Chapter 2

Governing Equations

As it canbe seenin Figure 1.3, the diaphragm hasa variable thickness,but small compared
with the other dimensions. This suggeststhat shell theory might be suitable to formulate
the problem. Howeer, since the problem is complex, and we have made already some
assumptionsn Chapter 1, and becauseéhe thicknessof the diaphragmis variable, we will use,
as basisfor analyzing the diaphragm deformation, Continuum Mecdhanicsthree-dimensional
geometricallyexacttheory. In this chapter wewill reviewsomebasicrelationssolid medanics
and we will de ne in terms of equationsthe diaphragm problem. A few constitutive models

for rubber will alsobe discussed.

2.1 Deformation, strain and stress measures

Following [40] we considera cortinuum body S. The initial or referene con guration of the
body is de ned by the map
lr:Si! -r¥%<? (2.1)
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which asseiatesa physical point in S with a point X = (X1;X52; X3) in - g. Similarly, the

deformal or presentcon guration of the body is de ned by the map
LSl - < (2.2)

which assaiatesto any material point in S a point in -. The domain - g can be viewed
as the domain occupied by the body in the referencecon guration, and the domain - the

domain occupiedby the body in presert con guration. Usually, in applications, by reference
con guration it is understood - r, and by presen con guration -. We will usethis notation.

Also

§r= @r = rR(®); §=@ = |( &),

where @, @ r, @ de ne the boundary of the body, the boundary of - r, and the boundary
of - respectively. Usingthe de nitions (2.1) and (2.2), the deformation of the body is de ned

by the one-to-onemapping
A=1! it Ao !l -, AX)=x:

The inversemap Ai ! is de ned

~

Ai1=1gxrit Al 51 g All(x)=X:

The tangert of A is denotedby F and is called the deformation gradient [4Q]

Eo- GX) | @
AT @&a T &4

and J, the determinant of F is called the jacobian of the transformation. Becausethe

J = detF; (2.3)

deformation A can be determinedup to a rigid body motion, it can be written

-

A=X +U;

where U represeis the displacemen eld. Asscciated with the deformation gradiert, two

important tensorsare de ned [40]:

2 right Caudy-Greentensor
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C=F'F,; Cag = FiaFis; (2.4)
2 left Cauchy-Greentensor

B = FFT; Bij = FiAFjA: (25)
For the right Caudy-Greentensor, the principal invariants are de ned

1h i
li=tC;  1p= 3 (trC)?i rC?; 3= det[C]= J% (2.6)

1
1= Cana; I = E(CAACBB i CagCasg); I3=2a8cCa1Cs2Cc3;

where?,g ¢ is the permutation tensor
8
% +1 for even permutation of A; B;C

’pB C =§ i 1 for odd permutation of A; B;C
0 forA=B;B=C,A=C

Correspondingto ead tensor(2.4) and (2.5), the following measuredor strain canbe de ned:

2 Green-Lagrangdensor

1 1
E=§(Ci 1); EABZE(CABi *ag ) ; (2.7)
2 Almansi tensor
1° . 1° -
2 = é | i B! ! , 2ij = é ﬁ] i Bllj ! . (28)

Betweenthe Green-Lagrangestrains and the Almansi strains the following relation exists
E=FT"2F; Eas = Fia?j Fjs: (2.9)

The conceptof stressin the body is introduced through the Caudy's postulate [40. We
denoteby % the Caudy stresstensor, which is the true stressin the body. Additional stress

measurescan be de ned.
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2 The rst Piola-Kirchho®stresstensor P
3 ’ T
P=J%Fit ; Pia = J% Fih (2.10)
2 The secondPiola-Kirchho®stresstensor S

S=Fi 1P, Spg = FAilPiB . (211)

While, the rst Piola-Kirchho® stresstensor is unsymmetric, the Caucy stressand the

secondPiola-Kirchho®stressare symmetric

Yy= Yy %

Vi (2.12)

S = ST, SAB = SBA: (213)

The relation betweenthe rst Piola-Kirchho® stresstensor and the secondPiola-Kirchho®
stresstensoris given by

Yo= JEF SFT; Y% = JEFiASAB Fis: (2.14)

For a given problem di®eren strains and stressmeasuresan be used. Howeer, it is natural
to considerthe stressesand the strains asconjugatequartities in the sensehat their product
givesmedanical work [5]. It follows that the Caudy stressworks with the Almansi strain,
and the Green-Lagrangestrain works with the secondPiola-Kirchho®stresstensor. Indeed,

if we considerthe deformation energy
z z 1 z z
%:2d- = JjFTSF:Zd-Rz S:F'?2F d-g = S:Ed-g;

° R R R

the above assertionsbecomeclear.

