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(ABSTRACT) 

 

 

In this dissertation, we develop feedback control strategies that can be used for 

evacuating people. Pedestrian models are based on macroscopic or microscopic behavior. 

We use the macroscopic modeling approach, where pedestrians are treated in an 

aggregate way and detailed interactions are overlooked. The models representing 

evacuation dynamics are based on the laws of conservation of mass and momentum and 

are described by nonlinear hyperbolic partial differential equations. As such the system is 

distributed in nature.  

We address the design of feedback control for these models in a distributed setting where 

the problem of control and stability is formulated directly in the framework of partial 

differential equations. The control goal is to design feedback controllers to control the 

movement of people during evacuation and avoid jams and shocks. We design the 

feedback controllers for both diffusion and advection where the density of people diffuses 

as well as moves in a specified direction with time. In order to achieve this goal we are 

assuming that the control variables have no bounds. However, it is practically impossible 

to have unbounded controls so we modify the controllers in order to take the effect of 

control saturation into account. We also discuss the feedback control for these models in 

presence of uncertainties where the goal is to design controllers to minimize the effect of 

uncertainties on the movement of people during evacuation. The control design technique 

adopted in all these cases is feedback linearization which includes backstepping for 

higher order two-equation models, Lyapunov redesign for uncertain models and robust 

backstepping for two-equation uncertain models. 
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The work also focuses on the abstraction of an evacuation system for developing models 

with lesser number of partial differential equations than the original one.  The feedback 

control design of a higher level two-equation model is more difficult than the lower order 

one-equation model. Therefore, it is desirable to perform control design for a simpler 

abstracted model and then transform control design back to the original model.  
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CHAPTER 1 

INTRODUCTION 

In this dissertation, we are interested in developing feedback control strategies for models 

that can be used for evacuation of people. We want to design feedback controllers to 

control the movement of people during evacuation. In recent years, there has been an 

increasing interest in modeling crowd and evacuation dynamics. The development of 

pedestrian dynamic models to implement evacuation system strategies is an ongoing 

research area. Since the early 1990s a strong interest in this topic has shown the 

importance of this issue [1]. Nevertheless, as stated in [2], our knowledge of the flow of 

crowds is inadequate and behind that of other transportation modes. Studies like the ones 

in [3] and [4] are concerned with evacuation strategies for regional areas like cities and 

states. They are important in the decision making of an emergency evacuation such as in 

the case of a natural disaster. In smaller areas like airports, stadiums, theaters, buildings 

and ships an evacuation system is an important element in design safety [5]. A good 

evacuation system in the case of an emergency can prevent a catastrophic outcome as 

shown by [6]. 

Pedestrian models are based on macroscopic or microscopic behavior. We use the 

macroscopic modeling approach, where pedestrians are treated in an aggregate way and 

detailed interactions are overlooked. The models representing evacuation dynamics are 

based on the laws of conservation of mass and momentum and are described by nonlinear 

hyperbolic partial differential equations, as such the system is distributed in nature. In the 

analytical design of feedback controllers for distributed parameter systems, two 

approaches are adopted. 
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In the conventional approach the distributed mathematical model is approximated by a 

lumped parameter model having finite dimensions, using either finite difference or finite 

element methods. The controllers are then designed on the basis of resulting linear or 

nonlinear ordinary differential equation model using known techniques available for such 

systems. This approach however has certain disadvantages. By neglecting the infinite 

dimensional nature of the original system, design of controllers may result in instability 

even though the resulting finite dimensional system is stable using the same controllers.  

Thus in order to avoid errors introduced by spatial discretization it is desirable to 

formulate the control and stability problem directly in the framework of a distributed 

model of partial differential equations. Generally speaking these problems are very 

difficult.  The design of feedback controllers in a distributed framework, although 

desirable is much harder than in the ordinary differential equation framework. In our 

work we address the design of distributed feedback control for two different models for 

an evacuation system. One model is described by only one partial differential equation 

while the other is described by two. The problem of control and stability is formulated 

directly in the framework of partial differential equations. We design a preliminary 

control to evacuate pedestrians based on feedback linearization applied directly on the 

PDE equation. 

The first step in this study is to start investigating potential mathematical models 

governing crowd dynamics. Two factors need to be considered in deriving the models: 

the accurate representation of the pedestrian flow in an emergency situation (evacuation), 

and the complexity of the selected model. It has been suggested in [7] that pedestrian 

traffic flow can be treated similarly to vehicle traffic flow where we can divide the 

problem into two categories: the microscopic level and the macroscopic level. The former 

involves individual units with characteristics such as individual speed and individual 

interaction. Microscopic pedestrian analysis studies were presented by [8] and followed 

by many researchers to improve on the Car-Following model. In [9] the importance of a 

detailed design and pedestrian interactions is shown by implementing several case 

studies. On the other hand, the drawback to mathematical microscopic models is their 

difficult and expensive simulation.  
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To introduce feedback control as a strategy in evacuation plans where the objective is to 

control each pedestrian in the model area is difficult and not practical. The obvious 

reasons for the impracticality are the detailed design and pedestrian interactions which 

make it very difficult to control such models. Instead, the macroscopic modeling 

approach is well suited for understanding the rules governing the overall behavior of 

pedestrian flow for which individual differences are not that important. Macroscopic 

models aimed at studying pedestrian behavior use a continuum approach, where the 

movement of large crowds exhibits many of the attributes of fluid motion. As a result, 

pedestrian dynamics are treated as a fluid. This idea provides flexibility since detailed 

interactions are overlooked, and the model's characteristics are shifted toward parameters 

such as flow rate q , concentration ρ (also known as traffic density), and average speed v, 

all being functions of space and time. This class of models is classified under hyperbolic 

partial differential equations. This way of modeling the pedestrian behavior was first 

introduced by [10] and adopted by [11], where macroscopic models were developed 

using (a) fluid flow theory, (b) a continuum responding to influences (local or non-local). 

The drawback to this type of modeling is the assumption that pedestrians behave 

similarly to fluids. Pedestrians tend to interact among themselves and with obstacles in 

their model area, which is not captured by macroscopic models. In this work we first 

develop two models based on continuum theory and conservation laws such of continuity 

and momentum. The first model uses a single hyperbolic partial differential equation with 

a velocity-density relationship, while the other is a system of hyperbolic partial 

differential equations. The models are nonlinear and time-varying hyperbolic partial 

differential equations.  

These models will be utilized for the feedback control design in the following chapters. 

The goal there is to design feedback controllers in order to control the movement of 

people during evacuation as dictated by these models. Since the models are hyperbolic 

PDEs movement control becomes a tough task. The hyperbolic PDEs are harder to 

analyze, simulate and control since there are shocks and jams associated with these.  In 

the following chapters we will adopt the method of feedback linearization to convert 

these models into much simpler parabolic PDEs. We will design both diffusion and 

advection controllers where we make the density profiles of people decrease as well as 
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move with time. In order to achieve this goal we are assuming that the control variables 

have no bounds on them. However, it is practically impossible to have unbounded 

controls so we modify the controllers in order to take the effect of control saturation into 

account. We also discuss the feedback control for these models in presence of 

uncertainties where the goal is to design the controllers to minimize the effect of 

uncertainties on the movement of people during evacuation. The control design technique 

adopted in all these cases is feedback linearization which includes backstepping for two-

equation models, Lyapunov redesign for uncertain models and robust backsteeping for 

two-equation uncertain models. 

The models representing evacuation dynamics are based on the laws of conservation of 

mass and momentum and are described by nonlinear partial differential equations. In 

order to accurately model evacuation dynamics it is desirable to have a more detailed 

model with a larger number of partial differential equations. The more the number of 

partial differential equations, more accurate is the model. However, this increase in the 

number of PDEs in the system increases the difficulty in control design. This motivates 

the need for doing an abstraction as it is desirable to perform control design for a simpler 

abstracted model and then transform control design back to the original model.  The 

abstraction is done by abstracting certain number of partial differential equations from the 

original model in such a manner that certain properties of the original system are 

preserved. For our work we discuss abstraction of a two equation model to a one equation 

model that can be used for control design transfer. For the abstraction of infinite 

dimensional systems we need a framework which we first develop for finite dimensional 

case.  

The second part of this dissertation therefore discusses the abstraction of finite and 

infinite dimensional systems. To reduce complexity of system analysis, simplified models 

that capture the behavior of interest in the original system can be obtained.  These 

simplified models, called abstractions, can be analyzed more easily than the original 

complex model [12]. This hierarchical structure allows the systems located at various 

levels to operate without regard to the details of the other levels. Each layer of the 

hierarchy uses a less detailed model of the system than the lower levels and at each level 

the system functions according to its own model and control objectives. This structure 
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clearly reduces complexity since every level of the hierarchy is required to know only the 

necessary information in order to perform its function successfully.  This may also 

increase efficiency and performance of the overall system since each level of hierarchy 

has the minimal complexity.  It is desirable that properties of interest, such as 

controllability, are propagated between levels. In the analysis of complex systems, 

abstraction plays an important role.  Again, the abstracted system should reflect the 

qualitative behavior of the complex system.  If the abstracted model truly captures the 

properties of interest from the complex system, then analyzing those properties in the 

simpler abstraction provides the same information as that of the original system. Such 

abstractions are called consistent abstractions. Abstraction can be categorized as discrete 

or continuous.  Hierarchical abstractions for discrete event systems have been formally 

considered by the control community in [13] and [14].  Discrete abstractions for 

continuous systems have been studies in [15] and [16].  Continuous abstractions for 

continuous systems were considered in [17], where characterizations were obtained for 

constructing reachability preserving abstractions of linear control systems. In this work 

our focus is to discuss continuous abstractions. 

Hierarchies of consistent abstractions can significantly reduce the complexity in 

determining the reachability properties of nonlinear systems.  Such consistent hierarchies 

of reachability-preserving nonlinear abstractions are considered for finite as well as 

infinite dimensional systems. Not only can these abstractions be analyzed with respect to 

some behavior of interest, they can also be used to transfer control design for the complex 

model to the simplified model.  This work is an initial step towards this study. Here, we 

study the abstractions of both finite and infinite dimensional cases. 

In case of finite dimensions, abstraction would mean to obtain models with lesser 

dimensions than the original one that would preserve the property of interest. For our 

work we have considered abstraction of a robotic car as an application. The abstraction of 

a robotic car to a rolling disk that preserves controllability properties, in particular local 

accessibility is reviewed. In this framework, showing the local accessibility of the 

abstracted rolling disk is equivalent to showing local accessibility of the robotic car.  

Then, working towards the study of control design, it is seen that there are certain classes 

of trajectories that exist in the rolling disk system that cannot be achieved by the robotic 
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car.  In order to account for these cases, new concepts of traceability, ε-traceability, and 

ε-consistency are defined. With these notions, a framework has been provided that gives 

conditions for the existence of trajectories in the original system and allows 

controllability propagation between the two systems. 

In case of infinite dimensional systems abstraction would mean to obtain models with 

lesser number of partial differential equations than the original one. In case of infinite 

cases, our application is the evacuation control system. We extend the framework for 

finite dimensional case to evacuation system and discuss its abstraction. As already stated 

it is desirable to abstract certain number of partial differential equations from the original 

model. This abstraction is performed in such a manner that certain properties of the 

original system are preserved and we can transform the control design from simpler to 

original model.   

1.1 Objectives and Contributions 

The contributions presented in this dissertation are: 

• Modeling of evacuation dynamics in one and two dimensional spaces, presented 

in chapter 2 

•  Design of distributed feedback controllers in both original and abstract setting 

for evacuation problem in both one and two dimensions, which forms the 

discussion in chapter 3 and chapter 4 

• Modification of feedback controllers of chapters 3 and 4 by adding motion to 

them and design of advection feedback controllers in both one and two 

dimensions, which forms the discussion in chapters 5 and  6 respectively  

• Design of robust distributed feedback controllers for evacuation problem in both 

one and two dimensions, which is discussed in chapter 7 
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• Development of a framework for abstraction of evacuation system. The 

framework is first presented for a finite dimensional case which forms the 

material covered in chapter 8, the framework is then extended to evacuation 

system in chapter 9 

• Study of abstraction first for finite dimensional systems with robotic car as an 

example and then for evacuation system, this part of research is covered in 

chapter 9 

1.2 Organization  

The organization of this dissertation is as follows: 

 

Chapter 2: In this chapter we present the macroscopic models for both one-dimensional 

and two-dimensional evacuation systems. The models presented here are based on the 

laws of conservation of mass and momentum. The equations of motion in both cases are 

described by nonlinear hyperbolic partial differential equations.  The first model is the 

classical one-equation model for a traffic flow based on conservation of mass with a 

prescribed relationship between density and velocity. In this model dynamics are 

represented by means of a single partial differential equation. The other model is a two- 

equation model in which the velocity is independent of the density. This model is based 

on conservation of mass and momentum. As such the dynamics are represented by a set 

of two partial differential equations. 

Chapter 3: In this chapter the models developed in chapter 2 will be utilized for the 

feedback control design in one-dimension. The goal here is to design feedback controllers 

in order to control the movement of people during evacuation as dictated by these 

models. Since the models are hyperbolic PDEs movement control becomes a tough task 

because of shocks and jams. In this chapter we will adopt the method of feedback 

linearization to convert these models into much simpler parabolic PDEs. We will design 
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diffusion controllers where we make the density profiles of people decrease with time. 

The control design technique adopted here is feedback linearization which includes 

backstepping for two-equation model. The problem of control and stability is formulated 

directly in the framework of partial differential equations. Sufficient conditions for 

Lyapunov stability for distributed control are derived.   

Chapter 4: This chapter presents design of nonlinear feedback controllers for two 

different models representing evacuation dynamics in two-dimensions. The discussion in 

this chapter is similar to that of chapter 3 with the difference that evacuation dynamics 

are two dimensional.  Here the dynamics are represented by means of a set of three 

partial differential equations.  

Chapter 5: This chapter presents design of advection nonlinear feedback controllers for 

two different models representing evacuation dynamics in one-dimensions. The control 

design is done in such a way that now in our models not only do have diffusion (density 

decreases with time) but motion also where the density profile changes with time. In 

order to achieve this goal we are assuming that the control variables have no bounds on 

them. However, it is practically impossible to have unbounded controls so we modify the 

controllers in order to take the effect of control saturation into account.  

Chapter 6: This chapter presents design of advection nonlinear feedback controllers for 

two different models representing evacuation dynamics in two-dimensions.  

Chapter 7: This chapter presents design of robust nonlinear feedback controllers for the 

models representing evacuation dynamics in one-dimensions. We discuss the feedback 

control for these models in presence of uncertainties where the goal is to design the 

controllers to minimize the effect of uncertainties on the movement of people during 

evacuation. The robust controllers are designed in distributed setting using Lyapunov 

redesign and robust backstepping methods for PDEs.  

Chapter 8:  This chapter presents the mathematical background needed for finite 

dimensional abstractions which can be later on extended for infinite dimensional systems. 

Some basic differential geometric concepts that are used in later chapters are introduced 

in this chapter.  
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Chapter 9: This chapter discusses the abstraction of finite dimensional cases with robotic 

car as an application. Some important results on abstracted linear control systems from 

[17] are presented. Not only can the abstractions be analyzed with respect to some 

behavior of interest, but the transformation of the control design from the simplified 

model to the complex model can also be studied. This chapter presents an initial step 

towards that study.  The chapter also discusses the abstraction for an evacuation system. 

The goal here is to abstract the system having higher number of partial differential 

equations by a system which is represented by lower number of partial differential 

equations. The abstraction is constructed in such a way that it enables to preserve 

controllability of the system. For that purpose the notions of consistent abstractions 

introduced in [17] need to be modified for infinite dimensional systems. We extend the 

framework presented for finite dimensional abstractions to evacuation problem.  

Chapter 10: We summarize the main results of this work and present some future 

directions. We would like to study more detailed models for evacuation dynamics and 

address other types of distributed feedback control design problems. Another main 

objective of the future research is to study the abstraction of evacuation system. As future 

work we seek to study the transformation of feedback control from abstracted system to 

original system for an evacuation system and other infinite dimensional problems. 
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CHAPTER 2 

MODELING OF ONE DIMENSIONAL EVACUATION SYSTEM 

2.1 Introduction 

The goal of this dissertation is on developing feedback control strategies for models that 

can be used for evacuation control. The first step towards this goal is to obtain 

mathematical models governing crowd dynamics. The development of pedestrian 

evacuation dynamic systems follows from the traffic flow theory in one-dimensional 

space [18],[19] and [20]. In many ways, the pedestrian evacuation system is similar to the 

vehicle traffic flow problem [7]. The main conservation equations used in modeling the 

vehicle traffic flow and the pedestrian evacuation flow are the same with the exception 

that vehicle traffic is a one-dimensional space problem and the evacuation system is a 

two-dimensional space problem.  

It has been suggested in [7] that pedestrian traffic flow can be treated similarly to vehicle 

traffic flow and there are two main approaches to modeling pedestrian dynamics. One 

approach is microscopic [21] where each individual is taken into consideration as a unit 

and his behavior is expressed by characteristics such as individual speed and individual 

interaction. Microscopic pedestrian analysis studies are presented in [4], [5] and followed 

by many researchers. In [6], the importance of a detailed design and pedestrian 

interactions is shown by implementing several case studies. However, the drawback to 

mathematical microscopic models is their difficult and expensive simulation since each 

unit has an ODE to be solved at each time step.   
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The other approach is macroscopic [22]. Here the overall behavior of the flow of people 

is considered. The area is treated as a series of sections within each of which the density 

and average velocity of people can be measured for a given time. The changes in these 

variables may then be described using partial differential equations. The macroscopic 

models are computationally easier because they have fewer design details in terms of 

interaction among people and between people and their environment. While deriving the 

models for an evacuation system two factors need to be considered: the accurate 

representation of the pedestrian flow during evacuation and the complexity of the 

selected model. In order to introduce feedback control strategies in evacuation plans 

microscopic modeling approach is difficult and not practical.  The obvious reasons for the 

impracticality are the detailed design and individual pedestrian interactions which makes 

control of each pedestrian very difficult. Therefore, the macroscopic modeling approach 

is well suited for understanding the rules governing the overall behavior of pedestrian 

flow. For this work we use macroscopic modeling approach, where pedestrians are 

treated in an aggregate way and detailed interactions are overlooked. 

Macroscopic models aimed at studying pedestrian behavior use a continuum approach, 

where the movement of large crowds exhibits many of the attributes of fluid motion. As a 

result, pedestrian dynamics are treated as a fluid. This idea provides flexibility since 

detailed interactions are overlooked, and the model's characteristics are shifted toward 

parameters such as flow rate q, traffic density ρ and average speed v, all of which are 

functions of space and time. This class of models is classified under hyperbolic partial 

differential equations. This way of modeling the pedestrian behavior was first introduced 

by [10] and [11] where macroscopic models were developed using fluid flow theory. The 

drawback is the assumption that pedestrians behave similarly to fluids. However, 

pedestrians tend to interact among themselves and with obstacles in their model area, 

which is not captured by macroscopic models. 

In this chapter we discuss models for a one-dimensional evacuation system based on 

traffic flow theory and the existing macroscopic mathematical models. These models will 

be modified for crowd flow in two-dimensional space in section 2.3. The resulting 

models for each case (one and two dimensions) are divided into two types which are 

based on continuum theory and conservation laws such as the continuity and momentum 



 

 12

equations. These models start from conventional theory for ordinary fluids and the 

equations of motion in both cases are described by nonlinear partial differential 

equations.  The first model uses a single hyperbolic partial differential equation with a 

velocity-density relationship, while the other is a system of two hyperbolic partial 

differential equations. The first we call the one-equation model and the other we refer to 

as the two-equation model.  

2.2 Modeling of One-Dimensional Evacuation System 

In this section we will present two one-dimensional models which describe the behavior 

of people using a single partial differential equation in first case and two partial 

differential equations in the other.  The first one is a basic one-equation model which is 

based on the equation of continuity or conservation of mass.  This model also has a 

fundamental relationship between density of people and speed of flow. According to the 

law of conservation of mass total flow of people exiting from any section cannot be 

higher than the total flow of the people that are entering which means that the “total 

number of people is conserved in the system”. The number of people moving in and out 

accounts for the change in density in that area. To represent the flows, Greenshields 

model [23] is used to show the dependence of speed on the density of people.  

The second model is a two-equation model based on conservation of mass and 

momentum where the velocity is independent of density. To increase resolution and 

accuracy of the model we add the equation of conservation of momentum. We will 

discuss the evacuation model of a one dimensional corridor of length L . The model is 

similar to the one dimensional traffic flow model and is described by a nonlinear 

hyperbolic partial differential equation. The models presented here are macroscopic with 

the dynamics being represented in terms of density, flow and speed. As a result the 

system is distributed with all the parameters as functions of space and time.  

2.2.1 Continuity One-Equation Model 
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This model is based on equation of conservation of mass. The conservation law of mass 

in case of an evacuation system means that the number of people is conserved in the 

system. The derivation of the conservation law is given in [24]. Let us consider the case 

of a one dimensional corridor of length L  with exits at both ends. Let ),( txρ  denote the 

density of people as a function of position vector x  and time t , ),( txq  the flow at a given 

x and t , and ),( txv  the velocity vector field associated with the flow. The one-dimensional 

conservation law of mass is given by 

0)),((),( =
∂

∂+
∂

∂
x

txq
t

txρ                                                  (2.1) 

with initial condition and a boundary condition given by 

                        ( )xtx 00 ),( ρρ =                                                          (2.2) 

              0),0( =tρ and 0),( =tLρ   ∀  ),0[ ∞∈t                                     (2.3) 

Here ]),,0[(),( 2 ℜ∈ LHtxρ  with ]),,0[(2 ℜLH  being the infinite dimensional Hilbert space of 

one dimensional vector function defined for an interval ],0[ L  whose spatial derivatives 

upto second order are square integrable with a specified 2L  norm. ]),,0[(),( 2 ℜ∈ LHtxq  and   

]),,0[()(0 ℜ∈ LHxρ . The vectors ℜ⊂∈ ],0[ Lx  and ),0[ ∞∈t denote position and time 

respectively. For the rest of the chapter it will be assumed that the vector spaces are 

Sobolev spaces or Banach spaces [25].  

The relationship between the three variables: density, velocity and flow is given by the 

following equation 

),(),(),( txvtxtxq ρ=                                                           (2.4) 

The one-dimensional conservation equation is therefore given by  

0)),(),((),(
=

∂
∂

+
∂

∂
x

txvtx
t

tx ρρ                                             (2.5) 

subject to the conditions given by (2.2) and (2.3). For simplicity we will omit the 

arguments of the functions for the rest of this chapter. 
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2.2.2 Velocity-Density Relationship 

To describe the relationship between velocity vector field  v  and density ρ  we need one 

more equation. Crowd density and velocity are related through the conservation law 

(2.5). The velocity function for the pedestrian flow is dependent on density. The choice 

of such function depends on the behavior the model is trying to mimic. There are a 

number of representations for this velocity function used throughout the literature some 

of which have been discussed in [26]. In our case we use the Greenshield’s model.  

Greenshield’s Model 

The Greenshield model [23] is one of the simplest and widely used models for velocity-

density relationship. This model assumes velocity as a linearly decreasing function of the 

flow density, and is given by 

)1( maxρρ−= fvv                                                 (2.6) 

where ),( txvv ff =  is the free flow speed and maxρ  is the maximum or jam density. Jam 

density is the maximum number of people that could possibly fit a single cell. From (2.6) 

it is clear that for zero density the model allows the people to move with free flow 

velocity and for jam density there is no flow at all. Using (2.6) we get modified one-

equation conservation model as  

            ( ) 0)1( max =−
∂
∂+

∂
∂ ρρρρ

fv
xt

                                         (2.7) 

subject to conditions (2.1) and (2.2). The model given by (2.7) is also known as LWR 

model named after the authors in Lighthill, Whitham and Richards in [22]. The LWR 

model is a scalar, time-varying, non-linear, hyperbolic partial differential equation. This 

is a simple model and is thus unable to capture all the complex interactions for a realistic 

crowd flow. In order to make this model more accurate we need some modifications. One 

such modification is discussed in the next section. 

