CHAPTER 5
RECONSTRUCTION OF AXISYMMETRIC AZIMUTHALLY POLARIZED

ELECTROMAGNETIC LOCALIZED PULSED
WAVE FIELDS

5.1 Introductory Remarks

Our work so far has been restricted to scalar-valued LW solutions of the scalar wave
eguation and the Klein-Gordon equation. In this chapter, we shall present a special class of
infinite energy vector-valued LW solutions to Maxwell’ s equations, which will be referred
to as azimuthally polarized localized waves (APLWS). These solutions will be derived
directly from Maxwell’s equations without the intervention of electromagnetic potentials.
The reconstruction of these solutions will be addressed, as well as that of their time-

limited counterparts.

5-2 Azimuthally Polarized Electromagnetic Fields

Conventional transverse electric (TEZ) localized wave theory, expounded by Ziolkowski

[27], is based on a vector magnetic Hertz potential P, =4, pm(r ,z,t) , with pm(r ,z,t)
governed by the scalar wave equation. Localized wave solutions to this equation, e.g., the
MPS pulse, are used to compute the components E, (r ,z,t), H, (r ,z,t) and Hz(r ,z,t) of
the corresponding localized electric and magnetic field intensities. The computation of
these field components, although straightforward, results in very complex waveforms. As

a consequence, the derivation of the electromagnetic energy density isvery involved. Sois

the proof that the electromagnetic fields corresponding to the MPS solution of the scalar

wave equation for pm(r ,z,t) contain finite energy.
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In what follows we demonstrate that E; (r ,z,t) obeys a scalar equation different from the

scalar wave equation for pm(r,z,t). However, it supports localized wave solutions

analogous to the conventional FWM and MPS pulses. These solutions will be called
azimuthally polarized localized waves (APLW). Once an APLW solution is found for

E; (r ,z,t), without an intermediate potential, the corresponding magnetic field intensity

components H (r ,z,t) and Hz(r ,z,t) can be found from Maxwell’s equations. There are

severd distinct advantages in our procedure: (i) exploitation of various types of localized

waves at the level of the field E; (r ,z,t) without the intervention of a potential function.;

(i) drastic reduction in the complexity of the computation of the magnetic field
components;. (iii) a much easier computation of the electromagnetic energy density and
Poynting vector; (iv) an easier check of the finiteness of the energy in the case of an
APMPS pulse; (v) feasibility for a Huygens reconstruction of the localized electromagnetic
fields.

Consider Maxwell’ s equations in free space:

N E(rt)=- n’b%H(r,t), (5.2.19)

N H(r.t) = e g E(r) + 3(r), (5.2.10)

NE(r,t) = r{r.1) , (5.2.1c)
eO

NxH(r,t) = 0. (5.2.1d)

The magnetic field intensity can be eiminated from these equations, giving rise to the

following equation for the electric field intensity:
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N N E(r,t)+c—2FE(r,t)=-n’bﬁ\](r,t). (5.2.2)

In a source-free region, this equation admits a zero-divergence solution of the form

E(r.t) = &E(r.z.t),

with E, (r ,z,t) obeying the equation
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ﬂ_l’ Ef (I’ ,Z,t)E- — Ef (I’ ,Z,t) +t— Ef (I’ ,Z,t) - ?F Ef (I’ ,Z,t) =0 (5.2.3)
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in cylindrical coordinates. The term azimuthal polarization denotes a field propagating
along z with the electric field E oriented along the f direction. An axisymmetric,

azimuthally polarized electric field intensity is of the form E =4 E (r,zt). The

corresponding magnetic field intensity has components Hr(r ,z,t) and Hz(r,z,t). The
azimuthally polarized state is familiar in fiber optics. The TE,, mode of a step-index

optical fiber is a specific example [146]. The azimuthally polarized electromagnetic field is
also of particular interest because of a recent experimental demonstration, whereby a
broad area, concentric-circle-grating, surface-emitting (CCGSE) semiconductor laser
radiates a near infrared, circularly symmetric, azimuthally polarized beam. Jordan and Hall
[80,81] have developed a continuous wave (CW) paraxiad equation for azimuthally
polarized, axisymmetric fields and have compared the solutions of this equation to those of
the more familiar scalar paraxial equation that yields linearly polarized Bessal-Gauss

beams.

