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Evacuation Distributed Feedback Control and Abstraction

SABIHA A. WADOO

(ABSTRACT)

In this dissertation, we develop feedback control strategies that can be used for
evacuating people. Pedestrian models are based on macroscopic or microscopic behavior.
We use the macroscopic modeling approach, where pedestrians are treated in an
aggregate way and detailed interactions are overlooked. The models representing
evacuation dynamics are based on the laws of conservation of mass and momentum and
are described by nonlinear hyperbolic partial differential equations. As such the system is
distributed in nature.

We address the design of feedback control for these models in a distributed setting where
the problem of control and stability is formulated directly in the framework of partial
differential equations. The control goal is to design feedback controllers to control the
movement of people during evacuation and avoid jams and shocks. We design the
feedback controllers for both diffusion and advection where the density of people diffuses
as well as moves in a specified direction with time. In order to achieve this goal we are
assuming that the control variables have no bounds. However, it is practically impossible
to have unbounded controls so we modify the controllers in order to take the effect of
control saturation into account. We also discuss the feedback control for these models in
presence of uncertainties where the goal is to design controllers to minimize the effect of
uncertainties on the movement of people during evacuation. The control design technique
adopted in all these cases is feedback linearization which includes backstepping for
higher order two-equation models, Lyapunov redesign for uncertain models and robust

backstepping for two-equation uncertain models.



The work also focuses on the abstraction of an evacuation system for developing models
with lesser number of partial differential equations than the original one. The feedback
control design of a higher level two-equation model is more difficult than the lower order
one-equation model. Therefore, it is desirable to perform control design for a simpler

abstracted model and then transform control design back to the original model.
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CHAPTER 1

INTRODUCTION

In this dissertation, we are interested in developing feedback control strategies for models
that can be used for evacuation of people. We want to design feedback controllers to
control the movement of people during evacuation. In recent years, there has been an
increasing interest in modeling crowd and evacuation dynamics. The development of
pedestrian dynamic models to implement evacuation system strategies is an ongoing
research area. Since the early 1990s a strong interest in this topic has shown the
importance of this issue [1]. Nevertheless, as stated in [2], our knowledge of the flow of
crowds is inadequate and behind that of other transportation modes. Studies like the ones
in [3] and [4] are concerned with evacuation strategies for regional areas like cities and
states. They are important in the decision making of an emergency evacuation such as in
the case of a natural disaster. In smaller areas like airports, stadiums, theaters, buildings
and ships an evacuation system is an important element in design safety [5]. A good
evacuation system in the case of an emergency can prevent a catastrophic outcome as

shown by [6].

Pedestrian models are based on macroscopic or microscopic behavior. We use the
macroscopic modeling approach, where pedestrians are treated in an aggregate way and
detailed interactions are overlooked. The models representing evacuation dynamics are
based on the laws of conservation of mass and momentum and are described by nonlinear
hyperbolic partial differential equations, as such the system is distributed in nature. In the
analytical design of feedback controllers for distributed parameter systems, two

approaches are adopted.



In the conventional approach the distributed mathematical model is approximated by a
lumped parameter model having finite dimensions, using either finite difference or finite
element methods. The controllers are then designed on the basis of resulting linear or
nonlinear ordinary differential equation model using known techniques available for such
systems. This approach however has certain disadvantages. By neglecting the infinite
dimensional nature of the original system, design of controllers may result in instability
even though the resulting finite dimensional system is stable using the same controllers.
Thus in order to avoid errors introduced by spatial discretization it is desirable to
formulate the control and stability problem directly in the framework of a distributed
model of partial differential equations. Generally speaking these problems are very
difficult. The design of feedback controllers in a distributed framework, although
desirable is much harder than in the ordinary differential equation framework. In our
work we address the design of distributed feedback control for two different models for
an evacuation system. One model is described by only one partial differential equation
while the other is described by two. The problem of control and stability is formulated
directly in the framework of partial differential equations. We design a preliminary
control to evacuate pedestrians based on feedback linearization applied directly on the

PDE equation.

The first step in this study is to start investigating potential mathematical models
governing crowd dynamics. Two factors need to be considered in deriving the models:
the accurate representation of the pedestrian flow in an emergency situation (evacuation),
and the complexity of the selected model. It has been suggested in [7] that pedestrian
traffic flow can be treated similarly to vehicle traffic flow where we can divide the
problem into two categories: the microscopic level and the macroscopic level. The former
involves individual units with characteristics such as individual speed and individual
interaction. Microscopic pedestrian analysis studies were presented by [8] and followed
by many researchers to improve on the Car-Following model. In [9] the importance of a
detailed design and pedestrian interactions is shown by implementing several case
studies. On the other hand, the drawback to mathematical microscopic models is their

difficult and expensive simulation.



To introduce feedback control as a strategy in evacuation plans where the objective is to
control each pedestrian in the model area is difficult and not practical. The obvious
reasons for the impracticality are the detailed design and pedestrian interactions which
make it very difficult to control such models. Instead, the macroscopic modeling
approach is well suited for understanding the rules governing the overall behavior of
pedestrian flow for which individual differences are not that important. Macroscopic
models aimed at studying pedestrian behavior use a continuum approach, where the
movement of large crowds exhibits many of the attributes of fluid motion. As a result,
pedestrian dynamics are treated as a fluid. This idea provides flexibility since detailed
interactions are overlooked, and the model's characteristics are shifted toward parameters
such as flow rate g , concentration p (also known as traffic density), and average speed v,
all being functions of space and time. This class of models is classified under hyperbolic
partial differential equations. This way of modeling the pedestrian behavior was first
introduced by [10] and adopted by [11], where macroscopic models were developed
using (a) fluid flow theory, (b) a continuum responding to influences (local or non-local).
The drawback to this type of modeling is the assumption that pedestrians behave
similarly to fluids. Pedestrians tend to interact among themselves and with obstacles in
their model area, which is not captured by macroscopic models. In this work we first
develop two models based on continuum theory and conservation laws such of continuity
and momentum. The first model uses a single hyperbolic partial differential equation with
a velocity-density relationship, while the other is a system of hyperbolic partial
differential equations. The models are nonlinear and time-varying hyperbolic partial

differential equations.

These models will be utilized for the feedback control design in the following chapters.
The goal there is to design feedback controllers in order to control the movement of
people during evacuation as dictated by these models. Since the models are hyperbolic
PDEs movement control becomes a tough task. The hyperbolic PDEs are harder to
analyze, simulate and control since there are shocks and jams associated with these. In
the following chapters we will adopt the method of feedback linearization to convert
these models into much simpler parabolic PDEs. We will design both diffusion and

advection controllers where we make the density profiles of people decrease as well as

3



move with time. In order to achieve this goal we are assuming that the control variables
have no bounds on them. However, it is practically impossible to have unbounded
controls so we modify the controllers in order to take the effect of control saturation into
account. We also discuss the feedback control for these models in presence of
uncertainties where the goal is to design the controllers to minimize the effect of
uncertainties on the movement of people during evacuation. The control design technique
adopted in all these cases is feedback linearization which includes backstepping for two-
equation models, Lyapunov redesign for uncertain models and robust backsteeping for
two-equation uncertain models.

The models representing evacuation dynamics are based on the laws of conservation of
mass and momentum and are described by nonlinear partial differential equations. In
order to accurately model evacuation dynamics it is desirable to have a more detailed
model with a larger number of partial differential equations. The more the number of
partial differential equations, more accurate is the model. However, this increase in the
number of PDEs in the system increases the difficulty in control design. This motivates
the need for doing an abstraction as it is desirable to perform control design for a simpler
abstracted model and then transform control design back to the original model. The
abstraction is done by abstracting certain number of partial differential equations from the
original model in such a manner that certain properties of the original system are
preserved. For our work we discuss abstraction of a two equation model to a one equation
model that can be used for control design transfer. For the abstraction of infinite
dimensional systems we need a framework which we first develop for finite dimensional

casc.

The second part of this dissertation therefore discusses the abstraction of finite and
infinite dimensional systems. To reduce complexity of system analysis, simplified models
that capture the behavior of interest in the original system can be obtained. These
simplified models, called abstractions, can be analyzed more easily than the original
complex model [12]. This hierarchical structure allows the systems located at various
levels to operate without regard to the details of the other levels. Each layer of the
hierarchy uses a less detailed model of the system than the lower levels and at each level

the system functions according to its own model and control objectives. This structure
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clearly reduces complexity since every level of the hierarchy is required to know only the
necessary information in order to perform its function successfully. This may also
increase efficiency and performance of the overall system since each level of hierarchy
has the minimal complexity. It is desirable that properties of interest, such as
controllability, are propagated between levels. In the analysis of complex systems,
abstraction plays an important role. Again, the abstracted system should reflect the
qualitative behavior of the complex system. If the abstracted model truly captures the
properties of interest from the complex system, then analyzing those properties in the
simpler abstraction provides the same information as that of the original system. Such
abstractions are called consistent abstractions. Abstraction can be categorized as discrete
or continuous. Hierarchical abstractions for discrete event systems have been formally
considered by the control community in [13] and [14]. Discrete abstractions for
continuous systems have been studies in [15] and [16]. Continuous abstractions for
continuous systems were considered in [17], where characterizations were obtained for
constructing reachability preserving abstractions of linear control systems. In this work

our focus is to discuss continuous abstractions.

Hierarchies of consistent abstractions can significantly reduce the complexity in
determining the reachability properties of nonlinear systems. Such consistent hierarchies
of reachability-preserving nonlinear abstractions are considered for finite as well as
infinite dimensional systems. Not only can these abstractions be analyzed with respect to
some behavior of interest, they can also be used to transfer control design for the complex
model to the simplified model. This work is an initial step towards this study. Here, we

study the abstractions of both finite and infinite dimensional cases.

In case of finite dimensions, abstraction would mean to obtain models with lesser
dimensions than the original one that would preserve the property of interest. For our
work we have considered abstraction of a robotic car as an application. The abstraction of
a robotic car to a rolling disk that preserves controllability properties, in particular local
accessibility is reviewed. In this framework, showing the local accessibility of the
abstracted rolling disk is equivalent to showing local accessibility of the robotic car.
Then, working towards the study of control design, it is seen that there are certain classes

of trajectories that exist in the rolling disk system that cannot be achieved by the robotic
5



car. In order to account for these cases, new concepts of traceability, &traceability, and
&consistency are defined. With these notions, a framework has been provided that gives
conditions for the existence of trajectories in the original system and allows

controllability propagation between the two systems.

In case of infinite dimensional systems abstraction would mean to obtain models with
lesser number of partial differential equations than the original one. In case of infinite
cases, our application is the evacuation control system. We extend the framework for
finite dimensional case to evacuation system and discuss its abstraction. As already stated
it is desirable to abstract certain number of partial differential equations from the original
model. This abstraction is performed in such a manner that certain properties of the
original system are preserved and we can transform the control design from simpler to

original model.

1.1 Objectives and Contributions

The contributions presented in this dissertation are:

* Modeling of evacuation dynamics in one and two dimensional spaces, presented

in chapter 2

*  Design of distributed feedback controllers in both original and abstract setting
for evacuation problem in both one and two dimensions, which forms the

discussion in chapter 3 and chapter 4

* Modification of feedback controllers of chapters 3 and 4 by adding motion to
them and design of advection feedback controllers in both one and two

dimensions, which forms the discussion in chapters 5 and 6 respectively

* Design of robust distributed feedback controllers for evacuation problem in both

one and two dimensions, which is discussed in chapter 7



* Development of a framework for abstraction of evacuation system. The
framework is first presented for a finite dimensional case which forms the
material covered in chapter 8, the framework is then extended to evacuation

system in chapter 9

* Study of abstraction first for finite dimensional systems with robotic car as an
example and then for evacuation system, this part of research is covered in

chapter 9

1.2 Organization

The organization of this dissertation is as follows:

Chapter 2: In this chapter we present the macroscopic models for both one-dimensional
and two-dimensional evacuation systems. The models presented here are based on the
laws of conservation of mass and momentum. The equations of motion in both cases are
described by nonlinear hyperbolic partial differential equations. The first model is the
classical one-equation model for a traffic flow based on conservation of mass with a
prescribed relationship between density and velocity. In this model dynamics are
represented by means of a single partial differential equation. The other model is a two-
equation model in which the velocity is independent of the density. This model is based
on conservation of mass and momentum. As such the dynamics are represented by a set

of two partial differential equations.

Chapter 3: In this chapter the models developed in chapter 2 will be utilized for the
feedback control design in one-dimension. The goal here is to design feedback controllers
in order to control the movement of people during evacuation as dictated by these
models. Since the models are hyperbolic PDEs movement control becomes a tough task
because of shocks and jams. In this chapter we will adopt the method of feedback

linearization to convert these models into much simpler parabolic PDEs. We will design
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diffusion controllers where we make the density profiles of people decrease with time.
The control design technique adopted here is feedback linearization which includes
backstepping for two-equation model. The problem of control and stability is formulated
directly in the framework of partial differential equations. Sufficient conditions for
Lyapunov stability for distributed control are derived.

Chapter 4: This chapter presents design of nonlinear feedback controllers for two
different models representing evacuation dynamics in two-dimensions. The discussion in
this chapter is similar to that of chapter 3 with the difference that evacuation dynamics
are two dimensional. Here the dynamics are represented by means of a set of three

partial differential equations.

Chapter 5: This chapter presents design of advection nonlinear feedback controllers for
two different models representing evacuation dynamics in one-dimensions. The control
design is done in such a way that now in our models not only do have diffusion (density
decreases with time) but motion also where the density profile changes with time. In
order to achieve this goal we are assuming that the control variables have no bounds on
them. However, it is practically impossible to have unbounded controls so we modify the

controllers in order to take the effect of control saturation into account.

Chapter 6: This chapter presents design of advection nonlinear feedback controllers for

two different models representing evacuation dynamics in two-dimensions.

Chapter 7: This chapter presents design of robust nonlinear feedback controllers for the
models representing evacuation dynamics in one-dimensions. We discuss the feedback
control for these models in presence of uncertainties where the goal is to design the
controllers to minimize the effect of uncertainties on the movement of people during
evacuation. The robust controllers are designed in distributed setting using Lyapunov

redesign and robust backstepping methods for PDEs.

Chapter 8: This chapter presents the mathematical background needed for finite
dimensional abstractions which can be later on extended for infinite dimensional systems.
Some basic differential geometric concepts that are used in later chapters are introduced

in this chapter.



Chapter 9: This chapter discusses the abstraction of finite dimensional cases with robotic
car as an application. Some important results on abstracted linear control systems from
[17] are presented. Not only can the abstractions be analyzed with respect to some
behavior of interest, but the transformation of the control design from the simplified
model to the complex model can also be studied. This chapter presents an initial step
towards that study. The chapter also discusses the abstraction for an evacuation system.
The goal here is to abstract the system having higher number of partial differential
equations by a system which is represented by lower number of partial differential
equations. The abstraction is constructed in such a way that it enables to preserve
controllability of the system. For that purpose the notions of consistent abstractions
introduced in [17] need to be modified for infinite dimensional systems. We extend the

framework presented for finite dimensional abstractions to evacuation problem.

Chapter 10: We summarize the main results of this work and present some future
directions. We would like to study more detailed models for evacuation dynamics and
address other types of distributed feedback control design problems. Another main
objective of the future research is to study the abstraction of evacuation system. As future
work we seek to study the transformation of feedback control from abstracted system to

original system for an evacuation system and other infinite dimensional problems.



CHAPTER 2
MODELING OF ONE DIMENSIONAL EVACUATION SYSTEM

2.1 Introduction

The goal of this dissertation is on developing feedback control strategies for models that
can be used for evacuation control. The first step towards this goal is to obtain
mathematical models governing crowd dynamics. The development of pedestrian
evacuation dynamic systems follows from the traffic flow theory in one-dimensional
space [18],[19] and [20]. In many ways, the pedestrian evacuation system is similar to the
vehicle traffic flow problem [7]. The main conservation equations used in modeling the
vehicle traffic flow and the pedestrian evacuation flow are the same with the exception
that vehicle traffic is a one-dimensional space problem and the evacuation system is a

two-dimensional space problem.

It has been suggested in [7] that pedestrian traffic flow can be treated similarly to vehicle
traffic flow and there are two main approaches to modeling pedestrian dynamics. One
approach is microscopic [21] where each individual is taken into consideration as a unit
and his behavior is expressed by characteristics such as individual speed and individual
interaction. Microscopic pedestrian analysis studies are presented in [4], [5] and followed
by many researchers. In [6], the importance of a detailed design and pedestrian
interactions is shown by implementing several case studies. However, the drawback to
mathematical microscopic models is their difficult and expensive simulation since each

unit has an ODE to be solved at each time step.



The other approach is macroscopic [22]. Here the overall behavior of the flow of people
is considered. The area is treated as a series of sections within each of which the density
and average velocity of people can be measured for a given time. The changes in these
variables may then be described using partial differential equations. The macroscopic
models are computationally easier because they have fewer design details in terms of
interaction among people and between people and their environment. While deriving the
models for an evacuation system two factors need to be considered: the accurate
representation of the pedestrian flow during evacuation and the complexity of the
selected model. In order to introduce feedback control strategies in evacuation plans
microscopic modeling approach is difficult and not practical. The obvious reasons for the
impracticality are the detailed design and individual pedestrian interactions which makes
control of each pedestrian very difficult. Therefore, the macroscopic modeling approach
is well suited for understanding the rules governing the overall behavior of pedestrian
flow. For this work we use macroscopic modeling approach, where pedestrians are

treated in an aggregate way and detailed interactions are overlooked.

Macroscopic models aimed at studying pedestrian behavior use a continuum approach,
where the movement of large crowds exhibits many of the attributes of fluid motion. As a
result, pedestrian dynamics are treated as a fluid. This idea provides flexibility since
detailed interactions are overlooked, and the model's characteristics are shifted toward
parameters such as flow rate g, traffic density p and average speed v, all of which are
functions of space and time. This class of models is classified under hyperbolic partial
differential equations. This way of modeling the pedestrian behavior was first introduced
by [10] and [11] where macroscopic models were developed using fluid flow theory. The
drawback is the assumption that pedestrians behave similarly to fluids. However,
pedestrians tend to interact among themselves and with obstacles in their model area,

which is not captured by macroscopic models.

In this chapter we discuss models for a one-dimensional evacuation system based on
traffic flow theory and the existing macroscopic mathematical models. These models will
be modified for crowd flow in two-dimensional space in section 2.3. The resulting
models for each case (one and two dimensions) are divided into two types which are

based on continuum theory and conservation laws such as the continuity and momentum
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equations. These models start from conventional theory for ordinary fluids and the
equations of motion in both cases are described by nonlinear partial differential
equations. The first model uses a single hyperbolic partial differential equation with a
velocity-density relationship, while the other is a system of two hyperbolic partial
differential equations. The first we call the one-equation model and the other we refer to

as the two-equation model.

2.2 Modeling of One-Dimensional Evacuation System

In this section we will present two one-dimensional models which describe the behavior
of people using a single partial differential equation in first case and two partial
differential equations in the other. The first one is a basic one-equation model which is
based on the equation of continuity or conservation of mass. This model also has a
fundamental relationship between density of people and speed of flow. According to the
law of conservation of mass total flow of people exiting from any section cannot be
higher than the total flow of the people that are entering which means that the “total
number of people is conserved in the system”. The number of people moving in and out
accounts for the change in density in that area. To represent the flows, Greenshields

model [23] is used to show the dependence of speed on the density of people.

The second model is a two-equation model based on conservation of mass and
momentum where the velocity is independent of density. To increase resolution and
accuracy of the model we add the equation of conservation of momentum. We will
discuss the evacuation model of a one dimensional corridor of lengthZ. The model is
similar to the one dimensional traffic flow model and is described by a nonlinear
hyperbolic partial differential equation. The models presented here are macroscopic with
the dynamics being represented in terms of density, flow and speed. As a result the

system is distributed with all the parameters as functions of space and time.

2.2.1 Continuity One-Equation Model
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This model is based on equation of conservation of mass. The conservation law of mass
in case of an evacuation system means that the number of people is conserved in the
system. The derivation of the conservation law is given in [24]. Let us consider the case

of a one dimensional corridor of length L with exits at both ends. Let p(x,7) denote the
density of people as a function of position vector x and times, g(x,¢) the flow at a given
xand¢, and v(x,7) the velocity vector field associated with the flow. The one-dimensional

conservation law of mass is given by

0p(x.1) , Aa(x.1) _, @.1)
ot Ox '

with initial condition and a boundary condition given by
plx.1y) = py ) (2.2)
p0,r)=0and p(L,t)=0 0O ¢0[0,) (2.3)
Here p(x,t)0H[(0,L),0] with H°[(0,L),0] being the infinite dimensional Hilbert space of
one dimensional vector function defined for an interval [0,2] whose spatial derivatives
upto second order are square integrable with a specified Z, norm. ¢(x,#)0H?*[(0,L),0] and

0,(x)0H[(0,L),0] . The vectors x0[0,L]00 and ¢0[0,) denote position and time

respectively. For the rest of the chapter it will be assumed that the vector spaces are

Sobolev spaces or Banach spaces [25].

