Chapter 4
LOW-PROBABILITY HIGH CONSEQUENCE CONSIDERATIONS IN A

MULTIOBJECTIVE APPROACH TO RISK MANAGEMENT.

4.1 Introduction

As our society becomes increasingly aware of environmental and public safety concerns,
the shipment of hazardous materials (hazmat) via highways is becoming an issue of major
importance. In particular, of utmost concern in hazmat transportation safety is the avoidance of
accidents involving multiple fatalities. Such a scenario might occur if a tank truck rolled over in
a heavily populated area exposing people to a lethal toxic vapor cloud, an explosion, or a
fireball. Thus, the major purpose of route selection should be to minimize the risk of multiple-
fatality accidents by avoiding situations where the most hazardous combination of risk factors is
present.

Accordingly, this study presents a route-finding method that addresses the concern of
minimizing the risk of low probability-high consequent£HC) accidents that can potentially
result in multiple fatalities. Our approach differs from that of Sivakumar et al. (1993, 1995) (as
discussed in Section 2.2) in that we consider catastrophic accidents in the objective function
along with the stated side-constraints in our model, and we develop a special tight representation
of the corresponding discrete fractional programming model as well as design a branch-and-
bound algorithm to solve this problem. Issues dealing with data acquisition, multi-objective
analyses, implementation, and computational performance are also addressed.

The remainder of this section is organized as follows. The next section discusses modeling
considerations and motivates the proposed model and suggests possible approaches. Section 4.2
develops a specific discrete fractional programming optimization approach to solve the model,

and the proposed algorithm is illustrated in Section 4.3 using a numerical example. Some
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computational experience on randomly generated test problems is presented in Section 4.4.
Section 4.5 describes a realistic application and discusses implementation considerations.

Finally, Section 4.6 presents conclusions and recommendations for future research.

4.2 Modeling Considerations
Let the transportation network under consideration be represented by a directed graph
G = (N,A), whereN is the set of nodes of the graph ai the set of arcs. Let the probability
of an accident occurring on lirkk [J A be denoted by, , and assume that these probabilities are
of small magnitudes (Abkowitz and Cheng, 1988, report that these probabilities are typically of
the ordert0™° to 10°° per mile traveled). Also, let, denote the consequence (cost) incurred if
an accident occurs on link 0JA. We define a catastrophic accident as one in which the
consequence is greater than or equél*taa predetermined value known as the critical value.
Consider some origin-destination pa®, (D), and let00 be a path fronO to D , where
0 ={a,a,,...a,}, & OAfori=1, 2, ....L, is represented by the set of unidirectional links in
this path] . Accordingly, letd . denote the set of critical links @ for which the associated
consequence excee@s, and letl], . denote the remaining (non-critical) links. (We assume
that each path i@ has at least one such critical link. If paths having no critical links exist, these
can be handled separately via a similar approach applied to a network that deletes all the critical

links.) The expected consequerige on any such patll is given by

£, =3 {[]a- P, 0Ryc, - (4.1)

j<i
The probability P(O) of an accident occurring on pafih, or the probabilityP* (O0) of a

catastrophic accident occurring on that path, are given as follows:

PE) = Pa[]0-p,) andP* ()= T oy []@-py) 42)

<k 0, J <k
We now define the conditional expectation of the consequence on[pathiven that a

catastrophic accident has occurred, as
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L
CE = an [ catastroph accidenbnlink a, |catastroph accidenbnll]

where the stated conditional probability is @ 0] |, and is given byp, | |@-p.)/P*0O) if
j<i J

i DDC. Hence, we obtain

Y P4, [[]2-p, )]
i,

j<i

CE, = 57 () (4.3)

Because of the relatively small magnitudes of the link accident probabilities, we can ignore

terms that involve products of two or more probabilities and arrive at the following

approximations foie,, P(@), P*(O), andCE, , respectively:

i L . 2 PaCq

E. =5 p.C. PO)=5p,, P*(0)= 3 p, . and CEn :IEDT . (4.4)
Ei Ei i, 2 P
i,

Now, instead of simply adopting the traditional objective of minimizing the expected
consequence or the accident probability over all possible paths, let us also examine an objective
criterion that attempts to minimize the conditional expectation of the consequence, given that a
catastrophic accident has occurred. The motivation here is that &lpatay have very low
link-probabilities of an accident occurring, resulting in a small expected consedgerae this
path. However, if the actual consequences associated with this path are high, then the
conditional expectatiolCE, of the consequence on this path given that a catastrophic accident
has occurred can be relatively large. We, therefore, may not wish to choose this path for

routing. Although this motivation is sound, as we shall presently see, sole consideration of this
conditional objective function is not a suitable criterion for hazmat routing.

To illustrate, consider the example shown in Figure 4.1, where the tuple (probability of
accident, consequence) is shown against each link, and where all consequences are assumed to
exceed the critical level. Letting = 1 andD = 4, we compute the following using (4.1) and

(4.3).
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0.0001

10,000 10,000

Figure 4.1 Example to lllustrate the Concept of Conditional Expectation.

Paths Eq CE;
1.2 4 (199 1,000
13- 4 |1.9999 10,000

With respect toE;, pathl - 3 - 4 is optimal, because the arcs involved have éwected
consequences. However, with respectCtg, , the pathl - 2 - 4 is optimal due to the
relatively high consequences associated with the arcs that belong to thepa&h- 4. Thus,
the issue that arises is evident. Should the path with the smallest expected consequence of an
accident be chosen regardless of the consequences, or should we primarily consider the degree of
the consequences?

To address this question, consider now the same example of Figure 4.1, but with an
additional arc from node 2 to 3, havirmgzl?)) = 0.9and C23) = 100. For this case, we obtain

the following computations.

