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Algebraic Geometry of Bayesian Networks

Luis David Garcia—Puente

(ABSTRACT)

We develop the necessary theory in algebraic geometry to place Bayesian networks into the
realm of algebraic statistics. This allows us to create an algebraic geometry—statistics dictio-
nary. In particular, we study the algebraic varieties defined by the conditional independence
statements of Bayesian networks. A complete algebraic classification, in terms of primary
decomposition of polynomial ideals, is given for Bayesian networks on at most five random
variables. Hidden variables are related to the geometry of higher secant varieties. Moreover,
a complete algebraic classification, in terms of generating sets of polynomial ideals, is given
for Bayesian networks on at most three random variables and one hidden variable. The
relevance of these results for model selection is discussed.

Partially supported by the CARGO program of the National Science Foundation (DMS-
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Chapter 1

Introduction

The emerging field of algebraic statistics [23] advocates polynomial algebra as a tool in the
statistical analysis of experiments and discrete data. Statistics textbooks define a statistical
model as a family of probability distributions, and a closer look reveals that these families
are often real algebraic varieties: they are the zeros of some polynomials in the probability
simplex [11, 26].

In this work we examine directed graphical models for discrete random variables. Such models
are also known as Bayesian networks and they are widely used in machine learning, bioin-
formatics and many other applications [20, 22]. Our aim is to place Bayesian networks into
the realm of algebraic statistics, by developing the necessary theory in algebraic geometry
and by demonstrating the effectiveness of Grobner bases for this class of models.

Bayesian networks can be described in two possible ways, either by a recursive factorization
of probability distributions or by conditional independence statements (local and global
Markov properties). This is an instance of the computer algebra principle that varieties
can be presented either parametrically or implicitly [4, §3.3]. The equivalence of these two
representations for Bayesian networks is a well-known theorem in statistics [20, Theorem
3.27], but, as we shall see, this theorem is surprisingly delicate and no longer holds when
probabilities are replaced by negative reals or complex numbers. Hence in the usual setting
of algebraic geometry, where the zeros lie in C¢, there are many “distributions” which satisfy
the global Markov property but which do not permit a recursive factorization. We explain
this phenomenon using primary decomposition of polynomial ideals.

This thesis is organized as follows. In Chapter 2 we review the algebraic theory of conditional
independence, and we explicitly determine the Grobner basis and primary decomposition
arising from the contraction axiom [22], [31, §2.2.2]. This axiom is shown to fail for negative
real numbers. In Chapter 3 we introduce the ideals Ij,cai() and Iggbai(e) Which represent a
Bayesian network G. When G is a forest then these ideals are the toric ideals derived from
undirected graphs as in [12]; see Theorem 7 below.
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The recursive factorization of a Bayesian network gives rise to a map between polynomial
rings which is studied in Chapter 4. The kernel of this factorization map is the distinguished
prime ideal. We prove that this prime ideal is always a reduced primary component of Ijocai(c)
and Igiobai(e)- Our results in that chapter include the solutions to Problems 8.11 and 8.12 in
[33].

In Chapters 5 and 6 we present the results of our computational efforts: the complete
algebraic classification of all Bayesian networks on four arbitrary random variables and all
Bayesian networks on five binary random variables. The latter involved computing the
primary decomposition of 301 ideals generated by a large number of quadrics in 32 unknowns.
These large-scale primary decompositions were carried out in Macaulay?2 [14] and Singular
[15]. Some of the techniques and software tools we used are described in the Appendix.

The appearance of hidden variables in Bayesian networks leads to challenging problems in
algebraic geometry. Statisticians have known for decades that the dimension of the corre-
sponding varieties can unexpectedly drop [13], but the responsible singularities have been
studied only quite recently, in [11] and [26]. In Chapter 7 we examine the elimination problem
arising from hidden random variables, and we relate it to problems in projective algebraic
geometry. We demonstrate that the naive Bayes model corresponds to the higher secant
varieties of Segre varieties [2, 3], and we present several new results on the dimension and
defining ideals of these secant varieties.

In Chapter 8 we expand the results obtained in the previous chapter. We compute the ideal
of all polynomial functions which vanish on the space of observable distributions implied by
any Bayesian network on three observable variables and one hidden variable. These results
extend previous work on the subject, see [10, 11]. In particular, we were able to conclude that
all but one of such Bayesian networks correspond to (joins or intersections) of higher secant
varieties of Segre varieties. This result is obtained via the computation of the dimension of
all ideals involved. It was shown in [10, 24, 25| that the understanding and computation of
the dimension and singularities of these varieties is crucial for the relevant problem of model
selection. Our results provide new insight in this direction.

Our algebraic theory does not compete with but rather complements other approaches to
conditional independence models. An impressive combinatorial theory of such models has
been developed by Matis [21] and Studeny [31], culminating in their characterization of
all realizable independence models on four random variables. Sharing many of the views
expressed by these authors, we believe that exploring the precise relation between their work
and ours will be a very fruitful research direction for the near future.

Most of the results contained in the first chapters were obtained in collaboration with Dr.
Michael Stillman and Dr. Bernd Sturmfels. A paper containing these results will appear
in a special issue of the Journal of Symbolic Computation in the occasion of the MEGA
2003 Conference, see [8]. Chapter 8 consists of original, previously unpublished results.
Nevertheless, a paper containing a summary of the results in this last chapter has been
submitted to the Conference of Uncertainty in Artificial Intelligence, see [9].



Chapter 2

Ideals, Varieties and Independence
Models

2.1 Conditional Independence

We begin by reviewing the general algebraic framework for independence models presented
in [33, §8]. Let Xi,..., X, be discrete random variables where X; takes values in the finite
set [d;] = {1,2,...,d;}. We write D = [dy] X [dy] x - -+ x [d,] so that RP denotes the real
vector space of n-dimensional tables of format d; x - - - x d,,. We introduce an indeterminate
Duyus-u, Which represents the probability of the event X; = wuy, Xo = wug,..., X,y = u,.
These indeterminates generate the ring R[D] of polynomial functions on the space of tables
RP. A conditional independence statement has the form

A is independent of B given C' (in symbols: AU B | C) (2.1)

where A, B and C' are pairwise disjoint subsets of {Xy,..., X, }. If C' is empty then (2.1)
means that A is independent of B. By [33, Proposition 8.1], the statement (2.1) translates

into a set of homogeneous quadratic polynomials in R[D], and we write 1, || BlC for the ideal

generated by these polynomials.

Many statistical models (see e.g. [20, 31]) can be described by a finite set of independence
statements (2.1). An independence model is any such set:

M = {AD Y BW | cW A M | o]
The ideal of the independence model M is defined as the sum of ideals
Im = [A<1)J_LB(1)|C(1) +oo [A<m)JLB<m)|c<m)-

We wrote code in Macaulay2 [14] and Singular [15] for generating the ideals 7. The
independence variety is the set V(In) of common zeros in CP of the polynomials in I.

3
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Equivalently, V(1) is the set of all d; X - -+ x d,-tables with complex number entries which
satisfy the conditional independence statements in M. The variety V(1) has three natural
subsets:

e the subset of real tables, denoted Vg(In),
e the non-negative tables, denoted V5 (1r),

e the non-negative tables whose entries sum to one, V> (Iy + (p — 1)),

Here p denotes the sum of all unknowns py, ..., , so that Vs (I + (p — 1)) is the subset of
the probability simplex specified by the model M.

We illustrate these definitions by analyzing the independence model
M = {1123, 213}

for n = 3 discrete random variables. Theorem 1 will be cited in Chapter 5 and it serves as a
preview to Theorem 12. The ideal I lies in the polynomial ring R[D] in d;dads unknowns
Dijk- Its minimal generators are (d;) (d;)dg quadrics of the form pijx Drek — Pisk Prjr and

(d;) (d;) quadrics of the form pijxpist — PyjePrsk- We change coordinates in R[D] by
replacing each unknown pqix b v o= Sy This coordinate change transforms I
p g Pije BY P+jk i—1 Pijk g M

into a binomial ideal in R[D].

Theorem 1. The ideal In; has a Grobner basis consisting of squarefree binomials of degree
two, three and four, and it is hence radical. It has 2% —1 minimal primes, each generated by
the 2 x 2-minors of a generic matrix.

Proof. The minimal primes of Iy, will be indexed by proper subsets of [d3]. For each such
subset o we introduce the monomial prime

Mo = <p+]k | .] € [d2]7 k € 0>7

and the complementary monomial

da
me = H H DP+ijk s

Jj=1kelds]\o

and we define the ideal
P, = ((Im + M,):md).

It follows from the general theory of binomial ideals [7] that P, is a binomial prime ideal. A
closer look reveals that P, is minimally generated by the ds - |o| variables in M, together
with all the 2 x 2-minors of the following two-dimensional matrices: the matrix (p;i )
where the rows are indexed by j € [ds] and the columns are indexed by pairs (i, k) with
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ie€{+,2,3,...,d1} and k € [d3]\o, and for each k € o, the matrices (p;ji) where the rows
are indexed by j € [dy] and the columns are indexed by i € {2,3,...,d;}.

We partition V(Iy) into 2% strata, each indexed by a subset o of [d3]. Namely, given a
point (p;jr) in V(Ir) we define the subset o of [ds] as the set of all indices k such that
(P+1ks P+2ks - - - D+dok) 18 the zero vector. Note that two tables (p;;x) lie in the same stratum
if and only if they give the same ¢. The stratum indexed by o is a dense subset in V(P,).
When o = [d3] the stratum consists of all tables such that the line sums p, ;5 are all zero,
and for each fixed k, the remaining (dy — 1) X dy-matrix (p;;) with ¢ > 2 has rank < 1. So
this locus is defined by the prime ideal Pg,;. Any point in this stratum satisfies the defining
equations of P, for any proper subset 0. So the stratum indexed by [d3] lies in the closure
of all other strata. But all remaining 2% — 1 strata have the property that no stratum lies
in the closure of any other stratum, since the generic point of P, lies in exactly one stratum
for any proper subset o. Hence V(Iy) is the irredundant union of the irreducible varieties
V(P,) where o runs over all proper subsets of [d3]. The second assertion in Theorem 1 now
follows from Hilbert’s Nullstellensatz.

To prove the first assertion, let us first note that Py is the prime ideal of 2 X 2-minors of
the dy x (dyd3)-matrix (p;jx) with rows indexed by j € [ds] and columns indexed by pairs
(i,k) € {+,2,3,...,d1} x [d3]. Hence

PQ) = ([M : mao) = [2J_|_{1,3}' (22)
It is well known (see e.g. [32, Proposition 5.4]) that the quadratic generators

Dijk Prst - Disk Prijt (23>
form a reduced Grobner basis for (2.2) with respect to the “diagonal term order”. We modify
this Grobner basis to a Grobner basis for Iy as follows:

o if k=1t take (2.3),

e if i=+ and r =+ take (2.3),

o if i=+ and r #+ and k #t take (2.3) times pj for any j,

o if i+ and r# + and k #t take (2.3) times pyjpyq, for any j, s.
All of these binomials lie in Iy, (this can be seen by taking S-pairs of the generators) and
their S-pairs reduce to zero. By Buchberger’s criterion, the given set of quadrics, cubics and

quartics is a Grobner basis, and the corresponding initial monomial ideal is square-free. This
implies that I is radical (by [33, Proposition 5.3]), and the proof is complete. U
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2.2 Contraction Axiom and Semigraphoids
The previous theorem can be regarded as an algebraic refinement of the following well-known
rule for conditional independence ([22], [31, §2.2.2]).

Corollary 2. (Contraction Axiom) If a probability distribution on [d;] X [da] X [d3] satisfies
1123 and 2113 then it also satisfies 211{1,3}.

Proof. The non-negative points satisfy Vs (P,) C V5 (Fp), and this implies

VZ([M) = V2<[2J_L{173})'

Intersecting with the probability simplex yields the assertion. O

Theorem 1 shows that the Contraction Axiom fails to hold when probabilities are replaced
by negative real numbers. Any general point on V(P,) for o # () satisfies 11.2|3 and 21..3
but it does not satisfy 2.11{1,3}.

The contraction axiom is one of four axioms that any probability distribution must satisfy.
The complete list consists of the axioms of Symmetry (S), Decomposition (D), Weak Union

(WU), and Contraction (C).
D: If XZJ_L{X],Xk} | Xl then XZJ_LX] | Xl and XZJ_LXk | Xl.
WU: If XZJ_L{X],Xk} | Xl then XZJ_LX] | {Xk,Xl} and XZJ_LXk | {Xj,Xl}.
C:. If XZJ_LXJ ‘ {XIle} and XZJ_LXk | Xl then XZJ_L{XJ,Xk} | Xl
Given a model M defined by a list of conditional independence statements, we can consider
the semigraphoid M generated by M, that is, the set of independence statements generated
by M with respect to the previous four axioms. Note that I, # Iz since the contraction

axiom fails in general. Nevertheless, the contraction axiom is the only axiom that fails. This
result follows directly from the definition of 7.



Chapter 3

Algebraic Representation of Bayesian
Networks

3.1 Bayesian Networks

A Bayesian network is an acyclic directed graph G with vertices X1, ..., X,,. The following
notation and terminology is consistent with Lauritzen’s book [20]. The local Markov property
on (7 is the set of independence statements

local(G) = {X;WLnd(X;)|pa(X;):i=1,2,...,n},

where pa(X;) denotes the set of parents of X; in G and nd(X;) denotes the set of nonde-
scendents of X; in G. Here X is a nondescendent of X; if there is no directed path from X;
to X; in G. The global Markov property, global(G), is the set of independence statements
AlLB | C, for any triple A, B, C of subsets of vertices of G such that A and B are d-separated
by C. Here two subsets A and B are said to be d-separated by C' if all chains from A to B
are blocked by C. A chain 7 from X; to X; in G is said to be blocked by a set C' of nodes if
it contains a vertex X, € m such that either

e X, € C and arrows of m do not meet head-to-head at X, or

e X} ¢ C and X, has no descendents in C, and arrows of 7 do meet head-to-head at
Xp.

For any Bayesian network GG, we have local(G) C global(G), and this implies the following
containment relations between ideals and varieties

Locai(a) € Iglobal(@) and Viocal(@) 2 Vlobal(@)- (3.1)
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The latter inclusion extends to the three real varieties listed above, and we shall discuss when
equality holds. First, however, we give an algebraic version of the description of Bayesian
networks by recursive factorizations.

Moreover, given a directed, acyclic graph G, then local(G) = global(G), where local(G) is
the semigraphoid generated by local(G). The previous statement is a different way to state
part of the so—called Factorization Theorem [20]:

Theorem 3. Let G be a directed, acyclic graph. For a probability distribution P the following
conditions are equivalent:

DG: P obeys the directed global Markov property, relative to G.

DL: P obeys the directed local Markov property, relative to G.

Hence, we can rewrite the statement (3.1) as follows:

Local(G) € Tigaaiiay = Latobal(@)

where the inclusion is proper if and only if the contraction axiom fails for G.

3.2 Recursive Factorization

Consider the set of parents of the j-th node, pa(X;) = {X,,,...,X;, }, and consider any event
X; = ug conditioned on X; = uy,...,X; = u,, where 1 <wug < d;,1 <wuy < djy,...,1 <
u, < d;.. We introduce an unknown ql(tj(;)ul...ur to denote the conditional probability of this
event, and we subject these unknowns to the linear relations foj:l qq%)l...ur = 1 for all
1<u <d,...,1 <wu, <d,;. Thus, we have introduced (d; — 1)d;, - - - d;, unknowns for
the vertex j. Let E denote the set of these unknowns qi{))ul...w for all 7 € {1,...,n}, and let
R[E] denote the polynomial ring they generate.

