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Brjuno Numbers and Complex Dynamics

Edgar Arturo Saenz Maldonado

(ABSTRACT)

The Brjuno numbers play a fundamental role in the study of the 1-dimensional Com-
plex Dynamics Theory. In this work we examine the proof of the Brjuno theorem by using
elements of Number Theory. We also examine the topological version of the proof given by
J. Yoccoz and his renormalization principle.

If « € R\ Q, we also describe how the existence of a Siegel disk at the origin for the
polynomial P(z) = exp(2mia) - (z — 2?) implies the linearization of any germ of the form
f(2) = exp(2miar) - z + O(2?).
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Chapter 1

Introduction

The study of the dynamics of analytic germs in one complex variable in a neighborhood
of a fixed point had been the a motivation of several works during the twentieth century.
The central problem is to describe the structure of the conjugacy classes in the group G
of the analytic germs that leaves the point z = 0 fixed. In other words, given an analytic
germ f(z) = Az + O(z?) with A € C*, is there an analytic function h; defined in some open
neighborhood of 0 € C, satisfying h;(0) = 0, #:(0) = 1 and f(hs(2)) = hp(A2)?

For the case |A| # 1, the answer is affirmative. It was shown by G. Koenigs in 1884, who also
proved that for 0 < |A| < 1 the fixed point has to be an attracting point while for |A| > 1 the
fixed point is a repelling point (see L. Carleson-T.W.Gamelin[7], A.F. Beardon[3]). But, if A
is a root of unity, i.e. A = exp(2mip/q) with p/q € Q, the answer for the question above can
be negative; however Ecalle[14] and Voronin[31] have done a complete classification which
guarantees whether h; exists or not.

The most interesting case happens when |A] = 1 and )\ is not a root of unity. This means
that A\ = exp(2mia)), where @« € R\ Q. In order to prove that hy can be an analytic
function in some neighborhood at the origin, for the case A = exp(2mia), « € R\ Q, we can
assume (formally) that hy has a power series representation at the origin. By the formulas
in question, it is possible to determine the coefficients of the formal power series of hy; the
denominators of these coefficients can be written as products of the form (A" — \) for n > 2,
since « is an irrational number these products could be very small, which implies that h
may not converge.

The first significant result, although negative, was given by H.Cremer[10] who considering
the sequence of continued fractions (p,/qn)n>0 associated to «, proved that the arithmetical
condition |
0g\qn
sup &(qn+1)

n>0 dn

:+OO

causes the divergence of hy.



The first positive result was given by Carl Ludwig Siegel[29] in 1942, who proved in a histor-
ical article that the formal series of hy around the origin has positive radius of convergence
(which means that hy is analytic in some neighborhood at 0) when the irrational number o
satisfies a diophantine condition, i.e. if there exist ¢ > 0 and p > 2 such that

then the radius of convergence of hy is positive. In the original proof of Siegel[29], he
provided direct estimates for the coefficients of Ay, but in this paper we present a different
approach. Part of the organization of the proof given here has been taken from two books,
AF. Beardon[3] and L. Carleson-T.W.Gamelin[7].

In 1965, following the same ideas of the proof given by C.L. Siegel, A.D. Brjuno[4] improved
the arithmetical condition using some properties of the continued fractions (see Appendix
D). He proved that the arithmetical condition

Zlog(%ﬂ) < 1oo

>0 dn
implies the analyticity of hy in some open neighborhood of the origin.

In this paper we present two different proofs of the Brjuno theorem. In Chapter 2, our
attention is focused on the proof of the Siegel theorem and the first version of the Brjuno
theorem. This first version has been taken from S. Marmi[24] who used two strong results
that significantly shorten the original proof given by Brjuno. These two of results are the
Davie Lemma and the famous Bieberbach Theorem which was proven by L. De Branges|5]
in 1984. Basically, this version is focused on direct estimates for the coefficients of the formal
power series of .

In Chapter 3, we are focused on the second version of the proof of the Brjuno theorem.
We follow the same techniques used by J.Yoccoz in [30] and X.Buff and A.Chéritat in [6];
however, we introduce some definitions given by S. Marmi in [24]. In Section 3.2, for any
f(2) = Az+0O(2?) univalent on the open unit disk D, with |\| < 1, we introduce the definition
of stability at 0. The point 0 € C is called stable for the map f if and only if 0 belongs to the
interior of the set Ky =), 5o/ "(D). In Section 3.2, we also prove that if f(z) = Az +O(z?)
is univalent on the open unit disk I, with [A] < 1, then

0 is stable < Ay is analytic at 0.

If f(z) = Az + O(z?) is univalent on the open unit disk D, where A = exp(27ia) and
a € (0,1)\ Q, then f lifts to a map F' : H — C by using the map F : H — D* defined by
E(Z) = exp(2miZ); such a map F is univalent, Z-periodic and satisfies lim (F(Z)—Z2) =

S(Z)—+o0
«. For this reason, we define §(a) as the collection of the all mappings F' as in the previous
sentence. In Section 3.5, using the renormalization technique of Yoccoz (developed in Section



3.3 and Section 3.4) we prove that if F' € §F(«) and « satisfies the Brjuno condition, there
exists C' > 0 such that
Fo™(Z) € H

for all Z € H with &(Z) > C. As a consequence the open disk E{Z € H : &(Z) > C'}, which
contains 0, is contained in Ky. This means that 0 is an interior point for K; and therefore
0 is stable. So, by the equivalence between stability of 0 and the analyticity of hy, given in
Section 3.2, we conclude that the radius of convergence of hy is positive. The crucial fact in
this second version is that we prove the analyticity of iy without computing any estimates
on the coefficients of the formal power series hy.

From the definition of the set K given above (see also Section 3.2), we define a Siegel disk
at 0 as the connected component of the interior of Ky which contains zero. In Section 3.2,
we also prove that stability of f at 0 is equivalent to the existence of a Siegel disk at 0.

In Chapter 4, our attention is focused on the Quadratic Polynomial Theorem which sates that
the stability at 0 for the quadratic polynomial Py(z) = A(z — 2%), where A = E(a) and a €
R\ Q, is enough to guarantee the stability at 0 for every germ of the form f(z) = Az + O(z?).
This result was first given by Jean Yoccoz in 1985. In this paper we provide the proof of the
Quadratic Polynomial Theorem with more specific details. In Section 4.1, for any univalent
map f(z) = Az + O(2?) defined on the open unit disk D with A\ = F(a) and a € R\ Q, we
apply the same technique used in the Straightening Theorem for polynomial-like mappings
(of degree 2) given by A. Douady and J.Hubbard in [12] and prove that there exists ag € (0, 1]
such that for all a € (0,a0] and b € C with |b] = 10, the map f,4(2) = a~'f(az) + b2? is
quasiconformally conjugate to the quadratic polynomial Az 4 bz%. This means that there
exist a quasiconformal map ¢ = ¢y, such that

fap(9(2)) = (A= + b2?)

for all a € (0,a0] and b € C with |b] = 10. As an immediate consequence, f,; is quasiconfor-
mally conjugate to the polynomial A\(z — 2?). Since a quasiconformal map is in particular a
homeomorphism, the existence of a Siegel disk at 0 for the quadratic polynomial Py implies
the existence of a Siegel disk at 0 for the mappings f,; and therefore the analyticity of the
mappings hy, . In Section 4.2 we describe how the analyticity of the mappings hy, , for
a € (0,a0], b € C with |b] = 10 implies the analyticity of the map hy, , near the origin, and
therefore the existence of a Siegel disk at 0 for the map f(z) = Az + O(z?).



Chapter 2

From Siegel to Brjuno

In this chapter we are going to prove one of the most interesting results in 1-dimensional
Complex Dynamics Theory, the Brjuno theorem. A weak version of this theorem was first
proven by Carl Ludwig Siegel in 1942 by using elements of Number Theory such as Diophan-
tine numbers. The first three sections of this chapter are focused on this particular case. In
the fourth section we give the definition and some properties of continued fractions which
are used in the proof of Davie’s Lemma|[11]. Finally, in the fifth section we prove the Brjuno
theorem by using Davie’s Lemma and the Bieberbach theorem][9].

2.1 Small Divisors

Consider the analytic map f given by f(z) = 3z — 423.

Is there an analytic function A defined in some open neighborhood of 0 € C , such that
h(0) =0, A'(0) = 1 and f(h(2)) = h(f'(0)z) 7 Well , in this case the answer is affirmative
because h(z) = sin(z) satisfies all of the conditions required above. So given an analytic
germ [ at the origin 0 € C with f(0) =0, f(0) = A € C*, the next natural question would
be : Is there an analytic function h defined in some open neighborhood of 0 € C, satisfying

h(0) =0, (0) =1 and f(h(z)) = h(Xz) ? (2.1.1)

For the case |A| # 1 (see [7]) the answer is affirmative. But, if A is a root of unity the
answer can be negative. Details about this case may be found in Ecalle[14] and Voronin[31].
However, here we are focused on the interesting case : |A] = 1 and A is not a root of the

unity. This is the case
A = exp(2mia), (2.1.2)

where o € R\Q. We will consider the power series associated to f

flz) = Zaizi, a; = A

i>1



and we assume that the formal power series of h is given by

h(z) = Z hiz'.

i>1
If h is the solution of the functional equation given by 2.1.1, the coefficients of the last

series must satisfy ( formally ) the following recursive relation :

1 forn =1,

1
hy = >am Y huhng.. by, forn>2 (2.1.3)

The terms of the form A" — A\ may cause the divergence of h in any open neighborhood of
the origin 0 € C as we will see in the following result which was first given in 1917 by G.A.
Pfeiffer.

Theorem 2.1.1. There is A = exp(2mif) with 0 € R\Q for which the equation 2.1.1 has no
solution for any polynomial f of degree d > 2.

Proof. Let f(z) = 22+ --- + Az and suppose there exists an analytic solution h of 2.1.1
defined on A(0,9) = {z € C: |z| < §}. Consider the d" fixed points of f"; that is , the roots
of the polynomial equation

frf)—z=2"+...+(A"=1)z=0

One of these roots is 0 € C. Label the others pq, po, ..., g1 and note that if the origin
is the unique zero of f"(z) = h(A"h~!(2)) in A(0,4), then pu; ¢ A(0,4). Assuming § small

(0 < 1), we have
-1

0" < I Ingl =11 =" (2.1.4)

j=1
We now construct a A for which the last inequality is impossible, contradicting the exis-
tence of h. Suppose q1 < ¢z < g3 < ... is an increasing sequence of integers such that

+oo
0= Z 27% ¢ R\Q, and define A = exp(2mif). It is not difficult to see that exp(2mi(62%)) =
k=1

exp(2miw) where w = 20~ %+1 4 Z 2979 By an elementary computation
k>14+2
|1 — exp(2miw)| = 2| sin(rw)| < 27|w|
and

|w| =w<3- U~ q1+1



Then
|1 - )\2‘11| — |1 — eXp(Qﬂ-iw)l < 6 - 2 U+

If h exists, replacing n by 2% in the inequality 2.1.4 we get
5d2ql < ’1 . )\2%’ < 67_[_ X 2Ql*QZ+1
which implies that

qri1 < @+ logy(67) + [logy(3)]d*"
On the other hand, since d € Z*, d > 2 and ¢; > 2 for all [ > 2, we obtain

q < d*

Hence
q +log,(6m) < 2-d*" forall [ >2

Then
g1 < Cqul

1
where ¢ = ¢(d) = (2+ logQ(S)) > (0. But if we consider by induction (gx)r>1 such that
logy(qr+1) > k2% for all k € Z*, we get a contradiction. O

2.2 Siegel’s Theorem

Now we know that the equation 2.1.1 may not have a solution for the case A = exp(2mia),
a € R\Q. However, Siegel[29], assuming an arithmetical condition on «, proved the existence
of the solution of the equation 2.1.1 .

Theorem 2.2.1. Let f(z) = Z anz" be an analytic function in a neighborhood of the origin
n>1

0 € C with a; = A = exp(2miar). If « € R\Q and there exist constants ¢ > 0, p > 2 satisfying

lav — 2I—)| > % for all L= Q (q € Z*), then the equation 2.1.1 has an analytic solution
q q q

in some open neighborhood of the origin 0 € C.

In order to prove the Siegel theorem we have to do some preliminary analysis.

Proposition 2.2.2. The arithmetical condition implies that there exist ¢ > 1 and k € Z*
such that

1
mé <%> nk f07" all n€Z+



Proof. Let n be a natural number, and let m be the closest integer to na. Since na is
irrational, [na —m| < 1/2 . By an elementary computation

A" — 1] = |e2mi(n) _ e2mim)| — 9| sin(7na)| = 2| sin(7(na — m))|
2
By the hypothesis and since —|y| < |sin(y)| on [—7/2,7/2] , we have
T

c c 4

< <dnfa— 2 = Zjr(na —m)| < 2|sin(r(na —m))| < |\ — 1]

nt n# n s
k!

Therefore, it is enough to consider ¢ > max{—= , 1} and k = [u] + 1, where [ ] denotes the
¢

integer part. O

On the other hand, solving the equation 2.1.1 is equivalent to finding an analytic function
¢ such that ¢(0) =0, ¢'(0) =1 and ¢~'o fop(z) = Az. Note that

f(z) =Xz + F(2) (2.2.1)
o(z) = 2+ P(2) (2.2.2)

where

F(z) = Za@-zi and ®(z) = Z b2 (2.2.3)

1>2 1>2

We have to find ¢ satisfying ¢! o f o ¢(z) = Az, which is equivalent to getting

fle(z)) = »(Az)
Ap(2) + Flp(z)) = Az+ P(A2)
Az +AP(2) + F(p(2)) = Az+P(\z2)
F(p(2))

O(Az) — A\P(2)
Now the idea is to replace the last functional equation by the following simple equation:
F(z) = ®(\z) — AO(2). (2.2.4)
Substituting 2.2.3 into 2.2.4, we obtain
Z a2 = Z bj(A2) — A Z b2’
Jj=2 Jj=2 Jj=2

So

1b;| = |a;| forall j7>2

1
Y]
By Proposition 2.2.2, |b;| < |a,| <%> (j — 1)* for all j > 2. Hence

lim sup {/|b;| < limsup {/|a,]|.



From the last inequality, the radius of convergence of f is less than or equal to the radius of
convergence of .

Consider A = 2¢(20)F2 and B = (30)*"2, and choose ¢ and @ such that

1111
0<0= 5“ C 1052 2R AD (2.2.5)

Note that ¢d < §2*** < 9¥+2 | By the continuity of I, there exists r > 0 such that if |z| <r
then |F'(z)| < d. Hence, there exist positive real numbers d, 0, and r satisfying :

(cl) fisanalytic in A(0,r) :={ze€ C: |z| <r}.
Therefore ¢ is analytic on A(0,7) :={z€ C: |z] <r}.

1
2) 0<—
(2) 0 <

(c3) cd < OF+2
(cd) If |z| < r then |[F'(2)] <6

Proposition 2.2.3. Using the preceding notation, for z € A(0,r) we have

r

= |2

F' J
2. If |z| <r(1—0) then |9'(z)] <c|gk+|1’ §09k+1 <0.

k+1
1 1(2)] < | '] [ } . where | F'| = sup{[F'(2)] ¢ 2] <1} .

Clearly the second part comes from the first part and the item (¢3). So it is enough to prove
the first part of this proposition.

Proof. From the Cauchy estimates for the power series coefficients of F’ we have

T

’ j|—— ri—1
Hence

()] = Db 1!<Z\J%| (= Df=P

3>2 ]>2

, "l 30 D
< oy U AP

7j>2 7>1



Therefore

k+1
r
@/ < F/ o
| @n_cn|ﬂr_pd

Definition 2.2.4. For each m € {0,1,2,3,4,5}, we define the open disks D,, by
Dy, ={z€C:|z|<r(1—mb)} .

It is clear that D5 C Dy C ... C Dy C Dy = A(0,7) .

1

Proposition 2.2.5. The mappings p, f, 0~ satisfy the following diagram :

Dy % Dy L Dy 25 Dy
Proof. This comes from the definition above and the items (c1) and (c3). O

Since we changed the original functional equation for another simpler one, it implies that
oo fop(z) = Az + “an analytic function” . Now we are focused on how “ big ” is this
analytic function on Ds.