The relationship between the three variables: density, velocity and flow is given by the

following equation
q(x,1) = p(x,1)(x,1) (2.4)
The one-dimensional conservation equation is therefore given by

9p(x,1) | 0(PCx, V(1) _ (2.5)
ot Ox '

subject to the conditions given by (2.2) and (2.3). For simplicity we will omit the

arguments of the functions for the rest of this chapter.
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2.2.2  Velocity-Density Relationship

To describe the relationship between velocity vector field v and density p we need one
more equation. Crowd density and velocity are related through the conservation law
(2.5). The velocity function for the pedestrian flow is dependent on density. The choice
of such function depends on the behavior the model is trying to mimic. There are a
number of representations for this velocity function used throughout the literature some

of which have been discussed in [26]. In our case we use the Greenshield’s model.
Greenshield’s Model

The Greenshield model [23] is one of the simplest and widely used models for velocity-
density relationship. This model assumes velocity as a linearly decreasing function of the

flow density, and is given by
V:V/'(l_p/pmax) (2'6)

where v, =v,(x,7) is the free flow speed and p,, is the maximum or jam density. Jam

density is the maximum number of people that could possibly fit a single cell. From (2.6)
it is clear that for zero density the model allows the people to move with free flow
velocity and for jam density there is no flow at all. Using (2.6) we get modified one-

equation conservation model as

%,0 (5 - -
2+ lov, 0=/ p0)=0 @.7)

subject to conditions (2.1) and (2.2). The model given by (2.7) is also known as LWR
model named after the authors in Lighthill, Whitham and Richards in [22]. The LWR
model is a scalar, time-varying, non-linear, hyperbolic partial differential equation. This
is a simple model and is thus unable to capture all the complex interactions for a realistic
crowd flow. In order to make this model more accurate we need some modifications. One

such modification is discussed in the next section.

2.2.3 Two-Equation System Model
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The model presented earlier is one of the original models representing the traffic flow
dynamics. Since its appearance, a number of other models have emerged in literature
where velocity is independent of density. One such model is being presented here. In this
section we consider a higher order model or more precisely a system model of two partial
differential equations for a one dimensional corridor. This model consists of
conservation of mass equation (2.1) coupled with a second equation based on the
principle of conservation of momentum. The first equation is the conservation of mass
equation (2.5). The second equation is derived from conservation of momentum for one
dimensional flow [27]. This equation tries to mimic the flow motion instead of the
velocity-density models and is given by

), op*) __Op (2.8)
ot ox 0x '

where p=p(p,r)0H'[(0,1),0] is pressure and is a function of density p . The second
equation is derived from the Navier-Stokes equation of motion of a one-dimensional
compressible flow with the pressure term as a function of density given as p =Cp’ . The
constant C is known as the anticipation factor and describes the response of macroscopic
driver to crowd density, i.e. space concentration. The relationship between density and
flow is again given by (2.4). Thus we have the dynamics of an evacuation system given

by following two-equation system model

‘;—‘thg—":o (2.9)
X

dq 0, , op

9,0 __% 2.1
5 /p) F» (2.10)

with initial conditions and subject to boundary conditions
plxty) =py(x),  a(xty) = g,(x)

p(0,6)=0 ¢(0,¢)=0 O ¢0[0,00) (2.11)

2.3 Modeling of Two Dimensional Evacuation System
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In this section we present two macroscopic crowd dynamic models that can be used to
study crowd behavior in a two-dimensional space. The first is a one-equation model
similar to the one given in subsection 2.1.1. The other is the two-equation model similar

to the one given in subsection 2.1.3.

In this section we will discuss the evacuation model of a two dimensional space of
dimensions LxL with exits at both ends. There are two partial differential equations that
we use to model the control problem. The first is the equation of conservation of mass

and the second is the conservation of momentum.
2.3.1 Continuity One-Equation Crowd Model

In this section, we present a 2-D scalar, nonlinear, time-varying, hyperbolic PDE crowd
model. This is a simple extension to the LWR one-dimension conservation of continuity
model given in subsection 2.2.1. This model is based on equation of conservation of
mass, i.e. the number of people is conserved in the system. Let us consider the case of a
two- dimensional corridor of dimension ZxL. Let Q=(0,L)x(0,L) be a bounded, open
subset of a two-dimensional Euclidean space R* and dQ be its boundary. Let p(x,7)
denote the density of people as a function of position vector x and times. The vector
x0Q OO is expressed in terms of its coordinates asx =[x,,x,]". Let g(x,7) be the flow at a
given xand¢ with ¢,(x,7) and ¢, (x,) as flow in x, and x, directions.v(x,?) is the velocity
vector field associated with the flow with v,(x,7) and v,(x,) as x, and x, components

respectively. We use the fundamental velocity-density relation given by (2.6) to describe
v, (x,t) and v, (x,7) . The conservation one-equation model is given by
WWV@(L M)=0 x0Q 2.12)

with initial condition and a boundary condition
P(x,10) = Py (x) (2.13)
pPlx,H=0 O ¢0[0,0),x00Q (2.14)

Here po(x,n)0H?[Q,0] with #°[Q,0] being the infinite dimensional Hilbert space of one
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dimensional vector function defined on domain Q, whose spatial derivatives upto second
order are square integrable with a specified L, norm g¢(x,n)0H’[Q,0] and
0,(x)0H[Q,0].The vectors xO0Q O O* and ¢0[0,) denote position and time respectively.
For the rest of the chapter it will be assumed that the vector spaces are Sobolev spaces
(Banach spaces) [25]. For simplicity again we drop the arguments. The flows ¢,’s are
obtained as a product of density and velocity as

g, =pv, ,i=12 (2.15)

The dynamics for two dimensions are therefore given by

9p , 0(pvy)  0(pvy) _ (2.16)
or  ox ox, '

subject to the initial conditions and boundary conditions given by (2.13) and (2.14)
respectively. To describe the relationship between velocity vector field w(x,r) and
density p(x,r) we use the fundamental velocity-density relation of (2.6) to give
v, (x,t)and v, (x,?) as

v, =y (1= P Py (2.17)
where v, (x,¢) is the free flow speed in x, direction, i=12and p,  is the jam density.

Using (2.17) in (2.16) we get the modified one-equation model given by

0plx, 2 0
p(gt r)+§a(pvﬁ(l_p/pmax)):o (2.18)

subject to conditions (2.12) and (2.13). The free flow speeds v,,(x,r)andv,, (x,t) are the

velocities in the x-axis and y-axis, and they are used as control parameters to direct crowd

flow to any desired direction and are both a function of time and space.
2.3.2 Two-Equation System Crowd Dynamic Model

In this section we consider a higher order model or more precisely a system of two partial
differential equations for a two dimensional corridor. This model consists of conservation
of mass equation coupled with a second set of equations based on the principle of
conservation of momentum. The first equation is the conservation of mass equation

(2.16) for two-dimensions
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9p  0(pv)  O(pv,) _
ot Ox, 0x,

The second equation is derived from conservation of momentum by taking a 2-D form of

equation (2.8) and is found to be

A2 s ivipwy ==, i=12
ot 0x

i

The x, and x, components of momentum equation can be written as

o(pv)) , O(ow’) , 8(pvv,) __ Op. (2.19)
ot ox, ox, ox, '

6(pv2)+6(pv1v2)+6(pv22):_6_p (220)
ot ox, ox, ox, '

where p = p(x,t)0H'[Q,0] is pressure. The pressure term is the same as in 1-D case and
is equal to p=C;p with C, being the anticipation term. The relationship between
density and flow is given by ¢, = pv,. Thus we have the dynamics of an evacuation

system given by following two-equation system model

s +z % = (2.21)
and
d o
= +—< WEEE <qlq2/p> =-2 (2.22)
t O axl
a )
s P 5 == (223)
¢ Ox, 0x,

with initial conditions and subject to boundary conditions given by
o(x,t,) = p, (x) , qnt)=q,(x) 0x0Q (2.24)
P, 1)=0, g(x,0)=0, O ¢0[0,0),x10Q (2.25)
This concludes the modeling section. In this chapter we presented two macroscopic
models for both one and two dimensional spaces. The models are macroscopic and are
represented by nonlinear hyperbolic PDEs. We divided the models for each case into two
types: one is based on continuum theory and is referred to as one-equation model and the
other is based on conservation laws of continuity and momentum and will be referred to

as two-equation model. These models will be utilized for the feedback control design in
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following chapters. The goal there is to design feedback controllers in order to control the
movement of people during evacuation as dictated by these models. Since the models are
hyperbolic PDEs movement control becomes a tough task because of shocks and jams. In
the following chapters we will adopt the method of feedback linearization to convert
these models into much simpler parabolic PDEs. We will design both diffusion and
advection controllers where we make the density profiles of people decrease as well as
move with time. In order to achieve this goal we are assuming that the control variables
have no bounds on them. However, it is practically impossible to have unbounded
controls so we modify the controllers in order to take the effect of control saturation into
account. We also discuss the feedback control for these models in presence of
uncertainties where the goal is to design the controllers to minimize the effect of
uncertainties on the movement of people during evacuation. The control design technique
adopted in all these cases is feedback linearization which includes backstepping for two-
equation models, Lyapunov redesign for uncertain models and robust backsteeping for

two-equation uncertain models.
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CHAPTER 3

FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF ONE
DIMENSIONAL CROWD MODELS

3.1 Introduction

This chapter presents design of nonlinear feedback controllers for two models that are
given in chapter 2, representing crowd dynamics in one dimension. The models are based
on the laws of conservation of mass and momentum. The first model is the classical one-
equation model for a traffic flow based on conservation of mass with a prescribed
relationship between density and velocity given in subsection 2.2.1. The model dynamics
are represented by a single partial differential equation. The other model is a two
equation model given in subsection 2.2.3 in which the velocity is independent of the
density. This model is based on conservation of mass and momentum. As such, the model
dynamics are represented by means of a system of two partial differential equations. The
equations of motion in both cases are described by nonlinear partial differential
equations. The system is distributed, i.e. both the state and control variables are

distributed in time and space.

The control objectives are to design feedback controllers for removing people from the

evacuation area effectively by generating distributed control commands. We address the
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feedback control problem for both models. The objective is to synthesize a nonlinear
distributed feedback controller that guarantees stability of a closed loop system. The
problem of control and stability is formulated directly in the framework of partial
differential equations. Sufficient conditions for Lyapunov stability for distributed control

are derived.

There are two approaches to the design of feedback controllers for distributed systems.
In the conventional approach, the distributed mathematical model is approximated by a
lumped parameter model having finite dimensions. The spatial discretization of the
system is performed using either the finite difference or the finite element method. The
controllers are designed on the basis of the resulting linear or nonlinear ordinary
differential equation model using known techniques available for such systems [28], [29].
This approach however has certain disadvantages. By neglecting the infinite dimensional
nature of original system, design of controllers may result in instability even though the
resulting finite dimensional system is stable using the same controllers. Moreover,
properties like controllability and observability depend on the method of discretization
used [30]. Thus, in order to avoid errors introduced by spatial discretization, it is
desirable to formulate the control and stability problem directly in the framework of a
distributed model of partial differential equations [25]. In this chapter the latter approach

1s used.

Here we are interested in designing a feedback controller for evacuating pedestrians from
a one-dimensional area (e.g., corridor). We adopt the method of feedback linearization
for control design. The method works by canceling the nonlinearities in the system and is
well known in nonlinear control for ODEs [31]. This method is introduced to quasi-linear
hyperbolic PDEs in [25]. This chapter presents the feedback linearization control design
for the LWR model. First we discuss the design of nonlinear feedback control for the
model based on continuity equation alone and next we will discuss the feedback control
design for the system described by both the equations where backstepping approach is
used for the control design. In both cases the objective of control design is to synthesize
a nonlinear distributed feedback controller that stabilizes the system and guarantees

stability in the closed loop system.
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The organization of this chapter is as follows. In Section 3.2 we formulate the control
model and present feedback control design for the one-equation model. This section also
studies Lyapunov stability and finally presents some simulation results. Section 3.3
presents the feedback control design and stability analysis for the two-equation system

Simulation results for closed loop dynamics are also presented.

3.2 Feedback Control for Continuity One-Equation Model

In this section we formulate the control model and present feedback control design for the
one-equation model. This section also studies Lyapunov stability and presents some

simulation results.

3.2.1 Continuity One-Equation Model

In this section we present the mathematical model of crowd dynamics for a one-
dimensional area. The one dimensional area can be a corridor of length L with exits at

both ends. The model is given in subsection 2.2.1 by (2.7) as

9p(x,1) , Ag(x.1) _ (3.1
ot Ox |

with initial and a boundary condition given by
o(x,t,) = py(x) O x0[0,L] (3.2)
p(0,H=0 0O ¢UJ[0,00) (3.3)
Here p(x,?) is the variable we want to control. For pedestrian evacuation the final density

should be equal to zero; ie. p(x,t,)=0. The length of the corridor is [0,L] and the

boundary condition given by (3.3) is that the corridor is open at both ends. The flow

q(x,t) is obtained as a product of density and velocity as

q(x, 1) = p(x, )v(x, 1) (3.4)
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The velocity-density relationship as given by Greenshield’s model is
v:v/'(l_p/pmax) (3'5)

where v, =v,(x,7) i1s the free flow speed and p,,, is the maximum or jam density. The

one-equation model is therefore given by

B, - _
2+ {ov, 1=/ p))=0 (3.6)

3.2.2 Continuity One- Equation Control Model

To formulate the control problem based on the continuity equation model we need to
choose a control variable. For this model we take free flow velocity vector field

v, =v,(x,1) as the distributed control variable denoted by . If the density at a location is

zero then the speed at that location will be the free flow speed. However, with the
actuation system implemented, we can inform people to change their speed. Also the

crowd density affects the achievable speed. Therefore we choose v, as the control

variable, giving us the following representation of the control system

0p_ 0  ._ -
6t+6x(pu(l P/ Pr)) =0 (3.7)

where u(x,¢) O H[(0,L),0] is the control variable.

3.2.3 State Feedback Control

Here we address the problem of synthesizing a distributed state feedback controller u(x,¢)
that stabilizes origin ( p(x,¢)=0) of system (3.7) or in other words control the evacuation

of pedestrians from a one-dimensional area. We shall use the method of feedback
linearization for PDEs. The method of feedback linearization works by canceling the
nonlinearities in the system and is discussed for nonlinear ODEs in [31]. More

specifically we consider control law of the form
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u=F(p(x,1))

which makes origin of the closed loop dynamics exponentially stable. Here F(p) is a
nonlinear operator mapping H *[(0, L), 0] into #'[(0,L),0]. Designing the operator F(p) we

get our state feedback controller as
4,0
Fpee.0)=-1-p/p,08 " DL (3.8)

The closed loop dynamics can be found by substituting (3.8) in (3.7) to get

op_,0°p_
2-p=L=0 (3.9)

where with boundary conditions is given by (3.3). The closed loop dynamics represent
the heat equation with D being the diffusion constant. (3.9) suggests that the people are
diffusing or in other words the motion of people is because of diffusion only. There is no
direction to the motion of people. The rate of diffusion is determined by the diffusion
constant D . The direction of motion is important in order to have an effective evacuation.
In chapter 5 we will add this component to the control law (3.9) so that there is diffusion
as well as direction to the motion. The diffusion term enhances motion and becomes
important due to the limitation on the control variable. The controller in (3.8) has

saturation issues which will be a topic in chapter 5.
3.2.4 Lyapunov Stability Analysis

In order to check the stability of the closed loop system (3.9) we use the Lyapunov
function analysis. The stability problem is to establish sufficient conditions for which the
origin of the closed loop dynamics (3.9) is exponentially or asymptotically stable. Within
the framework of our system the definition of Lyapunov stability can be established by
writing system dynamics (3.9) as an abstract differential equation in terms of operator

theory. Towards that end, we introduce a differential operator 4 on H°[(0,L),0] defined

by
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2
X

A¢:k32¢, 0 $0D(4) (3.10)

Here D(4) 0O H?[(0,L),0] is the domain of operator A defined as

D(A) :{¢DH2 9, ¢ DHZ[O,L];¢(O):¢(L):O}

Using operator (3.10), the system dynamics (3.9) can be written as an abstract differential
equation making the dynamics look like an ordinary differential equation in Sobolev
(Banach) space [32], [33]. The abstract version or state space representation of (3.9) can

be put into the form
d
PO =4p0), 1205 p(0)=p, (3.11)

The operator 4 is known to generate a strongly continuous semigroup U(¢) of bounded
linear operators on a normed linear space /7 °[(0,L),0]. The system motion starting from
any initial state p(¢,) attime ¢, is defined by U(r)olz,). Thus a partial differential equation
can be regarded as an evolution system where U(t) evolves p, forward in time. Within
this abstract framework the definition of Lyapunov stability is given as follows.

Definition 3.2.1: An equilibrium state p,, of a dynamical system (3.11) is stable with
respect to a specified L, norm ||p(x,¢)|, if for every real number £>0 there exists a real

number J(g,z,)>0such that

lol)-p.,|, <6=|vlok)-p.,|, < Dr>q

If in addition |U()elt,)-p.,

,~0as - then the equilibrium is said to be

asymptotically stable. Furthermore, if there exist two positive constants « and » such

that

[v@eles)-p.,|, <aloles)-p., |, Dr>1,

is satisfied, then p,, is said to be exponentially asymptotically stable. More precisely the

problem is to find a condition under which operator 4 generates an exponentially stable
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semigroup U(¢) that satisfies the following growth property with respect to a specified

L, norm

lv@)|, <ae™ t=20 (3.12)

whereb >0. In other words we say that 4 generates an exponentially stable semigroup
U(t) [34]. The determination of conditions for which estimate (3.12) is satisfied amounts

to establishing conditions for which the null state of the linear system (3.9) is

exponentially stable with respect to the specified L, norm; that is (), - 0 as ¢ - w.

It should be noted here that for infinite dimensional systems stability with respect to one
norm does not necessarily imply stability with respect to others unlike finite dimensional

systems where all norms are equivalent. For our system we have chosen the following L,

norm defined by

Jool, - [ ot of ]~ (3.13)

This norm represents an “energy like” function of the system at any time. Let us now
consider a Lyapunov functional 7 (¢) for the system (3.9). Here v:H?[0,L] -0, is a

smooth functional of the form
vy =tlef: =+ A ax (3.14)

Using the norm properties we can easily see that V'(¢) is a positive definite function. The

time rate of change of V() using Leibniz rule in (3.14) is given as

avle) ¢ _op
il W (3.15)

Substituting the system dynamics from (3.12) in (3.15) and integrating it we get

L L(ap 2
-D| |—/—| d
0:| J.o[axj ’

ave) op
— /=1 Dp——]
dt { » Ox
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The first term vanishes by boundary condition (3.4). For the second integral we make use
of Gagliardo-Nirenberg-Sobolev Inequality [35], [36]. The inequality as applied to our

case states

I, <cloal, =¢ (3.16)

6_p
Ox

2

where C is a positive real number. Using (3.16) we have the following inequality
f(a—pf 2C7'[ pPdx
o Ox 0

The time rate of change of Lyapunov functional ¥ (s) can thus be bounded as

av(t)

<-DC[ pPdv =-2DC7'V (1) =~V (1)
dt 0

with g=2DC™"a constant. Therefore the Lyapunov functional satisfies following property
V() S V(ty)e P
which can also be written as
Jote. 0, < oty ] e

As long as >0 the null state of (3.9) is exponentially stable and condition (3.12)
o), < e) is satisfied withs = 8. Thus equilibrium of closed loop system (3.9) using

feedback control (3.8) is exponentially stable.

3.2.5 Simulation Results

This section shows simulation results for closed loop system (3.9) using the control law
(3.8). The numerical method used is the Lax-Friedrichs scheme [37]. For simulation the
initial distribution for density is considered to be Gaussian. The initial density

distribution is given by

p(x,0) = G exp(~(x —a)*)

27



with a being the centre of the Gaussian distribution and G is the highest magnitude of the

distribution.

We have three simulation results for the one-equation model. The control action response
for a corridor with exit at the right is shown in Fig.3.1. The simulation shows the density
response as a mesh plot. After some finite time the density has decreased to zero. The
second simulation is shown as a contour plot in Fig. 3.2 where the contour lines vary
from 0.6 to 0.1 and as seen from plots density at every point in space is decreasing
exponentially with time. The third simulation shows the density response at different time
instants in Fig. 3.3, where the density flattens out with time. The plots indicate the

diffusion of people throughout the length of the corridor.

