Chapter 4

Displacemen t Dep endent Pressure

In the nite elemen analysis, there are seweral types of loads which can be introduced:
concettrated loads, body forces, surface forcesetc. In the caseof surfacesforce acting
normal to the surfaceduring the deformation, theseforcesare called pressues Pressuresare
follower forcesand canbe consenrative or noncoserative. A consenrative load is aload which
is independert of the deformation of the body and thereforecan be derived from a potential
function. The nonconsenrative loads may not depend just on the local deformation on the
body but of the deformation of the ertire body, and, in general,there is no potenrtial function
from which theseforcescan be derived [21][57]. A clasical example of the nonconserative
forcesare the aeradynamic forceswhich depend on the °uid °ow and the deformation of the
ertire structure. In this sectionwe presen another situation in which an applied pressure

dependson the displacemets of the ertire body.

4.1 System classi cation

Accordingto Ziegler[57] and Leipholz[37], anonconserative load is a load which dependson

spatial coordinate, displacemets, displacemen derivatives, velocities, and time and which
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Figure 4.1: Variation of eigervalues: a) divergence-ype; b) °utter-t ype

can not be derived from a potertial. By their nature the nonconsenrative forcesintroduce
and(or) extract energy from a system (nonmnservative system$ [57]. The e®ectof the
extraction of energy from a systemis not so dramatic as the e®ectof the introduction
of energyin the system. The last caseleadsto a stability problem. Therefore many of the
studiesregardingnonconserative loadshave beendedicatedto the e®ectof this type of loads
on the stability boundariesof a system[9][15][37][57]. Regardingthe form of instability in

generalwe distingush two forms

2 Static instability. This type of instability, sometimescalled buckling or divergene,
occurs at zero eigervalues as shavn in Figure 4.1a. This point correspnds also to
the critical point of Figure 3.2. At this point the tangent sti®nhessmatrix becomes

semi-positive de nite.

2 Dynamic instability. This type of instability is characterizedby oscillations with in-
creasingamplitudes: °utter type. In this casethe system losesstability when two

consecutie eigervaluescoalesceas shown in Figure 4.1b.
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Based on these two types of instability Argyris [9] and Leipholz [37] give the following

clasi cation.

1. Purely conservativesystems(or conservativesystemsof the rst kind). The forcesact-
ing on suc systemsare of consenative-type, i.e., they canbe derived from a potential.
Thesesystemsare consenative in the classicalsense:i.e., with respect to energy since

their energyis consered. Lossof instability occursonly in the form of static instability.

2. Divergene type nononservative systemsor pseudo-nonenservative systemsor con-
servative systemsof the second kind. The external forcesacting on the systemare of
nonconserative-type. These systemsare nonconserative in the classicalsense,i.e.,
with respect to energy sincetheir energyis not consened. Howewer, depending on
the boundary conditions, a speci ¢ functional other than the energyis consened for
sudh systems. Thesesystemsbelongto a classof nonconserative systems,which do
behare medanically like a consenative one. Thereforethey still exhibit a static type

of instability.

3. Flutter-type nonmnservativesystemsor purely nonmnservativesystems Systemssub-
jected to a nonconserative type of load exhibiting an unsymmetric tangert sti®ness
matrix. Loss of instability can only take place in the form of dynamic instability

(Cutter).

4. Hybrid systems This classof systemsds characterizedby the presencef nonconserative-
type of forces, but the systemscan display either a divergencetype of instability
(consenative type of the secondkind) or °utter instability (purely nonconserative
systems). If the smallestcritical load is of divergencetype, the systemis called pseudo-
divergene-type system and if the minimum load correspndsto °utter, then the system

is called pseudo-°utter-type system

A similar clasi cation of the systemsbasedon the type of loads and reactionsin a system

was given by Ziegler [57]. Accordingto Ziegler, if the loadsare gyroscopic(the medanical
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work done by theseloadsis allways zero) or noncirculatory (the loads can be derived from
a potential function) and the reactionsare nonworking (the medanical work done by these
reactionsis zero), then the systemis consenative. On the other hand, if a systemcortains at
least one noncoserative force sud as a dissipative reaction or a circulatory or instationary

load, then the systemis called nonconserative [57].

The introduction of nonconserative forcesin the nite elemen analysis has been studied
by Argyris and Symeonidisin [9]-[1] for the generalcase. The particular caseof a load
pressuredepending on the displacemets, wasanalyzedby Scweizerhofand Ramm [46] and
Hibbit [29). Also in the samepaper they presen the caseof body forceswhich depend on
displacemets (cenrifugal forces). A generalconclusionof thoseanalysesds that the presence

of nonconserative-type loadsleadsto two typesof correction

2 A load correction.

2 A tangert sti®nesgnatrix correction. The sti®nessnatrix correctionisin general(with
someexceptions)a nonsymetric matrix and leadsto a nonsymmetrictangert sti®ness

matrix.