2.2.3 Two-Equation System Model 
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The model presented earlier is one of the original models representing the traffic flow 

dynamics. Since its appearance, a number of other models have emerged in literature 

where velocity is independent of density. One such model is being presented here. In this 

section we consider a higher order model or more precisely a system model of two partial 

differential equations for a one dimensional corridor.  This model consists of 

conservation of mass equation (2.1) coupled with a second equation based on the 

principle of conservation of momentum. The first equation is the conservation of mass 

equation (2.5). The second equation is derived from conservation of momentum for one 

dimensional flow [27].  This equation tries to mimic the flow motion instead of the 

velocity-density models and is given by 

x
p

x
v

t
v

∂
∂−=

∂
∂+

∂
∂ )()( 2ρρ                                                     (2.8) 

where ]),,0[(),( 1 ℜ∈= LHtpp ρ  is pressure and is a function of density ρ  . The second 

equation is derived from the Navier-Stokes equation of motion of a one-dimensional 

compressible flow with the pressure term as a function of density given as 2ρCp =  . The 

constant C  is known as the anticipation factor and describes the response of macroscopic 

driver to crowd density, i.e. space concentration. The relationship between density and 

flow is again given by (2.4). Thus we have the dynamics of an evacuation system given 

by following two-equation system model  

0=
∂
∂+

∂
∂

x
q

t
ρ                                                         (2.9) 

x
pq

xt
q

∂
∂−=

∂
∂+

∂
∂ )( 2 ρ                                                (2.10) 

with initial conditions and subject to boundary conditions 

( )xtx 00 ),( ρρ = ,   ( )xqtxq 00 ),( =  

                ( ) 0,0 =tρ  ( ) 0,0 =tq   ∀  ),0[ ∞∈t                                      (2.11) 

2.3 Modeling of Two Dimensional Evacuation System 
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In this section we present two macroscopic crowd dynamic models that can be used to 

study crowd behavior in a two-dimensional space. The first is a one-equation model 

similar to the one given in subsection 2.1.1. The other is the two-equation model similar 

to the one given in subsection 2.1.3. 

In this section we will discuss the evacuation model of a two dimensional space of 

dimensions LL×  with exits at both ends. There are two partial differential equations that 

we use to model the control problem. The first is the equation of conservation of mass 

and the second is the conservation of momentum.  

2.3.1 Continuity One-Equation Crowd Model 

In this section, we present a 2-D scalar, nonlinear, time-varying, hyperbolic PDE crowd 

model. This is a simple extension to the LWR one-dimension conservation of continuity 

model given in subsection 2.2.1. This model is based on equation of conservation of 

mass, i.e. the number of people is conserved in the system. Let us consider the case of a 

two- dimensional corridor of dimension LL× . Let ( ) ( )LL ,0,0 ×=Ω  be a bounded, open 

subset of a two-dimensional Euclidean space 2R  and Ω∂  be its boundary. Let ),( txρ  

denote the density of people as a function of position vector x  and time t . The vector 
2ℜ⊂Ω∈x  is expressed in terms of its coordinates as Txxx ],[ 21= . Let ),( txq be the flow at a 

given x and t  with ),(1 txq  and ),(2 txq  as flow in 1x  and 2x  directions. ),( txv  is the velocity 

vector field associated with the flow with ),(1 txv  and ),(2 txv  as 1x  and 2x  components 

respectively. We use the fundamental velocity-density relation given by (2.6) to describe 

),(1 txv and ),(2 txv . The conservation one-equation model is given by 

0)),((),( =+
∂

∂
txqdiv

t
txρ     Ω∈∀ x                                             (2.12) 

with initial condition and a boundary condition 

                        ( )xtx 00 ),( ρρ =                                                             (2.13) 

              0),( =txρ   ∀  ),0[ ∞∈t , Ω∂∈x                                                (2.14) 

Here ],[),( 2 ℜΩ∈ Htxρ  with ],[2 ℜΩH  being the infinite dimensional Hilbert space of one 
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dimensional vector function defined on domain Ω , whose spatial derivatives upto second 

order are square integrable with a specified 2L  norm ],[),( 2 ℜΩ∈ Htxq  and 

],[)(0 ℜΩ∈ Hxρ .The vectors 2ℜ⊂Ω∈x  and ),0[ ∞∈t denote position and time respectively. 

For the rest of the chapter it will be assumed that the vector spaces are Sobolev spaces 

(Banach spaces) [25]. For simplicity again we drop the arguments. The flows iq ’s are 

obtained as a product of density and velocity as 

ii vq ρ=  , 2,1=i                                                    (2.15) 

The dynamics for two dimensions are therefore given by 

 0
)()(

2

2

1

1 =
∂

∂
+

∂
∂

+
∂
∂

x
v

x
v

t
ρρρ                                             (2.16) 

subject to the initial conditions and boundary conditions given by (2.13) and (2.14) 

respectively. To describe the relationship between velocity vector field  ),( txv  and 

density ),( txρ  we use the fundamental velocity-density relation of (2.6) to give 

),(1 txv and ),(2 txv as 

               )1( maxρρ−= ifi vv                                                  (2.17) 

where ( )txvif ,  is the free flow speed in ix  direction, 2,1=i and maxρ  is the jam density. 

Using (2.17) in (2.16) we get the modified one-equation model given by 

           ( ) ( ) 0)1(, 2

1
max =−

∂
∂+

∂
∂ ∑

=i
if

i

v
xt

tx ρρρρ                                     (2.18) 

subject to conditions (2.12) and (2.13). The free flow speeds  ),(1 txv f and ),(2 txv f  are the 

velocities in the x-axis and y-axis, and they are used as control parameters to direct crowd 

flow to any desired direction and are both a function of time and space. 

2.3.2 Two-Equation System Crowd Dynamic Model 

In this section we consider a higher order model or more precisely a system of two partial 

differential equations for a two dimensional corridor. This model consists of conservation 

of mass equation coupled with a second set of equations based on the principle of 

conservation of momentum. The first equation is the conservation of mass equation 

(2.16) for two-dimensions           
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0
)()(

2

2

1

1 =
∂

∂
+

∂
∂

+
∂
∂

x
v

x
v

t
ρρρ  

The second equation is derived from conservation of momentum by taking a 2-D form of 

equation (2.8) and is found to be    

i
i

i

x
pvvdiv

t
v

∂
∂−=+

∂
∂

)(
)(

ρ
ρ ,    2,1=i  

The 1x  and  2x  components of momentum equation can be written as 

12

21

1

2
11 )()()(

x
p

x
vv

x
v

t
v

∂
∂−=

∂
∂

+
∂

∂
+

∂
∂ ρρρ                                    (2.19) 
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2
2

1

212 )()()(
x
p

x
v

x
vv

t
v

∂
∂−=

∂
∂

+
∂

∂
+

∂
∂ ρρρ                                    (2.20) 

where ],[),( 1 ℜΩ∈= Htxpp  is pressure. The pressure term is the same as in 1-D case and 

is equal to  ρ2
0Cp =  with  0C  being the anticipation term. The relationship between 

density and flow is given by ii vq ρ= . Thus we have the dynamics of an evacuation 

system given by following two-equation system model  

0
2

1
=

∂
∂

+
∂
∂ ∑

=i i

i

x
q

t
ρ                                                              (2.21) 

and 

          
1

21
2

2
1

1

1 )()(
x
pqq

x
q

xt
q

∂
∂−=

∂
∂+

∂
∂+

∂
∂ ρρ                                    (2.22) 

2

2
2

2
21

1

2 )()(
x
pq

x
qq

xt
q

∂
∂−=

∂
∂+

∂
∂+

∂
∂ ρρ                                   (2.23) 

with initial conditions and subject to  boundary conditions given by 

                       ( )xtx 00 ),( ρρ = ,   ( )xqtxq 00 ),( =      ∀ Ω∈x                               (2.24) 

                 0),( =txρ , 0),( =txq , ∀  ),0[ ∞∈t , Ω∂∈x                                 (2.25) 

This concludes the modeling section. In this chapter we presented two macroscopic 

models for both one and two dimensional spaces. The models are macroscopic and are 

represented by nonlinear hyperbolic PDEs.  We divided the models for each case into two 

types: one is based on continuum theory and is referred to as one-equation model and the 

other is based on conservation laws of continuity and momentum and will be referred to 

as two-equation model. These models will be utilized for the feedback control design in 



 

 19

following chapters. The goal there is to design feedback controllers in order to control the 

movement of people during evacuation as dictated by these models. Since the models are 

hyperbolic PDEs movement control becomes a tough task because of shocks and jams. In 

the following chapters we will adopt the method of feedback linearization to convert 

these models into much simpler parabolic PDEs. We will design both diffusion and 

advection controllers where we make the density profiles of people decrease as well as 

move with time. In order to achieve this goal we are assuming that the control variables 

have no bounds on them. However, it is practically impossible to have unbounded 

controls so we modify the controllers in order to take the effect of control saturation into 

account. We also discuss the feedback control for these models in presence of 

uncertainties where the goal is to design the controllers to minimize the effect of 

uncertainties on the movement of people during evacuation. The control design technique 

adopted in all these cases is feedback linearization which includes backstepping for two-

equation models, Lyapunov redesign for uncertain models and robust backsteeping for 

two-equation uncertain models. 
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CHAPTER 3 

FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF ONE 

DIMENSIONAL CROWD MODELS 

3.1 Introduction 

This chapter presents design of nonlinear feedback controllers for two models that are 

given in chapter 2, representing crowd dynamics in one dimension. The models are based 

on the laws of conservation of mass and momentum. The first model is the classical one-

equation model for a traffic flow based on conservation of mass with a prescribed 

relationship between density and velocity given in subsection 2.2.1. The model dynamics 

are represented by a single partial differential equation.  The other model is a two 

equation model given in subsection 2.2.3 in which the velocity is independent of the 

density. This model is based on conservation of mass and momentum. As such, the model 

dynamics are represented by means of a system of two partial differential equations. The 

equations of motion in both cases are described by nonlinear partial differential 

equations. The system is distributed, i.e. both the state and control variables are 

distributed in time and space. 

 The control objectives are to design feedback controllers for removing people from the 

evacuation area effectively by generating distributed control commands. We address the 
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feedback control problem for both models. The objective is to synthesize a nonlinear 

distributed feedback controller that guarantees stability of a closed loop system.  The 

problem of control and stability is formulated directly in the framework of partial 

differential equations. Sufficient conditions for Lyapunov stability for distributed control 

are derived. 

There are two approaches to the design of feedback controllers for distributed systems.  

In the conventional approach, the distributed mathematical model is approximated by a 

lumped parameter model having finite dimensions.  The spatial discretization of the 

system is performed using either the finite difference or the finite element method. The 

controllers are designed on the basis of the resulting linear or nonlinear ordinary 

differential equation model using known techniques available for such systems [28], [29]. 

This approach however has certain disadvantages.  By neglecting the infinite dimensional 

nature of original system, design of controllers may result in instability even though the 

resulting finite dimensional system is stable using the same controllers.  Moreover, 

properties like controllability and observability depend on the method of discretization 

used [30]. Thus, in order to avoid errors introduced by spatial discretization, it is 

desirable to formulate the control and stability problem directly in the framework of a 

distributed model of partial differential equations [25]. In this chapter the latter approach 

is used. 

Here we are interested in designing a feedback controller for evacuating pedestrians from 

a one-dimensional area (e.g., corridor). We adopt the method of feedback linearization 

for control design. The method works by canceling the nonlinearities in the system and is 

well known in nonlinear control for ODEs [31]. This method is introduced to quasi-linear 

hyperbolic PDEs in [25]. This chapter presents the feedback linearization control design 

for the LWR model.  First we discuss the design of nonlinear feedback control for the 

model based on continuity equation alone and next we will discuss the feedback control 

design for the system described by both the equations where backstepping approach is 

used for the control design.  In both cases the objective of control design is to synthesize 

a nonlinear distributed feedback controller that stabilizes the system and guarantees 

stability in the closed loop system.   
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The organization of this chapter is as follows. In Section 3.2 we formulate the control 

model and present feedback control design for the one-equation model. This section also 

studies Lyapunov stability and finally presents some simulation results. Section 3.3 

presents the feedback control design and stability analysis for the two-equation system   

Simulation results for closed loop dynamics are also presented.  

3.2  Feedback Control for Continuity One-Equation Model 

In this section we formulate the control model and present feedback control design for the 

one-equation model. This section also studies Lyapunov stability and presents some 

simulation results. 

3.2.1 Continuity One-Equation Model 

In this section we present the mathematical model of crowd dynamics for a one-

dimensional area. The one dimensional area can be a corridor of length L  with exits at 

both ends. The model is given in subsection 2.2.1 by (2.7) as  

0)),((),( =
∂

∂+
∂

∂
x

txq
t

txρ                                                    (3.1) 

with initial and a boundary condition given by 

                        ( )xtx 00 ),( ρρ =   ∀ ],0[ Lx ∈                                                 (3.2) 

              0),0( =tρ   ∀  ),0[ ∞∈t                                                   (3.3) 

Here ),( txρ  is the variable we want to control. For pedestrian evacuation the final density 

should be equal to zero; i.e. 0),( =ftxρ . The length of the corridor is ],0[ L  and the 

boundary condition given by (3.3) is that the corridor is open at both ends. The flow 

),( txq  is obtained as a product of density and velocity as 

),(),(),( txvtxtxq ρ=                                                       (3.4) 
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The velocity-density relationship as given by Greenshield’s model is  

)1( maxρρ−= fvv                                                       (3.5) 

where ),( txvv ff =  is the free flow speed and maxρ  is the maximum or jam density. The 

one-equation model is therefore given by  

( ) 0)1( max =−
∂
∂+

∂
∂ ρρρρ

fv
xt

                                             (3.6) 

3.2.2 Continuity One- Equation Control Model 

To formulate the control problem based on the continuity equation model we need to 

choose a control variable. For this model we take free flow velocity vector field 

),( txvv ff =  as the distributed control variable denoted byu . If the density at a location is 

zero then the speed at that location will be the free flow speed. However, with the 

actuation system implemented, we can inform people to change their speed. Also the 

crowd density affects the achievable speed. Therefore we choose fv as the control 

variable, giving us the following representation of the control system 

( ) 0)1( max =−
∂
∂+

∂
∂ ρρρρ u

xt
                                             (3.7) 

where ]),,0[(),( ℜ∈ LHtxu  is the control variable. 

3.2.3 State Feedback Control 

Here we address the problem of synthesizing a distributed state feedback controller ),( txu  

that stabilizes origin ( ( ) 0, =txρ ) of system (3.7) or in other words control the evacuation 

of pedestrians from a one-dimensional area. We shall use the method of feedback 

linearization for PDEs.  The method of feedback linearization works by canceling the 

nonlinearities in the system and is discussed for nonlinear ODEs in [31]. More 

specifically we consider control law of the form 
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)),(( txFu ρ=  

which makes origin of the closed loop dynamics exponentially stable. Here )(ρF  is a 

nonlinear operator mapping ]),,0[(2 ℜLH into ]),,0[(1 ℜLH . Designing the operator )(ρF  we 

get our state feedback controller as 

 [ ]
x

DtxF
∂
∂−−= − ρρρρρ 1

max )1()),((                                      (3.8) 

The closed loop dynamics can be found by substituting (3.8) in (3.7) to get  

0
2

2

=
∂
∂−

∂
∂

x
D

t
ρρ                                                   (3.9) 

where with boundary conditions is given by (3.3). The closed loop dynamics represent 

the heat equation with D  being the diffusion constant. (3.9) suggests that the people are 

diffusing or in other words the motion of people is because of diffusion only. There is no 

direction to the motion of people. The rate of diffusion is determined by the diffusion 

constant D . The direction of motion is important in order to have an effective evacuation. 

In chapter 5 we will add this component to the control law (3.9) so that there is diffusion 

as well as direction to the motion. The diffusion term enhances motion and becomes 

important due to the limitation on the control variable. The controller in (3.8) has 

saturation issues which will be a topic in chapter 5. 

3.2.4 Lyapunov Stability Analysis  

In order to check the stability of the closed loop system (3.9) we use the Lyapunov 

function analysis. The stability problem is to establish sufficient conditions for which the 

origin of the closed loop dynamics (3.9) is exponentially or asymptotically stable. Within 

the framework of our system the definition of Lyapunov stability can be established by 

writing system dynamics (3.9) as an abstract differential equation in terms of operator 

theory. Towards that end, we introduce a differential operator A on ]),,0[(2 ℜLH  defined 

by  
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2

2

x
kA

∂
∂= ϕϕ ,   ∀  )(AD∈ϕ                                        (3.10) 

Here  ]),,0[()( 2 ℜ⊂ LHAD  is the domain of operator A  defined as 

( ) ( ){ }00 ];,0[  ,:)( 22 ==∈′∈= LLHHAD ϕϕϕϕϕ  

Using operator (3.10), the system dynamics (3.9) can be written as an abstract differential 

equation making the dynamics look like an ordinary differential equation in Sobolev 

(Banach) space [32], [33]. The abstract version or state space representation of (3.9) can 

be put into the form  

                 )()( tAt
dt
d ρρ = , 0>t  ;  0)0( ρρ =                                         (3.11) 

The operator A  is known to generate a strongly continuous semigroup )(tU of bounded 

linear operators on a normed linear space ]),,0[(2 ℜLH . The system motion starting from 

any initial state ( )0tρ  at time 0t  is defined by ( ) ( )0ttU ρ . Thus a partial differential equation 

can be regarded as an evolution system where )(tU  evolves 0ρ  forward in time. Within 

this abstract framework the definition of Lyapunov stability is given as follows.  

Definition 3.2.1: An equilibrium state eqρ  of a dynamical system (3.11) is stable with 

respect to a specified 2L  norm ( )
2

, txρ  if for every real number 0>ε   there exists a real 

number ( ) 0, 0 >tεδ such that 

( ) ( ) ( ) 02020        ttttUt eqeq >∀<−⇒<− ερρδρρ  

If in addition ( ) ( ) ∞→→− tttU eq   as  0
20 ρρ then the equilibrium is said to be 

asymptotically stable.  Furthermore, if there exist two positive constants a  and b  such 

that  

( ) ( ) ( ) ( )
02020        0 ttetattU ttb

eqeq >∀−≤− −−ρρρρ  

is satisfied, then eqρ  is said to be exponentially asymptotically stable. More precisely the 

problem is to find a condition under which operator A  generates an exponentially stable 
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semigroup )(tU   that satisfies the following growth property with respect to a specified 

2L  norm 

btaetU −≤
2

)(  0≥t                                                    (3.12) 

where 0>b . In other words we say that A  generates an exponentially stable semigroup 

)(tU [34]. The determination of conditions for which estimate (3.12) is satisfied amounts 

to establishing conditions for which the null state of the linear system (3.9) is 

exponentially stable with respect to the specified 2L  norm; that is  ( ) 0
2

→tρ  as ∞→t . 

It should be noted here that for infinite dimensional systems stability with respect to one 

norm does not necessarily imply stability with respect to others unlike finite dimensional 

systems where all norms are equivalent. For our system we have chosen the following 2L  

norm defined by 

             
2/1

0

2

2
),(),( 



→ ∫

L
dxxtxt ρρ                                           (3.13) 

This norm represents an “energy like” function of the system at any time. Let us now 

consider a Lyapunov functional )(tV for the system (3.9). Here +→ℜ],0[: 2 LHV is a 

smooth functional of the form 

                  dxtV
L

∫==
0

2
2
12

22
1)( ρρ                                            (3.14) 

Using the norm properties we can easily see that )(tV is a positive definite function. The 

time rate of change of )(tV  using Leibniz rule in (3.14) is given as 

                   ( )
∫ ∂

∂=
L

dx
tdt

tdV
0

ρρ                                                 (3.15) 

Substituting the system dynamics from (3.12) in (3.15) and integrating it we get 

( )
∫ 








∂
∂−













∂
∂=

L
L

dx
x

D
x

D
dt

tdV
0

2

0

ρρρ  
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The first term vanishes by boundary condition (3.4). For the second integral we make use 

of Gagliardo-Nirenberg-Sobolev Inequality [35], [36]. The inequality as applied to our 

case states     

                           
2

22 x
CC

∂
∂=∇≤ ρρρ                                            (3.16) 

where C  is a positive real number. Using (3. 16) we have the following inequality 

dxC
x

L
L

∫∫ −≥
∂
∂

0
21

0

2)( ρρ       

The time rate of change of Lyapunov functional )(tV  can thus be bounded as 

( ) )()(2 1
0

21 tVtVDCdxDC
dt

tdV L
βρ −=−=−≤ −− ∫   

with 12 −= DCβ a constant. Therefore the Lyapunov functional satisfies following property 

)(
0

0)()( ttetVtV −−≤ β   

which can also be written as 

)(
202

0),(),( ttextxt −−≤ βρρ  

As long as 0>β the null state of (3.9) is exponentially stable and condition (3.12) 
( )0

2
)( ttbetU −−≤  is satisfied with β=b . Thus equilibrium of closed loop system (3.9) using 

feedback control (3.8) is exponentially stable. 

3.2.5 Simulation Results 

This section shows simulation results for closed loop system (3.9) using the control law 

(3.8). The numerical method used is the Lax-Friedrichs scheme [37]. For simulation the 

initial distribution for density is considered to be Gaussian. The initial density 

distribution is given by 

))(exp()0,( 2axGx −−=ρ  
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with a  being the centre of the Gaussian distribution and G is the highest magnitude of the 

distribution.  

We have three simulation results for the one-equation model. The control action response 

for a corridor with exit at the right is shown in Fig.3.1. The simulation shows the density 

response as a mesh plot. After some finite time the density has decreased to zero. The 

second simulation is shown as a contour plot in Fig. 3.2 where the contour lines vary 

from 0.6 to 0.1 and as seen from plots density at every point in space is decreasing 

exponentially with time. The third simulation shows the density response at different time 

instants in Fig. 3.3, where the density flattens out with time. The plots indicate the 

diffusion of people throughout the length of the corridor. 

 

Figure 3. 1: Density response for one-equation model. 
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Figure 3. 2: Contours of the density response for one equation model.  
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Figure 3. 3: Density response at different time instants for one-equation model.  

3.3 Feedback Control for Two-Equation Model 

In this section we formulate the control model and present feedback control design for the 

two-equation model. This section also studies Lyapunov stability for this model and 

presents some simulation results. In this section we design a feedback control for the two-



 

 30

equation model of the evacuation system given by (2.9) and (2.10) subject to boundary 

conditions (2.11) using the backstepping approach. The Lyapunov functional (3.14) 

which was used as a stability analysis tool for the one-equation model will be used as a 

feedback control design tool for this system. The design of feedback control is done in 

such a way that Lyapunov functional for the system or its derivative has certain 

properties that guarantee boundedness or convergence to an equilibrium point. 