If the n random variables are binary (d; = 2 for all i) then the notation for R[E] can be
simplified by dropping the first lower index and writing

qilmur = q§ju)1ur = 1 - qgl)lur

In the binary case, R[FE] is a polynomial ring in Z?Zl 2!Pa(X5)l unknowns.

The factorization of probability distributions according to GG defines a polynomial map ¢ :
RE — RP. By restricting to non-negative reals we get an induced map ¢>o. These maps are
specified by the ring homomorphism ® : R[D] — R[E] which takes the unknown py,u,..u,
to the product of the expressions qffj)uquw as j runs over {1,...,n}. The image of ¢ lies
in the independence variety Viobai(g), or, equivalently, the independence ideal Igopaiq) is
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contained in the prime ideal ker(®). The Factorization Theorem for Bayesian networks [20,
Theorem 3.27] states:

Theorem 4. The following four subsets of the probability simplex coincide:

VZ(]local(G) + <p - 1>) = Vz(]global(G) + (p - 1))
= Vi(ker(®)) = image(¢s).

Example 5. Let G be the network on three binary random variables which has a single
directed edge from 3 to 2. The parents and nondescendents are

pa(1)=0,nd(1)={2, 3}, pa(2) ={3},nd(2) = {1}, pa(3) =0,nd(3) = {1}.
The resulting conditional independence statements are
local(G) = global(G) = {1113, 1123, 11{2,3}}.

The ideal expressing the first two statements is contained in the ideal expressing the third
statement, and we find that Loy = 1| (2.3} is the ideal generated by the six 2 x 2-
subdeterminants of the 2 x 4-matrix

(Pm D112 P121 p122) (3.2)

D211 P212 D221 P222

This ideal is prime and its generators form a Grobner basis. The Factorization Theorem is
understood as follows for this example. We have E = {q¢',¢?,q3, ¢}, and our ring map ®
takes the matrix (3.2) to

( ¢t q'g3(1—¢?) '(1-¢)q? q'(1—¢3)(1—¢*) )
(1-¢"Yi* (1-¢")3(1—¢*) (1—¢")(1-¢})¢* (1—¢")(1—g3)(1—¢*)

The map ¢ from R* to R® corresponding to the ring map ® : R[D] — R[E] gives a
parametrization of all 2 x 4-matrices of rank 1 whose entries sum to 1. The Factoriza-
tion Theorem for G is the same statement for non-negative matrices. The kernel of @ is
exactly equal to Jigcai) + (p — 1). O

Our aim is to decide to what extent the Factorization Theorem is valid over all real and all
complex numbers. The corresponding algebraic question is to study the ideal Ij,cai(e) and
to determine its primary decomposition. Let us begin by considering all Bayesian networks
on three random variables. We shall prove that for such small networks the ideal Ij,cai(q) is
always prime and coincides with the kernel of ®. The following theorem is valid for arbitrary
positive integers di, ds, d3. It is not restricted to the binary case.

Proposition 6. For any Bayesian network G on three discrete random variables, the ideal
Locai(y 18 prime, and it has a quadratic Grobner basis.
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Proof. We completely classify all possible cases. If G is the complete graph, directed acycli-
cally, then local(G) contains no nontrivial independence statements, so Docal(@) 1s the zero
ideal. In what follows we always exclude this case. There are five isomorphism types of
(non-complete) directed acyclic graphs on three nodes. They correspond to the rows of the
following table:

Graph Local/Global Markov property | Independence ideal
3 21 11{2,3}, 211{1,3}, 31.{1,2} Tgegre
3—2 1 1103, 11023, 114{2,3} [1iL{2,3}
3—2—71 11312 11J_|_3|2
1+—3—2 11213 I1iL2|3
3— 1+ 2 2113 N

The third and fourth network represent the same independence model. In all cases except
for the first, the ideal I,cayq) is of the form I, BlC i.e., it is specified by a single inde-

pendence statement. It was shown in [33, Lemma 8.2] that such ideals are prime. They
are determinantal ideals and well known to possess a quadratic Grobner basis. The only
exceptional graph is the empty graph, which leads to the model of complete independence
11{2,3}, 21{1,3}, 31{1,2}. The corresponding ideal defines the Segre embedding of the
product of three projective spaces P4 —1 x P%~1 x Pd—1 jpnto P4192d3—1  This ideal is prime
and has a quadratic Grobner basis. O

A network G is a directed forest if every node has at most one parent. The conclusion of
Proposition 6 also holds for directed forests on any number of nodes. Proposition 17 will show
that the direction of the edges is crucial: it is not sufficient to assume that the underlying
undirected graph is a forest.

Theorem 7. Let G be a directed forest. Then Lyonac) is prime and has a quadratic Grobner
basis. These properties generally fail for Ligca(q)-

Proof. For a direct forest, the definition of a blocked chain reads as follows. A chain 7 from
X; to X in G is blocked by a set C'if it contains a vertex X, € #NC. Hence, C' d-separates
A from B if and only if C' separates A from B in the undirected graph underlying G. Thus,
[12, Theorem 12] implies that Igobai(q) coincides with the distinguished prime ideal ker(®),
this ideal has a quadratic Grobner basis. The second assertion is proved by the networks 18
and 26 in Table 5.1. See also [33, Example 8.8]. O

We close this chapter with a conjectured characterization of the global Markov property on
a Bayesian network G in terms of commutative algebra.

Conjecture 8. Iyona(q) S the ideal generated by all quadrics in ker(®).



Chapter 4

The Distinguished Component

4.1 Main Representation Theorem

In what follows we shall assume that every edge (i,7) of the Bayesian network G satisfies
¢ > j. In particular, the node 1 is always a sink and the node n is always a source. For
any integer r € [n| and u; € [d;] as before, we abbreviate the marginalization over the first
r random variables as follows:

di  d2 dr
p++"'+ur+1"'un = E E o E piliQ"'irur+l"'un'
i1=112=1 tr=1

This is a linear form in our polynomial ring R[D]. We denote by p the product of all of
these linear forms. Thus the equation of p = 0 defines a hyperplane arrangement in RP.
We shall prove that the ideal Ijocaiq) is prime locally outside this hyperplane arrangement,
and hence s0 is Igiobai(q). The following theorem provides the solution to [33, Problem 8.12].

Theorem 9. The prime ideal ker(®) is a minimal primary component of both of the ideals
Locai@y and Igopaic)- More precisely,

(Nocal(@) : P™°) = (Igobai(c) : P™) = ker(®). (4.1)

The prime ideal ker(®) is called the distinguished component. It can be characterized as
the set of all homogeneous polynomial functions on R” which vanish on all probability
distributions that factor according to G.

Proof. We relabel G so that pa(1l) = {2,3,...,r} and nd(1) = {r +1,...,n}. Let A denote

a set of (dy — 1)dy - - - d, new unknowns a;,;,..;., for i; > 1 defining a polynomial ring R[A].
Define ds - - - d,. linear polynomials

dy
A1ig-iy = 1 — E Qjigeeiy
=2

11
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Let @) denote a set of dy - - -d, new unknowns @,...i.i,,,.i, = Qis-in, defining a polynomial
ring R[@]. We introduce the partial factorization map

The kernel of ¥ is precisely the ideal [, := I1JJ_nd(1) . Note that

[pa(1)
Qigeriing. = V(P 4igoin)-

Therefore U becomes an epimorphism if we localize R[D] at the product p; of the p iy,
and we localize R at the product of the g,,...;,,. This implies that any ideal L in the polynomial
ring R[D] satisfies the identity

W) = ((L+D):pY). (43)

Let G’ denote the graph obtained from G by removing the sink 1 and all edges incident to
1. We regard [icai(qry as an ideal in R[Q]. We modify the set of independence statements
local(G) by removing 1 from the sets nd(i) for any i« > 2. Let J C R[D] be the ideal
corresponding to these modified independence statements, so that W(J) = Docar(ary- Note
that

J+ 1 C locae) € Ilgiobaiq) S ker(®),

so it suffices to show that (J + I;) : p*° = ker(®). The map & factors as
R[D] -5 R[AU Q] 25 RAU E'] = R[E], (4.4)

where @' is the factorization map coming from the graph G’, extended to be the identity on
the variables A. By induction on the number of vertices, we may assume that Theorem 9
holds for the smaller graph G, i.e.,

ker((ID') = ([local(G’) : qgo) = \II(J : pgo), (45)

where g = W(py) and py is the product of the linear forms p, .4y, With at least two
initial 4+’s. Therefore

ker(®) = U HU(J:py)). (4.6)
Applying (4.3), we get ker(®) = ((J:p¥)+ 1) : p1™° = (J+ 1) : p™. O

By following the technique of the proof, we can replace p; by the product of a much smaller
number of pi,,...,. In fact, we need only take the linear forms py,,...11..1. Hence, by
induction, p can be replaced by a much smaller product of linear forms. This observation
proved to be crucial for computing some of the tough primary decompositions in Chapter 6.
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4.2 Factorization Theorem

As a corollary to the previous theorem we derive an algebraic proof of the Factorization
Theorem.

Proof of Theorem 4: We use induction on the number of nodes to show that every point in
V5 (Tocar(cy +{p—1)) also lies in image(¢>). Such a point is a homomorphism 7 : R[D] — R
with the property that 7 is zero on Iliocai(q), and its values on the indeterminates py,...,, are
non-negative and sum to 1. The map 7 can be extended to a homomorphism 7/ : R[QUA| —
R as follows. We first set 7/(¢iy..i,,) = T(P4ipi,). If that real number is positive then we
set 7'(aiy.i,) = T(Diyigin)/T(P4iyin), and otherwise we set 7'(a;,..;,) = 0. Our non-
negativity hypothesis implies that 7 coincides with the composition of 7/ and W, i.e., the
point 7 is the image of 7/ under the induced map R4Y? — RP. The conclusion now follows
by induction. O

We close this chapter by presenting our solution to [33, Problem 8.11].

Proposition 10. There exists a Bayesian network G on five binary random variables such
that the local Markov ideal Iioea(G) is not radical.

Proof. Let G be the complete bipartite network K3 with nodes {1,5} and {2,3,4} and
directed edges (5,2), (5,3), (5,4),(2,1), (3,1), (4,1). Then
local(G) = {1115]{2,3,4}, 21L{3,4}|5, 31L{2,4} |5, 41.{2,3} |5 }.
The polynomial ring R[E] has 32 indeterminates pi1111, 11112, - - -  P2a2e2. Lhe ideal Ioea (G)
is minimally generated by eight binomial quadrics
p1u2u3U41 : p2u2u3U42 - p1u2u3U42 : p2u2u3U417 Ug, U3, Uy S {17 2}7

and eighteen non-binomial quadrics

Pr122us * P+221us — P4+121us * P+222us) P4+212us * P4+221us — P+211us * P+222us;
Pr112us * P+221us — PH+111us * P4+222us5) P+122us * P4+212us — P+112us * P+222us;
Pti121us * P4+212us — P+111us * P4+222us, P+122us * P+211us — P+111us ~ P+222us
Pr112us * P+211us — PH+111us * P4+212us) P+121us * P4211us — P+111us * P+221uss
P112us * P+121us — P4+111us * P+122us5 5 Us € {1, 2}-
These nine equations (for fixed value of us) define the Segre embedding of P! x P! x P! in

P7, as in [33, eqn. (8.6), page 103]. Consider the polynomial

f = p+1112p+2222(p12221p12212p12122p12111 - p12112p12121p12211p12222)-

By computing a Grobner basis, it can be checked that f? lies in Locar@y but f does not lie
in Jiocal(q)- Hence ligeaiq) is not a radical ideal. The primary decomposition of this ideal
will be described in Example 19. O



Chapter 5

Networks on Four Random Variables

5.1 Binary Random Variables

In this chapter we present the algebraic classification of all Bayesian networks on four random
variables. In the binary case we have the following result.

Theorem 11. The local and global Markov ideals of all Bayesian networks on four binary
variables are radical. The hypothesis “binary” is essential.

Thus the solution [33, Problem 8.11] is affirmative for networks on four binary nodes. Propo-
sition 10 shows that the hypothesis “four” is essential. Theorem 11 is proved by exhaustive
computations in Macaulay2. We summarize the results in Table 5.1. Each row represents
one network G on four binary random variables along with some information about its two
ideals

Docar@) € Igobai(@) € R[piin1, Priie, - - -, Pazar, Pao2a].

Here G is represented by the list of sets of children (ch(1),ch(2),ch(3),ch(4)). The infor-
mation given in the second column corresponds to the codimension, degree, and number of
minimal generators of the ideal Ij,cai(). For example, the network in the fourth row has four
directed edges (2,1),(3,1),(4,1) and (4,2). Here ligcai(c) = giobai(c)y = ker(®). This prime
has codimension 3, degree 4 and is generated by the six 2 x 2-minors of the 2 x 4-matrix

P+111 P+112 P+211 P+212
P+121 P+122 P+221 P+222

Of the 30 local Markov ideals in Table 5.1 all but six are prime. The remaining six ideals
are all radical, and the number of their minimal primes is listed. Hence all local Markov
ideals are radical. The last column corresponds to the ideal Iyghai(). This ideal is equal
to the distinguished component for all but two networks, namely 15 and 17. For these two
networks we have Iiocai(@) = Iglobai()- This proves the first assertion of Theorem 11.

14
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Table 5.1: All Bayesian Networks on Four Binary Random Variables

Index | Information | Network Local Global
1 1,21 {1 {1}, {1,2},{1,2} | prime
2 2,4,2 {hLA{1}H{1},{1,2,3} | prime
3 2, 4,2 {}{1},{1,2},{1,3} | prime
4 3,4,6 {3 {1}, {1}, {1, 2} prime
5 4,6, 9 {3 A1} {1}, {1} prime
6 4,16, 4 {}{},{1,2},{1,2,3} | prime
7 4,16, 4 {hL{1},{1,2},{2,3} | prime
8 4,16, 4 {h{1},{2},{1,2,3} | prime
9 5,32, 5 {hAH AL 2}, {1, 2} prime
10 5,32, 5 {}.{1},{1,2},{2} prime
11 6, 8, 10 {} {1}, {1}, {2} radical, 5 comp. | prime
12 [6,16,12 | {L{L{15.{1,2,3] | prime
13 6, 16, 12 {h{H{1,2},{2,3} prime
4 |6,16,12 [ {L{1.{2}.{2,3} | prime
15 6, 64, 6 {}L{1},{1},{2,3} radical, 5 comp. | radical
16 6, 64, 6 {}L {1}, 41,2}, {3} radical, 9 comp. | prime
17 6, 64, 6 {} {1}, {2},{1,3} radical, 5 comp. | radical
18 7,8, 14 {}{1},{2}, {3} radical, 3 comp. | prime
19 7,8, 28 {1} {1} {1, 3} prime
20 7,24, 16 {HLAHA{1H {12} prime
21 7,32, 13 {1 {1} {2}, {2} prime
22 8, 14, 31 {HLAH {1 {1} prime
23 8, 34, 20 {}.{},{1}.{2,3} prime
24 8, 36, 18 {34}, {},{1,2,3} prime
25 8, 36, 18 {}.{},{1,2},{3} prime
26 9, 20, 27 {:{} {1},{2} radical, 5 comp. | prime
27 9,24, 34 {hAHA{H {12} prime
28 9,24, 34 {HLAH {1 {3} prime
29 10, 20, 46 {HLAHAH {1} prime
30 11, 24, 55 {1L{L{{} prime

5.2 General Random Variables

15

The main point of this chapter is the second sentence in Theorem 11. Embedded components
can appear when the number of levels increases. In the next theorem we let dy, dy, d3 and dy

be arbitrary positive integers.
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Theorem 12. Of the 30 local Markov ideals on four random variables, 22 are always prime,
five are not prime but always radical (numbers 10,11,16, 18,26 in Table 5.1) and three are
not radical (numbers 15,17,21 in Table 5.1).