Paths Eq CE;
1,24 19.9 1,000
1-.3-4 1.9999 | 10,000
1,235 4 99.199 101

Referring to these results, if a path is chosen so as to simply minigtize the path

1- 25 35 4 would be selected. Choosing this particular path may not be advisable,
because we would be selecting a route on which the risk of an accident is relatively high.
Although the expected consequence is relatively small given that an accident occurs, this path

should not be chosen under most circumstances because of its high probability of causing an
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accident. Hence, if conditional expectation is used as the sole criterion, the network should be
preprocessed by eliminating links that might have an unacceptably high probability of an
accident. However, a subjective deletion of links might eliminate paths that could have been the
"lesser of two evils," given the alternatives. Note that the consideration of catastrophic accidents
in formulating the conditional risk objective function somewhat ameliorates this effect. For
example, if the accident on link (2, 3) is designated to be non-catastrophic, then for the path
1- 2. 3- 4, we obtainCE, =1008.9011via Equation (4.3), hence yielding the path
1. 2 - 4 again as the optimum in this case. In general, a better alternative might be to
impose certain restrictions on expected consequences and path accident probabilities and
consider the problem to
Minimize{(AZED: 00G E <v,P@O)s<n} (4.5)

for some specified values of and . For example, we can defineto bev = (1+q)Vv *, for
various desired values of = 0, wherev* = min{|§D : 0 OG} is the optimal value for the
least expected cost (shortest) path problem,rpén be similarly selected.

Before proceeding to develop this proposed approach, let us comment on the model (4.5)
and some alternative approaches. First, note that as discussed by Sivakumar et al. (1993, 1995),
the conditional expectation objective function used in (4.5) can be interpreted as selecting a path,
subject to the stated constraints, that minimizes the expected consequences in a scenario in which
shipments are made on the selected path until the first catastrophic accident occurs. In other
words, since 1 P* () in (4.3) has the interpretation of the number of trips on phatper
(catastrophic) accident, the quantilyz, intuitively denotes the expected cost per (catastrophic)
accident over a great number of trips. Hence, the conditional objective function essentially
attempts to minimize the expected cost per accident, which is appealing from a “damage control”
viewpoint. However, as noted above, and as seen in Glickman and Sherali (1991), as well as
through the examples presented by Erkut (1995), this criterion by itself might be unsuitable in

that it could select paths that have high consequences or accident probabilities, but for which the
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expected cost per accident is relatively low. Hence, the compromise suggested in (4.5) attempts
to eliminate such undesirable paths by minimizing the risk per accident, while placing suitable
upper bounds on the total expected consequence as well as on the relative frequency of
accidents. In this context, for example, note that if two pathandd , have the same value of

the expected consequence, but the probability of an accidefit da more than that ofi ,,

then assuming that all accidents are catastrophic, as seen from (4.4), the conditional expectation
objective function would seled, over(J,. While this might appear to be counterintuitive,
observe that the conditioriAED1 = I%Dz while I5(D1) > I5(D2) asserts that the average
weighed consequence (weighted by its corresponding relative probability of occurrence), which
is CAED in (4.4), is in fact smaller for path, than for pathl,. Hence, given that both the total
expected consequence and the path accident probabilities are within acceptable limits, the
decision maker might prefer the path that has the smaller expected consequence per accident

in order to contain the extent of damage when an accident occurs. Moreover, as indicated above,
since our objective function focuses on catastrophic accidents, it reflects the expected
consequence per catastrophic accident or the average weighted catastrophic consequence on a
path. Hence, it tends to better promote the appeal of the conditional risk objective function
while somewhat ameliorating its counterintuitive effects.

The approach suggested in (4.5) is recommended to be just one other viable option that a
decision maker might wish to consider in selecting a route for hazmat shipment. As an
alternative to solving (4.5), the decision maker might wish to solve the complimentary problem
of minimizing the expected consequence or the path accident probability subject to a constraint
on the conditional risk being no more than a specified value, where this value itself might be
based on the optimal objective value for (4.5). As another alternative, considering the
bicriterion problem of minimizing the expected and the conditional risks, for example, the
decision maker could rank sorkéest solutions to the shortest path problem of minimizing the
approximationl§D to E; given by (4.4) ovell OG, using ak-shortest path algorithm (see
Yen, 1971, Shier, 1979, or Skiscim and Golden, 1989), and then evaluate these paths with
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respect to the (approximate or even exact) conditional risk objective function in order to select a
route. Note that this strategy could itself be used to solve (4.5), by ranking or enumerating all
possible paths that satisfy the side-constraints. However, dependinganod n, this could be
computationally prohibitive as compared toiaplicit enumeration branch-and-bound approach
as proposed herein.

Yet another approach would be to design an iterative routine that would actually generate
some efficient solutions (see Steuer, 1986) for the bicriterion problem to mn{EﬂzeCED}
using the previous remarks. For example, consider the problem (4.5), and let us assume that
n=o. If we setv = v* = min{éD: 0 0 G}, the solution to this problem gives an
efficient solution. Now, by considering the ranketlest objective values of this latter shortest
path problem, in orderv; <v, <...<V,, we can solve (4.5) withv set at these values
sequentially. Then, so long as the values 6ED drop sequentially, we would be tracing
solutions on the efficient frontier. Solutions on the efficient frontier can also be generated by
solving the problem (4.5) using any value ©of and then considering the complimentary
problem to
Minimize {éD 0 0G, éED < V'}, where V' is the optimal objective value obtained for
the problem (4.5).

Hence, Problem (4.5) could be used as one in a repertoire of models that a decision maker
might use in composing a strategy for selecting a path to route hazmat. We now proceed to
present a suitable mathematical representation for (4.5), and develop an algorithm to solve this

problem.

