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Abstract

Due to the widespread demands for efficient Propositionsbfgeility (SAT) solvers and its

derivatives in Electronic Design Automation applicatipnmsethods to boost the performance of
the SAT solver are highly desired. This dissertation aimsrtikance the performance of SAT and
related SAT solving problems. A hybrid solution to boost S¥lver performance is proposed as

an initial attack in this dissertation, via an integratidozal and DPLL-based search approaches.

Next, a different hybrid strategy is attempted that takesathge of the conflicts in the SAT
search, which plays a critical role in modern SAT solversudlly a learned conflict-induced clause
is added back to the clause database. Although conflicieelalauses help to block a portion of
the search space, they can also become a burden due to thtecdtieén memory consumption
and Boolean Constraint Propagation (BCP). We thus proposee double-layer conflict-driven
learning to store only those “primary” conflict clauses batk the clause database while keeping
the other clauses as pseudo Boolean constraints. Withgheach our experiments demonstrate
that the approach can improve both in performance and meoorsumption. This work opens

the door on how to assess the usefulness of conflict indueede&s.

Besides the aforementioned works about enhancing SAT rspkerormance and reducing
memory cost, this dissertation also proposed a contrigwtiork on the extended SAT problem
solving. The current SAT solvers can provide an assignnoerat $atisfiable propositional formula.
However, the capability for a SAT solver to return an "optifrsalution for a given objective func-
tion is severely lacking. MIN-ONE SAT is an optimization piem which requires the satisfying
assignment with the minimal number of Ones, and it can béyeagiended to minimize an arbi-

trary linear objective function. While some research hanb@nducted on MIN-ONE SAT, the



existing algorithms do not scale very well on large formuldis dissertation presents a novel
approximation algorithm (RelaxSAT) for MIN-ONE SAT. RelBAT generates a set of constraints
from the objective function to guide the search. The coigBare gradually relaxed to eliminate
the conflicts with the original Boolean SAT formula until alwton is found. The experiments
demonstrate that RelaxSAT is able to handle very largenesswhich cannot be solved by ex-
isting MIN-ONE algorithms; furthermore, RelaxSAT is abtedbtain a very tight bound on the

solution with one to two orders of magnitude speedup.

Based on the proposed powerful MIN-ONE SAT algorithm, wdtlauMAX-SAT solver which
achieved more than one order of magnitude speed up compattethe-state-of-art MAX-SAT

solver. We also discuss a promising application of this M8XT solver in formal verification.
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Chapter 1

Introduction

Since its birth in the 1950s, the semiconductor industrychasged the way people work, commu-
nicate and live. From consumer electronics to high perfoiceasupercomputers, a vast majority
of the devices rely on some form of digital circuits. Althdutipe current Very Large Scale Inte-
gration (VLSI) chip design and manufacturing industry iseatly a multi-billion dollar industry,

it still holds an immeasurable potential to grow. With todagdvanced technology, engineers are
able to design chips with several hundreds of millions afigrstors. For such huge designs, as-
suring their correctness is even harder than their actisijde Consequently, design verification
plays a central role in the design flow due to the fast devetogof VLSI technology. It has
been reported that over 70% of the total design effort needhe tallocated allocated to verifica-
tion [25)[64]. This problem is especially severe in the deep sub-micrardee to rising design
complexity. The core value of design verification is to hélp tlesigners to ensure the correctness
of the design. Furthermore, verification can enhance thestoless of the design because it helps
check the corner cases which may not be carefully considardite early design stages. Such
confidence in the correctness of the design is vital in maiticar applications. For instance,
when designing a traffic light controller, the design musargimtee that two perpendicular green
lights cannot be simultaneously on. Verification tools mustable to prove that such scenarios

areimpossibleto happen in the design. Typically it is less costly to fix bugshe early stages



and hence deploying verification tools also helps to redue@évelopment cost. The criticality of

verification necessitates the development of more effisientication techniques.

In order to ensure that verification goals are met, variocisrtgjues have been developed over
the years. Currently the state-of-the-art verificatioild@an handle large designs with millions of
gates with reasonable computation and resource cost. VagBeation approaches can be roughly
divided into two categories. The first is simulation-based the second is commonly referred to as
formal verification. Simulation-based techniques try talate a large portion of the entire input
space that a design may encounter to see whether it candoradirectly p0O][77]. Simulation-
based verification has been widely adopted in industry dwedecades due its low overhead and
easy implementation. When the size of the design increéddss;omes unrealistic to enumerate
all the possible scenarios. But the basic rule still holdge more scenarios you simulate, the
higher confidence you have in the correctness of the desigorder to increase the confidence
of the verification results, billions of scenarios have totbsted for today’s real designs which
certainly becomes a unbearable burden in terms of budgetirmedto-market. Given this fact,
even though the current simulation-based verificationrglres have been developed and pruned
to be very intelligent, they still lag behind the demandsegzfl rdesigns. The biggest challenge of
simulation-based verification is that it cannot guaraneecbrrectness unless all the scenarios are
exhaustively simulated, which is frequently referred tdhas”coverage problem”. The coverage
here represents how much of the total scenarios have beenecblby the simulation. Obviously
in simulation-based verification higher coverage is alwagsired, but how to reach a desirable

coverage rapidly remains a challenge.

To overcome these limitations, researchers and enginagestairned to formal verification to
seek alternative verification solutions. The term "Formalformal verification means that these
techniques can guarantee the assertions made and no casesr will be are missed. Usually
formal verification methods are complete because they parém implicit and complete search
on all the possible scenarios. Formal verification techesgsignificantly boost designers’ ca-
pability to find hard-to-find bugs and totally eliminate theverage problem. Since in formal

verification we have to implicitly search all the scenaribsinot surprising that the backbone
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solvers have to be extremely intelligent and powerful. Bjriaecision Diagrams (BDD)Z40] have
been a widely used structure in formal verification techagurhey are included in tools such as
[44][22][10][21]. BDDs provide a way to store Boolean functions compactly mranipulate them
efficiently. Using BDDs, it is theoretically possible for tsshandle complex designs directly and
conduct the verification steps in a complete manner. Howsugre BDD-based techniques store
the complete representation of the design in a canonichldasthey face the memory blowup
problem. Although this problem can be eased by BDD optinorat cannot be avoided in some
cases. So, recently, researchers have started work onftirosa verification techniques that are

not memory-hungry.

In the last decade, another formal verification techniguedmerged and has had a huge im-
pact on the development of formal verification tools due ®libge strides made in propositional
satisfiability (SAT). By modeling the verification probleimough this well-known SAT formula-
tion, we are able to take advantage of exceptionally potéit sblvers to solve the verification
problem. Both the SAT solver itself and its relevant formatification problems have since be-
come active research areas. In fact, SAT solvers are amengdst vibrant research topics in
formal verification today. Compared to BDDs, SAT is not as mgmntensive but is still highly
computationally intensive. By balancing memory size antd@Bwer, a good verification system
may be a blend of both BDD and SAT techniques.

We will briefly show how the SAT based formal verification wergy an example of equiva-
lence checking{2][39]. In formal verification, equivalence checking is used tedhwhether two
designs are functionally equivalent. Note that a functilyrequivalent design is not necessarily
structurally equivalent. One may see that equivalencekihgds an ideal application of formal
verification where 100% confidence is mandatory. A classit-B#sed equivalence checking can
be done in the following way: Given two designs to be checkeely inputs are tied together and
their outputs are monitored to see whether there existspr pattern that can generate a distin-
guished output. This setup can be transformed into a saiigiffainstance in linear time. After
we obtain this SAT instance, a SAT solver is invoked to solvéhe SAT solver should be able

to declare this instance as satisfiable or unsatisfiablechaheétermines if the two candidate de-
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signs are equivalent or not. SAT-based formal verificatsoalso used in other formal verification,
such as Bounded Model Checking (BMCH|[ 58], Unbounded Model Checking (UMC)}][46],
Reachability Analysis4][41], etc. Usually the conversion of a problem to a SAT instasaela-
tive easy, the difficult part is the solving of the instancs.the SAT solver now is the backbone of

many formal verification techniques, a high-performanc& Sélver is highly craved.