Proof. We prove this theorem by an exhaustive case analysis of all thirty networks. In most
cases, the ideal liocai(q) can be made binomial by a suitable coordinate change, just like in
the proof of Theorem 1. In fact, let us start with a non-trivial case which is immediately
taken care of by Theorem 1.

The network 16: Here we have local(G) = {11.4]{2,3}, 21.4|3}. For fixed value of the
third node we get the model {1114 |2, 411 2} whose ideal was shown to be radical in Theorem
1. Hence Icai() is the ideal generated by d3 copies of this radical ideal in disjoint sets of
variables. We conclude that jocal(q) is radical and has (242 — 1)% minimal primes.

The networks 1, 2, 3, 4, 6, 7, 8, 12, 13, 14: In each of these ten cases, the ideal Ij,cai(c)
is generated by quadratic polynomials corresponding to a single conditional independence
statement. This observation implies that Ijyca(q) is a prime ideal, by [33, Lemma 8.2].

The network 5: Here local(G) specifies the model of complete independence for the random
variables X5, X3 and X,. This means that Ij,ca(q) is the ideal of a Segre variety, which is
prime and has a quadratic Grobner basis.

The networks 24 and 25: Each of these two networks describes the join of d, and d3 Segre
varieties. The same reasoning as in case 5 applies.

The network 23: Observe that Iocaiq) = Igiobai(c) = IlJ_L{Q 403 + IQJ_I_{13}\4' Since G is a
directed tree, Theorem 7 implies that Igopai(e) coincides with the distinguished prime ideal
ker(®). Therefore, [i,cai) is always prime.

The networks 19, 22, 27, 28, 29, 30: Each of these six networks has an isolated vertex.
This means that lio.. ) is the ideal of the Segre embedding of the product of two smaller
varieties namely, the projective space P%~! corresponding to the isolated vertex i and the
scheme specified by the local ideal of the remaining network on three nodes. The latter ideal
is prime and has a quadratic Grobner basis, by Proposition 6, and hence so is Ijgcai(c)-

The network 20: The ideal Jioca(c) is binomial in the coordinates p;ji with i € {+,2,...,d}.
Generators are pi, j,kiPisjikt = Diyj1kiPisjakls Diyjaky1Pisjikal —PiyjikaiPisjoksls 80 Dy jikols Dt jakly —
Detjrkily D+jakals- The S-pairs within each group reduce to zero by the Grobner basis property
of the 2 x 2-minors of a generic matrix. It can be checked easily that the crosswise reverse
lexicographic S-pairs also reduce to zero. We conclude that the given set of irreducible
quadrics is a reverse lexicographic Grébner basis. In view of [32, Lemma 12.1], the lowest
variable is not a zero-divisor, and hence by symmetry none of the variables p;jp is zero-
divisor. It now follows from equation (4.1) in Theorem 9 that o) coincides with the
prime ideal ker(®).
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The network 9: The ideal Iioca(q) is generated by the quadratic polynomials p;, j,kiDisjik —
Di1j1kiDisjokls D4+kiloD++kols — D4+kih P++kolo- Lhese generators form a Grobner basis in the
reverse lexicographic order. Indeed, assuming that i1 < 19, j1 < Jo, k1 < ko, 1 < [y, the
leading terms are p;, j,kiPisji ki A0 D11k 1, P11k, - Hence no leading term from the first group
of quadrics shares a variable with a leading term from the second group. Hence the crosswise
S-pairs reduce to zero by [4, Prop. 4, §2.9]. The S-pairs within each group also reduce to zero
by the Grobner basis property of the 2 x 2-minors of a generic matrix. Hence the generators
are a Grobner basis. Since the leading terms are square-free, we see that the ideal is radical.
An argument similar to the previous case shows that [ioc(q) is prime.

The network 18: Here G is a directed chain of length four. We claim that li,caiq) is the
irredundant intersection of 2% —1 primes, and it has a Grobner basis consisting of square-free
binomials of degree two, three and four. We give an outline of the proof. We first turn Ij,cai(c)
into a binomial ideal by taking the coordinates to be p;j with ¢ € {+,2,3,...,d;}. The
minimal primes are indexed by proper subsets of [ds]. For each such subset o we introduce the
monomial prime M, = (piju : j € o,k € [d3],] € [d4]) and the complementary monomial
my = Hje[dﬂ\a er[dﬂ Hle[d4} P4k, and we define the ideal P, = ((]1oca1(G) + M,) : mgo)
These ideals are prime, and the union of their varieties is irredundant and equals the variety
of Ioeai()- Using Buchberger’s S-pair criterion, we check that the following four types of
square-free binomials are a Grobner basis:

o the generators pj, k1, Pisjkals — PixjkalaDijkal, €0cOding 111{3,4} |2,
o the generators p.j ki, Dtjokis — P+jrklaP+jokl; €RCOding 2114 |3,
o the cubics (P j ki, Pijokis — PtjikloDijokly) = Ptjaksls s

e the quartics (piljlkllpizjzklz - piljlkbpiz]ékll) * Pijilsks * Pijalaks-

The network 10: The ideal l,caq) 1s generated by

DPivjkloPisgkly — Piyjkli Pisjkls and PytkiloP+koly — PH4kili P+4kalo-

In general, this ideal is not prime, but it is always radical. If ds = 2 then the ideal is always
prime, If dy > 2, iocaiq) is the intersection of the distingushed component and 243=1 prime
ideals indexed by all proper subsets o C [d3] as in the previous network.

The network 11: Here, local(G) = {1J_L4 | {2,3}, 2113 | 4, 3J_L{2,4}}. The ideal liocaia)
is binomial in the coordinates p;j; with i € {+,2,...,d;}. It is generated by the binomials
DPiyjkly Pisgkls —Piv jklaPiojkly s P+jikili P4-jokale —P4-jikali P+jakila encoding the first and third indepen—
dent statements. The minimal primes are indexed by pairs of proper subsets of [dy] and [d3).
For each such pair of subsets (o, 7) we introduce the monomial prime M, ;) = (p4jm : J €
o,k € 7,1 € [d4]) and the complementary monomial M) = [T;cano [repasr I Licias P+int:
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and we define the ideal Py ;) = (([k,cal(g) + M) - m‘Ej,T)). These ideals are prime, and
the union of their varieties equals the variety of Iiocai(c). Moreover, the ideal icai(q) is equal
to the intersection of the minimal primes which are indexed by the following pairs: For each
proper 7 C [d3] the pair ((}, 7), and for each nonempty proper o C [ds] the pairs (o, 7) where
7 C [ds] is any subset of cardinality at most dz — 2. In particular, for dy = d3 = 3, and
arbitrary dy, dy, the ideal Ij,cai(e) has 31 prime components. For dy = 2,d3 = 4, liycai(@) has
37 prime components, and for dy = 4, d3 = 2, liocai() has 17 prime components.

The network 26: The ideal [ioc () is a radical ideal. The minimal primes are indexed by all
pairs of proper subsets of [d3] and [dy]. For each such pair (o, 7) we introduce the monomial
primes M, = (pijm : k € 0,7 € [da],1 € [dd]), M; = (piyws = | € 7,0 € [di], k € [d3]), and
M7y = My + M. Just as before, we introduce the complementary monomial m, y, and
the ideal Py, ;) = ((Ilocal(g) + Mry) - mc(ﬁﬁ)). The ideal Lical(e) is equal to the intersection
of all these prime ideals.

The network 21:  Here, local(G) = {11L.{3,4}|2, 31L4}. The ideal [jpcu(q) is gener-
ated by the binomials PirjkalaPigjkily — PivjkiliPiajkalas and the pOlynomiaIS Pt+kiloD++kaly —
Dt tkily Pikolo- Lhis ideal is not radical, in general. The first counterexample occurs for the
case dy = dy = d3 = 2 and dy = 3. Here lj,cai) 1s generated by 33 quadratic polynomials
in 24 unknowns. The degree reverse lexicographic Grobner basis of this ideal consists of
123 polynomials of degree up to 8. In this case, Ijocal(q) is the intersection of the distin-
guished component and the P-primary ideal @ = I, || a2 T P2, where P is the prime
ideal generated by the 12 linear forms p. .

The networks 15 and 17: Here, after relabeling network 17,
local(G) = {11L4]{2,3}, 2113 ]4}.

The ideal Jiocai(c) is binomial in the coordinates pyj with i € {+,2,...,d;}. It is generated by
the binomials p;, jki, Piojkis —Piy jkioDisjkly » P+jrkylP-+jokal —D+jikalD+jaki - Lhis ideal is not radical,
in general. The first counterexample occurs for the case dy = 2 and dy = d3 = dy = 3. Here
Locai(y 1s generated by 54 quadratic binomials in 54 unknowns. The reverse lexicographic
Grobner basis consists of 13,038 binomials of degree up to 14. One of the elements in the
Grobner basis is

2
Pr111P4223(D4331)” (p2122p2133p2323p2332 - p2333P2322p2132p2123)-

Removing the square from the third factor, we obtain a polynomial f of degree 7 such that
that f & I but f2 € I. This proves that I is not radical. The number of minimal primes of
Local(@) is equal to 2d2 4 9ds _ 3, [

In the 22 cases where [,y is prime, it follows from Theorem 9 that the global Markov
ideal I4oha1 is prime as well. Among the remaining cases, we have Iiocai() = lgiobai(c) for
networks 10,15,17,21, and we have liocal # Igiobat = ker(®) for networks 11, 16,18, 26.
This discussion implies:
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Corollary 13. Of the 30 global Markov ideals on four random wvariables, 26 are always
prime, one is not prime but always radical (number 10 in Table 5.1) and three are not
radical (numbers 15,17,21 in Table 5.1).

It is instructive to examine the distinguished prime ideal P = ker(®) in the last case 15,
17. Assume for simplicity that d; = 2 but ds, d3 and dy are arbitrary positive integers. We
rename the unknowns ;i = pajr and y;u = p1jr. Then we can take ® to be the following
monomial map:

Rz, Yirt) — Rlwjk, vit, Wri], Tikr — WjpVjWets Yikr — VjW, (5.1)

For example, for dy = d3 = 3 and dy = 2, the ideal P = ker(®) has 361 minimal generators,
of degrees ranging from two to seven. One generator is

L11121322222L312L321Y221Y331 — L112L131L221L311L322Y232Y321 -

Among the 361 minimal generators, there are precisely 15 which do not contain any variable
Yijk, Namely, there are nine quartics and six sextics like

L112121X211723223227331 — L111L122X212L231L321T332-

These 15 generators form the Markov basis for the 3 x 3 x 2-tables in the no-three-way
interaction model. See [32, Corollary 14.12] for a discussion.

The ideal for the no-three-way interaction model of ds X d3 X dy-tables always coincides
with the elimination ideal P N Rx;;;] and, moreover, every generating set of P contains a
generating set for PNR[z;;;]. In view of [32, Proposition 14.14], this shows that the maximal
degree among minimal generators of P exceeds any bound as ds, d3, ds increases. In practical
terms, it is hard to compute these generators even for dy = d3 = dy = 4. We refer to the
web page http://math.berkeley.edu/~seths/ccachallenge.html.



Chapter 6

Networks on Five Binary Random
Variables

6.1 Global Markov Ideals

In this chapter we discuss the global Markov ideals of all Bayesian networks on five binary
random variables. In each case we computed the primary decomposition. In general, the
built-in primary decomposition algorithms in current computer algebra systems cannot com-
pute the primary decompositions of most of these ideals. In the Appendix, we outline some
techniques that allowed us to compute these decompositions. The primary decompositions
of the local Markov ideals of these networks could also be computed, but they have less
regular structure and are in general more complicated.

There are 301 distinct non-complete networks on five random variables, up to isomorphism
of directed graphs. We have placed descriptions of these networks and of the primary de-
compositions of their global Markov ideals on the website

http://math.cornell.edu/~mike/bayes/globalb.html.

In this chapter, we refer to the graphs as Gy, Gy, ..., G300, the indices matching the in-
formation on the website. We summarize our results in a theorem.

Theorem 14. Of the 301 global Markov ideals on five binary random wvariables, 220 are
prime, 68 are radical but not prime, and 13 are not radical.

Proof. The proof is via direct computation with each of these ideals in Macaulay2. Some
of these require little or no computation: if G is a directed forest, or if there is only one
independence statement, then the ideal is prime. Others require substantial computation
and some ingenuity to find the primary decomposition. Results are posted at the website

20
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cited above.

To prove primality, it suffices to compute the ideal quotient of I = Iygba1(e) With respect to a
small subset of the pyy i, ...,. Alternatively, one may birationally project I by eliminating
variables, as in Proposition 25. In either case, if a zero divisor x is found, the ideal is not
prime. If some ideal quotient satisfies (I : x?) # (I : z), then I is not radical. O

The numbers of prime components of the 288 radical global Markov ideals range from 1 to
39. The distribution is given in the following table:

# of components | 1 3|15 | 7171251293339
# of ideals 220181411319 |1 |2 |3 |1

Theorem 15. Conjecture 8 is true for Bayesian networks G on five binary random variables.
In each of the 301 cases, the distinguished prime ideal ker(®) is generated by homogeneous
polynomials of degree at most eight.

Proof. We compute the distinguished component from Iyjopai(q) by saturation, and we check
the result by using the techniques in the Appendix. The computation of the distinguished
component of the 81 non-prime examples yields that 64 of these ideals are generated in
degrees < 4, twelve are generated in degrees < 6, and five are generated in degrees < 8. [J

Theorem 9 says that we can decide primality or find the distinguished component of Igigphai(a)
by inverting each of the p; 4 1,,....,,. With some care, it is possible to reduce this to a smaller
set. Still, the following is unexpected.

Proposition 16. For all but two networks on five binary random variables, pi1111 1S a non-
zero divisor on I = Iyonaa) tf and only iof I is prime. In all but these two examples, I is

radical if and only if (I :p%i111) = (I : pr1111)-

Proof. The networks which do not satisfy the given property are
Goor = ({}, {1}, {1,2},{1,2},{3,4}) and G = ({3, {1}, {1, 2}, {3}, {1,2,4}).

After permuting the nodes 4, 5, both the local and global independence statements of
G4 are the same as those for Gap,. The global independence statements for Gog; are
{{1,2}1L5|{3,4}, 31.4|5}. The primary decomposition for the radical ideal I = Igobai(cz01)
is

I = ker(®) N (I + Pii100) N (I + Pri2ea) N (1 + Priare) N (L + Piaze),

where ker(®) is the distinguished prime component,

Piitee = (P11, Pr112, Dot121, Di4122),
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and the other three components are defined in an analogous manner. Therefore, p 117 is
a non-zero divisor modulo /. By examining all 81 non-prime ideals, we see that all except
these two have a minimal prime containing p,i;1;. The final statement also follows from
direct computation. O

We have searched for conditions on the network which would characterize under what con-
ditions the global Markov ideal is prime, or fails to be prime. Theorem 7 states that if the
network is a directed forest, then the global Markov ideal is prime. Two possible conditions,
the first for primality, and the second for non-primality, are close, but not quite right. We
present them, with their counterexamples, in the following two propositions.

Proposition 17. There is a unique network G on 5 binary nodes whose underlying undi-
rected graph is a tree, bul Iyonai) s not radical. Every other network whose underlying
graph is a tree has prime global Markov ideal.

Proof. The unique network is Gas = ({},{1},{2},{2},{2}). Its local and global Markov
independent statements coincide and are equal to

{IJJ_{B,ZL, 5}12, 31L{4,5}, 411.{3,5}, 5JJ_{3,4}}.
Computation using Macaulay?2 reveals

Lobal(Gas) = ker(®) N (Lgiobal(Gas) + (P+....)2),

where P, qeee is the ideal generated by the 16 linear forms p,,,ususus- Inspecting the 81
non-prime ideals shows that Ga3 is the only example. O

We say that the network G has an induced r-cycle if there is an induced subgraph H of G
with 7 vertices which consists of two disjoint directed paths which share the same start point
and end point.