Proposition 2.2.6. If we consider o= o f o p(z) = Az + G(2), then
|IG'(2)] < gf—i for all z € D5 .
Proof. By the equation 2.2.4, it is easy to deduce that for all z € Dy,
G(z) =D(\z) — PNz + G(2)) + F(z+ ®(2)) — F(z)

Since Dy C D; , we can apply the second part of Proposition 2.2.3 to D, and obtain

0
|G(2)] < O|G(2)] + dsup{|®'(T)| : T € Da}lz| < O|G(2)] + 5#7”
So 52
c r
G| < oy

Now, fix z € D5 . Clearly {w : |w—z| <rf} C D, . Then

2
[ g < 5
:

c
w— z) Gk+11 — 9 or2’

G'(2)| = |

271

where v(t) = z + rfexp(it), t € [0, 2n]. Finally, since § < 1/5 the assertion follows. O
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Proposition 2.2.7. Let k € Z* and ¢ > 1, and consider A = 2¢(20)¥*% and B = (30)*+2.
Choose 6y with 0 < 6y < %Wﬁﬁﬁ . Define by induction 6,41 = g,f—i%, where 0, = %H%
for alln > 0. Then

1
6 < —(0,)2 for alln > 0.
c
Proof. See Appendix A. n

Proof of Theorem 2.2.1.  We are going to inductively define sequences (fy)n>0, (Fn)n>0,
and (¢n)n>0 satistfying f,41(2) = Az + F,(2). For this, consider fy = f and Fy = F as
in the equation 2.2.1 and define ¢y by ¢o(z) = z + ®o(z) where @y is the solution of the
functional equation 2.2.4. This means

By Proposition 2.2.5 ¢! o fo o ¢g is well defined in some open neighborhood of zero. Now
define

fiz) = @5t o foowo(z)

Fi(z) = filz) =Xz

It is not difficult to check that f; and F; have the form given in 2.2.1. Hence we can define
1 from f; and F} in the same way as g was defined from f, and Fy. Then we can define
(formally)

fa(z) = @itofiopi(2)

Fy(z) = falz) — Az
Again, it is not difficult to check that f, and F, have the form given in 2.2.1. Hence we can

define ¢y from fo and F, in the same way as ¢, was defined from f; and F;. Hence, we
inductively define (formally)

foni(2) = @t o fuopa(z)
F.(z) = fau(z) = Az

The well definition of these sequences depends on the right selection of the parameters d,,
0,, and r,, ; for this, consider , and 9, as in proposition 2.2.7 and

1 1 1
0, =— and rn:i 14+ —
10 \1+4 2" 2 n

where r is a fixed positive number such that

if |z| <7 then |F(2)| = |Fo(2)| < do

On the other hand, we will have “new” Ds, Dy, ..., Dy, Dy in each step. That is why for
each n we define
D, = {2z € C such that |z| < r,(1 —mb,)}
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where m € {0,1,2,3,4,5}. By the definition of the sequence (r,), we have

r 1 r 1. on 1

50 o1 1 1 11
n = Tn = = Tn 1- = = Tn 1_50n
rnt =Tl on o) =T T T =l )

which means that D, ¢ = D, 5. This implies that
VC...CDuiro=Dus € Dua C ...

where V' = {z € C : |z| < §}. Therefore, by Proposition 2.2.5 f,41 = ¢, ' o f, 0 ¢, are well
defined for each n. Using the condition (c4) for z € D,, o we have |F) (z)| < 6, in particular
this holds on D,, 4. By Proposition 2.2.6,

2c0?
|1 (2)] < 0;2 forall z € D, 5

Hence |F)_ (2)| < 0pqq for all z € Dy 5 = Dyp1 0. By the selection of &g, 6, and Proposition
2.2.7, it is not difficult to check that §,, — 0 as n — oo. So F,_ (z) converges uniformly
to zero on V' . Since each f, is analytic on V' and F},,(2) converges uniformly to zero on
V', F,(z) must converge uniformly to zero on V. For each n, denote by %, the function

©o 0 Y1 0...0p,. By the definition of f,.; ,

Ut o foth(2) = furi(z) = A2 + Frya(2) (2.2.6)

for all z € V. By Proposition 2.2.5, we have

Y = g0 P10...00,: Dpy— Dys

and since V' C D,, 4 for all n > 0, we conclude that {1, },>0 is a normal family on V. So,
by Montel’s Theorem (see [8], [7]) the sequence (1,)n>0 has a subsequence (¢, );ez+ Which
converges. Let h 1= jlggo (2

Since the ¢,’s are perturbations of the identity z — z, the 1,’s are also, whence h(z) =
2z + O(z?) and h is injective. Applying Hurwitz’s Theorem [8], the sequence 1/1;],1 converges
uniformly to A~!. Then, by 2.2.6

w;jl ofothy(2) =Az+ Foqi(z) foral ze€ V

Therefore
h™to foh(z) =Mz forall z€ V.
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2.3 Diophantine Numbers

We do not know yet whether there exist irrational real numbers satisfying the hypothesis
of Siegel’s Theorem. This means : Are there any irrational numbers o € R for which is
possible to find constants ¢ = ¢(a) > 0 and p = u(a) > 2 such that,

(2.3.1)

for all ’gEQ,qEZJF?
The following theorem gives an affirmative answer for this question. For the details of the
proof see [2], [17].

Theorem 2.3.1. Liouville’s Theorem. For every algebraic o € R\Q of degree n > 1, there
exists a constant ¢ = c¢(a) > 0 such that:

> = (2.3.2)

forallpeZ and qeZ".

This result was the motivation of the following definition.

Definition 2.3.2. We say that o € R\Q satisfies a diophantine condition (or « is diophan-
tine) if there exist real numbers ¢ > 0, p > 2 for which the inequality 2.3.1 holds for all
§ €Q,qezZt.

Well, there are two natural questions.

e [s there any diophantine real number which is not algebraic?

e [s there any other way to prove that there exist irrational numbers which are not
diophantine without using Theorem 2.1.1 and Theorem 2.2.1 7

We will answer these questions in an affirmative way after introducing the concept of con-
tinued fraction.

2.4 Continued Fractions

Definition 2.4.1. Given o € R\Q define the following sequences

{ao = [a]; ap=a —[a] (2.4.1)

a, = [[a;ilﬂ Dy, = a;il —a, foralln>1
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The a,, are called partial coefficients associated to the number «. Using the preceding notation,
we define (pn)n22; (%)@-2 as follows : p_y =q_1 =0, p_1 =qo =1, and

Pn = QpPn—1 + Ppn—2
dn = QnQn—1 + gn—2

(2.4.2)

for alln > 0. The fraction g—: 1s called the n-th continued fraction of «.

Proposition 2.4.2. Properties of Continued Fractions

n

Foralln > =1 : @upn-1— PnGn_1 = (—1)".

1

Foralln >0 : ‘a—lﬁ )
dndn+1

qn

o <q and g, >n.

1

e < lama —pal -

k—1
Forallk >1 : qk2<@) .

Proof. For the proof of these facts see [2], [17] or [22].

Definition 2.4.3. Given z € R\Q, define ||z|| := min{|n — z| :

Theorem 2.4.4. The following facts hold :

L LY~

v

HQnaH = |Qna _pn|'

lgoarll = llqrall > flgzall > - > [lgne|| > ... > 0.

lgna|| < |qoe — pl| for all p,q € Z, 0 < q < g, and § =+ ’;—:.

gnall < lga —p| for all p,q € Z and 0 < ¢ < g1

If ’a — § < # then § is a continued fraction of .

Proof. For more details see [17],[22] and [25]

Theorem 2.4.5. The following facts hold :

(i) The number e is diophantine.

(i) The number 7 is diophantine.

n ez}
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(iii) Let ag = 0, a, = 10™ for n > 1, and consider a = lim Pr ohere (Pn)n>0 and (¢n)n>0

—
TLOOn

are constructed as in 2.4.2. Then a € R\Q and « is not diophantine.

In this section, we just provide the proof of the third item of this theorem. The proof of the
first item is given in Appendix B. For the proof of the second item see [23].

Proof. By the continued fractions algorithm, we can construct a bijection between the set
of irrational numbers and the set

L ={(ag,ai,...,an,...), such that ag € Z,a; € Z*, for all i > 1}

The details of the construction of this bijection may be found in [17]. So we can conclude
that o € R\Q. By Definition 2.4.1, one sees that :

[} q1:a1<a1—i—1.
o o =a1 +qo, but gg=1<q¢ =a; =10 so ¢ < (az+1)¢.

® g3 =aszqx+ 1, but 1 < g2 so g3 < (az+ 1)g,

By induction ¢, < (a; +1)(az +1)...(a, + 1) for all n > 1, so

1 1 1

1
An elementary calculation shows that — for all n > 2, hence

1
107 < 107"

1+1 1+1 1+1<1—|—1 1+1 1+1
o I o) — 10! 02/ 102"

Then ]
=T 1 10
< |—a1...a, < a...an =\ —19]ay...a,
1 1 9
i R
10 10
So ¢, < 10-10"-10%...-10" and since 1 + 1! +2! + ... + (n — )l + n! < 2(n!) for all
n > 1, we get g, < (10")* = a;. By Proposition 2.4.2(2), we have |a — 2] < qnqiﬂ for all

n > 0, hence

P 1 1 11
o= Tl S a S T
dn An+1 anp Qp Adn
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If o was diophantine, there must exist ¢ > 0, u > 2 such that

a—]—)'z%forallpGZ

q q
and ¢ € Z*. In particular, for p = p, and q = ¢, we get
c Pn 1
— S — < —

1
So the inequality % <7 must hold. By Proposition 2.4.2(3), for n large we have
an "

nn/qu < qn/2*# < 1
n c
which is a contradiction. O

As a consequence, we can say that the last theorem has answered the two questions formu-
lated at the end of Section 2.3 , because e is not an algebraic number and the number «
from the item (#i¢) of this theorem is not diophantine.

2.5 Brjuno’s Theorem

We start this section with a new natural question. Suppose f(z2) = Az + a22® + a3z + ...
is analytic in some open neighborhood at the origin, and A = exp(2mia) where « is the
irrational number given in Theorem 2.4.5(ii7). Does there exist a solution for equation
2.1.1 in this case? In 1965, following the same ideas of the proof given by Siegel, Brjuno
[4] gave an answer to this question. Moreover, he gave a more general result for some subset
of the set of irrational numbers.

Theorem 2.5.1. Brjuno’s Theorem. Suppose f(z) = Az + a2 + az2®> + ... , analytic
in some open neighborhood at the origin 0 € C with A = exp(2mia), where o € R\Q. Let
log(gr+1)

(z")nzo be the sequence of continued fractions associated to . Ifz < +o00 then

n
k>0 qk

the equation 2.1.1 has an analytic solution at the origin .

The sketch of the proof can be found in [24]. The proof is based on the ideas of Brjunol4]
and Davie[11]. In order to prove this theorem, we state an important result called Davie’s
Lemma [11].

Lemma 2.5.2. Davie’s Lemma. If o € R\Q, a = lim Pnond ) = exp(2mia), then there

n==+0
exists a map G : N — R which satisfies :

1. G(0)=0



16

G(n—1) <G(n) for alln > 1.
G(n1) + G(ng) < G(ny + ng) for all ny,ns.

—log|A\" = 1| < G(n) —G(n—1) for alln > 1.

There exists a universal constant v3 > 0 such that for all n > 0 the following inequality

holds

G(n) < n Zlog(%‘—i—l) s

>0 di
where k(n) was chosen such that qumy <1 < Qrm)+1-

Proof. For the details see Appendix C. n

Proposition 2.5.3. For allm > 2, ifny +ns+ ...+ n,, =n then

Gni—1)+Gny—1)+...+ Gy —1) <G(n—1)+1log |\* — Al

Proof. In fact, by Davie’s Lemma items (2) and (3) we have
Gn—1)+Gne—1)+...+Gnpm—1)<Gny+ ...+ nym —m) < G(n —2)
By Davie’s Lemma item(4) we must have
Gni—1)+Gmna—1)+...+Gny —1) < G(n—1)+log |\t —1].

Since || = 1, the assertion follows. O

Proof of Brjuno’s Theorem. Since |f'(0)| = 1, there exists r > 0 such that f is analytic and
injective on A(0,r). Now the map z — 1f(rz) is well defined in the open unit disk D, is
analytic and injective, leaves the point z = 0 fixed and its derivative at z = 0 is still A\. So
without loss of generality we may assume that f is analytic and injective on the open unit
disk . We are going to consider the Koebe function given by

~ z
k(z) = T =2+22 432 +42 + ..

Clearly k(z) = Z nz" and its radius of convergence is 1. Now, define L(z,t) = z+ k(t) — 2t.
n>1

It is not difficult to see that L(z,t) |00= —1 # 0; so by the Implicit Function Theorem

[18], there exists ¢ analytic, defined in a open neighborhood of the origin, which satisfies

L(z,0(z)) = L(0,0) = 0 and 0(0) = 0. Then

24 2(0(2)2 +3(c0(2)? +4(c() + ... = 0(2) = Z o2

n>1
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It is not difficult to check that the coefficients of o satisfy

1 n=1,
n
E m - E OnyOny - --On,,
m>2 ni+...+nm=n
n;>1

Furthermore, since o is analytic, by the Cauchy estimate there exist positive constants v,
and v such that |o,| < v174 for all n > 1. On the other hand, we already know that there
exists a formal power series h = Z h,z" verifying

n>1

1 forn=1

hy = /\nl_/\iam Z hpy ... hy, forn>1
m=2

ni+...+nm=n
n; >1

By the Bieberbach-De Brange’s Theorem (see [5],[9]), |a,| < n for all n > 1, so

|h| < !A” Zm I P (2.5.1)

n1+.ﬁi+2n1m:n
We are going to prove by induction that |h,| < 0,e“™ Y holds for all n > 1, where h,,
o(n) and G are defined as above. It is clear for the case n = 1. Suppose the assertion
|h| < eV is true for all n’ < n (Inductive Hypothesis). Using (2.5.1) and the
inductive hypothesis we have

b | < |)\n Zm Z Ty - - . O | (Glm=1)

ni+...+nm=n
n;>1

So, by Proposition 2.5.3 we obtain

G(n—1)+log | A" — )|
|)\n_ E m g Opy -+ On,, €

m>2 ni+...4+nm=n
n;>1

o] <

Then

By | < G i m Z Ony - On,,

m>2 ni+...+nm=n
n;>1

Therefore, we conclude |h,| < e Ve, . Finally, since there exist positive constants v , v
such that |o,| < 7174 and since G(n — 1) < G(n), we have

1
V| < W%G"G( )
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By hypothesis, M = lim Z 0g(git1) exists. Then, by Davie’s Lemma(5)
=0
LG(n) < M+
Therefore ({/|h,|) is bounded, so lim sup {/|h,| € R*, which proves the theorem. O

The preceding theory was the motivation for the following definition.

Definition 2.5.4. We say that an irrational real number is a Brjuno Number if it satisfies
the hypothesis of the Brjuno’s theorem. We will define and denote

B ={x € R\Q : x salisfies the arithmetical condition of Brjuno }

Now we will state two results and we will give the answer to the question formulated at
the beginning of this section. For more details about this results, the interested reader is
encouraged to check the Appendix D.

Pn

Theorem 2.5.5. Let a € R\Q be diophantine and (
an

) be its sequence of continued

fractions. Then

= lo k+1
3 g(qrs1)

qk

< +00.
k>0

Theorem 2.5.6. Let o € R\Q and (a,,) be its sequence of partial coefficients.

1. If apy < af® for some 0 < p < 1, except for finitely many n, then o € B.

2. If apy1 > aP™ for some p > 1, except for finitely many n, then o & B.

Recall that the partial coefficients of the number av € R\Q in theorem 2.4.5(iii) are ag = 0,
an, = 10" for n > 1. It is not difficult to see (n+1)! < (1/2)-(n!)-(10™), for all n > 1. Then

Uy = 100D < 101/ DA — (g y1/D(an)

for all n > 1. So, by Theorem 2.5.6 we conclude that a € B. Finally, by Theorem 2.5.1,
if A\ = exp(2mia) where « is the irrational number as in Theorem 2.4.5(i7i) and f(z) =
Az + Z a,z" is analytic in some open neighborhood of the origin, then the equation 2.1.1

n>2
can be solved.



Chapter 3

Yoccoz’s Theorem

The main goal in this chapter is provide a proof for the Brjuno theorem from a topological
point of view by using the existence of Siegel disks. The viewpoint in the first two sections
of this chapter is influenced by S.Marmi[24], and the last three sections follow the line of
reasoning from X.Buff, A.Chéritat[6] and Yoccoz[30]. In the second section we give the
definition of linearization and stability and we prove that for some particular conditions
these concepts are equivalent.

3.1 Notations and Definitions

S := the space of all germs of holomorphic diffeomorphisms f : D — C such that:

(s1) f is univalent on D.
(2) £(0) =0.
We will denote :

e S, the subspace of f such that f'(0) = .

e St the space of f such that |f'(0)| = 1.

Given a € R | we say that F' € §(«) if F' is an analytic function on the upper half plane H,
satisfying :

(cl) F is univalent on H.

(c2) ToF =FoT , where T(Z)= 7+ 1.

19



20

(¢3) s(lzi)nloo (F(Z2) - Z) =«

Note that this F' can be written as : F(Z) = Z + o + p(Z), where ¢ is a Z-periodic
function and lim ¢(Z) = 0. We also define F : H — D by E(Z) = exp(2miZ). Clearly

S(Z)—o0

|E(Z)| = exp(—273(2)).