Distance

Time

Figure 3. 1: Density response for one-equation model.
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Figure 3. 2: Contours of the density response for one equation model.
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Figure 3. 3: Density response at different time instants for one-equation model.

3.3  Feedback Control for Two-Equation Model

In this section we formulate the control model and present feedback control design for the
two-equation model. This section also studies Lyapunov stability for this model and
presents some simulation results. In this section we design a feedback control for the two-
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equation model of the evacuation system given by (2.9) and (2.10) subject to boundary
conditions (2.11) using the backstepping approach. The Lyapunov functional (3.14)
which was used as a stability analysis tool for the one-equation model will be used as a
feedback control design tool for this system. The design of feedback control is done in
such a way that Lyapunov functional for the system or its derivative has certain

properties that guarantee boundedness or convergence to an equilibrium point.

3.3.1 Two Equation System Model

We consider a higher order model or more precisely a system of two partial differential
equations for a one dimensional corridor. This model consists of conservation of mass
equation coupled with a second equation based on the principle of conservation of

momentum. The model is given in subsection 2.2.3 by (2.9) and (2.10) as

g—f+g—":o (3.17)
X

dq 0, , op

9,0 -_% 1
5 T @ P (3.18)

with initial conditions and subject to boundary conditions
Pt = £y(x),  qlxty) =g,(x) O x0[0,]
0(0,)=0 ¢(0,/)=0 O ¢0[0,) (3.19)

where p = p(x,t) DH'[(0,L),0] is pressure. Here p and ¢ are the variables we want to
control. For pedestrian evacuation the final density and flow should be equal to zero; that
is p(x,t,)=0 and ¢(x,z,)=0 . The length of the corridor is [0,L] and the boundary

condition given by (3.19) is that the corridor is open at both the ends.

3.3.2 Two Equation Control Model
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To formulate the control problem we need to choose a control variable. For the two-

equation model (3.17) and (3.18) we choose divergence of pressure dp/ox as distributed

control variableu giving us the following representation of the control system

9% __9q

ot Ox
aq 0 2
— =—- +
i /p)+u

The above system can be rewritten in the following form

0p Ogq
ZF__%1 2
ot Ox (3.20)
ai:_
- (3.21)

where u = _6i(q2 /p)+u is the new control variable.
X

3.3.3 State Feedback Control by Backstepping

Here we address the problem of synthesizing a distributed state feedback controller u(x,?)
that stabilizes the origin ( p(x,7) =0,¢(x,t) =0 ) of the two-equation control system given by

(3.20) and (3.21). More specifically we consider the control law
u= F(p(x, 1), q(x, t))

such that origin of the closed loop dynamics are exponentially stable. F is a nonlinear
operator mapping H°[(0,L),0] into H'[(0,L),0]. The control strategy adopted here is
similar in principle to feedback control by backstepping for ordinary differential
equations [31] and is extended to PDEs. Backstepping is a Lyapunov-based control
method of feedback linearization. It is a recursive method that designs the feedback
control law based on the choice of the Lyapunov function. It breaks the design problem
for a system of equations into a sequence of design problems for scalar systems. We

proceed with the control design as follows:
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1.

First we design control law for (3.20) where ¢(x,r) can be assumed as an input.
We proceed to design a conceptual control law ¢ =G(p) for this control input to
stabilize the origin p(x,r)=0. G is a nonlinear operator mapping H’[(0,L),0]

into H°[(0, L),d]. With the control law

q(x,t) = G(p)=-D ”‘V—pdm (3.22)

° 9m>

we get the conceptual closed loop dynamics for (3.20) as

0 9’
a_ft’ =D axf (3.23)

which is similar to (3.9). As already shown this system is exponentially stable

with a conceptual Lyapunov functional (3.14)
Vo =4lel, =2 [ ol e
: : av (i) .
which satisfies s -pv(c) and ensures stability.

We have used the term “conceptual” with the control law, closed loop system and
the Lyapunov function. This is done in order to stress the fact that the control law

(3.22) cannot be implemented in practice as g(x,7) is not a control variable.

However, this conceptual design helps us to recognize the benefit of the input

q(x,t) being close to G(p) . From the knowledge of the conceptual Lyapunov
function ¥ (r) we want to design a smooth feedback control for stabilizing the

origin of the overall system. We therefore add to the conceptual Lyapunov

function (3.14) a term penalizing the difference between ¢ and G(p). For this

purpose we rewrite the dynamics (3.20) as

9 __0G(p) _9

e
o ol ®)

Defining the difference between ¢ and G(p) by an error variable z=¢-G(p) ,

we get the following modified dynamics.
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% __36lp) 0= (3.24)

% _, (3.25)

where u, = ﬁ—aGa—Em is the new control variable and z(x,7)0H[(0,L),0].

Now let us modify the Lyapunov functional (3.14) by adding an error term to it

thus resulting in the Lyapunov function for the overall system as
V0=V -+ =3 [ o] de+t [ dx (3.26)

The time rate of change of this functional using (3.24) and (3.25) is given as

av,(t)
dt

L 0%p L 0z L
—.[0 p6x2 abc+.[0 padx+J.0 zu, dx

Using (3.16) we know that the first term is bounded by -4V (¢). Therefore

av, ()
dt

< —,BV(t) + J-OL p(x, t)% dx + J-OL zu,dx

We have to choose a new control law u,(x,¢) in such a manner that the time

derivative of the new functional or the sum of second and third terms is also

bounded by a negative definite function. By choosing the following control law

un(x,t):—Kz—z_lpg—)Zc (3.27)

we get the following result

av,(¢)

a

dt

<-pv()-K||. =-287,()
with K =248 >0. This shows that the origin ( p(x,t)=0,z(x,) =0) of the system
(3.24) and (3.25) is exponentially stable.

With the feedback controller (3.27) we have proved that the origin
(p(x,1)=0,z(x,t) =0 ) of (3.24) and (3.25) is asymptotically stable. But we need to

prove the asymptotic stability of the origin ( p(x,7)=0,q(x,£)=0) of the system
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(3.20) and (3.21) or we need to prove the exponential stability of g(x,r)=0. The
Proposition 3.3.1 establishes the asymptotic stability of the original closed-loop
system.

Proposition 3.3.1 The origin (p(x,t) =0,q(x,t) =0) of the system (3.20) and (3.21)
is exponentially stable under the control law w =u, +0G(p)/0t with u, given by
(3.27).

Proof: The control laws (3.22) and (3.27) make the origin p(x,7) =0,z(x,t) =0

for equation (3.24) and (3.25) asymptotically go to zero. From the equation
z=¢q-G(p) we want to prove the asymptotic stability of g(x,r)=0. We will show

that as ¢ - « the control law G(p) - 0. The control law G(p) is given as

2
"mf dm (3.28)

G(p)=-D] -

Therefore using (3.28) we need to prove the following

2
0 Os

X a2p
limit, _G(p(x,1)) = 1imit,m(—1) —ds) =0 (3.29)

The proof is done in the following three steps.
Stepl: Solution of heat equation. In order to prove (3.29) we consider the

solution of heat equation (3.9) given by

0 9’
a_ft’ =D axf (3.30)

The solution of the equation (3.30) as given in [24] is
ple.t)=3 A,e™ sin(A, x) (3.31)
n=1

where A, =nm/L. For our case let us take L =1 and the coefficients in (3.31) are
given by
L

A :% [ ) sin(n ) (3.32)

n
0
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where the function @(x)= p(x,0)is the initial condition. The rate of change of

density in (3.31) is given as

aa_f = —(7T)2in2Ane_D/]”zt SiIl(/‘nx) (333)
n=1

Step 2: Convergence of 0p/dt . The next step is to show the convergence of rate of
change of density as given by (3.32). Let us construct a sequence of time

denoted by ¢, with k=12,...0. Now for a fixed time sample ¢, we have the

estimate of absolute value dp/dr given by

0p/or =mY n2A e (3.34)
£ n=l1

n*Ad,e sin(/inx)‘ smy,

n=1

since [sin(4,x)| <1 for (x,#)0[0,L]x[0,) . Thus we have

0

[0p/0r._, <3

n=1

2
kit n-A
< —
Z (n2772t,{)2

n=1

2 =27
n’A,e" '

The coefficients given by (3.32) are bounded as

S%.L”qo(x]dx =%.L”p(x,()ldx <4 (3.35)

where 4 is a positive constant and 4 exists because ¢{x)= o(x,0) is continuous on

a compact (i.e. closed and bounded) interval. Therefore we have

A4 &1
P i @39
ko n=

0p/0d _, <

Since the series il/n2 converges [38] therefore we conclude that |0p/d in

n=1
(3.36) converges for every #, >0. Next we need to show [0p/d| - 0 as ¢ — o or
as k - o , which means O¢ >0,0 some ¢, >0 such that for all r>1,, [0p/d|<e.

From (3.34) and (3.35) we have

n2e—(n77)2t

lop/ot| < 4 i
n=1

(3.36)

Now let us construct a series in £>0 given as
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E/2+E/4+E/8+........ :e(il/z"):e (3.37)
n=1

For an arbitrary £ >0 we estimate the n-th term of series (3.36) for some time ¢

as

A

n2e_(””)2" <g/2"

which yields the following

o In2" 4l (P A)=Ing _ 1 (@), 20n(n) | nGPA) _Ine
n2n.2 772 2 2 2

n n n n

1

2

(1n(2)+1n(n22)). Consequently for each n
T

Forn=1 let us denote the time ¢, =

and r>1,, we have mdlne "™

<e/2"and the later in conjunction with (3.36)

and (3.37) implies the following

0p/o =Y |2 e | <3 g2 = .

n= n=l1

Thus for ¢ =1, we |0p/0f <& .Therefore ast — o, dp/dt — 0 or from (3.30) we have

d’p/ox> -0 as ¢ .

Step 3: Convergence of G(p(x,t)). So far we have shown the convergence of
0°p/ax* to zero. The last step is to establish the convergence of G(po(x,?)) from

(3.28). In other words we need to show the following

12
limit,  G(0(x,t)) = 1imittm(—DJq 9 fds) =0 (3.37)
0 0s
Using the equations (3.33) and (3.30) we can rewrite (3.37) as
limit, _, (j (i A P nte sin(nm))dsJ =0 (3.38)

0 n=l

In order to prove (3.38) let us denote a sequence of functions f,(x) by
fk(x) = |6p/6t|t=[ = —(7T)2i nzAne_A“z" sin(A,x)
* n=1
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We know from (3.36) that f,(x)converges for every k>1(or¢, >0) and that
limit, _, f, (x) is zero. Now we need to show that 1imit,ﬁw]; fi(sks=0. In order to
0

prove this we make use of dominated convergence theorem [39]. From (3.36)

we estimate of the absolute value of f, (x) given as
4 &1
e

Since the series Y 1/n* converges to some positive constant M therefore we have

n=1

AM P
|fk(x15 ﬂztkz :tk_z

P=4AM/m* . Let us define for some ¢, >0, a function o(x)=pr/;>. Now for all &

we have |7, (x)<®(x) and
. RV
El;qJ(s)ds = .([ tlzds <.

Thus we have a sequence of functions f,(x) for which there exists an integrable

function ®(x) such that |f,(xJ<®(x) and Iqa(s)ds<oo. Also limit, , f, (x) is zero.

Therefore by dominated convergence theorem [40] this limit is integrable and

we have the following
limit, ., j fols)ds = fumitm fi(s)ds=0.
0 0
It follows from (3.28) and (3.30) that
. . 0%0 )|
limit, ,G(p(x,1)) =limit, | =D —-ds|=0
0 0s

This completes the proof. 0
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Thus we conclude that the origin ( p(x,#)=0,q(x,£)=0) for actual closed-loop system

(3.22) and (3.23) is asymptotically stable. The feedback control law is given by the

following partial differential-integral equation

_,9G(p) 9,
u=u, +— =+ =g’ /) (3.39)

with «, given by (3.27) as u, =—Kz—z‘1p%, where z =¢-G(p). Hence the closed-loop
X

dynamics (3.20) and (3.21) for the two equation model are exponentially stable with this

feedback control.
3.3.4 Simulation

In this section we show simulation results for the closed loop system (3.20) and (3.21)
using controller (3.27) designed in previous section. We have used the same Lax-
Friedrichs numerical technique as before. For simulation the initial distribution for both

density and flow is considered to be Gaussian.

The simulation results are shown in the following figures. The density plots are shown in
Fig.3.4-Fig. 3.6 and are similar to those in Fig. 3.1 and Fig. 3.2. The flow plots are shown
in Fig. 3.7 and Fig. 3.8. As is seen from the plots flow of people at every point in space is

decreasing exponentially with time.
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Figure 3. 4: Density response for the two-equation model.
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Figure 3. 5: Contours of the density response for two-equation model.
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Figure 3. 7: Flow response for the two-equation model.
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Figure 3. 8: Contours of flow response for two-equation model.

In this chapter we discussed design of feedback controllers for two infinite dimensional
models representing the evacuation dynamics in one-dimensional space. We adopted the
method of feedback linearization to control the movement of people. The closed loop
dynamics are represented by a heat equation which dictates the change (decrease) in
initial density profile with time. With the use of these controllers we have shown
exponential asymptotic stability of the closed loop systems. We will modify these
controllers in chapter 5 in order to add motion to the density profiles. Also the controllers
discussed in this chapter are unbounded so we will modify them to take control saturation
into account in chapter 5. For the two-equation model we used the modification of

backstepping method for nonlinear ODEs.

While doing the control design we have seen that the difficulty in designing controllers
for systems increases as we increase the number of partial differential equations
representing the dynamics. This motivates the study of abstraction for infinite
dimensional systems which will be the topic of chapter 9. The goal here is to abstract the
system having higher number of partial differential equations by a system which is
represented by lower number of partial differential equations and find the transformation

for control design.
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CHAPTER 4

FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF TWO
DIMENSIONAL EVACUATION SYSTEM

4.1 Introduction

This chapter presents the design of nonlinear feedback controllers for two models given
in chapter 2 representing evacuation dynamics in two-dimensions. The models presented
here are based on the laws of conservation of mass and momentum. The first model is a
one-equation model based on conservation of mass with a prescribed relationship
between density and velocity given in subsection 2.3.1. The model dynamics are
represented by means of a single partial differential equation. The other is a two-equation
model given in subsection 2.3.2 in which the velocity is independent of density. This
model is based on conservation of mass and momentum. Here the dynamics are
represented by means of a set of three partial differential equations. The equations of
motion in both cases are described by nonlinear partial differential equations. The system

is distributed, i.e. both the state and control variables are distributed in time and space.

We address the feedback control problem for both models. The objective is to synthesize
a nonlinear distributed feedback controller that guarantees stability of a closed loop
system. The problem of control and stability is formulated directly in the framework of
partial differential equations. Sufficient conditions for Lyapunov stability for distributed

control are derived.
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We are interested in designing feedback controllers to evacuate pedestrians from a two-
dimensional area. We use the same methods of feedback control as in chapter 3 and
extend the results to a two-dimensional case. The method of feedback linearization is
used for the one-equation model which works by canceling nonlinearities in the system.
For a two-equation system model the feedback control design is done by the
backstepping approach. In both cases objective of control design is to synthesize a
nonlinear distributed feedback controller that stabilizes the system and guarantees

stability in closed loop system.

The organization of this chapter is as follows. In Section 4.2 we formulate the control
model and present feedback control design for the one-equation model. This section also
studies Lyapunov stability for this model and finally presents some simulation results.
Section 4.3 presents the feedback control design and stability analysis of the two-

equation system model. Simulation results for closed loop dynamics are presented.

4.2 Feedback Control for One-Equation Model

In this section we formulate the control model and present feedback control design for the
one-equation model. This section also studies Lyapunov stability for this model and

presents simulation results.

4.2.1 One-Equation Model

In this section we present the mathematical model of crowd dynamics for a two-

dimensional single exit area of dimensions Q=(0,2)x(0,). The model is given in

subsection 2.3.1 by (2.12) as
%+div(q(x, HN=0 kOQ 4.1)

with initial and boundary conditions given by
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o(x,t,) = p, (x) O x0Q (4.2)

p(x,6)=0 0O ¢0[0,0),x00Q (4.3)

where 0Q denotes the boundary of the area. Here po(x,r) DH*[Q,0] is the variable we

want to control. For pedestrian evacuation the final density should be equal to zero; i.e.

p(x,1,)=0. The area of the space is Q=(0,£)x(0,Z) and the boundary condition is given

by (4.3). The vector xO0Q OO is expressed in terms of its coordinates asx =[x,,x,]". The

flow rates are given as ¢ (x,t) and g¢,(x,#) in x, and x, directions. The flows ¢,’s are
obtained as a product of density and velocity as

q,=pv, ,i=12 (4.4)

with v (x,#) and v, (x,7) being the velocity vector fields associated with their respective

directions. The dynamics for the two dimensions are therefore given by

a_p+M+M:O (4 5)
or  ox ox, '

subject to the initial conditions and boundary conditions given by (4.2) and (4.3)
respectively. The velocity-density relationship as given by Greenshield’s model (2.17) is

Vi =V (1- p/pmax) (46)

where v, =v, (x,7) is the free flow speed in x, direction, i=12and p,,, is the jam density.

The one-equation model is therefore given by

2
(M_x,t_‘_ i(pvi/_(l_p/pmax)):(), i=12 (47)
6[ i=1 6x,.

~—

The free flow speeds v,,andv,, in x, and x, directions are used as control parameters to

direct crowd flow to any desired direction and are both a function of time and space.

4.2.2 One-Equation Control Model
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For the control model formulation we choose the free flow velocity vector fields

v, =v,(x,t) as the distributed control variables denoted by u(x,r) . This gives us the

if

following representation of the control system

2 0
—"”gx”)+z—(pu,~(1—p/pmax)) ;=12 (4.8)
t i1 0X;

i

where u,(x,t) 0 H[(0,L),0] are the control variables.

4.2.3 State Feedback Control

Here we address the problem of designing distributed state feedback controllers », and
u, that stabilize the origin ( p(x,7)=0) of system (4.8) or in other words evacuate

pedestrians from a two-dimensional area. We use the method of feedback linearization

for PDEs as in chapter 3. More specifically we consider control law of the form
u; = F.(p)
which makes origin of the closed loop dynamics exponentially stable. Here F(p) is a

nonlinear operator mapping #°[Q,0]into #'[Q,0]. Choose the x, and x, components of

state feedback control law as

L a .
F(p(x,0) = (1= 6/ 0 )] Df; i=12 (4.9)

The closed loop dynamics can be found by substituting (4.9) in (4.8) to get

2 2
a_p—Da_f—Da_’;:O
ot Ox, Ox,

%—f—DszZO (4.10)

with boundary conditions given by (4.2) and (4.3). The closed loop dynamics represent
the heat equation in two dimensions with D being the diffusion constant. (4.10) suggests
that people are diffusing in both directions and the rate of diffusion is determined by the

diffusion constant D . The direction of motion is important in order to have an effective
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evacuation. In chapter 6 we will add this component to the control law (4.9) so that there
is diffusion as well as direction to the motion. The diffusion term enhances motion which
becomes important due to the limitation on the control variable. The controller in (4.10)

has saturation issues which will be a topic in chapter 6.

4.2.4 Lyapunov Stability Analysis

The stability problem is to establish sufficient conditions for which the origin of the
closed loop dynamics (4.10) is exponentially stable. In order to check the stability of the
closed loop system we use Lyapunov function analysis. For the two dimensional system,
definition of stability in terms of Lyapunov can be established in a similar way to the one

dimensional case as given in section 3.2.4.

The determination of conditions for which estimate (3.12) is satisfied amounts to
establishing conditions for which the null state of the closed loop system (4.10) is

exponentially stable with respect to the L, norm given by

M, - [ [ @

Norm exponential stability implies ||o(t)], - 0 as¢ - . Let us consider the same

Lyapunov functional 7 (¢) as given by (3.14) for the system (4.10). Here v : H*[Q] -0, s

a smooth functional of the form

v =3l =+]|e"aQ (4.12)

Using the same procedure as in section 3.2.4 we get the time rate of change of V' (¢) as

ar) _ —ngg(g—zydg

dt

Now we make use of Sobolev Inequality (3.16) which for the two-dimensional case is

2
2(0p _
IQZ‘(KJ dQ=C™ [ p*dQ
i= i Q
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where C is a positive real number. The rate of change of ¥ (¢) can be thus be bounded by

av(c)
dt

<-DC™' [ p*dQ=-2DC™'V (1) = -pV (1)

It follows that 7 (¢) <V (t,)e”"™ or
et 0, <o, ), e

with g=2DC™. As long as 8 >0, null state of (4.10) is exponentially stable and condition
(3.12), |u@)|, se™™)is satisfied with 5= . Thus the equilibrium of closed loop system

(4.8) using feedback control (4.9) is exponentially stable.