Proposition 18. Of the 301 networks on five nodes, 70 have an induced 4-cycle or 5-cycle.
For exactly two of these, the ideal Izopaic) i prime.

Proof. Once again, this follows by examination of the 301 cases. The graphs which have an
induced 4-cycle but whose global Markov ideal is prime are

Gogs = {{}v {1}’ {17 2}’ {17 2}7 {27 3, 4}}
and  Gaso = {{}, {1}, {1, 2},{2,3},{1,2,4}}.

Removing node 2 results in a 4-cycle. The local and global Markov statements are all the
same up to relabeling: {1115]{2,3,4}, 31L.4|5}. 0O
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There are four graphs with three induced 4-cycles, namely, G13s, G139, G150, G157. The first
two graphs give rise to the same (global or local) independence statements, and similarly
for the last two. The ideal Igghai(qys) has the most components of any of the 301 ideals
considered in this chapter.

Example 19. The network Giss = ({}, {1}, {1}, {1},{2,3,4}) is isomorphic to the one in
Proposition 10. Its ideal Igiobai(a,ss) has 207 minimal primes, and 37 embedded primes. Each
of the 207 minimal primary components are prime. We will describe the structure of these
components.

Let Fj i, = det Privigisl  Pinizia2 | -y ot J; be the ideal generated by the 2 x 2 minors
D2ivigis1l  P2iyioiz2
located in the first two rows or columns of the matrix

P+111¢  P+1120 P+2115  P+212i
P+1215  P+122i P+4221i P+222i

DP+211i  P+212i * *
P+221i  P+222i * *
We have
I = Igebaiciss) = J1+ Jo+ (Fi11, Fiiz, . .-, Fago).

Each J; is minimally generated by 9 quadrics, so that I is minimally generated by 26 quadrics.
Each J; is prime of codimension 4, and so J; 4+ J, is prime of codimension 8. Since there
are only 8 more quadrics, Krull’s principal ideal theorem tells us that all minimal primes
have codimension at most 16, which is also the codimension of the distinguished component.
Note that I is a binomial ideal in the unknowns p.u,ususus a0d D2usususus-

Table 6.1: All 207 minimal primes of the ideal Tyiopai(Gas)

# primes | codim | degree | faces

6 14 48 (f,f), [ a facet

12 14 4 (e,e), e an edge

24 16 15 (f1, f2), fiN fa is an edge

48 16 4 (f,e), fNeisa point

12 16 1 (e1,e2), 2 antipodal edges

48 16 1 (e1, e2), 2 non-parallel disjoint edges

48 16 1 (e,p), point p on the edge antipodal to e
16 1 (p1,p2), antipodal points

1 16 2316 distinguished component

Let A be the unit cube, with vertices (1,1,1),(1,1,2),...,(2,2,2). If 0 C A is a face,
define P,; to be the monomial prime generated by {p4.; | v € o}, for i € {1,2}. If P is a
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minimal prime of I, which is not the distinguished component, then P must contain some
Dtvyugvs1, ald also contain some p.y, u,ug2. Therefore, there are faces oy and o9 of A such
that P contains P, ; + F,, 2, and does not contain any other elements p,,;. Let m,,,, be
the product of all of the p,,; such that v € o; for ¢ = 1,2. It turns out that every minimal
prime ideal of I has the form

P, = ((I+ P14+ Pyo) imy )

0102

for some pair oy, o9 of proper faces of the cube A. However, not all pairs of faces correspond
to minimal primes. There are 27 proper faces of the cube, and so there are 272 = 729
possible minimal primes. Only 206 of these occur. The list of minimal primes is given in
Table 6.1. O

6.2 Double Join of a Toric Ideal

Bayesian networks give rise to very interesting (new and old) constructions in algebraic geom-
etry. In the next chapter, we shall encounter secant varieties. Here, we offer a generalization
of Example 19 to arbitrary toric varieties. Let 4 C R[zy,. .., z,] be any toric ideal, specified
as in [32] by a point configuration A = {ay,...,a,} C Z% Let A be the convex hull of A in
R?. We define the double join of the toric ideal I4 to be the new ideal

Ia(x) + 1a(y) + (F1y ..o Fy) C Rlzg, oo Ty Y1y e ooy Yny Gy - - Gy b1, oo by

Ti @
vi b
and Ry, ..., y,] respectively. The ideal I in Example 19 is the double join of the Segre
variety P! x P! x P! ¢ P7, which is the toric variety whose polytope A is the 3-cube. In
general, the minimal primes of the double join of I, are indexed by pairs of faces of the
polytope A. We believe that this construction deserves the attention of algebraic geometers.

where F; = det < ), and I4(x) and 14(y) are generated by copies of 14 in Rlzy, ..., z,]



Chapter 7

Hidden Variables and Higher Secant
Varieties

7.1 Ring of Observable Probabilities

Let G be a Bayesian network on n discrete random variables and let P; = ker(®) be
its homogeneous prime ideal in the polynomial ring R[D], whose indeterminates p;i,...i,
represent probabilities of events (iy,is,...,1,) € D. We now consider the situation when
some of the random variables are hidden. After relabeling we may assume that the variables
corresponding to the nodes r+1, ..., n are hidden, while the random variables corresponding
to the nodes 1,...,r are observed. Thus the observable probabilities are

Pivig-ip 4+ = Z Z Z Pivig-ir jri1frg2rin-
Jr+1€[drta] jri2€ldria]  jn€ldn]
We write D' = [dy] x -+ x [d,] and R[D’] for the polynomial subring of R[D] generated by
the observable probabilities p; iy, 4++...s. Let 7 : RP? — RP" denote the canonical linear
epimorphism induced by the inclusion of R[D'] in R[D]. We are interested in the following
inclusions of semi-algebraic sets:

7(Vao(Pg)) € m(V(Pg))so C n(V(Pg) € n(V(Pg) ¢ RY. (7.1)

These inclusions are generally all strict. In particular, the space m(V>¢(FPg)) which consists
of all observable probability distributions is often much smaller than the space 7(V(Pg))>o
which consists of probability distributions on D’ which would be observable if non-negative
or complex numbers were allowed for the hidden parameters. However, they have the same
Zariski closure:

Proposition 20. The set of all polynomial functions which vanish on the space m(Vso(Pg))
of observable probability distributions is the prime ideal

Qe = PoNR[D] (7.2)

25
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Proof. The elimination ideal Q¢ C R[D’] is prime because Pz C R[D] was a prime ideal.
By the Closure Theorem of Elimination Theory [4, Theorem 3, §3.2], the ideal Q¢ is the
vanishing ideal of the image 7(V(Pg)). Since Vso(Pg) is Zariski dense in V(Pg), by the
Factorization Theorem 4, and 7 is a linear map, it follows that 7(V>¢(Pg)) is Zariski dense

in 7(V(Pg)). O

7.2 Hidden Naive Bayesian Networks

We wish to demonstrate how computational algebraic geometry can be used to study hidden
random variables in Bayesian networks. To this end we apply the concepts introduced
above to a standard example from the statistics literature [11], [26], [27]. We fix the
network G which has n + 1 random variables F,..., F,, H and n directed edges (H, F}),
1=1,2,...,n. This is the naive Bayes model. The variable H is the hidden variable, and its
levels 1,2,...,d,,1 =: r are called the classes. The observed random variables Fi, ..., F},
are the features of the model. In this example, the prime ideal Py coincides with the lo-
cal ideal [ioeai() Which is specified by requiring that, for each fixed class, the features are
completely independent:
FUFL---1LF,|H.

This ideal is obtained as the kernel of the map p; iy..i,x — i Vi, - - - 2i,, one copy for each
fixed class k, and then adding up these r prime ideals. Equivalently, Py is the ideal of the
join of r copies of the Segre variety

Koy = PO PET e x PR plde, (7.3)

The points on Xy, 4,4, represent tensors of rank < 1. Our linear map 7 takes an r-tuple of
tensors of rank < 1 and it computes their sum, which is a tensor of rank < r. The closure of
the image of 7 is what is called a higher secant variety in the language of algebraic geometry

[16, Example 11.30].

Corollary 21. The naive Bayes model with r classes and n features corresponds to the r-th
secant variety of a Segre product of n projective spaces:

r(V(Pg)) = Sec"(Xa ds....dn) (7.4)

The case n = 2 of two features is a staple of classical projective geometry. In that special case,
the image of 7 is closed, and 7(V(Pg)) = Sec”(Xq, 4,) consists of all real dy x dy-matrices
of rank at most r. This variety has codimension (d; — r)(dy — r), provided r < min(dy, ds).
Its ideal Q)¢ is generated by the (r + 1) x (r + 1)-minors of the dy x dy matrix (p;;4+). The
dimension formula of Settimi and Smith [27, Theorem 1] follows immediately. For instance,
in the case of two ternary features (d; = dy = 3,r = 2), discussed in different guises in [27,
§4.2] and [16, Example 11.26], the observable space is the cubic hypersurface defined by the
3 x 3-determinant det(p;;).
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Table 7.1: The prime ideal defining the secant lines to the Segre variety (7.3)

dim(X) dim(Sec*(X)) [l_,di (di,...,d,) degree cubics

4 9 12 (2,2,3) 6 4

4 9 16 (2,2,2,2) 64 32
5 11 16 (2,2,4) 20 16
5 11 18 (2,3,3) 57 36
5 11 24 (2,2,2,3) 526 184
5 11 32 (2,2,2,2,2) 3256 7683
6 13 20 (2,2,5) 50 40
6 13 24 (2,3,4) 276 120
6 13 27 (3,3,3) 783 222
6 13 32 (2,2,2,4) 2388 544
6 13 36 (2,2,3,3) 6144 932

The leftmost inclusion in (7.1) leads to difficult open problems even for n = 2 features.
Here, 7(V(Pg))>o is the set of all non-negative d; x dy-matrices of rank at most r, while
m(V>o(Pg)) is the subset consisting of all matrices of non-negative rank at most r. Their
difference consists of non-negative matrices of rank < r which cannot be written as the sum
of r non-negative matrices of rank 1. In spite of recent progress by Barradas and Solis [1],
there is still no practical algorithm for computing the non-negative rank of a d; x do-matrix.
Things get even harder for n > 3, when testing membership in 7(V>0(Pg)) means computing
non-negative tensor rank.

We next discuss what is known about the case of n > 3 features. The expected dimension of
the secant variety (7.4) is

r-(dy+dy+---+d,—n+1) — 1. (7.5)

This number is always an upper bound, and it is an interesting problem, studied in the
statistics literature in [11], to characterize those cases (d,...,d,;r) when the dimension is
less than the expected dimension. We note that the results on dimension in [11] are all special
cases of results by Catalisano, Geramita and Gimigliano [3], and the results on singularities
in [11] follow from the geometric fact that the r-th secant variety of any projective variety is
always singular along the (r — 1)-st secant variety. The statistical problem of identifiability,
addressed in [26], is related to the beautiful work of Strassen [30] on tensor rank, notably
his Theorem 2.7 on optimal computations.

In Table 7.1 we display the range of straightforward Macaulay2 computations when

dim(X)=dy+---+d,—1
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is small. First consider the case of two classes (r = 2), which corresponds to secant lines
on X = Ph-l x ... x P%~1 1In each of these cases, the ideal Q¢ is generated by cubic
polynomials, and each of these cubic generators is the determinant of a two-dimensional
matrix obtained by flattening the tensor (p;,..i,). The column labeled “cubics” lists the
number of minimal generators. For example, in the case (dy = dy = d3 = 3), we can flatten
(piji) in three possible ways to a 3 x 9-matrix, and these have 3 - (g) = 252 maximal sub-
determinants. The vector space spanned by these subdeterminants has dimension 222, the
listed number of minimal generators. The column “degree” lists the degree of the projective
variety Sec?(X), which is 783 in the previous example. These computational results in Table
7.1 lead us to make the following conjecture:

Conjecture 22. The prime ideal Qg of any naive Bayes model G with r = 2 classes is
generated by the 3 x 3-subdeterminants of any two-dimensional table obtained by flattening
the n-dimensional table (pi,iy...i, )-

This conjecture was proved set—theoretically in all cases and ideal-theoretically for n = 3 by
Landsberg and Manivel in [19].

It was proved by Catalisano, Geramita and Gimigliano that the variety Sec?(X) always
has the expected dimension (7.5) when r = 2. A well-known example (see [13, page 221])
when the dimension is less than expected occurs for four classes and three binary features
(r=3,n=4,d =dy=ds =dy = 2). Here (7.5) evaluates to 14, but dim(Sec*(X)) = 13
for X = P! x P! x P! x P'. The corresponding ideal Q¢ is a complete intersection generated
by any two of the three 4 x 4-determinants obtained by flattening the 2 x 2 x 2 x 2-table
(pijke). The third is a signed sum of the other two.

The problem of identifying explicit generators of Q)¢ is much more difficult when r > 3, i.e.,
when the hidden variable has three or more levels. We present the complete solution for
the case of three ternary features. Here (p;j;) is an indeterminate 3 x 3 x 3-tensor which
we wish to write as a sum of r rank one tensors. The following solution is derived from a
result of Strassen [30, Theorem 4.6]. Let A = (p;j1), B = (pij2) and C = (p;;3) be three
3 x 3-matrices obtained by taking slices of the 3 x 3 x 3-table (p;;i).

Proposition 23. Let Qg be the ideal of Sec” (P? x P? x P?), the naive Bayes model with
n = 3 ternary features with r classes. If r = 2 then Q¢ is generated by the cubics described
in Conjecture 22. If r = 3 then Q¢ is generated by the quartic entries of the various 3 X 3-
matrices of the form A-adj(B)-C — C-adj(B)-A. If r =4 then Q¢ is the principal ideal
generated by the following homogeneous polynomial of degree 9 with 9,216 terms:

det(B)*-det(A-B~'-C —C-B " A).

If r > 5 then Qg s the zero ideal.



Chapter 8

Networks on Three Observable
Variables and One Hidden Variable

8.1 Model Selection

Statisticians and other applied researchers are often faced with the problem of choosing the
appropriate model that best fits a given set of observations. One possible approach to model
selection is the Bayesian approach by which a model M is chosen according to the maximum
posteriori probability, given the observed data D:

p(M|D) oc p(M, D) = p(M)p(D|M).

The probability p(D|M) that the data D is generated by the model M is obtained via inte-
gration over all possible parameter values with which the model is compatible. A closed—form
formula for the marginal likelihood p(D|M) is not known in general for Bayesian networks
with hidden variables. But Schwarz [28] derived an asymptotic formula for the marginal
likelihood when the model is an affine subspace of the natural parameter space of an expo-
nential family. This formula is known as the Bayesian Information Criteria score. Later on,
Haughton [17] established, under some regularity conditions that the BIC score is a valid
asymptotic rule for selecting models from curved exponential families. In particular, this
result holds for any Bayesian network without hidden variables, see [10, Theorem 4]. We
note that although researchers have been using the BIC score for selecting models among
Bayesian networks with hidden variables, it was shown in [24] that the BIC score is gen-
erally not valid for statistical models that belong to a stratified exponential family (SEF).
Moreover, it was shown in [10] that Bayesian networks with hidden variables are stratified
exponential families.

There are two primary reasons for which the BIC score is generally not valid for Bayesian

29
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networks with hidden variables:

1. The number of network parameters is no longer the dimension of the associated
variety. In other words, there is a drop in the dimension of the variety as explained
in the previous chapter.

2. The associated variety is singular along the set of maximum likelihood points.

Hence, the understanding and computation of the dimension and sigularities of these varieties
is crucial for the problem of model selection. This chapter provides a solution to the first

problem for any Bayesian network on four random variables when one variable is assumed
to be hidden.