3.3.1 Two Equation System Model 

We consider a higher order model or more precisely a system of two partial differential 

equations for a one dimensional corridor. This model consists of conservation of mass 

equation coupled with a second equation based on the principle of conservation of 

momentum. The model is given in subsection 2.2.3 by (2.9) and (2.10) as 

0=
∂
∂+

∂
∂

x
q

t
ρ                                                         (3.17) 

x
pq

xt
q

∂
∂−=

∂
∂+

∂
∂ )( 2 ρ                                                (3.18) 

with initial conditions and subject to boundary conditions 

( )xtx 00 ),( ρρ = ,   ( )xqtxq 00 ),( = ∀ ],0[ Lx ∈  

                ( ) 0,0 =tρ  ( ) 0,0 =tq   ∀  ),0[ ∞∈t                                       (3.19) 

where ]),,0[(),( 1 ℜ∈= LHtxpp  is pressure. Here ρ  and q  are the variables we want to 

control. For pedestrian evacuation the final density and flow should be equal to zero; that 

is 0),( =ftxρ  and 0),( =ftxq . The length of the corridor is ],0[ L  and the boundary 

condition given by (3.19) is that the corridor is open at  both the ends. 

3.3.2 Two   Equation Control Model 
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To formulate the control problem we need to choose a control variable. For the two-

equation model (3.17) and (3.18) we choose divergence of pressure xp ∂∂  as distributed 

control variable u  giving us the following representation of the control system 

x
q

t ∂
∂−=

∂
∂ρ  

uq
xt

q +
∂
∂−=

∂
∂ )( 2 ρ  

The above system can be rewritten in the following form 

      
x
q

t ∂
∂−=

∂
∂ρ                                                       (3.20) 

         u
t
q =

∂
∂                                                         (3.21) 

where  uq
x

u +
∂
∂−= )( 2 ρ  is the new control variable.  

3.3.3 State Feedback Control by Backstepping 

Here we address the problem of synthesizing a distributed state feedback controller ),( txu  

that stabilizes the origin ( 0),(,0),( == txqtxρ ) of the two-equation control system given by 

(3.20) and (3.21).  More specifically we consider the control law  

( )( )txqtxFu ,),,(ρ=  

such that origin of the closed loop dynamics are exponentially stable. F  is a nonlinear 

operator mapping  ]),,0[(2 ℜLH  into ]),,0[(1 ℜLH . The control strategy adopted here is 

similar in principle to feedback control by backstepping for ordinary differential 

equations [31] and is extended to PDEs. Backstepping is a Lyapunov-based control 

method of feedback linearization. It is a recursive method that designs the feedback 

control law based on the choice of the Lyapunov function. It breaks the design problem 

for a system of equations into a sequence of design problems for scalar systems. We 

proceed with the control design as follows: 
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1. First we design control law for (3.20) where ),( txq   can be assumed as an input. 

We proceed to design a conceptual control law )(ρGq = for this control input to 

stabilize the origin 0),( =txρ . G  is a nonlinear operator mapping ]),,0[(2 ℜLH  

into ]),,0[(2 ℜLH . With the control law  

               ∫ ∂
∂−==

x
dm

m
DGtxq

0 2

2

)(),( ρρ                                      (3.22) 

 we get the conceptual closed loop dynamics for (3.20) as 

                      
2

2

x
D

t ∂
∂=

∂
∂ ρρ                                                 (3.23) 

which is similar to (3.9). As already shown this system is exponentially stable 

with a conceptual Lyapunov functional (3.14) 

dxtV
L

∫==
0

2
2
12

22
1)( ρρ  

 which satisfies ( ) ( )tV
dt

tdV β−≤  and   ensures stability.   

2. We have used the term “conceptual” with the control law, closed loop system and 

the Lyapunov function. This is done in order to stress the fact that the control law 

(3.22) cannot be implemented in practice as ),( txq  is not a control variable. 

However, this  conceptual design helps us to recognize the benefit of the input 

),( txq being close to )(ρG . From the knowledge of the conceptual Lyapunov 

function )(tV  we want to design a smooth feedback control for stabilizing the   

origin  of the overall system.  We therefore add to the conceptual Lyapunov 

function (3.14) a term penalizing the difference between q  and ( )ρG . For this 

purpose we rewrite the dynamics (3.20) as 

( ))()( ρρρ Gq
xx

G
t

−
∂
∂−

∂
∂−=

∂
∂  

 Defining the difference between q  and ( )ρG  by an error variable ( )ρGqz −= , 

 we get the following modified dynamics.  



 

 33

               ( )
x
z

x
G

t ∂
∂−

∂
∂−=

∂
∂ ρρ                                             (3.24) 

                         nu
t
z =

∂
∂                                                     (3.25) 

 where ( )
t

Guu n ∂
∂−= ρ  is the new control variable and ]),,0[(),( 2 ℜ∈ LHtxz .   

3 Now let us modify the Lyapunov functional (3.14) by adding an error term to it 

 thus resulting in the Lyapunov function for the overall system as 

∫∫ +=+=
LL

a dxzdxztVtV
0

2
2
1

0

2
2
12

22
1)()( ρ                           (3.26) 

 The time rate of change of this functional using (3.24) and (3.25) is given as 

( )
∫ ∫∫ +

∂
∂+

∂
∂=

L L
n

La dxzudx
x
zdx

xdt
tdV

0 002

2

ρρρ  

 Using (3.16) we know that the first term is bounded by )(tVβ− . Therefore 

( ) ( ) ( ) ∫∫ +
∂
∂+−≤

L
n

La dxzudx
x
ztxtV

dt
tdV

00
,ρβ  

We have to choose a new control law ( )txun ,  in such a manner that the time 

derivative of the new functional or the sum of second and third terms is also 

bounded by a negative definite function.  By choosing the following control law 

              ( )
x
zzKztxu n ∂

∂−−= − ρ1,                                          (3.27) 

we get the following  result 

( ) ( )tVzKtV
dt

tdV
a

a ββ 2)( 2

2
−=−−≤  

 with 02 >= βK . This shows that the origin ( 0),(,0),( == txztxρ ) of the system 

 (3.24) and (3.25) is exponentially stable.  

4.  With the feedback controller (3.27) we have proved that the origin 

 ( 0),(,0),( == txztxρ ) of (3.24) and (3.25) is asymptotically stable. But we need to 

 prove the asymptotic stability of the origin ( 0),(,0),( == txqtxρ ) of the system 
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 (3.20)  and (3.21) or we need to prove the exponential stability of 0),( =txq . The 

 Proposition 3.3.1 establishes the asymptotic stability of the original closed-loop 

 system.    

 Proposition 3.3.1 The origin ( 0),(,0),( == txqtxρ ) of the system (3.20) and (3.21) 

 is exponentially stable under the control law tGuu n ∂∂+= )(ρ  with  nu given by 

 (3.27). 

 Proof:  The control laws (3.22) and (3.27) make the origin 0),(,0),( == txztxρ  

 for equation (3.24) and (3.25) asymptotically go to zero. From the equation  

 ( )ρGqz −=  we want to prove the asymptotic stability of 0),( =txq . We will show 

 that as ∞→t  the control law 0)( →ρG . The control law )(ρG  is given as  

∫ ∂
∂−=

x
dm

m
DG

0 2

2

)( ρρ                                        (3.28) 

 Therefore using (3.28) we need to prove the following 

0limit)),((limit
0 2

2

=








∂
∂−= ∫∞→∞→

x
tt ds

s
DtxG ρρ                  (3.29) 

 The proof is done in the following three steps. 

 Step1: Solution of heat equation. In order to prove (3.29) we consider the 

 solution of heat equation (3.9) given by  

2

2

x
D

t ∂
∂=

∂
∂ ρρ                                            (3.30) 

 The solution of the equation (3.30) as given in [24] is 

( ) )sin(,
2

1
xeAtx n

tD

n
n

n λρ λ−
∞

=
∑=                                    (3.31) 

 where Lnn /πλ = . For our case let us take 1=L  and the coefficients in (3.31) are 

 given by  

( ) dxxnxA
L

n ∫=
0

)sin(2 πφ
π

                                     (3.32) 
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 where the function ( ) )0,(xx ρφ = is the initial condition. The rate of change of 

 density in (3.31) is given as 

( ) )sin(
2

1

22 xeAn
t n

tD

n
n

n λπρ λ−
∞

=
∑−=

∂
∂                             (3.33) 

 Step 2: Convergence of t∂∂ρ . The next step is to show the convergence of rate of 

 change of density as given by (3.32). Let us construct a sequence of time 

 denoted by kt  with ∞= ,......2,1k . Now for a fixed time sample kt  we have the 

 estimate of absolute value t∂∂ρ  given by 

                     ∑∑
∞

=

−
∞

=

−
=

≤=∂∂
1

22

1

22 22

)sin(
n

k
t

n
n

nk
t

ntt
nn

k
eAnxeAnt λλ πλπρ               (3.34) 

 since 1)sin( ≤xnλ  for  ),0[],0[),( ∞×∈ Ltx . Thus we have  

∑∑
∞

=

∞

=

−
=

≤≤∂∂
1

222

2
2

1

22

)(
2

n k

n

n
k

t
ntt tn

An
eAnt n

k π
ππρ λ  

 The coefficients given by (3.32) are bounded as   

( ) ( ) AdxxdxxA
LL

n ≤=≤ ∫∫
00

0,22 ρ
π

φ
π

                             (3.35) 

 where A  is a positive constant and A  exists because ( ) )0,(xx ρφ =  is continuous on 

 a compact (i.e. closed and bounded) interval. Therefore we have  

∑
∞

=
=

≤∂∂
1

222

1
nk

tt nt
At

k π
ρ                                    (3.36) 

 Since the series ∑
∞

=1

21
n

n converges [38] therefore we conclude that t∂∂ρ  in 

 (3.36) converges for every 0>kt . Next we need to show 0→∂∂ tρ  as ∞→t  or 

 as ∞→k  , which means ∃>∀ ,0ε  some 0>Nt  such that for all Ntt ≥ , ερ <∂∂ t . 

 From (3.34) and (3.35) we have  

∑
∞

=

−≤∂∂
1

)(22 2

n

tnenAt ππρ                                  (3.36) 

 Now let us construct a series in 0>ε   given as 
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εεεεε ==+++ ∑
∞

=
)21(........8/4/2/

1n

n                              (3.37) 

 For an arbitrary 0>ε  we estimate the n-th term of series (3.36) for  some time t  

 as 

ntnenA 2/
2)(22 επ π ≤−   

 which yields the following  

 ( )








−++=−++≥ 22

2

2222

22 ln)ln()ln(2)2ln(1lnlnln2ln
nn

A
n

n
nn

Ant
n επ

ππ
επ  

 For 1=n  let us denote the time ( ))ln()2ln(1 2
2

At N π
π

+= . Consequently for each n 

 and Ntt ≥ , we have ntnenA 2/
2)(22 επ π ≤− and the later in conjunction with (3.36) 

 and (3.37) implies the following 

∑∑
∞

=

∞

=

− =≤=∂∂
1

)(22 2
2

n

n

n

tneAnt εεπρ π . 

 Thus for Ntt ≥  we ερ <∂∂ t .Therefore as ∞→t , 0→∂∂ tρ or from (3.30) we have  

 022 →∂∂ xρ  as ∞→t . 

 Step 3:  Convergence of )),(( txG ρ . So far we have shown the convergence of 

 22 x∂∂ ρ  to zero. The last step is to establish the convergence of )),(( txG ρ from 

 (3.28).  In other words we need to show the following  

0limit)),((limit
0 2

2

=








∂
∂−= ∫∞→∞→

x
tt ds

s
DtxG ρρ                       (3.37) 

 Using the equations (3.33) and (3.30) we can rewrite (3.37) as  

             0))sin((limit
0

)(

1

22 2

=







∫ ∑ −

∞

=
∞→ dssnenA

x
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n
nk

k ππ π                        (3.38) 

 In order to prove (3.38) let us denote a sequence of functions ( )xfk  by  

( ) ( ) )sin(
2

1

22 xeAntxf n
t

n
nttk

kn

k
λπρ λ−

∞

=
= ∑−=∂∂=                 
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 We know from (3.36) that ( )xfk converges for every 1>k (or 0>kt ) and that

 ( )xf kk ∞→limit  is zero. Now we need to show that ( ) 0limit
0

=∫∞→ dssf
x

kk . In order to 

 prove  this we make use of dominated convergence theorem [39]. From  (3.36) 

 we estimate of the absolute value of ( )xfk  given as 

( ) ∑
∞

=
≤

1
222

1
nk

k nt
Axf

π
 

 Since the series ∑
∞

=1

21
n

n  converges to some positive constant M therefore we have 

( ) 222
kk

k t
P

t
MAxf =≤

π
 

         2πMAP = . Let us define for some 01 >t , a function  ( ) 2
1tPx =Φ .  Now for all  k   

 we have  ( ) ( )xxf k Φ≤  and 

( ) ∞<=Φ ∫∫ ds
t
Pdss

xx

0
2

10

. 

 Thus we have a sequence of functions ( )xf k  for which there exists an integrable 

 function ( )xΦ  such that ( ) ( )xxf k Φ≤  and ( ) ∞<Φ∫ dss
x

0

. Also ( )xf kk ∞→limit is zero. 

 Therefore by dominated convergence theorem [40] this limit is integrable and 

 we have the following  

( ) ( ) 0limitlimit
00

== ∫∫ ∞→∞→ dssfdssf k

x

k

x

kk . 

 It follows from (3.28) and (3.30) that 

0limit)),((limit
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=




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

∂
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x
tt ds

s
DtxG ρρ  

 This completes the proof.                                                                                         ◊ 
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Thus we conclude that the origin ( 0),(,0),( == txqtxρ ) for actual closed-loop system 

(3.22) and (3.23) is asymptotically stable. The feedback control law is given by the 

following partial differential-integral equation  

( ) )( 2 ρρ q
xt

Guu n ∂
∂+

∂
∂+=                                      (3.39) 

with  nu  given by (3.27) as 
x
zzKzun ∂

∂−−= − ρ1 , where ( )ρGqz −= . Hence the closed-loop 

dynamics (3.20) and (3.21) for the two equation model are exponentially stable with this 

feedback control. 

3.3.4 Simulation 

In this section we show simulation results for the closed loop system (3.20) and (3.21) 

using controller (3.27) designed in previous section.  We have used the same Lax-

Friedrichs numerical technique as before. For simulation the initial distribution for both 

density and flow is considered to be Gaussian.  

The simulation results are shown in the following figures. The density plots are shown in 

Fig.3.4-Fig. 3.6 and are similar to those in Fig. 3.1 and Fig. 3.2. The flow plots are shown 

in Fig. 3.7 and Fig. 3.8. As is seen from the plots flow of people at every point in space is 

decreasing exponentially with time.  
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Figure 3. 4: Density response for the two-equation model. 
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Figure 3. 5: Contours of the density response for two-equation model.  
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Figure 3. 6: Density response at different time instants for two-equation model. 

  

 

Figure 3. 7: Flow response for the two-equation model.  
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Figure 3. 8: Contours of flow response for two-equation model.  

 

In this chapter we discussed design of feedback controllers for two infinite dimensional 

models representing the evacuation dynamics in one-dimensional space. We adopted the 

method of feedback linearization to control the movement of people. The closed loop 

dynamics are represented by a heat equation which dictates the change (decrease) in 

initial density profile with time. With the use of these controllers we have shown 

exponential asymptotic stability of the closed loop systems. We will modify these 

controllers in chapter 5 in order to add motion to the density profiles. Also the controllers 

discussed in this chapter are unbounded so we will modify them to take control saturation 

into account in chapter 5. For the two-equation model we used the modification of 

backstepping method for nonlinear ODEs.  

While doing the control design we have seen that the difficulty in designing controllers 

for systems increases as we increase the number of partial differential equations 

representing the dynamics. This motivates the study of abstraction for infinite 

dimensional systems which will be the topic of chapter 9. The goal here is to abstract the 

system having higher number of partial differential equations by a system which is 

represented by lower number of partial differential equations and find the transformation 

for control design.  
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CHAPTER 4 

FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF TWO 

DIMENSIONAL EVACUATION SYSTEM  

4.1 Introduction 

This chapter presents the design of nonlinear feedback controllers for two models given 

in chapter 2 representing evacuation dynamics in two-dimensions. The models presented 

here are based on the laws of conservation of mass and momentum.  The first model is a 

one-equation model based on conservation of mass with a prescribed relationship 

between density and velocity given in subsection 2.3.1. The model dynamics are 

represented by means of a single partial differential equation. The other is a two-equation 

model given in subsection 2.3.2 in which the velocity is independent of density. This 

model is based on conservation of mass and momentum. Here the dynamics are 

represented by means of a set of three partial differential equations. The equations of 

motion in both cases are described by nonlinear partial differential equations. The system 

is distributed, i.e. both the state and control variables are distributed in time and space. 

We address the feedback control problem for both models. The objective is to synthesize 

a nonlinear distributed feedback controller that guarantees stability of a closed loop 

system.  The problem of control and stability is formulated directly in the framework of 

partial differential equations. Sufficient conditions for Lyapunov stability for distributed 

control are derived. 
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We are interested in designing feedback controllers to evacuate pedestrians from a two-

dimensional area. We use the same methods of feedback control as in chapter 3 and 

extend the results to a two-dimensional case. The method of feedback linearization is 

used for the one-equation model which works by canceling nonlinearities in the system. 

For a two-equation system model the feedback control design is done by the 

backstepping approach. In both cases objective of control design is to synthesize a 

nonlinear distributed feedback controller that stabilizes the system and guarantees 

stability in closed loop system.   

The organization of this chapter is as follows. In Section 4.2 we formulate the control 

model and present feedback control design for the one-equation model. This section also 

studies Lyapunov stability for this model and finally presents some simulation results. 

Section 4.3 presents the feedback control design and stability analysis of the two-

equation system model.  Simulation results for closed loop dynamics are presented.  

4.2 Feedback Control for One-Equation Model 

In this section we formulate the control model and present feedback control design for the 

one-equation model. This section also studies Lyapunov stability for this model and 

presents simulation results. 

4.2.1 One-Equation Model 

In this section we present the mathematical model of crowd dynamics for a two-

dimensional single exit area of dimensions ( ) ( )LL ,0,0 ×=Ω . The model is given in 

subsection 2.3.1 by (2.12) as  

0)),((),( =+
∂

∂ txqdiv
t

txρ     Ω∈∀ x                                            (4.1) 

with initial  and boundary conditions given by 
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( )xtx 00 ),( ρρ =        ∀     Ω∈x                                                (4.2) 

              0),( =txρ   ∀  ),0[ ∞∈t , Ω∂∈x                                                (4.3) 

where Ω∂  denotes the boundary of the area. Here ],[),( 2 ℜΩ∈ Htxρ  is the variable we 

want to control. For pedestrian evacuation the final density should be equal to zero; i.e. 

0),( =ftxρ . The area of the space is ( ) ( )LL ,0,0 ×=Ω  and the boundary condition is given 

by (4.3). The vector 2ℜ⊂Ω∈x  is expressed in terms of its coordinates as Txxx ],[ 21= . The 

flow rates are given as ),(1 txq   and ),(2 txq  in 1x  and 2x directions. The flows iq ’s are 

obtained as a product of density and velocity as 

ii vq ρ=  , 2,1=i                                                      (4.4) 

with  ),(1 txv  and ),(2 txv  being the velocity vector fields associated with their respective 

directions. The dynamics for the two dimensions are therefore given by 

 0
)()(

2

2

1

1 =
∂

∂
+

∂
∂

+
∂
∂

x
v

x
v

t
ρρρ                                             (4.5) 

subject to the initial conditions and boundary conditions given by (4.2) and (4.3) 

respectively. The velocity-density relationship as given by Greenshield’s model (2.17) is  

)1( maxρρ−= ifi vv                                                 (4.6) 

where ( )txvv ifif ,=  is the free flow speed in ix  direction, 2,1=i and maxρ  is the jam density.  

The one-equation model is therefore given by  

( ) ( ) 0)1(, 2

1
max =−

∂
∂+

∂
∂ ∑

=i
if

i

v
xt

tx ρρρρ ,           2,1=i                             (4.7) 

The free flow speeds fv1 and fv2  in 1x  and 2x directions are used as control parameters to 

direct crowd flow to any desired direction and are both a function of time and space. 

4.2.2 One-Equation Control Model 
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For the control model formulation we choose the free flow velocity vector fields 

),( txvv ifif =  as the distributed control variables denoted by ),( txui . This gives us the 

following representation of the control system 

( ) ( )∑
=

−
∂
∂

+
∂

∂ 2

1
max )1(,

i
i

i

u
xt

tx ρρρρ     ;    2,1=i                              (4.8) 

where ]),,0[(),( ℜ∈ LHtxui  are the control variables. 

4.2.3 State Feedback Control 

Here we address the problem of designing distributed state feedback controllers 1u  and 

2u  that stabilize the origin ( ( ) 0, =txρ ) of system (4.8) or in other words evacuate 

pedestrians from a two-dimensional area. We use the method of feedback linearization 

for PDEs as in chapter 3.  More specifically we consider control law of the form  

)(ρii Fu =  

which makes origin of the closed loop dynamics exponentially stable. Here )(ρiF  is a 

nonlinear operator mapping ],[2 ℜΩH into ],[1 ℜΩH . Choose the 1x  and 2x components of 

state feedback control law as  

[ ]
i

i x
DtxF

∂
∂

−−= − ρρρρρ 1
max )1()),(( ;       2,1=i                         (4.9)    

The closed loop dynamics can be found by substituting (4.9) in (4.8) to get  

                                               0
2

2

2

2
1

2

=
∂
∂−

∂
∂−

∂
∂

x
D

x
D

t
ρρρ  

                      02 =∇−
∂
∂ ρρ D

t
                                                            (4.10) 

with boundary conditions given by (4.2) and (4.3). The closed loop dynamics represent 

the heat equation in two dimensions with D  being the diffusion constant. (4.10) suggests 

that people are diffusing in both directions and the rate of diffusion is determined by the 

diffusion constant D . The direction of motion is important in order to have an effective 
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evacuation. In chapter 6 we will add this component to the control law (4.9) so that there 

is diffusion as well as direction to the motion. The diffusion term enhances motion which 

becomes important due to the limitation on the control variable. The controller in (4.10) 

has saturation issues which will be a topic in chapter 6.   

4.2.4 Lyapunov Stability Analysis 

The stability problem is to establish sufficient conditions for which the origin of the 

closed loop dynamics (4.10) is exponentially stable. In order to check the stability of the 

closed loop system we use Lyapunov function analysis. For the two dimensional system, 

definition of stability in terms of Lyapunov can be established in a similar way to the one 

dimensional case as given in section 3.2.4.  

The determination of conditions for which estimate (3.12) is satisfied amounts to 

establishing conditions for which the null state of the closed loop system (4.10) is 

exponentially stable with respect to the 2L  norm given by  

2/1
2

2 







Ω→ ∫

Ω

dρρ                                                (4.11) 

Norm exponential stability implies ( ) 0
2

→tρ  as ∞→t . Let us consider the same 

Lyapunov functional )(tV  as given by (3.14) for the system (4.10). Here +→ℜΩ][: 2HV is 

a smooth functional of the form 

                  Ω== ∫
Ω

dtV 2
2
12

22
1)( ρρ                                           (4.12) 

Using the same procedure as in section 3.2.4 we get the time rate of change of )(tV as   

( )
∫ ∑Ω

=
Ω








∂
∂−= d
x

D
dt

tdV
i i

2

1

2
ρ  

Now we make use of Sobolev Inequality (3.16) which for the two-dimensional case is  

Ω≥Ω







∂
∂

∫∫ ∑
Ω

Ω
−

=
dCd

xi i

21
2

2

1
ρρ  



 

 47

where C  is a positive real number. The rate of change of )(tV  can be thus be bounded by 

( )
∫Ω

−− −=−=Ω−≤ )()(2 121 tVtVDCdDC
dt

tdV βρ  

It follows that )(
0

0)()( ttetVtV −−≤ β or    

                                                       )(
202

0),(),( ttextxt −−≤ βρρ  

with 12 −= DCβ . As long as 0>β , null state of (4.10) is exponentially stable and condition 

(3.12),  ( )0

2
)( ttbetU −−≤ is satisfied with β=b . Thus the equilibrium of closed loop system 

(4.8) using feedback control (4.9) is exponentially stable. 