We further refer to these two corrections as load/sti®ness corrections. Sdweizerhofand
Ramm introduce a distinction between space attached loads and body attachel loads The
spaceattached loadsare the loadswhich depend on the coordinatesin the deformedcon g-
uration, while the body attached loadsdepend only on the coordinates of the initial con g-
uration. Their analysisshaws that the body attached loads always lead to a nonsymmetric
correction of the tangert sti®nessmatrix. The space attacheal loads under someparticular
boundary conditions lead to a symmetric correction of the tangert sti®nhessmatrix. In or-
der to derive the load/sti®nesscorrection due to the presenceof nonconserative loads for
the nite elemen analysis, we will usethe principle of virtual work, which remains valid
for nonconserative systems[21]. We restrict the derivation to the displacemenh dependert

pressuressince our problem requiresonly this type of load. In the next sectionwe follow
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the derivation presened by Sthweizerhofand Ramm [46], and we introducea new correction

which characterizesour problem.

4.2 Load sti®ness correction

Assumingthat onthe surface§ of a body there is an applied pressurewhich dependson the

displacemets, the supplememary term in the principle of virtual work (3.8) is

Z
DALC¢A: t+¢ ttiA_duc t§; Ui — t#¢ tUi I tUi; | - 1;2;3: (41)

t+¢ tg

The tractions ' 't; can be written as
t+¢ tti — t+¢ tpt+¢ tni;

where "** 'p is the value of the applied pressureat the time t + ¢ t and "** 'n; represen the

normal to the surface '** '§. Referringto Figure 4.2
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@ @

where?; | is the third order antisymetric permutation tensor. Supposingthat the surface§

t+¢ tX(»;' — tX(»;') + U(»;'); t+¢ lni dwe s = Zij K d»d”; (42)

is discretizedin elemerts then (4.1) is written
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Introducing (4.2) in (4.1) and consideringonly an elemern e, we obtain
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Figure 4.2: An elemen with a pressureload.
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The last term in the equation (4.4) can be neglectedbecauseit represeis a superior term
of order O("). We obtain
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At this point the pressure "** 'p can be divided into a space attached load and a body at-

tachal load. For our problem at t = 0, there is no distribution of pressuredepending on
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the displacemets. This pressureappearsonly when the diaphragm starts to move and,
consequetly, there is a changein the volume of gasV. Therefore,in our casethe pressure
is a space attached load. Expanding "*¢ 'p in a Taylor series

d'p
dv

“tip= ‘p+ ¢CV+:;, ¢V= VY, (4.5)

where ¢ V represets the changein the gasvolume enclosedby the diaphragm as shavn in

Figure 2.1. Introducing (4.5) in (4.3) we obtain
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The rst term in the equation (4.6) represets the load correction and can be written
zz ‘ z

The secondterm can be integrated by parts asfollows
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y z
= AK'udg+ A (K" +K"Y)udj;

8e ie
whereK', K''', K'Y are matrix operators de ned belov
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The operator K' is a symmetric operator becausean elemen on the position ij is the same

asthe elemen on the position ji. The operatorsK''' and K'" are instead skew-symmetric



65

operators [46]. The integral expressionin the third term of (4.6) can be written

zZz z
@ x; @ X ; A
2; d»d” = A'n d§:
ij k o @ @ A 5.
The variation of the gasvolume ¢ V can be written as
Ke
¢V = ¢V, 4.7)

j=1
where ¢ V, represeis the cortribution to the gasvolume changedue to an elemen j. To

calculate ¢ V; we usethe following formula. Supposethat V is the volume enclosedby a

surfaceS. Then
z z z

V= dV:} rde:} X ¢n dS: (4.8)
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When an elemen e of the diaphragm is displaced,it yields to a changein the gasvolume.