4.3 A Discrete Fractional Programming Optimization Approach
We begin our analysis of Problem (4.5) by presenting a basic formulation for it. For each

nodek [0 N, defineF(Kk) to be the set of arcs emanating out of nigdee., the "forward arc set"
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for nodek, and similarly, defineR(k) to be the "reverse arc set" for nokleThroughout, we

assume that the network has been preprocessed so that

R(O) =F(D)=0O
Also, define the decision variables as follows:

_ [, ifarcais in the prescribed O - D path
% =, otherwise

(4.6)

UalA.

Furthermore, denote by, the set of critical links i that have consequences exceeding

some specified critical level C*. Thmnditional expectation problegCEP) given by (4.5) can

then be formulated as follows:

> PaXeCq
CEP: Minimize 2o
> PaXq
allA,
t, ifk =0
subjectto: » x, - » x, =[-1,ifk =D

a
abF(k)  abR(k) %) [k otherwise

Z P.X,Cq S V
alA

> PaX 1

a&gA

X = (X, alA)OX

a’

X binary

(4.7a)

(4.7b)

(4.7¢)

(4.7d)

(4.7e)

(4.7)

where the seX in (4.7e) represents a suitable set of (linear) subtour elimination constraints as

described below. Observe that the objective function in (4.7a) is both pseudoconvex and

pseudoconcave. Thus, when (4.7f) is relaxed tox < e, wheree is a vector of ones, a local
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minimum would also be a global minimum, and given feasibility, an optimum would be attained
at an extreme point solution (see Bazaraa.£1893).

We will now analyze the subtour elimination constraints (4.7e). First of all, note that
without such constraints, it is entirely possible that an optimal solution contains cycles of the
typesC, and C, shown in Figure 4.2, where, by the nature of the fractional objective function,
these cycles help to reduce (4.7a) below the corresponding value of the simple (i.e., loopless) O-

D path.

‘\; /@ ]

Figure 4.2 Cycles among arcs with unit flows.

The subtour elimination constraints can take on several forms. One simple form of these
constraints that can be used are the Miller-Tucker-Zemlin (MTZ) constraints (see Nemhauser
and Wolsey, 1988). The standard MTZ constraints yield weak continuous relaxations in the
context of Traveling Salesman problems (TSP), but as shown by Desrochers and Laporte (1991),
these constraints can be tightened by lifting them into facets for the underlying TSP polytope.
These lifted constraints are applicable in our situation as well, and are incorporated as constraints
(4.9e), (4.9i), and (4.9)) in the model representation given below, wyjeréor any k O N,
denotes the rank-order in which nolds visited (being arbitrary if it is not visited), with
Yo = 1. Here we have adopted the notation that | N|, each linka = (t(a), h(a)) has
been identified by its tail nodéa) and its head nod&a), and for each such linlg denotes the

reverse link [i(a), t(a)), if it exists. (If the latter link does not exist, then= 0. (Note that the
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arcs inA specifically include both the oppositely directed arcs corresponding to bidirected links.)
Also, xg, denotes the variablg, for a = (0,k), Ck ON-O.
A more effective form of subtour elimination constraints are the Dantzig-Fulkerson-

Johnson constraints (see Nemhauser and Wolsey, 1988), given as follows (noting (4.6)):

X = {x: Z X, <|9-1 OSON, {O,D} nS=0, |5z 2}, (4.8)
alJA

where Ag = {a O A: {t(a), h(a)} O S}. There are, however, an exponential number
of constraints within (4.8). To remedy this situation, only a subset of these constraints are
included in the model as constraints (4.9f1), where the set
S*0{S SON, {O,D}n S=10, |9=2} is prescribed by the algorithmic statement given
below. In addition, we include another set of constraints given by (4.99) that, in particular, are
specifically designed to eliminate tyf§g cycles (see Figure 4.2). Note that similar to (4.9f),
although these constraints are implied by the lifted MTZ constraints imtiger sense, they
might serve to tighten theontinuous relaxatiomf the problem. This can indeed be the case as
illustrated in the application described in Section 4.4. We remark here that the symmetric
constraintsz a0F (K) X,<1 0OkON -{D} are implied in the continuous sense by (4.9g) and
(4.9b), and so need not be included in the model formulation. In this connection, note that as
illustrated in Section 4.3, even Kj is selected so thaﬁ?(D) < n is implied (in the discrete
sense) by‘éD < v for the chosen value of over alld O G, the constrainl5(D ) < n might
not be implied in the continuous sense and hence, might aid in further tightening the relaxation
to (4.5).

The resulting proposed model is stated below. For a problem haviades anan arcs,
this problem hasm + n - 1 variables anddn + m+|S*| -1 constraints, in addition to the
variable-bounding restrictions (4.9h). This model is a valid representation of (4.7), and hence of
(4.5), since the lifted MTZ constraints (4.9e), (4.9i), and (4.9j) provide a formulation for (4.7e)

as established by Desrochers and Laporte (1991), and constraints (4.9f) and (4.99g) are additional
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implied inequalities that aid in tightening the continuous relaxation of the model (when (4.9k) is

deleted).
Y PuLaXa
CEP: Minimize 2= (4.9a)
> PaXa
alA,
EL, if k=0
subject to: Z X, = Z x,=[1,ifk=D (4.9b)
aliF(k) - abR(k) B Ok, otherwise
D P CiXy SV (4.9¢)
alA
Z PX, < N (4.9d)
alA
Yhia) 2 Yia) F1+ (Xg ~1(N—1)+(n—3)% HalA (4.9¢)
> X, <I8-1 0sOs* (4.91)
afA,
Y %<1 OkON-{0} (4.99)
alR(k)
Osx<e Yyp=1 (4.9h)
(3-%gp) € Yp < 2+ (N-2)(1~ Xgp) (4.9i)
B X =Y =2+(n-3)(1~Xy) kUN-{O,D (4.9))
X binary. (4.9Kk)

We now design a branch-and-bound algorithm to solve Problem CEP. In this approach,
each node of the branch-and-bound tree represents two segments of a partial simple path, one
originating at nodeD and the other terminating at noe Consequently, each branch-and-
bound tree nodg has ashifted origin designated50(q), and ashifted destinationdesignated

SD(q), where the partial path is composed of the segment startdgrad terminating 88Qq),
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along with the segment starting @D(q) and terminating aD. (For the sake of simplicity,
whenever the dependence @is clear from the context, we will simply wrigQ(q) and SI(q)
asSOandSD, respectively.) Note that ifF|(SO)|= 1, then we can fixxF(SO) =1 and shift the
origin to the head-node of the ak{SO and repeat this check. Likewise,|iR(SD)| =1, then

we can setxg gp) = 1 and shift the effective destination to the tail-node of the RI§D).
Furthermore, note that each time some variaglés set at one, the variables associated with all
theotherarcs inR[h(a)] and inF[t(a)] can be set at zero.