4.2.5 Simulation Results 

This section shows simulation results for the closed loop system (4.8) using control law 

(4.9). The numerical method used is the Lax-Friedrichs scheme [25]. For simulation the 

initial distribution of density is considered to be Gaussian. The initial condition is given 

by 

))()(exp()0,( 2
2

2
1 bxaxGx −−−−=ρ  

with ),( ba being the centre of the Gaussian distribution and G , the highest  magnitude of 

the distribution. The control action response for a corridor is shown in Fig.4.1. The 

simulation shows the density response as mesh plot snapshots.  After some finite time the 

density has decreased to zero. The second simulation is shown as contour plot snapshots 

in Fig.4.2. As seen from plot, density at every point in space is decreasing exponentially 

with time.  
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Figure 4. 1: Density response at different time instants for one-equation model. 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

0

2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

0

2

y

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

0

2

x  

Figure 4. 2: Contours of the density response at different time instants for one-equation 
model. 

4.3 Feedback Control for Two-Equation Model 
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In this section we formulate the control model and present feedback control design for the 

two-equation model. This section also studies Lyapunov stability for this model and 

presents some simulation results. In this section we design a feedback control for the two-

equation model of the evacuation system given by (2.21), (2.22) and (2.23) subject to 

boundary conditions (2.25) using the “backstepping” approach. 

4.3.1 Two Equation System Model 

In this section we consider a higher order model or more precisely a system of two partial 

differential equations for a two dimensional space. This model consists of the 

conservation of mass equation coupled with a second equation based on the principle of 

conservation of momentum. The dynamics are given in subsection 2.3.2 by (2.21), (2.22) 

and (2.23) as 

0
2

1
=

∂
∂

+
∂
∂ ∑

=i i

i

x
q

t
ρ                                                        (4.13) 

and 
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∂
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∂
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∂ ρρ                                    (4.14) 
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∂
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∂
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∂
∂ ρρ                                   (4.15) 

with initial conditions and subject to boundary conditions given by 

  ( )xtx 00 ),( ρρ = ,   ( )xqtxq 00 ),( = ;       ∀ Ω∈x  

               0),( =txρ , 0),( =txq , ∀  ),0[ ∞∈t , Ω∂∈x                                   (4.16) 

where ],[),( 1 ℜΩ∈= Htxpp  is pressure. Here ρ , 1q  and 2q  are the variables we want to 

control. For pedestrian evacuation the final density and flow in both directions should be 

equal to zero; i.e. 0),( =ftxρ , 0),(1 =ftxq and 0),( 2 =ftxq . The area of the corridor is 

LL×=Ω  and the boundary condition given by (4.16) is that the space is closed from the 

left end and opens at the right. 
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4.3.2 Two-Equation Control Model 

For the above two-equation model (4.13) and (4.15) we choose divergence of 

pressure ixp ∂∂ , 2,1=i  as the distributed control variables ( )txui ,  which gives us the 

following control model  

∑
= ∂

∂
−=

∂
∂ 2

1i i

i

x
q

t
ρ  

and 

121
2
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1 )()( uqq
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2
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2
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21
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2 )()( uq
x

qq
xt

q
+

∂
∂−

∂
∂−=

∂
∂ ρρ  

By rearranging terms, the above system can be rewritten in the following form 

     ∑
= ∂

∂
−=

∂
∂ 2

1i i

i

x
q

t
ρ                                                       (4.17) 

         i
i u

t
q

=
∂

∂    , 2,1=i                                                   (4.18) 

where ii uq
x

qq
x

u +
∂
∂

−
∂
∂

−= )()( 2
2

2
21

1

ρρ  are the new control variables.  

4.3.3 State Feedback Control Using Backstepping  

Here we address the problem of synthesizing a distributed state feedback controllers 1u  

and 2u  that stabilizes origin ( 0),(,0),(,0),( 21 === txqtxqtxρ ) of the control system (4.17) 

and (4.18). More specifically we consider the components of control law  

( )qFu ii ,ρ=        2,1=i  

such that the origin of closed loop dynamics is exponentially stable. iF   is a nonlinear 

operator mapping ],[2 ℜΩH  into ],[1 ℜΩH . The control strategy adopted here is similar to 

feedback control by backstepping PDEs discussed in section 3.3.2 which is extended to 
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the two dimensional case here. The sequence of steps in control design is the same as 

before and is given as follows: 

1. First we design control law for equation (4.22) where ),(1 txq  and ),(2 txq   can be 

 viewed as inputs. We design the conceptual control law )(ρii Gq = to 

 stabilize origin 0),( =txρ  as   

        ( )
∫ ∂

∂==
ix

ii dm
m

txtxGtxq
0 2

2 ,)),((),( ρρ , 2,1=i                             (4.19) 

 iG  is a nonlinear operator mapping ],[2 ℜΩH  into ],[2 ℜΩH . The conceptual closed 

 loop dynamics for (4.17) are 
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        ρρ 2∇=
∂
∂ D

t
                                           (4.20) 

 which is similar to (4.10). As we have already shown the origin of this equation is 

 asymptotically stable. In addition there exists a conceptual Lyapunov functional   

Ω== ∫Ω dtV 2
2
12

22
1)( ρρ  

 for this system which satisfies ( ) ( )tV
dt

tdV β−≤  and  ensures its stability.  

2. From the knowledge of the conceptual Lyapunov function )(tV  we design a 

smooth feedback control to stabilize the origin of the overall system.  We 

therefore add to the conceptual Lyapunov function (4.12) a term penalizing the 

difference between q  and ( )ρG . For this purpose we rewrite the dynamics (4.17) 

as 

( ) ( )( )∑∑
==

−
∂
∂−

∂
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−=
∂
∂ 2
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1 i
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ii i

i Gq
xx

G
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ρ
ρρ  

 Defining the difference between iq  and ( )ρiG  by error variables ( )ρiii Gqz −= , 

 we get the following modified dynamics.  
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∂ ,             2,1=i                                         (4.22) 

 where ( ) tGuu iini ∂∂−= ρ  are the new control variables and ],[(),( 2 ℜΩ∈ Htxzi . 

3. Now let us modify the Lyapunov functional (4.12) by adding the error term to it 

 thus resulting in the Lyapunov function for the overall system as  

( ) ∫ ∑∫ Ω
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Ω+=+= dzdxtxztVtV

i
ia

2

1

2
2
12

2
12

22
1 ,)()( ρ                        (4.23) 

 The time rate of change of this functional using (4.21) and (4.22) is given  as 
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 From section 4.2.4 we know that the first term is bounded by )(tVβ− . Therefore 
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We have to choose a new control law ( )txuni ,  such that the time derivative of the 

new functional or the sum of second and third terms is bounded by  some negative 

definite function. By choosing the control law  

  ( )
i

i
iini x

z
zKztxu

∂
∂

−−= − ρ1,                                       (4.24) 

 we get the following  result 

( ) ( )tVzKtV
dt

tdV
a

a ββ 2)( 2

2
−=−−≤  

 with 02 >= βK . This shows that the origin ( 0,0,0 21 === zzρ ) of the system (4.21) 

 and (4.22) is exponentially stable.  

4.  With the feedback controller (4.24) we have proved that the origin 

 ( 0,0,0 21 === zzρ ) of (4.21) and (4.22) is exponentially stable. But we need to 

 prove the exponential stability of the origin ( 0,0,0 21 === qqρ ) of the system 
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 (3.20)  and (3.21). The closed loop stability can be established by proposition 

 4.3.1 given as   

 Proposition 4.3.1 The origin ( 0,0,0 21 === qqρ ) of the original system given by 

 (4.17) and (4.18) is exponentially stable under the control law ( ) tGuu inii ∂∂−+= ρ  

 with niu given by (4.24). 

 Proof:  The proof is similar to that in proposition 3.3.1. The control laws (4.19) 

 and (4.24) make the origin ( 0,0,0 21 === zzρ ) of (4.21) and (4.22)  asymptotically 

 go to zero. From the equation  ( )ρiii Gqz −=  we want to prove the asymptotic 

 stability of  ( 0,0 21 == qq ). We will show that as ∞→t  the control  law 0)( →ρiG . 

 The control law )(ρiG  is given as  
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 Therefore using (4.25) we need to prove the following 
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 The proof is done in the following three steps as in one-dimensional case.  

 Step1: Solution of heat equation. The solution of the two-dimensional heat  

 equation (4.20) using method of separation of variables [24] is 
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 where πλ nn = and the coefficients in (3.31) are given by  

( ) Ω+= ∫
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dxnxnyxAn )]sin()[sin(,4 2
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1 ππφ                              (4.28) 

 where the function ( ) )0,,(, yxyx ρφ = is the initial condition. The double derivate of 

 density with respect to 1x  and 2x  in (4.27) is given as 
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 and 

( ) )sin( 2
1

22
2
2

2
2

xeAn
x n

tD

n
n

n λπρ λ−
∞

=
∑−=

∂
∂                                (4.30) 

 Step 2: Convergence of 1
2 x∂∂ ρ and 2

2 x∂∂ ρ . The next step is to show the 

 convergence of rate of derivatives (4.29) and (4.30). Let us construct a sequence 

 of time denoted by kt  with ∞= ,......2,1k . Now for a fixed time sample kt  we have 

 the estimate of absolute value 1
2 x∂∂ ρ  given by 
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 since 1)sin( ≤xnλ  for  ),0[],0[),( ∞×∈ Ltx . Thus we have  
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 The coefficients given by (4.28) are bounded as   

( ) ( ) AdyxdyxAn ≤Ω=Ω≤ ∫∫
ΩΩ

00

0,,8,8 ρφ                              (4.31) 

 where A  is a positive constant and A  exists because ( ) )0,(, yxyx ρφ =  is continuous 

 on a compact (i.e; closed and bounded) interval. Therefore we have  

∑
∞

==
≤∂∂

1
2221

2 1
nk

tt nt
AD

x
k π

ρ                                    (4.32) 

 Similarly, the absolute value of the double derivate of density with respect to 1x is 

 bounded as 
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 The above equations are similar to (3.36) in proposition 3.3.1. and from there we 

 conclude that as ∞→t  the derivates 1
2 x∂∂ ρ and 02

2 →∂∂ xρ . 
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 Step 3:  Convergence of )),(( txGi ρ . So far we have shown the convergence of 

 1
2 x∂∂ ρ  and 2

2 x∂∂ ρ  to zero. From the step 3 of proposition 3.3.1 we can show 

 the following  
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 This completes the proof.                                                                                         ◊                         

Thus we conclude that the origin ( 0,0,0 21 === qqρ ) for actual closed loop system (4.17) 

and (4.18) is exponentially stable. The feedback control laws are given by the following 

partial differential-integral equation  
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with  ( )txuni ,  given by (4.24) as ( ) iiiini xzzKztxu ∂∂−−= − ρ1,  where ( )ρiii Gqz −= .  Hence 

the closed loop dynamics for two equation model are exponentially stable  with this 

control law.  

4.3.4 Simulation Results 

Here we show simulation results for the closed loop system (4.17) and (4.18) using 

controller (4.25) designed in previous section.  The numerical technique used to simulate 

the system is same as before. For simulation the initial distribution for both density and 

flow is considered to be Gaussian.  The density plots are shown in Fig.4.3 and Fig. 4.4 

and are similar to those in Fig. 4.1 and Fig. 4.2. The flow plots are shown in Fig. 4.5 and 

Fig. 4.6. As seen from the plots after some finite time, the density and flows in both 

directions have decreased to zero.  

 



 

 56

 

 

Figure 4. 3: Density response at different time instants for two-equation model. 
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Figure 4. 4: Contours of the density response at different time instants for two-equation 
model. 
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Figure 4. 5: Flow response at different time instants for two-equation model. 
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Figure 4. 6: Contours of the flow response at different time instants for two-equation 
model. 

 

In this chapter we discussed the design of feedback controllers for two infinite 

dimensional models of evacuation in two dimensions. With the use of these controllers 
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we have shown exponential stability of the closed loop systems. In next two chapters we 

will modify these controllers in order to add motion to closed-loop dynamics.   

  

 

 

 



 

   - 

CHAPTER 5 

ADVECTION FEEDBACK CONTROL DESIGN AND SATURATION OF ONE 

DIMENSIONAL CROWD MODELS 

5.1 Introduction 

This chapter presents the design of advection feedback controllers for models given in 

chapter 2 representing crowd dynamics in one dimension. These controllers are a 

modification of the controllers discussed in chapter 3. In chapter 3 we designed nonlinear 

feedback controllers for one dimensional evacuation models by feedback linearization. 

The controllers were designed such that the nonlinearity in the system got cancelled and 

the closed-loop dynamics were asymptotically stable.  However the closed-loop 

dynamics represented by the heat equation suggest that the people are diffusing 

throughout the area of evacuation. The initial density profile is decreasing with time 

which means that there is diffusion but the profiles are not moving. In other words there 

is no direction to the flow of people. In order to have an effective evacuation, the 

direction of motion is important. We want to control the movement of people in such a 

way that the density profiles at every point are changing (decreasing) as well as moving 

with time.  So in this chapter we modify the control laws designed in chapter 3 by adding 

a convective component so that there is diffusion as well as direction to the motion. 

Furthermore the controllers discussed in chapter 3 are assumed to be unbounded which is 

impossible because of control saturation. We will discuss these issues in this chapter and 

modify the control laws to take saturation into account.  
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The organization of this chapter is as follows. In Section 5.2 we modify the feedback 

control law for the one-equation model and present some simulation results. Section 5.3 

presents the modified feedback control design and stability analysis for the two-equation 

system.  Simulation results for closed loop dynamics are also presented.  

5.2 Advection Control for One-Equation Model 

The control model for the one-equation model (3.7) under the control law (3.8)  

[ ]
x

DtxF
∂
∂

−−= − ρρρρρ 1
max )1()),((                                          (5.1) 

gives the closed loop dynamics (3.9)  

0
2

2

=
∂
∂

−
∂
∂

x
D

t
ρρ                                                       (5.2) 

which represent the heat equation with D  being the diffusion constant. (5.2) suggests that 

people are diffusing throughout the entire area with the rate of diffusion being determined 

by the diffusion constant D . Here the net movement of people is due to diffusion only and 

there is no direction to the motion. Direction is important for an effective evacuation. In 

this section we will give motion to the model by adding an advection component to the 

control law (5.1). First we discuss the advection control alone without a diffusion term. 

Next we add a diffusion term to the control law to increase the rate at which people are 

moving out of the evacuation area.  

5.2.1 Advection Control  

In this subsection we discuss the advection control law for the one-equation control 

model (3.7) 

( ) 0)1( max =−
∂
∂

+
∂
∂ ρρρρ

u
xt

                                               (5.3) 
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First we discuss a convective controller given as 

[ ] 1
max )1()),(( −−== ρρρ VtxFu                                            (5.4) 

The closed loop dynamics can be found by substituting (5.4) in (5.3) to get  

0=
∂
∂

+
∂
∂

x
V

t
ρρ                                                      (5.5) 

The dynamics in equation (5.5) suggest that people are moving with an average speed 

V towards the exit. Both the direction and magnitude of this speed can be controlled. The 

solution of advection equation is given by 

)(),(~
0 Vtxtx −= ρρ                                               (5.6) 

where ),()( 00 txx ρρ =  is the initial density profile. (5.6) suggests that the initial density 

profile is moving at a velocityV . In order to study the stability of (5.5) we choose the 

Lyapunov function given by  

( ) ( ) dxVtxdxtV
LL 2

0 0

2

0
)(~)( ∫∫ −−=−= ρρρρ                                         (5.7) 

The time rate of change of Lyapunov is given by ( )
dx

dx
d

Vdx
x

V
dt

tdV LL

∫∫ +
∂
∂

−=
0

0
00

22
ρ

ρρρ . 

Since (5.6) is the solution it should satisfy (5.5) for all x and t, therefore we have
dx

d
x

0ρρ
=

∂
∂  

and as such ( )
0=

dt
tdV  . Thus the equilibrium of the closed loop system (5.5) using 

feedback control (5.4) is exponentially stable. The simulation results are shown in Fig. 

5.1 in section 5. 2.3 

5.2.2 Advection –Diffusion Control  

The direction of motion as given by (5.4) is important in order to have an effective 

evacuation. However, the diffusion term aids the motion and also becomes important due 

to the limitation on the control variable. In this section we add the diffusion component to 
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the control law (5.4) so that there is diffusion as well as direction to the motion. The 

advection-diffusion controller is a combination of (5.1) and (5.4) and is given by: 

[ ] [ ] 1
max

1
max )1()1()),(( −− −+

∂
∂

−−== ρρρρρρρ V
x

DtxFu                        (5.9) 

      [ ] )()1( 1
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x
D −

∂
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−−= −  

The closed loop dynamics can be found by substituting (5.9) in (5.3) to get  

( )
0

,
2

2

=
∂
∂

−
∂
∂

+
∂

∂
x

D
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V
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tx ρρρ                                         (5.10) 

Here V is the velocity of moving currents (convection or advection) or the medium. The 

people move with speed V towards the exit and at the same time diffuse with diffusion 

constant D . The direction of motion can be controlled by changing V  whereas the 

magnitude can be controlled by changing both V and D . The Lyapunov function as in 

(3.16) is given by dxtV
L

∫=
0

2)( ρ  and its derivative with respect to time t  is 

( )
dx

x
Vdx

x
D

dt
tdV LL

∫∫ ∂
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−
∂
∂

=
00

2

2 ρρρρ  

By using inequality (3.17) for first term and Holders inequality for the second we get the 

following result 

( )
22

2

2
1 xVDC

dt
tdV

∂∂−−≤ − ρρρ                                  (5.10) 

Thus for  01 >−DC , the equilibrium of closed loop system (5.10) using feedback control 

(5.9) is exponentially stable. Simulation results are shown in Fig. 5.2. 

5.2.3 Simulation Results 

This section shows simulation results for advection and advection-diffusion control laws. 

The initial distribution of density is considered to be Gaussian. Simulation results are 

shown in Fig. 5.1, 5.2 and 5.3. Density response for advection control is shown in Fig. 

5.1. In Fig 5.1(a) density response is shown as a mesh plot. We can see that the initial 
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density profile is moving towards the right (exit) of the corridor. The second simulation is 

shown as a contour plot in Fig. 5.1 (b) where the contour lines vary from 0.6 to 0.1. The 

top plot represents the density contour at a fixed distance of 2L . Fig. 5.1(c) shows the 

density response at different time instants where the density response flattens with 

increase in time. The density response for advection-diffusion control is shown in Fig. 

5.2. As seen from the plot in Fig. 5.2 (b) the initial density profile is  decreasing as well 

as moving with time towards the right (exit) of the corridor at a faster rate than before. 

There is both advection and diffusion. The comparison between the controllers is shown 

in Fig. 5.3. 
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(c) 

Figure 5. 1: Advection control response for one-equation model (a): Density response, 
(b): Contours of the response,  (c): Density response at different time instants 
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(c) 

Figure 5. 2: Advection-diffusion control response for one-equation model (a): Density 

response, (b): Contours of the response, (c): Density at different time instants. 
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Figure 5. 3: Comparison of advection, diffusion and advection-diffusion control 

responses for one-equation model at different times  
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5.3 Advection Control for Two-Equation Model 

In this section we discuss advection control for a two-equation model. A convective term 

added to the control law gives motion to the model. The control strategy is the same as in 

section 3.3.3 where we used the method of backstepping.  First we discuss the advection 

control alone without a diffusion term. Next we add the diffusion term to the control law.  

5.3.1 Advection Control  

The two-equation control model given by (3.20) and (3.21) is 

x
q

t ∂
∂

−=
∂
∂ρ                                                      (5.11) 

uuq
xt

q
=+

∂
∂

−=
∂
∂

)( 2 ρ                                             (5.12) 

where 
x
p

u
∂
∂

−=  is the control variable and uq
x

u +
∂
∂

−= )( 2 ρ . The control law for (5.11) is 

given by (3.28) 

∫ ∂
∂

−==
x

dm
m

DGtxq
0 2

2

)(),(
ρρ                                           (5.13) 

which makes the origin of the above system asymptotically stable. Now let us discuss the 

advection control for this system by designing the convective controller for (5.11) given 

as 

∫ ∂
∂

==
x

dm
m

VGtxq
0

)(),(
ρρ                                            (5.14) 

such that the closed loop dynamics for (5.11) are 

( )
0

,
=

∂
∂

+
∂

∂
x

V
t

tx ρρ                                                  (5.15) 

which is same as (5.5). The above dynamics have an asymptotically stable origin and a 

Lyapunov function given by (5.7) which satisfies ( )
0=

dt
tdV . The second step is to design a 
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feedback controller for (5.12) using backstepping method used in section 3.3.3. The goal 

is to design a feedback control law u  to stabilize the overall system from the knowledge 

of the Lyapunov function )(tV for (5.11) and modifying it. Since q  is not the actual 

control variable, we define the difference between q  and ( )ρG  by an error 

variable ( )ρGqz −=  and obtain the following modified dynamics.  

               ( )
x
z

x
G

t ∂
∂

−
∂

∂
−=

∂
∂ ρρ                                               (5.16) 

                         nu
t
z =

∂
∂                                                       (5.17) 

where tGuun ∂∂−= )(ρ  is the new control variable. Now let us modify the Lyapunov 

functional by adding the error term to (5.7) as 

( ) dxzdxtV
LL

∫∫ +−=
0

2
2

0 2
1~)( ρρ  

Therefore the control law as given by (3.27) is 

( )
x
z

zKztxu n ∂
∂

−−= − ρ1,                                            (5.18) 

with ( )ρGqz −=  where ( )ρG  is now given by (5.14) . This control ensures that the origin 

( 0),(,0),( == txztxρ ) of the system (5.16) and (5.17) is asymptotically stable. The final 

feedback control law is given by the following partial differential-integral equation 

( )
)( 2 ρρ

q
xt

G
uu n ∂

∂
+

∂
∂

+=                                         (5.19) 

with ( )txun ,  given by (5.18) and ∫ ∂
∂

=
x

dm
m

VG
0

)(
ρρ . To prove the asymptotic stability of 

the origin ( 0),(,0),( == txqtxρ ) of the system (5.11)  and (5.12) we use the following 

proposition. 

Proposition 5.3.1 The origin ( 0),(,0),( == txqtxρ ) of the original system (5.11) and (5.12) 

is exponentially stable under the control law tGuu n ∂∂+= )(ρ  with nu given by (5.18) and 

∫ ∂
∂
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m

VG
0

)(
ρρ   
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Proof:  The proof of this proposition is similar to the proof given for proposition 3.3.1 

with the difference that here we use the solution of advection equation instead of the heat 

equation in step 1. The solution of an advection equation is given by (5.16) as 

)(),(~
0 Vtxtx −= ρρ  

From the solution we see that advection for compactly supported initial data and moving 

in one direction will have pointwise convergence automatically. The rest of the proof 

follows as in proposition 3.3.1. Thus we conclude that the origin ( 0),(,0),( == txqtxρ ) for 

the actual closed- loop system is asymptotically stable.    

