
Chapter 4

Displacemen t Dep endent Pressure

In the ¯nite element analysis, there are several types of loads which can be introduced:

concentrated loads, body forces, surface forces etc. In the caseof surfacesforce acting

normal to the surfaceduring the deformation, theseforcesarecalledpressures. Pressuresare

follower forcesand canbeconservativeor noncoservative. A conservative load is a load which

is independent of the deformation of the body and thereforecan be derived from a potential

function. The nonconservative loads may not depend just on the local deformation on the

body but of the deformationof the entire body, and, in general,there is no potential function

from which theseforcescan be derived [21][57]. A clasical exampleof the nonconservative

forcesare the aerodynamic forceswhich depend on the °uid °ow and the deformation of the

entire structure. In this section we present another situation in which an applied pressure

dependson the displacements of the entire body.

4.1 System classi¯cation

Accordingto Ziegler[57] and Leipholz [37], a nonconservative load is a load which dependson

spatial coordinate, displacements, displacement derivatives, velocities, and time and which

57
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Figure 4.1: Variation of eigenvalues: a) divergence-type; b) °utter-t ype

can not be derived from a potential. By their nature the nonconservative forcesintroduce

and(or) extract energy from a system (nonconservative systems) [57]. The e®ectof the

extraction of energy from a system is not so dramatic as the e®ectof the introduction

of energyin the system. The last caseleadsto a stabilit y problem. Thereforemany of the

studiesregardingnonconservative loadshavebeendedicatedto the e®ectof this typeof loads

on the stabilit y boundariesof a system[9][15][37][57]. Regardingthe form of instabilit y in

generalwe distingush two forms

² Static instability. This type of instabilit y, sometimescalled buckling or divergence,

occurs at zero eigenvalues as shown in Figure 4.1a. This point corresponds also to

the critical point of Figure 3.2. At this point the tangent sti®nessmatrix becomes

semi-positive de¯nite.

² Dynamic instability. This type of instabilit y is characterizedby oscillations with in-

creasingamplitudes: °utter type. In this casethe system losesstabilit y when two

consecutive eigenvaluescoalesceas shown in Figure 4.1b.
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Based on these two types of instabilit y Argyris [9] and Leipholz [37] give the following

clasi¯cation.

1. Purely conservativesystems(or conservativesystemsof the ¯rst kind). The forcesact-

ing on such systemsareof conservative-type, i.e., they canbe derived from a potential.

Thesesystemsare conservative in the classicalsense:i.e., with respect to energy, since

their energyis conserved. Lossof instabilit y occursonly in the form of static instabilit y.

2. Divergence type nonconservativesystemsor pseudo-nonconservativesystemsor con-

servativesystemsof the second kind. The external forcesacting on the systemare of

nonconservative-type. Thesesystemsare nonconservative in the classicalsense,i.e.,

with respect to energy, since their energy is not conserved. However, depending on

the boundary conditions, a speci¯c functional other than the energy is conserved for

such systems. Thesesystemsbelong to a classof nonconservative systems,which do

behave mechanically like a conservative one. Thereforethey still exhibit a static type

of instabilit y.

3. Flutter-type nonconservativesystemsor purely nonconservativesystems. Systemssub-

jected to a nonconservative type of load exhibiting an unsymmetric tangent sti®ness

matrix. Loss of instabilit y can only take place in the form of dynamic instabilit y

(°utter).

4. Hybrid systems. This classof systemsis characterizedby the presenceof nonconservative-

type of forces, but the systemscan display either a divergencetype of instabilit y

(conservative type of the secondkind) or °utter instabilit y (purely nonconservative

systems).If the smallestcritical load is of divergencetype, the systemis calledpseudo-

divergence-type system, and if the minimum loadcorrespondsto °utter, then the system

is called pseudo-°utter-type system.