3.2 (Germs of Analytic Diffeomorphism and Lineariza-
tion

Let C[[z]] denote the ring of formal power series and C{z} denote the ring of convergent
power series.

Let G denote the group of germs of holomorphic diffeomorphisms of (C,0) and let G denote
the group of formal germs of holomorphic diffeomorphisms of (C,0). This means :

G={f€zC{z},f(0)#0} , G={fe=C[z]] f(0)#0}
One has the trivial fibrations

m:G= UG)\—>C* . #7:G= UG,\—>C*

AeC* AeC*

defined by

where

Gr={f(2) :Zanz” eC{z},a1=)\}.

n=1

Definition 3.2.1. Let f € G. We say that a germ g € G is equivalent or conjugate to f if
there exists h € Gy such that g = h™o f o h.

Definition 3.2.2. Let f eG. We say that a germ g € G is equivalent or conjugate to f if
there exists h € Gy such that g = h™o f o h.

Let Ry denote the germ R, = Az. This is a simple element of G,.
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Definition 3.2.3. A germ f € G, is linearizable if there exists hy € Gy (a linearization of
f) such that h;l o fohs= Ry, t.e. fis conjugate to (its linear part) R).

Let us note that there is an obvious action of C* on G by homotheties :

(1, f) €C* x G Adg,f =R,' o foR,

Note that this action leaves the fibers G, invariant. Also, f € G, is linearizable if and only
if Adg, f is also linearizable for all u € C*. Therefore, in order to study the problem of
the existence of a linearization, it is enough to consider G/C*, i.e. we identify two germs of
holomorphic diffeomorphisms which are conjugate by a homothety.

Definition 3.2.4. Let f € S. 0 is called stable if there exists a neighborhood U of 0 such
that ™ is defined on U for alln > 0 and for all z € U and n > 0 one has | f"(2)| < 1. Note
that U C D. To each germ f € S with |f'(0)] < 1, one can associate a natural f-invariant
set

0eK;=()f"D) (3.2.1)

n>0

Let Uy denote the connected component of the interior of Ky which contains 0. Then 0 is
stable if and only if Uy # 0 ; i.e. if and only if 0 belongs to the interior of K.

Theorem 3.2.5. Let f € S with |f(0)] < 1. 0 is stable if and only if f is linearizable.

Proof. The statement is non-trivial only if A = f/(0) has unit modulus. First, assume that
0 is stable. Then Uy # 0 and one can prove that it must also be simply connected (see [24],
pg. 14). Now let ¢ : D — Uy be the unique conformal and onto map satisfying ¢(0) = 0 and
¢’(0) > 0. Then the map g : D — I defined by g = ("' o f o ( leaves the point z = 0 fixed
and verifies ¢’(0) = A. By Schwarz Lemma one must have g(z) = Az. This implies that f is
analytically linearizable.

Conversely we assume hy is analytic. Then for r small (r > 0), hy maps a small disk A(0,r)
around zero conformally into D). Since h(0) = 0 and |f™(z)| < 1 for all z € hy(A(0,7)) one
sees that 0 is stable. [l

Definition 3.2.6. Siegel Disk and Conformal Capacity. When X\ = f'(0) has modulus one,
is not a root of unity and 0 is stable, then Uy is conformally equivalent to a disk and is called

the Siegel disk of f (at 0).

Thus the Siegel disk of f is the maximal connected open set containing 0 on which f is
conjugate to Ry. The conformal representation hy : A(0, cy) — Uy linearizes f. Here ¢y is

the conformal capacity of f with respect to 0, and hy satisfies h(0) = 0 and A’(0) = 1.
For more details of the Conformal Capacity, see Appendix E.
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3.3 The Renormalization Principle

Definition 3.3.1. Given § > 0, we denote by Ss(«) the space of maps F € F(«) such that

VZ € H, \F(Z)—Z —a|<da and |F(Z)—1/<0 (3.3.1)

Such a function F is uniformly continuous on H; this comes from the inequality |F'(Z)| <
1 4 6. Therefore F' extends continuously to H|JR.

Assume F € Ss(a) and define | = iR(H and I’ = [0, F(0)]. Using the inequalities in 3.3.1,
for 6 € (0,1/10), (YU |JF(l) bounds an open strip U in C. Gluing the curves [ and F(I)
in the boundary of I via F, we obtain a surface V, whose remaining boundary corresponds
to the segment [’. Its interior is a Riemann surface for the complex structure inherited from
the set U (the gluing is analytic). It is not difficult to see that this Riemann surface is
biholomorphic to the punctured disk D*. Denote by 4. : if — V the canonical map such that
i.(I")y = 0V.

Let C be a Jordan curve € C, such that the bounded connected component V' of C\C contains
0. Let yo € C; by the Caratheodory Theorem [7], there exists a unique homeomorphism
L:V — V\ {0}, holomorphic on V \ 8V such that L(i.(0)) = yo. For the particular case
C = D, we have that Loi, : U — D\ {0}, so lifting via Z — z = E(Z) we obtain a
continuous map L : U — H|JR whose restriction over U is an injective holomorphic map
into Hl. Furthermore, the following condition holds

VZ €l L(F(Z)=L(Z)+1 (3.3.2)
We normalize L by requiring L(0) =0 .

Remark 3.3.2. Given two different points Z1, Zo € U satisfying L(Z1) — L(Zs) € Z, then
Zy € 1,72y = F(Zy) or §2 € l,ZlN: F(Zy). This comes immediately from the equality
1 = E(L(Z1) — L(Z5)) = L(ic(Z1))/ L(ic(Z2)).

Theorem 3.3.3. For all § € (0,1/10), all a« € (0,1), all F € Ss(a), and all Z € U,

I(Z)—26 < aS(L(2)) < S(Z)+ 26 . (3.3.3)

In order to prove the theorem above, we have to prove some extra lemmas. From now on
we will follow what Xavier Buff and Arnaud Chéritat did in [6]. The proofs of these lemmas
and the proof of the theorem may be found in [6]; but for completeness we sketch them here
with more details, especially the first lemma.

Lemma 3.3.4. Assume ¢ : (D,0) — (D,0) is a K - quasiconformal homeomorphism. Then,
for all z € D,
SRR < ()] < AUR|E
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Proof. For a given z € D*, let R be the ring formed by D\ [0, z]. The modulus of this ring
is given by u(|z|) , see Appendix G, because R can be mapped conformally onto the ring
domain D \ [0, |z]] and the modulus is invariant under conformal mappings. Since 1) fixes
0, the image of R under v is a ring domain which separates the points 0 and 1 (z) from
{w : |w| = 1}. By Grétzsh’s Modulus Theorem, see Appendix G, we have that

MW (R)) < p(lb(2)])

Since ¢ is a K-quasiconformal map, M(B) < KM (¢(B)) for any arbitrary ring domain A
with B C D (see the definition of quasiconformality in [20], pg. 13) and using the continuity
of the modulus, see Appendix G, we have

M(R) < KM(y(R))
where R is the ring domain D \ [0, z]. We denote the modulus of R by p(]z]) so

u(II(Z!) _ Ng? < u((R)) < u(|v(2)])

Since the map p : (0,1) — (0,+00) is an onto and strictly decreasing map, see Appendix G,
the inverse of this map is also strictly decreasing; therefore

G

<, 1H
i) < (M0,
On the other hand, consider s = ;fl(“('KZD). Since K > 1,
() = U < 1z
So
s 2 |7]

because p is a decreasing function on (0,1). Since the function pu(r)/log(4/r)) is strictly
decreasing, see Appendix G, we have :

p(s)/log(4/s) < p(|z])/ log(4/=])

Then
Kpu(s)/log(4/s) < Kpu(|z|)/log(4/|2])
So
p(lz)/log(4/s) < Kpu(|z|)/log(4/]z])
Then
1/log(4/s) < K/log(4/z)
So

log(4/|z]) < K -log(4/s)
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Hence
(4/12]) < (4/9)"
Therefore
[(2)] < s < 4R VE

The lower bound is obtained by applying the upper bound to 1 ~! which is K-quasiconformal.
]

Lemma 3.3.5. If ¥ : H — H is a K - quasiconformal homeomorphism such that ¥ oT =
T oW, then

lS(Z)—f;}l log(4) < S(W(Z)) < K%(Z)+K2;1

log(4) .
Proof. W is the lift, via Z — 2z = E(Z) , of a K quasiconformal homeomorphism ¢ : (ID,0) —
(D,0) as in the previous lemma . O

Lemma 3.3.6. Let ¢ and n be any two positive real numbers. Assume G : H — H is a
(1+¢€ )-quasiconformal map such that GoT =T o G and

Ko(X +iY) <1 +4ee™™

where Kg = w Then
1 —|0G/0G]
$(Z2) - logd) < S(G(Z) < D)+ 4 log(d)
n  2r(l+¢) - 27 ’

which yields

Proof. Let G1(X +1iY) = X +i7(Y), where 7(Y") is defined by

1
T(Y) = y - Sem £
1+e¢ n n

Clearly (1 +¢)
Since lim 7(

Y —-+o00

diffeomorphism. Combining these facts, it is easy to see that G, is a diffeomorphism. On
the other hand, it is not difficult to check that

(Y)=1+¢ee™ >0, so 7(Y) is a strictly monotone increasing function.

d

<7

ay

Y) = +o0 and Ylim+ 7(Y) = 0 we may conclude that 7 : Rt — RT is a
—0

. 1+¢ 1

Let Gy = G o Gy' and let ug, pg, and pg, be the respective complex dilatations of G, Gy
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and Gs ([20], pg. 23). Using the standard formula for compositions with an inverse function
([20], pg. 24), for ( = G1(Z) we have

pe(Z) — pe, (2)
1 = pe(Z)pe, (Z)
[he(Z2)| + e (Z)]
L+ |uc(Z)||pe, (Z2)]

‘MGQ(C)‘ <

Then,
L+ ke, (O] (1 + |MG(Z)|> <1 + |MG1(Z)|)
1= pey (O = \1 = |pa(Z)]) \1 = |ue, (Z)]
By definition of complex dilatation ([20], pg. 23) we have
1+ |pe, (€]
————= < Kq(Z) - Kqg,(Z
= lnaulo) = o) Fel2)
Since Kg(X +1iY) <1+ee ™ and K¢, (X +iY) = e we obtain
- ! 1+ee Y’
1+ |pe, (9]
— g S1l+e
1— |MG2(C)|

Applying Lemma 3.3.5 to the K-quasiconformal map G5 with K = 1 + ¢ and using the fact
G = Gy 0 Gy, we get the upper bound for J(G(2)).

To get the lower bound, repeat the same argument writing G = G4 o G3 with

1 1+ee™
G3(X +1Y) =X +1i(1 Y+ —-log——— | .
3(X +1iY) +4( —|—5)( +nog T e )
By elementary computations we have
Koy(X +Y) = —5_ and $(Gs(2)) > (1 3(2) - =
6(X +iY) = TS and S(Gu(2) 2 (1+2) (9(2)

As we mentioned before, the next proof may be found in [6].

Proof of Theorem 3.3.3. Since F(Z) — Z — « is holomorphic on the upper half plane H and
is periodic of period 1, we may apply Schwarz lemma and obtain

|\F(Z) — Z — o] < daexp(—273(2))
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Since F' € F(a) and § € (0,1/10), we may apply Theorem F.3 (see Appendix F). So there
exists Cs > 0 such that for all Z € H with (Z) = Cs +t > Cs we have

|F'(Z) — 1| < dexp(—27t) = dexp(27C;s) exp(—273(2))

SO (Zl)lm (F'(Z) — 1) = 0. Now, we may apply the Schwarz lemma to the periodic map
I(Z)—+o0

Z — F'(Z) — 1 (with period 1) which by hypothesis satisfies |F'(Z) — 1| < ¢. Then we have

|F'(Z) — 1] < dexp(—273(Z))

Let B be the half strip { Z € H : 0 < R(Z) <1} . Let H : B — U be the map defined by
H(X +iY) = iaY + X[ F(iaY) —iaY ] (3.3.4)

By straightforward computations we have

OH . .
X = F(iaY) —iaY
and oK
v = ia+ XiaF'(iaY) — iq]
50 | (0H oH\ 1
_ 1 fod .ol _ = . - /- _
0H 5 (8X Z@Y) 5 (F(iaY) —iaY + a+ o X[F'(iaY) — 1))
and | (0H OH\ 1
OH = 3 (0_X +20—Y> = §(F(sz) —iaY —a— oX[F'(iaY) —1])
Hence

|0H — a| < Saexp(—2raY) and |0H| < daexp(—2maY)

Combining the last two inequalities, Z = X + Y € H and § € (0,1/10) we get

|0H | < daexp(—2maY)

<1
|0H| = a — daexp(—2maY’)
Moreover, the following inequalities hold:
|0H | 1 0H| _ 1 —25exp(—2maY)

and 1

< _
bt |OH| — 1 —dexp(—2maY) |OH| = 1—dexp(—2maY)
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1+ |0H/OH)|
1—|0H/0H|

Now, if we set Ky = we have :

1
Kp(X +1Y) < .
a(X ) < 1 — 2§ exp(—2maY)

Then using the fact 0 < § < 1/10, we have the inequality

5 D
Ky(X +1Y) <1+ 55 exp(—27maY) <1+ 5(5

Using the definition of H and since U is an open strip in C we may conclude that H is a

homeomorphism. In particular, H is a (1 + 55)—quasiconf0rmal homeomorphism.
Moreover, by definition
H(X 4+1iY) —a(X +1iY) = X[F(iaY) —iaY —q]
So
|H(X +iY) —a(X +iY)| = |X]|| F(iaY) —iaY —a] <1-daexp(—2maY) < da

Then
S(H(Z)) —da < aS(Z) < S(H(Z)) + o,

and thus for all Z € U, since 0 < a < 1,

I(2) -6 < aS(HYZ)) < 3(2)+6 (3.3.5)

By the construction of L, given at the beginning of this section, we know that L is conformal
on U, so the map G = Lo H is quasiconformal on ¢/ with the same dilatation as H. By the
definition of H, equation 3.3.2 and since L is defined on U, we have

G(iY +1) = Lo HiY + 1) = L(F(iaY))

and

G(iY) + 1= L(iaY) + 1 = L(F(iaY))

Therefore

G(iY +1) = G(iY) + 1.

This implies that 7R (H is quasiconformally removable, so G extends to a quasiconformal
homeomorphism H — H. Now, we may apply Lemma 3.3.5 with ¢ = 35 and n = 2ra. Using
the fact 0 < a < 1, we have
e € 50 )
!

-+ —log(4) = —I(1 log(4)) <
g los(d) = 17 (1+ alog(d) <
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Then for all Z ¢ H

So we have showed that for all 7 ¢ H
aS(Z) =0 < aS(G(Z)) < aS(Z2)+ 4 (3.3.6)
Finally, by 3.3.5 and 3.3.6 it follows that

I(Z2)—-20 < aS(H N (Z) -6 < aS(L(2)) < oaS(H Y (Z)+6 < I(2)+20

Theorem 3.3.7. Under the same assumptions as in Theorem 3.3.3, the map L extends to
a univalent map on

W=U|{ZeC:-1<R(Z)<0 and (Z) > 46}

and for all Z € W
I(Z)—50 < aS(L(Z)) < S(Z)+ 56 (3.3.7)

The definition of W is  such that any point Z € W is eventually mapped to U under iteration
of F': F°*(Z) = Z' € U for some k € N. In particular, L conjugates F to the translation 7T'.

Proof. Let V={Z € C: -1 < R(Z) <0and ¥(Z) > 46} and let V* ={Z € C: ¥(2)
40|R(Z)|}. 1t is easy to see that V C V* where VX = V*({Z € C: -1 < R(Z) < 0}
Lemma F.4 (see Appendix F), we have that F(V*) C V* JU.

By the first part of inequality 3.3.1, R(F°*(Z)) > R(Z) + k(1 — §)a for all Z € H whenever
the iterations are well defined. If we assume that there exists Z € V such that F°*(Z) ¢ U
for any k, then F°*(Z) € V* for all k, so R(F°*(Z)) < 0 for all k. This implies that
0> R(Z)+ k(1 —§)a for all k, which is a contradiction. Hence, for each Z € W there exists
k = k(Z) such that F°*(Z) € U. Now define

>
By

L(Z) = L(F**(Z)) — k,

where k is the minimum nonnegative integer such that F*(Z) € U. The continuity of this
extension follow easily (see [30], pg. 28). Let Zy, Zo € W such that L(Z1) = L(Z,), and let
my, me € Z such that F°™(Z,), F°"2(Zy) € U. Then

L(F™(Zy)) — L(F*™(Z3)) = my — ma,

so by Remark 3.3.2 we have three possibilities:
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(1) mp; = ma, Fem (Zl) = Fomg(Z2);
(2) my = mg + 1, Fo™(Zy) € L and F™ (Z,) = F(F°™(Z));
(3) ma =my + 1, Fo™(Z,) € | and Fo"2(Zy) = F(F™ (Z,)).