As mentioned before, significant research has already bamiucted on SAT solvers, from
which many efficient and scalable techniques and heuristige been discovered. When aiming
to build a better SAT solver, it is wise to find a solution thahde benefited from all prior dis-
coveries. After carefully analyzing the existing SAT salagyorithms, we propose a novel hybrid
framework to boost the SAT solver performance, especiallydrmal verification problems. This
framework enhances the SAT solver performance to a highellbyy taking advantage of existing
SAT algorithms. We also plan to extend the hybrid approathheeme SAT related optimization

problems and other formal verification problems.

In this dissertation we not only proposed a flexible framdwtorleverage the SAT solver per-
formance by integrating the existing SAT solver algorithout also pursued to improve the funda-
mental SAT solver techniques. Furthermore, we conducteheive research on SAT optimization
problems, such as MIN-ONE SATfland MAX-SAT[36].

1.1 Contributions of This Dissertation

Although SAT solvers have been intensively studied and lyideed in both industry and academia,
the demand for more powerful SAT solvers has never beenegreki this dissertation, firstly a
hybrid framework that integrates two orthogonal SAT altjoris is presented. This hybrid solution
takes strength from both sides while alleviating their wesss by interacting with each other. This
combination is not-trivial and is entirely different frort the existing hybrid attempts. This hybrid
framework uses a abstraction-refinement flow and can be Iijeddployed on top of current SAT

solvers. The experimental results demonstrate its effeotiss and flexibility.



To further leverage the performance of SAT solver and evdaae the memory cost simulta-
neously, we investigated one of the most important fundaah&AT solving techniques-conflict
driven learning, which leads to our second major contrdoutf this dissertation: double-layer
conflict driven learning. Our proposed double-layer amgttitre allows extra flexibility to store
the conflict-induced clause. Meanwhile it can bring sigaificperformance boost due to a better
decision order and reduced Boolean constraint propagetisiby suppressing the supplementary

conflict-induced clauses.

Although the SAT solver is able to handle many applicatisnsnfbroad application domains,
generally it lacks the capability to provide a optimizedusimin. Currently more applications are
emerging to demand an accurate yet fast algorithm on thid &frfSAT optimization problems:
satisfiability combined with additional objective funatg But in reality all the existing algorithms
fall short due to the unbearable computational complexit@ur third major contribution is the first
approximation algorithm even known in this area, which pEguthe computational complexity
radically and still provides a tough bound. We believe whke tielp of our algorithm now it

becomes feasible to solve many problems that is hardly Iplessi the past.

Finally, to further demonstrate the effectiveness of o uUNMDONE SAT algorithm, we built a
MAX-SAT solver on top of this algorithm. This MAX-SAT solveaxhibits more than one order
of magnitude performance improvement when compared wélother best-in-clause MAX-SAT

solvers.

1.2 Organization of The Proposal

The remainder of the dissertation is organized as followse fiext chapter describes the prelimi-
naries of various SAT and MIN-ONE SAT algorithms. The detdiéhind our hybrid incremental
SAT solver are presented in Chap8iThe double-layer conflict driven learning will be discu$se
thoroughly in Chapte4. Our novel MIN-ONE SAT approximation algorithm is presehie Chap-

ter5. A MAX-SAT Solver and its application in formal verificatiaa discussed in Chaptér All



the works are summarized in Chapter



Chapter 2

Background

2.1 Satisfiability Problem and Its Solving

SAT is one of the most intensively studied problems due tbriggd use in Artificial Intelligence
(Al), planning, circuit testing and circuit verificatiomd other electronic design automation prob-

lems. Since the 1960s, various SAT techniques have beeosedp

A SAT problem takes as input a propositional formula thatfierorepresented as the con-
junctive normal form (CNF), in which a formula is a conjurtiof clauses, each of which is a
disjunction of literals. A solution to this formula is defthas a set of variable assignments that
makes this formul#érue. In other words, all the clauses of this formula should béuatad as true
under such an assignment. If such a solution exists for angivenula, the corresponding SAT
problem is said to be satisfiable. Otherwise it is unsatikdiablere is an example of a formula
in CNF: (a+ b)(b). This CNF formula includes two clauses, where the first @aentains two
literals and the second clause has only one literal. Therenar variables in this CNF, and a literal
is a variable in either positive or negative polarity. Olmaty this formula can be satisfied with the

assignmenfa=1,b = 0}.

The first systematic approach to tackle the SAT problem iDRealgorithm p5]. In the DP



algorithm, a procedure callddnary resolutions invoked repeatedly on the clauses of the formula
until no more clauses can be resolved or an empty clausedswtiged. In the first case, it means
this formula is satisfiable while in the second case, thevdgon of an empty clause indicates that
the formula is unsatisfiable. The resolution procedure isadly an operation to generate a new
clause from two clauses if these two clauses share at least@nmon variable with opposite
polarities. The new clause generated by resolution is afi¢atpn of the original two clauses,

also called a resolvent of the two clauses.

For example, consider the following CNF formufa (a+ b)(a+ c)(b+¢). For simplicity
these three clauses are notedCag, andCs here. By applying resolution betwe€h,Cs and
C1,Cs, we can obtain two new clausées+ 5)(5—1—6), namedC4 andCs. Now for these five clauses,
C1,C4 andCy,Cs can be resolved, which lead to clau®g (a). By checking all the possible clause
pairs in the clause s€iC;,Cy,C3,C4,Cs,Cs,C7}, we can find that no resolution can be further
applied. Based on the conclusion we mentioned before, tNi§ 8 satisfiable since no empty
clause can be derived. In this example, assignfi@nt 0,b = 0,c = 1} satisfies the formula. Let
us look at another exampléa + b)(a)(b). Similarly we name the three clauses@sCy,Cs. If
C1,C; are resolved, a intermediate clauy$e will be obtained. Now we have two clausgs and
(5). It is easy to see that the resolution between these twoedaudl result in an empty clause
which means the original formula is unsatisfiable. From eh®g examples we can see that a
large number of clauses can be generated by the resolutioess even for small-sized formulas.

Hence, the memory cost can easily be a burden for the DP #iguri

Since resolution only introduces implied clauses from thegial formula, it will not change
the satisfiability of the original formula. It has been prdvibat a formula is guaranteed unsatis-
fiable if an empty clause is generated by resolutis),[because an empty clause indicates that a
internal conflict relies in the formula. When any pair of das in the formula does not share any
common literal with opposite polarities, the resolutiongess will stop and this formula can be
concluded as satisfiable. This is due to fact that if no comwawiable with opposite polarities is
shared between clauses, then all the clauses can be astgigmedrue independently. Although

the DP algorithm is complete, it is not practical becausentimaber of new clauses generated by

8



resolution can increase exponentially with respect to timalver of variables, causing a memory

blowup.