We also perform another preprocessing operation as follows, to possibly eliminate
additional network nodes and arcs from any given branch-and-bound tree node subproblem.
Suppose thaBO and SD are, respectively, the shifted origin and destination for any such
subproblem, and that the residual network at hand (corresponding to the free variables) satisfies
(4.6) forO = SOandD = SD. Then, by sequentially tracing forward stars starting f&fD{see
Bazaraa et gl 1990, for standard network-related definitions), we can easily find the set of
nodes that are reachable fr@@in the residual network. Likewise, we can sequentially scan
the reverse star lists starting from ndle to find the set of nodes in the residual network that
can reach nod&D. Denote the intersection of these two node setfRBA&CHSO - SD).
Observe that this intersection represents the set of all those nodes that could possibly lie on paths
connectingSOandSD. All other nodes could then be eliminated, along with their incident arcs.
Such a preprocessing can substantially tighten the bounds derive@ERiathe continuous
relaxation ofCEP, possibly eliminating, in particular, cycles of tyge that can arise which are
not associated with th®8Oto SD path, and sometimes even cycles of tygpe The proposed
branch-and-bound algorithm is now described in detail below. Finite termination is guaranteed

by the finiteness of O-D paths in the network.

Branch-and-Bound Algorithm

INITIALIZATION . Let the set of active nod&g={0} contain the starting node (zero)

of the branch-and-boun{B&B) tree, and let its corresponding shifted origin and shifted
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destination b&&Q(0) =0 andSD(0) =D, respectively. The partial path comprised of nodes and
arcs corresponding to this B&B nodelig0) ={O, D}. Let the nodes in this partial path be
denoted byN(0) = {0, D}, and letL(0) = 2 denote the cardinality afi(0). Letq =0 represent

the selected active node, record the incumbent solutionJ of objective valuev* = », and

choose a termination toleranee> 0. Construct the s&* for (4.9f) as follows. First, solve the
continuous relaxatio€EP of CEP without the constraints (4.9f), and hence obtain a fiothat
satisfies the conservation constraints (4.9b). (The algorithm of Charnes and Cooper, 1962, can
be used to solv€EP as an equivalent linear program.) Using the procedure in Sherali et al.
(1994), decompose this (possibly fractional) flow into O-D path flows and cycle flows. For each
cycle thus detected, if any, include the corresponding constraint (4.9f) in the problem. This

formulates the s&$* to be used for the remainder of the algorithm. Proceed to Step 1.

STEP 1. (Preprocessing and Bounding Step).

Step 1(a). (Preprocessing):For the branch-and-bound tree nagegivenSQ(q) = SQ
andSD(q) = SD, and given the partial path(qg) having A(q) nodes comprising the sBiq)
along with the connecting arcs that define the two segmeriiq @f, setx, =1 0 aO0(q),

and set

x, =0 0 a00(q) such thah(a) O[N(q) —{SD] or t(a) J[N(g) -{SQ].  (4.10)

If |F(SO|=1, then setxr sg =1, shift the origin to the node@[F(SO)], and accordingly,
updatel (g), N(g) andA(q). Similarly, if |R(SD)| =1, then Setxz(sp) = 1 shift the destination
to the nodet[R(SD)], and accordingly, update(q), N(g) andA(g). For each shift, eliminate
arcs by applying (4.10). Continue until no further shifts are possibI8CA8D in this process,
then(q) represents an optimal path for this node subproblem. Compute its objective value,
update the incumbemrt and its valuey *, if necessary, and go to Step 4.

Next, scan the forward and reverse stars of the residual network to determine the set

REACHSO - SD) as described above. IREACHSO- SD) =0, proceed to Step 4.
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Otherwise, update the residual network by eliminating all nodes not belonging to
REACH SO - SD) along with any incident arcs. If any further origin or destination shifts are
possible, then repeat this preprocessing step. Having done this, solve the shortest path problems
on the residual network to minimize the left-hand sides of (4.9c) and (4.9d), in turn, in order to
determine if these constraints have a feasible completion. If these subproblems yield feasible
solutions to Problem CEP, update the incumbentand its valuev*. |If either of these

constraints cannot be satisfied, then transfer to Step 4. Otherwise, proceed to Step 1(b).

Step 1(b). (Lower Bounding Problem): Construct the node subproble@EP
corresponding to the available residual network, WNh A representing the revised node and
arc sets of the residual netwoR(k), F(k), and A, all being defined with respect to this residual
network, and witm =|N|, O = SO, andD = SD. Also, incorporate the appropriate constants in
the numerator and denominator of (4.9a), as well as in (4.9¢) and (4.9d), corresponding to the
variablesx, =1 for a Ul (q). Furthermore, retain in (4.9f) only those constraints f8mthat
correspond to sets O [N -{SQSD] . Formulate and solve the associated relaxatigr, and
let (X,y) be the solution obtained of objective value If X is integral, then it is feasible to the
original problem and optimal for the node subproblem. Upgatend v*, if necessary, and
then fathom this node by proceeding to Step 4. Otherwise, attempt to determine an improved

solution via the following heuristic.