8.2 Polynomial Constraints and Dimension

Bayesian networks with hidden variables are usually defined parametrically because the
independence and non-independence constraints on the distributions over the observable
variables are not easily established. Since these constraints vary from one model to another
they can be used to distinguish between models. Moreover, since these constraints are over
the observable variables, their fit to data can be measured directly with some specially-
designed statistical tests.

In this chapter, we will study all Bayesian Networks G on three observable random variables
and one hidden variable. We give a generating set for the ideal of all polynomial functions
which vanish on the space of observable probability distributions. This prime ideal is given
by the equation (7.2) in Proposition 20

Qac = Po NR[D],

where Pg is the distinguished ideal

o0

PG = [local(G) : poo = lglobal(G) - P
as introduced in Theorem 9. Throughout this chapter we will make use of the projection
. CP — P

We also give formulas for the dimension of all the ideals involved in these computations. An
interesting ideal appears at the end of our list, namely Pg,, N C[D’] which is generated by
irreducible sextic polynomials.

Some networks require the hidden variable to be binary for some of our results to hold. This
restriction is due to a fundamental distinction between bilinear and multilinear objects. The
next paragraph appears in [16, p. 100]:
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While a bilinear object ¢ € V ® W is completely determined (up to the
action of GL(V') x GL(W)) by its one invariant, i.e., the rank. The situation
with trilinear objects w € UV @ W is more subtle. The action of GL(V') x
GL(V) x GL(W) on U ® V @ W will not in general have a finite number of
orbits, but rather a continuously varying family of them, whose invariants
are far from being completely understood. One exception to this is the
special case where the dimension of one of the factors is 2.

Table 8.1 gives all the non-isomorphic directed acyclic graphs on 4 vertices, except the graphs
arising from the complete graph. This table is part of table 5.1, but it is given here in terms
of diagrams for the convenience of the reader.

Conjecture 22 states that the prime ideal Q)¢ of any naive Bayes model G with r = 2 classes is
generated by the 3 x 3-subdeterminants of any two-dimensional table obtained by flattening
the n-dimensional table (p;,i,...,). Here, we will discuss this conjecture for the particular
case of n = 3, see treatment for G54 below. For this we recall [16, Proposition 12.2, Exercise
11.29].

Proposition 12.2. The variety My, C M of m X n matrices of rank at most k is irreducible
of codimension (m — k)(n — k) in M.

Exercise 11.29. Let M be the projective space of m x n matrices, and let My, C M be the
subvariety of matrices of rank at most k. Take k so that 2k < min(m,n). Show that the secant
variety S(My) is equal to the subvariety My, C M of matrices of rank at most 2k. Indeed,
show that for a map A : K™ — K" of rank 2k and any pair of complementary k-dimensional
subspaces A, = C Im(A) the composition of A with projections of A and = give an expression
of A as a sum of two matrices of rank k. Deduce that in the case P* = M, X = My, if S(X)
denotes the variety of secant lines to X, the fiber of the incidence correspondence

Y={l,p): pel} CcSX)xMCG(l,n) x M
over a general point S(X) has dimension 2k?, and hence that

dim(S(My)) < 2dim(My) + 1 — 2k2.

Proof. The secant variety is contained in the set of matrices which are sum of two matrices
of rank at most k, so any matrix in S(M;) has rank at most 2k. On the other hand, since
2k < min(m,n) and A has rank 2k, A can be decomposed as the sum of two rank & matrices
by using the first k£ independent rows and setting the remaining rows to 0, or the last &
independent rows and the remaining rows 0. Thus the secant variety S(My) = My,. Now
consider X, m(X) C M is the secant variety S(X) = M. The fiber dimension over a
general point is equal to the dimension of the space of decompositions (A, Z) of the image
of A as the direct sum of subspaces. The Grassmannian G(k,2k) of k planes in 2k space
has dimension %%, see [16, p.138], so the fiber dimension over a general point in S(X) is 2k2.
Thus by [16, Theorem 11.12], since S(X) is irreducible, dim(X) = dim(S(X)) + 2k?. So,
dim(S(X)) = 2dim(My,) + 1 — 2k?., see [16, Prop. 11.24]. O
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Table 8.1: All Bayesian Networks on four variables
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The main result of this chapter is the following theorem, which states that if GG is a Bayesian
network on four random variables (G # G17) where one of the variables is a hidden binary
variable, then the variety associated to G is the join (or the intersection) of several higher—
secant varieties of Segre varieties.

For the networks 15, 17, 20, 21, 23, and 27, we have conjectures about the generating set
based on extensive computations for particular cases and the computation of the dimension
of the corresponding ideals in general. We should also point out that a proof for any of the
last four networks would also yield a proof for the remaining three.

Theorem 24. Of the 30 Bayesian networks on three random wvariables and one hidden
variable

(I) five networks G always give zero ideals Qg = Pg N C[D’], regardless of the number
of levels of the random variables. (numbers 1, 3, 7, 10, 16 in Table 8.1).

(II) Fourteen networks G always give ideals Q¢ generated by quadratic polynomials aris-
ing from the 2 X 2 minors of certain matrices of indeterminates (numbers 4, 5, 11,
13, 14, 18, 19, 21, 22, 25, 26, 28, 29, 30 in Table 8.1).

(111) If the hidden variable is binary, ten networks G give ideals Q¢ generated by quadratic
and cubic polynomials arising from the 2 X 2 or 3 X 3 minors of certain matrices of
indeterminates (numbers 2, 6, 8, 9, 12, 15, 20, 23, 24, 27 in Table 8.1).

(IV) The network Gy7 gives an ideal Qg,, generated by irreducible sextic polynomials and
cubic polynomials, if the hidden variable is binary.

Proof. We prove this theorem by an exhaustive case analysis of all thirty networks.

Network 1:  The ideal loca(c,) 1s a prime ideal equal to I, ,. It is generated by the
2 x 2-minors of the matrix (p4 ), where the rows are indexed by k € [d3] and the columns
are indexed by [ € [dy]. We claim that I, , N C[D'] = 0. It is enough to show that
every di X dy X dz-table a = (agy) is the projection of a table in V(I,,,). Let A be the
dy X dy x d3 x dy-table defined by A;jx = a;ji/ds, 50 Afip = asqp/dy. Then, the dy rows of
A" = (A4 ) are equal to each other, that is, A" has rank 1. So A € V/(I, ) ,) and 7(A) = a.

Networks 3, 7, 16: The ideal locaiqs) 18 a prime ideal equal to 1, || a3 It is generated

by the 2 x 2-minors of the d3 matrices (py k), where the rows are indexed by j € [da],
the columns are indexed by [ € [d4], and k¢ € [d3]. We claim that Ly 43N C[D']=0. It
is enough to show that every d; X dy x ds-table a = (a;jx) is the projection of a table in
V([2J_L4|3)' Let A be the dy x dy x ds x ds-table defined by A;ji = aijr/da, 50 Ayl = aiji/da.
For each ko € [d3], the dy rows of A" = (A j,) are equal to each other, that is, A’ has rank
1. So A € V([ZJ_L4|3) and 7(A) = a. The ideal [ipcal(c) is a prime ideal equal to I} 1| 403y
A similar argument shows that I, || a2y 1 C[D’] = 0. Finally, observe that the prime ideal

Lgiobal(Gis) = 1{172}J_|_4|3. Thus we also have Q15 = 0.
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Network 10:  The ideal locai(c,o) is a radical ideal equal to 1'1J_|_4|{273} + 1, 4 We claim
that liocai(c,0) N C[D'] = 0. It is enough to show that every dy x da x ds-table a = (ayy) is
the projection of a table in V(fipcai(cyo)). Let A be the dy x dy x d3 x dy-table defined by
Ajjri = aiji/ds. We saw above that A € V(IlJ_L4|{2,3}) and A€ V(L ,), so

A € V(hocal(cro)) = V(]1J_|_4|{2,3}) NV 5104

Theorem 12 shows that if dy = 2, then lca(q,y) is a prime ideal. In this case, Q19 =
Locai(Gro) NC[D'] = 0. If dy > 2, locar(c) 18 the intersection of the distinguished component
Pg,, and 291 prime ideals P, indexed by all proper subsets o C [d3]. By construction, the
ideal M, = (pyji : J € [da], k € 0,1 € [d4]) is contained in P,, so M, NC[D'] = (pijr+: j €
[ds], k € o) is a subset of P, N C[D']. Then

dim(Po N C[D/]) S lel(MU N C[D/]) < d1d2d3

Moreover, since V(Q10) U Usea,]V (P, N C[D']) = C[D'], then V(Q19) = C[D’], that is,
R0 = 0.

Networks 2, 12: The ideal locayq,) is a prime ideal equal to I, Alap It is generated by

the 2 x 2-minors of the d; matrices (p. ki, ), where the rows are indexed by j € [ds] and the
columns are indexed by k € [d3]. If dy = 2, then by Exercise 11.29 above

V(Q2) = 7(V(Fg,)) = S(My) = M,

where M}, is the variety of dy X d3 matrices of rank at most k. Thus the ideal Q)5 is given by
the 3 x 3-minors of the dy x d3 matrix (p + jk+). The prime ideal liocai(c,) = ]2J_|_{1 3|4 SO
we can proceed in exactly as for G5 to find a set of generators for Q5.

Networks 6, 8: The ideal @cai(qq) 18 @ prime ideal equal to I, ALz} It is generated by

the 2 x 2-minors of the dsd, matrices (pjjr,,), where the rows are indexed by ¢ € [d;] and
the columns are indexed by j € [ds]. Assume dy = 2. For each kg € [d3], let Ij, be the ideal
generated by the 2 x 2-minors of the 2 matrices (p;jx,). Then just as for G

V(I,, NC[D']) = m(V(Iy,)) = S(M;) = M, (8.1)

where M;, is the variety of d; x dy matrices of rank at most k. Note that Ijocaicq) = > kelds] 1,
and the ideals I}, are defined in pairwise disjoint set of indeterminates. For each ko € [ds], the
fiber dimension over a general point in V (I, NC[D’]) is equal to 2. Thus the fiber dimension
over a general point in V' (Liocaics) N C[D']) is equal to 2ds. Moreover,

codim(Jioeal(cg)) = codim( Z Iy) = Z codim([y)
kelds] ke(ds]

= Z 2(d1 - 1)(d2 - 1) - 2d1d2d3 - 2d1d3 - 2d2d3 + 2d3

kelds)
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So dim([local(gﬁ)) = 2d1d3 + 2d2d3 — 2d3, and

codim ( 3 (In C[U])) =Y codim(f, N C[D']) = dy(dy — 2)(ds — 2)

kelds] kelds]
So dim (Zk‘e[d;g](lk NC[D')) = 2dids + 2dads — 4ds. Also,
dlm(Qﬁ) = dim([local(GG)) — 2d3 = 2d1d3 + 2d2d3 — 4d3

Hence 3~ (4, (Is NC[D']) C Q6. Moreover, both prime ideals have the same dimension, thus

and equation (8.1) gives a set of generators for this ideal. The prime ideal DNocal(as) =
I, 1L 3j{2.4)" So we can proceed in a similar way as for Gy to find a set of generators for Q)s.

Network 9:  The ideal locaqy) 18 a prime ideal equal to I 1l o{3.4) + 1, ,- We know that
I, ,NC[D'] = 0. We claim that if dy = 2, then

QQ = ]1J_|_2|{374} N C[D/] = QG-

Let a € V(Qg), that is, for each ko € [d3] the di x dy-matrix (a;jy,) has rank 1. Let the
di X dy % d3 x dy-table A be defined as A;ji = a;jr/2. Then A € V(]1J_|_2|{374}), because
for each (ko,ly) € [ds] % [d4] the di X dy-matrix (Ajjkg,) = (aijr,/2) has rank 1. Moreover,
Ay = Ayige = aiyx/2, so the dy x 2-matrix (A, ) has also rank 1. Thus, A €
V()N V(]1J_|_2|{3,4}) = V(liocal(Go)) and a = 7(A) € V(Qo).

Network 24: 1t is worth mentioning that this result was proved set—theoretically in all cases
and ideal-theoretically for n = 3 by Landsberg and Manivel in [19]. Here, we compute the
dimension of all the ideals involved. We also give some insight that will be helpful for other
Bayesian networks.

The graph Go4 corresponds to the naive Bayes model with d, classes and 3 features, we will
examine the case ds = 2. The prime ideal liocai(,,) is equal to the sum

Tiocal(Gaa) = ]1J_|_{2,3}|4 + ]2J_|_{1,3}\4 + I3J_L{1,2}|4

Let I} = [1J_L{2,3}|47 I, = oL {1,3)]47 and I3 = 3L {1.2)]47 note that locai(ca) = 11 + I =
I + I3 = I, + I3. Assume dy = 2, then by [16, Proposition 12.2] we have that codim(/;) =
2(dy — 1)(dads — 1), so dim(1;) = 2d; + 2dads — 2. The ideal I; is generated by the 2 x 2-
minors of the d; X dyds-matrices M, = (pjjri,), where Iy € {1,2}. Similarly, The ideal I,
is generated by the 2 x 2-minors of the dy X dids-matrices Ny, = (pijui, ), where Iy € {1,2}.
Note that for each (ko,ly) € [ds] X [d4], the di X dy-matrix My, = (Pijkl,) is the transpose
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of the dy x dy-matrix Ny, = (Dijkol,)- Hence, for each k > 2, the 2 x 2-minors of Ny, lowers
the dimension of I; by dy — 1. Thus

dim([local(G24)) = dlm([l + [2) = 2d1 + 2d2d3 —2— 2(d2 - 1)(d3 - 1)
= 2dy + 2dy + 2d3 — 4.

Let i = I, N C[D'] for r = 1,2,3. Recall that Exercise 11.29 gives a generating set for
E and its dimension. Thus fl is generated by the 3 x 3-minors of the d; X dsdz-matrix
M = (pijr,), and dim(I;) = dim(I;) — 2 = 2d; + 2dsds — 4. This result can be obtained
directly by applying [16, Proposition 12.2], but we chose to apply [16, Theorem 11.12] which
implies dim(/;) = dim(I;) + p, where 2 is the minimum of the fiber dimensions of 7 through
A € V(I), that is, p = min{dim(7~'7(4)) : A € V(I;)}. Exercise 11.29 shows that
1 = 2 which also implies our assertion about dim(:fl). Proceeding in a similar way as
for dim(I; + I»), we conclude that I, lowers the dimension of I; by 2(dy — 2)(ds — 1), so
dim(:fl + j;) = 2d; + 2dy + 4ds — 8. The ideal E, is generated by the 3 x 3-minors of the
ds x dydy-matrix L = (pijr4). Note that the kg row of L can be obtained by flattening the
dy x dy-matrix My, = (pijr,+ ). Hence, the ideal I3 lowers the dimension of I, + I by 2(ds—2).
Thus,
dim (L, + I + Is) = 2dy + 2dy + 2ds — 4.

Clearly, Zi:lj; C o4, and dim(Z‘:’:1 fs) = dim(Lipcal gpy) > dim(Q24). But the ideal—
theoretic result in [19] states that

ThUS, d1m(Q24) = 2d1 + 2d2 + 2d3 —4.

Network 4: 'The ideal Ij,cai(qy) is a prime ideal equal to I, || (2.4} It is generated by the 2 x 2-
minors of the matrix M = (p4x), where the rows are labeled by k € [ds] and the columns
are labeled by the pairs (j,1) € [do] X [dy4]. First, change coordinates in R[D] by replacing
each unknown pq;u by pju = Z?;l Pijki- This coordinate change transforms Ij,ca(c,) into a
binomial ideal in R[D]. In Theorem 12, we proved that Ijocq(q,) is a prime ideal and hence
equal to Pg,.