Next, the DPLL algorithm was introduced by Martin Davis, &g Logemann and Donald
W. Loveland in 196229]. In the DPLL algorithm, instead of performing explicit mdgtion on
the clauses, each time one variable is selected and assigvedde and the Boolean Constraint
Propagation (BCP) procedure is invoked to identify thegassients implied by this assignment. If
the current assignment to the variables causes a con#ligtpne or more clauses evaluate to false,
the solver willbacktrackand make a different decision. Since the DPLL algorithm ioihy
traverses the entire solution space, this algorithm is ¢ermpAlthough the DPLL algorithm has
the advantage that the memory cost is 0@ly), the computation time can be exponential in the
number of variables. We will show how the DPLL algorithm wemn the preceding formula
as well. Given formuld, suppose we first pick variabéeand assign it value ONE. Now, in order
to satisfyC, variableb has to be assigned ONE. Usually this is calléds implied as ONE by
the assignmerd = 1”. Similarly variablec is also implied as ONE. Whefa=1b=1c=1}
is assigned to the formula, we can observe th&l is unsatisfied. A conflict now occurs which
indicates our current assignment is wrong. Looking back&arty only one decision has been
made so far, which is =1 (b andc are implied bya = 1, they are not decisions). Based on
the algorithm the most recent decision will be flipp@d= 0. With this new assignmera =
0, clauseC; andC; are already satisfied. In clau€s, when variableb is picked and assigned
a ZERO,F can be determined satisfiable. From this simple example nwae notice that the
efficiency of the DPLL algorithm highly depends on the valgatrder from which the decisions are
made. It has been shown that finding the optimal decisionrasdeP-complete, some heuristics
have been demonstrated to be efficient and scalable. Bdbiel@®cision order, the implication
operation, normally called Boolean Constraint PropagaBCP), also has a significant impact on

the performance of the DPLL algorithm.

The concept of conflict-driven learning is a ground breakexhnique in modern SAT solver
development$4]. We now provide a brief overview on how conflict-driven legrg works and

why it is useful. During the search of the DPLL algorithm, anay find that we may be doing

9
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Figure 2.1: An example of implication graph

some unnecessary search. A simple example is shown ir2.Eigvhere a partial implication
graph is shown. An implication graph illustrates the imation relationships between variables.
In the implication graph, the vertices are the variabledlieir values, and the directed edges
represent the implication relationships between the kg In Fig2.1, variablex with value
ONE impliesb equals ZERO which leads toequals ONE. Meanwhile variabjampliesc equals
ZERO with assignment ZERO. Now we find that after assigmirgl andy = 0, a conflict arises
because is implied to two opposite values. Assume that this partigblication graph resides
in a subtre€el, of the whole decision tree, as is shown in @ Due to conflict on variable

c the solver will backtrack in this subtree. Suppose at a latee, the solver enters the search
area of subtredg, shown in Fig2.2 At that time, if variablex andy are still free variables
(i.e., they have not been assigned a value or implied by pusvassignments on other variables),
it is highly possible that the solver tries to assiga- 1 andy = 0 which will definitely cause

it to backtrack. One can see that this attempt of assigriagl andy = 0 is unnecessary and
should be avoided. Generalizing the preceding discusaitechnique can be developed to avoid
unnecessary searches in the future by allowing the SAT sodveemember the history . This
is the basic concept behind conflict-driven learning. Theflei-driven learning records the set

of variable value combinations that will falsify the fornaulThe learned information is stored as

10



Figure 2.2: Conflict-driven learning

conflict clausesThese conflict clauses are added to the formula, gradusdigasing its size with
each added conflict clause. However, since the conflict elalkock the known futile assignments
in advance, the computation resources are saved. In ourpdeatine conflict-driven learning will
add a newly learned clauge+y) to the formula to prevent this futile assignment in the fatut
should be noted that not only the assignments can derivetifkat-induced clauses, any cut in the
implication graph can constitute the conflict learned aksud hese internal cuts are actually more
powerful due to the fact that various assignments can be ethfgpa same cut in the implication

graph. Different learning strategies were discussed iaildat[79].

Conflict-driven learning helps to avoid unnecessary seanuth in the mean time, it also intro-
duces an overhead to the size of the formula. But the ovdfaliteof conflict-driven learning is
generally positive, as it can dramatically improve the perfance and capability of modern SAT
solvers. The introduction of conflict-driven learning lggnthe SAT application to a whole new

level.
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Both DP and DPLL algorithms are complete and determinigtitch means that given enough
time and memory a formula can be proved unsatisfiable or dignloan be found. Despite their
advantages, the DP and DPLL algorithm can suffer from eithemory or temporal explosion.
There exists another category of algorithms, which is hghtght and local search based. Usually
people label these algorithm as stochastic search-bagedthins. GSAT $6] and WALKSAT
[67] are two well-known algorithms in this category. In stodi@search algorithms, a complete
assignment is generated for all the variables at the baeggnnBecause every variable has been
assigned, each clause is either satisfied or unsatisfielitéedils in the clause evaluated to false).
A number of steps of local greedy search are followed to tipit@mize the number of unsatisfied
clauses. For example, in WALKSAT, at each step a clause ectss from the current set of
unsatisfied clauses and the assignment to one of its liisrligped. After a number of iterations,
the set of the unsatisfied clauses is hoped to become emptthasd solution can be found.
Nevertheless, it should be noted that it may be possibleh®istarch to be trapped in a locally
optimal point where at least one unsatisfied clause stilaras To avoid being trapped indefinitely
at local optima, a CUTOFF threshold is used to denote themaxi number of steps allowed. If
the CUTOFF threshold is reached without obtaining a safyta re-start in the solver may be

invoked.

Compared with stochastic local search, DPLL algorithm inily searches the entire search
space. Thus itis referred to as the systematic search-aissdtalgorithm. Generally, search-tree
based algorithms are complete while local search algostarma incomplete (note that Fang had

published a complete local search algoritig4]].

It has been demonstrated that both DPLL search and localisbave their own strengths and
favored applications. There have been various attemptsrttbime them 43] [56]. In [56], a
local search is used to help the DPLL-based solver selectekiedecision variable. Because the
decision order of the DPLL SAT solver is directly modified Imetlocal search engine, the under-
lying decision order heuristics may potentially be degdad&his approach may not gain much
performance as shown i8%]. In [43], WALKSAT is used to exploit the variable equivalences and

dependencies at certain nodes of the DPLL tree.
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2.2 Potential to Improve Conflict Driven Learning

The major breakthroughs in the SAT solver in the past fewdesaan be divided into (1) efficient
Boolean Constraint Propagation (BCP), (2) well-tuned sleai heuristic and (3) conflict-driven
learning (CDL) B4][62]. In the SAT solving progress, CDL records the reasons ofi eanflict

in an intelligent manner such that much of search space caiobked by these added clauses in
the subsequent searches. The usual implementation of Chk fellowing: whenever a conflict
arises, the current implication graph will be analyzed todpice a reason behind the conflict,
yielding a conflict-induced clause (CIC). Since a CIC is ¢anged by the negation of those literals
from a cutset of the implication graph, it is guaranteed wianever this CIC is violated the solver
can immediately backtrack. This is because all decisiotes #fis point will only lead to conflict
spaces. We can see that a CIC helps to block a portion of thehsspace in the search. The
most popular heuristic to generate CIC from conflict is UlIRi@ie Implication Point), which is

described in detail ing1]. There have been other heuristics to analyze QW[ p4].