A similar clasi¯cation of the systemsbasedon the type of loads and reactions in a system

was given by Ziegler [57]. According to Ziegler, if the loadsare gyroscopic(the mechanical
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work done by theseloads is allways zero) or noncirculatory (the loads can be derived from

a potential function) and the reactionsare nonworking (the mechanical work doneby these

reactionsis zero), then the systemis conservative. On the other hand, if a systemcontains at

least onenoncoservative force such as a dissipative reaction or a circulatory or instationary

load, then the systemis called nonconservative [57].

The introduction of nonconservative forcesin the ¯nite element analysishas beenstudied

by Argyris and Symeonidisin [9]-[11] for the generalcase. The particular caseof a load

pressuredependingon the displacements, wasanalyzedby Schweizerhofand Ramm [46] and

Hibbit [29]. Also in the samepaper they present the caseof body forceswhich depend on

displacements (centrifugal forces). A generalconclusionof thoseanalysesis that the presence

of nonconservative-type loads leadsto two typesof correction

² A load correction.

² A tangent sti®nessmatrix correction. The sti®nessmatrix correctionis in general(with

someexceptions)a nonsymetricmatrix and leadsto a nonsymmetric tangent sti®ness

matrix.

We further refer to these two corrections as load/sti®ness corrections. Schweizerhof and

Ramm introduce a distinction between space attached loads and body attached loads. The

spaceattached loadsare the loadswhich depend on the coordinates in the deformedcon¯g-

uration, while the body attached loadsdepend only on the coordinatesof the initial con¯g-

uration. Their analysisshows that the body attached loads always lead to a nonsymmetric

correction of the tangent sti®nessmatrix. The space attached loads under someparticular

boundary conditions lead to a symmetric correction of the tangent sti®nessmatrix. In or-

der to derive the load/sti®nesscorrection due to the presenceof nonconservative loads for

the ¯nite element analysis, we will use the principle of virtual work, which remains valid

for nonconservative systems[21]. We restrict the derivation to the displacement dependent

pressuressinceour problem requiresonly this type of load. In the next section we follow
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the derivation presented by Schweizerhofand Ramm [46], and we introducea newcorrection

which characterizesour problem.

4.2 Load sti®ness correction

Assumingthat on the surface§ of a body there is an applied pressurewhich dependson the

displacements, the supplementary term in the principle of virtual work (3.8) is

DÂL c
¢À =

Z

t +¢ t S

t +¢ t t i Ài d t +¢ t § ; ui = t +¢ t Ui ¡ t Ui ; i = 1; 2; 3: (4.1)

The tractions t +¢ t t i can be written as

t +¢ t t i = t +¢ t p t +¢ t ni ;

where t +¢ t p is the value of the applied pressureat the time t + ¢ t and t +¢ t ni represent the

normal to the surface t +¢ t §. Referring to Figure 4.2

t +¢ t x (»; ´ ) = t x (»; ´ ) + u(»; ´ ); t +¢ t ni d t +¢ t S = ² ij k
@t +¢ t x j

@»
@t +¢ t xk

@́
d»d´ ; (4.2)

where² ij k is the third order antisymetric permutation tensor. Supposingthat the surface§

is discretizedin elements then (4.1) is written

DÂL c
¢À =

X

e
DÂL c

e ¢À:

Introducing (4.2) in (4.1) and consideringonly an element e, we obtain
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Figure 4.2: An element with a pressureload.
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The last term in the equation (4.4) can be neglectedbecauseit represents a superior term

of order O("). We obtain
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At this point the pressure t +¢ t p can be divided into a space attached load and a body at-

tached load. For our problem at t = 0, there is no distribution of pressuredepending on
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the displacements. This pressureappears only when the diaphragm starts to move and,

consequently, there is a changein the volume of gasV. Therefore, in our casethe pressure

is a space attached load. Expanding t +¢ t p in a Taylor series

t +¢ t p = t p +
d t p
dV

¢ V + : : : ; ¢ V = t +¢ t V ¡ t V; (4.5)

where¢ V represents the changein the gasvolume enclosedby the diaphragm as shown in

Figure 2.1. Introducing (4.5) in (4.3) we obtain
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The ¯rst term in the equation (4.6) represents the load correction and can be written
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=
Z