Step 1(c). (Upper Bounding Heuristic): Having solved the continuous relaxatiG&P
for the residual network as an equivalent linear program (see Charnes and Cooper, 1962),
dualize all the constraints using the corresponding optimal Lagrange multipliers except for the
network flow conservation constraints (4.9b) along with (4.9h). Solve this network flow
problem and augment the resultiB@-SDpath solution using the appropriate fixed values of
zero or one for the arcs not in the residual network to obtain a complete sdlutidh X is

feasible to (4.9c) and (4.9d), compute its objective value in (4.9a), and update the incumbent
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solutionx* and its valuev*, if necessary. Ifv > v* —-¢, go to Step 4. Otherwise, proceed to

Step 2.

Step 2. (Branching Step). Removeq from Q. Create as many new nodes as there are
successors ddq) in the residual network. For each such branch-and-boundqioceated,
put g in Q, let S q') be the particular successor nodeSdl(q) that corresponds tq', let
SD(q') = SD(q), N(q') = N(a) O {SXq)} andL(q) =L(q) + 1, letO(q') =0(a) O{(SAa),
SAq')), SAq')}, let vy(q) =Vv, set indicatorsind (q') = Xsoq),soq); @nd ind,(q') =
P so(g),so(q)]Gso(g),so(q)] 10 assist in selecting branch-and-bound tree nodes, and put

x(q') =X if Xsorq),soqy =1 and letx(q') = O otherwise. Proceed to Step 3.
Step 3. (Node Selection Step)lf Q = 00, terminate the algorithm witk* as an optimal
solution. IfQ # O, pick a node
q 0 argleémir{ Vo(1), -L(t), —indy(t), ind,(t)}.
to

If x(q)=0, go to Step 1. Ii(q) # O, and this solution is feasible to the naglsubproblem
that has been revised as described at Step 1, thgn continues to be optimal to this

subproblem. Hence, p&t=x(q), v = v,(q), and return to Step 2. Else, return to Step 1.

Step 4. (Fathoming Step).Remove nodg from Q and transfer to Step 3.

4.4 lllustrative Example

Consider the following example shown in Figure 4.3, where the tuple against each link
a OA represents the dafa,,c,). The variablesq, x,, X3, x,, andxg represent the flows on
the links (1, 2), (2, 4), (1, 3), (38, 4), and (2, 3), respectively. Also, the varigbles, y,,

andy, relate to nodes 1, 2, 3, and 4, respectively.
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Figure 4.3. lllustrative Example of Section 4.3.

For the sake of exposition, we enumerate below the path information for this problem (all

accidents are assumed to be catastrophic).

Path(] E, cE, P(0)
1.2.4 20 103 0.02
1.3-.4 2 10% 0.0002
1.2.3-4 21 190.736 0.1101

Hence, Patil - 3 - 4 is optimal for 2 =v < 20 andn = 0.0002, Patlh - 2 - 4 is optimal
for 20 =v <21 andn =0.02, and Path - 2 - 3 - 4 is optimal forv = 21 andn = 0.1101.
Furthermore, since the paths ranked in increasing valueémofsequentially drop in their
respective values oCED all three paths lie on the efficient frontier in this case for the
underlying bicriterion problem to m|n|m|z{£D CED 0 0O G

Now, let us pickv = 20 andn = 0.02, and solve the corresponding problem using the
proposed branch-and-bound algorithm.

Initialization and Step 1. Beginning withQ = {0}, and selectingq = 0, since no
preprocessing operation is applicable, we first SEP at Step 1(b). This yieldg = (0.180,
0, 0.82, 1, 0.180), and = (1, 2.82, 2.180, 3.180), with objective value (lower bound) equal to
271.156. Note that although the constraint (4.9d) is implied (for the discrete problem) by the
other constraints in the model for the chosen valueg ahd  as seen from the above table, if

this constraint is deleted, the resulting continuous relaxation yields the sckut0.947, O,
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0.053, 1, 0.947), ang = (1, 2.05, 2.947, 3.947) with an objective value of 191.726. Note that

2 pX, = 0.104 > 0.02= n for this solution, i.e., (4.9d) is violated. Hence, the constraint
?Egd) indeed serves to tighten the continuous relaxation, although it is redundant in the discrete
sense. Furthermore, observe that evidently, the lower bound is being driven by the path
1 - 2 - 3 5 4 which is marginally infeasible since = 20 andl%D = 21 for this path.

Also, in this example, the only admissible constraint in (4.8) or (4.9§) is1 corresponding to

S={2, 3}, which is implied by (4.9h), and so, the constraint set (4.9f) is null.

Now, instead of using the heuristic of Step 1(c), let us derive feasible solutions directly via
the branch-and-bound algorithm for the sake of illustration. (Note that since the lower bound is
lesser than the optimal value in this case, the procedure would be unaffected by using Step 1c.)
Hence, proceeding to Step 2, we create nodes 1 and 2 as follows.

Step 2: Branch on node 0, creating nodes 1 and 2 corresponding to the branching restrictions
x, =1 and x, =1, respectively (see Figure 4.3). This givges- {1,2}. Forq =1, we get

Sq1) =2,S0(1) = 4,N(1) ={1,2,4}, A(1) = 3,0 (1) = {1, (1,2), 2,4}, v,(1) = 271.156nd, (1)

= X, = 0.180,ind,(1) = 10, and(1) =0. Similarly, forq" =2, we geSQ2) = 3,SD(2) = 4,

N(2) = {1,3,4}, M(2) = 3,0(2) = {1, (1,3), 3,4}, v,(2) = 271.156,nd, (2) = X; = 0.82,ind,(2)

=1, andx(2) =0O.

Step 3: Since v,(1) = v4(2), A(1) = A(2), and -ind, (1) > -ind, (2), we select B&B node 2 and

return to Step 1.