2.2 Hyp erelastic materials

The relation betweenstressand strain is given by a constitutive equation. Se\eral types of

constitutive equationscan be formulated [40]. Sincethe problem addressedby this thesis
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involvesa body made from rubber, we will focus on the category of hyperelastic materials,
which are usually usedto model rubber. A material is called elastic if the rst Piola-
Kirchho®stresstensor (2.10) at a point in the body can be expressedas a function of only
the deformation gradiert at that point [40. A material is called hyperelastic if there is a
stored enelgy function W dependingon X ;F with J = det[F] > 0 sud that

_ av,
P =G (2.15)

The function W must satisfy the principle of frame indi®erence or objectivity
QW (X;F)Q" = W(X;QF);

where Q is an orthogonal rotation matrix. Using the orthogonality condition QQ ™ = |

wherel isthe 3£ 3 idertity matrix
W(X;QF)=W((X;F): (2.16)

The condition (2.16) meansthat, if we rotate the referencecon guration system,then the
stressmust transform by the samerotation. The frame indi®erenceprinciple implies also
the symmetry of the stresstensor. Using the polar decomposition theoremit can be shavn
that the principle of frame indi®erenceprinciple alsoimplies that the W dependsimplicit of
F through C [40. Hencethe relation (2.15) can be written in the di®eren form

@v_@v. . _,@v _ av.
BT @ @Eae

(2.17)
An elastic material is isotropic if
PX;FQ)=P (X F):
In the caseof hyperelasticmaterials the isotropy condition is equivalert to
W(X;FQ)=W((X;F):

By conbining the frame indi®erence principle with isotropy it can be shown that a hypere-

lastic material is frame indi®eren, homogenousand isotropic if and only if [4Q

W (X;F)=0(1:,2,3); (2.18)
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where®© is a symmetricfunction of the principal stretches, ;;, »;, 3. The equivalert condition
of (2.18) is that W = W(l;1,;13) wherelq;l;;13 are the principal invariants of C. The

secondPioIa—Kirchho®stressteqsorthen can be written

A !
S=2 @@+@@+@% :
@@ @@ Q@

and using the relations [56]

%:11 %:|11|C, %:|21||1C+C2:|3C'1,

where 1 is the secondorder unit tensor, (1)ag = #ag, tas = 1 for A = B and 45 = O for

A 6 B we obtain

A ! A ! #
L, @ev, @v, @ev . @ . @v . @v_,.
5=2 @1+|1@2+|2@3 Li @2+|1@3 C+@3C '

Having S, the Caudy stresscan be determinedusing(2.14). In addition, anotherimportant

tensor de ned hereis the forth order material tensor C. By de nition [4Q]

@ @
C=—; C = == 2.19
@ AB CD @CD ( )
and using the stored energyfunction
C=2 @W = @W ; CAB cp =2 @W = @W . (220)
xTa@ EaE @ @cp @ ps @Ecp
From the de nition (2.19) and basedon the symmetry of S and C, it follows that
Caeco = Csaco = Cagpc = Cepas: (2.21)
The expresionof the material tensor C in presen con guration C is given by
1
Ciju = jFiA FieFicFioCascp: (2.22)

2.3 Equations of motion

Using the balanceof momenum, the equationsof motion in the referencecon guration are