5.3.2 Advection-Diffusion Control  

In this section we add the diffusion component to the control law (5.14) so that there is 

diffusion as well as direction to the motion. The convective-diffusion controller given as 

the combination of (5.13) and (5.14) is 
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ρρρ                                  (5.20) 

The closed loop dynamics can be found by substituting (5.20) in (5.11) as  
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which is same as (5.9). The above dynamics have an asymptotically stable origin and a 

Lyapunov function given by dxtV
L

∫=
0

2)( ρ  which satisfies condition (5.10).  The second 

step is to design a feedback controller for (5.12) using backstepping as before. The final 

feedback control law for the two-equation model is thus given by the following partial 

differential-integral equation 
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with ( )txun ,  given by (5.18) as 
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−−= − ρ1,  
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with ( )ρGqz −= and ∫∫ ∂
∂

−
∂
∂

=
xx

dm
m

Ddm
m

VG
0 2

2

0
)(

ρρρ . This control ensures that the origin 

( 0),(,0),( == txztxρ ) of the system (5.16) and (5.17) is asymptotically stable. To prove the 

asymptotic stability of the origin ( 0),(,0),( == txqtxρ ) of the system (5.11)  and (5.12) we 

use the proposition 5.3.2. 

Proposition 5.3.2 The origin ( 0),(,0),( == txqtxρ ) of the original system (5.11) and (5.12) 

is exponentially stable under the control law tGuu n ∂∂+= )(ρ  with nu given by (5.18) and 

∫∫ ∂
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∂

=
xx

dm
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Ddm
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VG
0 2

2

0
)(

ρρρ  

Proof:  The proof follows from the proofs of proposition 3.3.1 and proposition 5.3.1. 

5.3.3 Simulation Results 

This section shows simulation results for the advection and advection-diffusion control 

laws for the two-equation model. The simulation results are shown in Fig. 5.4 and Fig. 

5.5. As is seen from the figures, the evacuation is faster in case of advection-diffusion. 
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(c) 

Figure 5. 4: Advection control response for two-equation model (a): Density response, 

(b): Contours of the response, (c): Density at different time instants. 
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Figure 5. 5: Advection-Diffusion control response for two-equation model (a): Density 

response, (b): Contours of the response, (c): Density at different time instants. 

5.4 Control Saturation 

The feedback controllers for the one-equation model discussed in chapter 3 and in this 

chapter have saturation issues which will be discussed here. The control values in these 

controllers become unbounded. So far in the previous chapters we have assumed 

unbounded controls. However, the unboundedness poses a limitation on the practical 

implementation of the controllers. Therefore in order to take care of control saturation we 

redesign our controllers so that there is no unboundedness of control. 

5.4.1 Saturation for One-Equation Model 

In the control model (5.3) by using the control law (5.1) we have the issue of control 

saturation. The control law (5.1) is  
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[ ]
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−−= − ρρρρρ 1
max )1()),((                                       (5.21) 

With this control we could cancel the nonlinearity in the system and convert the system 

into a heat equation. But the issue with this control is that it is unbounded because of an 

inverse term in it. At max),( ρρ =tx  the control becomes unbounded. This situation is 

practically impossible as we have limitations on the implementation of the control 

variable. Thus in order to take care of control saturation we redesign our controllers so 

that there is no unboundedness of control. We choose the following control law 
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With this control law for 0≠ρ  we get the following closed loop dynamics 
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For the above closed-loop dynamics let us choose a Lyapunov functional )(tV  given by 

(5.6) as 

dxtV
L

∫==
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2
2
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1)( ρρ  

The time rate of change of )(tV  using Leibniz rule is given as ( )
∫ ∂

∂=
L

dx
tdt

tdV
0

ρρ .Using 

(5.23) the time derivate of Lyapunov becomes 
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For the simplicity, equation (5.24) can be rewritten as 
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Integrating the first integral in (5.25) gives us 
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The first term of (5.26) vanishes by boundary condition (3.3). Thus equation (5.24) 

reduces to the following 

                   dx
x

Ddx
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tdV LL
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For the first integral of equation (5.27) we make use of Sobolev inequality (3.16) which 

for our case is 
2

22 x
CC

∂
∂=∇≤ ρρρ ,where C is a positive real number. Using (3.16) we 

have  
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The second integral of (5.27) can be written as dx
x

I
L

∫ ∂
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2)( ρρ . For this integral we use 

Young’s inequality [41]  
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The rate of change of V(t) can be thus be found by using (5.28) and (5.29) in (5.27) and is 

given by 

dx
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DdxDdxDC
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tdV LLL
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Therefore we have the following bound on rate of change of Lyapunov function 

dx
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tdV LL
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where max
2 2ρα DDC −= −  and max2ρβ D=  with D  being a positive constant. Both the 

first and second terms are positive definite functions, therefore as long as   0>α  and  
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0>β  we have 0)( ≤
dt

tdV . It follows that null state of (5.1) is asymptotically stable using 

feedback control (5.22). 

In this chapter we designed advection and advection-diffusion feedback controllers for 

one-dimensional evacuation system. We also modified the controllers in order to take 

control saturation into account. In the models used for feedback control so far we have 

assumed that there is no uncertainty. However, we want to modify our controllers so that 

we take into account the uncertainties or disturbances acting on the system. The design of 

robust feedback controllers is discussed in chapter 7.   
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CHAPTER 6 

ADVECTION FEEDBACK CONTROL DESIGN OF TWO- DIMENSIONAL 

CROWD MODELS 

6.1 Introduction 

This chapter presents design of advection feedback controllers for models given in 

chapter 2 representing crowd dynamics in one dimension. These controllers are a 

modification to the controllers discussed in chapter 3. In chapter 4, we designed the 

nonlinear feedback controllers for one dimensional evacuation models by feedback 

linearization. We designed the controllers such that the nonlinearity in the system got 

cancelled and the closed-loop dynamics were asymptotically stable.  However the closed-

loop dynamics represented by the heat equation suggests that the people are diffusing 

throughout the area of evacuation. The motion of people is due to diffusion only and 

there is no direction. In order to have an effective evacuation, direction of motion is 

important. In this chapter we modify the control laws designed in chapter 4 by adding an 

advection component so that there is diffusion as well as direction to the motion.  

The organization of this chapter is as follows. In Section 6.2 we modify the feedback 

control law for the one-equation model. This section also studies Lyapunov stability for 

this model and finally presents some simulation results. Section 6.3 presents the modified 

feedback control design and stability analysis for the two-equation system model.  

Simulation results for closed loop dynamics are also presented.  
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6.2 Advection Control for One-Equation Model 

The control model for the two-dimensional one-equation model is given by (4.8) 

( ) ( )∑
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u
xt

tx ρρρρ     ;    2,1=i                             (6.1) 

where iu   is the control component in ix . Using the feedback control law (4.9)  
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the closed- loop dynamics are   
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which represents the heat equation with D  being the diffusion constant. (6.2) suggests 

that the people are diffusing throughout the entire area with the rate of diffusion being 

determined by diffusion constant D . In this section we will add motion to the model by 

adding an advection component to the control law (6.2) so that there is diffusion as well 

as direction to the motion. First we shall discuss the advection control alone without a 

diffusion term. Next we add the diffusion term to the control law to increase the rate at 

which people are moving out of the evacuation area.  

6.2.1 Advection Control 

In this subsection we discuss the advection control law for the one-equation control 

model (6.1). First we discuss the convective controller given as 

[ ] 1
max )1()),(( −−== ρρρ iii VtxFu ;        2,1=i                             (6.4) 

with iV  being the average velocity in ix direction. The closed loop dynamics are found by 

substituting (6.4) in (6.3)  
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t
tx ρρρ                                                 (6.5) 
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The direction and magnitude of both the speeds can be controlled for an effective 

evacuation. The solution of an advection equation in two-dimensions is  

),(),(~
22110 tVxtVxtx −−= ρρ                                            (6.6) 

Now in order to study the stability of (6.5) we choose the same Lyapunov function as 

given by (5.7) 

( ) ( ) Ω−−−=−= ∫∫ ΩΩ
dtVxtVxdxtV

2

22110
2 ),(~)( ρρρρ                             (6.7) 

The time rate of change of Lyapunov is ( ) 0=
dt

tdV . Thus the equilibrium of closed loop 

system (6.5) using feedback control (6.4) is exponentially stable. The simulation results 

are shown in Fig. 6.1 in section 6. 2.3 

6.2.2 Advection-Diffusion Control  

The direction of motion as given by (6.4) is important in order to have an effective 

evacuation. However, the diffusion term is also important and therefore in this section we 

will add a diffusion component to the control law (6.4) so that there is diffusion as well as 

direction to the motion. The convective-diffusion controller is given as the combination 

of (6.2) and (6.4) as 

[ ] [ ] 1
max

1
max )1()1( −− −+

∂
∂−−= ρρρρρρ i

i
i V

x
Du .                         (6.9) 

The closed loop dynamics can be found by substituting (6.9) in (6.1)  

( ) 0,
2
2

2

2
1

2

2
2

1
1 =

∂
∂−

∂
∂−

∂
∂+

∂
∂+

∂
∂

x
D

x
D

x
V

x
V

t
tx ρρρρρ                            (6.10) 

The Lyapunov function as before is given by Ω= ∫Ω dtV 2)( ρ  and its derivative with respect 

to time t  is ( ) Ω
∂
∂−Ω

∂
∂= ∫ ∑∫ ∑

Ω =Ω =
d

x
Vd

x
D

dt
tdV

i i
i

i i

2

1

2

1
2

2 ρρρρ . By using (4.13) and Holders inequality 

we get the following result 
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( )
2

2

1
2

2

2
1

i
i

i xVDC
dt

tdV ∂∂−−≤ ∑
=

− ρρρ                            (6.11) 

Thus for 02 1 >−DC  the equilibrium of closed loop system (6.10) using feedback control 

(6.9) is exponentially stable. The simulation results are shown in Fig. 6.2 in the following 

section. 

6.2.3 Simulation Results  

This section shows simulation results for the advection and advection-diffusion control 

laws. For simulation the initial distribution for density is considered to be Gaussian. The 

simulation results are shown in Fig. 6.1 and 6.2. The density response for advection 

control is shown in Fig. 6.1. In Fig 6.1(a) the density response is shown as a mesh plot at 

different time instants. The second simulation is shown as a contour plot for different 

time instants in Fig. 6.1 (b).  The density response for advection-diffusion control is 

shown in Fig. 6.2. As seen from the plot in Fig. 6.2 the density is moving towards the 

right (exit) of the corridor at a faster rate than before.  

 

(a) 
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Figure 6. 1: Advection control response for one-equation model (a): Density response 
snapshots, (b): Contours of the response at different time instants. 

 

(a) 



 

 82

 

(b) 

 

Figure 6. 2: Advection-diffusion control response for one-equation model (a): Density 

response at different times (b): Contours of density at different time instants. 

6.3 Advection Control for Two-Equation Model 

In this section we discuss the advection control for a two-equation model and give motion 

to the model by adding the convective term to the control law. The control is done using 

method of backstepping.  First we discuss the advection control alone without a diffusion 

term. Next we add the diffusion term to the control law.  

6.3.1 Advection Control  

For the two-equation control model given by (4.17) and (4.18) 
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∑
= ∂

∂
−=

∂
∂ 2

1i i

i

x
q

t
ρ                                                           (6.12) 

          i
i u

t
q

=
∂

∂    , 2,1=i                                                       (6.13) 

where ii uq
x

qq
x

u +
∂
∂−

∂
∂−= )()( 2

2
2

21
1

ρρ  are the control variables. The control law given 

by (4.19) 

( )
∫ ∂

∂== ix
ii dm

m
txDtxGtxq

0 2

2 ,)),((),( ρρ                                       (6.14) 

makes the origin of the equation (6.12) asymptotically stable. Now let us discuss the 

advection control for this system by designing the convective controller. As a first step 

we design the controller for (6.12) given as 

( )
∫ ∂

∂−== ix
iii dm

m
txVGtxq

0

,)(),( ρρ                                         (6.15) 

such that the closed loop dynamics for (6.12) are 

( ) 0,

2
2

1
1 =

∂
∂+

∂
∂+

∂
∂

x
V

x
V

t
tx ρρρ                                              (6.16) 

which is same as (6.5). The above dynamics have an asymptotically stable origin and a 

Lyapunov function given by (6.7) which satisfies ( ) 0=
dt

tdV . The second step is to design a 

feedback controller for (6.13) using backstepping method. Since iq is not an actual 

control variable, therefore by defining the difference between q  and ( )ρG  as an error 

variable ( )ρGqz −= , we get the following modified dynamics.  

               ( )
∑∑
== ∂

∂
−

∂
∂

−=
∂
∂ 2

1

2

1 i i

i

i i

i

x
z

x
G

t
ρρ                                            (6.17) 

                         ni
i u
t
z

=
∂
∂                                                        (6.18) 

where ( ) tGuu iini ∂∂−= ρ  are the new control variable. Now let us modify the Lyapunov 

functional by adding the error term to it as 
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( ) Ω+Ω−−−= ∫∫ ΩΩ
dzdtVxtVxtV 2

2

22110 2
1),()( ρρ  

 The control law is given by (3.24) as 

( )
i

i
iini x

z
zKztxu

∂
∂

−−= − ρ1,                                         (6.19) 

with ( )ρiii Gqz −=  where ( )ρiG  is now given by (6.14). This shows that the origin 

( 0,0,0 21 === zzρ ) of the system (6.17) and (6.18) is asymptotically stable. To prove the 

asymptotic stability of the origin ( 0,0,0 21 === qqρ ) of the system (6.12) and (6.13) we 

use the proposition 6.3.1 

Proposition 6.3.1 The origin ( ,0),(,0),(,0),( 21 === txqtxqtxρ ) of the original system 

(6.12) and (6.13) is exponentially stable under the control law ( ) tGuu inii ∂∂+= ρ  with 

inu given by (6.19) and ( )
∫ ∂

∂−= ix
ii dm

m
txVG

0

,)( ρρ   

Proof:  The proof of this proposition is similar to the proof of proposition 5.3.1 where we 

use the advection solution given by (6.6).  

6.3.2 Advection-Diffusion Control  

In this section we will add the diffusion component to the control law (6.14) so that there 

is diffusion as well as direction to the motion. The convective-diffusion controller is 

given as the combination of (6.14) and (6.15) as 

( ) ( )
∫∫ ∂

∂−
∂

∂−== ii xx
iii dm

m
txDdm

m
txVGtxq

0 2

2

0

,,)(),( ρρρ                              (6.20) 

The closed loop dynamics using this control law are given as  

( ) 0,
2
2

2

2
1

2

2
2

1
1 =

∂
∂−

∂
∂−

∂
∂+

∂
∂+

∂
∂

x
D

x
D

x
V

x
V

t
tx ρρρρρ                                   (6.21) 

which is same as (6.10). The above dynamics have an asymptotically stable origin and a 

Lyapunov function given by (6.6) which satisfies condition (6.11). The second step is to 
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design a feedback controller for (6.13) using backstepping as before. The final feedback 

control law for the two-equation model is thus given by (6.19)  

( )
i

i
iini x

z
zKztxu

∂
∂

−−= − ρ1,  

with ( )ρiii Gqz −=  where ( )ρiG  is now given by (6.20). This shows that the origin 

( 0,0,0 21 === zzρ ) of the system (6.17) and (6.18) is asymptotically stable. To prove the 

asymptotic stability of the origin ( 0,0,0 21 === qqρ ) of the system (6.12)  and (6.13) we 

use the proposition 6.3.2. 

Proposition 6.3.2 The origin ( ,0),(,0),(,0),( 21 === txqtxqtxρ ) of the original system 

(6.12) and (6.13) is exponentially stable under the control law ( ) tGuu inii ∂∂+= ρ  with 

niu given by (6.19) and ( ) ( )
∫∫ ∂

∂−
∂

∂−= ii xx
ii dm

m
txDdm

m
txVG

0 2

2

0

,,)( ρρρ  

Proof:  The proof follows from the proofs for proposition 4.3.1 and 6.3.1. 

Thus we conclude that the origin ( 0),(,0),(,0),( 21 === txqtxqtxρ ) for actual closed- loop 

system is asymptotically stable.    

6.3.3 Simulation Results  

This section shows simulation results for the advection and advection-diffusion control 

laws for two-equation model. The simulation results are shown in Fig. 6.4 for advection 

law and in Fig.6.5 for advection-diffusion law. As is seen from the figures the evacuation 

is faster in case of advection-diffusion. 
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Figure 6. 3: Advection control response for two-equation model (a): Density response 

snaphots, (b): Contours of the response at different time instants. 
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(a) 

 

(b) 

Figure 6. 4: Advection-diffusion control response for two-equation model (a): Density 

response snapshots, (b): Contours of the response at different time instants. 
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In this chapter we designed advection and advection-diffusion control laws for two-

dimensional evacuation system. In next chapter we will discuss the design of robust 

feedback controllers where the control design objective is to minimize the effect of 

uncertainty on closed-loop system response. 
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CHAPTER 7 

ROBUST FEEDBACK CONTROL DESIGN AND STABILITY ANALYSIS OF 

ONE DIMENSIONAL CROWD MODELS 

7.1 Introduction 

In previous chapters we addressed the control of crowd dynamic systems without 

accounting for the presence of uncertainty in the design of the controller. The uncertainty 

is a mismatch between the model used for controller design and the actual process model. 

The uncertain function may include uncertain model parameters or external disturbances. 

Here we consider the case where we have an uncertainty in the input u  to the system. 

The uncertainty is due to the mismatch between the control command and the actual 

control command followed by people and is distributed in space. The objective is to 

develop a framework for the synthesis of distributed robust controllers that handle the 

effect of this uncertain variable. A distributed robust controller is derived that guarantees 

boundedness of state and achieves asymptotic stabilization with arbitrary degree of 

asymptotic attenuation of the effect of uncertain variables on the output of the closed-

loop system. The controller is designed constructively using Lyapunov’s direct method 

[31] and requires the existence of known bounding functions that capture the magnitude 

of the uncertain term. This chapter presents the design of robust nonlinear feedback 

controllers for two models given in chapter 2 representing crowd dynamics in one-

dimension with uncertainty in the control input. The models are based on the laws of 

conservation of mass and momentum and are given in subsection 2.2.1. In both cases the 

objective of control design is to synthesize a nonlinear distributed feedback controller 
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that stabilizes the system and guarantees stability of the closed loop system in presence of 

uncertainty.   

The organization of this chapter is as follows. In Section 7.2 we formulate the uncertain 

control model and present robust control design for the one-equation crowd model. This 

section also studies Lyapunov stability for this model. Simulation results for closed loop 

dynamics are presented where the developed control method is tested with a disturbance 

in the system.  Section 7.3 presents the robust control and stability analysis for the two-

equation system model.  

7.2 Robust Control for One-Equation Model 

In this section we formulate the uncertain control model and present robust control design 

for the one-equation model. The problem is to design a state feedback control that 

guarantees the desired performance of the closed-loop system irrespective of uncertain 

elements. The one-equation model is given in subsection 2.2.1 by (2.7) as  

0)),((),( =
∂

∂+
∂

∂
x

txq
t

txρ                                                  (7.1) 

Here ),( txρ  is the variable we want to control. The flow ),( txq  is obtained as a product of 

density and velocity as ),(),(),( txvtxtxq ρ=   and the velocity-density relationship as given 

by Greenshield’s model is  

)1( maxρρ−= fvv                                                   (7.2) 

where ),( txvv ff =  is the free flow speed and maxρ  is the maximum or jam density. The 

one-equation model is therefore given by  

( ) 0)1( max =−
∂
∂+

∂
∂ ρρρρ

fv
xt

                                         (7.3) 

By choosing free flow velocity vector field ),( txvv ff =  as the distributed control variable 

denoted by u  we get the following control model 
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( ) 0)1( max =−
∂
∂+

∂
∂ ρρρρ u

xt
                                           (7.4) 

7.2.1 Input Uncertain Control Model  

Let us consider that the uncertain variable for this system is the control input or the free 

flow velocity. This means that there is an error in the control command and the actual 

input command followed by people. The uncertain model is therefore given as  

0)]()1[( max =+−
∂
∂+

∂
∂ θρρρρ u

xt
                                     (7.5) 

In above equation ),,( ρθθ ut=  denotes the unknown function which takes care of 

uncertainty in the input u  to the system. The uncertain term here satisfies an important 

structural property namely it enters the state equation exactly at the point where the 

control variable enters. This property will be referred to as the matching condition. The 

nominal model (the system without uncertainty) for this system is described by 

0])1[( max =−
∂
∂+

∂
∂ u

xt
ρρρρ  

The first step is to design a stabilizing feedback controller for the nominal model. With 

the feedback controller (3.8) )(ρFu = given in chapter 3 as 

[ ]
x

DtxF
∂
∂−−= − ρρρρρ 1

max )1()),((                                     (7.6) 

we get the nominal closed-loop system as 

0
2

2

=
∂
∂−

∂
∂

x
D

t
ρρ                                                    (7.7) 

Thus with 0),,( =ρθ ut and )(ρFu = the nominal closed loop model (7.7) has exponentially 

stable origin and there exists a Lyapunov function 

dxtV
L

∫==
0

2
2
12

22
1)( ρρ  

which satisfies ( ) 2

2
12)( ρβ −−=−≤ DCtV

dt
tdV with D2=β . 
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7.2.2 Robust Control by Lyapunov Redesign Method 

In this section we consider the system of (7.5) and address the problem of synthesizing a 

distributed state feedback controller that stabilizes the closed-loop system irrespective of 

the uncertainty. The controller is designed constructively using Lyapunov’s direct 

method where we use the Lyapunov function for the system to design feedback control.  

A standard method for finding a Lyapunov function for an uncertain system is developed 

in [42] and is known as Lyapunov redesign. This technique has been incorporated in 

various books like [31], [43]. The key idea of this method is to employ a Lyapunov 

function for the nominal system as Lyapunov function for the uncertain system. This re-

use of the same Lyapunov function is referred to by the term “redesign”. The Lyapunov 

redesign technique uses a Lyapunov functional of a nominal system to design an 

additional control component to robustify the design to a class of large uncertainties that 

satisfy the matching condition; i.e., the uncertain terms enter the state equation at the 

same point as the input. Lyapunov redesign can be used to achieve robust stabilization. 

The goal is to design feedback control law for (7.5) as 

)()( ρρ GFu +=                                                        (7.8) 

such that we achieve closed loop stability and asymptotic attenuation of ),,( ρθ ut  where 

)(ρG  is a nonlinear operator mapping ]),,0[(2 ℜLH  into ]),,0[(1 ℜLH . In equation (7.8) 

)(ρF  achieves closed loop stability and )(ρG  asymptotically attenuates the effect 

of ),,( ρθ ut . The function )(ρF  will be designed by the previous approach and )(ρG  will 

be designed using Lyapunov redesign method. The design of function )(ρG  is known as 

Lyapunov redesign [31] and is done on the basis of the assumption that we have a 

bounding function that captures the size of the disturbance. Let us assume with controller 

(7.8) there exists a known smooth function which bounds the magnitude of uncertain 

variables as:  

)(),()()((,,(),,( ρκργρρρθρθ GtGFtut +≤+=                             (7.9) 

where γ  is a nonnegative 1H  function and is a measure of size of uncertainty ),,( ρθ ut . 