Using (4.8) the cortribution of an elemen e to the changein the gasvolume at the time t

andt+ ¢tis
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nz . 1% Z X .
_ 3_8 _Ands _n'uds = 3_\'[/’ ALK g (4.10)
e q a q
whereK ¢ is the following integral operator de ned as
Hz 1Az !
AeK gu = A'n d§ nTudg :
Se 8q

q IS @ symmetric operator. The fourth term

It canbe seenthat K, = K¢, and thereforeK ¢
in (4.6) cortains higher order termsin u and thereforeit will be neglected.Using (4.2) and

(4.10), equation (4.6) can be written in the following form
z z z X
DAL (¢A = §epATn ds + §EATK'ud§+ ieAT (K" + K™Vyudj + q ALK U (4.11)
Equation (4.11) de nesthe load-sti®nessorrectiondueto the presencenf a pressuredepend-
ing on the displacemets. In addition to the terms proposedby Sdweizerhofand Ramm
[46], the expression(4.11) includesalso(the last term) a new sti®nesscorrection, derived for

our problem.

4.3 Finite element implemen tation

Using (3.34), the relation (4.11) can be written

L L L L X
DAL (A= ATFS+ ALK Lue + AL (KL' + KL )ue+ ALK LLUg; (4.12)
q
where
Z
FS= ©pds§; (4.13)
z Z
Ky' = OK'"©' d§; Ky = OK'VO' d§; (4.14)
§e Se
z

K,= | ©K'OTds;  Ki= 0K (4.15)
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The correctionin the load vector is introducedby equation (4.13) and the stifnesscorrection
by equations(4.14) and (4.15). BecauseK ''' are symmetric operatorsthe matrices(4.15) are
symmetric matrices. Similarly, becauseK ., " are anti-symmetric operators, the corespmnd-
ing matrices (4.14) are anti-symmetric matrices. Thesecorrectionsare addedto the tangert
stifnessmatrix and the load vector (3.41). As a consequencéhe tangert stifnessmatrix
may becomenon-symmetric. Basedon the fact that the symmetry in the sti®nessmatrix is
a consequencef the consenrativenessof a system Scweizerhofand Ramm categorizedthe

systemsas

2 Consenative systems. The systemsfor which the tangert sti®nessnatrix is symmetric.

2 Nonconserative systems. The systemsfor which the tangert sti®nessmatrix is non-

symmetric.

From equation (4.11) the symmetry in the tangent sti®nessmatrix is broken only if the
integralsover the boundary j . arenot zero. The symmetry is still kept if oneof the following

situations occur
2 Load magnitude is zero, that is
p..=0 for all j e:

[ i e (surfacecompletely supported).

2 Displacemetts are prescribed on j

T) A=o

c
I

2 The surfaceS is suzciently supported and properly oriented. This condition can be

ilustrated by writing the integralsin (4.11)on all j ¢ in the form

z

" -1 R
I:)AI—|C||;|V CA = 5 p(t £ A) ¢ di =0 (4.16)
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where ¢, is that tangert vector to the boundary j. The condition (4.16) imposesthat the
body be constrainednormal to the deformedsurfacesud that the work done by the pres-
sure forcesis zero. For our problem, the displacemets prescribed on the boundary j are
zero and therefore the boundary terms vanish and the corrected tangert matrix remains
symmetric. Accordingto Schweizerhofs classi cation, the systemis consenative. Our ob-
senationsin sectionl.3indicate that the systemis nonconserative. To clarify this apparen

cortradiction, let us write the balanceof energyin the incremertal form
U'Fji UFC=u Kru+u' (K'+ K") u; (4.17)

where F de nes the applied load vector, F¢ the correction load vector, and the matrices
K1, K'"'" are the tangert sti®nessmatrix and the correction sti®nessmatrix for the ertire
body respectively. From equation (4.17) it canbe seenthat from the energyintroducedinto
the system (diaphragm) only a part is found in the deformation energy of the diaphragm.
The remaining part a®ectsthe sti®nessof the diaphragm. Therefore we can not say that
the energyis consened in the clasicalsense.That is to say: the work done by the external
forcesis equalto the deformation energy Howevwer if we considera ctious systemhaving
the sti®nessK | K + K'*'', then we can sa that the new systemis consenative. Using
Leipholz/Argyris clasi cation, the sytem is pseudo-nonanservativeor consenative of the
secondkind. It appearsthat the classi cation given by Scdweirzho®is a mathematical
classi cation rather than a physical one. The classi cation given by Argyris and Leipholz
seemdo be closerto the physicsof the problem. Introducing the boundary conditions (2.42)
the equation (4.12) becomes

DAL ¢A= ATFS+ ALK 'u, + X ALK Lug; (4.18)

q

and this represeis the nal form for our problem. The matrix K, for an elemen e can be

written in the form

Z
K,= _©K'O"ds =

z
‘P©(D,j D)©" d§:

NIl =

8e
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For the 8-nodesbrick elemen the surface§ . has4 nodesand the structure of the matrix K

is the following

and

2
Kll K12 K13
KZl K22 K23
Ky =
K31 K32 K33
I'<41 I'<42 K43
whereK; are 3£ 3 matricesde ned as
Z Z 3
14+ 4+ }
Ky = > ‘PA D»i D
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1Z+1Z+1 o o
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1875 PXor (AAST ASA)I
) 1Z+1Z+1 o o
= _ "D X A A
21 2 1 1 PIXsr (AAST AnA) i
12+1 Z 1 o o
Koz = 5 1 1 PiX1 (AA i AA) I
1Z+1Z+1 o o
Ksy = 2 1 1 ‘Plxzr (AxA i AA) I
) 12424
82~ é il i1

2
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'/%Jd>xﬂ’=§km 0 kzé:
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N =
i IS

w
R

A X X X

Xz (A A i AR dd’

X2:» (A4A1 i A A1 )1J dxd”;

X3 (A'A’ i A Aj )] J dxd”;

X1;» (A| Aj i AIAj )1J d»d”;

Xoo (A AT AR dd’;

Pl (AAL T AsA) i X (AR i A A)]J dd”:

The jacobian J is de ned by the equation (3.55). The matrix K is written

K by =

dp "4

dV s

1Az
©n dsS

P

©ndS ;

8q

(4.19)
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and hasthe following structure
2 3 7 3 7 3 7 3 -~ 3
by by bl bi bl bl bl b
. _ dpgbibi’ bib:l o b:b:l ob:bili
€4 dV b3 bl i b3 b2 T b3 b3 T b3 b4 T ’
e3 q, 63 q, 93 qa, 63 q,
b: b, b b’ b: b} b: by
wherethe indicese and q refer to the elemen e and respectively elemen g. A vector b! is

de ned by ; 7
+1 4 41
b = Angd dxd: (4.21)
L0l . -

It can be seenthat the matrix Kyg, "isa symmetric matrix. Also the product b, b{q !

de nesa 3£ 3 symmetric matrix. The vector b! is a vector of 3 elemers de ned as follows

8 9
Z+1Z+1 %b_l%
b = Aned dxd = X
e i1 ilA'ne > Ebzg
; b3,
and
ZunZa
by = Angd dxd’;
il i1
ZnZy
b = AnyJ d»d”;
il 1
ZuZa
b = AnzJ dxd”:
il i1

The matrices K and K are added to the elemen tangert sti®nessmatrix K§$ (3.41).
Analysing thesecorrection matrices at the elemen level it can be seenthat K, a®ectsonly
the elemen sti®nessmatrix K §$, while K a®ectsall elemens. This leadsto a fully popu-
lated sti®nesamatrix. Working with a fully populated sti®nessmatrix in the nite elemer
analysisis time consumingand may leadto aninexcient useof the method. Wheneer sut
correctionsof the sti®nessmatrix occur, we have to put in the balancethe gainin the accu-

racy of the results versusthe time and storagenecessaryfor suc matrices. Another aspect
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that needsto be consideredis related to the changesin the basic numerical procedures,for

examplefor solving a linear systemor an eigervalue problem.

Re®eringto our problemwe may want to introducethe sti®nessorrections,but at the same
time we would like to keepthe samestructure of the sti®nesamatrix, no modi cations of the
basic numerical algorithms and the samestorage. This can be obtained if in the sum (4.18)
we keeponly the term K. That is to say that the variation in the volume ¢V in (4.7)
can be approximated at ead elemen by ¢V % ¢ V.. In other words, the applied pressure
will depend not of the displacemets of the entire body but just of the local displacemets.

Henceequation (4.18) is modi ed

DAL GA= ATFS+ ALK 'ug + ATK ug; (4.22)
where
Ke= Ky =g, ,©nds  onds (4.23)

We will use(4.23) in the numerical resultsin Chapter 6. The sti®nesscorrectionintroduced
by K'' doesnot have to be confusedwith a sti®nesscorrection in the problemsinvolving
an elastic foundation. In the elastic foundation case,if we admit that elastic foundation
reaction is ks u,, wherek; is the elastic foundation sti®nessmatrix and u, is the vector of

the normal displacemets then the elemen sti®nesscorrection is

4

Ki= _©ko'n"ds: (4.24)

Let supposethat k is sud that hasonly diagonalterms equalwith dp=dVandn = 1. The
equations(4.23) and (4.24) become

Ki=gqy ,©d od ; K= 00 d: (4.25)

Equation (4.25) shows clear the di®erencebetween(4.23) and (4.24). In one casewe have a

product of integrals and in the other casean integral of a product.