Step 1: Fixing X; =1 implies by (4.10) thak, =0 and x; =0. Also, withSO = 3, we find

that |F(SO|=1 which means that we can fix(3l4) =1, and so,x, =0 by (4.10). Now,

SO =SD= 4 and so an optimal solution for this node is obtained via the preprocessing step 1(a)
asx = (0, 0, 1, 1, 0) having an optimal objective function valud@¥f. Node 2 is fathomed
because this solution is all integer, and we now have an incumbent safutiqi®, 0, 1, 1, 0),

with v* = 10%.
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Step 4: Fathoming node 21 Q = {1}.
Step 3: Select B&B node 1.

Step 1: Fixing x, =1 implies by (4.10) thak; = 0. The residual network has= {2, 3, 4} and
A ={(2,3), (2,4), (3,4)}. AlsoSO=2 andSD= 4. Incorporating this ifCEP and re-solving,
yields the completex-solution X = (1, 1, O, 0, 0) having an objective function value of

10° < v* = 10*. Hence, we update the incumbent solutionxto= (1, 1, 0, 0, 0) with

v* = 10°.
Step 4: Fathoming node &1 Q= {0}.

Step 3: SinceQ = O, the algorithm terminates. The optimal solution, found at B&B node 1,

has an objective function value 18°. The corresponding pathis— 2 - 4.

4.5 Computational Experience

To illustrate the performance of the proposed branch-and-bound algorithm for solving
Problem (4.5), we conducted the following experiment. We randomly generated layered
networks having+2 layers of nodes for different valuesphere the layers are numbered 0,

1, ...,p, p+1l, and where node&3 andD lie respectively at layers O apd1, with the number of
nodes at layek being given by?* for A = 1, ...,p. The network arcs are as depicted in Figure
4.4, where the forward star of each node at layers 0, 1p.~.1 has cardinality, for different

values ofr, and the nodes at layprare all individually connected to the destination néde
Hence, there exist® possible paths in the network, and there are r(r? - 1) / (r - 1)

nodes and P + r(r? - 1) / (r - 1) arcs in the network. The values®f and p, for each arc

in the network were uniformly generated on the intendl6?,10%] and [107°,107],
respectively. Using this data, we computed the minimal possible values of the expected
consequence and the accident probability on a path, and accordingly, weatet n be 10%

above these respective values.
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Table 4.1 presents the results obtained upon applying the proposed branch-and-bound algorithm
for some sample problem sizes as determineg Bydr. The results exhibit that fairly good

lower bounds are obtained for these test problems, resulting in a reasonable solution effort. Note
that we have used a very stringent termination tolerange=010™° for these test runs. Hence,

for example, even though the initial lower bound and the incumbent solution values for the last
problem in Table 4.1 differ by only 0.79 (or 0.029%), the algorithm still enumerates 15 branch-
and-bound nodes. In practice, a percentage-based termination tolerance £e0g1% of the
incumbent value) could be more appropriately usedote also that the purpose of this
experiment was merely to illustrate the performance of the algorithm on some sample test cases.
For deducing definitive conclusions, a more detailed computational study would be required.

This is beyond the scope of the present study and will be pursued in further research.

Figure 4.4. Sample Test Network fgr= 2 andr = 3.

Table 4.1. Computational Results for Randomly Generated Test Problems.

Network Node Zero Optimal # B&B

Parameters| # Nodes # Arcs LB Objective | Nodes Enunl cpu ecs)*
(p, 1) Values
(3,2) 16 22 3848.32 4034.19 3 0.386
(4, 2) 32 46 6681.04 7432.32 5 0.864
(5, 2) 64 94 2753.78 2753.78 1 0.553
(6, 2) 128 190 4347.13 4581.66 6 2.378
(7, 2) 256 382 2673.77 2673.77 1 0.253
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(2, 3) 14 21 1297.37 1297.37 1 0.182
(3, 3) 41 66 3196.79 3395.08 4 0.715
(4, 3) 122 201 1760.19 1760.19 1 1.151
(5, 3) 365 606 1877.82 1944.98 8 7.484
(6, 3) 1094 1821 2444.01 2756.15 10 35.89
(7, 3) 3281 5466 2738.16 2738.95 16 268.31

* The runs were made on a SunSparc 10-41 workstation.

4.6 Case Study

The proposed methodology was tested using a network representing the city streets of
Bethlehem, Pennsylvania. This section describes how the data were procured and how the
information required by the model was extracted therefrom, and analyzes one particular scenario
using a specified origin-destination pair.

In this case study, we examined accidents involving gases in bulk, and in particular,
chlorine gas. Over a five-year period spanning from 1983-1988, data were provided for the
Bethlehem city by the Center for Transportation Research at Virginia Polytechnic Institute and
State University. For every arc, we had available the daily average truck traffic (DATT), the
number of truck accidents, the residential and employed populations, and the length of the arc
segment. The remainder of the data pertaining to accident probabilities and consequences as
discussed below, were found in the Midwest Research Institute (1989) report, and in a paper by
Saccomanno et al. (1990). Details on these data are given in Brizendine (1994). The original
street network was comprised of 47 nodes and 97 arcs and is depicted in Brizendine (1994).
Here, in Figure 4.5, we present a collapsed representation of this network that is obtained by
aggregating nodes and links that are connected in series. Note that this network has been
screened to omit roadways that violate regulatory guidelines. (The referenced U.S. Department
of Transportation publication (1994) provides further information in this regard.) Such
guidelines advise against hazmat being transported on streets that contain, for example, a school

or hospital or a tunnel.
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To construct our model representation, we need values of the accident prolpgbértyl

the consequencg, for each ar@ OA. These are discussed in turn below.