We want to show that Q4 = Pg, NC[D'] is equal to the ideal I generated by the 2 x 2-minors
of the matrix N = (pjx+) where the rows are indexed by k € [d3] and the columns are indexed
by j € [da]. Each column of this matrix is obtained by taking the sum of the corresponding
ds columns of M. Let f = Dj ik, 4Djoko+ — Pjiko+Piskr+ be an arbitrary generator of I. Note
that f can be written as the sum of binomials of the form pj, k.1, Djokets = Pjikoti Piskite- These
binomials are generators of the ideal Pg,, thus f € Pg,. But f € R[D'], therefore f € Q.
We have shown that I C Q.

The ideal )4 is prime as shown in Proposition 20. The ideal [ is prime since it is generated
by the 2 x 2-minors of a generic matrix [6]. Hence, to show equality between ideals, it would
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suffice to show that V(I) C V(Q4). Let a € V(I), then a is a d3 X dy-matrix of rank 1 since
all the 2 x 2-minors of a vanish. Let A be the ds x dads-matrix defined by A;i = aji/da.
Clearly, A has rank 1, s0o A € V(Pg,). Thus a = w(A) € V(Q4), since V(Q,) = n(V(Pg,))
by the Closure Theorem of Elimination theory [4, Theorem 3, §3.2].

Network 5:  First, change coordinates in R[D] by replacing each indeterminate py ;i by pjr =
Zf;l Pijki- The prime ideal I = Iiycai(as) is equal to the sum of ideals [3JJ_{2’4} + [2J_L{3,4}'
The first ideal equals iocai(c,), and the corresponding ideal in the subring C[D’] is given by
the 2 x 2-minors of the matrix N = (p;4) where the rows are indexed by k € [d3] and the
columns are indexed by j € [do]. Similarly, I, | 34y N C[D'] is given by the 2 X 2-minors
of the matrix (pjr4) where the rows are indexed by j € [d2] and the columns are indexed
by k € [d3]. This matrix is the transpose of N, hence the ideal of the 2 x 2-minors of this

matrix equals Q4. Hence Q05 = Q4.

We can take a different approach to obtain this result. Observe that [ =1, || a7 I (2.3}
We claim that I, | (5 NC[D’] = 0. It is enough to show that every ds X d3-matrix a = (a;y)
is the projection of a table in V([4JJ_{2 3}). Let A be the dy x dads-matrix defined by A =
ajx/ds. The dy rows of A are equal to each other, so A has rank 1. So A € V(I4J_L{2 3}) and
7(A) = a. Observe that Lyl to NC[D'] C INC[D'], that is, V(Q5) € V(Q4). On the other
hand, if a € V(Q4) then for A as defined above, A € V(Pg,), so A€ V(Pg,) NV (I 1 3}),

4
that is, A € V(I), and a = 7(A) € V(Q5). Hence Q5 = Q.

Network 11: First, change coordinates in R[D] by replacing each unknown py,i by pju =
Zf;l Pijri- The prime ideal Igobai(y,) is equal to the sum of ideals IsJ_L{2,4} + 1{1,3}J_|_4‘2.
The first ideal equals liocai(q,). We will show that I{1,3}J_L4|2 N C[D'] = 0. Tt is enough to
show that every dids x do-matrix a = (a;;x) is the projection of a matrix in V(]{173}J_|_4‘2).
Let A be the dids x dods-matrix defined by A;ji = ayj,/ds. Hence for each j € [dy] the
dids x dg-matrix (A;jx) has rank 1. Actually, the dy columns of this matrix are equal. Hence
Ae V(]{l,s}J_L4|2)' Moreover, if a € V(Q4) then A € V(Pg,), so Q11 = Q4.

Network 20: First, change coordinates in R[D] by replacing each unknown py i by pju =
Zf;l Pijki- The binomial prime ideal liocai(y) is equal to the sum of ideals I = [2J_|_{1,3}|4 =
Liocal(Gro) and J = sl (24} = Liocal(cy)- Denote by I=1InN C[D’] and J=Jn C[D’]. Recall
that the ideal I is generated by the 2 x 2-minors of the d4 matrices M; = (p;jp) where the
rows are indexed by (i, k) € [d;] X [d3], the columns by j € [dy], and | € [d4] is fixed for each
matrix. The ideal J is generated by the 2 x 2-minors of the matrix N = (py;;) where the
rows are indexed by k € [d3] and the columns by (j,1) € [dy] X [d4]. For each [, the ideal
generated by the 2 x 2-minors of M; has codimension (did3 — 1)(dy — 1). Moreover, since the
entries of each matrix are pairwise disjoint, the codimension of I equals d4(did3 —1)(dy —1).
Hence

dll’Il([) = d1d3d4 + d2d4 - d4 (82)
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Similarly, the codimension of J equals (d3 — 1)(dady — 1), so
dlm(J) = d1d2d3d4 - d2d3d4 + d2d4 —+ dg —1 (83)

Let M, be the d3 x do-matrix (pj, ki, ), then

M, = : and N = (M M- My,).
Mgy

Hence, just as for Goy, the ideal J removes d3 — 1 parameters of all but one of the matrices
M;. Thus,

Let dy = 2. Then the prime ideal I is generated by the 3 x 3-minors of the two dimensional
table My = (pijr4+) where the rows are indexed by j € [d2] and the columns are indexed by
pairs (i, k) € [dy] X [ds], that is, M is obtained by flattening the 3-dimensional table (p;jx+)

according to the relation 2.11{1,3}. Hence codim(/) = (d1d3 — 2)(dy — 2), so

Similarly, since J is generated by the 2 x 2-minors of the ds X d3-matrix N. = (p1jk+), then

codim(J) = (dy — 1)(d3 — 1), so

dlm(J) = d1d2d3 - d2d3 + dz + d3 — 1.

Recall that I, J, and I 4+ J are prime ideals, then [16, Thm. 11.12] implies the following

dim(V' (1)) = dim(V (1)) + 1,
dim(V(J)) = dim(V(J)) + pa,
dim(V(I + J)) = dim(V(Q20)) + p

We have seen that p; = 2. Also, since dy = 2 then py = dim(J)—dim(J) = dydads—dads+ds,
SO pg > py. We conjecture that p = 2 which implies

Let M;,+ be the dy x d3-matrix (p; i+ ), then My = (M Moy -+ - My, 4+ ), and My = Ny A
similar argument as for the ideal I + .J shows that the ideal J lowers the dimension of I by
dz — 1. Hence

dim(7 + J) = 2dyds + 2dy — ds — 3 = dim(Qq).
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Note that [ + J C Local(Ga) N C[D'] and both ideals have the same dimension. One can
check that I + J is a radical ideal by Grobner basis methods. In fact, if < denotes the
degree reverse lexicographic ordering, then the (quadratic) generators of J and the (cubic)
generators of I form a Grobner basis of I + J. Therefore, the initial ideal in. (I + J) is
square—free, which implies that I + J is a radical ideal, see [33, Proposition 5.3]. Moreover,
a set-theoretic result as in [19] would imply that the ideal Q20 = liocai(Ga) N C[D’] equals
the sum

QQO = [local(G4) N (C[D/] + [QJ_I_{173}|4 N C[Dl]u

because a subvariety of an irreducible variety X having the same dimension as X is equal
to X.

Network 13:  The prime ideal locaic,;) = IlJ_L{2,4}\3' We claim that the ideal Q3 =
Docal(Grs) N C[D'] is equal to the ideal I generated by the 2 X 2-minors of the d3 matrices of
the form (p;;r4) where the rows are indexed by ¢ € [d;], the columns are indexed by j € [da],
and k is fixed. We argue as for G4 that I C ()13. The ideal ()13 is prime as shown in
Proposition 20. The ideal [ is prime since it describes the join of d3 varieties, each defined
by the 2 x 2-minors of a matrix of indeterminates and hence irreducible, see [6]. Thus, to
show equality between ideals, it suffices to show that V(I) C V(Q13). Let a € V(I). Then
ais a dy x dy % ds-table, such that for each ko € [d3] the slice ar, = (piji,) is @ dy X do-matrix
of rank 1. Let A be the d; X dady X ds-table defined by A;jr = aij/ds. Clearly, for each
ko € [ds] the slice Ay, = (pijko) has rank 1, so A € V(Pg,,). Thus a = 7(A) € V(Q13).

Network 23: The binomial prime ideal ljcq(,;3) is the sum of two prime ideals I = I,, || [1,3))4
and J = ljpca(Gry)- Let I=1n C[D’]. We showed in Gy that if dy = 2, the ideal I is

generated by the 3 x 3-minors of the dids x do-matrix My = (pijrt) obtained by flattening
the 3-dimensional table (p;;r+) according to the relation {1,3}1.2. Note that

[~+ j - [local(Ggg) N (C[DI]

Moreover, a similar argument as for Gy shows that the ideal Qa3 = liocai(Gas) N C[D'] equals
the sum of ideals liocai(c,4) N C[D'] + Iyj fgya D C[D']. We sketch the proof below, giving
formulas for the dimension of each of the previous ideals.

The ideal I is generated by the 2 x 2-minors of the dy matrices M; = (p;jr) where the
rows are indexed by (i, k) € [dy] x [d3], the columns by j € [ds] and [ is fixed. Recall that
dim(7) = dydsdy + dody — dy. The ideal J is generated by the 2 x 2-minors of the d3 matrices
of the form Ny, = (p;jr1) where the rows are indexed by i € [d;], the columns are indexed by
(7,1) € [ds] x [d4], and K is fixed. The codimension of J equals d3(d; — 1)(d2ds — 1), so

dll’Il(J) = d2d3d4 + d1d3 - d3



Luis David Garcia—Puente Chapter 8. 40

For each ko, ly, let My, be the dq X dy-matrix (p;jkg, ), then

Ml = . and Nk = (M11M12"'M1d4).
Mgy
Thus the following dyds X dsds-matrices are equal
Ny
(M My )=
Ng,
Hence, just as for Gy, the ideal I lowers the dimension of J by dy(ds — 1)(ds — 1). Thus,

dlm(] -+ J) = dlm(J) — d4(d2 - 1)(d3 - ]_) = d1d3 + d2d4 + d3d4 — d3 — d4.

When dy = 2, then dim(I 4+ J) = dyds + 2dy + d3 — 2. Recall that dim (/) = 2d,d3 + 2dy — 4.
Moreover, since J is generated by the 2 x 2-minors of the ds matrices Ny = (pjjr+), then

codim(J) = dz(d; — 1)(dg — 1), so dim(J) = dyd3 + dods — ds.
Recall that I, J, and I 4+ J are prime ideals, then [16, Thm. 11.12] implies the following

dim(V/ (1)) = dim(V (1)) + p,
dim(V (J)) = dim(V'(J)) + pa,
dim(V(I +J)) = dim(V(Qs3)) + p
We have seen that 1y = 2. Also, as dy = 2, pp = dim(J) — dim(J) = dads, 50 1o > piy. Just
as for Gy, we conjecture that y = u; = 2 which implies

Observe that M, = (Ny4Noi --- Ng,1). So I lowers the dimension of J by (dy — 2)(ds — 2).
Hence o
dim(I + J) = dyd3 + 2dy + d3 — 4 = dim(Q23).

Hence, the ideal Qg3 = I + J.
Network 25: We have the following equalities of prime ideals

Docal(Gas) = ]1J_|_{2,4}|3 + ]2J_|_{1,4}\3 = local(cns) + IQJ_I_{1,4}\3'

The ideal I = liocaic15) N C[D'] is equal to the ideal generated by the 2 x 2-minors of the
d; matrices of the form (p;jr1) where the rows are indexed by i € [d;] and the columns are
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indexed by j € [do] and k is fixed. Similarly, the ideal J = 1, | ¢, 3 N C[D'] equals the
ideal generated by the 2 x 2-minors of the d3 matrices of the form (p;j;+) where the rows are
indexed by j € [da] and the columns are indexed by ¢ € [dy] and k is fixed. Note that the
matrix which defines J is the transpose of the matrix that defines I, so I = J. The ideal
Qa5 = f1oca1(g25)ﬂC[D' | is prime as shown in Proposition 20. Recall also that the ideal I C Qo5
is prime. Thus, to show equality between ideals, it suffices to show that V(1) C V(Qas5). Let
a € V(I), then a is a dy X dy x ds-table, such that for each kg € [ds] the slice a, = (piji,) is
a dy X dy-matrix of rank 1. Let A be the 4-dimensional d; x dy X d3 X dy4-table defined by
Ajjii = aiji/ds. For each ko € [ds] consider the slice Ag, = (pijkg). The dy x dads-matrix
(pijkor) Obtained by flattening the 3-dimensional table Ay, according to 111{2,4} has rank
1. Also, the dy x djdy-matrix (p;jk,) obtained by flattening the 3-dimensional table Ay,
according to 2 {1,4} has rank 1. Thus A € V(Pg,,) which implies a = 7(A) € V(Qa5).

Network 14: The ideal locai(Gyy) s a prime ideal equal to I, || (3.4)J2° It is generated by the
2 x 2-minors of the dy slices M; = (p;j), where the rows are labeled by i € [d;] and the
columns are labeled by the pairs (k,[) € [ds] x [d4]. In Theorem 12 we proved that Ijscai(cy)
is a prime ideal and hence equal to Pg,,.

The ideal Q14 = liocai(cr) NC[D'] is equal to the ideal I generated by the 2 x 2-minors of the
ds slices N; = (pjjr+) where the rows are indexed by i € [dy] and the columns are indexed
by k € [d3]. Each column of this matrix is obtained by taking the sum of the corresponding
d4 columns of M;. Using the same argument as for G4 we have that I C Q4.

The ideal )y, is prime as shown in Proposition 20. The ideal I is prime, since the variety
V(I) is irreducible. To see this observe that V' (I) is the join of dy disjoint irreducible varieties,
each described by the 2 x 2-minors of a generic matrix, the result follows from [16, Theorem
11.14]. Hence, to show equality between ideals, it suffices to show that V(I) C V(Q14). Let
a € V(I), then a is a dy X dy x ds-table such that each slice a;, = (a;j,x) has rank 1. Let A be
the dy x dy x d3 x d4-table defined by A;;i = a;jx/ds. For each slice A, consider the flattening
A;O = (Ajjor1) where the rows are indexed by i € [d;] and the columns are indexed by pairs
(k,1) € [d3] x [d4]. Clearly, A;.O has rank 1, so A € V(Pg,). Thus a = n(A) € V(Q14)-

Network 18: The prime ideal Ipa1(Gy5) 18 equal to the sum [1J_L{3,4}|2 + [{1,2}il_4|3' The first
ideal equals Jiocai(Gs)- We will show that I o, ) 45 N C[D'] = 0. It is enough to show that
every dydy X dsz-matrix a = (a;j;) is the projection of a table in V(I{172}J_|_4|3). Let A be the
dids x dsds-matrix defined by A;ji = a;jx/ds. Hence for each ky € [ds] the didy x dy-matrix

(Ajjkor) has rank 1. In fact, the dy columns of this matrix are equal. Thus A € V(I
S0 QGIS = QG14’

Network 21:  The ideal I = loca(Ga) = Lglobal(Gsy) 18 the sum of two ideals, namely I; =
Ly (3.4)2 and J = I, || ,. This ideal is not radical in general as seen in Theorem 12. A closer

{1,2}i|_4\3)’

look at the proof of Theorem 9 reveals that the distinguished component Pg,, equals

PG21 = (J + [1> :p<1>o = [10031(021) p<1>o



Luis David Garcia—Puente Chapter 8. 42

Where p; is the product of p,jp for all j € [ds], k € [d3] and | € [d4]. Hence lipeai(Gar) =
Pg,, N (I, p5') for some e;. So we have the following equality of varieties

V(I)=V(FPgy)UV(Ip1) (8.5)
(V) =V(Qu)Un(V(L,p1)) (8.6)

We know that I, , N C[D'] = 0. Hence following a similar argument as in Gy we see that
INC[D'| =1 NC[D'] = Q4. So the equation (8.6) can be rewritten as

V(Qu) = V(Qa) Un(V(I,p1)).