DIV P = Yl Paa = Yeh;  in- g (2.23)
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where % is the material density in the referencecon guration and & the acceleration. In

the presen con guration the equation of motions are given by [40]
div ¥a= v; Y5 = vh:  in-; (2.24)

where¥is the material density in the presert con guration. In (2.23), by U, we understand
the displacemets expressedn referencecon guration andin (2.24) by U; the samedisplace-
merts but expressedn the presen con guration. The balance of momen of momenium

yields to the symmetry of the stresstensor
FPT=PFT; FiaPia = PiaFja;
in referencecon guration, and
Ya= Y % = ¥
The consenation of massgivesthe relation between¥x and %2
VSEINEYS (2.25)
The boundary conditions in the referencecon guration are
U=UU; on8gry; PCN =T; on 8gr; (2.26)
and the sameboundary conditions written in the presen con gurations are
U= U; on 8y; ¥atn = T; on §+; (2.27)

where
8r = 8ru [ 8rT; §=8y|[ 87

de ne the surfaceof the body in referenceand presen con gurations respectively, and N ,
n are the normalsto the boundary 8§, and respectively 8. U abd T, are the prescribed
displacemets and prescribed tractions respectively. The initial conditions for the equation
(2.23) or (2.24) are

Ujizo = Uo; U-t=0=Vo;
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whereU o, V o arethe initial displacemets and velocities. The equationsof motion together
with the boundary conditionsand the initial conditions, at which we add a set of geometrical
equations de ning the strain, (2.7) or (2.8), and a constitutive equation (2.17), form a
systemof nonlinear equations. Solving this systemdirectly is very ditcult. In practice the
procedureis to linearize the equationsof motion and the boundary conditions, and to solve

the linearized system. This leadsto an incrementalapproad.

2.3.1 Linearization

Applying the linearization procedureas described in section 3.6 at the con guration A to

the equation of motion (2.23) yields [40]
" A £ oo # n q

CF ¢GRADU =% A +& ; (2.28)

I+
I+

T+

DIV P+ S-1+2

where A is the accelerationat the con guration A, and u represems the incremen of dis-
placemens which hasto be determined and GRAD u is the gradiert of u in the reference

con guration, seesection3.6.

GRADuU = (5u+A)F =5u¢F; (5u); = @:
@,
The correspnding form of (2.28) in the presert con guration
' + “ + +ﬂ ® u + ﬂ
div %+ %-1+C ¢5u =% A +A4 : (2.29)

In (2.28) and (2.29) 1 de nes the secondorder unit tensor, and - is the symbol for the
direct product, i.e. (a - b)ju = & . C and C represeis the material tensor written in
the referenceand presert con guration respectively related by (2.22). The application of the

linearization processto the boundary conditions (2.26) respectively (2.27) yields

u=Uj U; on 8ru;

N+
H
+
N
T+
O~
T
i=4
()
Py
>
O
[
=3
Z

1]
=
O
3

on 8gr;
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in the referencecon guration, and

u=Uj U; on 8y;
.H+ +ﬂ : —
%-1+C ¢u ¢n=T; %h; ons8t;

in the presen con guration. If the con guration A is a natural (stressfree) state, then the
‘rst linearization givesthe equationsof linear elasticity. The linearized equations(2.28) or
(2.29) can be solwed using the methods of linear elasticity. The total applied load can be
divided in a number of steps,and the solution canbe obtained step-by-step, the newsolution
beingdeterminedfrom the previousone. In Chapter 3we will reviewthe linearization process

in details but for a weak formulation of the problem.

2.4 Additiv e and multiplicativ e deformation decomp o-
sition

An essetial part in the nite elemen model, which will be preserted in Chapter 3, is
related to decompsition of the deformation energyinto volumetric deformation energyand
deviatoric deformationenergy To clarify this idea, let us considerthe caseof linear elasticity.
In this caseit is known that the strain tensor can be written asa sum betweenits spherical
and deviatoric part

1 1
PEErgEL =TGR = wE=0 (2.30)

where
h

1 i
"=5%u; 55u=§ S5u+(Bu) ;"= (2.31)
Further let supposethe isotropic case.The deformation energycan be written in this case

E E

— woew 4 2. — . — .
W= G KES G2 oavy KT a@ 2y

(2.32)
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where E is the Young's modulus, G the shearmodulus, © the Poisson'scoexcient, and K
the bulk modulus. It can be seenthat the energycan be split in two parts: a part which is
dueto the changein shape, and a part which is due to the changein the volume of elemert
of the body. In other words the energycan be decommsed,in a deviatoric and volumetric
part