Legend

—> one way street
two way street

©
~()
H+—0+—0©

@ ©, 4
A
T e N OO N e N I Y
*(107) *(10°%)  [*(107)
1 ©,1) | 1.00 1.5720 1 {0,1,5,6,7, 24.73 12.39 1.99
2 L2 | 100 2.0342 10,0}
3 (1,5) | 1.00 1.5720 2 {0,1,2,35| 30.98 20.24 1.53
4 2.3 | 1.00 2.7286 6,7,10,0}
5 2.4 | 1.00 3.6151 3 {0,1,2,37] 25.30 12.39 2.04
6 3.5 | 685 0.4466 10,0}
7 @7 | 1.00 3.3672 4 {01,248 12541 50.73 2.47
8 4,8) |537 1.6728 ?b:;’*516’7’10
9 (5.6) | 1.00 22552
10 67 | 1.00 3.7312 5 {01,248 119.73 42.88 2.79
11 (7,10) | 4.74 26746 9Df’*7’10’
12 89 |1662 | 3.7516
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13 (9, 3) 8.50 2.6130 6 {0,1,2,4,8, 97.06 39.60 2.45

14 (9,10) | 10.96 1.42188 9,10,D}

15 (10,D) | 3.65 0.7994

Figure 4.5 lllustration and Computations for the Case Study.

4.6.1 Computation of Accident Probabilities

For deriving the accident probability, for eacha O A, we used the formula

_ Number of hazmat truck accidents onaoyer the five year period Oa 0 A (3.11)
Number of hazmat truck shipments on aover the five year period ’ '

Pa

where the denominator in (4.11) was computed using the daily average truck traffic data. Zero
values forp, were replaced by relatively small values equdl.t@0 x 107° to avoid misleading
results, and to ensure that the model objective function was well defined. Alternatively, to
evaluate (4.11), we could have used the national default values that are given in the Midwest
Research Institute (1989) report. Table 20 from Task B of this document contains truck accident

rates (i.e., number of truck accidents per truck-mile), given by highway type.

4.6.2 Computation of Consequences

We previously defined, to be the expected consequence (cost) incurred if an accident
occurs on linka OA. For the present application, the “consequence” is considered to be the
expected number of deaths resulting from an accident oralink we defineg,(m) to be the
probability of m fatalities, given that a truck accident has occurred onadi®, thenc, =
Z mB,(m). To computeg, (m) for all possible values ah, we used the relationship
m

B,(m) = P(m fatalities | a truck accident and a release of noxious gases an-arc

P(release of noxious gases | truck accident om)arc (4.12)

noting that the probability of a release-related fatality when no release of noxious gases occurs

can be assumed to be zero. The value of the second term in Equation (4.12) can be found in
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Table 42 of the main volume of the Midwest Research Institute (1989) report. Since our focus is
on chlorine gas, this value could have been taken as 0.081, but using the same value for each arc
would not have distinguished between the different types of roadways contained in the network,
e.g., City streets versus interstate highways. An adjustment was made accordingly by using the
multiplicative adjustment factors given in Table 62 of the Midwest Research Institute (1989)

report. Using that data and multiplying the corresponding factors by 0.081, we obtain

Interstate highway: P(release | truck accident) = 0.093

U.S. or state route: P(release | truck accident) = 0.106 (4.13)
Country road: P(release | truck accident) = 0.105

City street: P(release | truck accident) = 0.027 .

As far as the first term in Equation (4.12) is concerned, we consider the event of a fatality,
given that exposure to chlorine gas has occurred, to be a Bernoulli event with propahiidy
let the corresponding exposed population on lmklA be M,. (Note that this is an
approximation in the sense that the probability of a fatality given an exposure to chlorine gas

would actually depend on the distance from the accident site.) Then we have

M

a m

(4.14)

M, O _
P(m fatalities | truck accident and release onaare % . % pP" (@1 - p) M.

and so, using (4.12) - (4.14), we get

c, = %mﬁa(m) = P(release | truck accident on ar)c% m Dgépm(l - pMam
= [Equation (13) value for am@] M,p. (4.15)

The value ofp can be derived using Table 5 from Saccomanno et al. (1990). If we use the
median fatality rate for an instantaneous release of chlorine, then we have aprat® @827
fatalities per capita among the exposed population. Then, for example, if the exposed population
(motorists plus surrounding public) #, = 2000 persons for some city stregtwe would

computec, = (0.027) (2000) (0.0827) = 4.4658 using Equation (4.15).
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In our study, the exposed populatidhy, for each arca OA, was computed using 1980
U.S. Census data in the following manner. A map of the city street network was overlaid onto a
map of the neighboring census tracts. For each arc, noting that an area of 6.0 square kilometers
will be affected by a chlorine gas spill/leak (Saccomanno.e1890), we need to use a scaled
circle having that area and slide it along the desired arc to find the population that could be
potentially affected. The values of exposed population provided by the Center for
Transportation Research considered an area covered by 0.33 km on either side of each arc in
computing these values. For simplicity, we assumed that this same local density uniformly
covers the corresponding area affected by a chlorine gas spill/leak, and so, we multiplied the
given exposed population values by the factor 6/(0,66wherelL, is the length (km) of link,
in order to computeM,. The values,, a OA, were thus obtained using Equation (4.15). The
corresponding aggregated values for the two-tuglg, ;) for the arcs in the equivalent

collapsed network are given in Figure 4.5.

4.6.3 Analysis of the Case Study

For the given instance depicted in Figure 4.5, having computed the vayes,()
0 a0 A as above, we explicitly enumerated all the six possible O-D paths for the sake of

illustration, and computed the corresponding valueéﬁf I5(D) andCE, for each such path

(0. The results obtained are tabulated in Figure 4.5.

Note that the minimum value of the expected consequence is 207934nd is attained by
the first path in Figure 4.5. The minimum value of the conditional expectation is 1.53 and is
attained by the second path in Figure 4.5. (The exact computat®©B,ofor this path yields a
value which differs only in the sixth decimal place, and is therefore quite close to the stated
approximate value. Also, Figure 4.5 gives values that are truncated to two decimal places.)