Since F' is univalent, we conclude that Z; = Z5. Therefore the extension L is injective.
Now, for any Z € W we know that Z = F°(Z), F(Z) = F°'(Z), F**(Z), F**(Z), ... and
FoRE2) = 77 are in H. Using the first inequality in 3.3.1, we have :

. . ) ) 4 4
[S(F(2) — F(2))] < 6o = —2—(a— b0) < —2=(R(F¥1(2) ~ F*(2)))
foralli =0,1,2,...,k(Z)—1. Adding all of these terms and applying the triangle inequality,

we get

(2~ 2)| = [8(FHO)(2) ~ F(2))| < 1 2=(R(Z' ~ 2)

Since Z' € U and 0 < R(F(it)) < a+daforalt € R, 0 < R(Z') < a+ da must hold.
Recall that —1 < ®(Z) < 0. Therefore

4]

(R(Z - 7)) < %(a +oa 1)

S(2' = 2)| <
Since = (a+ da + 1) < 3, the inequality 3.3.7 comes from a straightforward application of
Theorem 3.3.3 to Z’. On the other hand, it is easy to see that k(F(Z)) = k(Z) — 1 when
k(Z) > 1; thus
L(F(2)) = LFMFE(F(2))) - K(F(Z))

Therefore, L(F(Z)) = L(F*?)(Z)) - (k(Z) —1) = L(Z) + 1. This means that L conjugates
F to the translation T', T'(Z) = Z + 1. O

Remark 3.3.8. From now on, L will refer to this extension.

3.4 Construction of the n-th renormalization

Given 6 € (0,1/10) and F' € §(«), we will inductively define a sequence (F},),>¢ of univalent
maps such that F,, € F(a,). Recall a,, was defined in Chapter 2 (see 2.4.1). The con-
struction depends on the choice at each step of some real number t, > 0 . We start with
Fy = F —ap ( where ap = [a] ) and we assume F,, has been constructed. We choose t,, such
that the fundamental inequalities in 3.3.1 hold for &(Z) > t,; this is always possible and the
proof of this fact is given in Theorem F.3. For more details see Appendix F. It follows that
G, : Z — F,(Z + it,) — it, belongs to Ss(cv,). For this G,,, we construct U,, , W, and L,
as we did before. Now let J, be defined on D,, = L,({Z € U,, : I(Z) > 45}) by

Jp=L,oT ' oL, (3.4.1)
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60

Proposition 3.4.1. If S(Zy) > — , there exists an integer k such that Zy — k belongs to
Qn

D,,, the domain of J,.

Proof. By 3.3.2 the equality L,(G,(Z)) = L,(Z) + 1 holds for all Z € iR(H, since the
restriction of L,, to U is a homeomorphism onto its image and L, ([0, G,,(0)]) = [0, 1Jwe have
H = Upeq (En(Un) +k). Since Zy € H, there exists k € Z such that Zy— k belongs to L, (U5,).
So there exists yy € U,, such that L, (yy) = Zy — k. By Theorem 3.3.3

S (Ln(yo)) < S(vo) + 26

So
n3(Zo) < S(yo) + 26

69
By 2.4.1, it is easy to verify that «,, € (0,1). Since — < J(Zp), then 49 < I(yp). Therefore
O

Zy — k belongs to D, . O

69
Proposition 3.4.2. Let w = L, (it) with t > 0. If (w) > —, then

n

t>40 and (J,oT)(w)= (T o J,)(w) .

Proof. Since it € U,,, we can apply Theorem 3.3.3. Then
S(it) — 20 < a3(L(it)) < (it) 4+ 26 .

Now, by hypothesis 6§ < aS(w) < J(it) + 25. Then 40 < J(it) = t, so w = L,(it) € D,
and .J,(w) makes sense. By an elementary computation we have

Jo(w) = Jo(Ly(it)) = L, o T~ o L, YLy (it)) = Ly (—1 4+ it)
Hence
TolJy(w)=ToL,(-1+it)=L,(—14+1it)+1

On the other hand, since G,,(it) € U, and L,(G,(it)) = L,(it) + 1, we can replace it by
G, (it). Repeating the same argument as above, we get 40 < (G, (it)). So, L,(G,(it)) € D,,.
Then

JuoT(w) = Juo( Lo(it)+1)
= Jo(L,( Gn(it) )) by Theorem 3.3.7
= L,oT YG,(it))
= L,(G,(—1+it)) because G,oT =ToG, on H
= TolL,(—1+it) by Theorem 3.3.7
= L,(-1+1idt)+1
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Lemma 3.4.3. J,, extends univalently to the upper half plane :
{Z:3(2) > —}
Proof. By Proposition 3.4.1, D,, + Z contains the half plane:
By Proposition 3.4.2, J, commutes with the translation 7" on the set of the points in

L, (i[0,400)) whose imaginary part is greater than 64/a,,, so this set is analytically remov-
able. Since (it) — 20 < (L, (it)) for all ¢ > 0, we have tliin J(Ly(it)) = +00. Combining

the facts above, the lemma follows. n
-1

Lemma 3.4.4. J,(w) —w — — = —a,41 — @py1 , a8 S(w) — +00.
Ay,

Proof. Let us recall that by Theorem 3.3.7, for all Z € U,, we have
I(Z) — 50 < anS(Ln(2)) < 3(Z) + 50

Then
3(Z) = +o0 < S(Ln(Z)) — 400 .

By the last lemma, the set {L,(it) : S(Ly(it)) > 60/, t > 0} is analytically removable, so it

is enough to consider w € L,,(Uy,) with S(w) > 6§/c,,. By the definition of L, for w = L, (Z)
with Z € U,, and S(w) > 60/« , we have J,,(L,(Z)) — L,(Z) = L,(Z — 1) — L,(Z). So

lim ((Jn(Ln(2)) = Ln(Z2) )= lim (L,(Z—-1)—L,(2))

S(Ln(Z))—+oo I(Z)—+oo

We do not know yet whether L, (Z — 1) makes sense. But, since w = L,(Z) with Z € U,
and $(w) > 66/, we can repeat the same argument as in the proof of Proposition 3.4.2
and get J(Z) > 49. Hence —1+ Z € W, and L,(Z — 1) makes sense. On the other hand,
note that

I(Lal2)) = La(Z) = — ((nLal(Z = 1) = (Z = 1) = (@ La(Z) — Z) — 1)

Qnp

Following the same arguments given by Yoccoz in [30], pg. 29-32, we can find a continuous
function ¢ such that lim ¢(Z) =0 and

S(Z)—+o0

o L, (Z) = 1] < p(Z)
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Now consider the path (t) = Z +t with ¢ € [—1,0]. Then
(a2 =1 = (Z= 1) ~ (@ Lol2) = 2)] < [ lanis€) - 1l
ol
0

< / o)t

< max{p(Z+1t):te[-1,0]}

Since  lim Z) =0, we have
g(z)%mw( ) we hav

lim  (anLn(Z —1) = (Z — 1)) — (apLn(Z) — Z) = 0

S(Z)—+o0

Therefore,
—1
li L,(Z—-1)—L,(Z))=—
s, (In(Z=1) = Ln(2) ) = -
n
Definition 3.4.5. For each n > 0 and n € Z, we set
W, =W, +it, (3.4.2)
and we define x, : W', — C
. .66
Xn(Z) =80 L,(Z —it,) —i— (3.4.3)
an

where s(x+iy)=-x+iy .
Lemma 3.4.6. On W', F,'(W',.), xn conjugates F, to T.

Proof. Let Z +it, € W, E,,;*(W',). Then

66
Xn © Fo(Z +it,) = s 0 Ly(Fp(Z 4 it,) — it,) —i—

an
Recall that G, : Z — F,(Z + it,,) — it,, so

60
Xn o Fo(Z +it,) =so L,oGu(Z) —i—
Qp

By the last part in the proof of Theorem 3.3.7 L,, o G,, =T o L,,, so

Finally, by Definition 3.4.5, the lemma follows. O]



33

Definition 3.4.7. We define Fry1 by Fpii(Z) = xno T ox, M (Z) — apys.

Theorem 3.4.8. The map F, 1 is an element of F(cv,11).

Proof. First of all, it is easy to check that

(Lt os)(Z+i%) = xii(2) — it,

Qn

So

5
Fon(Z) = soLa(x=M(Z) —1—ity) — i —ay,,
Q.

n

69 69
= soL,((L os)(Z+i—)—1)— ia— — Apt1
= soL,((T" o LY (s(Z) + z@)) — z@ — Api
an an
J ]
= so(L,oT ‘oL os(Z—i—iz—) —iz— — Qpy1

60
Therefore F),;; is univalent in H. Moreover, s(Z 4 i—) is in the domain of definition of the

Qp
extension J,, for all Z € H, so
66 66
Foi1(Z)=so0oJ,0s(Z+i—)—i— — apt1 (3.4.4)
Qly, Qly,

Since soT = T~! o s and the extension .J,, commutes with T, we have :

.60 .60

Fn+1(T<Z)) = (S o Jn @) (8 9] T))(Z + ’la—) — ’la— — Apt1
60 60
= (soJyoT  os)(Z+i—)—i— — Qs
Qi Qi
) 66
= (TosoJ,o08)(Z+i—)—i— — anp
Q, Qan,
— T(Fui(2))
Therefore F'oT =T o F' on H. Furthermore :
66 66
Foii(Z)—Z=s(Ju(s(Z+1—)) —s(Z+i—)) —a,
(2) = Z = sUNS(Z + i) = S(Z +i50)) —
By Lemma 3.4.4 and Definition 2.4.1 we have
—1
lim  Foy1(Z) = Z =8(—) = pi1 = ;" — i1 =
%(Z)lgl+oo +1(2) s( Oén) (nt1 = Qp An41 = Opt1

So the theorem follows. O]
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3.5 Proof of Brjuno’s Theorem by Yoccoz

Definition 3.5.1. For each point Z € H, we associate a sequence (Zy,), as follows. We
define Zy = 7. If d, = 3(Z,) > 40 + t,, we choose Z! € H such that Z, — Z!, € Z and
—1 < R(Z) <0 and we define

Zn+1 = Xn(Z;L)

The sequence (Z,), may be finite or infinite.

Proposition 3.5.2. If (Z,), is defined for some n > 0, then

(Zy) =ty — 110 < nS(Zns) < S(Zn) =ty — 0

Proof. Applying the definition of (Z,,) and Definition 3.4.5, one sees that

S(Znp1) = Sw(Zy))
= S(so Ly(Z —ity) — i)
Qn
= Sz i) -
an,

Since ¥(Z,) = ¥(Z)) and Z!, — it,, € W, we can apply 3.3.7 and obtain
S(Z), —ity) — 50 < a, S(L(Z), —it,)) < (2, —it,) + 56

So
S(Zp) — tn — 50 < a, S(L(Z] —ity,)) < S(Z,) — t,, + 56

Now, the proposition follows by an elementary replacement. O

Let us recall that a € (0,1), @ € R\ Q, and the sequence (a,), was defined in Chapter 1
(see definition 2.4.1).

Definition 3.5.3. (8,). is the sequence defined by f_1 = 1 and B, = apay ...,y for all
n > 0.

Proposition 3.5.4. Let ((,), as above. The following facts hold:

1
(i) Bpio < §ﬁn for all m > 0.

(i) 1+ Bo+ 1+ P+ - < A4
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Proof.
1
(i) It is enough to prove that a, 1,10 < 5 for all n > 0 . In fact, fix n > 0. Then there

1
exists a positive integer p such that 1 < apy1 < —. So we have 2 subcases:
p

p+
(1) If p=1, then 1/2 < a4y < 1. So 1 < [[er,14]], which implies that

1/2 < apgr < anr [[aggq]] =1 = agpi{agi}
Therefore

Ont10n+2 = O‘n-&-l{arzj—l} < 1/2

(2) If p > 1, then p < oz;}rl < p+1, whence a,,.1p = ay 41 [[a;}rlﬂ. Since 1 — a1 < Py i1
we have that 1 — a1 < 49 [[a;ilﬂ. But also

1 1

Ozn+1<—§§<1

Therefore,
1

3 <1—app1 <apg [[Oé;ilﬂ =1 — app10m42

(7i) By the previous fact,
1 1
1+ fo+0i+... < 1+50+51+§50+§ﬁ1~--

1 1 1 1
< 1480ttt VB =t —+.)

2 22 2 22
< 14208+ 23
Since By = ap € (0,1) and (1 = oo € (0,1/2), the assertion follows. O

Proposition 3.5.5. We use the same notation as in Definition 3.5.1. If Z, is defined for
somen >0, then :

n—1 n—1
Bn—1dn + Z Bica(ti +0) < do < Brrdy + Z Bia(ti + 110)
=0 =0
where the (s are as in Definition 3.5.3.

Proof. This follows by a direct application of Proposition 3.5.2 O]

Proposition 3.5.6. Under the same assumptions as in the last proposition, the following
inequality holds :

n—1 n—1
Z Biit; < do — Br_1dy, < 440 + Zﬁi—lti

i=0 =0
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Proof. This comes from a straightforward application of the last two propositions. n

Proposition 3.5.7. If Z € H and if there exists some nonnegative integer m such that
Fo™(Z) ¢ H, then the sequence (Z,), is finite.

Proof. We define and denote by H,, the upper half plane {Z € C : &(Z) > t,}. If Z, is
defined, let 1+ k,, be the rank of the first iterate of Z,, under F;, : H — C that leaves H,,; i.e.
k, is the smallest nonnegative integer such that: {F°Y(Z,), F*(Z,),...,F*(Z,)} C H,
and F°k+1(Z) ¢ H,. If 3(Z,) > 40 + t, then k, cannot be zero. Otherwise F,(Z,) ¢ H,
which means that $(F,(Z,)) < t,, so this implies that 40 < ¥(Z,,) — S(F,.(Z,)) which is
impossible since | F,,(W) =W —a,| < da, < d for all W € H,,. As an immediate consequence,
Zn11 cannot be defined when &, = 0. Now assume that Z,,; is defined and k,.; > 0. Since
F,, commutes with the translation Z — Z + 1 it is easy to see that SF/(Z,) = SF(Z))
for all j € {0,1,...,k,} (here Z] is as in Definition 3.5.1). By using the definition of G,, at
the beginning of Section 3.4, one sees that

G (Z), —it,) = FJ(Z)) — ity
for all j € {0,1,...,k,}. Therefore,
SGI(Z! —it,) = SEI(Z) — tn

for all j € {0,1,...,k,}. Since k,;1 > 0 and Z, 11 = xn(Z)), by equations 3.4.4 and 3.4.3
we have

S(La(Z, — itn)) > 2—5

and 65
Fn+1(Zn+1) — SO Jn(Ln(Z;l - Ztn)) - Z_ - an+1

n

By Proposition 3.4.1 we may assume that there is a unique integer p and a unique yo € U,
with S(yo) > 49 such that L,(Z) — it,) = L,(yo) + p. Hence

60
Foii(Znya) = soJu(Ln(Z), —itn)) —i— — ans
(67

n

.66
= soJu(Lu(yo)) — T o +p

n

60
= sol, OT_l(yO) —i— — Qp+1+ P
«

n

60
= soLn(yO—l)—ia——anH—l—p

n

But, by definition of the extension L, (see the proof of Theorem 3.3.7) we have

Lo(Z! —ity) = Ly(GS7 (2! — it,)) + o4
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where G°7(Z! —it,) € U,. Hence
yo = G20 (Z! —it,) and oy =p

So

60
Fn—l—l(Zn—i—l) =S80 Ln(GSLUl(Z; - ’Ltn) - 1) —— — Ap+1 + 04

with G°71(Z! —it,) € U,, and IG°7(Z! —it,) = S(yo) > 4. Then G°71(Z! —it,) —1 € W,.
Since SFy11(Z,41) > t1 > 0, it is easy to see that
66
SL.(G(Z —it,) — 1) > —
Qp
Using again Proposition 3.4.1 and repeating the same idea as above, there exists a nonneg-
ative integer oy such that

L (G(Z! —it,) — 1) = L, (G272 (Z) —ity,) — 1) + 03

where Go71+72(Z! —it,) — 1 € U,,, whose imaginary part is at least 46. So we can write

60
Fri1(Zng1) = so Ln(GZTl(Z;z —ity) = 1) —i— —apy1 + ;1

n

where 7, = 01 + 05 and p; = 01 — 09. Repeating this argument k,,; times, we have

OT1++T] . 6(5
F:—T—?(Zn-i-l) =S50 Ln(Gn 1 s (Z;z - Ztn) - kn-i-l) o Za_ —Qpt1t+p1+ 0 F Pras

n

oT T,

where G, "7 —it,) — kny1 € U, and has imaginary part at least 45. By definition
of GG,,, one sees that

G TN (ZL — ity) — b = Fa N (ZL) = ks — it
So deet
S(Fnl kn+1(Z7’L)_k;n+1—'L'tn>>O
which implies that
F;T1+---+Tkn+1 (Z’I/’L) . kn+1 c Hn

Therefore
T+ To+ o+ Ty < ki

1 11
Since |F,,(Z) — Z — a,| < da,, < 1% Oon H,, then |F,,(Z) — Z| < 1% Now we have
) . 11
|FoIt (2! — ki) — E(Z) — kpy)| < Ea" forall j € {1,2,.....1 — 1} where l =7 + 7o +
“+++ Ty,,,- Adding all of these terms and applying the triangle inequality, we obtain

11 11
|F7SZZ(Z7/1 - kn+1) - (Z;L - kn+1)| < Ean -l < 1_00511 . kn
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Since FUZ! — kyi1) — ity = FUZ') — kny1 — ity = GHZ! — ity) — kpy1 € U, we have
R(FUZ! — kni1)) > 0. By definition of Z/, R(Z!) < 0. So we conclude that

11
kn—l—l < 1—O(In . kn
By Proposition 3.5.4(i) a1 < % This implies k, 4o < % - k,, whenever defined.