Although CDL is a powerful technique to boost the SAT solverfprmance, it also has its lim-
itations. One limitation is that the excessive number offlictAnduced clauses can significantly
slow down BCP and consume extra memory. One may argue thlataghted conflict-induced
clause is able to block some portion of the search space. ewtiig argument is true, in reality
not all conflict clauses may be useful. As a result, by addirsgyeconflict-induced clause without
checking if it is useful or not, it has been observed that nadnlye added clauses can only produce
a every limited number of conflicts in its lifetime. Some cantftlauses also provide no additional
pruning in the remainder of the search. We call these ledslusmflict-induced clauses as “sup-
plementary” clauses, in contrast to the useful ones as ‘gminclauses. These supplementary
clauses consume unnecessary computational resourcese Woey bring noise to the decision
ordering heuristic and reduce its effectiveness. Our natitm stems from this observation and we
aim to find a solution that answers the following two questidih Can we improve the SAT solver
by dealing with these supplementary clauses more effigient)If so, how to efficiently identify

these supplementary clauses?
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One simple answer to question | is that these supplemeritarges should be dropped, thereby
avoiding both the memory and BCP burden. While this strategpite simple, it may be overly
optimistic and may mis-predict and discards some of thosegy clauses that should have never
been dropped. In regard to question I, mechanisms to oweFauis-predictions are needed. In
this paper we propose a novel double-layer architecturete the conflict-induced clauses, where
the extra computational cost for supplementary clausesngmal yet keeping a portion of their
search space pruning capability. The first layer is the santleeaconventional SAT solver, except
that only those primary clauses are allowed to be added loatietclause database. In the second
layer, the supplementary clauses aoempactedand stored in a Pseudo Boolean Constraint Set
(PBCS). PBCS is also checked regularly during the BCP anccanilict in PBCS will likewise
invoke a backtrack. The advantage of introducing PBCS isReaudo Boolean Constraint (PBC)
is more compact when representing the blocking informattias to significantly reduce the cost
to represent those CICH]|[24]. We name our proposed technique as double-layer confiietmr

learning.

It should be noted that many of current SAT solvers deployrigpies like database compaction
[62][30] to periodically remove unused clauses. This is differeotrf our approach since existing
methods are passive while ours is not. Database compadiumt be operated too frequently
or it becomes ineffective. More importantly, the dilutinffeet of decision ordering caused by
those supplementary clauses cannot be compensated bygragthods like database compaction.
Furthermore, we do not remove the clause entirely, but ttlesses are added to a pseudo Boolean

constraint. In other words, the value of the less useful adrdlauses is not completely lost.

In our proposed double-layer architecture each pseudceBaalonstraint in the PBCS is com-
puted as the summation of the assigned supplementary slalisshould be noted that the sum-
mation operation often diminishes the blocking power of §&I€@mpared with the scenario where
they were stored as distinct clauses in the first layer. THid@discussed in detail in Section XX.
One can see that whether the double-layer technique cancbessiul or not decidedly depends
on how accurate we can identify supplementary clauses. Westwdy the potential metrics to

evaluate the usefulness of CIC in Sectibg
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Chapter4 describes the framework of double-layer conflict driverriéay. Different ap-
proaches to evaluate conflict-induced clause are studi€gation4.2. Section4.3 presents the
experimental results on our proposed techniques. Our vareksoncluded in the Sectidn4 with

future work perspective.

2.3 Overview of MIN-ONE SAT: A SAT Optimization Problem

Although SAT is already widely used to target problems inaas domains, more applications can
be benefited by studying the derivations from basic SAT meblUsually these problems can be
modeled as a traditional SAT problem with additional ohjexg, such as finding a solution and
achieving maximal or minimal values on the objective fumetsimultaneously. Even though the
recent successes in SAT have offered much promise, whemgféioe problems that requires an

objective optimization, the current SAT solvers may not pplizable.

The heuristics embedded in the current SAT solvers gegestder the search to find the first
solution as quickly as possible. Thus, for a satisfiableaimst, one may argue that the solution
returned by a SAT solver is an arbitrary one among the patintiuge number of satisfiable so-
lutions. Furthermore, the "end-users” lack the ability éemtrol the SAT solver to return a solution
that they may favor. As a result, some applications are betylom scope of the basic conventional
SAT solver. For instance, consider the problem of genegadim input sequence that can take a
sequential circuit to satisfy some target such that the State has the least Hamming distance
from the initial state. When this sequence generation isaleadas a SAT problem on an unrolled
instance of the circuit, the existing SAT solvers may be édblfénd a sequence that can satisfy the
target objective, but they may have tremendous difficultgbtaining the sequence that produces
the final state with the least Hamming distance. Anothetedlaroblem that requires an optimal
solution is the problem of power-aware test generation,reviiee patterns generated should be
generated with the minimum (or maximum) switching actestacross two clock cycledT][50].
Besides these examples, other applications are emergdentand a more intelligent SAT solver

which can return an optimal (or close to optimal) solutioroaigits solution setObjective func-
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tions are commonly used to represent the optimality target. Witbr@priate simplification and
normalization of the objective function, the objective ¢tion can often be represented as a linear
function of the variable assignments. This puts the MIN-OBH problem as an ideal candidate

to address this class of problems.

The MIN-ONE SAT problem is defined as follows: Given a SAT fale if it is satisfiable, find
the variable assignment that contains the minimal numb@NES. MIN-ONE SAT can be viewed
as a combination of the conventional SAT formulation and atmaization problem. It tries to find
the best solution (minimal number of ONES in the assignmamipng all the possible solutions
for a satisfiable Boolean formula. Note that the MIN-ONE S&hot meaningful for unsatisfiable
SAT formulas, since an unsatisfiable formula will also be MINIE unsatisfiable. Compared with
the conventional SAT problem, MIN-ONE SAT demands more cotafon power because all the

potential solutions need to be searched to identify themgdtone.

A naive approach to the MIN-ONE SAT problem is to computeladl possible solutions first,
then identify the optimal one from among all the solutionBisTapproach requires an all-solution
SAT solver, so the overhead may render it to be infeasibleséone instances. Another way is
to treat the MIN-ONE SAT problem as a special case of Pseudidedo SAT (PBSAT) problem
[5][69]. The basic idea and procedure behind the PBSAT approathevéxplained here briefly:
Using the PBSAT concept, the minimal-ONESs target can beeteas searching the minimal sum
of the assigned variable values. Suppdgds the value in the assignment of variabland suppose
the total number of variables in the formulaNs then the to-be-minimized objective function for
PBSAT is simplyninimizezi’\‘zl\/i. To find the minimal value, the PBSAT solver gradually tigige
the minimal bound estimate until an optimum point is reactethis approach it is easy to see that
ZiN:1Vi can be replaced with any linear objective functions. Moraitkeabout this technique will
be covered in Sectio?.5. In [38], a method called OPTSAT is proposed to handle MIN-ONE SAT
via a modified DPLL 9] search algorithm. Although the incorporation between DRIgorithm
and MIN-ONE SAT optimization performs very well on some blemarks, it lacks the flexibility
to process arbitrary linear objective functions. Meanwlhile performance of the DPLL algorithm

may be degraded because of a forced decision order. ThentiiBl-ONE SAT algorithms are
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generally more suitable for small and medium sized formtas large MIN-ONE SAT formulas,

they often abort, unfortunately.

Due to the added complexity of the MIN-ONE SAT problem, parftng a complete search
to find the optimal solution is extremely hard. This obsdoramotivated us to propose an effi-
cient approximation algorithm for MIN-ONE SAT, which shduhot only be fast, but have low
computational overhead and high-quality approximationhef solution. In our approach, a set
of constraints from the objective function is automatigajenerated to guide the search. This
set of constraints is gradually relaxed to eliminate anyflazi(s) with the original Boolean SAT
formula until a solution is found. To the best of our knowledthis is the first approximation
algorithm targeting specifically on MIN-ONE SAT to achievéight bound on the solution. The
experimental results show that our approach can obtaimaliamund when compared with existing

complete-search based methods, with one to two orders afitodg speedup.

