimation error

currents along the AUV trajectory are not constant, howeveithe kinematic model
assumes the currents are constant. Due to the constant cunte assumption, errors
are introduced in the position estimation whenever currestchange. Despite this,
the EKF could track changes in the currents. We believe if cuents change slowly,
the position estimation errors induced by changing currestare negligible. Figure
5.6 shows the position error in the EKF position estimation. Themedian position
estimation error is about 2.5m over the entire run. Figuré.6 shows large position
estimation errors just after the AUV makes the turns.
The range navigation algorithm has been successfully deydal on the VT Minia-

ture AUV using acoustic hardware. We present details of thisnplementation in the

next chapter.



Chapter 6

Implementation of Range

Navigation System

In this chapter we present implementation of the proposedrsjle range underwater
navigation system on the VT Miniature AUV. We discuss hardwee as well as software
aspects of this implementation.

The single range navigation system is implemented using asbic hardware con-
sisting of an acoustic transponder anchored at a known logah and an acoustic
modem on the AUV. The acoustic modem pings the acoustic trapender and the
one-way time-of- ight of the ping from the AUV to the transponder is converted into

a range measurement using the speed of sound.

6.1 The Hydroid Acoustic Transponder

A transponder is a listening device that responds to a speciincoming signal with a

prede ned output signal. The acoustic transponder used inhie VT Miniature AUV

62
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Figure 6.1: Hydroid digital transponders

range navigation system is the Hydroid REMUS Digital Transpnder [34]. It responds
to a navigation ping from the acoustic modem thus enabling & AUV to compute
one-way time-of- ight of the ping.

The Hydroid acoustic transponder is a 4-channel transpondéased on a multi-
channel receiver and operates at 25kHz. It allows up to fouri drent AUVs to
simultaneously ping the transponder without any explicit oordination or time-slicing.
The transponder consists of an electronics package that indes batteries, power
ampli er and a micro-controller board in a waterproof case rad a transducer outside
the waterproof case.

Before the start of an AUV mission, a transponder is moored a known location
using an anchor. The transponder is buoyant and holds the tngducer upright (+/-
20 degrees). Figureés.1 shows two Hydroid digital transponders used in the range

navigation system.
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6.2 The WHOI Micro-Modem

The VT Miniature AUV carries the WHOI Micro-Modem, an acousic modem de-
veloped by Woods Hole Oceanographic Institution (WHOI)35]. The Micro-Modem
can be used for navigation as well as underwater communicai

The Micro-Modem has the capability for low-rate frequency Fsft keying with
frequency hopping (FH-FSK) and variable rate phase-cohereshift keying (PSK)
modulation. In the con guration used on the VT Miniature AUV, the navigation
pings are transmitted using PSK codes while data packets asent using FH-FSK
which allows data transmission in shallow waters3pl. However data rate achieved
by FH-FSK in the current con guration is restricted to 80 bits per second.

The Micro-Modem is con gured to operate at 25kHz with a bandvdth of 4kHz
to allow operation with Hydroid digital transponders. The Mcro-Modem uses four
di erent PSK codes thus providing unique code for each trap®nder channel and
thus can simultaneously ping to maximum of four transpondsr The two-way time-
of- ight measurement precision of the Micro-Modem is 125 S which translates into
one-way range estimate accuracy of®75cm, assuming speed of sound in water to be
1500 m/s 5.

Figure 6.2 shows the Micro-Modem hardware and assembly in a custom-agsed
housing. Picture on the left shows micro-modem hardware staand the transducer.
Picture on the right shows micro-modem assembly in a customobising which is
strapped underneath the VT Miniature AUV (see Figure6.3).
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Figure 6.2: The WHOI Micro-modem assembly.
6.3 The Micro-Modem Interface

The Micro-modem communicates with the host computer throlgNMEA compatible
interface that de nes a set of ASCII messages86¢. Micro-modem messages can be
classi ed into command, data, status and error messages. &fib-modem command
messages are used for micro-modem con guration and task exton. Di erent tasks
that can be executed by the micro-modem include active LBL w#&ation using RE-
MUS digital transponders, data transmission and receptioansing an acoustic network
protocol, pinging to monitor acoustic network connectiviy, diagnostics and status up-
date.