W(") = UE) + W(™); UE) = KE?; W(*) = G*~: ™~ (2.33)

Generalizingthis conceptof strain splitting and energy decouplingin nonlinear elasticity,
Simo, Taylor and Pister [49] and Simoand Taylor [50] intro ducethe following decompsition

of the deformation gradiert

F=FyF: Fy =31 F=JI"SF; C=J2C; C=FF:. (234

From the construction (2.34), it is clear that
det[F gl = J; det[F]= 1:

We note herethe di®erencebetween (2.30), where there is an additive decompsition, and
(2.34), where there is a multiplicativ e split. The correspnding expression(2.33) can be
written in this case

W(X;C)=U@QJ)+ W(X;C): (2.35)

Equation (2.35) will be usedin the nite elemen formulation in Chapter 3.

2.5 Rubb er models

In section 2.3 we have preserted the equation of motion assumingthat the material is
hyperelastic. A classof materials widely assaiated with the hyperelastic behavior is the
classof rubber materials. Basedon thermodynamic considerationsit can be shown [55] that
for rubbersthere is a stored enegy function sud that the equations(2.17) hold. Therefore

the rubber materials are consideredbelongingto the classof hyperelasticmaterials. In this
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thesiswe will consideronly the caseof homogenousjsotropic hyperelasticmaterials and we
will usethesemodelsto describe the material responseof the diaphragm. The behaviour
of rubber materials is characterizedby the fact that the volume deformation is negligible
comparedto sheardeformation. This leadsto the third invariant of the right Caudy Green
tensor (2.6) 13 = det[C]! 1 and Poisson'sratio °© ! 0:5. The casedet[C] = 1;° = 0.5
correspnds to fully incompressiblematerial. There are many forms of the stored energy

function proposedin the literature [55. We can divide thesefunctions into two categories.

2 Fully incompressiblemodels

3= det[C] = 1; and ©° =05 (2.36)

2 Quasiincompressiblemodels

l3=detlC]! 1, and °! 05 (2.37)

2.5.1 Fully incompressible models

In this casel; = 1 and consequetly the stored energyfunction W = W(l4;1,). A widely

usedexpressionfor W is the polynomial form [55]

R . .
W = Ci(lzi 3)(l2i 3Y;
i=0; =0

where C;; are constarts determined from experimerts. For di®eren valuesof i;]j di®eren

models can be obtained [55]. We mertion heretwo models

Neo-Ho okeean model In this casej = 0;i = 1.

W = Cyo(l1i 3):
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Mo oney-Rivlin  model In this casej = 1;i = 1.
W = Cyo(l1i 3)+ Cor(l2i 3): (2.38)

An important point in establishingthe form of W has been made by Ogden [43, who

proposedfor W a seriesexpansionin the principal stretches

Ogden model

X 1” ®n ® ®n
W = — (1" F "+, 3" 0 3);
n

in which |, ; are the principal stretches, ®, may have any values, positive or negative not

necessaryntegersand ! ,, are constarts.

2.5.2 Quasi incompressible models

Thesemodels are obtained from the fully incompressiblemodels by relaxing the conditions
(2.36) to the conditions(2.37). This leadsto slight compressibiliy but makesthe model more
suitable for numerical calculations. The condition (2.37) becomesan internal constraint and
can be introduced by the Lagrange multiplier, penalty method or augmerted lagrangean
method [12). In Chapter 3 we will descrite the introduction of (2.37) in the nite elemen
analysis, and therefore we presen belov somemodels implemerted in the nite elemen

programsusedfor our analysis.

Mo oney-Rivlin (D YNA3D) In DYNA3D the model is basedon the work of Whirley,
Engelman and Maker cited from [2]. The strain energy density function in DYNA3D is
de ned as i |

L
W=A(l1i 3)+B(l2i 3)+C i 3 +D(ls] 1)%
3

where A and B are empirical coexcients determinedfrom experimerts,

AR 2+ B(11° 5).
- 2(1j 20) '

1
C=-A+B; D
2
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and ° is Poisson'sratio. |, and I, are the invariants of the right Caudy-Greentensor C

(2.6). For small strains the shearmodulus of linear elasticity is given by
G=2A+B):

The recommendationfor this material model is to be usedfor problemsinvolving moderate

to large strains keepingthe Poisson'sratio 0:48 - © < 0:5.