4.2.5 Simulation Results

This section shows simulation results for the closed loop system (4.8) using control law
(4.9). The numerical method used is the Lax-Friedrichs scheme [25]. For simulation the
initial distribution of density is considered to be Gaussian. The initial condition is given

by
P(x,0) = Gexp(=(x, —a)’ = (x, =b)*)

with (a,b) being the centre of the Gaussian distribution and G, the highest magnitude of
the distribution. The control action response for a corridor is shown in Fig.4.1. The
simulation shows the density response as mesh plot snapshots. After some finite time the
density has decreased to zero. The second simulation is shown as contour plot snapshots
in Fig.4.2. As seen from plot, density at every point in space is decreasing exponentially

with time.
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Figure 4. 2: Contours of the density response at different time instants for one-equation
model.

4.3 Feedback Control for Two-Equation Model
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In this section we formulate the control model and present feedback control design for the
two-equation model. This section also studies Lyapunov stability for this model and
presents some simulation results. In this section we design a feedback control for the two-
equation model of the evacuation system given by (2.21), (2.22) and (2.23) subject to
boundary conditions (2.25) using the “backstepping” approach.

4.3.1 Two Equation System Model

In this section we consider a higher order model or more precisely a system of two partial
differential equations for a two dimensional space. This model consists of the
conservation of mass equation coupled with a second equation based on the principle of

conservation of momentum. The dynamics are given in subsection 2.3.2 by (2.21), (2.22)

and (2.23) as
9,30, _
5 +§ o 0 (4.13)
and
Oq, , 0 __O0p
o1 +ax1( 1 /p)"' (‘h‘h/p) axl (414)
0 0,
= +—< 0,4:/P)+ - <q;/p>— L (4.15)
t 0x,

with initial conditions and subject to boundary conditions given by

peet)=py(x), a(xt)=g,(); O x0Q

p(x,0)=0, g(x,/)=0, O ¢t0[0,0),x00Q (4.16)
where p = p(x,r)0H'[Q,0] is pressure. Here p, ¢, and ¢, are the variables we want to
control. For pedestrian evacuation the final density and flow in both directions should be
equal to zero; ie. p(x,t,)=0, q,(x,t,)=0and ¢(x,,t,)=0. The area of the corridor is
Q =LxL and the boundary condition given by (4.16) is that the space is closed from the

left end and opens at the right.
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4.3.2 Two-Equation Control Model

For the above two-equation model (4.13) and (4.15) we choose divergence of

pressure dp/dx, , i=12 as the distributed control variables u,(x,z) which gives us the

following control model

0p _ <94
af i=1 axi
and
a‘h 0 2 0
—_— —_—— +
- @>/p) . (4,9,/P) +u,
aq2 6 6 2
—_— -_—— +
T (4,9,/P) o (T /p)+u,

By rearranging terms, the above system can be rewritten in the following form

9% 5% (4.17)
iy i=12 (4.18)

where u, = —ai(qlqz/p) —ai(qf/p) +u, are the new control variables.
X X2

4.3.3 State Feedback Control Using Backstepping

Here we address the problem of synthesizing a distributed state feedback controllers u,
and u, that stabilizes origin ( p(x,?) =0,q,(x,#) =0,q,(x,t) =0) of the control system (4.17)

and (4.18). More specifically we consider the components of control law
i =Fpq) i=12
such that the origin of closed loop dynamics is exponentially stable. F, is a nonlinear

operator mapping H°[Q,0] into #'[Q,0]. The control strategy adopted here is similar to

feedback control by backstepping PDEs discussed in section 3.3.2 which is extended to
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the two dimensional case here. The sequence of steps in control design is the same as

before and is given as follows:

1.

First we design control law for equation (4.22) where ¢,(x,t) and g, (x,) can be
viewed as inputs. We design the conceptual control law ¢, =G, (p) to

stabilize origin p(x,t) =0 as

4:(x.0)= G(ptx.0) = [ 9 p“)dm, =12 (4.19)

G, is a nonlinear operator mapping H#°[Q,0] into #°[Q,0]. The conceptual closed
loop dynamics for (4.17) are

2 2
9 _pop /2)+D—a L
ot Ox, Ox,

%—f -p’p (4.20)

which is similar to (4.10). As we have already shown the origin of this equation is

asymptotically stable. In addition there exists a conceptual Lyapunov functional
ro =4, = [ |4
: . : av(t) : .
for this system which satisfies — <-pv(t) and ensures its stability.

From the knowledge of the conceptual Lyapunov function ¥ () we design a

smooth feedback control to stabilize the origin of the overall system. We
therefore add to the conceptual Lyapunov function (4.12) a term penalizing the

difference between ¢ and G(p). For this purpose we rewrite the dynamics (4.17)

as

2520033 (-6 (s)

i=l ax

3’

i=

Defining the difference between ¢, and G,(o) by error variables z, =¢, -G,(0) ,

we get the following modified dynamics.
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R LA A (4.21)

t = Ox, = Ox;

0z.

—Y =y, i =1,2 4.22
at u/’ll l ( )

where u,, =i, -9G,(p)/0r are the new control variables and z,(x,/) DH>[(Q,0].

Now let us modify the Lyapunov functional (4.12) by adding the error term to it

thus resulting in the Lyapunov function for the overall system as
2
V@0 =V @+ te(er)s = 4] |o dx+ i [ ]z d (4.23)
i=1

The time rate of change of this functional using (4.21) and (4.22) is given as

dv, (t) _ 2, 0z, 2
—= D[ p0? pdQ +J'Q;pa—xid§2 +J.Qiz=1:ziumd§2
From section 4.2.4 we know that the first term is bounded by -g¥(¢). Therefore

av,(t)
dt

2 a . 2
< —/?V(t)+f9§pa—id9 +j9§zl.u”,d§2

We have to choose a new control law u,,(x,z) such that the time derivative of the

new functional or the sum of second and third terms is bounded by some negative

definite function. By choosing the control law
-1 aZ.
u, (x1)=-Kz, -z, p—=- (4.24)
Ox,

we get the following result

av,(¢)

a

dt

<-pv()-K|; =-287,(1)
with K =24 >0. This shows that the origin ( p=0,z, =0,z, =0) of the system (4.21)
and (4.22) is exponentially stable.

With the feedback controller (4.24) we have proved that the origin
(p=0,z,=0,z, =0) of (4.21) and (4.22) is exponentially stable. But we need to

prove the exponential stability of the origin ( p=0,4, =0,4, =0) of the system
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(3.20) and (3.21). The closed loop stability can be established by proposition
4.3.1 given as
Proposition 4.3.1 The origin (p=0,q, =0,q, =0) of the original system given by
(4.17) and (4.18) is exponentially stable under the control law u, =u,, +-9G,(p)/dt
with u,,given by (4.24).
Proof: The proof is similar to that in proposition 3.3.1. The control laws (4.19)
and (4.24) make the origin (p=0,z, =0,z, =0) of (4.21) and (4.22) asymptotically
go to zero. From the equation z, =¢,-G.(0) we want to prove the asymptotic
stability of (¢, =0,q, =0). We will show that as ¢ - » the control law G,(p) - 0 .
The control law G, (p) is given as

G.(p)=-n[" 2Ly =12 (4.25)

{(p)= =D} —=dm i=1, :

Therefore using (4.25) we need to prove the following

) 2
limit, _G,(p(x,t)) = 1imitm(—1)j;’ (33 ’20 ds) =0 (4.26)
A

The proof is done in the following three steps as in one-dimensional case.

Stepl: Solution of heat equation. The solution of the two-dimensional heat

equation (4.20) using method of separation of variables [24] is
ox, y,1)= i A,e” "M [sin(A, x,) +sin(A, x,)] (4.27)
n=1
where A, =nmand the coefficients in (3.31) are given by
Q
A4, =4[ glx, y)sin(n 7w, ) +sin(n7x,)}dQ (4.28)
0

where the function ¢x,y)= p(x, y,0)is the initial condition. The double derivate of
density with respect to x, and x, in (4.27) is given as

2

(3]

P = (n) inzAne‘”f’ sin(A, x,) (4.29)

2
axl n=l
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and

n*A4,e”™" sin(A x,) (4.30)

<,
Q
I
A
S
1M

Step 2: Convergence of 9’p/dx, and 9°p/dx, . The next step is to show the
convergence of rate of derivatives (4.29) and (4.30). Let us construct a sequence

of time denoted by ¢, with £ =12,....0. Now for a fixed time sample ¢, we have

the estimate of absolute value p/dx, given by

2 -DAt
n“A4,e 7"k

(4.31)

|(32p/(3x1|t_ =my n>d,e P, sin(Anxl)‘SleZ
= n=l1 n=1
since [sin(4,x)| <1 for (x,#)0[0,L]x[0,) . Thus we have

2
n°A,

(112772t,{)2

©o
2 -DA,’t 2
n’d,e k‘ sDmy.

n=1

02 p/ox| <DmY
= n=l

The coefficients given by (4.28) are bounded as
Q Q _
|4,] <8[|elx, y)dQ = 8[| o(x, y.0)aQ < 4 (4.31)
0 0

where 4 is a positive constant and 4 exists because @x,y)= o(x,0) is continuous

on a compact (i.e; closed and bounded) interval. Therefore we have

v L (4.32)

n=1 N

O’ plox| < DA
0% pfox|  <—
=ty ”tk

Similarly, the absolute value of the double derivate of density with respect to x,is

bounded as

DA & 1
eI 33
koon=

02 p/ox,|

<
1=t

The above equations are similar to (3.36) in proposition 3.3.1. and from there we

conclude that as ¢ - o the derivates a°p/dx, and %p/ax, — 0.
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Step 3: Convergence of G,(p(x,t)). So far we have shown the convergence of
a’p/ox, and 0°p/ax, to zero. From the step 3 of proposition 3.3.1 we can show

the following

12
limittﬁmGi(p(x,t)):limittﬁm(—DJ.OA'(; fdsto ;i=12 (4.34)
A)

This completes the proof. 0

Thus we conclude that the origin (0 =0,q9, =0,4, =0) for actual closed loop system (4.17)

and (4.18) is exponentially stable. The feedback control laws are given by the following

partial differential-integral equation

G 0 0
u, =u, + (;t(p)+(3xl (912/p)+ax1 (9192//7)
0G 0 0
Uy =u,, + ;(p)"' (9,9,/P)+ (922//7) (435)
t Ox, ox,

with u,(x,z) given by (4.24) as u,,(x,t)= Kz, -z,” poz, /dx, wherez, =¢.-G(p). Hence
the closed loop dynamics for two equation model are exponentially stable with this

control law.

4.3.4 Simulation Results

Here we show simulation results for the closed loop system (4.17) and (4.18) using
controller (4.25) designed in previous section. The numerical technique used to simulate
the system is same as before. For simulation the initial distribution for both density and
flow is considered to be Gaussian. The density plots are shown in Fig.4.3 and Fig. 4.4
and are similar to those in Fig. 4.1 and Fig. 4.2. The flow plots are shown in Fig. 4.5 and
Fig. 4.6. As seen from the plots after some finite time, the density and flows in both

directions have decreased to zero.
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Figure 4. 4: Contours of the density response at different time instants for two-equation
model.
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Figure 4. 6: Contours of the flow response at different time instants for two-equation
model.

In this chapter we discussed the design of feedback controllers for two infinite

dimensional models of evacuation in two dimensions. With the use of these controllers
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we have shown exponential stability of the closed loop systems. In next two chapters we

will modify these controllers in order to add motion to closed-loop dynamics.
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CHAPTER 5

ADVECTION FEEDBACK CONTROL DESIGN AND SATURATION OF ONE
DIMENSIONAL CROWD MODELS

5.1 Introduction

This chapter presents the design of advection feedback controllers for models given in
chapter 2 representing crowd dynamics in one dimension. These controllers are a
modification of the controllers discussed in chapter 3. In chapter 3 we designed nonlinear
feedback controllers for one dimensional evacuation models by feedback linearization.
The controllers were designed such that the nonlinearity in the system got cancelled and
the closed-loop dynamics were asymptotically stable. However the closed-loop
dynamics represented by the heat equation suggest that the people are diffusing
throughout the area of evacuation. The initial density profile is decreasing with time
which means that there is diffusion but the profiles are not moving. In other words there
is no direction to the flow of people. In order to have an effective evacuation, the
direction of motion is important. We want to control the movement of people in such a
way that the density profiles at every point are changing (decreasing) as well as moving
with time. So in this chapter we modify the control laws designed in chapter 3 by adding
a convective component so that there is diffusion as well as direction to the motion.
Furthermore the controllers discussed in chapter 3 are assumed to be unbounded which is
impossible because of control saturation. We will discuss these issues in this chapter and

modify the control laws to take saturation into account.



The organization of this chapter is as follows. In Section 5.2 we modify the feedback
control law for the one-equation model and present some simulation results. Section 5.3
presents the modified feedback control design and stability analysis for the two-equation

system. Simulation results for closed loop dynamics are also presented.

5.2 Advection Control for One-Equation Model

The control model for the one-equation model (3.7) under the control law (3.8)
.0
Fp=-1- o/, DL (5.1)
gives the closed loop dynamics (3.9)

op_ 0P _
E—D o =0 (5.2)

which represent the heat equation with D being the diffusion constant. (5.2) suggests that
people are diffusing throughout the entire area with the rate of diffusion being determined
by the diffusion constant D . Here the net movement of people is due to diffusion only and
there is no direction to the motion. Direction is important for an effective evacuation. In
this section we will give motion to the model by adding an advection component to the
control law (5.1). First we discuss the advection control alone without a diffusion term.
Next we add a diffusion term to the control law to increase the rate at which people are

moving out of the evacuation area.

5.2.1 Advection Control

In this subsection we discuss the advection control law for the one-equation control

model (3.7)

0p_ 0 . -
6t+6x(pu(1 P/ Pr)) =0 (5.3)
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First we discuss a convective controller given as
u=F(p(x,0) =V [1-p/ )] (5.4)

The closed loop dynamics can be found by substituting (5.4) in (5.3) to get

9% 9% (5.5)
ot Ox

The dynamics in equation (5.5) suggest that people are moving with an average speed
v towards the exit. Both the direction and magnitude of this speed can be controlled. The

solution of advection equation is given by
P(x,1) = p, (x = V1) (5.6)

where p,(x) = p(x,t,) is the initial density profile. (5.6) suggests that the initial density

profile is moving at a velocityy . In order to study the stability of (5.5) we choose the

Lyapunov function given by

2 2
V(1) :.[OL (0-p) dx :J'OL (0= p, (x=V1)) dx (5.7)
The time rate of change of Lyapunov is given by —dV(t) = —2V.|'L pa—pdx + 2V.|'L ol —ddp S .
dt 0" Ox 0 dx
9p _ 4Py

Since (5.6) is the solution it should satisfy (5.5) for all x and ¢, therefore we have y
X X

av(t)
dt

and as such =0 . Thus the equilibrium of the closed loop system (5.5) using

feedback control (5.4) is exponentially stable. The simulation results are shown in Fig.

5.1 in section 5. 2.3

5.2.2 Advection —Diffusion Control

The direction of motion as given by (5.4) is important in order to have an effective
evacuation. However, the diffusion term aids the motion and also becomes important due

to the limitation on the control variable. In this section we add the diffusion component to
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the control law (5.4) so that there is diffusion as well as direction to the motion. The

advection-diffusion controller is a combination of (5.1) and (5.4) and is given by:

4.0 a
u = F(p(x,0)) =[(1= 0/ P ) Al Da—f+ v[a-p/pm0] (5.9)

-1 a
=-0-p/pp0el 0T -vp)
X

The closed loop dynamics can be found by substituting (5.9) in (5.3) to get

2
ople) 00 _ 0% (5.10)
ot Ox Ox?

Here 7 is the velocity of moving currents (convection or advection) or the medium. The
people move with speed 1 towards the exit and at the same time diffuse with diffusion
constant D . The direction of motion can be controlled by changing » whereas the

magnitude can be controlled by changing both 7 and b. The Lyapunov function as in

(3.16) is given by V(1) = J'OL p’dx and its derivative with respect to time ¢ is

)_ L azp L ap
—D.!;pa 2dx—VZ!.padx

X

av (e
dt

By using inequality (3.17) for first term and Holders inequality for the second we get the

following result

avc)
dt

<-pC” ol -V]el, lor/ox, (5.10)

Thus for DC™ >0, the equilibrium of closed loop system (5.10) using feedback control

(5.9) is exponentially stable. Simulation results are shown in Fig. 5.2.

5.2.3 Simulation Results

This section shows simulation results for advection and advection-diffusion control laws.
The initial distribution of density is considered to be Gaussian. Simulation results are
shown in Fig. 5.1, 5.2 and 5.3. Density response for advection control is shown in Fig.

5.1. In Fig 5.1(a) density response is shown as a mesh plot. We can see that the initial
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density profile is moving towards the right (exit) of the corridor. The second simulation is
shown as a contour plot in Fig. 5.1 (b) where the contour lines vary from 0.6 to 0.1. The

top plot represents the density contour at a fixed distance ofZ/2. Fig. 5.1(c) shows the

density response at different time instants where the density response flattens with
increase in time. The density response for advection-diffusion control is shown in Fig.
5.2. As seen from the plot in Fig. 5.2 (b) the initial density profile is decreasing as well
as moving with time towards the right (exit) of the corridor at a faster rate than before.
There is both advection and diffusion. The comparison between the controllers is shown

in Fig. 5.3.
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Figure 5. 1: Advection control response for one-equation model (a): Density response,
(b): Contours of the response, (c): Density response at different time instants
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Figure 5. 2: Advection-diffusion control response for one-equation model (a): Density

response, (b): Contours of the response, (c): Density at different time instants.
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Figure 5. 3: Comparison of advection, diffusion and advection-diffusion control

responses for one-equation model at different times
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5.3  Advection Control for Two-Equation Model

In this section we discuss advection control for a two-equation model. A convective term
added to the control law gives motion to the model. The control strategy is the same as in
section 3.3.3 where we used the method of backstepping. First we discuss the advection

control alone without a diffusion term. Next we add the diffusion term to the control law.

5.3.1 Advection Control

The two-equation control model given by (3.20) and (3.21) is

0p 0q
2F__%1 A1
ot Ox (5-11)
al——i 2 =u
T [p)+u=u (5.12)

where u = _g_p is the control variable and « = —ai(qz/p)ﬂ: . The control law for (5.11) is
X X

given by (3.28)

q(x,t):G(p):—Djoxa P im (5.13)

om?*

which makes the origin of the above system asymptotically stable. Now let us discuss the
advection control for this system by designing the convective controller for (5.11) given

as

4(x,1) = G(p) = ng':Tpdm (5.14)

such that the closed loop dynamics for (5.11) are
0
which is same as (5.5). The above dynamics have an asymptotically stable origin and a
av(t)

Lyapunov function given by (5.7) which satisﬁesT =0. The second step is to design a
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feedback controller for (5.12) using backstepping method used in section 3.3.3. The goal
is to design a feedback control law # to stabilize the overall system from the knowledge

of the Lyapunov function ¥ (s) for (5.11) and modifying it. Since ¢ is not the actual
control variable, we define the difference between ¢ and G(p) by an error

variable z =¢ -G(p) and obtain the following modified dynamics.

9 __9G(p) o= (5.16)
ot ox  oOx '

0z _

E—Mﬂ (5.17)

where u, =u-9dG(p)/dt is the new control variable. Now let us modify the Lyapunov

functional by adding the error term to (5.7) as
V= .[L (p_ﬁ)zdx +1J.Lz2dx
0 2 0

Therefore the control law as given by (3.27) is

un(x,t):—Kz—z_lpg—)Zc (5.18)

with z=¢-G(p) where G(p) is now given by (5.14) . This control ensures that the origin
(p(x,t)=0,z(x,t) =0 ) of the system (5.16) and (5.17) is asymptotically stable. The final

feedback control law is given by the following partial differential-integral equation

0G J0  ,
vz, s 29002 (5.19)

with u (x,z) given by (5.18) and G(p)=V Xa—pdm. To prove the asymptotic stability of
0 om y

the origin ( o(x,) =0,¢(x,t) =0 ) of the system (5.11) and (5.12) we use the following
proposition.

Proposition 5.3.1 The origin ( p(x,7) = 0,9(x,7) =0 ) of the original system (5.11) and (5.12)
is exponentially stable under the control law u =u, +3G(p)/dt with u, given by (5.18) and

_ap dm

G(p)=V| P
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Proof: The proof of this proposition is similar to the proof given for proposition 3.3.1
with the difference that here we use the solution of advection equation instead of the heat

equation in step 1. The solution of an advection equation is given by (5.16) as
P(x,1) = p, (x = V1)

From the solution we see that advection for compactly supported initial data and moving
in one direction will have pointwise convergence automatically. The rest of the proof

follows as in proposition 3.3.1. Thus we conclude that the origin ( p(x,#) =0,¢(x,7) =0) for

the actual closed- loop system is asymptotically stable.