The previous algorithms of MIN-ONE SAT will be discussed ic8on2.5.2 In Chaptel5, a
novel approximation algorithm is proposed in Secttoh The experimental results are presented

and explained in Sectidii2 The conclusions and future works will be laid out in the kesttion.

2.4 Overview of MAX-SAT: Another SAT Optimization Problem

Similar to MIN-ONE SAT, MAX-SAT is another important SAT dptization problem, both in
theory and practice. Many difficult problems can be solvetlByX-SAT, such as Max-Cut, Max-
Clique and Binary Covering Problen®][36][15][59]. MAX-SAT is defined as follows: given
a SAT instance, which is known to be unsatisfiable, find a égiassignment that satisfies the
maximal number of clauses. Note that a clause is satisfiedh ahéeast one of its literals is
evaluated to true. In other words, MAX-SAT optimizes theiable assignments to satisfy as
many clauses as possible. One can see that the classic SWEmroan be viewed as a special

case of MAX-SAT where all the clauses are satisfied.

First, let us take look at an example of the MAX-SAT. Supposerga CNF formula(a+
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b)(a+b)(a+c)(a+c). This formulais unsatisfiable and have a MAX-SAT solution O,b=1,c = 1.
Under this assignment, three claugas- b), (a+ c), (a+ c) are satisfied with only clause + b)
evaluated to false. One may observe that assigngeest0,b = 1,c = 0} can also satisfy three
clauses to achieve the same bound as the previous assigniterst, for a MAX-SAT problem,

the solution may not be unique.

Although MAX-SAT is also a SAT optimization problem, it is i@ different from MIN-ONE
SAT. In MIN-ONE SAT, all the constraints (clauses) have toshésfied and a objective function
optimized simultaneously. On the other hand, the MAX-SAlVepattempts to maximize the sat-
isfiability of the formula. For satisfiable instances, the Xt8AT solver should be able to return
a SAT solution. On those unsatisfiable instances, the MAX-Sélver should be able to tell the
maximal number of clauses that can be satisfied and the pomdig variable assignments. Be-
cause the MAX-SAT problem of satisfiable instance is eqentio SAT problem, usually people
only study MAX-SAT on unsatisfiable instances. MIN-ONE SATriot meaningful for unsat-
isfiable instances since there does not even exist a soltdgits@ optimized. On the contrary
MAX-SAT is more meaningful for unsatisfiable instances.Hisdissertation, when MAX-SAT is

referred, the target instance is assumed as unsatisfiable.

There are various ways to solve the MAX-SAT problem. One ehths based on the SAT
local search algorithm2B][73]. In these MAX-SAT local search algorithms, similar to th&TS
local search algorithms, certain local greedy heuristiesandeployed to search a solution of the
instance. When the search ends after a preset limits (teseurce, etc.), usually a near-satisfiable
variable assignment can be found. For instance, WALKSAdIfitsan be used to solve MAX-SAT
problems. Although the light-weight and flexibility makecdd search algorithms suitable in some
real applications, generally they lack the capability teueis optimality. From the practicality point

of view, the bounds they achieve usually are loose for medindchlarge instances.

To pursue a guaranteed optimality lots of research turnstemd the DPLL algorithm to solve
MAX-SAT problem. Generally they are depth-first branch-doodind algorithms7][ 76][ 6][ 18]
with a DPLL skeleton. During the search progress, a variaalied Upper BoundUWB) records
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the current minimal number of clauses that were unsatisfyedrbassignment. The number of
unsatisfiable clauses by current partial assignment isaldINSAT NUM If we have a underesti-
mationU E of how many clauses would be unsatisfiable when the curretiapassignment was
extended to complete, the best reachable lower bound waldNSATNUM+UE. It is easy

to see that whetuB <= UNSATNUM4 UE there is no need to search the subspace anymore
since no better solution would be found. Clearly this bousithgation helps to prune the search
space effectively. Wheld B > UNSAT NU M+ U E the branch-and-bound search strategy will con-
tinue under this subspace. The algorithm stops when theerdearch space has been pruned and
searched. There are other ways to solve MAX-SAT problerks,ifi [17] the author proposed an

algorithm based on resolution.

The MAX-SAT problem has some variations. One of them is dafartial MAX-SAT. It
is especially useful in scheduling and planning probleB#[F1]. In Partial MAX-SAT, a set
of clauses is defined as hard constraints which means they thabe satisfied. On the other
hand, a set of clauses called soft constraints are expextazlgatisfied as many as possible. It is
somewhat different from MAX-SAT since in MAX-SAT no clauseforced to be satisfied. Partial
MAX-SAT can be solved in a similar manner as MAX-SAFG[65]. Just as MIN-ONE SAT, in
MAX-SAT when considering maximize the satisfiability of thestance, weights on each clause
can be different. People use weighted MAX-SAT to refer thebpgm where some clauses are
more favored to be satisfied, but not forced as in Partial MBXF [65][ 36][ 8]. One can see that

MAX-SAT is a special case of weighted MAX-SAT where each skais treated equally.

Besides the aforementioned MAX-SAT algorithms, MAX-SAThdze tackled based on MIN-
ONE SAT algorithms. The basic technique is that for eachsgaun auxiliary variable is introduced
to help this clause to be satisfied when necessary. Sinceetta$auxiliary variables is independent
to the original formula and irrelevant to each other, tremsformed new formula is guaranteed to
be satisfiable. Now the MAX-SAT problem of original formukdonverted to a MIN-ONE SAT
problem on the transformed new formula, where the minimahloer of ONES on the auxiliary
variables are desired. The underlying principle here iswthe auxiliary variable is ZERO the

transformed clause is deduced to the corresponding clauke ioriginal formula, thus the MIN-
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ONE SAT solution on the auxiliary variables correspondscyahe MAX-SAT solution of the
original formula. It should be pointed out that the MIN-ONETSsolution on auxiliary variables
requires the backbone MIN-ONE SAT solver to be capable teigeoMIN-ONE solution on a
subset of variables. We know that MIN-ONE SAT can be solveddiyie generic pseudo Boolean

solvers, consequently some pseudo Boolean solvers araldisto solve MAX-SAT problems.

For example, given a CNF formul&; + x2) (X1 +X2)(X1). This formula will be transformed
to (X1 + X2 + AX1) (X1 + X2 + AXo) (X1 + AX3), with the auxiliary variables a8X;, AXp, AX3. We
call the first formula a$, and second formula &s,. The MIN-ONE SAT solution of auxiliary
variables inF, is {AX; = 0,AX; = 0,AX3 = 1} with associated assignmefi; = 1,xo = 0}. Note
that the MIN-ONE solution is not unique in this example. lessy to see the MAX-SAT bound
equals to 2 (maximal number of satisfied clauses are two wigctause left unsatisfied). It should
be denoted that this MIN-ONE SAT based scheme is very flexdhti extendable. For instance
the Partial MAX-SAT can be mapped to only adding the auxiliariables on the soft constraints.
Comparatively the weighted MAX-SAT can handled by the weghMIN-ONE SAT extension.

In Chapter6, we propose a MAX-SAT solver based on our novel MIN-ONE SApragi-
mation algorithm. The experiments demonstrated our sasvable to outperform the existing

the-state-of-art MAX-SAT solvers over an order of magnéud

2.5 Preliminaries on the Basic SAT Algorithms

To help the readers to understand the details we will disocusise following chapters, in this

section some preliminary knowledge will be presented.