From estimate (7.9), the only requirement is the knowledge of γ  which doesn’t 
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necessarily have to be small. From the knowledge of Lyapunov function )(tV  and 

functions γ  and κ  the goal is to design )(ρG  and apply )()( ρρ GFu +=  to the actual 

system (7.5) such that the overall closed loop system is stabilized in presence of 

uncertainty. By using the control law (7.6) the feedback control law (7.8) is given by  

[ ] )()1( 1
max ρρρρρ G

x
Du +

∂
∂−−= −                                         (7.10) 

Under the feedback control law (7.10) the closed-loop dynamics for (7.5) take the form 

[ ] 0)()1( max2

2

=−
∂
∂−

∂
∂−

∂
∂ ρρρρρρ G

xx
D

t
                               (7.11) 

Thus the error in the closed loop dynamics (7.10) and (7.13) due to input uncertainty is 

given by  

[ ])()1( max ρρρρθ G
x

−
∂
∂=                                           (7.12) 

Let us denote the component )(ρG  of control input (7.8), by v  and  )1()( maxρρρρ −=w  

we can rewrite (7.12) as 

)()()( xvwxwv
x

wv ∂∂−∂∂=
∂

∂−=θ                                           (7.13) 

where xxw ∂∂−=∂∂ ρρρ )21( max . The magnitude of this uncertain term with respect to 

2L norm is given by  

dxxvwxwvdxxvwdxxwvut
LLL

)()(2)()(),,(
00

2

0

22
2

∂∂∂∂+∂∂+∂∂== ∫∫∫ρθ           (7.14) 

The bound on the magnitude of uncertainty (7.14) can be found by applying Holders 

inequality [41] to each integral term in the above equation, which results in 

22

2

2

2

2

2

2

2

2

2

2
)()(2)()(),,( xwvxwvxvwxwvut ∂∂∂∂+∂∂+∂∂≤ρθ  

Therefore from the above inequality we have the following bound on uncertainty 

22222
)()(),,( xvwxwvut ∂∂+∂∂≤ρθ  

         vtt ),(),( ρκργ +=                                                  (7.15) 
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where 
2

)(),( xwt ∂∂=ρκ , 
2

),( wt =ργ  and 
22

)( xvvv ∂∂= . This bound will be utilized to 

design the control law )(ρG . Let us now apply control law (7.8) to the input-uncertain 

system (7.5) so that the closed-loop dynamics take the form 

        0)])()(1([)]()(1([ maxmax =+−
∂
∂+−

∂
∂+

∂
∂ θρρρρρρρρρ G

x
F

xt
                 (7.16) 

As can be seen the system (7.16) is a perturbation of the nominal closed-loop system 

(7.7), the third term being the perturbation. Let us choose the Lyapunov function )(tV  for 

(7.7) same as before. To design )(ρG  we find the rate of change of Lyapunov function as  

( )
∫ ∫ +−

∂
∂+−≤

∂
∂=

L
L

dxG
x

kdx
tdt

tdV
0

0
max

2

2
)])(()1([ θρρρρρρρρ                 (7.17) 

The first inequality is because of the asymptotic stability of nominal closed-loop system 

(7.7). We need to choose a control law )(ρG  so as to cancel the destabilizing effort of  

),,( ρθ ut  on  ( ) dttdV . The law )(ρG  should be such that the second term in (7.17) is 

negative semi-definite in order to have asymptotic stability. By using )1()( maxρρρρ −=w  

and denoting )(ρG  by v  we can rewrite (7.17) as 

( ) dx
x

wdx
x

wvk
dt

tdV LL

∫∫ ∂
∂+

∂
∂+−≤

00

2

2

)()( θρρρ                                   (7.18) 

Since the disturbance in our case is a function of space and time that is ),,( ρθθ ut= , let us 

define  xw ∂∂= )(ˆ θθ  and a new control variable xwvv ∂∂= )(ˆ . Therefore we have 

( ) )ˆˆ(
00

2

2
dxdxvk

dt
tdV LL

∫∫ +−−≤ θρρρ                                            (7.19) 

Now let us apply the Holders inequality to the second integral in the second term of 

(7.19). This results in the following  

( ) )ˆˆ(
22

0

2

2
θρρρ +−−≤ ∫ dxvk

dt
tdV L

                                     (7.20) 

By using Sobolev inequality (3.16) we can show that 
2

1
22

)(ˆ θθθ wCxw −≥∂∂=  and by 

using (7.15) we have the rate of change of Lyapunov as 
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( )








++−−≤ ∫ )(ˆ

22
0

2

2
vwdxvk

dt
tdV L

κγρρρ                           (7.21) 

Now let us choose the state feedback control as following   

),(
),(
),(ˆ txw

t
tv

ρκ
ρη−=  

 or                                                 dxtxw
t
t

w
v

L

∫ 






 −=
0

),(
),(
),(1

ρκ
ρη                                           (7.23) 

where ),(),( tt ργρη ≥  is a nonnegative function. By using this control law we can show 

that 1

2

2

2

2

/
−=≥

∂∂
= C

vC

v

xv

v
v . Using this relation we can write (7.21) as  

( )








++−−≤ −−∫ )(ˆ 1

22
1

0

2

2
CwCdxvk

dt
tdV L

κγρρρ                           (7.24)                         

By using the control law (7.23) and then applying Holders inequality to the integral term 

in above equation it becomes
222

0

ˆ kwCdxv
L

ηρρ∫ ≤ . Hence (7.24) can be written as 

( ) ( ))(),( 1
222

1
22

12

2
−−− −−−−≤ CkCwCtwCk

dt
tdV κηρργρρ  

As long as γκη ≤− − )( 1
2

CkC , we have asymptotic stability in presence of the 

disturbance. The robust control law for (7.5) is therefore given as 

[ ] dxtxw
t
t

wx
Du

L

∫ 






 −+
∂
∂−−= −

0

1
max ),(

),(
),(1)1(

ρκ
ρηρρρρ                      (7.25) 

7.2.3 Simulation Results 

This section shows simulation results for the system (7.5) using the robust control law 

(7.25). For simulation the initial distribution of density is considered to be Guassian. The 

simulation results are shown in Fig. 7.1, 7.2 and 7.3. The density response for nominal 

control model (model without uncertainty) is shown in Fig. 7.1. In Fig 7.1(a) the density 

response is shown as a contour plot which shows people moving towards the right (exit) 
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of the corridor.  The simulation in Fig. 7.1(b) shows the density response at different time 

instants where the response flattens with time. The density response for uncertain model 

is shown in Fig. 7.2. We have added a step function (with respect to time over all 

distance) disturbance to the system. As seen from the plot in Fig. 7.2 (b) the density is 

moving back because of the disturbance. In Fig. 7.3 we show the response with the robust 

controller (7.25) added to the system. As is seen from the figure the response has 

improved and the effect of disturbance is cancelled. 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Distance

T
im

e

0.2

0.1

 

(a) 



 

 97

0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Distance

D
en

si
ty

 

(b) 

Figure 7. 1: Density response for one-equation nominal-model, (a): Contours of the 
response, (b): Density at different time instants. 
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(b) 

Figure 7. 2: Density response for one-equation uncertain-model, (a): Contours of the 
response, (b): Density at different time instants 
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(b) 

Figure 7. 3: Robust control response for one-equation uncertain-model, (a): Contours of 
the response, (b): Density at different time instants 

7.3 Robust Control for Two-Equation Model 

In this section we formulate the control model and present robust control design for the 

two-equation model. This section also studies Lyapunov stability for this model and 

presents some simulation results. We also consider the uncertainty in the input to the 

system. The control design is done using a combination of both Lyapunov redesign and 

backstepping and the technique is referred to as robust backstepping. Let us consider the 

two-equation model for a one dimensional corridor. The model is a higher order model or 

more precisely a system of two partial differential equations and consists of conservation 

of mass equation coupled with a second equation based on the principle of conservation 

of momentum. The model is given in subsection 2.2.3 by (2.9) and (2.10) as 

0=
∂
∂+

∂
∂

x
q

t
ρ                                                         (7.25) 
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x
pq

xt
q

∂
∂−=

∂
∂+

∂
∂ )( 2 ρ                                                (7.26) 

Here ρ  and q  are the variables we want to control. For pedestrian evacuation the final 

density and flow should be equal to zero; that is 0),( =ftxρ  and 0),( =ftxq . For this 

model we choose divergence of pressure xp ∂∂  as distributed control variable u  thus 

giving us the following representation  

      
x
q

t ∂
∂−=

∂
∂ρ                                                    (7.27) 

         u
t
q =

∂
∂                                                       (7.28) 

where  uq
x

u +
∂
∂−= )( 2 ρ  is the new control variable. Now let us consider the uncertainty 

in the control input for this system. We can have both matched as well as unmatched 

uncertainties depending upon which equation contains the uncertainty. We can have 

uncertainty in (7.27) where it enters the equation through the flow variable q  which 

means that there is an error between the flow control command and the actual people 

flow. For this case the uncertainty is unmatched since q  is the “conceptual” control input 

to this equation and is not the actual control input (7.28). We can also have uncertainty in 

the control variable xp ∂∂   in which case the uncertainty is matched and we can have 

both.  The control design scheme in all cases is that of robust backstepping [43] where we 

do a combination of backstepping and Lyapunov redesign. Now let us discuss these cases 

one by one. 

7.3.1 Robust Backstepping: Unmatched Uncertainty  

Let us first consider the uncertainty in the input q  to the nominal system (7.27). This 

means that there is an error in the actual flow control command q  and the actual people 

flow of people.  The control design strategy here is robust backstepping which is the 

combination of backstepping and Lyapunov redesign. The uncertain model is given as 
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)( θρ +
∂
∂−=

∂
∂ q

xt
                                                (7.29) 

u
t
q =

∂
∂                                                        (7.30) 

where ),,( ρθθ ut=  is the unknown function which  takes care of the disturbance in the 

input q  to (7.27). The uncertain term for the overall system (7.30) is unmatched as it does 

not enter the system at the same point as the input u  even though it enters equation (7.27) 

through the conceptual input q  . As a first step we design a robust control for equation 

(7.29) using Lyapunov redesign technique and in the next step find the control law for the 

overall system (7.30) using backstepping. 

1. Lyapunov redesign: The first step is to design a robust controller for (7.29) using 

Lyapunov redesign method. The goal is to design robust control law for (7.29) as 

)()( ρρ GvGq =+=                                                    (7.31) 

such that we achieve closed loop stability and asymptotic attenuation of ),,( ρθ ut . )(ρG  in 

(7.31) achieves closed loop stability and v  asymptotically attenuates the effect of  

),,( ρθ ut . The function )(ρG  is designed from the feedback linearization of nominal 

model (7.27) for (7.29) and v  will be designed by using Lyapunov redesign method. The 

nominal model (7.27) is given as 

x
q

t ∂
∂−=

∂
∂ρ  

The stabilizing feedback controller )(ρGq =   for this nominal model from (3.22) given in 

chapter 3 is 

∫ ∂
∂−=

x
dm

m
DG

0 2

2

)( ρρ                                              (7.32) 

which gives the conceptual nominal closed-loop system as  

0
2

2

=
∂
∂−

∂
∂

x
D

t
ρρ                                                     (7.33) 
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The nominal closed loop model (7.33) has an exponentially stable origin and there exists 

a Lyapunov function )(tV  given by (3.16) which satisfies ( ) )(tV
dt

tdV β−≤  with 12 −= DCβ .  

Now by using (7.32) the control law (7.31) becomes   

vdm
m

Dq
x

+
∂
∂−= ∫

0
2

2 ρ                                               (7.34) 

which gives the following closed-loop dynamics for (7.27)  

0
2

2

=
∂
∂−

∂
∂−

∂
∂

x
v

x
D

t
ρρ                                              (7.35) 

Thus the error in the closed loop dynamics (7.33) and (7.35) due to input uncertainty is 

given by  

x
vut

∂
∂−=),,( ρθ                                                   (7.36) 

The magnitude of this uncertain term with respect to 2L  norm is given by 

22
),,( xvut ∂∂−=ρθ  which due to Sobolev inequality (3.16) is  

22
),,( vut γρθ ≤                                                 (7.37)                        

where 1−= Cγ . Let us now apply control law (7.33) to the input-uncertain system (7.29) 

so that the closed-loop dynamics take the form 

0
2

2

=
∂
∂−

∂
∂−

∂
∂−

∂
∂

xx
v

x
D

t
θρρ                                             (7.38) 

Let us choose the Lyapunov function )(tV  for (7.29) same as before. To design v  we find 

the rate of change of Lyapunov function as  

∫∫ ∂
∂−

∂
∂−−≤

∂
∂ LL

dx
x

dx
x
vD

t
tV

00

2

2

)( θρρρ  

Now let us define  x∂∂= θθ̂  and a new control variable xvv ∂∂=ˆ . Therefore we have 

∫∫ −−−≤
∂

∂ LL
dxdxvD

t
tV

00

2

2
ˆˆ)( θρρρ                                      (7.39) 
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Now let us apply the Holders inequality to the second integral of (7.39). This results in 

the following  

20 2

2

2
ˆˆ)( θρρρ ∫ −−−≤

∂
∂ L

dxvD
t
tV  

From Sobolev inequality (3.16) we have 
2

1

22

ˆ θθθ −≥
∂
∂= C

x
, thus by using this relation 

in conjunction with  (7.37) we get the rate of change of Lyapunov function as  

20 2
12

2
ˆˆ)( vCdxvD

t
tV L

∫ −−−−≤
∂

∂ ρρρ                      (7.40)  

Now let us choose the control law as 

),(
1

ˆ txv ρ
κ

η
−

−=    

or                                                          dxv
L

∫ −
−=

0 1
ρ

κ
η                                                   (7.41) 

where ),(),( tt ργρη ≥ . Using this control law in (7.40) we get  

( ) ( )1
1

1

2

2

2

2

2
−

−
−−≤ −CD

dt
tdV

κ
ηρρ  

which is negative semi-definite as long as 011 ≥−−C   thus giving us asymptotic  stability. 

Therefore robust control that stabilizes the uncertain model (7.29) is given as  

dxdm
m

Dq
Lx

∫∫ −
−

∂
∂−=

00
2

2

1
ρ

κ
ηρ                                           (7.42) 

2. Control by backstepping method:  The next step is to design a feedback controller for 

overall system (7.30) using backstepping method used in section 3.3.2. The goal is to 

design feedback control law u  to stabilize the overall system from the knowledge of 

Lyapunov function )(tV for (7.29) and modifying it. We proceed with the control design 

in a similar way as in section 3.3.2 as follows 
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1. First design a conceptual control law )(ρGq =  for (7.29) from the previous step to 

stabilize origin 0),( =txρ  . With this control law the conceptual closed loop 

dynamics for (7.29) are asymptotically stable and there exists a Lyapunov 

function to (3.14) which satisfies ( ) ( )tV
dt

tdV β−≤ .  

2. Since q is not the actual control variable, defining the difference between q  and 

( )ρG  by an error variable ( )ρGqz −= , we get the following modified dynamics.  

               ( )
x
z

x
G

t ∂
∂−

∂
∂−=

∂
∂ ρρ                                              (7.43) 

                         nu
t
z =

∂
∂                                                        (7.44) 

 where tGuu n ∂∂−= )(ρ  is the new control variable. 

3. Now let us modify the Lyapunov functional by adding the error term to it as in 

(3.26)  which is given by 

∫∫ +=+=
LL

a dxzdxztVtV
0

2

0

22

2 2
1

2
1

2
1)()( ρ  

    with ( )ρGqz −= . The control law nu is given by (3.27) as 

x
zzKztxu n ∂

∂−−= − ρ1),(                                     (7.45) 

 This control ensures that the origin of the system (7.43) and (7.44) is 

 asymptotically stable.  

Thus the final robust feedback control law for (7.29) and (7.30) is given by the following 

partial differential-integral equation 

( ) )( 2 ρρ q
xt

Guu n ∂
∂+

∂
∂+=                                        (7.46) 

with ( )txun ,  given by (7.45) and dxdm
m

DG
Lx

∫∫ −
−

∂
∂−=

00
2

2

1
)( ρ

κ
ηρρ .  

7.3.2 Robust Control: Matched Uncertainty  
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Let us consider the uncertainty in the input to the overall system (7.26) which means that 

there is an error between the actual value and control command for gradient of 

pressure xp ∂∂ . By assuming the uncertainty in input u  in second equation we have our 

input uncertain model as 

x
q

t ∂
∂−=

∂
∂ρ                                                           (7.47) 

)()( 2 θρ +
∂
∂−

∂
∂−=

∂
∂ p

x
q

xt
q                                           (7.48) 

Here the uncertainty is matched as it enters the system at the same point as actual control 

input u . With 0),,( =ρθ ut  the nominal model for this system is given by (7.27) and 

(7.28). As a first step towards the control design we design feedback control for the 

nominal model (the system without disturbance) by applying backstepping technique. 

After that the robust control for the uncertain system (7.48) is designed using Lyapunov 

redesign technique. We proceed with the control design as follows 

1. Control by backstepping method: The first step is to design a feedback controller 

xpu ∂−∂=  for the nominal two-equation system (7.27) and (7.28) using backstepping 

technique.  The controller as designed in section 3.3.2 is given by (3.28) as 

( ) )( 2 ρρ q
xt

Gu
x
pu n ∂

∂+
∂

∂+=
∂
∂−=                                    (7.49) 

where nu  is given by (3.27) as 
x
zzKzu n ∂

∂−−= − ρ1 , with ( )ρGqz −= and ∫ ∂
∂−=

x
dm

m
DG

0 2

2

)( ρρ .  

The nominal system (7.27) and (7.28) is asymptotically stable and there exists a 

Lyapunov function )(tVa  given by (3.26) as 

∫∫ +=+=
LL

a dxzdxztVtV
0

2
2
1

0

2
2
12

22
1)()( ρ                       (7.50) 

which satisfies )(2
)(

tV
dt

tdV
a

a β−≤ with 12 −= DCβ  

2. Lyapunov redesign: The next step is to design a robust control for the uncertain model 

(7.47) and (7.48) using Lyapunov redesign method. The goal is to design feedback 

control law  
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vuu +=ˆ                                                        (7.51) 

such that we achieve closed loop stability and asymptotic attenuation of ),,( ρθ ut . u is 

given by (7.49) and v  will be designed by using Lyapunov redesign method. Now with 

the feedback controller vuu +=ˆ  or vdxup
L

+= ∫
0

ˆ  the error in the closed-loop dynamics for 

the nominal and actual models due to the input uncertain term is 

x
vut

∂
∂−=),,( ρθ       

The magnitude of this uncertain term with respect to 2L norm is given by  

22
),,( xvut ∂∂−=ρθ  

which by using Sobolev inequality can be shown as  

22
),,( vut γρθ −≤                                                   (7.52)                        

where 1−= Cγ .  After applying control law (7.51) the rate of change of Lyapunov function  

)(tVa  is  

( )
∫∫ ∂

∂−
∂
∂−−−≤

LL
a dx

x
dx

x
vzKD

dt
tdV

00

2

2

2

2

θρρρ  

or 

  ( ) ( ) ∫∫ ∂
∂−

∂
∂−−=

LL

a
a dx

x
dx

x
vtV

dt
tdV

00

2 θρρβ                                       (7.53) 

Let  us define xvv ∂∂= )(ˆ  and x∂∂= )(ˆ θθ , therefore (7.53) becomes 

( ) ( ) dxdxvtV
dt

tdV LL

a
a ∫∫ −−−≤

00

ˆˆ2 θρρβ                                           (7.54) 

By applying Holders inequality and Sobolev inequality (3.16) to the third term in the 

above equation and then by using (7.52) we have 

( ) ( )
22

1

0

ˆˆ2 vCdxvtV
dt

tdV L

a
a ρρβ −−−−≤ ∫                                       (7.55)  

Let us choose the control law as before  
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),(
1

ˆ txv ρ
κ

η
−

−=  

  or                                                      ∫ −
−=

L
dxv

0 1
ρ

κ
η                                                    (7.56) 

where ),(),( tt ργρη ≥ . Using this control law (7.54) becomes  

( ) ( ) ( )1
1

2 1

2

2

2
−

−
−−≤ −CtV

dt
tdV

a
a

κ
ηρβ  

Hence we have asymptotic stability as long as ( 011 ≥−−C ). Thus the robust feedback 

control is given as  vuu +=ˆ   with u  given by (7.49) and v  is given as 

dxv
L

∫ −
−=

0 1
ρ

κ
η                                                     (7.57) 

7.3.3 Robust Control: Both Matched and Unmatched Uncertainties 

Now let us consider both matched and unmatched uncertainties for the two-equation 

model. This means that there is uncertainty in the input xp ∂∂  to the overall system (7.25) 

and (7.26) and also in the input q  to (7.25) in the flow. Therefore we have our uncertain 

model as 

)( 1θρ +
∂
∂−=

∂
∂ q

xt
                                               (7.58) 

)()( 2

2

θ
ρ

+
∂
∂+

∂
∂−=

∂
∂ p

x
q

xt
q                                           (7.59) 

Here the uncertainties are both matched as well as unmatched. The errors 1θ  and 2θ  are 

given by (7.36) and (7.52) as xvut ∂∂−= 11 ),,( ρθ   and xvut ∂∂−= 22 ),,( ρθ  respectively and 

are bounded as 
2121 ),,( vut γρθ ≤  and 

2222 ),,( vut γρθ ≤ . The control design scheme 

will be a combination of the designs for matched and unmatched uncertainties obtained in 

sections 7.3.1 and 7.3.2. We proceed with the control design as follows  
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1.  Control by Lyapunov redesign: The first step is to design a robust feedback controller 

1)( vGq += ρ  for (7.58) using Lyapunov redesign technique. The control is given by (7.42) 

as 

dxdm
m

Dq
Lx

∫∫ −
−

∂
∂−=

00
2

2

1
ρ

κ
ηρ                                          (7.60) 

with dxv
L

∫ −
−=

0
1 1

ρ
κ

η . The controller stabilizes equation (7.58) in presence of 

uncertainty 1θ . The Lyapunov function is given by (7.33) as 2

2
21)( ρ−=tV .  

2. Control by backstepping:: The next step is to design a controller for the nominal 

model (model without uncertainty 2θ  ) using the backstepping approach.. The model 

given by (7.29) and (7.30) is the nominal model  

)( 1θρ +
∂
∂−=

∂
∂ q

xt
 

uq
xx

pq
xt

q +
∂
∂−=

∂
∂+

∂
∂−=

∂
∂ )()(

22

ρρ
                                   (7.61) 

The controller 
x
pu

∂
∂−= is given by(7.46) as the following partial differential-integral 

equation 

( ) )( 2 ρρ q
xt

Guu n ∂
∂+

∂
∂+=                                              (7.62) 

The control law  ( )txun ,   is given by (7.45) as ( )
x
zzKztxu n ∂

∂−−= − ρ1,  with ( )ρGqz −=  and 

dxdm
m

DG
Lx

∫∫ −
−

∂
∂−=

00
2

2

1
)( ρ

κ
ηρρ .  The modified Lyapunov function for this system is  

∫∫ +=+=
LL

a dxzdxztVtV
0

2
2
1

0

2
2
12

22
1)()( ρ  

 

3. Control by Lyapunov redesign: In the final step we design the robust feedback control 

2ˆ vuu +=  for overall system (7.60) using Lyapunov redesign obtained in section 7.3.2. 

The feedback control is thus given as 
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dxuvuu
L

∫ −
−=+=

0
2 1

ˆ ρ
κ

η                                               (7.63) 

The control law u  is given by (7.62). The Lyapunov function for this system is same as 

in the previous step. Therefore we achieve asymptotic stability and disturbance 

attenuation with this controller. 

In this chapter we designed robust feedback controllers for one-dimensional case. We 

designed controllers for uncertainty in the input. For one-equation model the uncertainty 

is matched and we used the method of Lyapunov redesign which achieved the attenuation 

of disturbance. For the two-equation model we discussed both matched as well as 

unmatched uncertainties and a combination of both. We used the method of robust 

backstepping which is a combination of Lyapunov redesign and backstepping. In all the 

controllers we achieved both asymptotic stability and disturbance attenuation.  