5.3 Azimuthally Polarized X Wave

Consider the Fourier-Hankel transform pair
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E, (c,kZ ,w) = Ot Oz Qyir v 3 (cr)e ™ eikZZEf (r,z.1), (5.3.13)
¥ -¥ 0
LY |
E(r.zt) = 0P Ow Ok, (e e J,(cr Je™ e"kzzéf(c,kz,w). (5.3.1b)
¥ ¥ 0

The insertion of the Hankel-Fourier transform of the electric field given in Eq. (5.3.1) into
Eq. (5.2.3) leads to the dispersion relation

(w/e)*- k2- c2=0.. (5.32)
As a consequence, arepresentation for E, (r ,z,t) can be written as follows [156]:

¥ ¥ ¥
E(r.zt) = (2;)3 Odw Odk, 0(‘plchl(cr)eth e'ikzzd((w/c)2 - k2- cz)Ao(c,kz,w).
¥ ¥

(5.3.3
We consider a solution made up of superposition of plane waves moving in the positive z
direction; specificaly,

¥
1

¥ ¥
E(r.zt) = 0P Ok, (e e, (cr )™ e'ikzzd((w/c)2 - k- cz)éo(c,kz,w) ,
0o 0 o0

(5.3.4)
Integrating over w, we obtain
¥ ¥ : k)
E, (r ,z,t) = (2;)3 ok, (‘pchl(cr) e_lkZ(Z_Ct( ok /kz))Do(c,kz) : (5.3.5)
0 0

To generate an X wave, we introduce the constraint
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1/c;z + kz2
(5.3.6)

C—=u,
k

z
where u isaconstant superluminal speed (u > c) . Alternatively, we have

K =——= o, (5.3.7)

© w1

Substituting this constraint into Eqg. (5.3.5), we obtain

H

1 (‘jjccJl(Cr)e'igC(z_Ut)éo(C)' (5.3.8)

Ef (I’ ’Z’t) = (2p)3 ,

With the specific choice
E,(c)=e™"; a,>0, (5.3.9)
we can use Eq. (6.623.1) in [144] to obtain the azimuthally polarized X wave solution

EAPW( 5 t) = 2632) r (5.3.10)

(2 p ‘%lr2+[a1+ig(z- ut)]zi:uiz.

In contradistinction to FWM-like pulses, we can derive explicit expressions for the

magnetic components using the following relationships [156]:
1'% 1
=—Qit—E t 311
Hr(r,z,t) ”boj = f(r,z, ) (5.3.119)

H(r.z.t) =0, (5.3.11b)
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H,(r.z,t) =- cﬂ%ﬂll (r,z,t)]. (5.3.11¢)

L
m

Corresponding to the electric field intensity given in Eq. (5.3.11), we obtain

- A
HrAPXW(r 2t) = —— r T (5.3.12a)
n’bu%lr2 +[a1+ig(z- ut)] ¥

HZAPXW (I’ ,Z,t) = iA(al +ig(z- Ut))

- _ S (5.3.12b)
Myguir +[a1+|g(z- ut)] ¥

2d32)
(2p)*Vp

for the magnetic field intensity components. Here, A =

5.4 Reconstruction of Azimuthally Polarized X Waves in the Time domain

By anaogy to the reconstruction of scalar-valued localized waves considered in Chapter 2,
vector-valued azimuthaly polarized X waves can be reconstructed by means of
Kirchhoff's surface integral representation (KSIR). The required quantities for the
numerical implementation of the reconstruction are the tangential electromagnetic fields
and their derivatives with respect to time and space defined over the source plane. The
radiated fields away from the aperture can be evaluated by means of the time-domain
formulation of KSIR as follows [143]:

__ie‘HJ udte 1 1 1aa éE o
SRR []“R ap 8 g [€])° grad¢ " RE &b
& efE (o 1A,e‘ﬂ

,grad(R+(ﬁ.[E])grad¢E 8n G IR 1 e %de;

(5.4.1)
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1 JJ] L far 1oy - 1 1 &, éTHD.
H=cur|—(J—dt¢-— n(H rad¢—- — ch™ z7— = grad®
ap OR 4p§}( M) gades - 2 & gyt 9

A 1 lea éMH® 1, efbw
+(n>{H]) gradd:E- peyl xﬁ%grad®+Rn St %dSQ

(5.4.2)

where D = e E and S is the surface bounding the volume V. The rectangular brackets

denote that the variables contained within them are to be evaluated at the retarded time
te=t- (R/c), where R =|r- r¢.