2.5.1 DPLL and WALKSAT Preliminaries

First We provide more details of the DPLL and the WALKSAT aitfums. The DPLL algorithm

was first published by Davis, Logeman and Loveland, and ihéskasis for most modern SAT
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solvers. The pseudo-code of DPLL is listed in Listid [62].

Listing 2.1: DPLL Algorithm

def DPLL
begi n
while (true)
if (!decide()) /=i f no unassigned varssx/
return SAT

while (!bcp())
if (!ResolveConflict())
return UNSAT
end
def Resol veConflict()
begi n
d = nost recent decision not tried bothways
if (d == NULL) // no such d was found
return fal se;
flip the value of d;
mark d as tried both ways;
undo any invalidated inplications
return true;

end

The decide() function in the DPLL algorithm incorporates thecision order heuristic. The
most time-consuming part in a given iteration of the aldonitis the bcp() function, where the
formula is evaluated under the current variable assignsrtentheck if any other variable assign-
ments may be implied, or that a conflict has been encountdfdtie formula is satisfiable, an

assignmentA, to the variables will be generated.

WALKSAT [67] was proposed in 1994 as an improvement of the previous GSAT First,
several definitions will be explained before going deepahaWALKSAT algorithm, shown in
Listing 2.2 A clause is said to bbrokenif all the literals in this clause are evaluated to be false

under the current variable assignment. Tneken-counbf a variable is the number of clauses
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that will be broken if the value of this variable is flipped. éflbroken-count of a variable is used
to evaluate the gain for flipping the given variable. When @kbn clause becomes non-broken
by flipping the value of a variable, usually it is referred sothis clause ifiealedby this flipping.
For example, given the formul@+ b)(b+ c)(a+c) and the assignmerfa = 1,b = 0,c = 0},
clausega+b) and(b—+c) arebrokenby this assignment. If the value of variatalés flipped from

1 to 0, claus€a+ b) will be healedby this flip and only clauséb+c) is left asbroken Now the
broken-counts of variablga, b,c} are{1,0,1}.

Listing 2.2: WALKSAT Algorithm

def WALKSAT
begi n
A=random y generate truth assignnment
for i=1 to CUTOFF
if (A satisfies the formula)
return A / «SATx/
C=choose a broken cl ause
if (rand() %400 > p) /=*with prob. px/
v= var with smallest broken—count in C
else /«with probability 1—px/
v= randomy select a variable in C
Flip(v) /xreverse value of vx/
Updat eAssi gnnment (A) / «A is updated with the value of v reversedsx/
return FAIL /% can’t determ ne «/

end

In the WALKSAT algorithm, a variable is chosen from a broken clau€e the value ofv is
flipped in an attempt to reverse the conflict currently causegcl Normallyv is selected among
several variable candidates by comparing the potentialsgafithe eligible candidates. When the
value of a variable is flipped, some broken clauses may be healed while someopisdyisatisfied
clauses may be broken. In the basic WALKSAT, a variable withdmallest broken-count will be
the chosen to be flipped. This can be implemented in an effierag like two-literal watching

scheme in Chaff37]. WALKSAT will try a preset number of steps (CUTOFF) befoteciaims
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that it has failed to find a solution.

2.5.2 MIN-ONE SAT Preliminaries

To help the readers better understand our proposed MIN-ONIEapproximation algorithm, in
this section we will explain the terminology that will be dsiaroughout Chaptes, followed by
the discussion of some of the existing MIN-ONE SAT algorithm

The target MIN-ONE SAT formula is denotedgs Supposé, hasN variables, each of which
isrepresented &, 1 <i < N. The value ofg; assigned by the MIN-ONE SAT solver is denoted as
Vi. As mentioned before, the objective function of basic MINESAT isminimizes N | Vi. It can
easily be extended ntminimizezi’\‘:1 G x Vi, wherec; denotes an integer coefficient corresponding

to each variable value.

Listing 2.3: MIN-ONE SAT Based on PBSAT
def M N-ONE_SAT( F_o/ xi nput formnul ax/)

begi n
i =0 /«iteration counterx/
BE= InitBE();/x*return the nost pessinistic estinmationx/
while ()
Fe=Bound_Tr ansf or mat i on( BE) ;
Fa=Fo - Fc
Resul t =Cal | _SAT_Sol ver ( Fa)
if (Result == UNSATI SFI ABLE)
return /xsolution foundsx/
el se
Updat e(BE); [/ xupdate based on current sol utionsx/

end

We now describe a previous MIN-ONE SAT algorithm based on AB3he complete al-
gorithm is listed in Listing2.3. To find the optimal solution, the PBSAT algorithm works in an

iterative manner. In each iteration, a bound estinidas assigned to the objective function, then
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the inequality formulazi'\':1 ¢i x Vi < BE) will be transformed into a Boolean formuka. There
are various techniques to perform the transformatiij, [pased on the basic conversion of the
inequality to a Boolean circuit. The transformation detaiill not be discussed here since it is
out of the scope of this paper. After obtainiRg a conventional SAT solver is invoked on the
new formulaFa, whereFa = F, - F¢, whose satisfiability indicates whether the bound estiroate

be achieved by the objective function. Initialk is set to have a loose bound, usually set at a
pessimistic estimate (e.g., set equalNtathe number of variables in the formula), aRdis grad-
ually tightened by decreasing the value of the summatiorka lis satisfiable, it indicates that a
solution exists that satisfies bdth andF;, and the bound estimatBE, formulaF., andFa will be
updated accordingly. The algorithm stops wharbecomes unsatisfiable. The unsatisfiability of

Fa guarantees that no better solution exists and the previmuscestimate is the optimal solution.

A different MIN-ONE SAT algorithm has been proposed &8][which is quite different from
the PBSAT technique described above. 38][ the DPLL algorithm is adapted to solve the SAT
related optimization problems, such as MAX-SAB], MIN-ONE, DISTANCE-SAT[11]. This
algorithm is named as Optimization SAT (OPTSAT). The pseumiie of OPTSAT is presented in
Listing 2.4.

Like the DPLL algorithm, The OPTSAT performs a decisiondzhsearch through a recursive
function. The only part that involves the optimization istive decision heuristic. The OPTSAT
maintains a partial ordd? on all literals, and this order is used to make the next dewcisi the
search. The order iR is defined in a way such that the objective function based isnottaler is
monotonically increased or decreased. For example, givewvariables{a, b} there exists & set
as{{a,b},{a b},{a b},{a bl}. The order of thi set is ascending on the number of ONES in
the assignment. One can see that by forcing a partial orddreoset of literals the solution space
is searched in a specific sequence, where the potentialswudre ordered from the best to the
worst. Thus, whenever a solution is obtained, the algorithiorns a solution that is guaranteed to
be the optimal solution. OPTSAT achieves good performamogeiny benchmarks but it also faces
the problem that the forced decision order may degrade thergoerformance in large formulas.
It should also be noted that OPTSAT is not specifically for MINIE SAT; it can solve other SAT
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optimization problems like MAX-SAT and DISTANCE-SAT.

Listing 2.4: OPTSAT Algorithm

def

begi

end

def
begi

end

OPTSAT_DLL( F/ i nput formul ax/,

A [ xAssi gnment x/ ,

P/ «literal partial order setx/)
n
i f (CONFLICT) return FALSE;
if (F==) return TRUE
if ({I} € P)

return OPTSAT.DLL(assign(l, F), AJ{l}, P)

I=ChooselLiteral (F, A P);
Resul t =OPTSAT DLL(assi gn(l, F), AU{l}, P)
if (Result !'= FALSE) return Result;
return OPTSAT.DLL(assign(l, F), AJ{I}, P)

assign(l, F)
n

Reduce formula F by | and it’s.inplications

Besides the above two MIN-ONE SAT algorithms, one may usellasolutions SAT solver
as a base MIN-ONE solver as well. However, because the-statg MIN-ONE SAT solvers

are mainly built on the aforementioned algorithms, in trapgr we only compare our proposed

algorithm with these two algorithms.