Therefore, V(Q21) is a subvariety of the irreducible variety V(Q14). Moreover, we conjecture
that V(Q21) = V(Q14). For this we need to show that dim(V(Q14)) = dim(V(Qa1)). Since
both ideals are prime, this would imply Qo1 = Q4.

Network 19: The ideal Igobai(cye) 18 @ prime ideal equal to I, || (134} It is generated by the
2 x 2-minors of the dy X dydsdy-matrix M = (p;jp), where the rows are labeled by j € [dy]
and the columns are labeled by the tuples (i, k,1) € [dq] x [d3] x [d4]. Following a similar
argument as for the graph G4 we see that the ideal Q19 = Igiobai(Gre) N C[D'] is generated
by the 2 X 2-minors of the dy x djds-matrix M, = (p;jr+) where the rows are indexed by
J € [ds] and the columns are indexed by pairs (i, k) € [di] X [d3]. Each column of this matrix
is obtained by taking the sum of the corresponding d4 columns of M.

Network 22: The ideal Igiobal(Ga,) 1s @ prime ideal equal to [ = I2J.L{1,3,4} + [4J_L{2,3}' From
our analysis of graph G5, we know that I, | 23N C[D’] = 0. Moreover, following a similar
argument we see that Qoo = Igiobal(Gy) N C[D'] = Q0.

Network 26: The ideal Igobai(gag) 1S @ prime ideal equal to I = I{l,S}J-L{2,4}' It is generated
by the 2 x 2-minors of the dody X dids-matrix M = (p;jr), where the rows are labeled by
(7,1) € [ds] X [d4], and the columns are labeled by (i, k) € [di] x [d3]. Following a similar
argument as for the graph G4 we see that the ideal Qa6 = Lgiobai(Gas) N C[D'] is generated by
the 2 x 2-minors of the dy X djds-matrix N = (p;j5+) where the rows are indexed by j € [da]
and the columns are indexed by pairs (i, k) € [d1] X [d3]. Each row of this matrix is obtained
by taking the sum of the corresponding d4 rows of M. Hence Qo5 = Q19.

Network 28: The ideal Iyiobai(aas) 1S @ prime ideal equal to I2J-|_{1,3,4} + 1{172}J_|_4‘3. From our
analysis of graph Gg, we know that [ 12y ALz C[D’] = 0. Moreover, following a similar
argument we see that Qos = Igiobal(Gas) N C[D'] = Q0.

Network 27: The prime ideal Ijocal(G,y) 18 equal to the sum ]3JJ_{1 ) 4}+]2J_L{1 334 Proceeding

in a similar way as for graph G4, we see that I = 13J_|_{1 2,4} NC[D'] is generated by the 2 x 2-

minors of the matrix (p;jx+) where the rows are indexed by k € [ds] and the columns are
indexed by (i,j) € [di] x [d2]. We have seen that if dy = 2 then the prime ideal J =

L g NC[D'] is generated by the 3 x 3-minors of the two dimensional table (p;;;+) where
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the rows are indexed by j € [dy] and the columns are indexed by the pairs (i, k) € [dy] x [d3].
Observe that I + J = IsiL{1,2,4}> NC[D'] + L) gy N C[D’] C Local(Gar) NC[D']. Moreover,
following a similar procedure as for graph Gz, we conjecture that the ideal Ijocal(cyy) NC[D']
equals the sum of ideals I, || ¢, 5 5y N C[D'] + Iyl gy N C[D'].

Network 29: The prime ideal Iqcai(ay,) 18 equal to the sum of ideals IQJ_L{l 3.4} + IgJ_L{1 0.4}
Proceeding in a similar way as for graph G4, we see that [ = [2JJ_{1,3,4} NC[D'] is generated
by the 2 x 2-minors of the matrix (p;jr+) where the rows are indexed by j € [ds] and the

columns are indexed by (i, k) € [d;] x [d3]. Moreover, following a similar argument as in [19],
the ideal liocai(a) N C[D'] equals the sum of ideals Lyl oay N C[D'] + Lyl gam D C[D'].

Network 30: The prime ideal liocai(cy) 15 equal to the sum of ideals [2JJ_{1,3,4} + [3iL{1,2,4} +

I 1| {193 Proceeding in a similar way as for graph G5, we see that [ = [4JJ_{172’3}0(C[D’] =0.

This implies that
Docai(@ao) N CID'] = ([2LL{1,3,4} + [3iL{1,2,4}) nC[D').
Moreover, following a similar argument as in [19], we conclude that
Tiocal(Gao) M ClD] = 31l 1,243 1 CID]+ [2J_L{1,3,4} NC[D'.
Thus, Q30 = Q9.

Network 15: The ideal Iiocai(ai5) = Lglobal(cys) i the sum of two ideals, namely I = [1J_L4|{2 3
and J = I, 1L 314 This ideal is not radical in general as seen in Theorem 12. Hence liocai(Gy5) =
Pg,, N L for some ideal L. So we have the following equality of varieties

V(Ilocal(Gm)) = V(PG15) U V(L) (87>

T(V(Liocal(cr))) = V(Q15) Un(V (L))
Note that I = ligcal(cy), so I N C[D'] = 0. Moreover, if we assume dy = 2, then a similar
argument as for G'1; shows that lica(c,;) NC[D'] = JNC[D'], and JNC[D'] = Q)5 is generated
by the 3 x 3-minors of the dy x ds-matrix (p4jr+). Thus V(Q2) = V(Q15) Un(V (L)), that is,

V(Q15) is a subvariety of the irreducible variety V(Q3). Similar to Gg;, we conjecture that
in fact Q15 = QQ.

Network 17: The ideal locaicy7) = Iglobal(Gry) = I +J, where [ = [1J_L3|{2 " and J = [2J-L4I3'
This ideal is not radical in general as seen in Theorem 12. Hence liocaic,,) = Pay; N L for
some ideal L. So we have the following equality of varieties

V(Ilocal(Gn)) = V(PG17) U V(L) (89>
T(V(Liocat(crn))) = V(Qi7) Um(V(L)) (8.10)

Note that J = ligcai(ay), 50 J NC[D'] = 0. Also I = liocai(cy) and we have given a generating
set for Qg for the case dy = 2. We claim that ligcai(q,,) NC[D'] = Qs. Let a € V(Qs), for each
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Jo € [do] the slice a;, of a, that is, the d; X d3-matrix a;j,; has rank 1. Define a dy X dy X d3 x dy4
table A as Aijkl = al-jk/Q. Then for each (jo, lo) € [dg] X [d4] the d1 X dg slice Ajolo = (Aijoklo)
has rank 1, so A € V(I). Note that A € V(J), thus a = m(A) € 7(V(Liocal(c17))). Hence
V(Q17) is an irreducible subvariety of the irreducible variety QQs. But, opposed to all the
previous varieties, in general V(Qy7) will be a proper subvariety of V(Qs). We have a
conjecture for the case d; = dy = 2, note that for this case Qs = 0, that is, V(Qs) = C[D'].
To simplify notation, we will set p;jr = piji+-

The ideal ()7 is generated by (d;) (d;) sextic polynomials constructed as follows. For each
Jo € [da], let Mj, be the dy X ds-matrix M;, = (pijor). Each ji,jo € [da], j1 # Jja specify two
matrices M, and M,,. Also, each triplet ki, ko, k3 of distinct elements in [d3] specify three
columns on each 2 x ds-matrix M;, and Mj,. So we get the following two 2 x 3 submatrices
le and N]2

Pijikr  DPljiks  Pljiks and Pijoky  Pljsks  Pljoks
DP2jikr P2jika P2jiks P2jak1 P2jaks  P2joks

The irreducible sextic polynomial arising from these two submatrices is given by the following
alternating sum
Pjiky Ul‘/l — P+jiks UZ‘/Q + Ptjiks U3VE”

Where the polynomial U is the determinant of the 2 x 2-submatrix of N;, obtained by
eliminating the s-th column. The polynomial V is the determinant of the 2 x 2-matrix NV ](2
where the first column of N7, equals the s-th column of Nj, and the second column of N, is
the product of the remaining two columns of N, . O
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Appendix A

Techniques for Primary
Decomposition

The ideals in this paper present a challenge for present day computer algebra systems.
Their large number of variables (e.g. 32 in Chapter 6), combined with the sometimes long
polynomials which arise are difficult to handle with built-in primary decomposition algo-
rithms. Even the standard implementations of factorization of multivariate polynomials
have difficulty with some of the long polynomials. This is only a problem with current
implementations, which are generally not optimized for large numbers of variables.

For the computations performed in Chapters 5 and 6, it was necessary to write special code
(in Macaulay?2) in order to compute the components and primary decompositions of these
ideals. We also have some code in Macaulay2 or Singular for generating the ideals jocai(c)
or Lyobai(e) from the graph G and the integers dy,ds, ..., d,. In this appendix we indicate
some techniques and tricks that were used to compute with these ideals.

The first modification which simplifies the problems dramatically is to change coordinates so
that the indeterminates are pay,...,, and piyy...u,, instead of p,, ..., . This change of variables
sometimes takes a Markov ideal into a binomial ideal, which is generally much simpler to
compute with. Computing any one Grobner basis, ideal quotient, or intersection of our
ideals is not too difficult. Therefore, our algorithms make use of these operations. All
ideals examined in this project have the property that every component is rational. The
distinguished component ker(®) is more complicated than any of the other components,
in terms of the number of generators and their degrees, and it cannot be computed by
implicitization.

The first problem is to decide whether an ideal is prime (i.e. whether it equals the unknown
ideal ker(®)). There are several known methods for deciding primality (see [5] for a nice
exposition). The standard method is to reduce to a zero-dimensional problem. This entails
either a generic change of coordinates, or factorization over extension fields. We found that

48
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the current implementations of these methods fail for the majority of the 301 examples in
Chapter 6. The technique that did work for us is to search for birational projections. This
either produces a zero divisor, or a proof that the ideal is prime. It can sometimes be used
to count the components (both minimal and embedded), without actually producing the
components.

The following result is proved by localizing with respect to powers of g. This defines a
birational projection (x1,xs,...,T,) — (xq,...,x,) for J.

Proposition 25. Let J C Rxy,..., 2, be an ideal, containing a polynomial f = gxy + h,
with g, h not involving x1, and g a non-zero divisor modulo J. Let J; = J NRxg, ..., z,]
be the elimination ideal. Then

(CL) J = (<Jlugx1 + h> :900)7
(b) J is prime if and only if Jy is prime.
(c) J is primary if and only if Jy is primary.

(d) Any irredundant primary decomposition of Jy lifts to an irredundant primary decompo-
sition of J.

Our algorithm to check primality starts by searching for variables which occur linearly,
checking that its lead coefficient is not a zero divisor and then eliminating that variable as in
Proposition 25. In almost all of the Markov ideals that we have studied, iterative use of this
technique proves or disproves primality. A priori, one might not be able to find a birational
projection at all, but this never happened for any of our examples.

The second problem is to compute the minimal primes or the primary decomposition. Find-
ing the minimal primes is the first step in computing a primary decomposition, using the
technique of [29], which is implemented in several computer algebra systems, including
Macaulay2. Here, we have not found a single method that always works best. One method
that worked in most cases is based on splitting the ideal into two parts. Given an ideal I, if
there is an element f of its Grobner basis which factors as f = fi fs, then

VI =LA 0 VT )

We keep a list of ideals whose intersection has the same radical as I. We process this list of
ideals by ascending order on its codimension. For each ideal, we keep a list of the elements
that we have inverted by so far (e.g. f in the ideal ((, fo) : f{°)) and saturate at each step
with these elements.

If there is no element which factors, then we search for a variable to birationally project
away from, as in Proposition 25. If its lead coefficient g is a zero divisor, use this element to

split the ideal via
VIo= T:90 /(g
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As we go, we only process ideals which do not contain the intersection of all known compo-
nents computed so far.

If we cannot find any birational projection or reducible polynomial, then we have no choice
but to decompose the ideal using the built-in routines, which are based on characteristic sets.
However, in none of the examples of this paper was this final step reached. This method
works in a reasonable amount of time for all but about 10 to 15 of the 301 ideals in Chapter

6.



Appendix B

A Singular Package for Algebraic
Statistics

In this chapter we include the code written in the computer algebra system Singular needed
to perform most of the computations in this thesis. This package is in process of being
included in the main distribution of Singular. Due to space limitations, we do not included
all the functions that comprise the package, but only the main functions. Moreover, together
with Michael Stillman we have also implemented this package in the computer algebra system
Macaulay2.

// Luis David Garcia, last modified: 03.12.04

[17777777777777777777777777777777777777777777777777777777777777777777

version="$Id: Markov-relations.lib,v 1.0.0.0 2004/03/12 13:04:15
levandov Exp $";

category="Algebraic Statistics";

info="

LIBRARY: Markov.lib  Markov Relations for Bayesian Networks

PROCEDURES:
info(I) ideal, displays codim, degree, #mingens.
bnet (n,u) int, intvec, creates a nxn-matrix whose lower
triangle is given by the entries of u. Bayesian
net in topological order.
pairMarkov (m) intmat, computes the pairwise Markov relations
of a Bayesian network.
localMarkov(m) intmat, computes the local Markov relations

o1
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globalMarkov (m)

probring(d,#)

Prob(1,d)

MarkovIdeal (M,d)

torideal(I,d)

LIB "general.lib";
LIB "elim.1lib";

LIB "primdec.lib";
LIB "standard.lib";
LIB "presolve.lib";

Appendix B. 52

of a Bayesian network.

intmat, computes the global Markov relations
of a Bayesian network.

intvec, list, creates the ring

QQ[p11..1, ...,pd1d2..dn] where

d = {d1,d2,..,dn} and # is a list of options
{name-of-ring <pdR>, name-of-variable <p>,
ordering <dp>}.

list, intvec, computes the marginal p(l) where
1l is an instance of the random variables of the
form 1 = IND,IND,1,1, where IND is a string
denoting +.

list, intvec, computes the Markov ideal I_{M}
for a list of independent statements M. To get
an example of the usage of this package type
example MarkovIdeal;

ideal, intvec, computes the distinguished
component of the ideal I.