The Micro-modem cannot be preprogrammed to carry out certaitasks on its
own. For every task that needs to be executed, the host commutneeds to initiate
the task and if required needs to interact with the micro-moeém during the task

execution to provide additional commands and/or data depefing on the task.
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6.3.1 Micro-Modem Setup for Active Navigation

Performing active navigation using a micro-modem and digat transponders requires
setting up certain micro-modem parameters, using micro-ndem con guration com-
mands. Navigation performance (computing range of the miefrmodem from the
transponder) depends on correct selection of these pararmest

The micro-modem parameter con guration command has the flowing format

[36]
$CCCFG,NNN,VV*CS
NNN Name of the parameter to set
VvV Value of the parameter to set
*CS Optional checksum

Micro-modem echoes back con guration command using
$CACFG,NNN,VV*CS
Following list shows micro-modem parameters that need to bmn gured. The num-

bers in the parentheses are the optimal parameter values.
1. AGN - Analog gain (50 - 6dB)
2. NPT - Power Threshold for Navigation Detector (50)
3. NDT - Detection Threshold for Navigation Detector (120)
4. DTH - Matched Filter Signal Threshold (108)
5. PTH - Matched Filter Detector Power Threshold (50)

6. TAT - Transponder Turn-Around-Time (50ms)
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6.3.2 Acquiring Range from a Transponder

The AUV initiates the process of acquiring range from the tnasponder by sending
the digital ping command to the micro-modem. The command hafe format
$CCPDT,GRP,CH,SF,STO,TO,AF,BF,CF,DF*CS

GRP Transponder group identi er

CH Channel number (1,2,3,4)

SF Hardware synchronization ag

STO Hardware synchronization timeout (ms)
TO Maximum time to listen for echo (ms)
AF,BF,CF,DF Transponder use ag

*CS Optional checksum

Micro-modem echoes back ping command with
$SNPDT,GRP,CH,SF,STO,AF,BF,CF,DF*CS
Micro-modem then sends the acoustic ping and listens for trecho back from the
transponders. One way time-of- ight data and navigation mé&ched lIter data is
returned in $SNTTA and $SNMFD messages respectively.
The one-way time of ight data message has the format
$SNTTA,TA,TB, TC,TD,hhmmss.ss*CS

TA One-way travel time from Transponder A
TB One-way travel time from Transponder B
TC One-way travel time from Transponder C
TD One-way travel time from Transponder D

hhmmss.ss Time of ping (from micro-modem real time clock)

*CS Checksum
The navigation matched Iter data message has the format

$SNMFD,NN,MFPK,MFPWR,MFRATIO*CS
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NN Transponder channel

MFPK Matched Iter peak value

MFPWR Incoherent broadband power at the peak
MFRATIO MFPK/MFPWR ratio used for detector test
*CS Checksum

Following listing shows transactions that take place betven the host and the micro-
modem while acquiring ranges from two transponders simuhiaously. In this transac-
tion, the micro-modem pings transponders DT4A and DT4B in gyup 1, over channel

1, without hardware synchronization and with listening timeout of 1 second.

Host to Modem! $CCPDT,1,1,0,0,1000,1,1,0,0

Modem to Host! $SNPDT,1,1,0,0,1000,1,1,0,0*70

| Micro-modem then pings the transponders

Modem to Host! $SNMFD,01,4499,1350,0333*57
Modem to Host! $SNMFD,02,4669,1205,0387*57
Modem to Host! $SNTTA,0.0599,0.1688,,,182420.00*51

There may be situations when range measurements from all trsponders are
not obtained. In such a case, no $SNMFD message is generated tfansponders
from which no range information is available and the corregmding travel time elds
are left blank in $SNTTA message. Following listing shows sh a scenario where the
micro-modem failed to get range from Transponder A but got rege from transponder
B.

Host to Modem! $CCPDT,1,1,0,0,1000,1,1,0,0

Modem to Host! $SNPDT,1,1,0,0,1000,1,1,0,0*70
Modem to Host! $SNMFD,02,1691,0979,0172*5C
Modem to Host! $SNTTA,,0.1942,,,182632.00*42
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Figure 6.3: VT Miniature AUV equipped with range navigationhardware

The navigation algorithm is implemented as a module in the AM software. Fol-
lowing sections describe AUV hardware, software and implemtation details of the

extended Kalman lter used in the range navigation system iplementation.