Finally, by definition Fo(W) = F(W) — ao, so if F°(Z) ¢ H for some Z € H and some
positive integer m, then ky is finite, whence by the analysis above the proposition follows. [

Proposition 3.5.8. Assume we can choose a sequence of nonnegative real numbers (t,), so
that the n — th renormalization F,, verifies the fundamental inequalities given in 3.3.1 when

(Z) > t, and so that T = Zﬁn_ltn < +o00. Then

n=0
F™(Z) e H
for all m > 0 and for all Z € H.., where

H, = {Z € C:3(Z) > r + 446}

Proof. Let Z € H, and assume Z,, is defined. We will prove that 7, is also defined. By
Proposition 3.5.5, we have :

n—1

do < Brn-a1d, + Zﬁi—l(ti +116)

=0

So
n—1
Booadn > do— Y Bia(t; + 110)

i=0
n—1

= do— Zﬁzelti —(1+Bo+ -+ Bu2)(116)
i=0

> dy— (1= Biati) + (A= (144 Bp1) =4+ B,1)110

> (do—440 —7) + Zﬁi—ltz‘ + @4 =1+ + Bor) + Bu1)110

=n

By Proposition 3.5.4, 4 — (1 + -+ (,-1) > 0 and since dy = I(Z) > 7 + 440, we have

Brn-1d, > Zﬁz‘—lti + B—1(110)

1=n
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So
6n—1dn Z Bn—ltn + ﬁn_l(llé)
Then
$(Zy) = dp > t, 4+ 116 > t, + 46

Thus, we can define Z, ;. This implies that the sequence (Z,), is infinite, therefore the
proposition follows from Proposition 3.5.7. m

Theorem 3.5.9. Brjuno Theorem by Yoccoz. Let f € Sy where A = exp(2mia) and a €

- 1
0,1)\ Q. If Zﬁn,l log(—) < +o0, then fis linearizable.
Qp
n=0

Proof. Fix § € (0,1/10) and let F' € §(«) such that f(E(Z)) = E(F(Z)) for all Z € H. By
Theorem F.3 (see Appendix F), there exists a universal constant C' > 0, just depending on
0, such that

|\F(Z) — Z — a| < by, and |F)(Z)—1] <§

1 1
for all Z € H with J(Z) > 2—log— + C, where F,, is the n-th renormalization of F.
T

n

1 1 -
Putting ¢, = 2—10g— + (), it is easy to see that 7 = Zﬁn_ltn < 400. So by the last
i

n n=0

proposition F°™(Z) € H for all m > 0 and for all Z € H,. Then
f(E(2) = E(F™(2)) € H
for all Z € H, and all m > 0. Hence
f(z) eD

for all z € E(H,) = A(0, exp(—2m(7 + 446))). This means that 0 is stable. Therefore, by
Theorem 3.2.5 we conclude that f is linearizable. O

- 1
Remark 3.5.10. [t is not difficult to see that Z Br—1log(

—) converges if only of the series
Qnp

n=0

Z i1 converges. The idea of the proof of this fact is given in [30] pg. 13.
dn
n=0



Chapter 4

Linearization of Quadratic
Polynomials

The main goal in this chapter is to prove that the stability of the origin for the polynomial
Py(z) = Mz —2?) is enough to guarantee the stability of the origin for any germ f € S, when
A = E(«a) with a € R\ Q. The point of view in this chapter has been mainly influenced by
Yoccoz[30] and Lehto[20].

4.1 Douady - Hubbard Theorem

In order to get our main result, in this first section we are focused on prove that there exist
ag € (0,1] such that for all a € (0,a0] and b € C with [b| = 10 the map a~'f(az) + bz? is
quasiconformally conjugate to the quadratic polynomial P(z) = Az + bz?%, for any f € Sy
where A = E(a) with a € R\ Q.

Definition 4.1.1. Let « € R\ Q. Let A = E(«) and let f be an element of Sy. This means
f is a holomorphic and injective map which is defined on the open unit disk D such that

f(0) =0 and f'(0) = A

Definition 4.1.2. Let f be an element of Sy as above. For each b € C, we denote by f, the
holomorphic map on D defined by :

fo(2) = f(2) + b2>.
Proposition 4.1.3. Let Hy, be the formal linearization of f,. Then Hy, has the form

Hy(z) = 2(1+ Y _ Pu(b)z")

where, for each n, the function P, (b) is a polynomial of degree n in b .

40
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Proof. This comes from a straightforward inspection of the coefficients of H, following the
recursive relation given in 2.1.1. O]

Definition 4.1.4. A triple (U,U’, F) is called polynomial-like of degree 2 if U, U’ are open
simply connected domains of C, neither equal to C, U’ is relatively compact in U and F :
U — U is holomorphic and proper of degree 2 .

Definition 4.1.5. W ={z: 2| < £} , W, ={z:]2[ <1/3, fi(z) e W}
Lemma 4.1.6. For |b| > 10, W, Wk, f») is a polynomial-like of degree 2 .

Proof. Since f is univalent on D, we have :

1f(2)] < el forall zeD

(1—12])?

In particular, |f(2)| < 3/4 for |z| = 1/3 . On the other hand, for [b| > 10 :
10 13 3 1
2> =4+ forall = -
|bz]_9 g 77 fora || 3

Given any y € W, the following inequality holds for all |z| =1/3 :
3 13 10
552) — b2 = 1) — ol < UG+ Il < 5 o = 2 < b

Thus, for all |z] = 1/3 we have |(f(z) — y) — b2?| < |bz?|. Then by Rouché’s theorem there
are exactly two solutions for the equation f,(z) = y inside the set { z : |z| < 1/3} . This
proves that f, : A(0,1/3) (N f; '(W) — W is surjective. Furthermore, since f is defined in
D, the last inequality shows that {z : |2| = 1/3} ) f, ' (W) is empty. Hence

Wy = A[0,1/3]() £, 1 OV) = A0, 1/3) () f, (W)

Now let K be a compact subset of W and let {z,} be a sequence of elements in f, ' (K).
Without loss of generality, since K is compact we may assume that {f,(z,)} converges to a
point y € K. But since f; ' (K) C W, {z,} is a bounded sequence, so there is a subsequence
{zn,} converging to a point z with [z| < 1/3 ; since f, is defined in the whole unit disk
by continuity {fy(zn,)} converges to fy(z) which implies that fy(2) = y. But by the last
inequality above |z| must be less than 1/3, thus z € f,'(K). Therefore we conclude that
fo : Wy, — W is a proper map of degree 2. Since f;, is proper, it maps the boundary of W,
into the boundary of WW. This implies that the image under f, of each connected component
of W, is the set W. In consequence, since the degree of f;, is 2, if we assume that W, is not
connected then the connected component containing zero will be holomorphically equivalent
to the set WW. Since the connected component Cy containing zero is contained in W and
|A| = 1, by Schwarz lemma f,(z) = Az for all z € Cy, which implies that W = Cy C W, C W.
But this is a contradiction because we assumed that W, was not connected. Therefore, W,
must be connected. O]
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We denote by T" the circle { b€ C: |b| =10} . For a € (0,1}, b €T, and f € S,, we set

fap = a" f(az) + b2 (4.1.1)

The Straightening Theorem for polynomial-like maps (see [12]) guaranties that, for any
b € T', the map f, is conjugated on W, to a polynomial of degree 2 by a quasiconformal
homeomorphism which is defined on the whole complex plane. However, adapting the proof
of the Straightening Theorem to the family {f,, : f € Sy, a € (0,1], b € I'} we can show
that there exist an interval (0, ao] such that f;b is linearizable for all a € (0, ag]. Our goal
in this section is to provide the complete proof of this version of the Straightening Theorem
following the sketch given by Yoccoz[30], pg. 61.

We start by choosing a C* function 1 defined on the whole real line R such that n(R) = [0, 1],
nis 1 on (—oo,l/3]~and n is 0 on [13/36,4+00). Now we define, for a € (0,1}, b € I', and

f € Sy, a mapping f by the formula
Fas(2) = n(12) fas(2) + (1 = n(|2])) (A2 + bz?).

Clearly these mappings are well defined over the whole complex plane C. Furthermore, each
is exactly f,p on the disk {z : |2| < 1/3}, is Az + b2? outside the disk {z : |z| < 13/36} and
it is also a C* function. This means

N fan(z) =a ' f(az) + b2? on A[0,1/3],
fan(2) = {021 fap(2) + (1 = n(|2]))(Az +2%) on {z,1/3 <[] <13/36},  (4.1.2)
Az + b2? on C\ A(0,13/36)

Lemma 4.1.7. The net of mappings fa, converges to the polynomial P(z) = Az + bz% as a
tends to zero, uniformly in b € I' and f € Sy on every compact subset of the open unit disk
D. In particular, it holds over the set {z:1/3 < |z| < 13/36}.

Proof. Let K be a compact subset of the open unit disk D. Then there exists r = r(K) such
that r € (0,1) and |z| < r for all z € K.

Let f € S, with power series Z a,z". Then

n=1
| fap(2) — Az +02%)| = |a™" f(az) + b2 — Az — b2?|

So
| fap(2) — (A2 + b2?)| = a Yag(az)® + as(az)® + ag(az)* + ... |

By D’Branges theorem ([5], [9]),

|fan(2) — Az + 02| < a ' (2laz|* + 3laz]® + 4|az|* +...)
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So az]

2 -1 az

| fap(2) = (A2 +b27)[ < a (W — |az])
Then )
z
a — M+ b)) < (—— —
’f,b<z) ( z+ z)’—((1_|az‘)2 ’ZD
Hence ]
| fan(2) — (A2 +02%)| < T(m —1) forall ze K

Finally, taking the limit as a tends to zero, the lemma follows. O]

Corollary 4.1.8. The net of mappings ,}ib converges to the polynomial P(z) = Az + bz? as
a tends to zero, uniformly in b € I' and f € Sy on every compact subset of the complex plane

C.

Proof. This follows from the equation 4.1.2 and the lemma above. O

Corollary 4.1.9. The net of mappings a%f;ub converges to the map zero as a tends to zero,
uniformly in b € T and f € Sy on every compact subset of the complex plane C.

Proof. By the equality 4.1.2 and the corollary above, the assertion holds on every compact
subset of the complement of the set {z : 1/3 < |z| < 13/36}. Therefore, we just have to
analyze over {z :1/3 < |z| < 13/36}. In fact, by an elementary computation

z

2|z|

Fan(2) =7 (|2]) - m - (Az + b2?)

Since 7’ is continuous on the compact interval [1/3,13/36] there must be a constant C' > 0
such that

& Fualz) = (2]

0 ~
%fa,b(zﬂ < C | fan(2) = (A2 +b2%)|
Therefore, the corollary follows from Lemma 4.1.7. O]

Corollary 4.1.10. The net of mappings %f;,b converges to the polynomial Q(z) = X\ + 2bz
as a tends to zero, uniformly in b € I' and f € Sy on every compact subset of the complex
plane.

Proof. As in Corollary 4.1.9, it is enough to analyze over the closed annulus
{z:1/3 < |z| <13/36}. In fact, by an elementary computation we have

z

S (aale) = (4522 + n(e]) - (G Fusl2) = Q)

2 Fl) = Q) = /(el)-
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Consider C; > sup{n(r) : 1/3 < r < 13/36} > 0. Since 1’ is continuous on the compact
interval [1/3,13/36] we can guarantee the existence of Cy; and also consider the positive
constant C' given in the proof of Corollary 4.1.9. Then

0 ~ 0
|5, fas(2) = Q) < C-[fas(2) = (Ao + bz")| + C1 - |5, fas(2) = Q(2)]

Hence, we only have to prove that % fap(2) converges to Q(z) uniformly on b and f. By
definition of f,;, it is not difficult to see that

2 fus(2) = Q)| = I(a2) — A

Now, if we set f(z) = Z a,z" with a; = A, by D’Branges theorem

n=1

f(a2) = A =D nan(az)" ' <> n’laz|"!
n=2 n=2

Since |z| < 13/36, we have
1+ 5
(- ey
for any f € S,. Therefore, the corollary follows. m

|[f'(az) = Al <

Lemma 4.1.11. There exist ag and a continuous map k : [0, ag] — [0, 1) with k(0) = 0, such

that for all f € Sy, b € I" and a € (0,ao], the map fap is a branched covering of degree 2 of
C satisfying
0

- o ~
= Fo(2)] < ()| Fus(2)

for all 1/3 < |z| <13/36.

Proof. The fact that the map fal, is a branched covering of degree 2 comes from the equation
4.1.1, because a~! f(az) is also an element of Sy and we already proved that for any |b| > 10
and any F € Sy, (W, W,, Fy) is polynomial-like of degree 2 (see Lemma 4.1.6). To get
the inequality in the assertion, we set L = {z : 1/3 < |z| < 13/36}, P(z) = Az + b2?
and || fop — P|| = max{|fas(z) — P(2)| : z € L}. The existence of the map k comes from
Corollaries 4.1.9 and 4.1.10 as follows:

Given € > 0 there exists ag € (0, 1] such that, if a € (0, ap] then

|%]f‘;b(z) — (A +2b2)| <€

and

0 ~
o5 fas () < Cllfap = Pl <€
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for all f € Sy and all b € I" and for all z € L. Note that the constant C' comes from the
proof in Corollary 4.1.9. By the minimum modulus principle

17
_€_|_§<—e—|—‘)\+26,2|<| fab( )

So, for very small € we have

1 - 1
s 17
& fap(2)] 5 €
Then .
| 55.Jap(2)] C €
8g~ < 17 'Hfa,b_PH< 17
|5z fan(2)] 3 T € 3~

for all f € Sy and for all b € I". Therefore if we consider 0 < € < 17/6 (fixed) we have

C
s os = Pl <1

Then, we can define

" 0 for a =0 413
(a) = 1%6~sup{||fa7b—PH:fES,\,bEF} for a € (0, ao) (4.1.3)

By Lemma 4.1.7, this map is continuous at zero. The proof of the continuity of k(a) on
(0, ap) is as follows. First of all, note that

| [[fap = Pll = [[fso = Pl | < I fap = fosll

where || fop — fonll = sup{|fap(z) — fsp(2)| : 2 € L,b € I'}. Now we prove that ||fop — fssll
goes to zero when s is approaching a.

In fact, assume f(z) = Z a;z'. Then

i=1
BN Iy S §)i~1)z
|[fap(2) = fou(2)] = |Ezaz az)' — gzaz s2)'| =) ai((a )2'|
i=1 i=1 1=2
Hence
| fan(2) = fsp(2)] = |a — sl|azz® + az(a + 8)2° + as(a® + as + s*)2* + ...

By D’Branges theorem and since a, s € (0, ao] C (0, 1], we get

|fan(2) = fsn(2)] < |a—s|(2- Hz* +3-22* +4-3|z* +5- 42> +...... )
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Then
| fas(2) = fp(2)] < la — s[(2%|2] + 37|z + 4]z + 5%[2° +.....)

On the other hand, it is not difficult to check that

o0

> = gy
So .
gizti = ( <(11j;)3 — 1)t
Therefore : .
20l = £ < la = sl (2 = Dl

Since 1/3 < |z| < 13/36, there must be a constant M > 0 such that
[fap(2) = fon(2)| < la—s[- M
forall feSy,bel and z € L. So
| fap = Pl = fsp = Pll | < ([ fap = fopll < M - |a— s

for all f € Sy, and b € I'. Then

C
7w, |k(a) —k(s)| < M -Ja—s|
3
for any a, s € (0, aq]. Therefore k is continuous on [0, ao. O

Remark 4.1.12. For each open set U C C, we identify the Beltrami forms on U as the
functions € L with norm ||p|| = < 1.