[I1777777777777777777777777777777777777777777777777777777777777777777

// GENERAL FUNCTIONS

// General function to return information about the ideal

proc info (ideal I)
{

int ¢ = nvars(basering) - dim(I);
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int d = degree(I);

int s = size(minbase(I));
list 1 = c,d,s;
return(l);

}

/* Definition of the matrix corresponding to the Bayesian Network.
This procedure assumes that the DAG is in topological order
n>n-1>...>1x%/

proc bnet (int n, intvec u)
{

int 1i,j,k;

intmat m[n] [n];

for (i=2; i<=n; i++)

{
for (j=1; j<i; j++)
{
k++;
m[i,j] = ulk];
}
}
return(m) ;

b

[1177777777777777777777777777777777777777777777777777777777777777/

/* Definition of the Pairwise Markov Relations */

[I1777777777777777777777777777777777777777777777777777777777777777

proc nondec (int v, intmat m)
{
int n = ncols(m);
list 1,s, visited;
int 1i,j,k;
s = v,
for (i=1; i<=n; i++)
{
visited[i] = 0;
}
while (size(s) !'= 0)
{
k = s[1];
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s = delete(s,1);
visited[k] = 1;
for (j=1; j<=n; j++)

{
if (mlk,j]l == 1)
{
if (visited[j] == 0)
{
s = insert(s,j);
}
}
}
}
for (i=1; i<=n; i++)
{
if (visited[i] == 0)
{
1 = insert(1l,i,size(1));
}
}
return(l);

b

proc pairMarkov (intmat m)
{
int n = ncols(m);
list nd, 1, s, e, e2;
int i, j, k, c, check;
for (i=1; i<=n; i++)
{
nd = nondec(i,m);
if (size(nd) !'= 0)
{
for (j=1; j<=size(nd); j++)
{
if (m[nd[j]l,i] == 0)
{
= list();
= insert(s,list(i));

= insert(s, list(nd[j]), size(s));
= insert(s, delete(nd,j), size(s));
if (nd[j] > 1)

n n n n
|

o4
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{
1 = insert(l,s,size(l));
}
else
{
c = nd[jl;
e = nondec(c,m);
if (size(e) == 0)
{
1 = insert(l,s,size(1));
}
else
{
for (k=1; k<=size(e); k++)
{
if (elk] == 1)
{
check = 1;
break;
}
}
if (check == 0)
{
1 = insert(l,s,size(l));
}
else
{
e = delete(e,k);
e2 = delete(nd,j);
if (size(e) != size(e2))
{
1 = insert(l,s,size(1));
}
else
{
if (size(e) !'= 0)
{
check = 0;
for (k=1; k<=size(e); k++)
{

if (el[k] '= e2[k])
{
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check = 1;
break;
}
}
if (check == 1)
{
1 = insert(l,s,size(1));
}
}
}
}
}
}
}
}
}
}
return(l);

b
[11777777777777777777777777777777777777777777777777777777777777777

/* Definition of the Local Markov Relations */

[I1777777777777777777777777777777777777777777777777777777777777777

proc parent (int v, intmat m)

{
int n = ncols(m);
list 1;
int 1i;
for (i=1; i<=n; i++)
{
if (m[i,v] == 1)
{
1 = insert(1l,i,size(1));
}
}
return(l);
}

proc nondecminusparents (int v, intmat m)

{

int n = ncols(m);
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list 1,s, visited;

int 1i,j,k;
s = V;
for (i=1; i<=n; i++)
{
visited[i] = 0;
}
while (size(s) !'= 0)
{
k = s[1];
s = delete(s,1);

visited[k] = 1;
for (j=1; j<=n; j++)

{
if (ml[k,j]l == 1)
{
if (visited[j] == 0)
{
s = insert(s,j);
}
}
}
}
for (i=1; i<=n; i++)
{
if (visited[i] == 0 and m[i,v] == 0)
{
1 = insert(l,i,size(1));
}
}
return(l);

}

proc localMarkov (intmat m)
{

int n = ncols(m);

list pa, s, 1, nd, e;

int i,c,check;

for (i=1; i<=n; i++)

{

list();
insert(s,list(i));

o7
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nd = nondecminusparents(i,m);
if (size(nd) !'= 0)
{
pa = parent(i,m);
s = insert(s,nd,size(s));
s = insert(s,pa,size(s));
if (size(nd) > 1)

'_l
I

insert(1l,s,size(1));

(@]
Il

nd[1];
if (c > i)

'_J
I

insert(1,s,size(1));

0]
I

parent (c,m);
if (size(e) !'= size(pa))
{

1 = insert(l,s,size(l));

else
{
if (size(e) '= 0)
{

check = 1;

while (check < size(e) and e[check]
{

check++;

}

if (check != size(e))

{

1 = insert(l,s,size(1));

e = nondecminusparents(c,m);
if (size(e) 1= 1)
{

1 = insert(l,s,size(1));

== palcheck])

o8
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}
else
{
if (e[1] !'= 1)
{
1 = insert(l,s,size(1));
}
}
}
}
}
}
}
return(l);

}

[I1777777777777777777777777777777777777777777777777777777777777777

/* Construction of the Global Markov Relations */

[I1777777777777777777777777777777777777777777777777777777777777777

proc subset (int k, list X)
{
if (size(X) == 0)
{
return(list());
}
int n = size(X);
intvec bin;
int q,1;
for (i=1; i<=n; i++)
{
bin[i] = O;

q=k;
i 1;
while (q != 0)
{
bin[i] = qk2;
qQ=9/ 2;
i++;
}

list res;

nn <

29
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for (i=1; i<=n; i++)

{
if (bin[i] == 1)
{
res = insert(res, X[i] ,size(res));
}
}
return(res);
}
proc children (int v, intmat m)
{
int n = ncols(m);
list 1;
int i;
for (i=1; i<=n; i++)
{
if (m[v,i] == 1)
{
1 = insert(l,i,size(1));
}
}
return(l);
}

proc Bayes_ball (list A, list C, intmat m)
{
int n = ncols(m);
int i,v;
list B, pa,ch,vqueue;
intvec visited, blocked, up, down, top, bottom;
for (i=1; i<=n; i++)
{
visited[i]
blocked[i]
up[i] = 0;
down[i] = O;
top[i] = 0;
bottom[i] = 0;
}
for (i=1; i<=size(C); i++)

{

0;
0;

60
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blocked[C[i]] = 1;

}
for (i=1; i<=size(A); i++)
{
vqueue = insert(vqueue, A[i]);
up[A[i]] = 1;
}
while (size(vqueue) != 0)
{

v = vqueue[size(vqueue)];
vqueue = delete(vqueue,size(vqueue));
visited[v] = 1;
if (!blocked[v] and uplv])
{
if (Mtoplv])
{
toplv] = 1;
pa = parent(v,m);
for (i=1; i<=size(pa); i++)
{
vqueue = insert(vqueue, palil);
uplpalil]l = 1;
}
}
if (!bottom[v])
{
bottom[v] = 1;
ch = children(v,m);
for (i=1; i<=size(ch); i++)
{
vqueue = insert(vqueue, ch[i]);
down[ch[i]] = 1;
}
}
}
if (downl[v])
{
if (blocked[v] and !topl[v])
{
toplv] = 1;
pa = parent(v,m);
for (i=1; i<=size(pa); i++)
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{
vqueue = insert(vqueue, pali]);
up[palil]l = 1;

}
}
if (!'blocked[v] and !bottom[v])
{
bottom([v] = 1;
ch = children(v,m);
for (i=1; i<=size(ch); i++)
{
vqueue = insert(vqueue, ch[i]);
down[ch[i]] = 1;
}
}
}
}
for (i=1; i<=n; i++)
{
if ('bottom[i] and !blocked[i])
{
B = insert(B,i,size(B));
}
}
return(B);

}

proc globalMarkov (intmat m)
{
int n = ncols(m);
int 1i,j,k,d,flag;
list X,Y,A,B,C,1,s;
for (i=1; i<=n; i++)
{
X[i] = i;
}
for (i=1; i<2°n-1; i++)
{
A

subset (i,X);

Y = subset(2°n-i-1, X);
d = size(Y);

for (j=0; j<2°d-1; j++)
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{
C = subset(j,Y);
B = Bayes_ball(A,C,m);
if (size(B)!=0)
{

flag = 0;
s = list();
s = insert(s,A);
s = insert(s,B,size(s));
s = insert(s,C,size(s));
for (k=1; k<=size(l); k++)
{
if (equivStatements(s,1[k]))
{
flag = 1;
break;
}
}
if (!flag)
{
1 = insert(l,s,size(1));

}

}
}
return(l);

}

proc equivStatements(list s, list t)
{

int i;

if (size(s[1])!=size(t[2]) or size(s[2])!=size(t[1])

or size(s[3])!=size(t[3]))

{

return(0);
}

for (i=1; i<=size(s[1]); i++)

{

if (s[1][i] '= t[2][i])

{
return(0) ;

}

63
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+
for (i=1; i<=size(s[2]); i++)
{
if (s[2][i] !'= t[1]1[iD)
{
return(0) ;
+
+
for (i=1; i<=size(s[3]); i++)
{
if (s[3]1[i] !'= t[3][i])
{
return(0) ;
}
}
return(1);

b

[I1777777777777777777777777777777777777777777777777777777777777777

/* Construction of the probability distribution ring */

LI7777717777777777777777777777777777777771777717777777777777777777
/* This procedure computes the index of the next variable in the ring */

proc next (intvec u, int j, intvec d)
{
intvec v = u;
if (5 > 1)
{
v[jl = (v[j1+D%A[j1+1);
if (v[j] == 0)
{
v[jl = 1;
v = next (v, j-1, d);
}

else
{
int check = (v[jl+1)%(d[jl+1);
if (check != 0)
{
v[j] = check;
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}
}
return(v) ;
}
proc sdec (intvec id)
{
int n = size(id);
int dec;
for (int i=n; i>=1; i--)
{
dec = dec + id[i]*(10) " (n-1i);
}
return(string(dec));
}

/* This procedure has as its inpute the list of d_i’s */

proc probring (intvec d, list#)
{
if (size(#)==0 or size(#)>3) { #[1] = "pdR"; #[2] = "p"; #[3] = "dp";}
if (size(#)==1) { #[2] = "p"; #[3] = "dp";%}
if (size(#)==2) { #[3] = "dp";}
int 1i;
intvec idx;
for (i=1; i<=size(d); i++)

{
idx[i] = 1;
}
string ringconstructor = "ring" + " " + #[1] + " = 0,(" +

#[2] + sdec(idx);
for (i=2; i<=product(d); i++)
{
ringconstructor = ringconstructor + ",";
idx = next(idx,size(d),d);
ringconstructor = ringconstructor + #[2] + sdec(idx);
}
ringconstructor = ringconstructor + ")," + #[3] + ";";
execute(ringconstructor) ;
keepring basering;
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/* This procedure returns the index of the corresponding indet. */

proc index (list linput, intvec d)
{
int i;
int base = 1;
list shift = linput;
for (i=1; i<=size(shift); i++)
{
shift[i] = shift[i]-1;
}
int n = size(shift);
int idx = shift[n];
for (i=n-1; i>=1; i--)
{
base = basexd[i+1];
idx = idx + shift[i]*base;

}
idx = idx+1;
return(idx) ;

[117777777777777777777777777777777777777777777777777777777777777/7
/* Computation of the ideal I_M for all the models defined above */
LI7777717777777777777777777777777777777771777777777777777777777777

/* This procedure computes the cartesian product of a list of lists */

proc cartesian (list linput)

{
int i,3,k;
if (size(linput) == 1)
{
list 1 = linput[1];
for (i=1; i<=size(l); i++)
{1[0i] = 1ist([il);}
return(l);
}
list head = linput[1];
list tail = cartesian(delete(linput,1));

list final, each;
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for (i=1; i<=size(head); i++)

{
for (j=1; j<=size(tail); j++)
{
each = insert(taill[j], head[i]);
final = insert(final, each, size(final));
}
}
return(final);

i
/* This procedure computes the set of all pairs of a given list */

proc Pairs (list L)

{
int 1i,];
list result;
for (i=1; i<=size(L)-1; i++)
{
for (j=i+1; j<=size(L); j++)
{
result = insert(result, list(L[i],L[j]), size(result));
}
}
return(result);
}

/* This little procedure computes the levels of the random variable Xi */

proc levels (int di)

{
list 1;
for (int i=1; i<=di; i++)
{
1[i] = 1i;
}
return(l);
}

/* This procedure computes the linear form Prob(A)
for an instantiation of a subset A of the random variables */
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proc Prob (list linput, intvec d)
{

int 1i;

list 1=linput;

for (i=1; i<=size(linput); i++)

{
if (typeof(1[i]) == "string")
{
1[i] = levels(d[il);
}
else
{
1[i] = list(1[i]);
}
}
1 = cartesian(l);
poly pr;
for (i=1; i<=size(l); i++)
{
pr = pr + var(index(1[i],d));
}
return(pr) ;

/* This procedure computes the quadric associated to the fixed event
P(A=a,B=b,C=c) */

proc Quad (list A, list a, list B, list b, list C, list c, intvec d)
{

int 1i,];

list Q1, Q2, Q3, Q4, 1;

poly P1,P2,P3,P4;

for (i=1; i<=size(d); i++)

{
Qi[i] = "IND";
Q2[i] = "IND";
Q3[i] = "IND";
Q4[i] = "IND";

}
if (size(C) '= 0)

{

for (i=1; i<=size(C); i++)
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{
j = C[i]l;
Qiljl=clil; Q2[jl=clil;
Q3[jl=clil; Q4[jl=clil;
}

for (i=1; i<=size(B); i++)

j = Blil;
1 =bl1];
Q1[j] = 1[il1; Q3[j]
1 =Db[2];
Q2[j] = 1[i]l; Q4[j]

1[i];

1[i];

for (i=1; i<=size(A); i++)

j = A[i];
1 = a[ll;
Qilj] = 1[il; Q4[j]
1 = al2];
Q2[3]1 = 1[i]1; Q3[j]
}
P1
P2

1[i];

1[i];

Prob(Q1,d);
Prob(Q2,d);

P3 = Prob(Q3,d);

P4 = Prob(Q4,d);

return(P1*P2 - P3%*P4);
}

/* This procedure computes the list of all quadrics associated to the
probability of the event P(A,B,C) */

proc StatementQuadrics (list A, list B, list C, intvec d)
{
int 1i,j,k;
list a,b,c,result;
for (i=1; i<=size(A); i++)
{
ali] = levels(d[A[il]);

a = Pairs(cartesian(a));
for (i=1; i<=size(B); i++)
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{
b[i] = levels(d[B[il]);

b = Pairs(cartesian(b));
if (size(C) == 0)

{
for (i=1; i<=size(a); i++)
{
for (j=1; j<=size(b); j++)
{
result = insert(result, Quad(A, alil, B, b[j], C, list(), d),
size(result));
}
}
}
else
{
for (i=1; i<=size(C); i++)
{
c[i] = levels(d[C[il]);
}

¢ = cartesian(c);
for (k=1; k<=size(c); k++)

{
for (i=1; i<=size(a); i++)
{
for (j=1; j<=size(b); j++)
{
result = insert(result, Quad(A, al[il, B, bl[jl, C, clk], d),
size(result));
}
}
}
}
return(result);

}

// This function computes the Markov ideal I_{L}
// for a list of independent statements L.

proc MarkovIdeal (list L, intvec d)
{
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option(redSB);

int 1i,j;

ideal result;

list 1,genlist;

for (i=1; i<=size(L); i++)

{

1 = L[i];
genlist = StatementQuadrics(1[1],1[2],1[3],d);
for (j=1; j<=size(genlist); j++)

{
result = result,genlist[j];
}
result = interred(result);
}
// result = groebner(result);
return(result);
}
example
{
"EXAMPLE:";
echo = 2;
intvec d = 2,2,2,2; int n = size(d);
probring(d);
intvec v15 = 1,1,0,0,1,1;

intmat m15 = bnet(n,v15);
list 115 = localMarkov(ml5);
list pwlb5 = pairMarkov(m15);
list gi5 = globalMarkov(ml5);
ideal I15 = MarkovIdeal(1l15,d);
info(I15);
ideal G15 = MarkovIdeal(gl5,d);
info(G15);
quotient(I15,G15);
ideal T15 = torideal(I15,d);
quotient(I15,T15);
ideal Q15 = sat(I15,T15)[1];
list pd15 = primdecGTZ(Q15);
info(T15) [1];
for (int i=1; i<=size(pd1b); i++)

{

info(std(pd15[i] [11)) [1];
}
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b

proc torideal (ideal I, intvec d)

{

list 1,f;
int 1i,];
ideal t = I;
for (i=1; i<=size(d); i++)
{
for (j=1; j<i; j++)
{
1[j] = "IND";
+
for (j=i; j<=size(d); j++)
{
1[j]1 = levels(d[jl1);
}
f = f + cartesian(l);
}
for (i=1; i<=size(f); i++)
{
t = sat(t,Prob(f[i],d)) [1];
}

return(t) ;
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