6.4 VT Miniature AUV

The VT Miniature AUV was developed with the goal to build an irexpensive and
highly exible research platform which can be used for testg distributed and cooper-
ative control algorithms. Figure 6.3 shows a picture of VT Miniature AUV equipped
with the range navigation hardware.

The AUV has a streamlined shape with one propeller and threendependent
control surfaces in the stern. It is a fully eld-deployableAUV and it has successfully

supported a number of eld experiments. Table.1 lists the AUV's speci cations.
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Table 6.1: The VT Miniature AUV speci cations

Parameter Speci cation

Length 78cm

Outer/Inner diameter | 3.75"/3.5"

Mass 4.5Kg

Stability Passively stable in roll and pitch
Power 25.2V Li-lon battery stack
Propulsion 24V, 40W Brushless DC motor
Control surfaces 3 Independent digital servos
Computer 32-bit x86 compatible @ 266MHz
Operating System Linux 2.6.17

Connectivity Wi-Fi and RF Modem (RS232)
Navigation GPS on surface, Inertially aided dead:

reckoning/Range navigation/Synchronous

navigation underwater

6.5 The VT Miniature AUV Hardware

The main objective of VT Miniature AUV is to provide an inexpensive and exible
research platform that can carry various payloads for varigs types of research work.
This objective requires a modular design that enables exie con gurations and
provides an easy upgrade path. The AUV's hardware design rects this philosophy.
VT Miniature AUV does not use any embedded devices. The mainlV computer

is an x86 compatible microprocessor. All devices communieaising standard RS232
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Figure 6.4: VT Miniature AUV hardware architecture

serial communication. This enables a exible architecturgvhere devices can be easily
interchanged or upgraded without a ecting functionality d the system. All scienti c
payloads necessary for a particular mission are strap-ontesnal payloads. The VT
Miniature AUV has own with a YSI probe to measure conductivity, temperature and
dissolved oxygen and a moving mass actuator for experimemdow speed controlB7].
Figure 6.4 shows the AUV hardware architecture details.

The main AUV computer is Kontron xBoard < 861> module which combines
a 32-bit x86 compatible microprocessor and peripheral infaces. The module is
based on AMD Geode SC1200 microprocessor running at 266 MH#WB3MHz bus.
The microprocessor has a 16KB integrated cache and 128MB SBIR and includes

hardware watchdog functionality. The xBoard< 861 > module sits on a custom
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designed motherboard which provides access to all peripakfunctions, that include
three OHCI USB 1.1 host controllers, two native serial portsa PCI bus and two IDE
channels. One IDE channel is used for an onboard 128MB ash éthe other IDE

channel is used for CompactFlash on the motherboard. The ntw@rboard provides

Wi-Fi connectivity using the PCI interface.

A number of sensors are used to measure the AUV attitude, dépand position.

All sensors communicate via serial interface. Tablg.2 lists the sensor suite on board

the AUV.

Table 6.2: The VT Miniature AUV sensor suite

AUV Variable

Sensor

AUV Attitude

Microstrain 3DM-GX1 AHRS - provides
roll, pitch, yaw, angular rates and linear

accelerations

Absolute Position

Falcom Navi-S GPS - provides absolute pg
sition (Lat-Lon-Alt), CEP 10m

Depth

Strain gauge pressure sensor - provides

1%

analog output which is processed by thg

analog sensors board

Payload sensor

Variable; watertight bulkhead connector is
provided underneath the AUV to mount
external payloads, any payload that can

communicate over serial interface can be

used
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The AUV actuators include a drive motor for the propeller andthree digital
servos for the three control surfaces. The main drive motos ia 24 volt, 40 watt
three-phase brushless DC motor with hall e ect and encodeeédback. A custom
designed controller board based on the 16-bit dsPIC30F30dticrocontroller provides
the PWM outputs for the three servos and sends the propellepeed commands to a
dedicated motor controller (EZServo EZSV23).

Power is provided by a lithium-ion battery stack providing 5.2 volts at 4.2Ah.
A custom power distribution board provides +5V and +12V reglated power. The
power board uses Vicor quarter-brick DC-DC converters forqwer regulation and a

magnetic reed switch to turn the AUV on and o.

6.6 The VT Miniature AUV Software

The application software is a C/C++ Posix compliant multi-t hreaded application
written for Unix/Linux platform. Most of the software modul es are written in C;
however newer modules, such as the micro-modem driver ancetextended Kalman
Iter used in range navigation, are implemented as C++ objets.