§ e

ÀT K I u d§ +
Z

¡ e

ÀT (K I I I + K I V ) u d¡ ;

whereK I , K I I I , K I V are matrix operators de¯ned below
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:

The operator K I is a symmetric operator becausean element on the position ij is the same

as the element on the position j i . The operators K I I I and K I V are instead skew-symmetric
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operators [46]. The integral expressionin the third term of (4.6) can be written
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The variation of the gasvolume ¢ V can be written as

¢ V =
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¢ Vj ; (4.7)

where ¢ Vj represents the contribution to the gasvolume changedue to an element j . To

calculate ¢ Vj we use the following formula. Supposethat V is the volume enclosedby a
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When an element e of the diaphragm is displaced,it yields to a changein the gasvolume.
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Thereforethe third expressionin (4.6) can be written

d t p
dV

¢ V² ij k

Z

»

Z

´

@t x j

@»
@t xk

@́
Ài d»d´ =



67

=
dp
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§ e
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!

=
dp
dV

X

q
ÀT

e K I I
equ q; (4.10)

whereK I I
eq is the following integral operator de¯ned as

ÀeK I I
equ =

µ Z

§ e

ÀT n d§
¶ ÃZ

§ q

n T u d§

!

:

It can be seenthat K I I
eq = K I I

qe and thereforeK I I
eq is a symmetric operator. The fourth term

in (4.6) contains higher order terms in u and thereforeit will be neglected.Using (4.2) and

(4.10), equation (4.6) can be written in the following form

DÂL c
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§ e

ÀT K I u d§ +
Z

¡ e

ÀT (K I I I + K I V ) u d¡ +
X

q
ÀT

e K I I
equ q: (4.11)

Equation (4.11)de¯nesthe load-sti®nesscorrectiondueto the presenceof a pressuredepend-

ing on the displacements. In addition to the terms proposedby Schweizerhofand Ramm

[46], the expression(4.11) includesalso(the last term) a new sti®nesscorrection,derived for

our problem.

4.3 Finite element implemen tation

Using (3.34), the relation (4.11) can be written

DÂL c
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e + ÀT
e K I

eue + ÀT
e (K I I I

e + K I V
e ) ue +
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q
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where
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The correction in the load vector is introducedby equation(4.13) and the stifnesscorrection

by equations(4.14)and (4.15). BecauseK I ;I I aresymmetricoperatorsthe matrices(4.15)are

symmetric matrices. Similarly, becauseK I I I ;I V
eq are anti-symmetric operators, the corespond-

ing matrices(4.14) are anti-symmetric matrices. Thesecorrectionsare addedto the tangent

stifnessmatrix and the load vector (3.41). As a consequencethe tangent stifnessmatrix

may becomenon-symmetric. Basedon the fact that the symmetry in the sti®nessmatrix is

a consequenceof the conservativenessof a systemSchweizerhofand Ramm categorizedthe

systemsas

² Conservativesystems.The systemsfor which the tangent sti®nessmatrix is symmetric.

² Nonconservative systems. The systemsfor which the tangent sti®nessmatrix is non-

symmetric.

From equation (4.11) the symmetry in the tangent sti®nessmatrix is broken only if the

integralsover the boundary ¡ e arenot zero. The symmetry is still kept if oneof the following

situations occur

² Load magnitude is zero, that is

pj¡ e
= 0; for all ¡ e:

² Displacements are prescribed on ¡ = [ ¡ e (surfacecompletely supported).

u = u ) À = 0:

² The surfaceS is su±ciently supported and properly oriented. This condition can be

ilustrated by writing the integrals in (4.11) on all ¡ e in the form

DÂL c

I I I ;I V ¢À =
1
2

Z

¡
p(~u £ ~À) ¢¿ d¡ = 0; (4.16)
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where ¿ is that tangent vector to the boundary ¡. The condition (4.16) imposesthat the

body be constrainednormal to the deformedsurfacesuch that the work done by the pres-

sure forcesis zero. For our problem, the displacements prescribed on the boundary ¡ are

zero and therefore the boundary terms vanish and the corrected tangent matrix remains

symmetric. According to Schweizerhof's classi¯cation, the systemis conservative. Our ob-

servations in section1.3 indicate that the systemis nonconservative. To clarify this apparent

contradiction, let us write the balanceof energyin the incremental form

uT F ¡ uT Fc = uT K T u + uT (K I + K I I ) u; (4.17)

where F de¯nes the applied load vector, F c the correction load vector, and the matrices