5.3.2 Advection-Diffusion Control

In this section we add the diffusion component to the control law (5.14) so that there is
diffusion as well as direction to the motion. The convective-diffusion controller given as

the combination of (5.13) and (5.14) is

X (3 X 62
4(x.)=G(p) =V ] andm ] L (5.20)

om?

The closed loop dynamics can be found by substituting (5.20) in (5.11) as

2
oplet) 00 o0, (5.21)
ot Ox ox?

which is same as (5.9). The above dynamics have an asymptotically stable origin and a
Lyapunov function given by ¥ (¢) :IOL p’dx which satisfies condition (5.10). The second

step is to design a feedback controller for (5.12) using backstepping as before. The final
feedback control law for the two-equation model is thus given by the following partial

differential-integral equation

with u, (x,z) given by (5.18) as



x X 2 . . .
with z=¢-G(p)and G(p)= v, aandm -Df g’n—/;dm . This control ensures that the origin

(p(x,t) =0,z(x,t) =0 ) of the system (5.16) and (5.17) is asymptotically stable. To prove the
asymptotic stability of the origin ( o(x,7) =0,4g(x,#) =0) of the system (5.11) and (5.12) we
use the proposition 5.3.2.

Proposition 5.3.2 The origin ( p(x,t) =0,q(x,t) =0) of the original system (5.11) and (5.12)

is exponentially stable under the control law u =u, +3G(p)/dt with u, given by (5.18) and

dm

- X 2
G(p):Vj;a—pdm—D o p

om ° Om?

Proof: The proof follows from the proofs of proposition 3.3.1 and proposition 5.3.1.
5.3.3 Simulation Results

This section shows simulation results for the advection and advection-diffusion control
laws for the two-equation model. The simulation results are shown in Fig. 5.4 and Fig.

5.5. As is seen from the figures, the evacuation is faster in case of advection-diffusion.
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Figure 5. 4: Advection control response for two-equation model (a): Density response,

(b): Contours of the response, (c): Density at different time instants.
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Figure 5. 5: Advection-Diffusion control response for two-equation model (a): Density

response, (b): Contours of the response, (c): Density at different time instants.

54 Control Saturation

The feedback controllers for the one-equation model discussed in chapter 3 and in this
chapter have saturation issues which will be discussed here. The control values in these
controllers become unbounded. So far in the previous chapters we have assumed
unbounded controls. However, the unboundedness poses a limitation on the practical
implementation of the controllers. Therefore in order to take care of control saturation we

redesign our controllers so that there is no unboundedness of control.

5.4.1 Saturation for One-Equation Model

In the control model (5.3) by using the control law (5.1) we have the issue of control

saturation. The control law (5.1) is
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F(otw0)=1-p/pp0pl" DL (5:21)

With this control we could cancel the nonlinearity in the system and convert the system
into a heat equation. But the issue with this control is that it is unbounded because of an
inverse term in it. At p(x,7)=p,, the control becomes unbounded. This situation is
practically impossible as we have limitations on the implementation of the control
variable. Thus in order to take care of control saturation we redesign our controllers so

that there is no unboundedness of control. We choose the following control law

1 _op
—_pr
Foy={p o  P7° (5.22)
vmin p = 0
With this control law for p# 0 we get the following closed loop dynamics
dp 0 op
i la- D=L |=0
P [( P/ Prna) axj
or
op 0’p 0P, >
—+(1- D -1 D(—)" =0 5.23
at +( p/pmax) axz /pmax (ax) ( )

For the above closed-loop dynamics let us choose a Lyapunov functional ¥ (r) given by

(5.6) as

vy =4]dl =1 [0 ar

The time rate of change of V(r) using Leibniz rule is given as d%t(t) = IOL p%—’to dx .Using
(5.23) the time derivate of Lyapunov becomes
D) < f! 111y L e 21
dt 0 max axz max ax
av(t) _ L 0°p L p
7 - _D.[O p(l - p/pmax) ax2 dx +DJ.0 p/pmax (a)2dx (5'24)

For the simplicity, equation (5.24) can be rewritten as

74



dvit
d_t( S (5.25)

Integrating the first integral in (5.25) gives us

ap|l" * b
1, =Dp(- £/ o) L] ~DJ(1+20/ P )0y s (5.26)
0 0

The first term of (5.26) vanishes by boundary condition (3.3). Thus equation (5.24)
reduces to the following

vty __ f0p., L ap.,
— 2 ==D| (— -1 D — 5.27
" l(ax)dx | P {p(ax) dx (5.27)

For the first integral of equation (5.27) we make use of Sobolev inequality (3.16) which

for our case is |o], < |00, = CHZ’O

X

,where Cis a positive real number. Using (3.16) we
2

have

I(g—ffdxz C7 [ pdx (5.28)
0 0

The second integral of (5.27) can be written as / :J'p(g—p)zdx. For this integral we use
0 X
Young’s inequality [41]

1 o 150p
1-2jp dx+2j(ax) dx (5.29)

0 0
The rate of change of V(t) can be thus be found by using (5.28) and (5.29) in (5.27) and is
given by

L L L
aw -DC [ p*dx~1/2p,,, D[ p*dx~1/2p,,, Df (a—p)4dx
dt o o o Ox

Therefore we have the following bound on rate of change of Lyapunov function

dv(t) < f 2 ¢ 004

——<- dx =B (=)"d. 5.30
i Ll (PRl (5.30)
where a=DC™-D/2p,,. and B=D/2p,,. With D being a positive constant. Both the

first and second terms are positive definite functions, therefore as long as a >0 and
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B>0 we have %s 0. It follows that null state of (5.1) is asymptotically stable using

feedback control (5.22).

In this chapter we designed advection and advection-diffusion feedback controllers for
one-dimensional evacuation system. We also modified the controllers in order to take
control saturation into account. In the models used for feedback control so far we have
assumed that there is no uncertainty. However, we want to modify our controllers so that
we take into account the uncertainties or disturbances acting on the system. The design of

robust feedback controllers is discussed in chapter 7.
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CHAPTER 6

ADVECTION FEEDBACK CONTROL DESIGN OF TWO- DIMENSIONAL
CROWD MODELS

6.1 Introduction

This chapter presents design of advection feedback controllers for models given in
chapter 2 representing crowd dynamics in one dimension. These controllers are a
modification to the controllers discussed in chapter 3. In chapter 4, we designed the
nonlinear feedback controllers for one dimensional evacuation models by feedback
linearization. We designed the controllers such that the nonlinearity in the system got
cancelled and the closed-loop dynamics were asymptotically stable. However the closed-
loop dynamics represented by the heat equation suggests that the people are diffusing
throughout the area of evacuation. The motion of people is due to diffusion only and
there is no direction. In order to have an effective evacuation, direction of motion is
important. In this chapter we modify the control laws designed in chapter 4 by adding an

advection component so that there is diffusion as well as direction to the motion.

The organization of this chapter is as follows. In Section 6.2 we modify the feedback
control law for the one-equation model. This section also studies Lyapunov stability for
this model and finally presents some simulation results. Section 6.3 presents the modified
feedback control design and stability analysis for the two-equation system model.

Simulation results for closed loop dynamics are also presented.
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6.2  Advection Control for One-Equation Model

The control model for the two-dimensional one-equation model is given by (4.8)

|

(o0, (1-p/pns)) 5 i=12 (6.1)

9p(x1) , 22:
i=1

ot

(o]

X .

i

where u, is the control component in x,. Using the feedback control law (4.9)

F(pt) =-10-p/po 0 D22 (6.2)

i

the closed- loop dynamics are

g_f-pz)j_lf-p%’;:o 6.3)
which represents the heat equation with D being the diffusion constant. (6.2) suggests
that the people are diffusing throughout the entire area with the rate of diffusion being
determined by diffusion constant D . In this section we will add motion to the model by
adding an advection component to the control law (6.2) so that there is diffusion as well
as direction to the motion. First we shall discuss the advection control alone without a
diffusion term. Next we add the diffusion term to the control law to increase the rate at

which people are moving out of the evacuation area.
6.2.1 Advection Control

In this subsection we discuss the advection control law for the one-equation control

model (6.1). First we discuss the convective controller given as
u =F(p0)=v[0-p/p. )" =12 (6.4)

with 7, being the average velocity in x,direction. The closed loop dynamics are found by

substituting (6.4) in (6.3)

0plnst) )y 9P, P, (6.5)

ot Ox, ox,
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The direction and magnitude of both the speeds can be controlled for an effective

evacuation. The solution of an advection equation in two-dimensions is
P(x,1) = py(x, =Vt,x, =V,t) (6.6)

Now in order to study the stability of (6.5) we choose the same Lyapunov function as

given by (5.7)
v0)= ], (0-P)de= [ (0= py(x, ~Vitex, ~V,0) dQ (6.7)

The time rate of change of Lyapunov is d%t(t) =0. Thus the equilibrium of closed loop

system (6.5) using feedback control (6.4) is exponentially stable. The simulation results

are shown in Fig. 6.1 in section 6. 2.3
6.2.2 Advection-Diffusion Control

The direction of motion as given by (6.4) is important in order to have an effective
evacuation. However, the diffusion term is also important and therefore in this section we
will add a diffusion component to the control law (6.4) so that there is diffusion as well as
direction to the motion. The convective-diffusion controller is given as the combination

of (6.2) and (6.4) as
w. ===l 1A D4y [0-p o] (6.9)

The closed loop dynamics can be found by substituting (6.9) in (6.1)

2 2
0plt) )y 9Py, 0P _ 0% 00 (6.10)

ot ox, Cox,  ox}  oxl

The Lyapunov function as before is given by V' (¢) = .[Q p*dQ and its derivative with respect
: . av(e) _ 2.9%p 2 op : . .
to time ¢ is o D.[ pza—de —.[ oV, 6_dQ' By using (4.13) and Holders inequality
o =1 0X; Q =l xl.

we get the following result
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dvit - 2
)< pe g -1 1edooror). 6.11)

Thus for 2DC™ >0 the equilibrium of closed loop system (6.10) using feedback control
(6.9) is exponentially stable. The simulation results are shown in Fig. 6.2 in the following

section.
6.2.3 Simulation Results

This section shows simulation results for the advection and advection-diffusion control
laws. For simulation the initial distribution for density is considered to be Gaussian. The
simulation results are shown in Fig. 6.1 and 6.2. The density response for advection
control is shown in Fig. 6.1. In Fig 6.1(a) the density response is shown as a mesh plot at
different time instants. The second simulation is shown as a contour plot for different
time instants in Fig. 6.1 (b). The density response for advection-diffusion control is
shown in Fig. 6.2. As seen from the plot in Fig. 6.2 the density is moving towards the

right (exit) of the corridor at a faster rate than before.
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Figure 6. 1: Advection control response for one-equation model (a): Density response
snapshots, (b): Contours of the response at different time instants.
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6.3.1 Advection Control

Advection Control for Two-Equation Model

term. Next we add the diffusion term to the control law.

For the two-equation control model given by (4.17) and (4.18)
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Figure 6. 2: Advection-diffusion control response for one-equation model (a): Density

response at different times (b): Contours of density at different time instants.

In this section we discuss the advection control for a two-equation model and give motion
to the model by adding the convective term to the control law. The control is done using

method of backstepping. First we discuss the advection control alone without a diffusion



9 _ 5%, (6.12)

ot ,:la_xl.
a_qf:”_"‘ =12 (6.13)
where u, = —a%l(qlch/ p)—%(qf/ p)+u, are the control variables. The control law given
by (4.19)
¢,(1)=G,(p(x.0) = D[ 02535’;’ ) im (6.14)

makes the origin of the equation (6.12) asymptotically stable. Now let us discuss the
advection control for this system by designing the convective controller. As a first step

we design the controller for (6.12) given as

4:(:0)=G,(p) =V, [] %dm (6.15)

such that the closed loop dynamics for (6.12) are

0plxst) )y 9P, P, (6.16)

ot X, ox,

which is same as (6.5). The above dynamics have an asymptotically stable origin and a

av(e)

Lyapunov function given by (6.7) which satisfies - 0. The second step is to design a

feedback controller for (6.13) using backstepping method. Since g¢,is not an actual
control variable, therefore by defining the difference between ¢ and G(p) as an error

variable z =¢ - G(p), we get the following modified dynamics.

0p 290G, (p) & oz

R It S pad 1

t ,Zzll Ox, ,Zzll X; 617
0z, _
E—um (6.18)

where u,, =u, -9G,(p)/0r are the new control variable. Now let us modify the Lyapunov

functional by adding the error term to it as
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2 1
V)= [ (p=py (v =Vit,x, =Vy0) dQ+— [ 2%dQ

The control law is given by (3.24) as

0z,

1
- (6.19)

Uy (x’t): —Kz, _Zi_lp

with z =¢ -G/(p) where G(o) is now given by (6.14). This shows that the origin
(p=0,z,=0,z, =0) of the system (6.17) and (6.18) is asymptotically stable. To prove the
asymptotic stability of the origin (p=0,¢, =0,4, =0) of the system (6.12) and (6.13) we
use the proposition 6.3.1

Proposition 6.3.1 The origin ( p(x,t)=0,q,(x,t)=0,q,(x,t) =0, ) of the original system

(6.12) and (6.13) is exponentially stable under the control law u, =u, +93G,(p)/dt with

u,.given by (6.19) and G,(p)=-V, .[0 apa(x, t) im
m

Proof: The proof of this proposition is similar to the proof of proposition 5.3.1 where we

use the advection solution given by (6.6).
6.3.2 Advection-Diffusion Control

In this section we will add the diffusion component to the control law (6.14) so that there

is diffusion as well as direction to the motion. The convective-diffusion controller is

given as the combination of (6.14) and (6.15) as
_ _ 5 Op(x, t) 5 07 p(x, t)

450 =G, (p) =V, [ === dm =D — = dm (6.20)

The closed loop dynamics using this control law are given as

2 2
ap(x,r)wla_pw 9 _p0°p_ 0P, (6.21)

ot ox, ox,  ox}  oxl

which is same as (6.10). The above dynamics have an asymptotically stable origin and a

Lyapunov function given by (6.6) which satisties condition (6.11). The second step is to
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design a feedback controller for (6.13) using backstepping as before. The final feedback

control law for the two-equation model is thus given by (6.19)

Uy (x’t): —Kz, _Z,’_Ip%
Ox,

with z =¢ -G/(p) where G(o) is now given by (6.20). This shows that the origin
(p=0,z,=0,z, =0) of the system (6.17) and (6.18) is asymptotically stable. To prove the
asymptotic stability of the origin ( 0=0,¢, =0,q, =0) of the system (6.12) and (6.13) we
use the proposition 6.3.2.

Proposition 6.3.2 The origin ( p(x,t)=0,q,(x,t)=0,q,(x,t)=0, ) of the original system

(6.12) and (6.13) is exponentially stable under the control law u, =u, +93G,(p)/dt with

u, given by (6.19) and G,(p)=-V, jo a—dm —D.[OX' a—) dm
m

Op(x, t) 9’ p(x, t
m2
Proof: The proof follows from the proofs for proposition 4.3.1 and 6.3.1.

Thus we conclude that the origin ( o(x,t) =0,q,(x,7) =0,q,(x,t) =0 ) for actual closed- loop

system is asymptotically stable.
6.3.3 Simulation Results

This section shows simulation results for the advection and advection-diffusion control
laws for two-equation model. The simulation results are shown in Fig. 6.4 for advection
law and in Fig.6.5 for advection-diffusion law. As is seen from the figures the evacuation

1s faster in case of advection-diffusion.
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Figure 6. 3: Advection control response for two-equation model (a): Density response

snaphots, (b): Contours of the response at different time instants.
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Figure 6. 4: Advection-diffusion control response for two-equation model (a): Density

response snapshots, (b): Contours of the response at different time instants.
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In this chapter we designed advection and advection-diffusion control laws for two-
dimensional evacuation system. In next chapter we will discuss the design of robust
feedback controllers where the control design objective is to minimize the effect of

uncertainty on closed-loop system response.
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CHAPTER 7

ROBUST FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF
ONE DIMENSIONAL CROWD MODELS

7.1 Introduction

In previous chapters we addressed the control of crowd dynamic systems without
accounting for the presence of uncertainty in the design of the controller. The uncertainty
is a mismatch between the model used for controller design and the actual process model.
The uncertain function may include uncertain model parameters or external disturbances.
Here we consider the case where we have an uncertainty in the input « to the system.
The uncertainty is due to the mismatch between the control command and the actual
control command followed by people and is distributed in space. The objective is to
develop a framework for the synthesis of distributed robust controllers that handle the
effect of this uncertain variable. A distributed robust controller is derived that guarantees
boundedness of state and achieves asymptotic stabilization with arbitrary degree of
asymptotic attenuation of the effect of uncertain variables on the output of the closed-
loop system. The controller is designed constructively using Lyapunov’s direct method
[31] and requires the existence of known bounding functions that capture the magnitude
of the uncertain term. This chapter presents the design of robust nonlinear feedback
controllers for two models given in chapter 2 representing crowd dynamics in one-
dimension with uncertainty in the control input. The models are based on the laws of
conservation of mass and momentum and are given in subsection 2.2.1. In both cases the

objective of control design is to synthesize a nonlinear distributed feedback controller
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that stabilizes the system and guarantees stability of the closed loop system in presence of

uncertainty.

The organization of this chapter is as follows. In Section 7.2 we formulate the uncertain
control model and present robust control design for the one-equation crowd model. This
section also studies Lyapunov stability for this model. Simulation results for closed loop
dynamics are presented where the developed control method is tested with a disturbance
in the system. Section 7.3 presents the robust control and stability analysis for the two-

equation system model.

7.2 Robust Control for One-Equation Model

In this section we formulate the uncertain control model and present robust control design
for the one-equation model. The problem is to design a state feedback control that
guarantees the desired performance of the closed-loop system irrespective of uncertain

elements. The one-equation model is given in subsection 2.2.1 by (2.7) as

ap(x5 t) + a(q(x5 t)) — 0 (7 1)
ot Ox '

Here p(x,t) is the variable we want to control. The flow ¢(x,#) is obtained as a product of
density and velocity as q(x,t) = p(x,)v(x,t) and the velocity-density relationship as given

by Greenshield’s model is

v=v,(1= 0/ Pus) (7.2)
where v, =v,(x,7) i1s the free flow speed and p,, is the maximum or jam density. The
one-equation model is therefore given by

op, 9 _ -
3 o (pv,-(l p/pmax)) 0 (7.3)

By choosing free flow velocity vector field v, =v,(x,7) as the distributed control variable

denoted by u we get the following control model
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Jdp 0 _ _
EJ'&(’O”O P/ Pr)) =0 (7.4)

7.2.1 Input Uncertain Control Model

Let us consider that the uncertain variable for this system is the control input or the free
flow velocity. This means that there is an error in the control command and the actual
input command followed by people. The uncertain model is therefore given as

g—p+i[(1—p/pmax)p(u+e)]:o (7.5)
t Ox

In above equation 8=6(t,u,p) denotes the unknown function which takes care of

uncertainty in the input « to the system. The uncertain term here satisfies an important
structural property namely it enters the state equation exactly at the point where the
control variable enters. This property will be referred to as the matching condition. The

nominal model (the system without uncertainty) for this system is described by

Jdp 0
FiZia- =0
5 ax[( B P )PU]

The first step is to design a stabilizing feedback controller for the nominal model. With

the feedback controller (3.8) u = F(p) given in chapter 3 as

F(p) =-[0-p/p o 08" DL (7.6)

we get the nominal closed-loop system as

op_,0°p _
E_Daxz =0 (7.7)

Thus with |0(t,u, p)| =0and u = F(p) the nominal closed loop model (7.7) has exponentially

stable origin and there exists a Lyapunov function
v =4lef} =414 ax
which satisfies d%t(t) <-pV(t)=-2DC “||p||§ with g=2D.
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7.2.2 Robust Control by Lyapunov Redesign Method

In this section we consider the system of (7.5) and address the problem of synthesizing a
distributed state feedback controller that stabilizes the closed-loop system irrespective of
the uncertainty. The controller is designed constructively using Lyapunov’s direct
method where we use the Lyapunov function for the system to design feedback control.
A standard method for finding a Lyapunov function for an uncertain system is developed
in [42] and is known as Lyapunov redesign. This technique has been incorporated in
various books like [31], [43]. The key idea of this method is to employ a Lyapunov
function for the nominal system as Lyapunov function for the uncertain system. This re-
use of the same Lyapunov function is referred to by the term “redesign”. The Lyapunov
redesign technique uses a Lyapunov functional of a nominal system to design an
additional control component to robustify the design to a class of large uncertainties that
satisfy the matching condition; i.e., the uncertain terms enter the state equation at the
same point as the input. Lyapunov redesign can be used to achieve robust stabilization.