The software is divided into various tasks - initialization communication, data
acquisition and logging, navigation, control and watchdagEach task is accomplished
by one or more dedicated threads. Data is exchanged among igais threads using
data structures and thread-safe circular bu ers. Figures.5 shows the AUV software
architecture.

The application is initialized by reading a con guration le in the XML format
that contains information about control frequency, varios safety thresholds, serial

port assignments for various devices (sensors and actuapmand controller gains.
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Figure 6.5: VT Miniature AUV software architecture

After reading the con guration le the initialization rout ine sets up data structures,
opens serial ports, con gures the AHRS and the micro-modenmiders, and then quits.

Once all initialization is completed successfully, the apigation instantiates the
micro-modem driver and spawns all serial communication teads. It then creates
the dispatcher, data parsing, navigation, control and watwdog threads.

The micro-modem driver is implemented as a C++ object. It is esponsible for
con guring the micro-modem by reading an XML con guration le. The con gura-
tion le contains information about various parameters tha must be set for proper
operation as well as information about tasks that micro-masm must perform during

an AUV ight. The micro-modem driver spawns a private threadthat is respon-
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sible for micro-modem serial communications as well as exgon of micro-modem
tasks that include pinging to digital transponders and addional tasks such as data
transmission and synchronous navigation transmissions.

For each serial device a dedicated serial communication #ad is spawned. These
threads are created for AHRS, GPS, analog board, RF modem asdrvo controller.
All serial communication threads are con gured such that tey sleep until data is
available on respective serial ports. Any serial data read istored into thread-safe
circular bu ers to be used by the data parser and logger threh

The dispatcher thread is the thread that keeps track of timigs of all timed threads.
Data parser and logger, navigation, control and watchdog tkads are timed threads
and each runs at a specic frequency. Control and navigatiothreads run at the
control frequency, data parser and logger runs at twice theontrol frequency whereas
watchdog runs at 1Hz. Nominal control frequency is 20Hz whiccan be changed
through the con guration le. Dispatcher thread internally runs a system timer at
twice the control frequency and uses Unix/Linux signal mea@mnism to run timed
threads at speci ed frequencies.

The data parser and logger thread is responsible for extraag data received from
all serial devices and logging it so that it can be used lateoff AUV ight analysis.
The data parser and logger thread stores extracted data in #aus data structures
dedicated to di erent devices. This thread runs at twice thecontrol frequency thus
ensuring availability of the latest data for the navigationand control threads.

The navigation thread uses an extended Kalman lIter, impleranted as a C++
object, to run the range navigation algorithm. Currently the navigation thread can
implement range navigation using one or two transponders.t tan also implement

the synchronous navigation algorithm38]. The navigation thread receives the AUV
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attitude data from the data parser and logger thread and redcees the range data
from the micro-modem driver.

The control thread is responsible for executing AUV missianas well as performing
low level AUV ight control which includes heading and depthcontrol. The control
thread reads commands sent to the AUV over the RF modem and caueue up any
number of such commands. The control thread computes the aettor commands
and sends them to the servo controller over a serial interfac The control thread
is also responsible for implementing various safety feaks which include maximum
run-time for a mission queue, maximum depth threshold, mimum and maximum
rates of change of depth, sensor and actuator communicatidailure and propeller
speed feedback.

The watchdog thread keeps track of all threads and communittans. If any thread
stops responding, the watchdog thread kills the entire apightion process to avoid
any catastrophe. The watchdog thread also updates a consdlisplay with the latest

ight information.

6.7 The Extended Kalman Filter for Range Navi-
gation

The range navigation algorithm is implemented in the VT Minature AUV software
as a discrete-time extended Kalman lter, using system dymaics in the Cartesian
coordinates as describe in4(11). The EKF implementation is standard (see e.g.31],
pp. 496) and we summarize it below.