K T , K I ;I I are the tangent sti®nessmatrix and the correction sti®nessmatrix for the entire

body respectively. From equation (4.17) it can be seenthat from the energyintroducedinto

the system(diaphragm) only a part is found in the deformation energyof the diaphragm.

The remaining part a®ectsthe sti®nessof the diaphragm. Therefore we can not say that

the energyis conserved in the clasicalsense.That is to say: the work doneby the external

forcesis equal to the deformation energy. However if we considera ¯ctious systemhaving

the sti®nessK ! K + K I + I I , then we can say that the new systemis conservative. Using

Leipholz/Argyris clasi¯cation, the sytem is pseudo-nonconservativeor conservative of the

secondkind. It appears that the classi¯cation given by Schweirzho® is a mathematical

classi¯cation rather than a physical one. The classi¯cation given by Argyris and Leipholz

seemsto be closerto the physicsof the problem. Introducing the boundary conditions(2.42)

the equation (4.12) becomes

DÂL c

e ¢À = ÀT
e Fc

e + ÀT
e K I ue +

X

q
ÀT

e K I I
equq; (4.18)

and this represents the ¯nal form for our problem. The matrix K I
e for an element e can be

written in the form

K I
e =

Z

§ e

©K I ©T d§ =
1
2

Z

§ e

t p© (D » ¡ D ´ ) ©T d§ :
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For the 8-nodesbrick element the surface§ e has4 nodesand the structure of the matrix K I
e

is the following

K I
e =

2

6
6
6
6
6
6
6
6
4

K 11 K 12 K 13 K 14

K 21 K 22 K 23 K 24

K 31 K 32 K 33 K 34

K 41 K 42 K 43 K 44

3

7
7
7
7
7
7
7
7
5

; (4.19)

whereK ij are 3 £ 3 matrices de¯ned as
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1
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´
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6
6
6
6
6
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0 k12 k13

k21 0 k23

k31 k32 0

3

7
7
7
7
7
5

; (4.20)

and

k12 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x3;´ (Ái;»Áj ¡ Ái Áj ;») ¡ x3;» (Ái;´ Áj ¡ Ái Áj ;´ )] J d»d´ ;

k13 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x2;´ (Ái Áj ;» ¡ Ái;»Áj ) ¡ x2;» (Ái Áj ;´ ¡ Ái;´ Áj )] J d»d´ ;

k21 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x3;´ (Ái Áj ;» ¡ Ái;»Áj ) ¡ x3;» (Ái Áj ;´ ¡ Ái;´ Áj )] J d»d´ ;

k23 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x1;´ (Ái;»Áj ¡ Ái Áj ;») ¡ x1;» (Ái;´ Áj ¡ Ái Áj ;´ )] J d»d´ ;

k31 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x2;´ (Ái;»Áj ¡ Ái Áj ;») ¡ x2;» (Ái;´ Áj ¡ Ái Áj ;´ )] J d»d´ ;

k32 =
1
2

Z +1

¡ 1

Z +1

¡ 1

t p[x1;´ (Ái Áj ;» ¡ Ái;»Áj ) ¡ x1;» (Ái Áj ;´ ¡ Ái;´ Áj )] J d»d´ :

The jacobian J is de¯ned by the equation (3.55). The matrix K I I
eq is written

K I I
eq =

dp
dV

µ Z

§ e

©n dS
¶ ÃZ

§ q

©n dS

! T

;
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and has the following structure