Definition 4.1.13. If f : U — V is a C! mapping, and p is a Beltrami form on V, the form
f*u is defined by :

\ CEF@uf(2) + £ 1(2)
(=) == 5
ZTENI() + 2F(2)
Proposition 4.1.14. Let a € (0,a0]. There exists a unique Beltrami form p = psqp on C
invariant under fup , null on C\'W and null on the Julia set ﬂ f;l?(Wb) of fap. Further-

n>0

more, ||p||r~ < k(a) holds.
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Proof. Let v the Beltrami form defined by

Iy
%“’i—"(z) , {z€C:1/3<|2| <£13/36}
l/(z) _ &fa,b z
0 , otherwise

Now define the recursive sequence &, = ¢*¢,_; for alln > 1, where {; = v and ¢(z) = j:;b(z)
By elementary computations, = lim &, verifies the conditions required, so the support of

/1 is contained in W. By Lemma 4.1.6 f,; is analytic on A(0,1/3)( f,, (W). Then applying
Lemma 4.1.11 to the corresponding flb, the inequality ||p||r~ < k(a) follows. O

By the Ahlfors-Bers Theorem, there exists a unique quasiconformal homeomorphism ¢ =
®¢.q satisfying the following properties :

(i) For almost all z € C : Z(2) = p(z) 2L ¢(2).

Lemma 4.1.15. Douady-Hubbard Theorem (Yoccoz’s Version). Assuming the same notation
as above :

$o fapod M (2) = Az 4 b2 .

Proof. The map ¢ o fa,b o ¢! is quasi-regular and preserves the null Beltrami form of C.
Hence, this is a holomorphic map. It is also a branched covering of degree 2 with 0 as fixed
point, so ~

G0 fapod H(2) =Nz 412>

for some X' and ¥ # 0. By the equation 4.1.2, for |z| > 13/36 we have

$(Az +02%) = N¢(2) + V'(¢(2))?

By item (iii) above, lim 4(2)

|z|] 00 2

=1, so

—¢(AZ+bZ2) =\ lim M—l + b lim (M)z

|z|1£>noo Az + bz? N |z|—00 2 A+ bz |z| o0 2 g +b
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Then 1
L= X104V -1
So
b=1
On the other hand, for each ¢ € (0, 1] define :

T = (1) and ¢u(z) = (1)

Clearly ¢:(0) = 0,¢4(1) = 1 and ¢(c0) = oo. Hence, {¢;}ic(01) is a normal family of
quasiconformal homeomorphisms (see [21], pg. 70). We set

i) = 1 Fualt2)

It is not difficult to check that ¢; '(w) = +¢~!(Tw), so

600 Fio 0 (2) = Zolt(Fro 67)(2))

and

600 Fio 07 (2) = ol Funld™ (7))

But we already know that ¢ o ]A‘;,b o ¢ Y(z) = Nz + bz%. Then
~ 1
dro frool(z) = ?(XTZ +b(Tz2)?) = Nz + bT2?

Since {¢¢}ic(0,1) is a normal family, let ¢ be the limit of some sequence {¢y, }nez+ with
lim ¢, = 0. So ® is also a quasiconformal homeomorphism ([21], pg. 73-76), lim ¢(t,) =0

n—oo

and lim ﬁn(z) = \z. Thus
lim ¢y, o ﬁn o ¢, M(z) = lim Nz +bg(t,)2" = Nz

Then
bW TH(2) = Nz
SO
h(Az) = N(2)

From this equality one sees that ¢ ((\)") = (X)" for all n € Z*. Since v is a homeomorphism,
X\ has unit modulus and is not a root of unity. Furthermore ¢ : St — S! is an orientation-
preserving homeomorphism, because {A\" : n € Z"} is dense in S!. Thus, F, F : S* — S! given
by F(z) = Az and F(z) = Xz are conjugate by the orientation-preserving homeomorphism

Y. So, by the theorem on the topological invariance of the rotation number ([7], pg. 47-48)
we get A = \. ]
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Remark 4.1.16.
Recall that each ¢ = ¢qyp is K(a)-quasiconformal homeomorphism and satisfies:

(i) For almost all z € C : £¢(2) = p(2)Z¢(z).
(i) (0) =0
(11i) The function ¢(z) — z is bounded .

(iv) supp(p) C W.

From the last item each ¢ is univalent on C\W = {z : |z| > 13/36}. Now, for each ¢ let g4
be the map defined by

It is easy to see that each g4 is well-defined and is univalent on the disk A(0,36/13). Then
each gy is univalent on D. By the items above, one sees that gs(0) = 0 and g;(0) = 1. So
we may apply Theorem E.6 (see Appendiz E) to each g, and obtain

|

%]
s <19 < g

(14 [2])

In particular, for any z in the closed ring {z : 1/2 < |z| < 3/4} we have

8
— < <12
& <1os(2)] <

Hence, for any z3 in the closed ring {4/3 < |z3| < 2}, the following inequality holds:

1 49
— < < —.
Now, for each a € (a, ag], we set
1+ k(a)
K(a) = ———=
(a) 1+ k(a)

Here ag and k(a) are the same as in Lemma 4.1.11.

Lemma 4.1.17. Fiz a € (0,a0|. There exists a constant C(a), depending only on a, such
that:
(6 1a0(21) = bran(z2)| < Cla)|z — 2 /K@

for all z, zo € D.
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Proof. First of all, fix z3 € R with 4/3 < z3 < 2. Now, for each ¢y, define

_ ¢f,a,b(z3z)
Brap(zs)

By an elementary computation (see [7], pg. 17), the dilatations pun = pa,., e = Hey.,
satisty

Afap(w)

pa(w) = pug(3w)

for almost all w. By Proposition 4.1.14 we conclude that ||ual|r~ < k(a). Therefore the
maps Ag,p(w) are K(a)-quasiconformal homeomorphisms for all a € (0,a0], b € C with
|b| = 10. Moreover, the maps Ay, fix 0,1 and co. So {Afqp : f € Sy,b € I'} is a normal
family of K (a)-quasiconformal homeomorphisms (see[21], pg. 73). Since the equicontinuity,
Holder continuity and normality of a family of K-quasiconformal mappings are equivalent
concepts ([21], pg. 72) and the closed disk {w : [w| < 3} is compact, there must be a
constant ¢(a) just depending on a such that :

1A g ap(w1) — Agap(ws)] < Ea)|wy —wy| K@

for all wy, wy € {w : |w| < 3}. Then

P10 (23w1) — Brap(z3ws)| < Ea) - |rap(2s)] - |wr — wy| /K@

for all wy,wy € {w : |w| < %} Since 4/3 < z3 < 2 we may apply the last inequality in
Remark 4.1.16. In particular we have

49

D f.ap(23w1) — brap(z3ws)| < E(a) - = g — wy| /K@

1
for all wy,ws € {w : |w| < —}. By the elementary change of variable z = z3w and using the
z

3
inequality 4/3 < z3, the lemma follows. O

4.2 The Quadratic Polynomial Theorem

Definition 4.2.1. For A € C with modulus 1 and not a root of unity, we denote by P\ the
quadratic polynomial

Py(2) = Az — %)

Definition 4.2.2. For |\| = 1 not a root of unity we set Hy to be the unique formal series
that satisfies Hyx(0) = 0, H,(0) = 1 and

H)\(AZ) = P)\(H)\(Z))
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Remark 4.2.3. Assuming that the radius of convergence of H, is strictly positive, then
the polynomial Py is linearizable. Thus it has a Siegel disk Uy at 0 . Let ¢ = c¢(U,,0)
be the conformal capacity of Uy at 0. By Theorem E.4 (see Appendiz E) A(0,c/4) C U,.
Considering the map gy(z) = —2z, it is easy to check that gy(Az + bz*) = Py(g(2)) i.e.,
Py is conjugated to the polynomial Nz + bz? for all b € C*, so the polynomial Az + bz?
has as Siegel disk Dy = g, ' (Uy). Therefore, we have A(O,ﬁ) = g, '(A(0,c/4)) C Dy.
In particular A(0,55) C Dy for all b with [b| = 10. By Lemma 4.1.15, the map ¢rap

conjugates the polynomial Nz + bz to the map f,;’b for all b with |b] = 10. So, since a
quasiconformal conjugacy is in particular a topological conjugacy, the map fqp has as Siegel

disk D'y = ¢;}1’b(DA) . Therefore the mappings fap are linearizable for all b with |b| = 10.
Lemma 4.2.4. (i) The Siegel disk D'y is contained in W,.

(i1) For all b with |b| = 10, the maps f.p are linearizable and their Siegel disks are the
respective D’.

(iii) The disk {z,|z| < [400‘3@)]1((“)} is contained in D'y.

Proof. Using the equation 4.1.2, it is not difficult to see that if z € C\ W, then lim fcﬁb(z) =

00. So item (7) follows. Here jzb is the n-th iteration of fz,b-

By the equation 4.1.2, f;b = fap on A(0,1/3) ; then item (i7) comes from item (7). Finally,

let z such that |z| < [400‘3(@]}{(“). Then

C(a)|z — 0]/K@ < %

By Lemma 4.1.17

|67.00(2) — 0| < C(a)]z — O]/H@ < %

Then ¢fq(2) € A0, 55) . So, by the remark above ¢14(2) € Dy. Then z € D'y = ¢ ,(Dy)

and item (zi7) follows. O

Theorem 4.2.5. The Quadratic Polynomial Theorem . Let f € Sy, A € C with
modulus 1 and not a root of unity. Assume the radius of convergence of Hy is a positive
number. Then f is linearizable.

Proof. By the previous remark and lemma, f,,(2) = a™'f(az) + b2? is linearizable . Note
that the conformal representation h,p : A(0,¢(D’5,0)) — D’y linearizes f,p. Since the map
fap € Sy, its formal linearization H,; (see 4.1.3) is analytic on A(0,¢(D’y,0)). Thus the

power series of hqp and H,; coincide.
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Let R, = | 4Oé(a)]K (@) By the last lemma A(0, R,) is strictly contained in D’y. Then, by

Theorem E.3 (see Appendix E), we have R, < ¢(D',,0). Therefore the power series H, is
well defined on the closed disk A0, R,]. Recall that for each b € C , H,; has the form

Hop(2) = 2(1 + Z P,(a,b)z")

n>1

where the function P,(a, b) is a polynomial of degree n in b. Since H, is analytic on A(0, R,)
and continuous on A[0, R,] for all || = 10, its coefficients satisfy the following inequality

max{|Ha(2)] : |2] < Ra}
RZ—H

| Pr(a, )] <

Thus by the maximum principle one has |P,(a,0)| < M(a)(1/R,)" for all n € Z*, for all
a € (0, ap), where M(a) = max{|H,;(2)| : |2| < R,}. Then H, ¢ is analytic which means that
fa0 is linearizable for all a € (0, ag| (recall that ag comes from Lemma 4.1.11) . Therefore f
is linearizable. [l



Appendix A

Arithmetical Lemmas

Lemma A.1. Let (6,),>0 be a sequence of positive real numbers such that 6,1 < AB"5?2
for allm where A > 1 and B > 1. Then AB""'6, < (ABdy)*" for all nonnegative integer n.

Proof. The case n = 0 is obvious. Suppose is true for n = [ (inductive hypothesis). Since
01 < ABZ512, we have

ABZ+2(51+1 < A2B2(l+1)512 — (ABZ+1(51)2 < <<A850)21)2
Therefore ABUDHLS, < (ABG§)* " O

Corollary A.2. Using the same notation as above, if AB&y < 1 then 6, < (ABd)" ™ for
alln > 0.

Proof. In fact, the case n = 0 follows from the hypothesis A > 1 and B > 1. Moreover, we
have 1 < AB™! when n > 0. In particular

(ABéo)n+1 < ABn+1<AB(50>n+1

for all n > 1. By the last lemma, AB""6, < (ABd;)*" for all n > 1. Then AB"*1§, <
(AB&y)*" < (AB&o)" ™ < (AB™™1)(ABG&y)" L. Therefore 6, < (ABJ)"*! for allm > 0. O

Lemma A.3. Let k € Z* and ¢ > 1, and consider A = 2¢(20)**2, B = (30)**2. Choose

. . . 2¢62
do with 0 < &y < % . W% . Qk% . ﬁ. Define by induction the sequence 6,1 = e,f—;;, where
n

Qn:%*ﬁforallnzo. Then

(i) Gpsy < AB"S2
(ii) 6, < (AB&y)"+!
(iti) 0, < L(6,)F2.

93



54

Proof of (i). By the choice of A, the case n = 0 follows. For the case n > 1, since [10(1 +
27)]F2 < (30¥2)", one sees that (3-)** < B". Then

2¢ 4,2 I
g2 < 2cB"9;
But 2c < A, so ;,fi% < AB"§? . Therefore, 0,1 < AB"6?2 for all n > 0. O

Proof of (i1). By the choice of &y, ABdy < 1. Furthermore, it is easy to see that 4, > 0
for all nonnegative integers n. So the claim follows from a direct application of the last
corollary. O]

1 1
Proof of (). By the choice of §y, 2*"2AB§; < ~—— < 1. Then

¢ 10k+2
1 1 1 n+1
n+1
(ABdo) <  10k+2 (2k+2>

for all n > 1. Moreover, since 1 4 2" < 2"*! for all n > 1, one sees that

1/1 1 \"? 1
ABS)" < = [ = — (0,2
(AB) <c(101+2”) o (6n)

1
for all n > 1. So, by (i) we have 6, < —(6,)*"? for all n > 1. Finally, for the case n = 0 it

1 1
is enough to see that &y < —(20)~*+2 = —(4,)"*2 . O
c c



Appendix B

e is diophantine

Proposition B.1. Let 6 € R\Q and let % be its sequence of continued fractions. Then

1
qn+1+4qn

Proposition B.2. Let 6 € R\Q and let f;—;‘ be its sequence of continued fractions. Then
Gn > ()" for alln > 5.

1
< |0gn — pn| < mfor alln > 1.

1
Proposition B.3. If |0 — %| < o then % is a continued fraction of 6.

Proposition B.4. The partial coefficients of the number e verify :
e ay = 2.
e a,=1 forn=3k and n =3k —2 with k > 1.
e a, =2k form=3k—1 , withk >1.

This means e = [2;1,2,1,1,4,1,1,6,1,1,8,1,.. ]

For details of the proofs of the facts above see [2], [17], [22]. For the rest of this section 2=
means the n-th continued fraction of e.

Dn
e — —

4n

<

} s finite.

1
dq2+£

n

Lemma B.5. Given e > 0 and d > 0, the set S = {n :

Proof. By definition ¢,+1 = a,+1¢, + g1, and since ¢,_1 < g, we have
Qn+1 + Gn = Qn(anJrl + 1 + q:;_;l) S Qn(an+1 + 2)
By Proposition B.1 and the last inequality, we have

Pn
e — —

4n

2

1 n
< 4 < * @

(anJrl + 2) - Gn+1 + qn -
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By Proposition B.4, one sees that a,1 < n — 2 holds for all n > 8. Therefore

1

L fe_Pn

e — —
an

for all n > 8. On the other hand, it is clear that the inequality dl/"( )¢ > n'/™ holds for n
large. So there exists Ny such that d'/"(2)° > n!/" for all n > Ny. Now, by Proposition B.2
we have dg;, > n for all n > Njy. Finally, it n € Sandn>8

1 Pn 1
A
Then d¢5 < n, and thus n € {1,2,..., Ny}. Therefore S C {1,2,..., Ny} O

Corollary B.6. For any given € > 0 and d > 0, the set

a a 1
S‘{EEQ' ‘6_5‘<d62+€}
18 finite.

Proof. Assume S is an infinite set. In this case S contains elements which have large denom-
inators. Now consider the partition {Sy, S} of S given by S; = {§ € 5 : db® < 2} and S5 =
{¢ €S :db* > 2}. It is clear that Sy is finite and Sy # (). For any ¢ € S,, we have

P 1 1
db2+e 2b2

6__‘

a Pn

So, by Proposition B.3 the fraction § is a continued fraction of e. This means that § = 2=

b dn
a n .
for some n, hence )e ——| = le— Pn < and thus n € S. Now, by the last lemma
b 4|  dgpte

there must be a finite number of fractions % for which db® > 2. This means that Sy is finite.

Therefore S is finite, which is a contradiction. O

Even though e is not an algebraic number, we have proved that (taking d=1 ) S, =
a _ < i
EGQ.‘ ‘<b2+ is finite .

Recall that 6 € R\Q satisfies a diophantine condition if there exist ¢ > 0, u > 0 such that
0 — 2| > L forall 2 € Qand n € Z7.