The discrete-time kinematic equations of motion of an AUV a

s(k+1) = f(s(k); k) + ! (k) (6.1)
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h(k) = h(s(k);k) + (k)

(6.2)

where s(k) = [x(k); y(k); (k);vx(k);vy(k)]T, I (k) is the process noise, (k) is the

measurement noise and

2 3 2 3
x(K) s(k)cos' () + vi(K)
(k) (k) sin’ (k) + vy(K)
fskik= 8 G+ T (k)
Vi (K) 0
vy (K) 0
2p 3
2 2
(sl = 4T Vs
()

(6.3)

where T is the sampling time. LetQ(k) be the process noise covariance anr{k)

be the measurement noise covariance. We de ne

L @fs;k)
Fk+13k) = @S s=5(kjk)
H = Q6K

@s  s=s(kik 1)

The extended Kalman Iter algorithm can be summarized as ftdws.
Initialization:
$(0j0) = E [rs](O)] i

P(0j0)= E (s(0) E[s(O)])(s(0) E[s(O)]'

Fork=1,23, ...

Prediction:

8kjk 1)=f(s(k 1)k 1)

P(kik 1)=F(k;k 1)P(k 1k 1DFT(k;k 1)+ Qkk 1)

(6.4)
(6.5)

(6.6)
(6.7)
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Correction:

1

K (k)= P(kik DHT(k) HK)P(kik LHT(K)+ R(K) (6.8)

a(kjk) = s(kjk 1)+ K (k) h(k) h(&kjk 1);k) (6.9)



Chapter 7

Field Trials of Range Navigation

System

In this chapter we present results from the eld trials of theproposed single range
underwater navigation system implemented on the VT Miniatee AUV. We discuss
important aspects of practical implementation of the rang@&avigation algorithm and
present results obtained. We present an example that showevia the AUV trajectory

a ects the performance of the range navigation algorithm.

7.1 Data Collection and Processing

Field trials of the range navigation algorithm were condu&d on 20 December 2006
in Chesapeake bay near Solomons, MD. Tidal cycles producgrsicant currents in
the bay. Two Hydroid digital transponders, DT4A and DT4B, wee deployed at
locations (38330672N, 76:404912W) and (38:327097N, 76:404678W) respectively.

The GPS receiver used to mark the positions of both the transmders has a circular

79
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Figure 7.1: GPS and the dead-reckoning trajectory of the AUMght

error probable (CEP) of 10m and hence the actual transpondgyositions can be
anywhere within a circle of 10m radius with centers at the rggctive GPS positions.
Transponders were anchored to the bottom and they were at thaepths of 2.7m and
3.6m from the surface respectively. Deploying two transpders enables computation
of the ground truth for AUV positions using the range measuraents simultaneously
obtained from both the transponders. Care was taken to makeu® that the AUV
did not cross the line of symmetry joining the two transponde. Transponder DT4A
was designated as the origin of the local coordinate systenkigure 7.1 shows the
AUV trajectory obtained from the GPS and the dead-reckoningrajectory. The GPS
data is available only when the AUV is on the surface.

The AUV uses a GPS receiver to get its absolute position whem is on the

surface. The GPS receiver on the AUV has a circular error prable of 10m. During
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Depth (m)

Figure 7.2: AUV depth during the ight

a ight, the AUV uses the last known GPS position as the initid position estimate
for the range navigation algorithm. The AUV position and thetransponder positions
obtained by GPS receivers are in the latitude-longitude-atude (LLA) format. These
positions are converted into the Earth-Fixed (EF) coordinge frame whose center is
located at the position of transponder DT4A. The EF coordinte frame is a planar
x y frame which is tangential to Earth's surface at the origin othe coordinate
frame. The coordinate transformation from LLA to EF frame isvalid only over short
distances close to the EF frame origin. Typically this distace is in the range of
1000m.

The AUV was commanded to run at a constant depth of 2m during th entire
ight (see Figure 7.2). The depth sensor resolution is 0.05m. The actual AUV depth
oscillates around the commanded depth with the worst case gleto-peak oscillation
at 0.15m.

Heading' (t) and the rate of change of heading (t) = u,(t) were measured by an
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Figure 7.3: AUV heading and rate of change of heading durindpé ight

AHRS. The AHRS measures heading in degrees clockwise frore thorth. Figure 7.3
shows' (t) and u,(t) measured during the AUV ight. In this particular ight, th e
AUV heading commands were 60 33C¢( 3(), 24°( 120C) and 15¢( 21¢). AUV
thus made three left turns during the ight which result in the three negative peaks
in uy(t). Rapid variations in u,(t) at the start and the end correspond to times before
the start and after the end of the ight when the AUV was sitting on the surface.