Both these paths are efficient solutions with respect to the stated multicriteria problem, while all
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other paths are dominated in this respect. ¥adn[24.73,30.98) * 10°, which represents a

25.27%  variation over the minimal expected consequence, and/or for

n 0[12.39,20.24) * 10°, which represents a 63.3% variation over the minimal path
accident probability, Path 1 is optimal for Problem CEP. For these parameter values, the other
feasible path, Path 3, is uniformly dominated with respect to each of the expected consequence
and conditional risk criteria. However, ¥ = 30. 98 * 10° andn = 20.24 * 106, then Path

2 becomes the optimum solution for Problem CEP. Note that the difference between Paths 1
and 2 is that the direct route from node 1 to node 5 in Path 1 is replaced by the route segment
1,25 355 in Path 2. On this latter detour, the effective accident probability is
6.85* 10°, compared witho(1’5) = 1.00 *10°®, but the effective consequence (which yields

the same value of the expected consequence on this segment) is only 0.88, compared with
Ca,5 = 157 If the increase in the accident probability on this segment of (or on the overall)
Path 2 is considered acceptable, then this reduced expected consequence, given that an accident

occurs, might make Path 2 worth considering for further evaluation.

Next, let us examine the sensitivity of the optimal solution for Problem CEP to the value of
the critical indexC* that is used for ascertaining whether an accident is catastrophic or not. For
v = 30.98and n = 20. 24, so that Paths 1, 2, and 3 are feasible, the following table presents

computations of the conditional risks 16f = 2, 2.5, and 3 fatalities.

Conditional RiskCED
C* Path 1 Path 2 Path 3
2 2.77 2.68 2.69
2.5 2.86 2.84 2.69
3 3.73 3.73 3.37
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For C* = 2, the conditional risks for the three paths are quite close to each other, although Path 2
is still optimal. However, foC* = 2.5 and 3 fatalities, we now see that Path 3 becomes optimal

to Problem CEP. Note that this path has the minimum of the maximum link consequences, and
this feature becomes increasingly dominant in determining the relative values of the conditional
risk asC* increases. For these values@f Path 2 is now no Ionger efficient, and is uniformly
dominated with respect to all the three crltenaEBf P(D ), and CED Hence, this is another

factor that the decision maker can explore in evaluating the different viable paths.

4.6.4 Model Results

Observe that if we were to apply tkeshortest path procedure to solve Problem CEP for
different values ofv, we would enumerate the paths in the sequence 1, 3, 2, 6, 5, and 4 of their
index numbers, as evident from Figure 4.5. These paths could then be explicitly evaluated with
respect to their values (ﬁf(D ) andCI%D in order to determine an optimum to Problem CEP for

specified values of and n.

To illustrate the application of the branch-and-bound algorithm of Section 4.2, w€used
=0,v=31*10° and n=21* 10°° and ran this procedure. Note that for the gi@erand
D, the shifted origin and destination nodes are giver50y= 1 andSD = 10, respectively.

Solving CEP without (4.9f), we obtained the solution

X01= X275 %35 %57 X567 X7 = X710 = Xgp = 1, and¥; =0 otherwise.

This solution corresponds to Path 2 in Figure 4.5. The linear programming problem used for
solving CEP took 32 iterations using CPLEX 2.0. Since an integer answer is obtained, this
solution is itself optimal to the overall problem.

For the sake of interest, the modzEP was also run without (4.9g), which imposes a set
of additional constraints that were added to tighten the LP relaxation. The following solution

was obtained in this case:
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X01= X 2= % 3= %5 X5 X7 = X510~ Xgp =1 and X, =% 5=0.421,
with iij = 0 otherwise.

Note that a cycle of typ€, (see Figure 4.2) can be identified in this solution as«{37 - 3}
via the fractional positive variable values. This fractional solution is infeasible to the constraint
(4.99) written for the nodk = 7, for which the left-hand side of the inequality is 1.421. Hence,

(4.99) can indeed be useful in tightening the relaxation.

4.7 Summary, Conclusions and Recommendations for Future Research

This study has examined a routing model that attempts to reduce the risk of low
probability-high consequence accidents. The model formulated minimizes the conditional
expectation of a catastrophic outcome, i.e., the expected consequence given that a catastrophic
accident has occurred, subject to the side-constraints that the expected value of the consequence
(expected risk) is lesser than or equal to some specified valaad that the probability of an
accident on the selected path is no more than some valuérhe motivation for using this
model, as well as cautionary remarks when doing so, have been explored. A suitable discrete
fractional programming model that incorporates various classes of constraints that serve to
tighten its continuous relaxation has been developed for this problem, and an iterative branch-
and-bound solution algorithm has been proposed. This branch-and-bound algorithm employs
various preprocessing techniques along with methods for deriving suitable lower and upper
bounds on the problem, in order to compose a viable solution strategy. The approach has been
illustrated on a numerical example, tested on some randomly generated problems, and has been
applied to a real-life problem associated with a test case concerned with transporting hazmat
through the city roadways of Bethlehem, Pennsylvania, for which, the issue of acquiring relevant

data has also been addressed. The results and illustrations indicate that this approach is a viable
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tool, and can provide some useful information to the decision maker in selecting a route for

transporting hazmat material.

The proposed model can be enhanced along several directions. For example, uncertainties
in data related to consequences, or the possibility of being diverted away from a selected route
due to an incident can be considered. Also, congestion-related travel times can be modeled, and
accident probabilities and consequences can be assessed based on an estimate of the time-of-day
that an arc is likely to be traversed. This might also provide improved guidelines on prescribing
departure times as well as routes that would be sensitive to time-dependent exposed populations.
Such considerations, along with more detailed computational studies, are recommended for

future research.
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