2.5.

In this subsection, first we will describe the MIN-ONE SAT bddMAX-SAT solver framework,

3 MAX-SAT Preliminaries

which is shown in Fig2.3.

The framework can be partitioned into three steps. Firstdihget formula should be trans-
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Original Formula F

Add auxiliary variable
set AXto Fy Fy\=AXUF,

MIN-ONE SAT Solver l

on Fy

MIN-ONE SAT solution
on AX

Extract corresponding
MAX-SAT solution of F

Figure 2.3: MIN-ONE SAT based MAX-SAT Solving

formed into a new formula with auxiliary variables embedd& each clause. Then this new
formula is solved by a MIN-ONE SAT algorithm with the capatyito find a solution on subset
of variables. Finally the MAX-SAT bound and the solution dexived from the MIN-ONE SAT
solution of the transformed formula. Since that the tramstdion and final-step extraction is lin-
ear with the size of the clause, the computational compléxitletermined by the MIN-ONE SAT

solving in the second step.

Listing 2.5: MAXSAT DPLL Algorithm

def MAXSAT_DPLL
begi n
while (true)
if (!decide()) /=i f no unassigned varssx/
i f ( UNSAT_NUM<UB)
update UB //the best solution so far
if (!backtrack()) //find the next solution
return UB //finished, return optimal bound
while (!bcp())
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if (!backtrack())
return UB //finished, return optiml bound

end
def backtrack()
begi n

d = nost recent decision not tried bothways

if (d == NULL) // no such d was found

return fal se;

flip the value of d;

mark d as tried both ways;

undo any invalidated inplications

return true;

end

def bcp()
begi n
while (!inplicationqueue_enmpty())
update inplication queque
updat e UNSAT_NUM
update UE
i f (UB<=UNSAT_NUM+UE)
return fal se

end

The DPLL based MAX-SAT algorithm is presented in Listiagp. Compared with traditional
DPLL algorithm, MAX-SAT DPLL will not backtrack just becaas clause is evaluated as false. It
records the number of unsatisfied claus¢sl SAT NU M) in the bep() function and keep checking
whether the current upper bouttB can be exceeded. If not, the bcp() function returns false
that invokes a backtrack to direct the search into anothiesgace. When all the variables are
assigned, the decide() function will return false. At thimeg UB will be updated based on the
currentUNSAT.NUM. The MAX-SAT DPLL algorithm stops when the whole search sp&c
implicitly searched. One can see that the computation cexitglof MAX-SAT DPLL is on the
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same level of the All-Solution SAT, which is actually NP-tgt9].

Usually both DPLL-based MAX-SAT algorithm and MIN-ONE SAR&ed MAX-SAT algo-
rithm are complete. It is possible to modify them to searahsidooptimal solutions in order to
save computational resources. Although the optimality 8XWSAT is sacrificed in this scenario

the performance gain usually can justify the tradeoff.
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Chapter 3

Hybrid SAT Solution

In order to combine the powers of both local search and DPased search, the previous ap-
proaches mainly tried to embed the local search result iiBlal-based SAT solver to guide the

decision order. In such approaches, the local search ikéavat each DPLL decision step to sup-
ply the information for the next decision. On the contranypur approach, the local search portion
is used to identify a subset of clauses, which are passed RL&aDased incremental SAT solver.

Furthermore, the solution obtained by the incremental DB&lver on the subset of clauses is fed
back to the local search solver to jump over the locally optipoints encountered in the previous

iteration to continue the search.

In this chapter?], we present a novel framework that integrates both DPLbllgm and lo-
cal search algorithm seamlessly. We call our solution HBI$AyBrid Incremental SAT Solver).
It should be noted that HBISAT does not necessarily rely opeziic SAT solver. HBISAT actu-

ally is a universal solution to boost existing SAT solverfpanance.

This unique hybrid SAT solution will be presented in Sect®fh followed by experimental

results and conclusion in Secti@mB and SectiorB.4.
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3.1 Our Approach

We use the WALKSAT v43 algorithm as the base local search pathe rest of the chapter, the
local search solver will be referred to as WALKSAT. The coetplHBISAT algorithm is shown
in Listing 3.1 In each iteration, WALKSAT first performs a local search mattempt to find a
satisfying assignment for the entire Boolean formula. i$ successful, then HBISAT will verify
the solution and return it. If the local search cannot findlatgm within a given CUTOFF value,

it will collect the subset of broken (unsatisfied) claugg$ (nder the current assignment and add
them to the clause database of the DPLL solver. Note thatihiaeliclause databas€y, of the
DPLL solver is empty, an;_1 (for i > 1) denotes the subset of clauses that has already been
added into the DPLL solver before the curréhiteration. If the DPLL solver can provg JCi_1

is UNSAT in any iteration, then the original formula is guaranteed to be UNSAT; thicves for
early termination of the SAT search. On the other hand, ifssigmment is obtained by the DPLL
solver forC;, the variable assignment will be passed back to WALKSAT assthrting assignment
for the next iteration. We can see that the set of clausedadttethe clause database of the DPLL
solver grows gradually with the increasing number of iters. This is the underlying essence
of a typical incremental SAT solver, and it is also key to oybiid incremental framework. To
avoid duplication of broken clauses, in our implementateesch clause carries a flag to indicate
whether it has been added or not. Another advantage of emgl@an incremental SAT solver

is that conflict clauses obtained by the DPLL solver can baethfrom one iteration to the next

[71[79].

Listing 3.1: HBISAT Algorithm
def HBI SAT_Sol ver (F/ xi nput formnul ax/)

begi n
C=0 / «Set of broken cl ausesx/
A=0 / xAssi gnment */
i =0 /xiteration counterx/
CUTOFF=MAX_LOCAL _SEARCH_STEP
while (true)
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if (A==0)
Randon ni t al Wal kSAT()
el se
I nitial Wal KSAT(A)
St at us=WALKSAT _Sol ver ( CUTOFF)
i f (Status==SAT)
Veri fySol ution()
return SAT
el se i f (Status==UNKNOWN)
Resul t =Cal | DPLL(i)
el se if (Result==SAT)
A=Cet Assi gnnent Fr onmDPLL()
el se
return Result

i ++ / xcount interationx/

end
def Cal | DPLL(i)
begi n
B=Cet Br okencl ause()
/ xguar antee one nore clause will be addedx/
B = B U RandonPi ckOneNewCl ause()
c=BUC
Addd auseToDPLLSol ver (C)
St at us=DPLL _Sol ver ()
return Status
end

Theorem 1. HBISAT is complete

Proof. In the HBISAT Algorithm shown in Listing3.1, wheneverB; from iterationi is empty,
then a satisfying solution has been found for the formulahe@tise, with a non-emptf; at
iterationi, we know thaB; contains at least one clause from the original formula thatriot been

included in the clause database of the DPLL solver. \Bjtadded into the clause database of the
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DPLL solver, after a finite number of iterations the DPLL slwill eventually contain the entire
original formula. Because the DPLL solver is complete, we canclude that HBISAT is also

complete. 0

(a) UNSAT formula (b) SAT formula

Figure 3.1: HBISAT on SAT & UNSAT formulas

Figure3.1lillustrates how HBISAT works on SAT formulas. FiguBel(a) shows the scenario
that the formula is unsatisfiable and Fig@t&(b) is for the scenario when the formula is satisfiable.
In both parts (a) and (b) of the figure, the outer-most cirefgesents all the clauses of the formula
to be solved. The inner, shaded circles represent the sét®kdén clauses. The annotations 1,11
and Il on the inner circles denote that they are three diffebroken clause sets generated from

three different iterations.