The goal is to design feedback control law for (7.5) as
u =F(p)+G(p) (7.8)

such that we achieve closed loop stability and asymptotic attenuation of &(z,u, p) where
G(p) is a nonlinear operator mapping H°[(0,L),00] into H'[(0,2),0]. In equation (7.8)
F(p) achieves closed loop stability and G(p) asymptotically attenuates the effect
of6(t,u, p). The function F(p) will be designed by the previous approach and G(p) will
be designed using Lyapunov redesign method. The design of function G(p) is known as

Lyapunov redesign [31] and is done on the basis of the assumption that we have a
bounding function that captures the size of the disturbance. Let us assume with controller
(7.8) there exists a known smooth function which bounds the magnitude of uncertain

variables as:
|6, u, p)| =[6, p. (F(0) + G(p)| < w2, p) + K|G(p)| (7.9)

where y is a nonnegative H' function and is a measure of size of uncertainty 8(z,u, p).

From estimate (7.9), the only requirement is the knowledge of y which doesn’t

92



necessarily have to be small. From the knowledge of Lyapunov function V() and
functions y and « the goal is to design G(p) and apply u=F(p)+G(p) to the actual

system (7.5) such that the overall closed loop system is stabilized in presence of

uncertainty. By using the control law (7.6) the feedback control law (7.8) is given by
4.0
u = =[(1= 0/ P )P) ‘Da—f+G(p) (7.10)

Under the feedback control law (7.10) the closed-loop dynamics for (7.5) take the form

w_p0p 0

5 " Dar 5 11 = PP G(P) =0 (7.11)

Thus the error in the closed loop dynamics (7.10) and (7.13) due to input uncertainty is
given by

E % [0~ 0/ £ ) G(0)] (7.12)

Let us denote the component G(p) of control input (7.8), by v and w(p)=p0(1-p/p,..)

we can rewrite (7.12) as

=

_9w) = v (0w/dx) = w(dv/dx) (7.13)
Ox

where dw/dx =(1-2p/p,, )0p/0x . The magnitude of this uncertain term with respect to

L,norm is given by
||9(t, P, u)||22 == Hv (6w/6x)|2dx + .[ |w(6v/6x)|2dx + 2.[ |v (aw/ax)”w (6v/6x)|dx (7.14)
0 0 0

The bound on the magnitude of uncertainty (7.14) can be found by applying Holders

inequality [41] to each integral term in the above equation, which results in
6, o0, < M ll@w/an), +ll@v/axy; +2l @w/an] v @w/av],
Therefore from the above inequality we have the following bound on uncertainty
e, ., <M, [@w/an), +[w,J@v/an],

=y(p,0)+Kk(p,t)v (7.15)
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where «(p,1) =@w/dx)|,, y(p.1)=|w|, and v =|v|, /|[(@v/ax)|,. This bound will be utilized to

design the control law G(p). Let us now apply control law (7.8) to the input-uncertain

system (7.5) so that the closed-loop dynamics take the form

op

5 +—x[p(1 p/pmax)(F(p)]+—[p(l P/ P NG(P) +6)]=0 (7.16)

As can be seen the system (7.16) is a perturbation of the nominal closed-loop system

(7.7), the third term being the perturbation. Let us choose the Lyapunov function ¥ (¢) for

(7.7) same as before. To design G(p) we find the rate of change of Lyapunov function as

av(t)

L 0 2 ¢ 0
=] pa—f dx< =Kol + ] o101~ £/ Pun NG(P) + O)ldx (7.17)

The first inequality is because of the asymptotic stability of nominal closed-loop system

(7.7). We need to choose a control law G(p) so as to cancel the destabilizing effort of
8(t,u, p) on dv(c)/dt . The law G(p) should be such that the second term in (7.17) is
negative semi-definite in order to have asymptotic stability. By using w(p) = p(1-0/p,...)

and denoting G(p) by v we can rewrite (7.17) as

e P (7118)

Since the disturbance in our case is a function of space and time that is 8 =6(,u, p), let us

define 6=a(w6)/dx and a new control variable v =d(wv)/dx. Therefore we have

av(t)
dt

< k|l - ([ oidx + [ pi) (7.19)

Now let us apply the Holders inequality to the second integral in the second term of

(7.19). This results in the following

(7.20)

dV(l) _ 2
0 o

By using Sobolev inequality (3.16) we can show that “Hﬂz =|o(wé)/ax|, =C'|wé|, and by

using (7.15) we have the rate of change of Lyapunov as

94



) <[ sl )| (.21)

Now let us choose the state feedback control as following

_-n(p.1)
K(p.1)

or y= ( P0 t))d (7.23)
WO K(pat)

w(x,t)

where 7(p,t) = y(p,t) 1s a nonnegative function. By using this control law we can show

that v = M. > M. =C™". Using this relation we can write (7.21) as
lov/ox], i,

de(t) < kA, ‘@ pid+C ‘1||P||2||M|2(V+KC“)J (7.24)

By using the control law (7.23) and then applying Holders inequality to the integral term

L
in above equation it becomes [ pidx <C||,|w], |7/4|, - Hence (7.24) can be written as
0

0 < of:~ (el by~ el i, o)

As long as (C|p/k|,-«C")<y , we have asymptotic stability in presence of the

disturbance. The robust control law for (7.5) is therefore given as

—__ _ -1 a_p ”(pst)
w=1-p/pp )0l D4 (K(p,t) e t))d (7.25)

7.2.3 Simulation Results

This section shows simulation results for the system (7.5) using the robust control law
(7.25). For simulation the initial distribution of density is considered to be Guassian. The
simulation results are shown in Fig. 7.1, 7.2 and 7.3. The density response for nominal
control model (model without uncertainty) is shown in Fig. 7.1. In Fig 7.1(a) the density
response is shown as a contour plot which shows people moving towards the right (exit)
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of the corridor. The simulation in Fig. 7.1(b) shows the density response at different time
instants where the response flattens with time. The density response for uncertain model
is shown in Fig. 7.2. We have added a step function (with respect to time over all
distance) disturbance to the system. As seen from the plot in Fig. 7.2 (b) the density is
moving back because of the disturbance. In Fig. 7.3 we show the response with the robust
controller (7.25) added to the system. As is seen from the figure the response has

improved and the effect of disturbance is cancelled.
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Figure 7. 1: Density response for one-equation nominal-model, (a): Contours of the
response, (b): Density at different time instants.
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Figure 7. 2: Density response for one-equation uncertain-model, (a): Contours of the
response, (b): Density at different time instants
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Figure 7. 3: Robust control response for one-equation uncertain-model, (a): Contours of
the response, (b): Density at different time instants

7.3  Robust Control for Two-Equation Model

In this section we formulate the control model and present robust control design for the
two-equation model. This section also studies Lyapunov stability for this model and
presents some simulation results. We also consider the uncertainty in the input to the
system. The control design is done using a combination of both Lyapunov redesign and
backstepping and the technique is referred to as robust backstepping. Let us consider the
two-equation model for a one dimensional corridor. The model is a higher order model or
more precisely a system of two partial differential equations and consists of conservation
of mass equation coupled with a second equation based on the principle of conservation
of momentum. The model is given in subsection 2.2.3 by (2.9) and (2.10) as

2.2 -y (7.25)
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a2 ==L (7.26)
Here p and ¢ are the variables we want to control. For pedestrian evacuation the final
density and flow should be equal to zero; that is p(x,z,)=0 and g(x,z,)=0. For this
model we choose divergence of pressure dp/dx as distributed control variable u thus

giving us the following representation

op Ogq

9% % 7.27
ot Ox ( )
% _g (7.28)

t

where u = —ai(q2 /p)+u is the new control variable. Now let us consider the uncertainty
X

in the control input for this system. We can have both matched as well as unmatched
uncertainties depending upon which equation contains the uncertainty. We can have

uncertainty in (7.27) where it enters the equation through the flow variable ¢ which

means that there is an error between the flow control command and the actual people

flow. For this case the uncertainty is unmatched since ¢ is the “conceptual” control input

to this equation and is not the actual control input (7.28). We can also have uncertainty in

the control variable dp/dx in which case the uncertainty is matched and we can have

both. The control design scheme in all cases is that of robust backstepping [43] where we
do a combination of backstepping and Lyapunov redesign. Now let us discuss these cases

one by one.
7.3.1 Robust Backstepping: Unmatched Uncertainty

Let us first consider the uncertainty in the input ¢ to the nominal system (7.27). This
means that there is an error in the actual flow control command ¢ and the actual people

flow of people. The control design strategy here is robust backstepping which is the

combination of backstepping and Lyapunov redesign. The uncertain model is given as
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op

9
t Ox

(q+6) (7.29)

(3]

_‘tfza (7.30)

where 8=06(t,u, p) is the unknown function which takes care of the disturbance in the
input ¢ to (7.27). The uncertain term for the overall system (7.30) is unmatched as it does

not enter the system at the same point as the input # even though it enters equation (7.27)
through the conceptual input ¢ . As a first step we design a robust control for equation
(7.29) using Lyapunov redesign technique and in the next step find the control law for the

overall system (7.30) using backstepping.

1. Lyapunov redesign: The first step is to design a robust controller for (7.29) using

Lyapunov redesign method. The goal is to design robust control law for (7.29) as
4=G(p)+v=G(p) (7.31)

such that we achieve closed loop stability and asymptotic attenuation of 8(t,u, p). G(p) in
(7.31) achieves closed loop stability and v asymptotically attenuates the effect of
O(t,u,p). The function G(p) is designed from the feedback linearization of nominal

model (7.27) for (7.29) and v will be designed by using Lyapunov redesign method. The

nominal model (7.27) is given as

The stabilizing feedback controller ¢ =G(p) for this nominal model from (3.22) given in

chapter 3 is

60 =-D[2L am (7.32)

om’

which gives the conceptual nominal closed-loop system as

0 02
a_f-p axf =0 (7.33)

101



The nominal closed loop model (7.33) has an exponentially stable origin and there exists

a Lyapunov function V() given by (3.16) which satisfies d%t(t) <-pr@t) with g=2DC™".

Now by using (7.32) the control law (7.31) becomes

q:—DJ;Z 6dm+v (7.34)

0

which gives the following closed-loop dynamics for (7.27)

2
9 _pop__, (7.35)
ot ox? Ox

Thus the error in the closed loop dynamics (7.33) and (7.35) due to input uncertainty is
given by

a0, pu) = -% (7.36)

The magnitude of this uncertain term with respect to L, norm is given by

|6, p.w)|, =—|ov/ax|, which due to Sobolev inequality (3.16) is
jow. ool < Vb, (2.37)

where y=C™". Let us now apply control law (7.33) to the input-uncertain system (7.29)

so that the closed-loop dynamics take the form

2
9B _pdp_v_06_, (7.38)
ot ox* 0x Ox

Let us choose the Lyapunov function V() for (7.29) same as before. To design v we find

the rate of change of Lyapunov function as

oV (1) 2 (L Ov L 06
=5 SDlel - [y o] pga

Now let us define 6=06/ax and a new control variable v =dv/ax. Therefore we have

av . -
S < -Dlof: - | pia [, phis (7.39)
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Now let us apply the Holders inequality to the second integral of (7.39). This results in
the following

oV (t)

=, = ~Plel - [} pie-|al,

9

>C™|4|,, thus by using this relation

2

2

From Sobolev inequality (3.16) we have H6ﬂ2 :H?
X

in conjunction with (7.37) we get the rate of change of Lyapunov function as

0 . - .
"0 <-plf; - ! piax 7ol I, (7.40)

Now let us choose the control law as
5= p(x,0)
1-k
or v=-[ pix (7.41)

where 7(p,1) = y(p,t) . Using this control law in (7.40) we get

G

V) <ol - 14

7
-«
which is negative semi-definite as long as C™' -1=20 thus giving us asymptotic stability.
Therefore robust control that stabilizes the uncertain model (7.29) is given as

a’p
om*

g=-D[ 2 Lan-| L pix (7.42)
0 0

2. Control by backstepping method: The next step is to design a feedback controller for
overall system (7.30) using backstepping method used in section 3.3.2. The goal is to
design feedback control law «# to stabilize the overall system from the knowledge of

Lyapunov function ¥ (¢) for (7.29) and modifying it. We proceed with the control design

in a similar way as in section 3.3.2 as follows
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1. First design a conceptual control law ¢ =G(p) for (7.29) from the previous step to
stabilize origin p(x,£)=0 . With this control law the conceptual closed loop
dynamics for (7.29) are asymptotically stable and there exists a Lyapunov

function to (3.14) which satisfies d%t(t) <-pr(t).

2. Since gis not the actual control variable, defining the difference between ¢ and

G(p) by an error variable z = ¢ - G(p), we get the following modified dynamics.

9 - _ _o= (7.43)

% =u (7.44)

where u, =i -G (p)/dt is the new control variable.

3. Now let us modify the Lyapunov functional by adding the error term to it as in

(3.26) which is given by
Vo0 =v @+ = Lo e L
“ 2l 7o 29
with z=¢-G(p). The control law u,is given by (3.27) as
., 0z
u, (x,t)=-Kz-z p— (7.45)
Ox

This control ensures that the origin of the system (7.43) and (7.44) is
asymptotically stable.

Thus the final robust feedback control law for (7.29) and (7.30) is given by the following

partial differential-integral equation

weu, + 20010 g2 (7.46)
ot Ox
. . _ _ X a2p L ,7
with u,(x,7) given by (7.45) and G (p) =-D[—5dm~[—— pdx .
o Om 01—k

7.3.2 Robust Control: Matched Uncertainty
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Let us consider the uncertainty in the input to the overall system (7.26) which means that
there is an error between the actual value and control command for gradient of

pressure dp/dx . By assuming the uncertainty in input « in second equation we have our

input uncertain model as

op Ogq
r-_A 7.47
ot Ox ( )
9 9 9
L= (q’ /)= (p+0) (7.48)
t 0x 0x

Here the uncertainty is matched as it enters the system at the same point as actual control
input « . With |6(t,u, p) =0 the nominal model for this system is given by (7.27) and
(7.28). As a first step towards the control design we design feedback control for the
nominal model (the system without disturbance) by applying backstepping technique.
After that the robust control for the uncertain system (7.48) is designed using Lyapunov

redesign technique. We proceed with the control design as follows

1. Control by backstepping method: The first step is to design a feedback controller
u=-dp/ox for the nominal two-equation system (7.27) and (7.28) using backstepping

technique. The controller as designed in section 3.3.2 is given by (3.28) as

w22y, 200), 2 2y, (7.49)
X

2
9 pdm.

om?

where u, is given by (3.27) as u, =Kz —z_lp%, with z=¢-G(p)and G(p)=-D|’
X

The nominal system (7.27) and (7.28) is asymptotically stable and there exists a
Lyapunov function ¥, (r) given by (3.26) as

Vo=V + | =4 o de+t [ dx (7.50)

which satisfies <28V (1ywith B=2DC™

dv, (1)
dt

2. Lyapunov redesign: The next step is to design a robust control for the uncertain model
(7.47) and (7.48) using Lyapunov redesign method. The goal is to design feedback

control law
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u=u+v (7.51)

such that we achieve closed loop stability and asymptotic attenuation of &(¢,u,p). u is

given by (7.49) and v will be designed by using Lyapunov redesign method. Now with
the feedback controller & =u+v or p :jﬁdx+v the error in the closed-loop dynamics for
0

the nominal and actual models due to the input uncertain term is

o, p,u) = —%

The magnitude of this uncertain term with respect to L, norm is given by
l66. p.0], = -{ovja,
which by using Sobolev inequality can be shown as

e o, <=, (7.52)

where y=C™". After applying control law (7.51) the rate of change of Lyapunov function

V(1) is

av,(¢)

a

dt

T oo L
<ol -kl - o3 =] o2 s

or

av,(t) _ foav  t 08
= 20V, (¢) b[padx .([padx (7.53)

Let us define v=0a(v)/dx and 8=0(8)/dx , therefore (7.53) becomes

av,(¢)

a

dt

<27, (1)~ | pidc | pls (7.54)

By applying Holders inequality and Sobolev inequality (3.16) to the third term in the

above equation and then by using (7.52) we have

av,(¢)

a

dt

<27, (1)~ | pidx -7 |, i, (7.55)

Let us choose the control law as before

106



b= pix,0)
1-k

or y=- LLpdx (7.56)

01-k

where 7(p,t) = y(p,t) . Using this control law (7.54) becomes

)

av,(¢)

a

dt

<=2, (1)-|el: %

Hence we have asymptotic stability as long as (C™" -1=0). Thus the robust feedback

control is given as 4 =u+v with u given by (7.49) and v is given as

y= —fL podx (7.57)

1-«
7.3.3 Robust Control: Both Matched and Unmatched Uncertainties
Now let us consider both matched and unmatched uncertainties for the two-equation

model. This means that there is uncertainty in the input dp/dx to the overall system (7.25)

and (7.26) and also in the input ¢ to (7.25) in the flow. Therefore we have our uncertain

model as
o0p __ 0
o1 o (q+01) (758)
Oq __ d q°. 0
YRR (_p)+_6x (p+6,) (7.59)

Here the uncertainties are both matched as well as unmatched. The errors 6, and 6, are
given by (7.36) and (7.52) as 6,(¢, p,u) =—0av,/dx and 6, (¢, p,u) =-0dv, /d0x respectively and
are bounded as |6, («, p.u)|, < yjv|, and |6, p,u)|, < Yv,|,. The control design scheme

will be a combination of the designs for matched and unmatched uncertainties obtained in

sections 7.3.1 and 7.3.2. We proceed with the control design as follows
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1. Control by Lyapunov redesign: The first step is to design a robust feedback controller
q=G(p)+v, for (7.58) using Lyapunov redesign technique. The control is given by (7.42)

as

xa2p L ,7
=-D S .
q .([amzdm .([l_Kpdx (7.60)

with v, :—jﬁpdx . The controller stabilizes equation (7.58) in presence of
1=

uncertainty 6, . The Lyapunov function is given by (7.33) as V(1) =-1/2|d..

2. Control by backstepping:: The next step is to design a controller for the nominal

model (model without uncertainty 6, ) using the backstepping approach.. The model
given by (7.29) and (7.30) is the nominal model

op__0

+6
y ax(q 1)

Ogq 0 q°. 0p 0 q°
99__°% 4, ,°%°__9 49 61
o aw g T (7.61)

The controller u :_g_p is given by(7.46) as the following partial differential-integral
X

equation

wmu, + 2, 2 (7.62)

X 2 L
G(p)=- Dj op dm —j& pdx . The modified Lyapunov function for this system is
0 0

V@) =Ve)+L|4 :§j0L|p|2dx+§j0L|z|2dx

3. Control by Lyapunov redesign: In the final step we design the robust feedback control

i =u+v, for overall system (7.60) using Lyapunov redesign obtained in section 7.3.2.
The feedback control is thus given as
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ﬁ:u+v2:u—j%pdx (7.63)

0
The control law u is given by (7.62). The Lyapunov function for this system is same as
in the previous step. Therefore we achieve asymptotic stability and disturbance

attenuation with this controller.

In this chapter we designed robust feedback controllers for one-dimensional case. We
designed controllers for uncertainty in the input. For one-equation model the uncertainty
is matched and we used the method of Lyapunov redesign which achieved the attenuation
of disturbance. For the two-equation model we discussed both matched as well as
unmatched uncertainties and a combination of both. We used the method of robust
backstepping which is a combination of Lyapunov redesign and backstepping. In all the

controllers we achieved both asymptotic stability and disturbance attenuation.

In all the feedback controllers designed so far we have observed that the difficulty in
control design for systems increases as we increase the number of partial differential
equations representing the dynamics. However, as we increase the number of PDEs
representing the dynamics the accuracy of the model increases. This motivates the study
of abstraction for infinite dimensional systems which will be the topic of chapter 9. The
goal here is to abstract the evacuation system having higher number of partial differential
equations by a system which is represented by lower number of partial differential
equations and find the transformation for control design. In working towards the study of
abstraction and the issues related with control design transfer for an infinite dimensional
system we will first study the abstraction for finite dimensional case and extend the
results to infinite dimensional case from there. In finite dimensional abstraction we
discuss an example of a robotic car for abstraction. In chapter 8 we will first present some
mathematical preliminaries to build a framework for finite dimensional abstraction and in
chapter 9 we will consider the abstraction example for a robotic car. The goal is to extend

the same framework for abstraction to get similar result for the evacuation case.
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CHAPTER 8

ABSTRACTION PRELIMINARIES

8.1 Introduction

In this chapter the mathematical background needed for finite dimensional abstractions is
presented. Some differential geometric concepts that are used in later chapters are
introduced. A full treatment of these concepts can be found in [44], [45], and [46]. We
also introduce the notions of ®-related vector fields and ®-related control systems and

present some important results on abstracted linear control systems from [17].