The propeller speed of the AUV is instrumented. For this expénent, the pro-
peller operated at 1200 rpm and the corresponding speed oktAUV was approxi-
mately 1.28m/s. Figure7.4shows the speed of the AUV. The negative speed indicates
the backward dive of the AUV during the ight.

Ranges from transponders were measured using the micro-raod The micro-



7.1 Data Collection and Processing 83

15

0.5

Speed (m/s)
=)

-05

15 " . . . . . . .
0 50 100 150 200 250 300 350 400 450

Time (sec)

Figure 7.4: AUV speed during the ight

modem was set up to ping both transponders every 2 seconds. elfi trials were
conducted in shallow water (maximum depth of around 12m) whbh a ects range
measurements due to noise. Figuré.5 shows a set of range measurements obtained
from the micro-modem. The micro-modem sent navigation pirsgto both transpon-
ders 174 times during the AUV ight. No range measurements we obtained for 31
pings from DT4A and for 58 pings from DT4B. These void data pais can be seen in
Figure 7.5as blank spaces. The AUV was commanded to y in a rectangulaiagtern.
The rst leg in the AUV ight was a straight line trajectory wi th the commanded
heading of 60. Subsequent legs in the AUV ight were straight line trajecories with
commanded headings of 3830240 and 150 degrees respectively. The rst vertical
line in Figure 7.5 represents the start of the AUV ight. It also marks the start of

the rst leg in the ight. Subsequent vertical lines indicate starts of new legs and the
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Figure 7.5: Range measurements during the ight

last vertical line indicates the end of the AUV ight.

The AUV trajectory was computed using the range measuremenbbtained simul-
taneously from both the transponders. From here onwards, weall this trajectory
the acoustic trajectory. For this particular ight, there are 61 range measurements
that were obtained simultaneously from both the transponds. Figure 7.6 shows the
AUV GPS positions, the acoustic trajectory and the dead-ré&oning trajectory. The
GPS positions are available only before the start and aftehe end of the AUV ight.
The triangle pointing down indicates the last good GPS posin just before the start
of the AUV ight. The dead-reckoning trajectory in Figure 7.6 clearly shows the
four di erent legs in the AUV ight. These legs are straight line trajectories with
commanded headings of 6033¢( 3(), 24C°( 12¢) and 15C( 21(°). We can see

that the acoustic trajectory does not have any positions af@ the second leg of the
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Figure 7.6: AUV GPS positions and the acoustic trajectory

ight and just three positions along the third leg of the acowtic trajectory.

Before range measurements can be processed by the extendatirtan lter, it is
important to discard bad range measurements. In order to defe if a range mea-
surementr (k) obtained at instant k is good, we use state estimation error covariance
matrix P(kjk 1). Diagonal terms ofP (kjk 1) are variances of errors in estimates
of the state variables. For the state vectos(k) = [x(k); y(k);" (K); vx; W], the rst
two terms on the principal diagonal ofP (kjk 1) are the variances 2, and §y of the
errors in the estimates ok(k) and y(k) respectively. Using these variances, we de ne
a circular region of position uncertainty around the positn estimate at instant k.
The radius of this region is

q

re(k)= max 2%, 3 (7.1)
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Given the position estimate atk, the expected range measurement is
M) = R0+ 4209 72)
A range measurement (k) is considered good if it satis es
re(K) j r(k)  A(k)j (7.3)

Any range measurement (k) that does not satisfy (7.3) is discarded.

An Acoustic Doppler Current Pro ler (ADCP) on a Doppler Velocity Log (DVL)
mounted on the Autonomous Surface Vehicle (ASV) measuresrpents in North and
East directions. In the EF coordinate frame, they correspa@hto vy and vy respec-
tively. For every current measurement, the ADCP records th&PS position and the
time of that measurement. The ADCP measures currents at varus water column
depths through the entire water column. For these experimes) the ADCP measured
currents at the depths of 0.25m, 0.5m, ..., 2m, 2.25m, .... @Gund truth for the
current estimation was obtained by post-processing the ADZdata. For every point
on the AUV trajectory estimated by the range navigation algathm, the closest point
on the ADCP trajectory was obtained. Currents were then avaged using 50 ensem-
bles on either side of that ADCP data point, thus giving a timeaverage of currents

at every point along the estimated AUV trajectory.