Theorem B.7. ¢ satisfies a diophantine condition.
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aq Qg
_7 e ey —
bl bs

1
| fori =1,2,...,s. On the other hand, if% ¢ S, we have e <

Proof. Fix € > 0. Since S, is finite, S, = {

} , so we can choose a large v such
Q;
) bZ
Therefore, taking p = max{e, v}

1 a
thatW<]e— ‘6—5

S 1
= b2t

forall $ € Q, be Z*. ]

’e__



Appendix C

Davie’s Lemma

Let a € R\Q. Through this Appendix we denote by % the n-th continued fraction of a and
we consider ||na| = min{|na —m| : m € Z}.

Lemma C.1. Ifr € Z and 0 < r < g, then ||ra| > i.

Proof. In fact, if ||ra|| < i, by definition there exists p € Z such that |ra — p| = |raf| <
ﬁ < % This implies that

,
So, by Proposition B.3, 2 is a continued fraction of a. This means that p = p; and r = g; for
some j. Since (g,), is an increasing sequence and ¢; < g, j < k must hold. By Proposition
B.1 we have

1 < 1 < < 1
< gja — py| < —
2011 T G tq T g
So Til <llgje|| = ||Ire|| < ﬁ. Then ¢; < g, < gj+1 which is a contradiction. O

Corollary C.2. Let k be a non-negative integer . If n € Z* and ||na|| < ﬁ, then n > q

and either q divides n orn > q’iT“.

Proof. Clearly if n satisfies the hypothesis of the lemma above we get an obvious contra-

diction, so n > q,. Now, if ¢, does not divide n and n < q’j% then n = mqx + r where

0 <r < qr It is easy to check that m < Z“Tt: holds. By Proposition B.1 we know that

lgra|| < ﬁ, so ||mgral| < o < ﬁ. Now let 71, o € Z satisfying ||na|| = [(mg+r)a— 7|
and |mgra|| = |mgra — |. Then ||na| = |(mg +r)a — 7| > |ra — (11 — 2)| — [mga — 1|,
so we get ||nal| > ||ral| — [|[mgal| > ﬁ - ﬁ = ﬁ, which is a contradiction. O

Definition C.3. Let q be a positive integer and E a real number with E > q. Suppose A is
a set of non-negative integers such that 0 € A and such that whenever 7, , jo € A and q
does not divide j; — jo we have |j; — jo| > E .

o8
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Definition C.4. Let A* be a set of non-negative integers, namely the set of j such that
either j € A or j1 < j < jo and q divides j— jy, for some ji , jo € A with jo— 71 < E. Note
that if the second condition holds, then q also divides jo — j1 which implies that q divides
J2—7J-

Claim C.4.1. If j,j' € A" with q< j —j < E there must exist j" € A* with j < j" < j'.
Proof. We have 4 cases :

1. If j,5/€ A since ¢ < j'—j < E , it is enough to consider j” = j + ¢ .

2. If j€ A and j' € A"\ A, there exist ji,jo € A such that j; < j' < jo and ¢ divides
j =g with jo—j5 < E . If j; <j,take j” = j' — ¢ ; this j” verifies the second part
of the definition of A*. Otherwise, if j; > 7 consider j” = j; .

3. If je€ A*\A and j € A, there exist ji,js € A such that j; < j < jo and ¢ divides
j—j1with jo—751 < E . If jo >3, take j” = j+ ¢ ; this j” verifies the second part
of the definition of A*. Otherwise, if j, < 7' consider j” = j, .

4. If j € AX\A and j' € A*\A there exist ji,j2, 71,72 € A such that j; < j < jo,
71 < j < T, g divides j—j; with jo—7; < E and ¢ divides j'—7 with m—7 < E.
If j<ja<j or j<m <j itisenough to consider j” = j, or j” = 7. Otherwise,
since 11 < j' < Ty, qgdivides j —7, m—7 < E and ¢ < j —j < E, it is easy to see
that j” = j' — q € A*.

Claim C.4.2. Let m,=max{j : 0<j<n, je A" }.

1. Ifne A" and m, 1+q€ A", thenm, 1 =n —q.

2.1fne A" and m,_1+q¢ A", thenn—m, 1 > F .

Proof of 1. The assumption m,,_; + ¢ < n — 1 contradicts the definition of m,,_;, whence
Mp_1 + ¢ > n. Assuming that m,,_; + ¢ > n = m,, we will have 4 subcases :

1. Casel: m,_1 €A and ne A.
Since 0 <n —m,_1 < q, ¢ does not divide n — m,_1, son —m,_1; > E. Then ¢ > F,
which is a contradiction .

2. Case II: m,_; € A*\A and n € A.
By definition of A*, there exist 7j;,j2 € A such that j; < m,_; < jo and ¢ divides
my_1—J1 with jos—j; < E . Since there is not any element of A* between m,,_; and n,
J2 > n must hold.
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If ¢ does not divide n — j;, by definition of A we have n — j; > E, which implies
E > jo—j1 >n—j > E. Hence g divides n — j; and since ¢ divides m,,_1 — j1, ¢
divides also n — m,,_; . But this is a contradiction because 0 < n —m,,_1 < q.

3. CaseIIT: m, 1 € A and ne€ A"\A.
By definition of A*, there exist j;,jo € A such that j; < n < j, and ¢ divides
n — j; with js — j1 < E. Since there is not any element of A* between m,,_; and n,
71 < m,_1 must hold.
If ¢ does not divide jo —m,,_1, by definition of A we have jo —m,_; > E, which implies
E > j5—71 > jo—m,_1 > E. Hence ¢q divides j, — m,,_; and since ¢ divides jo — n, ¢
also divides n — m,,_,. But this is a contradiction again.

4. Case IV: my,_1 € A\A and n € A*\A.
By definition, there exist ji,jo, 71,72 € A such that j; < n < jo, 71 < My < Ty,
q divides n — j; with j, — j; < EF and ¢ divides m,_; — 7 with » —7 < F.
In particular j; < 7. Since ¢ divides 7 — m,,_1 then m,_1 + ¢ < 75 . By the same
argument j; < n —q.
Suppose ¢ does not divide 7, — j; . By definition of A, 75 — 7; > E holds. This
implies that j; < 7 and j, < 7 . If ¢ does not divide 7y — 7y, then £ > jo — j; >
71— 71 > E, which is a contradiction . Hence, ¢ must divide 7 — j;. Therefore ¢ divides
n — m,_, which is a contradiction again .
Suppose q divides 7, — j; . Since ¢ divides 75 — m,,_1 and n — j;, we conclude that
q divides n — m,,_; which is impossible. That is why this case never happens.

Since all of these cases imply contradictions then our initial assumption m,_; + ¢ > n fails
to be true. Therefore m,,_1 + ¢ = n holds. O

Proof of 2. By hypothesis n € A* and m,_1 + q ¢ A*, hence m,,_1 # n — q. We have 4
subcases :

1. Casel: m,_1 € A and n € A.
If0<n—m,_1 <gq, qdoes not divide n — m,,_1, son —m,_1 > E.
Ifg<n—m,_,thenn—m, 1 > E. Otherwise by Claim C.4.1 there must exist
j" € A* such that m,_; < j” < n. But this contradicts the definition of m,,_;.

2. CaseIT: m, 1 € A*\A and n € A.
By definition of A*, there exist ji,jo € A such that j; < m,_ 1 < j» and ¢ divides
Myp_1 — J1 With jo — j1 < E. The inequality n — m,,_1 < ¢ does not hold. Otherwise it
implies that ¢ does not divides n — m,_1, which implies that ¢ does not divide n — jy;
but as in item 1, Case II, this is a contradiction . Hence ¢ < n — m,,_;. Following the
same argument as in Case I above, n — m,,_; > E must hold.

3. CaseIIT: m,_1 € A and n € A"\ A.
By definition of A*, there exist j;,j2 € A such that j; < n < j, and ¢ divides
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n—j; with jo—j1 < E. If n —m,_1 < ¢, then ¢ does not divide n — m,,_;, and
hence ¢ does not divide m,,_; — j;. By definition of A, we have m,,_; — j; > E. Thus
E > jos—j1 > jo—my_1 > E, hence n — m,_; > ¢q. Following the same argument as
in Case I above, n — m,_; > E must hold.

4. Case IV: my,_1 € A*\A and ne€ A"\A .
If g <n—m, 1 < E, then by Claim C.4.1 there must exist j” € A* such that
mp—1 < 7" < n But this contradicts the definition of m,_;. So either n —m,_; > FE
orn—my,_1 <q. If n <m,_ 1+ q, repeating exactly the same steps as in item 1, Case
IV, we can prove that this case never happens. Therefore n —m,_; > F holds.

Definition C.5. For eachn >0 , n € Z define

I(n) = max{(l —1—7’)E - Z,M - 1}
q q

where m, =max{j:0<j<n,j€ A"} and 722%.

Now we define

I(n), my +q ¢ A

Claim C.5.1. By Claim C.4.2 and Definition C.5, one sees that:

-1 1 A
h(n):{q (mn +70) =1, my+q€

1. (1+r)%—2§h(n)S(l—l—T)g—lfor all n.

2. Ifne A" andn > 0, then h(n) > h(n — 1) + 1.
3. h(n) > h(n—1) for alln > 0.
4. h(n+¢q) > h(n) 4+ 1 for all n.

Definition C.6. For each k, let Ay be the set defined by

1
Ay = {nz(): |Inal| < —}
8qk

By Corollary C.2 these sets satisfy the definition C.3 where ¢ = qx, E = max{qy, q’z“},

T = 2% < qi%' So, for each k we can define hy as in Definition C.5. Now, for each k we

define gi(n) := max{hg(n) , Hqﬂkﬂ} :
Remark C.7.
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1. By C.5.1, hi(0) € [-2,—1]. So we have gx(0) = 0.

2. gr(1) > H%ﬂ >0

Proposition C.8. The function gi is non-negative, and using Claim C.5.1 it is easy to
check that g, satisfies :

1. gr(n) < (1+ 1) 'n.

2. gr(n1) + gr(n2) < ge(ni + na).

3. Ifne Aandn >0, then gp(n) > gr(n — 1) + 1
Definition C.9. For each n > 0, n € Z, define

k(n)
G(n) = 2nlog(2) + ng ) log(2qx11) ,

where k(n) is defined by the condition
k() <N < Qr(n)+1-

Since ¢, €ZT and 1 =qo < q1 < @2 < q3. .., k(n) is well defined.

Proposition C.10. The function G(n) satisfies :
1. G(0)=0
G(n—1) <G(n), for alln > 1.

G(n1) + G(ny) < G(ny + ny), for all ny,ny € N.

e

There exists a universal constant 3 > 0 such that for alln € Z§ the following inequality

holds
k(n)

) <n Z ngJrl s

5. —log|A\"—=1] < G(n)—G(n—1) , for alln > 1, where A = exp(2mia) and o = lim Ly

=05

Proof of 1. This follows by definition. O

Proof of 2. Use the fact k(n — 1) < k(n) and the definition of G(n). O
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Proof of 3. G(n;) = 2n;log(2) + ng )log(2qx+1) where ¢ € {1,2}. Consider r =

k(ny +no). By definition of k(n) 1t is not difficult to see that k(ny) < r and k(ny) < r. Then

G(n1) + G(ng) < 2(ny + n2)log(2) + Z ge(n1) + gr(n2)) log(2qx+1)

k=0
So, by Proposition C.8 the assertion follows. n
Proof of 4. By the first item of proposition C.8, gy(n) < (1+74)q; 'n where 7, = 2%—’; < Squl.
So
G(n) <2nlog2 + [ +—}lo 2
() g Z 9k dk+1 8(2k+1)-
Then
/] 1 log 2
Gn) <nd 2log2+ Z 0g(2) + log(qx+1) 82 08 2qk+1
=0 q — Ik+1
By induction, it is not difficult to check that g, > 2¢; for all £ > 0. So
1
PR
o Ik

for all £k > 1.

k—1
V5 + 1)
2

On the other hand, by induction is also easy to check that ¢, > (

V5 +1
2

3
Since log(t)/t is decreasing on (e, +00) and ( ) > e, we have

loggi1 _ ) log(¥3H)

Qk+1 <\f+1>k
2

for all k > 3. Since ¢, g2 and g3 are positive integers we have log(¢;)/¢; < 1 for i € {1,2,3}.
Now by elementary computations is easy to see that

= 1og i1 Vi+1l, — ( 2 >k
E ———— < 3+1o E k
B3 —~ \V5+1

o Ik+1

Therefore, there exists a universal constant 3 > 0 such that

lo
Gln) <ng Yy BB o
=0 dk
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Proof of 5. By an elementary computation |sin(¢)| > 2[¢| on [-3,%] and |[na| < 3 for all

n > 0, where ||na|| = min{|na —m| : m € Z}. Let m € Z such that ||na| = |na —m|. So
2|lna|| = 2|r(na — m)| < |sin(r(na —m))|. Hence

2||nal| < |sin(nra)l

for all n > 0. Then |A\" — 1|72 = (2sin(n7ra)) 2 < (4]|nal|) 2.

Fix n € Z". We have two possibilities :

1 1
(i) If ||nal| > 3= 8o then |A\" — 1|72 < 4, and hence — log [\" — 1| < log 2. By Definition
do
C.9, one sees that 2log2 < G(n) — G(n — 1). Then

—log|\" =1/ < G(n)—G(n—1).

1
(ii) If
8qk0+1 qko qko
Hence k(n) > k.
By Proposition C.8(3), we have that gx,(n—1)4+1 < g, (n). Thus g, (n—1) log(2qx,+1)+
10g(2qk,+1) < qry (1) log(2qxy+1). Since ko € {1,2,...,k(n)}, we obtain

1 1
< |Ina| < S then n € Ay, and ||na| < o By Corollary C.2 n > gy,.

k(n)

10g(24k,+1) < Y [gx(n) = gi(n — 1)] log(2qx.+1)

Therefore —log |A" — 1| <log(2¢xy+1) < G(n) — G(n — 1)



Appendix D

Proof of Theorem 2.5.5 and Theorem

2.5.6

Proof of Theorem 2.5.5. By hypothesis, there exist constants ¢ > 0 and g > 2 such that

o 12‘ > £
q q*
1
for all p € Z, ¢ € Z*. By Proposition B.1, |a — Pr| o for all k. Then
dk Akqk+1
lo log et lo
gk qk 4k
3\" = logc!
By Proposition B.2, ¢, > (—) for all £ > 5, so we have Z < 400
2 =

logt
hand, since Tg is decreasing on (e, +00), we obtain

3
k1 -
log qx. 8 (2)
< k
qk §
2

> 1
< +00. Therefore E ~08 Gk+1 < 400
qk
k=0

- log g
0y
k=0 I*

Lemma D.1. Let (a;)r>1 be a sequence of positive integers. Then

log (ak + ) < log(ag) + 1.

Ar—1
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. On the other
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Proof. See also [19]. An elementary computation shows that z > —= implies log(z + 1) <

logz + 1. Since a; > 1 > e_%, we have log(ay + 1) < log(ag) + 1. ]

Lemma D.2. Let a € R\Q, (ax)r>1 ils sequence of partial coefficients and (=) its sequence
of continued fractions. Then

lo 1
Z & B+t < +o00o if and only if Z 08 i < 400
ko Ik o Ik

Proof. See also [19].
[= |This follows from the fact agy1 < qy1-

[< |By equation (2.4.2), gx11 = ap1qx + qr—1 and gp = apqr—1 + @r—2 > apqr—1 hold for all

k> 2, so
drk—1 1
Qk+1 = (ak+1 + —> QG < <Gk+1 + —) Q-
qk Qg

lo loga 1 lo
R L & dk
| dk 4k i]k !
0 0
sis Z 208 Qk+l < 400, and since the series Z —, & G converge (see the proof of
dk qk

dk
Theorem 2.5.5), we obtain

By Lemma D.1, we have for all £ > 2. By hypothe-

= lo
Z g qk+1 < +oo

o Ik
O
Proof of Theorem 2.5.6. See also [19)].
1 mn . l n n—
(i) We will apply the ratio test to the series Z 80t 1t is clear that —o L dnml
= I Gn  logay
anloga, ¢,— log a,, i — .
AL , SO BOni1 Gn1 < panq L . Since Gn = nQn_1+ Qn_2 > apqy_1, We have
qn loga, qn loga, Gn
log a,, i
ﬁ In—1 <p< 1.

G¢n loga,

— log a, log g

So Z% < 4o00. Applying Lemma D.2, we have Z% < 400. Therefore
n>0 In >0 an

a e B.

(”) Note that Gn = nQdn—1 + Gn—2 = an(qn—Qan—l + Qn—?)) + n—2 for all n Z 27 S0

1 > qn—2

ApQp—1 Qn
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By hypothesis a,11 > af* for some p > 1, except for finitely many n. Therefore the

coefficients a,, are growing quickly, so

qn—2 0.
Qn
1 n n— n 1 n n—
On the other hand one sees that 08 dn+1 o1 > pa 08 tn _Gn-1 , SO
¢ logay, dn log a,,
lo Qn, n— n— n—
g n+1 ¢ 1>panq 1—p(1—q 2)'
Gn  logay n Gn
Now consider ¢ € (0,1 — %) So there is ng such that if n > ng then 2 Then,
dn

log ani1 Gyt

>p(l—e)>1 for n>ng
q4n loga,

logani1 .
thus the series Z 208 G i1 diverges. Therefore, by Lemma D.2 we conclude that o ¢ B.

o I



Appendix E

Conformal Capacity and Koebe
Inequalities

Theorem E.1. Riemann Mapping Theorem. Given any simply connected region €2
which is not the whole plane, and a point zy € €0, there exists a unique conformal map (the
Riemann map) ¢ : D — Q such that ¢ is onto, ((0) = zy and ¢'(0) > 0.