8.2 Definitions

The tangent space to smooth manifold M at p is the space of real linear mappings X,

whose domain is all smooth functions defined on a neighborhood of p , satisfying

x,(f2)=x,(1)elp)+ r(p)X,(g) (8.1)

for all smooth f, g defined on a neighborhood of p. The tangent space associated

with p L] M is denoted by T, M .The union of all tangent spaces denoted by

™ = | Jr,m (8.2)

paM
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is called the tangent bundle of M .

The canonical projection map Tt : TM — M takes a tangent vector X, [1 T,M [1 TM to the

point p O M. If M =" locally, then 7,0" = 0" and 70" = 0" x O".

Let @ : M — N be a smooth map between two smooth manifolds M and N. The tangent
map T,® : T,M — T,N takes forward tangent vectors from 7,M to T,N where p [ M and

g = ®(p) O N. The union of all fangent maps is denoted by

ro=Jro. (8.3)

paM

If M and N are both Euclidean spaces then 7,® = %;:H ooy and T® = d® is the total

derivative of .

A vector field X is a smooth map X : M — TM that assigns to every point p [J M a tangent
vector X(p) U T,M 00 TM. A smooth curve c: I — M that satisfies

c'(t) = X(c(1)) (8.4)
forall J7 00, is called an integral curve.
Given two vector fields X and Y on M, the product denoted by [X,Y] and given by
[X.Y1,(H) = X,(Y(f)) — Y,(X()) (8.5)
is called a Lie bracket.

A distribution A on M assigns to each p U M a subspace of T,M. The distribution
generated by vector fields X;,X>,..., Xk is given by A = span[X,Xa,...,.Xk]. A vector field X
belongs to a distribution A if X(p) [ A(p) for every p U M.

Given a distribution A, Lie(A) is the Lie algebra generated by A. It is obtained by taking

the span of iterated Lie brackets of vector fields in A.

The following definition ensures that for any vector field X, the tangent map 7®(X(p)) is
well-defined for all p U M.
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Definition 8.1 (P-Related Vector Fields): Let @ : M — N be a smooth map between
manifolds M and N. Let X and Y be vector fields on M and N, respectively. Then X and Y
are @P-related if for all p [JM

TOX(p)) = Y(®()). (8.6)

Equivalently, if @: M — N is a smooth surjection, then for any vector field X, TP(X) is
well-defined on N only if

T, ®X(p) =T, P(X(p,)) (8.7)
whenever @(p;) = P(p,) for any p,p> [IM.

Fig. 8.1 shows the relationship between vector fields in manifolds M and N. The vector

fields X and Y are ®-related if 7®(X(p)) = Y(P(p)) for all p I M.

Y(@(p)

Figure 8. 1: The relationship between vector fields in M and N. The vector fields X and
Y are ®-related if T®(X(p)) = (P(p)).

It is useful to view ®-relatedness of vector fields in terms of their integral curves. The
condition on the integral curves of two ®-related vector fields is given by the following

theorem from [44].

Theorem 8.2: Suppose X and Y are vector fields on M and N respectively and let @ : M
— N be a smooth map, then X and Y are @-related if and only if for every integral curve

cof X, ®oc is an integral curve of Y.
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Next, the concept of ®-relatedness of vector fields is extended to control systems. In

order to have a coordinate free and general description of control systems, the concept of

fiber bundles is used.
Let us consider nonlinear control systems described by the ordinary differential equations
x(2) = f (x(0), u(t))
Y(#) = h(x(®),u(?)) (8.8)

where x(¢) O 0" denotes the state of the system, u(f) 0 0™ denotes the control input, and

() O O7 denotes the output of the system. The control system in (8.8) can be described
using the commutative diagram in Fig.8.2 adapted from [46].

SR % R™ (i /)
{(x(1),u(1))

Figure 8. 2: Local description of a control system.

In the figure,
(i) (x(0),u(1)) = (x(2), 1 (1))
TH(x,u) =X
(x, x)=x (8.9)
This control system representation can be generalized from the above local description to

a global one on a manifold M as shown in Fig.8.3 adapted from [46].
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Figure 8. 3: Global description of a control system.

The components of the control system can be described as follows:

M - the state space manifold

T :B — M - a fiber bundle
 TU'(x) - the state dependent input spaces where x 0 M
* TM - the tangent space of M

e TU':TM — M - the canonical projection of 7M on M

F: B - TM - the system dynamics

In other words, for any point (x,u) in B, F(x,u) = (x,f(x,u)) where f(x,u) is the velocity
vector at the point x [J M. Using the local coordinates of the manifolds, this

representation is exactly the same as given above.

The fiber bundle T : B — M is often simply MxU for some input space U. However,
this is generally not the case because the input space may be dependent on the state. The
use of product MxU is then insufficient to describe the space. The product space can be

generalized into the form of a fiber bundle, defined as follows.

Definition 8.3 (Fiber Bundles) (B,M,77U,{O;}; 7)) is called a fiber bundle if the

following holds.
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*  Bis a smooth manifold called the total space.

* M is a smooth manifold called the base space.

*  Uis a smooth manifold called the standard fiber.
* JI: B - M s a surjective submersion.

* [0y g1 is an open cover for M such that for every i [J] I, there exists a
diffeomorphism W: 1'(0) — O; x U such that 150 Y = 1T where T is the
projection from O; x U to O;. The submanifold 1T (p) is called the fiber at p (M.

Fig. 8.4 illustrates the relationships of a fiber bundle. The definition of fiber bundle is

given in [46].

Figure 8. 4: Fiber bundle.

Definition 8.4 (Control Systems) A control system S = (B,F) consists of the following
* A fiber bundle 1m: B — M called the control bundle.
* A smoothmap F : B — TM which is fiber preserving.

A map is fiber preserving if T'(F) = T, where TU' : TM — M is the tangent bundle
projection.Fig.8.3 illustrates, globally, the relationships of a control system and Fig.8.2

shows the local relationships for an n-dimensional system with m inputs.
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Definition 8.5 (Trajectories of control systems) Let [ U [1. 4 smooth curvec : I — M

is called the trajectory of the control system (B, F) if there exists a curve ¢ : I — B such
that c®) = c.

This definition translates into local coordinates as the well-known concept of trajectories

in a control system given by i = f(x,u,t). Locally, a trajectory is a curve x(f) for which

there exists an input u(¢) such that x(¢) = £ (x(¢),u(t),t).

Definition 8.6 (d-Related Control Systems) Let @ : M — N be a smooth map and let
Sy = (Bu,Fyy) and Sy = (By,Fy) be two control systems with 75, - Byy — M and 7% : By
— N. Then control systems Sy and Sy are @-related if

T®o Fy (7, (p) O Fy (7, (P(p)) (8.10)
for all p [ M.

The following example, motivated by the double integrator example in [17], illustrates

concept of ®P-related control systems in higher dimensions.

Example 8.7 Consider the control system, Sy, given by

Xy X
).CZ =1 x5 (81 1)
).C:; u

where M =[0° and u 0 0. Let ®-relation be the projection map defined by ®(x;,x2,x3) =

(x1,x2). Define the control system, Sy, to be

H
X, v

where N = 0% and v O 0. Let p = (x1,x2,x3) be a point in M. Then vector fields in Sy

mapped from vector fields in S, are found by the following process.
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D= (x,x,,xy)OM
U, ™
(x5 %,,x5,u)0 B,
UF,
(xl,xz,x3,[x2,x3,u]T)DTM
)

(xl,xz,[xz,x3]T)D N
Similarly, vector fields in Sy originating from ®(p) are found as follows.

p=(0x,x,,x)OM
lo
(x,xy,)ON
U™
(x,x,,v)0B,,
UF,
(xl,xz,[xz,v]T)D N
Setting v = x3 generates the corresponding vector field in N. Because of the freedom in
the control input v, Sy can generate any vector field that is mapped from S), as illustrated

in Fig.8.5. So it follows that T® o F,, (77, (p)) O F,, (77, (®(p))) and control systems Sy, and

Sy are ®-related because v [ .
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X3 -

Y

TopN

Figure 8. 5: The mapping of vector fields in S), to Sy

In addition to constructing abstractions it is also desirable to propagate properties
between systems. In particular the property of controllability is reviewed here. The

following definitions [47] of reachability are utilized towards that end.

Definition 8.8 (Reachability) Let S = (B,F) be a control system on a manifold M. Given
a point p [JM, the reachable set in time t [J1 [] [ is defined as

Reach (p,S)={p' OM|Uc:1 - M such that
c(t)y=pand c(t,) =p', for 1, t, O I}. (8.13)

Furthermore, reachability of a set can be defined for 4 [1 M as

Reach(4,5) = | J Reach(p,S). (8.14)

pd4a
Using the concept of reachability, controllability can be restated as follows.

Definition 8.9 (Controllability) 4 control system S = (B,F) is controllable if for every p
[JM, Reach(p,S) = M

One of the important results from [17] is the following theorem that provides a condition

for an abstracted system Sy to be controllable.
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Theorem 8.10 (Reachability for ®-Related Systems) Consider two control systems Sy,
= (BuFy) and Sy = (By,Fy) which are ®-related with respect to some surjective
submersion @: M — N. Then for all p [JM,

®(Reach(p,Sy)) Ll Reach(®P(p),Sy) (8.15)

Thus it follows that if Sy, is controllable then Sy is controllable.

We have introduced some fundamental topics in differential geometry that will be used in
the next chapter. In the next chapter, nonlinear abstractions are considered for finite
dimensional case by extending the results given in [17]. In that chapter, the abstraction
of a robotic car to a rolling disk that preserves controllability properties, in particular
local accessibility is reviewed. The results and framework are then extended to an

evacuation problem.
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CHAPTER 9

FINITE AND INFINITE DIMENSIONAL ABSTRACTION

9.1 Introduction

This chapter discusses the abstraction for finite and infinite dimensional cases. For finite
dimensional case the chapter iscusses the rolling disk as an abstraction of a robotic car as
an example. This chapter introduces the concepts of traceability, &traceability, &
consistency. To reduce complexity of analysis, simplified models that capture the
behavior of interest in the original system can be obtained. These simplified models,
called abstractions, can be analyzed more easily than the original complex model.
Hierarchies of consistent abstractions can significantly reduce the complexity in
determining the reachability properties of nonlinear systems. Such consistent hierarchies
of reachability, preserving nonlinear abstractions are considered for the robotic car by

extending the results given in [17].

Not only can these abstractions be analyzed with respect to some behavior of interest,
these can also be used to transfer control design for complex models to simplified
models. This chapter is an initial step towards that study. In this chapter, the abstraction
of a robotic car to a rolling disk that preserves controllability properties, in particular
local accessibility, are reviewed. In this framework, showing the local accessibility of the
abstracted rolling disk is equivalent to showing the local accessibility of the robotic car.
Working towards the study of control design, it is seen that there are certain classes of

trajectories that exist in the rolling disk system that cannot be achieved by the robotic car.
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However, the robotic car can achieve trajectories that are arbitrarily close to those rolling
disk trajectories. Such classes of trajectories are a concern when designing a controller
for the abstracted system that is to be transformed to a controller in the original system.
In order to account for these cases, new concepts of traceability, €-traceability, and &-
consistency are defined and controllability equivalence between the systems is expressed

in terms of these new concepts.

In the later part of the chapter we present the abstraction of an evacuation system by
extending the results and framework for finite case. The organization of the chapter is as
follows. In Section 9.2 differential geometric concepts discussed in chapter 8 are
generalized for control systems and some results on linear control systems from [17] are
reviewed. Sections 9.3 discusses rolling disk as an abstraction to a car-like robot. Section
9.4 revises the concepts in Section 9.3 for our application and introduces concept of

traceable control systems. Section 9.5 discusses the abstraction of an evacuation system.

9.2  Abstracted Control Systems

Theorem 8.10 allows us to propagate controllability from the original system to
abstracted system. However it is of more interest to study the propagation of
controllability in the reverse direction. If the relationship is known, then the
controllability of the original system can be determined from that of the abstracted one.
The definitions and theorems presented in this section are from [17] and are needed to
study the propagation of controllability in the reverse direction. The complete proofs to

these theorems are given in [17].

Definition 9.2.1 (Implementability) Let @ : M — N be a smooth surjection. A control
system Sy = (Bu,Fyy) is implementable by control system Sy = (By,Fy) if whenever there
exists a trajectory in Sy connecting qy, > [IN, then there exist points p; [0 @ (q;) and p;

0 @ (q2) and a trajectory in Sy connecting them.
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Implementability ensures the existence of trajectories in the original system. It is
dependent upon a particular element chosen from the equivalence class in original system
corresponding to elements of abstracted one. A trajectory of abstracted system that is
implementable by one element of the equivalence class may not be implementable by rest

of its elements

Theorem 9.2.2 (Implementability Condition) Let @ : M — N be a smooth surjection.
A control system Sy = (Bu,Fuy) is implementable by control system Sy = (By,Fy) if and
only if for all ¢ [ON, Reach(q,Sy) [J @Reach(@" (q),Sy)).

For implementability of ®-related systems, the inclusion becomes equality.

We have seen that implementability depends upon a particular element chosen from an
equivalence class. In order to propagate controllability from the abstracted system to the
original system, this dependence is to be removed. To remove the dependence concept of

consistency, the definition below is used.

Definition 9.2.3 (Consistency) Let @: M — N be a smooth surjection. 4 control system
Su = (Bu, Fv) is consistent with respect to @ whenever the following holds. If there exists
a trajectory in Sy connecting pps [0 M, then for all p;” [0 &' (®(p;) and p;’ 0 @

L(®(p,)) there exists a trajectory in Sy connecting p;”’to ps"

Consistency removes the dependence on a particular element chosen from an equivalence
class. Whenever some element in original system is implementable by abstracted system,

then all the elements of its equivalence class are implementable.

Theorem 9.2.4 (Consistency Condition) Let @ : M — N be a smooth surjection. A4
control system Sy = (Bu,Fiy) is consistent with respect to @ if and only if for all p [J M,
Reach(p,Sy) = @' (D(Reach(P' (D(p)),Sw)).

When implementability and consistency are combined, it provides a powerful result for

controllability in reverse direction. This is given in the following theorem.

Theorem 9.2.5 (Controllability Equivalence) Let @ : M — N be a smooth surjection

and suppose control systems Sy = (B, Fy) and Sy = (Bn, Fy) be @-related. Furthermore,
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suppose that Sy is implementable by Sy and Sy is consistent with respect to @. Then Sy

is controllable if and only if Sy is controllable.

9.3  Abstraction of Finite Dimensional System

In this section we want to apply the notion of ®-relatedness to the car-like robot with
respect to some aggregation map ®. Consider the robotic car to be the complex control
system. We want to find ® such that the abstracted system is a rolling disk. The car
kinematic model is given as (see Fig.9.1)

cosé

sin @
=| tang@ fu, +

/
0

s (9.1)

QD= =
- o o o

where u is the rear wheel's linear velocity, u, is the steering angular velocity, x,y O [, 8
U [-Tor, and @ (-102,102). Note that there is a singularity at |@ = /2. Denote the car

control system as S), defined on manifold M.

A

Figure 9. 1: The variables used for the car.
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Controllability of the Car The system represented by equation (9.1) can be written as

X = g +g,u, (9.2)

T
t
where X =[xy 84’ g1=[cosﬁ sin@ %qo 0} , and g2=[0 0 0 1]T.

The system in (9.2) is a driftless control system. To check the controllability of the
system, the Lie algebra rank condition (LARC) is used, which for our case is:
rank [g1 & [g1.82] [gu.lgng]] [gnleng]] ... =4 (93)

where [g1,2>] is the Lie bracket of vector fields g; and g».

Upon computation we see that the rank of the matrix in (9.3) is 4 except when @= +102.

Thus the car is controllable away from those steering angles.

Consider the abstracting map @ that is the projection from the car’s space to the rolling
disk’s space. Define ® : Sy — Sy by P(x,y,6@ = (x,0,6). Choosing this @ gives the

following abstracted system

x cosé 0
y|=|sin@ ju; +| 0 |u,. 9.4)
6 0 1

This is same as the kinematic model of the rolling disk (see Fig.9.2) that is given by

X, cosé, 0
v, |=|sin@, {v, +{ 0 |v, (9.5)
g 0 1

u

where v; is the linear velocity, v, is the angular velocity, x,,y, [ U, and 6, O [-TT].

Denote the rolling disk control system as Sy defined on manifold N.
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v

Figure 9. 2: The variables used for the rolling disk.

Controllability of the Rolling Disk The model of rolling disk as represented by equation

(9.5) can be rewritten as
X = 81Uy T &, (96)
with X =[x y 8]", g, = [cos @ sin 8 0]", and, g, =00 1]".

Again to check the controllability of the system (9.6) the Lie algebra rank condition is
used. For (9.5), the LARC is

rank [g1 & [g1.&2] [g1[g1.g2]] [g.[g1.&]] ... ]1=3 9.7)

Performing the computations gives that the rank of the above matrix is 9. Thus the

rolling disk is controllable everywhere.

Proposition 9.3.1 The car and rolling disk are @-related control systems with @ defined
for each (x,y,8¢@ [JIM by

P(x.,6.9 = (x,,0). (9-8)
Proof: Consider any point (xo,y0,6,@) U M. Then
Ty (0. 70:60- %) = (5. 7080 8- () 9.9)
Thus,

TP o Fyy (7T (X0 Y9500 @) = (X0 Y056 ) (K> 795y - (9.10)
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For any u; and u, letting v; = u; and v, = g, gives

(X0>Y0580) = (%,,3,,6,) D Fy (713 (D(xy, v,6,- %)) - (9.11)

So Tq)(FM(T[M-l((anyO, a)a %))) 0 FN(T[N-I(q) ((anyOa a)a@)) 0

Proposition 9.3.2 The car is consistent with respect to the @ given by (9.8)

Proof: Let p1 = (x1,)1,8,@) and p, = (x2,2,6,@) be two points in M with a trajectory in
Sy connecting them. Let 4,(r) and a,(¢) be the control inputs defined for 0 < ¢ < T that
generate that trajectory. Then for any @,@ U (-102,102), the points pi" = (x1,)1,6, @) and
Py = (x2,02,60,@) are in ©(P(p))) and O(P(p,)) respectively. For any p,' and p',
define the control inputs by:

* FortU[0,1), u1(t) =0, u2(t) = @A-@

e FortU[LT+]), ui(f) = a,(t=1), us(t) = 4, (t - 1)

e FortU[T+1,7+2], ui(¥) =0, ux(¢) = @¢-@
These control inputs generate trajectories between p,' and p,'. 0

Proposition 9.3.3 The rolling disk is implementable by the car.

Proof: Consider any two points (x1,y1,6),(x2,y2,6) [0 N with a trajectory between them.
The points (x1,y1,8,0),(x2,2,6,0) O M are in ®"'(x1,y1,8) and ' (x2,)2, &) respectively.

Since the car is controllable, there is a trajectory in S), connecting the two points. 0

The previous three propositions show that the conditions for theorem 9.2.5 are satisfied.
But there is a class of trajectories in case of a rolling disk for which there exists no

corresponding trajectory in car.

Consider the rolling disk trajectory given byx, =y =0, vi = 0, and v, nonzero, i.e., the
rolling disk is rotating about its axis. The car trajectory that corresponds to this case must
have @= £T02, making & indeterminate. Thus the car cannot realize this particular class

of trajectories.
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However, there exists a car trajectory which, given a distance function defined on N,
maps to a rolling disk trajectory that is arbitrarily close to the rotating rolling disk. So the
rotating rolling disk corresponds to a limiting case of car trajectories, namely, as @ —
+TU2, the car trajectory is mapped to trajectories that approach the rotating rolling disk.

This concept leads to the definitions in the next section.

9.4 Traceable Control Systems

In order to account for the trajectories of the rolling disk which do not have any

corresponding trajectories in a car, we define the following notion of traceability.

Definition 9.4.1 (Traceability) Consider a control system Sy, = (B, F)) and a smooth
surjection @ : M — N. Let cy: I — N be a trajectory of Sy where I [/ [/ Then Sy is
traceable by Sy if for all trajectories cy there exists a trajectory in Sy, cy - I — M, such

that @(cu(t)) = cn(t) for all t [J1.

Traceability is a stronger condition than implementability since traceability requires that
there exists a trajectory in Sy, for which the entire trajectory maps to the trajectory in Sy.
Implementability only requires that there exists a trajectory in Sy, for which its endpoints
map to the endpoints of the trajectory in Sy. Any control system, Sy, that is traceable by
S 1s implementable by Sy, However, the converse does not hold. The rolling disk is an
example of a system that is implementable by the car, but not traceable. However, as the
above development shows, the rolling disk is almost traceable by the car. This gives rise
to the idea of &-traceability. But first we define the norm of a trajectory and give an

example.
Proposition 9.4.2 (Norm in N) Letcy: I — N be a trajectory. Then

lley Il =sup sup|x; ()] (9.12)

(a7 i

is a norm where x; are the states in V.