Mo oney-Rivlin  (NIKE3D) This model is basedon the work of Simo and Taylor and

usesthe decompsition (2.35) for the stored energyfunction

W= A 3)+B(%i 3+ ;K InE)]*; K = 4(A3+(15i3)(210)+ °).

(NIKE3D); (2.39)

wherely; I; arethe invariants of C (2.34), £ the relative volume or the volumetric deforma-
tion and K is the bulk modulus. By choosing® ! 0:5 the bulk modulus becomesa penalty

parameter,seeChapter 3. As £ ! 1 the standard Moony-Rivlin is recovered.

Blatz-Ko model The stored energyfunction is de ned [14]

1 i Ya
Gf 1i 220 o 2 i
W:7 Jii 3+ Io J3|2_(1|2)i 1 +
Y i Ya
G(Li f 1i 220 sogi0y 1
+4(2I )i 1 3+ L2 gz g (2.40)
wheref is an experimertal parameter,and
q_—
J1=1Iy; J2 = 12=l3; J3= 3

Experimental data indicatef = 1;° = 0:463asa good approximation for cortinuum rubbers

[14]. It canbe shown that for f = 1, the secondPiola-Kirchho®stresstensor is

Mg o T
S=G EC‘ £i =i 22)q

The Caudy stresstensor can be calculatedwith (2.14).
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Diaphragm

zu E'I.I

Mitrogen pN2 , UNE

Accumulator wall

Figure 2.1: The diaphragm domain.

2.6 The diaphragm problem

Based on the physical obsenations from Chapter 1 and using the cortinuum equations
describedin this chapter, we canformulate the diaphragmproblem. The diaphragmis made
from polyurethane, which belongsto the rubber materials class,and consequetly we expect
an elasticresponsewhich may bein the rangeof large strains. Thereforewe will usethe full

nonlinear theory as descrited in the section2.1.

With referenceo Figure 2.1, the equations(2.23) for the diaphragm problemin the reference

con guration are
DIV P = wpl: Paa = Ybh;  in- g (2.41)

with the following boundary conditions

U=~qn; on 8y; (2.42)
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P ¢N = ¢pN; Cp=pn,i Pn ONS8p: (2.43)

Admitting that the diaphragm start from zero, the initial conditions are
Ulo = O U, =0 (2.44)

To the equations(2.41), we will add the geometricequation(2.7), a constitutive law given by
(2.17) with the stored energyfunction of the type descrilked in section2.5 and an ewlution
law for the nitrogen gas. We assumethat the diaphragm is moving suzciently slowly sud
that at ead state, the gasis ableto establishits thermal equilibrium, correspndingto every
instantaneousposition of the diaphragmi.e. a reversibleewlution. This is true in our case
becausehe speedof the diaphragmis of order of mm=msecand the soundspeedis of order
of mm=1sec. Also we considerthat the movemen of the diaphragmis suzciently fast suc
that the nitrogen is not able to exdhange heat with the external medium (the diaphragm
and the walls of the accunulator) i.e. an adiakatic ewlution. Thereforewe can sa that the

nitrogen has an isentropic ewlution [36].
PW, = constart; .= &; (2.45)

whereVy, isthe enclosecditrogen volumeandc,, o, arethe speci ¢ heatat constart pressure
and volume respectively [36]. The link between(2.41) and (2.45) is given by the enclosed

volume of nitrogen inside the accunulator, under the diaphragm

z

VN2 = dv:
VNz(u)

In conclusionthe diaphragm problemis to nd the solution of (2.41) with the boundary
conditions (2.42), (2.43), the initial conditions (2.44) and the ewlution law (2.45). Due to
complexity of the geometryof the diaphragmand alsoto the equationsinvolved we will seek

a numerical solution for this problem using the Finite Elemert Method.