In all the feedback controllers designed so far we have observed that the difficulty in 

control design for systems increases as we increase the number of partial differential 

equations representing the dynamics. However, as we increase the number of PDEs 

representing the dynamics the accuracy of the model increases. This motivates the study 

of abstraction for infinite dimensional systems which will be the topic of chapter 9. The 

goal here is to abstract the evacuation system having higher number of partial differential 

equations by a system which is represented by lower number of partial differential 

equations and find the transformation for control design. In working towards the study of 

abstraction and the issues related with control design transfer for an infinite dimensional 

system we will first study the abstraction for finite dimensional case and extend the 

results to infinite dimensional case from there. In finite dimensional abstraction we 

discuss an example of a robotic car for abstraction. In chapter 8 we will first present some 

mathematical preliminaries to build a framework for finite dimensional abstraction and in 

chapter 9 we will consider the abstraction example for a robotic car. The goal is to extend 

the same framework for abstraction to get similar result for the evacuation case.  
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CHAPTER 8 

ABSTRACTION PRELIMINARIES 

8.1 Introduction 

In this chapter the mathematical background needed for finite dimensional abstractions is 

presented.  Some differential geometric concepts that are used in later chapters are 

introduced. A full treatment of these concepts can be found in [44], [45], and [46]. We 

also introduce the notions of Φ-related vector fields and Φ-related control systems and 

present some important results on abstracted linear control systems from [17].  

8.2 Definitions 

The tangent space to smooth manifold M  at p  is the space of real linear mappings pX , 

whose domain is all smooth functions defined on a neighborhood of p , satisfying 

( ) ( ) ( ) ( ) ( )gXpfpgfXfgX ppp +=                                        (8.1) 

for all smooth gf , defined on a neighborhood of p .  The tangent space associated 

with Mp ∈ is denoted by MTp .The union of all tangent spaces denoted by 

U
Mp

p MTTM
∈

=                         (8.2) 



 

 111

is called the tangent bundle of M . 

The canonical projection map π : TM → M takes a tangent vector Xp ∈  TpM ⊂  TM to the 

point p ∈  M.  If M = ℜ n locally, then Tpℜ n = ℜ n and Tℜ n = ℜ n × ℜ n.   

Let Φ : M → N be a smooth map between two smooth manifolds M and N.  The tangent 

map TpΦ : TpM → TqN takes forward tangent vectors from TpM to TqN where p ∈  M and 

q = Φ(p) ∈  N.  The union of all tangent maps is denoted by 

U
Mp

pTT
∈

ΦΦ = .                   (8.3) 

If M and N are both Euclidean spaces then TpΦ = Mpp ∈∂
Φ∂ |  and TΦ = dΦ is the total 

derivative of Φ. 

A vector field X is a smooth map X : M → TM that assigns to every point p ∈  M a tangent 

vector X(p) ∈  TpM ⊂  TM.  A smooth curve c: I → M that satisfies 

))(()(' tcXtc =                   (8.4) 

for all t ∈  I ⊆  ℜ  , is called an integral curve. 

Given two vector fields X and Y on M, the product denoted by [X,Y] and  given by 

[X,Y]p(f) = Xp(Y(f)) – Yp(X(f))               (8.5) 

is called a Lie bracket. 

A distribution ∆ on M assigns to each p ∈  M a subspace of TpM.  The distribution 

generated by vector fields X1,X2,...,Xk is given by ∆ = span[X1,X2,...,Xk].  A vector field X 

belongs to a distribution ∆ if X(p) ∈  ∆(p) for every p ∈  M.  

Given a distribution ∆, Lie(∆) is the Lie algebra generated by ∆.  It is obtained by taking 

the span of iterated Lie brackets of vector fields in ∆.  

The following definition ensures that for any vector field X, the tangent map TΦ(X(p)) is 

well-defined for all p ∈  M. 
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Definition 8.1 (Φ-Related Vector Fields): Let Φ : M → N be a smooth map between 

manifolds M and N.  Let X and Y be vector fields on M and N, respectively.  Then X and Y 

are Φ-related if for all p ∈  M 

TΦ(X(p)) = Y(Φ(p)).     (8.6) 

Equivalently, if Φ : M → N is a smooth surjection, then for any vector field X, TΦ(X) is 

well-defined on N only if 

))(())(( 21 21
pXTpXT pp Φ=Φ     (8.7) 

whenever Φ(p1) = Φ(p2) for any p1,p2 ∈  M.  

 Fig. 8.1 shows the relationship between vector fields in manifolds M and N.  The vector 

fields X and Y are Φ-related if TΦ(X(p)) = Y(Φ(p)) for all p ∈  M. 

 

Figure 8. 1: The relationship between vector fields in M and N.  The vector fields X and 
Y are Φ-related if TΦ(X(p)) = Y(Φ(p)). 

 

It is useful to view Φ-relatedness of vector fields in terms of their integral curves.  The 

condition on the integral curves of two Φ-related vector fields is given by the following 

theorem from [44]. 

Theorem 8.2: Suppose X and Y are vector fields on M and N respectively and let Φ : M 

→ N be a smooth map, then X and Y are Φ-related if and only if for every integral curve 

c of X, coΦ  is an integral curve of Y. 
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Next, the concept of Φ-relatedness of vector fields is extended to control systems.  In 

order to have a coordinate free and general description of control systems, the concept of 

fiber bundles is used. 

Let us consider nonlinear control systems described by the ordinary differential equations 

    ))(),(()( tutxftx =&  

))(),(()( tutxhty =          (8.8) 

where x(t) ∈  ℜ n denotes the state of the system, u(t) ∈  ℜ m  denotes the control input, and 

y(t) ∈  ℜ p denotes the output of the system.  The control system in (8.8) can be described 

using the commutative diagram in Fig.8.2 adapted from [46].  

 

Figure 8. 2: Local description of a control system.   
In the figure, 

(id,f)(x(t),u(t)) = (x(t), x& (t)) 

           π(x,u) = x 

π′(x, x& ) = x                                    (8.9) 

This control system representation can be generalized from the above local description to 

a global one on a manifold M as shown in Fig.8.3 adapted from [46].  
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Figure 8. 3: Global description of a control system.   
 

The components of the control system can be described as follows: 

• M - the state space manifold 

• π : B → M - a fiber bundle 

• π-1(x) - the state dependent input spaces where x ∈  M 

• TM - the tangent space of M 

• π′ : TM → M - the canonical projection of TM on M 

• F : B → TM - the system dynamics 

In other words, for any point (x,u) in B, F(x,u) = (x,f(x,u)) where f(x,u) is the velocity 

vector at the point x ∈  M.  Using the local coordinates of the manifolds, this 

representation is exactly the same as given above. 

The fiber bundle  π : B → M  is often simply M×U for some input space U.  However, 

this is generally not the case because the input space may be dependent on the state.  The 

use of product M×U is then insufficient to describe the space.  The product space can be 

generalized into the form of a fiber bundle, defined as follows. 

Definition 8.3 (Fiber Bundles) (B,M,π,U,{Oi}i ∈  I) is called a fiber bundle if the 

following holds. 
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• B is a smooth manifold called the total space. 

• M is a smooth manifold called the base space. 

• U is a smooth manifold called the standard fiber. 

• π : B → M is a surjective submersion. 

• {Oi}i ∈  I is an open cover for M such that for every i ∈  I, there exists a 

diffeomorphism Ψi: π-1(Oi) → Oi × U such that πo o Ψi = π, where πo is the 

projection from Oi × U to Oi. The submanifold π-1(p) is called the fiber at p ∈  M.   

Fig. 8.4 illustrates the relationships of a fiber bundle. The definition of fiber bundle is 

given in [46]. 

 

Figure 8. 4: Fiber bundle.  
 

Definition 8.4 (Control Systems)  A control system S = (B,F) consists of the following 

• A fiber bundle π : B → M called the control bundle. 

• A smooth map F : B → TM which is fiber preserving. 

A map is fiber preserving if π′(F) = π, where π′ : TM → M is the tangent bundle 

projection.Fig.8.3 illustrates, globally, the relationships of a control system and Fig.8.2 

shows the local relationships for an n-dimensional system with m inputs. 
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Definition 8.5 (Trajectories of control systems) Let I ⊆  ℜ .  A smooth curve c : I → M 

is called the trajectory of the control system (B, F) if there exists a curve cB : I → B such 

that π(cB) = c. 

This definition translates into local coordinates as the well-known concept of trajectories 

in a control system given by ),,( tuxfx =& .  Locally, a trajectory is a curve x(t) for which 

there exists an input u(t) such that )),(),(()( ttutxftx =& . 

Definition 8.6 (Φ-Related Control Systems) Let Φ : M → N be a smooth map and let 

SM = (BM,FM) and SN = (BN,FN) be two control systems with πM : BM → M  and πN : BN 

→ N.  Then control systems SM and SN are Φ-related if 

)))((())(( 11 pFpFT NNMM Φ⊆Φ −− ππo                                 (8.10) 

for all p ∈  M. 

The following example, motivated by the double integrator example in [17], illustrates 

concept of Φ-related control systems in higher dimensions. 

Example 8.7 Consider the control system, SM, given by 




























=

u
x
x

x
x
x

3

2

3

2

1

&

&

&

                   (8.11) 

where M = ℜ 3 and u ∈  ℜ .  Let Φ-relation be the projection map defined by Φ(x1,x2,x3) = 

(x1,x2).  Define the control system, SN, to be 


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x
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                                          (8.12) 

where N = ℜ 2 and v ∈  ℜ .  Let p = (x1,x2,x3) be a point in M.  Then vector fields in SN 

mapped from vector fields in SM are found by the following process. 
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Similarly, vector fields in SN originating from Φ(p) are found as follows. 
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Setting v = x3 generates the corresponding vector field in N.  Because of the freedom in 

the control input v, SN can generate any vector field that is mapped from SM as illustrated 

in Fig.8.5.  So it follows that )))((())(( 11 pFpFT NNMM Φ⊆Φ −− ππo  and control systems SM and 

SN are Φ-related because v ∈  ℜ . 
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Figure 8. 5: The mapping of vector fields in SM to SN 

  

In addition to constructing abstractions it is also desirable to propagate properties 

between systems.  In particular the property of controllability is reviewed here.  The 

following definitions [47] of reachability are utilized towards that end.  

Definition 8.8 (Reachability) Let S = (B,F) be a control system on a manifold M.  Given 

a point p ∈  M, the reachable set in time t ∈  I ⊆  ℜ  is defined as 

Reach (p,S) = {p′ ∈  M |   c : I → M such that  

c(t1) = p and c(t2) = p′, for t1, t2 ∈  I}.  (8.13) 

Furthermore, reachability of a set can be defined for A ⊆  M as  

Reach(A,S) = U
Ap∈

Reach(p,S).             (8.14) 

Using the concept of reachability, controllability can be restated as follows. 

Definition 8.9 (Controllability) A control system S = (B,F) is controllable if for every p 

∈  M, Reach(p,S) = M 

One of the important results from [17] is the following theorem that provides a condition 

for an abstracted system SN to be controllable. 
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Theorem 8.10 (Reachability for Φ-Related Systems) Consider two control systems SM 

= (BM,FM) and SN = (BN,FN) which are Φ-related with respect to some surjective 

submersion Φ : M → N. Then for all p ∈  M, 

Φ(Reach(p,SM)) ⊆  Reach(Φ(p),SN)    (8.15) 

Thus it follows that if SM is controllable then SN is controllable. 

We have introduced some fundamental topics in differential geometry that will be used in 

the next chapter. In the next chapter, nonlinear abstractions are considered for finite 

dimensional case by extending the results given in [17].  In that chapter, the abstraction 

of a robotic car to a rolling disk that preserves controllability properties, in particular 

local accessibility is reviewed.  The results and framework are then extended to an 

evacuation problem. 
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CHAPTER 9 

FINITE AND INFINITE DIMENSIONAL ABSTRACTION  

9.1 Introduction 

This chapter discusses the abstraction for finite and infinite dimensional cases. For finite 

dimensional case the chapter iscusses the rolling disk as an abstraction of a robotic car as 

an example. This chapter introduces the concepts of traceability, ε-traceability, ε-

consistency. To reduce complexity of analysis, simplified models that capture the 

behavior of interest in the original system can be obtained.  These simplified models, 

called abstractions, can be analyzed more easily than the original complex model.  

Hierarchies of consistent abstractions can significantly reduce the complexity in 

determining the reachability properties of nonlinear systems.  Such consistent hierarchies 

of reachability, preserving nonlinear abstractions are considered for the robotic car by 

extending the results given in [17]. 

Not only can these abstractions be analyzed with respect to some behavior of interest, 

these can also be used to transfer control design for complex models to simplified 

models.  This chapter is an initial step towards that study.  In this chapter, the abstraction 

of a robotic car to a rolling disk that preserves controllability properties, in particular 

local accessibility, are reviewed.  In this framework, showing the local accessibility of the 

abstracted rolling disk is equivalent to showing the local accessibility of the robotic car.  

Working towards the study of control design, it is seen that there are certain classes of 

trajectories that exist in the rolling disk system that cannot be achieved by the robotic car.  
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However, the robotic car can achieve trajectories that are arbitrarily close to those rolling 

disk trajectories.  Such classes of trajectories are a concern when designing a controller 

for the abstracted system that is to be transformed to a controller in the original system.  

In order to account for these cases, new concepts of traceability, ε-traceability, and ε-

consistency are defined and controllability equivalence between the systems is expressed 

in terms of these new concepts.  

In the later part of the chapter we present the abstraction of an evacuation system by 

extending the results and framework for finite case. The organization of the chapter is as 

follows. In Section 9.2 differential geometric concepts discussed in chapter 8 are 

generalized for control systems and some results on linear control systems from [17] are 

reviewed.  Sections 9.3 discusses rolling disk as an abstraction to a car-like robot. Section 

9.4 revises the concepts in Section 9.3 for our application and introduces concept of 

traceable control systems. Section 9.5 discusses the abstraction of an evacuation system. 

9.2  Abstracted Control Systems 

Theorem 8.10 allows us to propagate controllability from the original system to 

abstracted system. However it is of more interest to study the propagation of 

controllability in the reverse direction.  If the relationship is known, then the 

controllability of the original system can be determined from that of the abstracted one.  

The definitions and theorems presented in this section are from [17] and are needed to 

study the propagation of controllability in the reverse direction.  The complete proofs to 

these theorems are given in [17]. 

Definition 9.2.1 (Implementability) Let Φ : M → N be a smooth surjection.  A control 

system SM = (BM,FM) is implementable by control system SN = (BN,FN) if whenever there 

exists a trajectory in SN  connecting q1, q2 ∈  N, then there exist points p1 ∈  Φ-1(q1) and p2 

∈  Φ-1(q2) and a trajectory in SM connecting them. 
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Implementability ensures the existence of trajectories in the original system.  It is 

dependent upon a particular element chosen from the equivalence class in original system 

corresponding to elements of abstracted one.  A trajectory of abstracted system that is 

implementable by one element of the equivalence class may not be implementable by rest 

of its elements  

Theorem 9.2.2 (Implementability Condition) Let Φ : M → N be a smooth surjection.  

A control system SM = (BM,FM) is implementable by control system SN = (BN,FN) if and 

only if for all q ∈  N, Reach(q,SN) ⊆  Φ(Reach(Φ-1(q),SM)). 

For implementability of Φ-related systems, the inclusion becomes equality. 

We have seen that implementability depends upon a particular element chosen from an 

equivalence class. In order to propagate controllability from the abstracted system to the 

original system, this dependence is to be removed. To remove the dependence concept of 

consistency, the definition below is used.  

Definition 9.2.3 (Consistency) Let Φ : M → N be a smooth surjection. A control system 

SM = (BM,FM) is consistent with respect to Φ whenever the following holds.  If there exists 

a trajectory in SM connecting p1,p2, ∈  M, then for all p1′ ∈  Φ-1(Φ(p1)) and p2′ ∈  Φ-

1(Φ(p2)) there exists a trajectory in SM connecting p1′ to p2′. 

Consistency removes the dependence on a particular element chosen from an equivalence 

class.  Whenever some element in original system is implementable by abstracted system, 

then all the elements of its equivalence class are implementable. 

Theorem 9.2.4 (Consistency Condition) Let Φ : M → N be a smooth surjection.  A 

control system SM = (BM,FM) is consistent with respect to Φ if and only if for all p ∈  M, 

Reach(p,SM) = Φ-1(Φ(Reach(Φ-1(Φ(p)),SM))). 

When implementability and consistency are combined, it provides a powerful result for 

controllability in reverse direction.  This is given in the following theorem. 

Theorem 9.2.5 (Controllability Equivalence)  Let Φ : M → N be a smooth surjection 

and suppose control systems SM = (BM,FM) and SN = (BN,FN) be Φ-related.  Furthermore, 
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suppose that SN is implementable by SM and SM is consistent with respect to Φ.  Then SN 

is controllable if and only if SM is controllable. 

9.3  Abstraction of Finite Dimensional System 

In this section we want to apply the notion of Φ-relatedness to the car-like robot with 

respect to some aggregation map Φ.  Consider the robotic car to be the complex control 

system. We want to find Φ such that the abstracted system is a rolling disk.  The car 

kinematic model is given as (see Fig.9.1) 
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        (9.1) 

where u1 is the rear wheel's linear velocity, u2 is the steering angular velocity, x,y ∈  ℜ , θ 

∈  [-π,π], and φ ∈  (-π/2,π/2).  Note that there is a singularity at |φ| = π/2.  Denote the car 

control system as SM defined on manifold M. 

 

Figure 9. 1: The variables used for the car. 
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Controllability of the Car  The system represented by equation (9.1) can be written as  

2211 ugugX +=&                (9.2) 

where X = [x y θ φ]T, 
T

l
g 



= 0

tan
sincos1

φ
θθ , and [ ]Tg 10002 = . 

The system in (9.2) is a driftless control system. To check the controllability of the 

system, the Lie algebra rank condition (LARC) is used, which for our case is: 

rank [g1  g2  [g1,g2]  [g1,[g1,g2]]  [g2,[g1,g2]] … ] = 4   (9.3) 

where [g1,g2] is the Lie bracket of vector fields g1 and g2. 

Upon computation we see that the rank of the matrix in (9.3) is 4 except when φ = ±π/2.  

Thus the car is controllable away from those steering angles. 

Consider the abstracting map Φ that is the projection from the car’s space to the rolling 

disk’s space.  Define Φ : SM → SN by Φ(x,y,θ,φ) = (x,y,θ).  Choosing this Φ gives the 

following abstracted system 
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This is same as the kinematic model of the rolling disk (see Fig.9.2) that is given by 
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           (9.5) 

where v1 is the linear velocity, v2 is the angular velocity, xu,yu ∈  ℜ , and θu ∈  [-π,π].  

Denote the rolling disk control system as SN defined on manifold N. 
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Figure 9. 2: The variables used for the rolling disk. 

 

Controllability of the Rolling Disk The model of rolling disk as represented by equation 

(9.5) can be rewritten as  

2211 ugugX +=&      (9.6) 

with X = [x y θ]T, g1 = [cos θ  sin θ  0]T, and, g2 = [0 0 1]T. 

Again to check the controllability of the system (9.6) the Lie algebra rank condition is 

used.  For (9.5), the LARC is 

rank [g1  g2  [g1,g2]  [g1,[g1,g2]]  [g2,[g1,g2]] … ] = 3   (9.7) 

Performing the computations gives that the rank of the above matrix is 9.  Thus the 

rolling disk is controllable everywhere. 

Proposition 9.3.1 The car and rolling disk are Φ-related control systems with Φ defined 

for each (x,y,θ,φ) ∈  M by 

Φ(x,y,θ,φ) = (x,y,θ).          (9.8) 

Proof: Consider any point (x0,y0,θ0,φ0) ∈  M.  Then  

)),(),,,,((),,,( 2100000000
1 uuyxyxM φθφθπ =−  .  (9.9) 

Thus, 

),,(),,,(())),,,((( 0000000000
1 θθφθπ &&&o yxyxyxFT M =Φ − .  (9.10) 
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For any u1 and u2, letting v1 = u1 and v2 = 0θ&  gives 

))),,,(((),,(),,( 0000
1

000 φθπθθ yxFyxyx NNuuu Φ∈= − .  (9.11) 

So                                TΦ(FM(πM
-1((x0,y0, θ0, φ0))) ⊆  FN(πN

-1(Φ ((x0,y0,θ0,φ0)).                 ◊ 

 

Proposition 9.3.2 The car is consistent with respect to the Φ given by (9.8) 

Proof:  Let p1 = (x1,y1,θ1,φ1) and p2 = (x2,y2,θ2,φ2) be two points in M with a trajectory in 

SM connecting them.  Let )(ˆ1 tu  and )(ˆ2 tu  be the control inputs defined for 0 ≤ t ≤ T that 

generate that trajectory.  Then for any φ0,φ3 ∈  (-π/2,π/2), the points p1′ = (x1,y1,θ1,φ0) and 

p2′ = (x2,y2,θ2,φ3) are in Φ-1(Φ(p1)) and Φ-1(Φ(p2)) respectively. For any p1′ and p2′, 

define the control inputs by: 

• For t ∈  [0,1), u1(t) = 0, u2(t) = φ1-φ0 

• For t ∈  [1,T+1), u1(t) = )1(ˆ1 −tu , u2(t) = )1(ˆ2 −tu  

• For t ∈  [T+1,T+2], u1(t) = 0, u2(t) = φ3-φ2 

These control inputs generate trajectories between p1′ and p2′.            ◊ 

Proposition 9.3.3 The rolling disk is implementable by the car. 

Proof: Consider any two points (x1,y1,θ1),(x2,y2,θ2) ∈  N with a trajectory between them.  

The points (x1,y1,θ1,0),(x2,y2,θ2,0) ∈  M are in Φ-1(x1,y1,θ1) and Φ-1(x2,y2,θ2) respectively.  

Since the car is controllable, there is a trajectory in SM connecting the two points.          ◊ 

The previous three propositions show that the conditions for theorem 9.2.5 are satisfied.  

But there is a class of trajectories in case of a rolling disk for which there exists no 

corresponding trajectory in car. 

Consider the rolling disk trajectory given by 0== uu yx && , v1 = 0, and v2 nonzero, i.e., the 

rolling disk is rotating about its axis.  The car trajectory that corresponds to this case must 

have φ = ±π/2, making θ&  indeterminate.  Thus the car cannot realize this particular class 

of trajectories. 
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However, there exists a car trajectory which, given a distance function defined on N, 

maps to a rolling disk trajectory that is arbitrarily close to the rotating rolling disk.  So the 

rotating rolling disk corresponds to a limiting case of car trajectories, namely, as φ → 

±π/2, the car trajectory is mapped to trajectories that approach the rotating rolling disk. 

This concept leads to the definitions in the next section. 

9.4  Traceable Control Systems 

In order to account for the trajectories of the rolling disk which do not have any 

corresponding trajectories in a car, we define the following notion of traceability. 

Definition 9.4.1 (Traceability) Consider a control system SM = (BM,FM) and a smooth 

surjection Φ : M → N.  Let cN : I → N be a trajectory of SN where I ⊆  ℜ .  Then SN is 

traceable by SM if for all trajectories cN there exists a trajectory in SM, cM : I → M, such 

that Φ(cM(t)) = cN(t) for all t ∈  I. 

Traceability is a stronger condition than implementability since traceability requires that 

there exists a trajectory in SM for which the entire trajectory maps to the trajectory in SN.  

Implementability only requires that there exists a trajectory in SM for which its endpoints 

map to the endpoints of the trajectory in SN.  Any control system, SN, that is traceable by 

SM is implementable by SM.  However, the converse does not hold.  The rolling disk is an 

example of a system that is implementable by the car, but not traceable.  However, as the 

above development shows, the rolling disk is almost traceable by the car.  This gives rise 

to the idea of ε-traceability. But first we define the norm of a trajectory and give an 

example. 

Proposition 9.4.2 (Norm in N)  Let cN : I → N be a trajectory.  Then 

|)(|supsup|||| tixc
iIt

N
∈

=                   (9.12) 

is a norm where xi are the states in N. 