7.2 Results

To assess performance of the range navigation algorithm weish compare the AUV
trajectory estimated by the extended Kalman lter against aground truth AUV
trajectory computed by triangulation of ranges from both tlke transponders. We

refer to this ground truth as the acoustic trajectory. Howeer the acoustic trajectory
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computed for this AUV ight does not have enough data points ® be able to compare
it against the range navigation estimate. Due to this limitéion, we compute a least
squares solution and use that to compare the performance dfet range navigation

algorithm against.

7.2.1 The Least Squares Solution

Let the position of the AUV on the acoustic trajectory at the time when the AUV
dives besy = [Xo; Yo]" and let the time of this estimate bet,. At the end of the ight,

let the position of the AUV on the acoustic trajectory at timet; be s; = [Xq;y1]".
Using sg and s; as the start and the end positions for the AUV ight, we compuge
the least squares solution to estimate the currents.

From the AUV kinematics we have
2 3 2 3

2X(Og _ 4ua(t)cos( (1) + Vx5; €2 [tor ] (7.2)

y(t) us(t) sin(’ () + vy

which can be written as
3 2 32 3
4X_(t)5 — 4U1(t) COS( (t))5 + 41 05 4Vx5 .

t 2 [to; t4] (7.5)
y(t) uy(t) sin(* (1)) 01 v
Thus,
2 3 2 3
X1 Xo, 7 2 3 2 32 3
gylz _ Eyoz . 14U1(t) cos( (t))5dt+ 4t1 to 0 54Vx5 (7.6)
! ' to ul(t) Sin(l (t)) 0 t1 fo Vy
1 0

We can solve forv, and vy
2 3 82 3 2 3 9

< Z t

vy, oty o ug(t)sin( (1))

(7.7)
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Figure 7.7: Range navigation performance - AUV trajectorysimation

The currents computed using the least squares are

Vy 0:1159m/s

0:1580m/s

Vy

7.2.2 Performance of the Range Navigation Algorithm

Figure 7.7 shows the AUV trajectory estimated by the range navigation lgorithm
along with the dead reckoning trajectory, the acoustic tragctory and the trajectory
computed using the least squares solution. The dead-reckogtrajectory is computed
by usingvx = 0m=sandv, = 0m=sand thus does not take currents into consideration.
The trajectory computed using the least squares solution esv, = 0:1159n=s and

vy = 0:1580m=s. At the start of the ight, the AUV position estimate compute d
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Figure 7.8: Range navigation performance - currents estitian

by the extended Kalman lIter is signi cantly away from the least-squares solution.
However as the EKF converges, the trajectory estimated by hEKF stays close to
the least-squares solution.

Figure 7.8 shows the currents estimated by the range navigation algtinim along
with the currents measured by the ADCP and the currents compad by the least
squares solution. The initial change in the EKF estimate ofwrents is due to the
GPS error in the initial AUV position estimate and the transpnder position. As

mentioned earlier, when the AUV dives it uses the last known BS x as the initial
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Figure 7.9: Range navigation performance - position estirfian errors

position estimate for EKF. This position estimate carries te GPS error which has
a CEP of 10m. When a valid range measurement is available, tli&F adjusts the
currents estimate to compensate for the GPS error. As moremge measurements
become available, estimated currents converge to true cants.

Figure 7.9 shows the error between the range navigation EKF position &®ate
and the least-squares solution. It also shows the error beten the EKF position
estimate and the acoustic trajectory. In this gure, the rst vertical line indicates
the start of AUV ight and the start of the rst leg, with subse quent vertical lines
indicating starts of subsequent legs in the ight. The last ertical line indicates the
end of the AUV ight. During the rst leg of the ight, the esti mate of currents has
not converged and thus the error between the EKF position dstate and the least-

squares estimate is large. As the currents estimate starterwverging, the error starts
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decreasing. From the end of the second leg and through mosttbé third leg, very
few good range measurements are available. When no good emngeasurements are
available, EKF does not run the correction step and hence thestimate of currents
does not change in this period (see Figuré.8). EKF however continues to run the
time update step using the last estimate of currents. The tijactory estimated by the
EKF shows a jump during the third leg of the trajectory. This ajain is due to the fact
that very few good measurements are available in this leg vehiresults in EKF dead-
reckoning for most part of the third leg and thus the positionestimate starts going
away from the actual position. A good range measurement dag this leg allows
the EKF to correct the position estimate after a long period bno measurements,
thus resulting in a jump. Again at the end of the fourth leg thee are no range

measurements available which results in the error startingp grow.