K I I
eq =

dp
dV

2

6
6
6
6
6
6
6
6
4

b1
e

³
b1

q

´ T

b1
e

³
b2

q

´ T

b1
e

³
b3

q

´ T

b1
e

³
b4

q

´ T

b2
e

³
b1

q

´ T

b2
e

³
b2

q

´ T

b2
e

³
b3

q

´ T

b2
e

³
b4

q

´ T

b3
e

³
b1

q

´ T

b3
e

³
b2

q

´ T

b3
e

³
b3

q

´ T

b3
e

³
b4

q

´ T

b4
e

³
b1

q

´ T

b4
e

³
b2

q

´ T

b4
e

³
b3

q

´ T

b4
e

³
b4

q

´ T

3

7
7
7
7
7
7
7
7
5

;

where the indicese and q refer to the element e and respectively element q. A vector b i
e is

de¯ned by

b i
e =

Z +1

¡ 1

Z +1

¡ 1
Ái n eJ d»d´ : (4.21)

It can be seenthat the matrix
³
K I I

eq

´ T

is a symmetric matrix. Also the product b i
e

³
b j

q

´ T

de¯nes a 3 £ 3 symmetric matrix. The vector b i
e is a vector of 3 elements de¯ned as follows

b i
e =

Z +1

¡ 1

Z +1

¡ 1
Ái n eJ d»d´ =

8
>>>>><

>>>>>:

b1

b2

b3

9
>>>>>=

>>>>>;

;

and

b1 =
Z +1

¡ 1

Z +1

¡ 1
Ái n1J d»d´ ;

b2 =
Z +1

¡ 1

Z +1

¡ 1
Ái n2J d»d´ ;

b3 =
Z +1

¡ 1

Z +1

¡ 1
Ái n3J d»d´ :

The matrices K I
e and K I I

e are added to the element tangent sti®nessmatrix K e
T (3.41).

Analysing thesecorrection matrices at the element level it can be seenthat K I
e a®ectsonly

the element sti®nessmatrix K e
T , while K I I

e a®ectsall elements. This leadsto a fully popu-

lated sti®nessmatrix. Working with a fully populated sti®nessmatrix in the ¯nite element

analysisis time consumingand may lead to an ine±cient useof the method. Whenever such

correctionsof the sti®nessmatrix occur, we have to put in the balancethe gain in the accu-

racy of the results versusthe time and storagenecessaryfor such matrices. Another aspect
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that needsto be consideredis related to the changesin the basicnumerical procedures,for

examplefor solving a linear systemor an eigenvalue problem.

Re®eringto our problem we may want to introducethe sti®nesscorrections,but at the same

time we would like to keepthe samestructure of the sti®nessmatrix, no modi¯cations of the

basicnumerical algorithms and the samestorage.This can be obtained if in the sum (4.18)

we keep only the term K I I
ee. That is to say that the variation in the volume ¢ V in (4.7)

can be approximated at each element by ¢ V ¼ ¢ Ve. In other words, the applied pressure

will depend not of the displacements of the entire body but just of the local displacements.

Henceequation (4.18) is modi¯ed

DÂL c

e ¢À = ÀT
e Fc

e + ÀT
e K I ue + ÀT

e K I I
eeue; (4.22)

where

K I I
ee = K I I

e =
dp
dV

µ Z

§ e

©n d§
¶ µ Z

§ e

©n d§
¶ T

: (4.23)

We will use(4.23) in the numerical results in Chapter 6. The sti®nesscorrection introduced

by K I I does not have to be confusedwith a sti®nesscorrection in the problems involving

an elastic foundation. In the elastic foundation case,if we admit that elastic foundation

reaction is k f u n wherek f is the elastic foundation sti®nessmatrix and u n is the vector of

the normal displacements then the element sti®nesscorrection is

K f =
Z

§ e

©k© T n T d§ : (4.24)

Let supposethat k is such that hasonly diagonal terms equalwith dp=dV and n = 1. The

equations(4.23) and (4.24) become

K I I
e =

dp
dV

µ Z

§ e

© d§
¶ µ Z

§ e

© d§
¶ T

; K f =
dp
dV

Z

§ e

©© T d§ : (4.25)

Equation (4.25) shows clear the di®erencebetween(4.23) and (4.24). In onecasewe have a

product of integrals and in the other casean integral of a product.