Proof: The definition in (9.12) satisfies the properties of a norm. 
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Since |xi(t)| ≥ 0 for all i and all t ∈  I, then ||cN|| ≥ 0. If ||cN|| = 0, then |xi(t)| = 0 for all i and 

all t ∈  I.  So cN = 0.   Similarly if cN = 0, then xi(t) = 0 for all i and all t ∈  I and it follows 

that ||cN|| = 0. For any constant α,  

|)(|supsup|||| tixc
iIt

N αα
∈

=  

||||||

|)(|||

|)(|||

supsup

supsup

N

i
iIt

i
iIt

c

tx

tx

α

α

α

=

=
∈

∈
=

 

Given any other trajectory c′
N : I → N corresponding to states xi

′(t), then 
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For the following development, car trajectories will be denoted by X(t) = 

(x(t),y(t),θ(t),φ(t)) and rolling disk trajectories by Y(t) = (xu(t),yu(t),θu(t)).  The following 

proposition shows that for a rolling disk trajectory, cN, that has no corresponding car 

trajectory, cM, with cN(t) = Φ(cM(t)), there exists a car trajectory with Φ(cM(t)) arbitrarily 

close to cN(t). 

Proposition 9.4.3: Given a rolling disk trajectory, Y(t) = (α,β,θ̂ (t)), where α and β are 

constants (i.e., 0== uu yx && ), and given any ε > 0, there exists a car trajectory, X(t), such 

that ||Y(t)-Φ(X(t))|| < ε. 

Proof: Choose the car's initial conditions as x(0) = α, y(0) = β, θ(0) = θu(0), and φ(0) ∈  (-

π/2,π/2) so that tan φ(0) > ε
l2 .  Let u1(t) = )0(tan

)(
φ

θ tl u
&

 and u2(t) = 0.  The car's resulting 

trajectory, X(t), is 



 

 129

).0()(

)()(

))(cos1()(

)(sin)(

)0(tan

)0(tan

φφ

θθ

θβ

θα

φ

φ

=

=

−+=

+=

t

tt

tty

ttx

u

u
l

u
l

    (9.13) 

By choice of φ, |x(t)-xu(t)| < ε and |y(t)-yu(t)| < ε for all t.  Hence ||Y(t)- Φ(X(t))|| < ε.        ◊ 

The concept of trajectories in SM that map arbitrarily close to those in SN is formalized in 

the following definition of ε-traceability. 

Definition 9.4.4 (ε-Traceability) Let SM = (BM,FM) and SN = (BN,FN) be two control 

systems and let Φ : M → N be a smooth surjection.  Then SN is ε-traceable by SM if given 

ε > 0 and a trajectory cN : I → N then there exists a trajectory cM : I → M such that ||cN-

Φ (cM)|| < ε. 

An immediate consequence of this definition is the relationship between traceability and 

ε-traceability. 

Theorem 9.4.5  SN is ε-traceable by SM for ε = 0 if and only if SN is traceable by SM. 

Proof: Let cN be a trajectory in N.  When ε = 0, the definition for traceable is satisfied 

since there exists a trajectory cM in M with ||Φ(cM) - cN|| = 0.  By definition of the norm in 

N, it is necessary that Φ (cM) = cN. 

If SN is traceable by SM, then there exists a trajectory cM with Φ(cM) = cN.  Thus ||Φ(cM) - 

cN|| = 0.                              ◊ 

As with consistency and implementability, it is useful to describe the condition for ε-

traceability in terms of reachability. 

Theorem 9.4.6 (ε-Traceability Condition)  SN is ε-traceable by SM if and only if, given ε 

> 0, for any q ∈  N for which there exists p ∈  M with 

Reach(q,SN) ⊆  Φ(Reach(p,SM))   (9.14) 

then there is a trajectory cN(t) in Reach(q,SN) and a trajectory cM(t) in Reach(p,SM) such 

that 
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||cN(t)- Φ(cM(t))|| < ε.                                  (9.15) 

In the case of the ε-traceability of Φ-related systems, the inclusion in (9.14) becomes 

equality. 

Proof: In case the case that SM and SN are Φ-related, we have from (8.15), 

Φ(Reach(p,SM)) ⊆  Reach(Φ(p),SN).  Let q = Φ(p) ∈  N and p ∈  Φ-1(q), therefore (9.14) 

can be written as 

Φ(Reach(p,SM)) ⊆  Reach(q,SN).   (9.16) 

Then the equality follows from (9.14) and (9.16).             ◊ 

With ε-traceability, we have a weaker condition on the relationship between the Φ-related 

systems SM and SN than what implementability gives.  For controllability to propagate 

between the two systems, a condition stronger than consistency is needed.  A restriction 

is placed on the system to require that if there are converging sequences of trajectories in 

SN then a corresponding trajectory exists in SM.  This leads to the following definition of 

ε-consistency stated precisely below. 

Definition 9.4.7 (ε-Consistency) Let SM = (BM,FM) be a control system on M and let Φ : 

M → N be a smooth surjection.  Then SM is ε-consistent with respect to Φ whenever the 

following holds.  If for any p1, p2 ∈  M there exist sequences 
n

p1  and 
n

p2  in M such that 

1. There exist trajectories connecting Φ(
n

p1 ) and Φ(
n

p2 ) for all n and 

2. Φ(
n

p1 ) → Φ(p1) and Φ(
n

p2 ) → Φ (p2), 

then there is a trajectory connecting p1 and p2. 

Unlike consistency, which requires that trajectories exist between all members of Φ-

1(Φ(p1)) and Φ-1(Φ(p2)) based on the existence of only one trajectory, ε-consistency gives 

the condition for a trajectory to exist between p1 and p2.   

Consistency does not involve trajectories in SN, but for ε-consistency, the existence of a 

single trajectory relies upon a sequence of trajectories in SN whose endpoints map 

arbitrarily close to Φ(p1) and Φ(p2).  The following example shows that SM can be ε-
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consistent with respect to Φ even if it is not controllable. 

Example 9.4.8  Consider the system in SM given by 











 =

02

1 u
x
x
&

&
                                 (9.17) 

and the system in SN given by 

02 =x&                                                       (9.18) 

with the Φ-map given by Φ(x1,x2) = x2.  For p1 = (x1,α) and p2 = (x1′,β), let 
n

p1  = α and 

n
p2  = β for all n.  If α = β, then there exist trajectories in SN connecting Φ(

n
p1 ) and 

Φ(
n

p2 ) for all n  and a trajectory in SM connecting p1 and p2.  However, if α ≠ β, there is 

no trajectory in SM connecting p1 and p2 and no trajectories in SN connecting Φ(
n

p1 ) and 

Φ(
n

p2 ). 

Controllability of SM is thus not a necessary condition for ε-consistency.  However, the 

following theorem shows that Φ-relatedness between SM and SN and controllability of SM 

are sufficient conditions for SM to be ε-consistent with respect to Φ. 

Theorem 9.4.9 Consider control systems SM = (BM,FM) and SN = (BN,FN) which are Φ-

related with respect to smooth surjection Φ : M → N.  If SM is controllable, then SM is ε-

consistent with respect to Φ. 

Proof: Consider any p1, p2 ∈  M.  Let 
n

p1  = p1 and 
n

p2  = p2 for all n.  Since SM is 

controllable, there exist trajectories connecting 
n

p1  and 
n

p2  for all n.  Denote each such 

trajectory by cM.  Then TΦ(cM) is also a trajectory in SN.  The sequences 
n

p1  and 
n

p2  

satisfy the conditions of Definition 9.9.7.  Thus it follows that the car is ε-consistent with 

respect to the Φ mapping defined by (9.8).                           ◊ 

As with implementability and consistency, the relationship between ε-traceability and ε-

consistency provide a means to propagate controllability between control systems SM and 

SN. 
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Theorem 9.4.10 (Controllability Equivalence) Consider control systems SM = (BM,FM) 

and SN = (BN,FN) which are Φ-related with respect to smooth surjection Φ : M → N.  

Assume that SN is ε-traceable by SM and SM is ε-consistent with respect to Φ.  Then SN is 

controllable if and only if SM is controllable. 

Proof: If SM is controllable then SN is controllable since the control systems are Φ-related. 

Now assume SN is controllable and consider any points p1,  p2 ∈  M.  Because SN is 

controllable, there is a trajectory, cN, connecting Φ(p1) and Φ(p2).  Then for each n, ε-

traceability with ε = 1/n gives a trajectory, 
nMc , such that ||cN - Φ(

nMc )|| < 1/n.  Denote 

the endpoints of each 
nMc  by 

n
p1  and 

n
p2 .  These endpoints provide sequences in M with 

Φ(
n

p1 ) → Φ(p1) and Φ(
n

p2 ) → Φ(p2).  Because SN is controllable, there exist trajectories 

connecting Φ(
n

p1 ) and Φ(
n

p2 ) for all n.  Since SM is ε-consistent, there is a trajectory 

connecting p1 and p2.  Thus SM is controllable.                       ◊ 

9.5  Abstraction of an Evacuation System 

In this section we would like to address the abstraction of an evacuation system  With the 

above presented notions, a framework has been provided that gives conditions for the 

existence of trajectories in the original system and allows controllability propagation 

between the two systems. We want to extend these results to obtain the similar result for 

an evacuation system. In infinite dimensional case abstraction would mean to obtain the 

model with a lesser number of PDEs than the original one.  

The preceding chapters discussed the design of feedback controllers for two infinite 

dimensional models of evacuation. With the use of these controllers we have shown 

exponential asymptotic stability of the closed loop system. However we observed that the 

difficulty in designing controllers for system increases as we increase the number of 

partial differential equations representing its dynamics. This motivates the study of 

abstractions for infinite dimensional systems. Evidently, control design in the abstracted 
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system is a simpler task than in the original system.  This work is a first step in the 

process of finding a method to transform control designs in the abstracted system back to 

the original system for an evacuation system. The future goal of this work is to find the 

transformation that will transfer the control design for an abstracted one equation model 

to the two equation model. The goal here is to abstract the system having higher number 

of partial differential equations by a system which is represented by lower number of 

partial differential equations. The abstraction is constructed in such a way that it enables 

to preserve certain properties of the system. As a part of that research we want to study 

abstraction which preserves controllability for evacuation dynamics. For that purpose we 

need to modify the notions of consistent abstractions introduced in [6] for infinite 

dimensional systems.  

For a one-dimensional case we can state the abstraction problem more specifically as: 

Find an abstracting map Φ from a two equation control model  

x
q

t ∂
∂−=

∂
∂ρ  

),(ˆ
2

txuq
xt

q +








∂
∂−=

∂
∂

ρ
                                    (9.19) 

to a one-equation control model  

( )u
xt

)1( maxρρρρ −
∂
∂−=

∂
∂                                    (9.20) 

such that (9.19) and (9.20) are Φ-related according to definition 8.6. Not only do we want 

to construct this mapping we also want to preserve the controllability property of two 

equation model. In other words we want to find map Φ such that (9.19) is a consistent 

abstraction of (9.20).  In this framework, showing the controllability of the abstracted one 

equation model is equivalent to showing controllability of the two equation model. Let us 

first construct a mapping to abstract equation (9.19)  

Consider the abstracting map Φ  that is the mapping from two-equation model manifold 

M  to the one-equation model manifold N . Here M is a Banach manifold [48] of 

mappings (or functions) from one finite dimensional manifold to another for a two-

equation system.  We can express it locally as )()( 11 BVLLBVLL ∩∩×∩∩ ∞∞  where BV  
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represents a space of bounded variations. Similarly N is a Banach manifold of mappings 

for one-equation system and can be expressed locally as )( 1 BVLL ∩∩ ∞ .  Here ]),,0[(1 ℜLL  

is the infinite dimensional Hilbert space of one dimensional vector function defined for 

an interval ],0[ L . 

Define a mapping NM SS →Φ :  by ρρ =Φ ),( q . Choosing this Φ  gives the following 

abstracted system  

( )q
xt ∂

∂−=
∂
∂ρ  

This in conjunction with the relation vq ρ= and Greenshield’s model gives the following 

dynamics  

( )u
xt

)1( maxρρρρ −
∂
∂−=

∂
∂  

which is the one-equation model. 

Proposition 9.5.1 The one- equation and two-equation models given by (9.19) and (9.20) 

are Φ -related control systems with Φ  defined for each ),( Mqf ∈= ρ  by 

ρρ =Φ ),( q          (9.21) 

Proof: Consider any function  Mqf ∈= ),( 00ρ  . Then  

))(),,((),( 10000
1 uqqM ρρπ =−  

with 1u  being the input to the system (9.19). Thus we have  

( )
x

txq
vFqFT o

ooMM ∂
∂

==Φ − ),(
,)),(( 100

1 ρρπo  

where 0v  is the input to system (9.20) corresponding to this function  f . Here ΦT  is the 

tangent mapping from tangent space MT f  to tangent space NTg  , where  MT f  is the 

tangent space of Banach manifold M  at function Mf ∈  and NTg  is the tangent space of 

M  at function Ng ∈ . Now we have  

))(),(( )),(( 2000
1 uqN ρρπ =Φ−  
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where 2u  is the input to one-equation model (9.20) and is the free flow velocity fv . Thus 

we have  

( ) ( )222200
1 )(,) )),((( uF

x
uFqF NN ρρρπ

∂
∂−==Φ−  

with )1()( max2 ρρρρ −=F . Now for any u1, letting ( ) ( )ooo qFFu ,1
1

22 ρρ−=  we have  

 ))((())(( 11 fFfFT NNMM Φ⊆Φ −− ππo  

The two equation model and one equation model are Φ -related control systems with 

respect to map ρρ =Φ ),( q  according to (8.10).  

For a two-dimensional case the problem of abstraction can be stated as follows: Find an 

abstracting map Φ from a two equation control model represented by 

∑
= ∂

∂
−=

∂
∂ 2

1i i

i

x
q

t
ρ  

and 

1
21

2

2
1

1

1 û
qq

x
q

xt
q

+







∂
∂−











∂
∂−=

∂
∂

ρρ
 

2
21

1

2
2

2

2 û
qq

x
q

xt
q

+







∂
∂−











∂
∂−=

∂
∂

ρρ
                                   (9.22) 

to a one equation control model  

( )i
i i

u
xt

)1( max

2

1
ρρρρ −

∂
∂−=

∂
∂ ∑

=
                                           (9.23) 

such that  (9.22)  and (9.23) are Φ-related according to definition 8.6.  

For a two dimensional case consider the abstracting map Φ  given by NM SS →Φ :  defined 

as ρρ =Φ ),,( 21 qq . Choosing this Φ  gives the following abstracted system  

∑
= ∂

∂
−=

∂
∂ 2

1i i

i

x
q

t
ρ  

This in conjunction with the relation vq ρ= and Greenshield’s model gives the following 

dynamics  
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( )i
i i

u
xt

)1( max

2

1
ρρρρ −

∂
∂−=

∂
∂ ∑

=
 

which is the one-equation model. In this case  M is a Banach manifold of mappings for a 

two-equation system and we can express it locally as )()( 11 BVLLBVLL ∩∩×∩∩ ∞∞  

.Similarly N is a Banach manifold of mappings for one-equation system and can be 

expressed locally as ))( 1 BVLL ∩∩ ∞ .Here ],[1 ℜΩL  is the infinite dimensional Hilbert space 

of two-dimensional vector function defined for an interval Ω . 

Proposition 9.5.2 The one- equation and two-equation models given by (9.22) and (9.23) 

are Φ -related control systems with Φ  defined for each ),( Mqf ∈= ρ  by 

ρρ =Φ ),,( 21 qq                                              (9.24) 

Proof: Consider any function  Mqqf ∈= ),,( 20100ρ  . Then  

))2,(),,,((),,( 12010020100
1 uuqqqqM ρρπ =−  

with 1u  and 2u  being the inputs to the system (9.22). Thus we have  

( )
2

2

1

1
2021120100

1 ,(),)),,((
x
q

x
q

vFvFqqFT oo
oooMM ∂

∂
+

∂
∂

=+=Φ − ρρρπo  

where ov1  and ov2  are the inputs to system (9.22) corresponding to this function  f . Here 

ΦT  is the tangent mapping from tangent space MT f  to tangent space NTg  . Now we have  

)),(),(( )),,(( 43020100
1 uuqqN ρρπ =Φ−  

where 3u  and 4u  are the inputs to one-equation model (9.20) and are the components of 

free flow velocity in two directions. Thus we have  

( ) ( ) ( )44
2

33
1

443300
1 )()(,(),) )),((( uF

x
uF

x
uFuFqF NN ρρρρρπ

∂
∂−

∂
∂−=+=Φ−  

with )1()( max3 ρρρρ −=F . Now for any 1u   and 2u letting ( ) ( )ooo qFFu 11
1

33 ,ρρ−=   and 

( ) ( )ooo qFFu 22
1

44 ,ρρ−=  we have  

 ))((())(( 11 fFfFT NNMM Φ⊆Φ −− ππo  
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The two equation model and one equation model are Φ -related control systems with 

respect to map ρρ =Φ ),,( 21 qq  according to (8.10).  

We have shown how to obtain abstraction maps for both one and two-dimensions. 

However, not only do we want to construct these mapping we also want to preserve the 

controllability property of two equation model. In other words we want to find map Φ 

such that (9.22) is a consistent abstraction of (9.23).  In this framework, showing the 

controllability of the abstracted one equation model is equivalent to showing 

controllability of the two equation model. The future goal is to find the transformation 

that will transfer the control design for an abstracted one equation model to the two 

equation model. 

This chapter discussed the application of abstracted control systems to the robotic car and 

rolling disk.  In the analysis of these systems, it was found that they exhibited a behavior 

not completely captured by the existing notions of consistency and implementability.  

This led to the definition of traceability, ε-traceability, and ε-consistency. These new 

notions provide conditions for trajectories to exist in the original system when a 

trajectory in the abstracted system is present.  When the abstracted control system is ε-

traceable by the original control system and the original control system is ε-consistent 

with respect to the mapping between them, then the controllability is propagated between 

the two systems. With these notions, a framework has been provided that gives 

conditions for the existence of trajectories in the original system and allows 

controllability propagation between the two systems. Then we discussed abstraction for 

an evacuation system and found a mapping to construct an abstracted system. The future 

goal is to extend this work and obtain the similar results for an evacuation system. 

Presumably, control design in the abstracted system is a simpler task than in the original 

system.  As indicated, this work is a first step in the process of finding a method to 

transform control designs in the abstracted system back to the original system for the 

evacuation system. 
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CHAPTER 10 

CONCLUSIONS AND FUTURE WORK 

10.1 Conclusions  

In this work we discussed the feedback control design for an evacuation problem. We 

designed the feedback controllers to control the movement of people during evacuation in 

order to avoid jams. In this dissertation we designed diffusion and advection feedback 

controllers to control the movement. We also designed the robust feedback controllers to 

cancel the effect of uncertainties or disturbance in the system. While doing the control 

design we observed two points 

• The accuracy of models representing evacuation dynamics increases with the 

increase in partial differential equations in the system.  

• The difficulty of designing controllers increases with increase in partial 

differential equations in the system. 

This motivates the abstraction of evacuation systems where we can abstract certain 

number of PDEs to obtain a simpler system and then transform the control design back to 

the original system. In order to address this issue of abstraction for evacuation systems 

we first developed a framework for abstraction for finite dimensional case with robotic 

car as an application. Then we extended this framework to infinite dimensional case. 

In chapter 2 we presented two macroscopic models for representing the motion during 

evacuation in both one and two dimensions. The models obtained were represented by 
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nonlinear hyperbolic PDEs. We presented two models for each case; one was called as 

one-equation model and the other one as two-equation model. 

In chapter 3 we presented design of nonlinear feedback controllers for two different 

models representing evacuation dynamics in one-dimension. The model dynamics for this 

case were represented by one partial differential equation. We addressed the feedback 

control problem for both models in distributed setting and were able to synthesize 

nonlinear distributed feedback controllers that achieved exponential stability. The closed-

loop dynamics were represented by a heat equation where the density profiles are 

decreasing with time. The problem of control and stability was formulated directly in the 

framework of partial differential equations. Sufficient conditions for Lyapunov stability 

for distributed control were also derived. We used the method of feedback linearization 

for the control design and for two-equation model we used backstepping approach. We 

also motivated the problem of abstraction for infinite dimensional systems.  

In chapter 4 we presented design of nonlinear feedback controllers for two different 

models representing evacuation dynamics in two-dimensions. The model dynamics were 

represented by means of a set of three partial differential equations. We addressed the 

feedback control problem for both models and were able to synthesize nonlinear 

distributed feedback controllers that achieved exponential stability. Here again we used 

the method of feedback linearization. 

In chapter 5 we presented design of nonlinear advection feedback controllers for two 

different models representing evacuation dynamics in one-dimension. We added motion 

to the controllers such that the density profiles are not only decreasing with time but are 

moving also. We also addressed the control saturation issues for these controllers.  

In chapter 6 we presented design of nonlinear advection feedback controllers for two 

different models representing evacuation dynamics in two-dimensions. We added motion 

to the controllers and achieved asymptotic stability.   

In chapter 7 we presented design of nonlinear robust feedback controllers for two 

different models representing evacuation dynamics in one-dimension. We presented the 

Lyapunov redesign and robust backstepping methods for the feedback control of PDEs 
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and designed controllers for both matched and unmatched uncertainties. We achieved 

attenuation of uncertainty or disturbance in the system.  

In chapter 8 we presented the framework for abstractions in finite dimensional case. This 

chapter serves as the preliminary for infinite dimensional abstraction framework. 

In chapter 9 we discussed the application of abstracted control systems to a robotic car 

and rolling disk.  In the analysis of these systems, it was found that they exhibited a 

behavior not completely captured by the existing notions of consistency and 

implementability. This led to the definition of traceability, ε-traceability, and ε-

consistency.  These new notions provide conditions for trajectories to exist in the original 

system when a trajectory in the abstracted system is present.  When the abstracted control 

system is ε-traceable by the original control system and the original control system is ε-

consistent with respect to the mapping between them, then the controllability is 

propagated between the two systems. With these notions, a framework was provided that 

gives conditions for the existence of trajectories in the original system and allows 

controllability propagation between the two systems. In this chapter we also discussed the 

abstraction for an evacuation system in both one and two dimensions. The goal here was 

to abstract the system having higher number of partial differential equations by a system 

which is represented by lower number of partial differential equations. The abstraction 

was constructed in such a way that the one-equation model is an abstraction of a two-

equation model. The chapter also introduced some differential geometric preliminaries 

for the infinite dimensional case.  

10.2 Future Work   

In the analysis of abstraction of a robotic car, it was found that the system exhibited a 

behavior not completely captured by the existing notions of consistency and 

implementability. This led to the definition of traceability, ε-traceability, and ε-

consistency.  With these notions, a framework has been provided that gives conditions for 

the existence of trajectories in the original system and allows controllability propagation 



 

 141

between the two systems.  As a part of future research we want to study the similar 

problem for evacuation. We intend to study abstraction which preserves controllability 

property for evacuation dynamics. For that purpose we need to modify the notions of 

consistent abstractions introduced in [17] for infinite dimensional systems.   

The long term goal of this work is the process of finding a method to transform control 

designs in the abstracted system back to the original system. As a part of future work we 

plan to do the following 

• Obtain more detailed and accurate models for evacuation dynamics. 

• Design and address other types of feedback control problems like adaptive and 

sliding mode control.  

• Develop the framework similar to one in chapter 9 for infinite dimensional case 

and obtain the abstraction which preserves controllability property for evacuation 

dynamics. 

• Find a method to transform control design for higher order evacuation models to 

lower order ones.  

• Apply the results so far done for finite dimensional case to other well motivated 

problems like autonomous underwater vehicles.  
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