7.3 E ects of Radial Trajectory

According to the observability analysis of the range navigen algorithm, any ra-
dial trajectory is not observable. The performance of the rye navigation algorithm
deteriorates when a trajectory is close to being radial. Irhis section, we experimen-
tally show how a radial trajectory a ects the performance ofthe range navigation
algorithm. For this experimental demonstration, we use thelata from an AUV ight
in which the rst leg is very close to being radial with the transponder DT4B as the
origin.

Figure 7.10shows the range measurements obtained for this particulaight. The
micro-modem sent 328 pings to both the transponders duringpé¢ ight. Out of these

pings, no measurements were available from DT4A for 128 psg@nd from DT4B for
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Figure 7.10: Range measurements during the ight with a radi leg

44 pings. The range measurements available are very noisyigthseverely a ects
the range navigation performance. During the rst leg, thee are a large number of
good range measurements from the transponder DT4B wherede thumber of range
measurements from DT4A is small and the measurements are $\oi

Figure 7.11 shows the trajectory estimated by the range navigation algithm
using transponder DT4A as the origin, along with the dead-oning trajectory and
the acoustic trajectory. Although the performance of rangeavigation is a ected by
highly noisy range measurements, the EKF could follow the aastic trajectory.

Figure 7.12 shows the trajectory estimated by the range navigation algibhm
using transponder DT4B as the origin, along with the dead-okoning trajectory,
the least-squares solution and the acoustic trajectory. \Wm the range navigation

algorithm is run with transponder DT4B as the origin, the rst leg of the ight is
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close to being radial and this severely a ects the performae, even though there is
a large number of good range measurements available. Coublgith the fact that

there are not very many good range measurements during sugpsent legs in the AUV
ight, the trajectory estimated by the range navigation algorithm tends to be close

to the dead-reckoning trajectory.



Chapter 8

Conclusions

In this work, an underwater navigation algorithm has been mposed that is poten-
tially suitable for very small AUVs. The principal contribution of this work is the
precise observability analysis that characterizes obsatle AUV trajectories in the
presence of unknown currents and towards this end, we progosew notions that
facilitate assessment of uniform observability of LTV sysms.

To address the di culty in studying asymptotic properties of the observability
grammian, we de ne nite-time uniform observability of an LTV system which retains
all properties of uniform observability over a nite interval. It is shown that if an
LTV system is uniformly observable over a nite interval then an observer exists
whose estimation error is bounded by an exponentially dedag function on that
interval. The notion of limiting systems is used to assess iiorm observability of
an LTV system by studying nite time observability of its limiting systems. This
approach thus eliminates the need to study asymptotic propies of the observability
grammian altogether.

In order to simplify computation of the observability gramman, we show that

95
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uniform observability of a reduced order system derived fno an LTV system is suf-
cient for uniform observability of that LTV system. This ap proach is applicable to
LTV systems where a subset of the state variables are diregtineasured.

These new notions are employed to study observability of theange navigation
algorithm. Most of the AUV trajectories, with the exception of straight line trajecto-
ries whose extensions pass through the origin, are obseneabThe range navigation
algorithm was successfully deployed on VT Miniature AUV usig acoustic hardware.

Implementation of the range navigation algorithm as a disete time extended
Kalman lter raises the important question of preservationof observability under
sampling. It is shown in B9, under the assumption of analytic output function,
that if a system is observable, then there exists a samplingte , such that for
any sampling rate o, the sampled discrete-time system remains observable. If
the range navigation algorithm runs at a su ciently fast sanpling rate, then all the
conditions that guarantee observability of the continuousime system are inherited
by the sampled-data implementation.

The conditions on AUV trajectories that guarantee observality can be evaluated
by an AUV in real-time and the AUV can take appropriate actionto change its
course to achieve observability if it determines that it isfiaveling on an unobservable
trajectory.

In future work, the range navigation algorithm will be extered to 3-dimensional
implementation. It can also be extended to use more than oneahsponder and to
synchronous navigation 38]. These extensions have been successfully tested on the
VT Miniature AUV, however mathematical analysis of these etensions remains an

open question.
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