Proof: The definition in (9.12) satisfies the properties of a norm.
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Since |x{(#)] 2 0 for all i and all # U 7, then ||ca| 2 0. If [lea|| = 0, then |xi(#)| = 0 for all i and
allt 7. Socy=0. Similarly if cy = 0, then xi(f) = 0 for all i and all # [J 7 and it follows

that ||cal| = 0. For any constant @,

@ cy |l =sup sup|a x;(1)]
o

=sup sup|al x(?)|
o
Salsup sl ()
o

Salleyll
Given any other trajectory ¢y : I — N corresponding to states x; (¢), then

ey +¢y | =sup sup| (1) + (1)
a7 i

<sup sup|x,(r)|+sup sup|x(¢)]
o o
ey [+ ley I

For the following development, car trajectories will be denoted by X(7) =
X () M(0), &1),@1)) and rolling disk trajectories by Y(¢) = (x,(¢),y.(?),8,¢)). The following
proposition shows that for a rolling disk trajectory, cy, that has no corresponding car
trajectory, cu, With cn(f) = P(cu?)), there exists a car trajectory with ®(cu(¢)) arbitrarily

close to cx(?).

Proposition 9.4.3: Given a rolling disk trajectory, Y(t) = (a,3 6 (1), where a and [ are

constants (i.e., x, =y,6 =0), and given any &> 0, there exists a car trajectory, X(t), such
that || Y(1)- PX(1)|| < &

Proof: Choose the car's initial conditions as x(0) = a, y(0) = B, &0) = ,(0), and ¢0) O (-

TU2,102) so that tan ¢{0) > 2L. Let w(f) = t;f";(’g) and usx(f) = 0. The car's resulting

trajectory, X(?), is
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— / :
x(t) = O’+m$ln gu (l)

y(t) = ,34'#(/,(0)(1 —cosd, (1))
0)=6,(t)
A1) = @0).

(9.13)

By choice of @ |x(?)-x,(f)| < € and [y(?)-y.(f)| < € for all z. Hence || ¥(7)- P(X(¢))|| < &. 0

The concept of trajectories in Sy, that map arbitrarily close to those in Sy is formalized in

the following definition of €-traceability.

Definition 9.4.4 (e-Traceability) Let Sy, = (ByFu) and Sy = (By,Fx) be two control
systems and let @: M — N be a smooth surjection. Then Sy is &traceable by Sy if given

E> 0 and a trajectory cy : I — N then there exists a trajectory cy : I — M such that ||cy-

P (ewl < &

An immediate consequence of this definition is the relationship between traceability and

g-traceability.
Theorem 9.4.5 Sy is &traceable by Sy for €= 0 if and only if Sy is traceable by Sy

Proof: Let cy be a trajectory in N. When € = 0, the definition for traceable is satisfied
since there exists a trajectory ¢y, in M with ||®P(cy) - cal| = 0. By definition of the norm in

N, it is necessary that @ (cy) = cy.

If Sy is traceable by Sy, then there exists a trajectory ¢y with ®(cy) = cn. Thus ||DP(cy) -
CNH =0. O

As with consistency and implementability, it is useful to describe the condition for &-

traceability in terms of reachability.

Theorem 9.4.6 (¢-Traceability Condition) Sy is &traceable by Sy if and only if, given &
> (), for any q [JN for which there exists p [JM with

Reach(q,Sy) U ®(Reach(p,Si)) (9.14)

then there is a trajectory cy(t) in Reach(q,Sy) and a trajectory cu(t) in Reach(p,Sy) such
that
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len(®)- PleaD))l] < &. (9.15)

In the case of the e-traceability of ®-related systems, the inclusion in (9.14) becomes
equality.
Proof: In case the case that S), and Sy are ®-related, we have from (8.15),

d(Reach(p,Sy)) O Reach(P(p),Sy). Let g = ®(p) O N and p O d'(g), therefore (9.14)

can be written as
®(Reach(p,Sy)) U Reach(q,Sw). (9.16)
Then the equality follows from (9.14) and (9.16). 0

With e-traceability, we have a weaker condition on the relationship between the ®-related
systems Sy and Sy than what implementability gives. For controllability to propagate
between the two systems, a condition stronger than consistency is needed. A restriction
is placed on the system to require that if there are converging sequences of trajectories in
Sy then a corresponding trajectory exists in Sy. This leads to the following definition of

g-consistency stated precisely below.

Definition 9.4.7 (e-Consistency) Let Sy, = (B, F) be a control system on M and let @ :
M — N be a smooth surjection. Then Sy is &consistent with respect to @ whenever the

Jollowing holds. If for any p;, p» [JM there exist sequences p, and p, in M such that

1. There exist trajectories connecting @(p, ) and @(p, ) for all n and

2.9(p,) - Ppi)and Y(p, ) - P(p2),

then there is a trajectory connecting p; and p:.

Unlike consistency, which requires that trajectories exist between all members of ®°
Y(@(p))) and D' (P(py)) based on the existence of only one trajectory, e-consistency gives
the  condition for a  trajectory to exist between p; and p.
Consistency does not involve trajectories in Sy, but for €-consistency, the existence of a
single trajectory relies upon a sequence of trajectories in Sy whose endpoints map

arbitrarily close to ®(p;) and ®P(p,). The following example shows that Sy, can be &-
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consistent with respect to ® even if it is not controllable.

Example 9.4.8 Consider the system in Sy, given by
X u
= A
Wi o1

%, =0 (9.18)

and the system in Sy given by

with the ®-map given by ®(x1,x2) = x2. For p1 = (x1,0) and p> = (x1.0), let p, = a and
p, = Bforall n. If a = B then there exist trajectories in Sy connecting ®(p, ) and
®(p, ) forall n and a trajectory in Sy connecting pi and p,. However, if a # f3 there is

no trajectory in Sy connecting p; and p> and no trajectories in Sy connecting ®( p, ) and
D( P, )-

Controllability of Sy, is thus not a necessary condition for €-consistency. However, the
following theorem shows that ®-relatedness between S), and Sy and controllability of Sy,

are sufficient conditions for S, to be €-consistent with respect to ®.

Theorem 9.4.9 Consider control systems Sy = (Bu,Fyy) and Sy = (By,Fx) which are ®-
related with respect to smooth surjection @ : M — N. If Sy is controllable, then Sy is &

consistent with respect to @.

Proof: Consider any pi, po U M. Let p, = pi and p, = p, for all n. Since Sy is
controllable, there exist trajectories connecting p, and p, for all n. Denote each such
trajectory by c¢y. Then T®(cy) is also a trajectory in Sy. The sequences p, and p,

satisty the conditions of Definition 9.9.7. Thus it follows that the car is €-consistent with

respect to the @ mapping defined by (9.8). 0

As with implementability and consistency, the relationship between €-traceability and -

consistency provide a means to propagate controllability between control systems Sy, and

S
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Theorem 9.4.10 (Controllability Equivalence) Consider control systems Sy = (Bay, Fm)
and Sy = (Bn,Fy) which are @-related with respect to smooth surjection @ : M — N.
Assume that Sy is &traceable by Sy and Sy is &consistent with respect to @. Then Sy is

controllable if and only if Sy is controllable.
Proof: If Sy is controllable then Sy is controllable since the control systems are ®-related.

Now assume Sy is controllable and consider any points p;, p, [0 M. Because Sy is
controllable, there is a trajectory, cy, connecting ®(p;) and ®P(p,). Then for each n, €-

traceability with € = 1/n gives a trajectory, c,, , such that |lcy - ®(c,, )|| < 1/n. Denote
the endpoints of each ¢,, by p, and p, . These endpoints provide sequences in M with
D(p, ) - P(p1) and P(p, ) — P(p2). Because Sy is controllable, there exist trajectories
connecting ®(p, ) and P(p, ) for all n. Since Sy is e-consistent, there is a trajectory

connecting p; and p,. Thus Sy, is controllable. 0

9.5 Abstraction of an Evacuation System

In this section we would like to address the abstraction of an evacuation system With the
above presented notions, a framework has been provided that gives conditions for the
existence of trajectories in the original system and allows controllability propagation
between the two systems. We want to extend these results to obtain the similar result for
an evacuation system. In infinite dimensional case abstraction would mean to obtain the

model with a lesser number of PDEs than the original one.

The preceding chapters discussed the design of feedback controllers for two infinite
dimensional models of evacuation. With the use of these controllers we have shown
exponential asymptotic stability of the closed loop system. However we observed that the
difficulty in designing controllers for system increases as we increase the number of
partial differential equations representing its dynamics. This motivates the study of

abstractions for infinite dimensional systems. Evidently, control design in the abstracted
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system is a simpler task than in the original system. This work is a first step in the
process of finding a method to transform control designs in the abstracted system back to
the original system for an evacuation system. The future goal of this work is to find the
transformation that will transfer the control design for an abstracted one equation model
to the two equation model. The goal here is to abstract the system having higher number
of partial differential equations by a system which is represented by lower number of
partial differential equations. The abstraction is constructed in such a way that it enables
to preserve certain properties of the system. As a part of that research we want to study
abstraction which preserves controllability for evacuation dynamics. For that purpose we
need to modify the notions of consistent abstractions introduced in [6] for infinite

dimensional systems.

For a one-dimensional case we can state the abstraction problem more specifically as:

Find an abstracting map @ from a two equation control model

9p __9%
ot 0x
9 __0(4"),;
3 ax(p}+u(x,t) (9.19)
to a one-equation control model
op 0
Fo_ % (pq- 9.20
5 = 5 PPl Pu ) (9.20)

such that (9.19) and (9.20) are ®-related according to definition 8.6. Not only do we want
to construct this mapping we also want to preserve the controllability property of two
equation model. In other words we want to find map @® such that (9.19) is a consistent
abstraction of (9.20). In this framework, showing the controllability of the abstracted one
equation model is equivalent to showing controllability of the two equation model. Let us

first construct a mapping to abstract equation (9.19)

Consider the abstracting map @ that is the mapping from two-equation model manifold
M to the one-equation model manifold N . Here M is a Banach manifold [48] of
mappings (or functions) from one finite dimensional manifold to another for a two-

equation system. We can express it locally as (L' n L n BV)x(L' n L” n BV) where BV
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represents a space of bounded variations. Similarly ~is a Banach manifold of mappings
for one-equation system and can be expressed locally as (L' n L” n BV). Here L'[(0,L),00]

is the infinite dimensional Hilbert space of one dimensional vector function defined for

an interval [0,L].

Define a mapping @®:S,, - S, by ®(p,q)=p . Choosing this ® gives the following

abstracted system

This in conjunction with the relation ¢ = pvand Greenshield’s model gives the following

dynamics

o __ 0 y
P, (01 = 0/ o 1)

which is the one-equation model.

Proposition 9.5.1 The one- equation and two-equation models given by (9.19) and (9.20)

are ® -related control systems with ® defined for each f =(p,q0OM) by

P(p.q)=p (9.21)

Proof: Consider any function f=(p,,q,)0M . Then

nz;fl (Py-490) =((Py>90)> (W)

with u, being the input to the system (9.19). Thus we have

—_— aqo (x5 t)

T®oF,, (11, (p,4,)) = Fi (0,,v,) .

where v, is the input to system (9.20) corresponding to this function f . Here 7® is the
tangent mapping from tangent space 7,M to tangent space 7,N , where 7 ,M is the
tangent space of Banach manifold A at function fO0M and 7,N is the tangent space of

M at function gON . Now we have

70 (P(0y,40)) = (), ()
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where u, is the input to one-equation model (9.20) and is the free flow velocity v,. Thus

we have

FN(n;,‘@(po,qo))):E(p,uz):—%(ﬂ(p)uz)

with F,(p) = p(1-p/p,..) - Now for any u,, letting u, =F,” (o, )F,(0,.q,) we have

T®F,, () () O F, (713 (P(f))

The two equation model and one equation model are ® -related control systems with

respect to map ®(p,q) = p according to (8.10).

For a two-dimensional case the problem of abstraction can be stated as follows: Find an

abstracting map @ from a two equation control model represented by

9P _ 594
at i=1 ax,.
and
9, __ 0 (4| 9 (44,
t x| p ) o, p :
0g, __ 0 [a"|_0 (a4 +0 (9.22)
o o, o) ox | p : '

to a one equation control model

% -3 2 (o= pf ) 9.23)
t i=1 GX-

i

such that (9.22) and (9.23) are ®-related according to definition 8.6.

For a two dimensional case consider the abstracting map @ given by ®:§,, - S, defined

as ®(p,q,,9,) = p. Choosing this ® gives the following abstracted system

9 _ 5%

ot i=l ax,.

This in conjunction with the relation ¢ = pvand Greenshield’s model gives the following
dynamics
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2 9
959 (pa- .
3 (001 = o/ P )1,

i

which is the one-equation model. In this case M is a Banach manifold of mappings for a
two-equation system and we can express it locally as (L' nL” n BV)x(L' n L” n BV)
Similarly ~is a Banach manifold of mappings for one-equation system and can be
expressed locally as (L' n L” n BV)) .Here L'[Q,0] is the infinite dimensional Hilbert space

of two-dimensional vector function defined for an interval Q .

Proposition 9.5.2 The one- equation and two-equation models given by (9.22) and (9.23)

are ® -related control systems with ®© defined for each f =(p,q0OM) by

(0,9,,9,)= P (9.24)

Proof: Consider any function f =(p,,q,,-9,)0M . Then

77;/11 (Po>910-920) = ((pw‘ho,‘ho)a(”p”z))

with u, and u, being the inputs to the system (9.22). Thus we have

- 0q,, . 0q,,
Tq)OFM(an(p05q105q20)):Fl(p05vlo)+F2(p05v2o): o2
Ox, Ox,

where v,, and v,, are the inputs to system (9.22) corresponding to this function f . Here

T is the tangent mapping from tangent space 7,M to tangent space 7,N . Now we have
n]:/l (P(Py>G10-920)) = ((Py), (u5, 1))

where u, and u, are the inputs to one-equation model (9.20) and are the components of

free flow velocity in two directions. Thus we have

Fo (5 (@(0y.40)) = Fy (03 + Fy (o ) = —%(& (p)u3)—£(ﬂ (o)

1 2

with F,(p)=p(-p/p,,) . Now for any u, and u, letting u, =F,"(o,)F,(p,.q,,) and

Uy :F4_l(po )Fz (p05q20) we have

T®F,, () () O F, (713 (P(f))
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The two equation model and one equation model are ® -related control systems with

respect to map ®(p,q,,q,) = p according to (8.10).

We have shown how to obtain abstraction maps for both one and two-dimensions.
However, not only do we want to construct these mapping we also want to preserve the
controllability property of two equation model. In other words we want to find map ®
such that (9.22) is a consistent abstraction of (9.23). In this framework, showing the
controllability of the abstracted one equation model is equivalent to showing
controllability of the two equation model. The future goal is to find the transformation
that will transfer the control design for an abstracted one equation model to the two

equation model.

This chapter discussed the application of abstracted control systems to the robotic car and
rolling disk. In the analysis of these systems, it was found that they exhibited a behavior
not completely captured by the existing notions of consistency and implementability.
This led to the definition of traceability, €-traceability, and €-consistency. These new
notions provide conditions for trajectories to exist in the original system when a
trajectory in the abstracted system is present. When the abstracted control system is -
traceable by the original control system and the original control system is €-consistent
with respect to the mapping between them, then the controllability is propagated between
the two systems. With these notions, a framework has been provided that gives
conditions for the existence of trajectories in the original system and allows
controllability propagation between the two systems. Then we discussed abstraction for
an evacuation system and found a mapping to construct an abstracted system. The future
goal is to extend this work and obtain the similar results for an evacuation system.
Presumably, control design in the abstracted system is a simpler task than in the original
system. As indicated, this work is a first step in the process of finding a method to
transform control designs in the abstracted system back to the original system for the

evacuation system.
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CHAPTER 10

CONCLUSIONS AND FUTURE WORK

10.1 Conclusions

In this work we discussed the feedback control design for an evacuation problem. We
designed the feedback controllers to control the movement of people during evacuation in
order to avoid jams. In this dissertation we designed diffusion and advection feedback
controllers to control the movement. We also designed the robust feedback controllers to
cancel the effect of uncertainties or disturbance in the system. While doing the control

design we observed two points

* The accuracy of models representing evacuation dynamics increases with the

increase in partial differential equations in the system.

* The difficulty of designing controllers increases with increase in partial

differential equations in the system.

This motivates the abstraction of evacuation systems where we can abstract certain
number of PDEs to obtain a simpler system and then transform the control design back to
the original system. In order to address this issue of abstraction for evacuation systems
we first developed a framework for abstraction for finite dimensional case with robotic

car as an application. Then we extended this framework to infinite dimensional case.

In chapter 2 we presented two macroscopic models for representing the motion during

evacuation in both one and two dimensions. The models obtained were represented by
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nonlinear hyperbolic PDEs. We presented two models for each case; one was called as

one-equation model and the other one as two-equation model.

In chapter 3 we presented design of nonlinear feedback controllers for two different
models representing evacuation dynamics in one-dimension. The model dynamics for this
case were represented by one partial differential equation. We addressed the feedback
control problem for both models in distributed setting and were able to synthesize
nonlinear distributed feedback controllers that achieved exponential stability. The closed-
loop dynamics were represented by a heat equation where the density profiles are
decreasing with time. The problem of control and stability was formulated directly in the
framework of partial differential equations. Sufficient conditions for Lyapunov stability
for distributed control were also derived. We used the method of feedback linearization
for the control design and for two-equation model we used backstepping approach. We

also motivated the problem of abstraction for infinite dimensional systems.

In chapter 4 we presented design of nonlinear feedback controllers for two different
models representing evacuation dynamics in two-dimensions. The model dynamics were
represented by means of a set of three partial differential equations. We addressed the
feedback control problem for both models and were able to synthesize nonlinear
distributed feedback controllers that achieved exponential stability. Here again we used

the method of feedback linearization.

In chapter 5 we presented design of nonlinear advection feedback controllers for two
different models representing evacuation dynamics in one-dimension. We added motion
to the controllers such that the density profiles are not only decreasing with time but are

moving also. We also addressed the control saturation issues for these controllers.

In chapter 6 we presented design of nonlinear advection feedback controllers for two
different models representing evacuation dynamics in two-dimensions. We added motion

to the controllers and achieved asymptotic stability.

In chapter 7 we presented design of nonlinear robust feedback controllers for two
different models representing evacuation dynamics in one-dimension. We presented the

Lyapunov redesign and robust backstepping methods for the feedback control of PDEs
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and designed controllers for both matched and unmatched uncertainties. We achieved

attenuation of uncertainty or disturbance in the system.

In chapter 8 we presented the framework for abstractions in finite dimensional case. This

chapter serves as the preliminary for infinite dimensional abstraction framework.

In chapter 9 we discussed the application of abstracted control systems to a robotic car
and rolling disk. In the analysis of these systems, it was found that they exhibited a
behavior not completely captured by the existing notions of consistency and
implementability. This led to the definition of traceability, €-traceability, and &-
consistency. These new notions provide conditions for trajectories to exist in the original
system when a trajectory in the abstracted system is present. When the abstracted control
system is €-traceable by the original control system and the original control system is &-
consistent with respect to the mapping between them, then the controllability is
propagated between the two systems. With these notions, a framework was provided that
gives conditions for the existence of trajectories in the original system and allows
controllability propagation between the two systems. In this chapter we also discussed the
abstraction for an evacuation system in both one and two dimensions. The goal here was
to abstract the system having higher number of partial differential equations by a system
which is represented by lower number of partial differential equations. The abstraction
was constructed in such a way that the one-equation model is an abstraction of a two-
equation model. The chapter also introduced some differential geometric preliminaries

for the infinite dimensional case.

10.2 Future Work

In the analysis of abstraction of a robotic car, it was found that the system exhibited a
behavior not completely captured by the existing notions of consistency and
implementability. This led to the definition of traceability, €-traceability, and &-
consistency. With these notions, a framework has been provided that gives conditions for

the existence of trajectories in the original system and allows controllability propagation
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between the two systems. As a part of future research we want to study the similar
problem for evacuation. We intend to study abstraction which preserves controllability
property for evacuation dynamics. For that purpose we need to modify the notions of

consistent abstractions introduced in [17] for infinite dimensional systems.

The long term goal of this work is the process of finding a method to transform control
designs in the abstracted system back to the original system. As a part of future work we

plan to do the following
* Obtain more detailed and accurate models for evacuation dynamics.

* Design and address other types of feedback control problems like adaptive and

sliding mode control.

* Develop the framework similar to one in chapter 9 for infinite dimensional case
and obtain the abstraction which preserves controllability property for evacuation

dynamics.

* Find a method to transform control design for higher order evacuation models to

lower order ones.

* Apply the results so far done for finite dimensional case to other well motivated

problems like autonomous underwater vehicles.
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