We have two types of sources. (1) Initial electromagnetic fields illuminating the aperture
and (2) real current sources driving the dynamic antenna. We shall use the equivalence
between the surface currents and fields to guide us to an adequate choice of the source

currents. The current in the f direction can be determined from the magnetic field

component as follows:

J=A" Hf=Hf (5.4.3)

Examining Eqg. (5.3.10), we note that the electric field component E, has zero value

along the z-axis (r = O) . Its differentiation with respect to r gives a maximum value that

occurs at r =a1/\/§. As a result, in our numerical work we have computed the

reconstructed field at observing points with coordinates (al /N20z2= ut) .

5-5 Reconstruction of Azimuthally Polarized X Waves in the Frequency Domain

The frequency domain expressions of the KSIR [143] corresponding to Egs. (5.4.1) and

(5.4.2) can be written as
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E(r.f,zw) :%d- iwny (n° H), (1" E)” Ry +(1.E)Ny] dSc, (5.5.1)
S¢

H(r f,2.w) = — cJiwey (A" E), (1" H)* Ry +(n.H)Ry] dse (55.2)
4pS¢

where fi isthe unit vector normal to the source plane and

o IR
y =" k =wjc, R=\/r2+r¢°‘- 2rr¢cos(f - f(1)+(z- 292 . (5.5.3)

We dedl with the fields E;,H andH, asa TE, mode system defined in a cylindrical

coordinate system. Consequently, we have

Wy

N
e
, ikR : N
él ue -r@osf¢, rdsinfe¢, z- z¢
_ e, 7 f 4 55.4
& kg R 8 R R R “H (5.5.4)

In this expression, we have set f = 0 due to the symmetry of the observing point with
respect to the discrete annular sections distributed over the source plane. Equating the
field components for both sides of Eq. (5.5.1), after plugging Eg. (5.5.4) into it, leads to
the electric field component in the f direction

1 6 KR - ikR 1 _—
E,(r.w,2) = Egé‘ 'WmeTH(“?W) eTE( )%lﬁ gz Zudse,  (555)

where the differential area on the source plane is defined as dS¢=r @r @f ¢. Based on
Egs. (5.3.10) and (5.3.12a), the electric field tempora spectrum component in the second

term of the integrand can be written in terms of the magnetic one in the first term as
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¥ ¥
E. (rew) = O, (r¢t)e ™dt = ¢y, (cr gedeE, (c,w)
0

0
WA av O
= 2p(gJ)2 g W/ Jlgar ¢ = myuH, (rGw), (5.5.63)
where
A _ac
E(c.w) = oS dw- guc). (5.5.6b)

Our main interest here is to focus on the evaluation of the electric field component E,
from which we can obtain the other two components H_,H, using Egs. (5.3.114) and

(5.3.11c), respectively.

5.6 Time-Limited Azimuthally Polarized X-Waves

A time-limited version of the azimuthally polarized X wave electric field given in Eq.

(5.3.10) isgiven as

EAPY(r 0t) = al —ze T (5.6.1)
r2+(a1- ith) g

—_———

on the aperture plane z = 0. Its spatio-temporal spectrum can be computed as follows:

(5.6.2)
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The integrations over the variables r and t can be performed using Egs. (6.565.2) and
(3.324.3) in Ref. [144]. The final result is given by

E. (c,w =2\/BTAe'alce'T2(W' guic) (5.6.3)
f

The dectric field in front of the source plane can be determined from the Weyl

representation

E (r.zt)= gCTf}chl(cr)&ke' ace Tl o (i e kel , (5.6.4)
P) o 0

Here, we are using the notation

g =sinhb, u=ccothb; y, =coshb; y, =c coshb. (5.6.5)

Next, we substitute Eq. (5.6.4) into Egs. (5.3.11a) and (5.3.11c) in order to compute the
corresponding magnetic field intensity components. They can be expressed as

¥ ¥ 2_ 2 2.2 2 2 2
H. (r ,z,t) = B(‘):dc\ll(cr)(‘jjkkk—cce'alce'T G e"( K- Z'kCt) , (5.6.6)
0 0
¥ ¥ 2,2 2 i 2.2
H(r z,t) = B(‘pzcho(cr)(‘jﬂk%e'alce'T AR e"( -2 ke . (5.6.7)
0 0
where B = \/BCZTA
(2p)“m,

In order to avoid evanescent fields, the propagation constant k, should be real. For this

reason, the integration over the wave number k should take the minimum value k =c .