The Riemann Mapping Theorem is a classical result in the one-dimensional complex theory.
For more details see [8].

Definition E.2. The number ('(0) is called the conformal capacity of ) with respect to zy
and will be denoted by c(£2, zo).

Considering the map h : A(0, (2, z9)) — Q defined by h(z) = C(ﬁ), we have h(0) = z

and h'(0) = 1. This map h is called the conformal representation of Q at z.

Theorem E.3. Let U be an open simply connected set and let xo € U. If V is an open
simply connected subset of U with xo € V then c(V, o) < c(U, xy) with equality if and only
iU =V,

Proof. Let ¢ : D — U and 1 : D — V be as in the theorem above . Then (“ton:D — D is
analytic and has 0 as a fixed point. So, the theorem follows from a simple application of the
Schwarz lemma. O]

Theorem E.4. Koebe One-Quarter Theorem. If f € Sy, then the image of f covers
the open disk centered at 0 of radius one-quarter, that is f(D) D A(0,1/4) .

Proof. 1f we consider f(z) = Z a,z", by Bieberbach’s Theorem (see [13], pg.30), we have
n=1

68
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laz| < 2. Now fix a point 7 and suppose 7 € C\ f(D) . Then

7f(2) — 24 (a 122
T +(2+T) +...

belongs to S1. Applying the Bieberbach’s Theorem twice, we obtain

1 1
—§|a2\+\a2+;|§2+2:4

7l
O

Theorem E.5. Let ( : D — Q and zy € Q as in the Riemann Mapping Theorem. Then
QD Az, 2y |

Proof. In fact, define f(z) = ﬁ(g (2) — zp). Clearly f belongs to S; and by the theorem
above

&o) (Q— 20) 5 A0, 1/4)
Then,
Q — 29 D A(2,¢'(0)/4)
Therefore
Q5 Az, C(Qf()))

The next result is the well-known Koebe Distortion Theorem.
Theorem E.6. If f € S; and |z| < 1, then

1—|Z| /
m <|f'(2)] <

1+ |z|
(1—12])?

and
|z|

2]
<G < e

(1 +[2])

Proof. For the details of the proof see [9], pg. 65 . ]



Appendix F

Controlling the height of
renormalization

Lemma F.1. For all f € Sy,
!

) 20
f(z) 1—z]

|z

Proof. For all f € S; and for each fixed z in the open unit disk, the following inequality

holds 72) 14 12)
og(“ ) < los(12)

The proof of this fact comes from the Goluzin inequalities. This was brought to my attention

by Dr. Peter Duren and Dr. Leslie Kay. The interested reader may find the Goluzin

inequalities in [13], pg. 126. Now let w = log('z}cég)). Then

ell <

On the other hand it is not difficult to check that

') e g " K
|f(z)—1|—|€ —1|—|Zm—1|327—6 —1
n>0 n>1

Therefore ) 5
|Zf (Z) _1| Se‘w‘ _1 S |Z’
f(2) 1 — 2]

70
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Theorem F.2. Let F(Z) =7 4+ a+ ¢(Z) be a element of §(«). For all Z € H :

/ 2exp(—273(2))
P (Z) = 1= exp(—273(2))

[£2)] < —log(1 - exp(~273(2))

Proof. Let f € Sy such that f(E(Z)) = E(Z+¢(2)) for all Z € H, where E(Z) = exp(2miZ).

Then

FEZ)
f(E(Z))
Therefore, the first inequality follows from the last lemma. Now, in order to prove the second
inequality we can apply the first inequality and obtain

¥'(Z) = E(Z) -1

2exp(—27(3Z + 3))

d
1— exp(—2m(SZ +5) "

|ﬂ@—¢w+mﬂséﬂww+mwws£”

Then 1
9(Z) = o(Z + ni)| < —log(1 — exp(—273(Z)) exp(—2ms))]5

lo(Z) — o(Z + ni)| < %log (1 —exp(—2713(2)) exp(—27m)>

1 — exp(—273(2))

But, since exp(—27n) — 0 as n tends to infinity and %(lzi)rgoo ©(Z) = 0, we obtain the second

inequality . O

Theorem F.3. For all 6 € (0,1/10), there exists a constant Cs such that for all F € §(a),
3(2)>C = [F(7) -1 <6

and
1 1
X(Z) > %log(a) +Cs5 = |F(z) —z—al <da
Proof. Since F(Z) = Z + a + ¢(Z), we can use the last theorem and obtain

2exp(—2737)
—exp(—273(2))

F(Z) -1 < 5

|F(Z)—Z —a| < _?1 log(1 — exp(—273(7)))

—1 4]
Let Cs be the positive constant given by Cs = - 10g(2—+5). Then for all Z € H such that
T
3(Z) = Cs +t > Cs we have

|F'(Z) — 1] < § exp(—2mt)
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0

—1 —1 1 —1
Since Cy = o log(L) > —log(1 — E), then 710g(1 — ks) < & where ks = S

249 2m
On the other hand, note that for any ¢t > 0

log(1 — exp(—27t) - ks) > log(1 — ks) > log(1 — ks) exp(—2nt)

Hence, for any ¢ > 0

—1 —1
— log(1 — exp(—27t) - ks) < — log(1 — ks) - exp(—27t) < § exp(—27t)
T s

If (Z) = t+ Cs > Cs, by the second inequality of the last theorem and the previous

inequality, we have
|F(Z) — Z — af < dexp(—2mt)
Therefore, if 3(Z) > Cs then |F'(Z)—1] <.
1 1
Furthermore, if $(Z) > 7 log(—) 4+ Cs then |F(Z)—Z — a| <da. O
T

«

1
Remark. In particular, F' can not have fixed points above o log(—) plus some universal
T Q

constant.

Lemma F.4. Suppose F' € Ss(a) with § € (0,1/10) and consider the corresponding sets V),
V*, V* as in the proof of Theorem 3.3.6. Then

Fvycv | Ju .

Proof. By the definition of Ss(«v), |F(Z) — Z — a| < da holds. Then $(F(Z2)) > I(Z) — o
for all Z € H. In particular $(F(Z)) > S(Z) — da > 46(—R(Z)) — da for all Z € V*.
Since F' € Ss(a) we also have R(F(Z) — Z) — a > —da. Hence, if R(F(Z)) < 0 we have,

S(F(Z)) > 46(~R(Z)) — o > 46(—R(F(Z))) + 45(a — 6a) — 6o > 46(—R(F(Z)))

This means that for all Z € V* with R(F(Z)) <0, F(Z) has to be in V*.
Since F is univalent on H and periodic with period 1, the sets V, F(V) are homeomorphic,
and the following union

F({-1+it:t>45})| JF({t +i46: =1 <t <0} | F({it : t > 45})

bounds the open strip F'(V). By definition of Ss(«), it is easy to see that . li+m (F(—=147it)—

it) = =14+ a <0, s0 R(F(—1+1it)) < 0 for ¢t large. Therefore, we have two possibilities.
If R(F(—1+it)) < 0 for some t > 40, by the first conclusion F(—1 + it) € V* because
—1 414t € V* when t > 40.
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If R(F(—1+4it)) > 0 then 0 < R(F(—1+it)) = —1 4+ R(F(it)) < R(F(it)) which implies
that the line segment [F(—1 + it), F(it)] is contained in U because F(—1+it) = F(it) — 1
for all ¢ > 46; therefore the inclusion F({—1+ it : ¢ > 40}) C V* |JU holds. On the other
hand, it is obvious that F({it : t > 46}) C V* |JU and using the definition of S;(a) one sees

that S(F (s +i40)) > (s +446) — da > 45 — da. Then we conclude that F(V) C V* JU .

Since —1 + 4 € V*, from one of the inequalities above SF(—1 4+ i40) > 45 — da. On the
other hand it is easy to see J(F(0)) < da. Now consider the map p(t) = S(F(t — i4dt))
where ¢t € [—1,0]. By the previous statements ¢(—1) > ¢(0). Clearly ¢ is continuous
on [—1,0], and differentiable on (—1,0). Moreover ¢'(t) does not change sign on (—1,0);
otherwise there exists some t* € (—1,0) such that 0 = ¢/ (t*) = S(F'(t* — i4dt*) - (1 — i49)).
Since F' € Sg(ar), we have |F'(t* — i45t*) — 1| < §. Then

B/ (1 — 46t0) (1 — i46) — (1 — i40)| < |1 + i46]

So
46 = S(F'(t* — i40t*)(1 — i40) — (1 —i40)) < (1 +40)d

which is a contradiction because 6 € (0,1/10). Since p(—1) > ¢(0) and ¢'(t) # 0 we can
say that ¢ is strictly decreasing with minimum at 0, so S(F(t — i4dt)) > I(F(0)) for all
t € [-1,0]. Thus the curve F(t — i40t) cannot intersect the segment line [0, F'(0)].

Now, if R(F'(t—i40t)) < 0 then F'(t—i4dt) € V*, because t—idot € V*. If R(F (t—idot)) > 0,
the point F'(t — i4dt) cannot be at the right side of the image of the imaginary axis under
F'; otherwise the curve ¢ intersects the image of the imaginary axis under F' in at least one
point. But that is impossible because F is injective, so the point F(t —i46t) € U. Therefore,
the image of the curve ¢ is also in V* JU.

Finally we will analyze the remainder of the set V*. This means the closure of the set V*\ V
which is {Z : 40 > S(Z) > —R(Z) ; —1 < R(Z) < 0}. Since the boundary of this set is
mapped into V* | JU and F is univalent, in particular a homeomorphism, we may conclude
that F(V* \ V) is also a subset of V* [ JU. O



Appendix G

Modulus of a Ring Domain and
Quasiconformal Mappings

Definition G.1. A plane domain G is called simply connected if its complement is con-
nected. If the complement of G consists of n components (1 < n < o0), then G is called
n-tuply connected. A doubly connected domain is called a ring domain or ring.

The definition of the modulus of a ring domain is based on the following mapping theorem:
Every ring domain B can be mapped conformally onto an annulus {z : 0 < r < |z]| <
ro < 00}. Such a mapping is called a canonical mapping and the corresponding annulus a
canonical image of B. If r; > 0 and ry < co for one canonical image of B, then the ratio
r9/r1 is the same for all canonical images of B, see ([27], Pg. 292). The number

)7

which then determines the conformal equivalence class of B, is called the modulus of B. On
the other hand, if 7 = 0 or 7o = oo for any canonical image, then we define M(B) = oc.
This happens if and only if at least one boundary component of B consists of a single point.

M(B) = log(=2

1

Definition G.2. Continuity of the Modulus. A sequence of sets {E,} is said to converge
uniformly to a set E if, for each € > 0, there exists an N such that n > N implies each point
of E, lies within distance € of E and each point of E lies within distance € of E,.

The next result is know as the continuity property for the modulus of a ring. For more
details see [16], pg. 367 .

Lemma G.3. Let R, be a sequence of rings and let R be a bounded ring. If each of the
components of OR,, converges uniformly to the corresponding component of OR, then

M(R) = lim M(R,)

n—oo
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Definition G.4. Quasiconformal Mappings. A sense preserving homeomorphism f of
a domain A is a K-quasiconformal ( K > 1 ) if and only if M(B) < KM(f(B)) for any
arbitrary ring domain B, B C A.

For more details about this definition see [20], pg. 13 . For these kinds of mappings we have
the following generalized extension theorem. For the details of the proof see [21], pg. 42.

Theorem G.5. Extension Theorem for Quasiconformal Mappings. A quasicon-
formal mapping of a Jordan domain onto another Jordan domain can be extended to a
homeomorphism between the closures of the domains.

Lemma G.6. Assume ) : (D,0) — (D, 0) is a K-quasiconformal homeomorphism. For each
r€(0,1) set R=D\[0,r]. Then

M(R) < KM(y(R))

Proof. Fix r € (0,1). There exists ng such that n > ny implies % <1l-—r. Forn>nglet R,
be the bounded ring domain whose boundary is the disjoint union of the line segment [0, 7]
and the circle {z : [z| = 1—1}. Clearly R, converges uniformly to the bounded ring domain
R. Moreover by the definition of quasiconformal map, we have

M(R,) < KM($(Ry))

From this inequality and the continuity of the modulus it is enough to prove that the bound-
ary of ¥(R,) converges uniformly to the boundary of ¢(R). But from the definition of the
sequence { Ry }y>n, it is enough to show that ¢({z : |z| = 1—1}) converges uniformly to OD.
Since D is a Jordan domain and v is quasiconformal we can extend ¢y homeomorphically to
the boundary; we also call this extension ). On the other hand, let E, be the set defined by
B, =({z:]2| =1~ 1}).

Given € > 0 there exists N such that n > N implies dist(z, D) < € for all x € E,,. Otherwise
there exist ¢y > 0 and a sequence (z,, ) satisfying

1
|2n,| =1 — — and dist(¢(zy,), D) > €o;
ny,
we may assume (an) converges to a point a € JD. So using the extension of ¢ we get
dist(¢(a),0D) = klim dist(1(zn, ), 0D) > €y, which is a contradiction since ¥(a) € JD. Now,

given y € D by the extension there exists a unique x € D such that ¢ (z) = y. Since the
sequence of circles {z : |z] = 1 — 2} converges uniformly to O there exists a sequence (z,)
which converges to = and satisfies |z,| = 1—1. Then lim dist(y, E,) < lim [¢(z)—t(z,)| =

0. Define g,(y) = dist(y, E,); clearly this is a sequence of continuous functions on 0D and
for each y € 0D the sequence (g,(y)) converges monotonically (decreasing) to zero. Since
0D is compact we can apply Dini’s Theorem. Thus dist(y, E,) converges uniformly in y to
zero. Therefore E,, converges uniformly to 0D and the lemma follows. O
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The following result is known as Grotzsch’s Modulus Theorem. For the proof see [21], pg.
54.

Theorem G.7. Grotzsch’s Modulus Theorem Suppose r € R with 0 < r < 1. If the
ring domain B separates the points 0 and r from the circle |z| =1 then

M(B) < M(B(r))
where B(r) is the ring domain whose boundary consists of the circle |z| =1 and the segment

0 <z <r of the real axis.

This ring domain is called the Grotzsch extremal domain. From now on, we denote M (B(r))

by u(r). For any r € (0,1), the following equality holds :
T K(y/1—1r?)
pu(r) = §W 5

where K(r) is the Legendre normal integral given by

! dt
Ko = | =

This means that p(r) can be expressed in terms of elliptic integrals. For the proof of the last
equality above see [21], pg. 59-60. Now, it is easy to check that p is a continuous function
on (0, 1) satisfying pu(0+) = 400 and pu(1—) = 0. By an elementary computation (see [1],
pg. 50)

d(K(\/l—rz))_ -7

dr K(r) —2r(1 —r2)(K(r))?

Therefore, we conclude that u is a strictly decreasing homeomorphism from (0,1) onto
(0, +00).

Lemma G.8. The function h(r) = pu(r) +log(157), where v’ = \/1 — 12, is strictly decreas-
mg.

Proof. . By a computation

d ™ Ar'K?
—(h(r)) = —1
dr( ) 47’T’K2( 2 ) <0
where K () is the Legendre normal integral . O

Lemma G.9. The function f(r) = u(r) + log(r) is strictly decreasing .

Proof. Clearly f(r) = h(r) + log(1 + r’) where r' = /1 4+r2 . Since log(1 + r’) is strictly
decreasing, the monotonicity of f follows . O]



Lemma G.10. The function u(r)/log(4/r) is strictly decreasing on (0,1).

Proof. This follows from the lemma above, since

log(4/r) _ | | log(4) — (u(r) + log(r))
1u(r) p(r)

7



List of symbols

C*=C\{0}.

D=A(0,1):={z€C: |z <1}

H = UpperHalfPlane :=={Z € C: ¥(Z) > 0}.
Azg,r):={2€C: |z — 2| <r}.

Alzg,r] :=={2€C: |z — 2| <r}.

(a,b):= the open interval with extremes a and b

[0, z]:= the closed line segment with extremes 0 and z .
| =iROH:={it € C:t >0}

e=exp(1)

f:(C,0) — (C,0) , means that f leaves the point z=0 fixed.

[a]:=integer part of «.
{a}:=fractional part of «
||a||:=min{|n — a| : n € Z}.

dist(y,V):=inf{ly —v| :v € V}
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