Consequently, we rewrite the previous expressions as follows:
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¥ ¥ 2,2 2 ez 2
E, (r,2,t) = Bm, Geded, (cr) ke %" AR e"( - i ke , (5.6.8)
0 c

¥ ¥ 2 2 5 2 2 5

H (r,z,t) = B(‘):chl(cr)(‘)ikkk—;Ce'alce'T AU e"(“k - . (56.9)
0 c
¥ ¥ 2,2 2 i [z .2

H,(r z,t) = B(‘pzcho(cr)(‘)ﬂk%e'alce'T AL e"( el . (5.6.10)
0 c

5.7 Numerical Results

The variation of the current density (equivalent to Hr) with r at different instants is
depicted in Fig. 5.1. Figure 5.2 shows the time history of the electric field E, at different
r values. We notice from these two graphs that the pesks of H. and E, over the source

plane move with lower amplitudes away from the center as t increases. This illustrates the
dynamic behavior of the aperture over which the discrete sources are distributed.
Additionally, the energy density contained in the localized source decreases as the radius

of the aperture increases. The decay of the centroid field value of H, with distance z for

atime-limited azimuthally polarized X wave is shown in Fig. 5.3. It is clear that the decay
rate is inversely proportiona to the excitation time T, or equivalently the effective radius
of the aperture. A comparison between the time history of the electric field component E,

generated from a finite aperture of radius R =48 m and that of the exact field is

shownin Fig. 5.4 for z=50mand r = 0106 m. The reconstructed field is found by means

of KSIR in the frequency domain, together with an inverse FFT. A comparison of the time

history of the electric field component E. generated from a time-limited aperture
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(T = 004 n9 using the Weyl representation and that of the exact field is shown in Fig. 5.5
for z=50 mand r = 0106m. We have selected the observing point for E, to be at

r= al/ v/2 = 0106 m because it has a zero value aong the z-axis. In contradistinction,
H, hasits maximum valueat r = 0. Figure. 5.6 provided a comparison between the time

history of H, generated from a time-limited aperture (T = 0.04 ng) and that of the exact

fildat z=250m and r = 0. For the numerical results presented so far, we have used the

values of the tangential field components and their derivatives on the source plane.

However, in Fig. 5.7 we present a comparison of the time history of the exact field E,

and that of a reconstructed field due to a localized current source distributed over the

aperture plane. The distance from the aperture equals 250 m and r = 0106 m.

5.8 Concluding Remarks

We have carried out numerically the reconstruction of vector-valued azimuthally polarized
X wave fields using Kirchhoff’ s surface integral representation, with localized currents and
tangentia field components as exciting sources. Moreover, we have computed the time-
limited versions of the azimuthally localized X waves by means of the Weyl representation
with finite excitation time. Because of ther distinctive characteristics, azimuthally
polarized X wave fields may find applications in remote sensing, medical imaging, secure
communications, directed energy transfer and ultra-wideband radars. Hopefully, our work
sheds some light on the possibility of generating these type of localized fields, especidly in
view of recent advances in generating sources of ultrawide bandwidth electromagnetic

energy.
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Figure 5.1: Variation of the current density with the transverse direction r at
different instants.
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Figure 5.2: The time history of the field value E, on the source plane at different

radii of the annular sections r = 0177, 0.354, 0531, 0.708, 0885m. The parameters
of the pulseare: a, =025, b =6.
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Figure 5.3: The decay of the centroid field value of afinite time azimuthally
polarized magnetic field H, with the distance z in front of the source plane.

It is clear that the decay isinversely proportional to the excitationtime T .
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Figure 5.4: Comparison between the time history of the electric field component E;

generated from finite aperture with radiusR . =4.8m and the exact one at z = 50m,
r =0.106 m. We have applied the vector Kirchhoff integral and then IFFT.
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Figure 5.5: Comparison between the time history of the electric field component
E; generated from time-limited aperture 4T, T = 0.04ns, a, = 015 by using Weyl

representation and the exact one at z = 50m, r = 0.106 m.
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Figure 5.6: The comparison between the time history of the magnetic field
componentH, generated from finite time aperture with radius R __ =48 m,

T =004ns, b=6 andtheexactoneat z=250m, r = 0.
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Figure 5.7: The comparison between the time history of the reconstructed field
E, az=250m,r =0106 m due to localized current source distributed on

the source plane and the exact one. The radius of the apertureis R __ = 4.8m.
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