If the original formula is unsatisfiable, there exists astaane unsatisfiable cor8(]. Without
loss of generality, let us assume there is only one unsdtisf@ore, and this core is represented
by the region enclosed by the thicker line in part (a) of theireg Each set of broken clauses
must cover a portion of the unsatisfiable core (as will be pdan Theoren®). In each iteration
of HBISAT, a portion of the unsatisfiable core will be idergdi With the increasing number of
iterations, the entire unsatisfiable core will be extradtech the formula which leads to an early

termination.

Theorem 2. If a formula, f, is unsatisfiable, every broken clause set returned by WAAKS

contains at least one clause that belongs to an unsatistiatgde
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Proof. We prove this by contradiction. Givehis unsatisfiable, there always exists at least one
unsatisfiable corelC C F(F: set of clauses of). Let a broken clause sé®, returned by WALK-
SAT not contain any clause belongingU&, i.e.,B(UC = 0. This means that WALKSAT must
have obtained an assignment that satisfies all clauseslewtf8. However, becausg(UC = 0,

the clauses outsid® contains the completdC. This means that all clauses witHirtC must have

been satisfied by the obtained assignment, indicatindtlas satisfiable: a contradiction. [

From Theoren®? we know that at each iteration, at least some portion of aatisi@ble core
will to be added to the clause database of the DPLL solvehefdriginal formula is unsatisfi-
able. Stated differently, HBISAT can filter the hard spoke Ithe unsatisfiable core or hard-to-
simultaneously-satisfy sets of the formula. Due to the mreatd an incremental SAT solver, these
hard spots will be solved incrementally and the conflict semilearned through them have tremen-

dous potential to help finally solving the formula.

On the other hand, if the formula is satisfiable, for hards$iatble instances usually there will be
one or more sets of clauses called hard-to-simultane®aglgfy sets. Part (b) of FiguB1shows
such a scenario where the region enclosed by the dasheeiresents a hard-to-simultaneously-
satisfy set. With the underlying assumption that WALKSANhdand the solution for those easy
clauses outside the hard-to-simultaneously-satisfyoreghe hard-to-simultaneously-satisfy sets
will be identified by HBISAT gradually in a similar way as toetlunsatisfiable core. It is impor-
tant to find and solve these hard-to-simultaneously-seasists earlier because they are the major

obstacles in solving the hard satisfiable formula.

To better understand HBISAT, it can be explained as an atigiraand refinement scheme,
shown in Figure8.2. Abstraction-refinement is a widely used technique in fdweafication [12)].
Because abstraction helps to reduce the complexity anceneéint guarantees the correctness of
the abstract model, abstraction-refinement scheme ustzllgignificantly boost the performance
in many applications. Due to fact that the set of clausestti@DPLL solver worked on is a
subset of original formula, it can be viewed as an abstraatiothe original formula. Thus the

partial assignments returned from the DPLL solver actuiglls over-approximation of the true
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solution. This over-approximation solution could be spus. The WALKSAT takes over the over-
approximation solution to verify whether it is spurious at,ralong with a local greedy search to
find a real solution. If a real solution can’t be found by WALKE a set of broken clausdswill

be provided as the refinement, wh&wvill be added to the DPLL solver to make the abstraction

Original Formula (CNF

Abstraction, <

Generate over-approximation C

DPLL Solver- N -
No solution,
v END

more precise.

Refinement

Qver-approximate solutio

WALKSAT

|

Clauses for refinement
—

Real solution

END

Figure 3.2: Abstraction and refinement in HBISAT

HBISAT actually is a flexible SAT framework. Instead of theesfic local search and DPLL
solvers we used in this chapter, other engines can easiljubgexd in. The interaction between our
local-search solver and DPLL-search solver is simply tghoa uniform calling interface, which
is supported by most modern SAT solvers. The requirementh&DPLL based solver is that it
should support a incremental interface and be able to ré@sisearch results. For the local search
solver, it must be able to supply the set of broken clausesbé&lieve the flexibility of HBISAT

offers a significant value, because it holds potential fturke explorations.
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3.1.1 Clause padding

In a given iteration, the number of broken clauses may belswiaich implies that a large number
of iterations may be needed before all clauses are addecktoldnse database for the DPLL
solver. Therefore, in addition to the broken clauses fromLWBAT, some other related clauses
may also be inserted into the DPLL solver. This feature isedatlause padding By adding
more clauses to the DPLL solver at each iteration, therevemepbtential benefits. First, it may
find the unsatisfiability in the DPLL solver earlier since adgdmore clauses further constrains
the problem, and second, it can speed up the incremental @#&rgrocess. The padded clauses
are chosen mainly based on their correlations to the broleerses. In HBISAT two categories of
clauses are padded in clause padding procedure: 1) Basbd agdumption that the flip frequency
of a variable usually indicates its importance of solving farmula, the clauses which contains
the most frequently flipped variable are padded into thesdalatabase of the DPLL solver. 2)
We put all the literals of broken clauses into a arRayThen any clause with two or more of its
literals having opposite polarities with the correspomgditerals inRwill be padded into the clause
database. The intuition here is that we want to pad thosesetaihat are highly correlated to the

broken clause set, with the hope that they will help to camstthe SAT solver.

3.1.2 Enhance WALKSAT with conflict clauses from DPLL

The learned conflict-induced clauses during the DPLL seprohess could be very powerful to
block unnecessary search spaces. Because the DPLL sobadleid through an incremental in-
terface, naturally it will take advantage of those confiictuced clauses inherited from the previ-
ous iterations. However, its counterpart (WALKSAT) candoectly benefit from these conflict
clauses. Since WALKSAT works in a memoryless way in eaclaiten, no helpful information
will be carried over to the next iteration. To overcome thisitation, the conflict clauses are
introduced back to the original formula in WALKSAT, which ares that WALKSAT will be op-

erated on a set of clauses constituted by original formula file conflict clauses generated from
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the DPLL solver. Note that this new set of clauses consstateexpanded formula. It is easy to
see that the expanded formula may vary from an iterationgatxt. Given the fact the conflict
clauses represent the some hard-to-discover implicafrons the original formula, they could

help WALKSAT to reach a minimum faster. We will illustrateigtwith the following example:

Considering the CNF formuléa+ c)(b+ ¢)(a+ b+ c)(a+ b+ c)(a+b+c)(@+b+¢), with
an initial assignment ohbc= 100, the broken-count i§1,1,2}. If we pick the broken clause
(a+b-+c), itis not easy for WALKSAT to make a clear decision becausé@abtesa andb tie on
the broken-count. By randomly flippingwill step to a wrong direction because) is actually
implied by the formula. Suppose an additional conflict césu® + b) returned by the DPLL
solver was added to this formula, the broken-count woulcehzen updated g2,1,2}. Based
on the broken-count2, 1,2} WALKSAT flips variableb and leads a new assignmdt 1, 0} with
broken-count{1,1,0}. Now in broken clauséa—+ b+ c), variablec will be chosen to be flipped

due to its lowest penalty on broken-count, thus a solwios= 111 is obtained.

When applying WALKSAT on the expanded formula, the effestigss of conflict clauses could
be overshadowed by the huge number of clauses in the origimalla. In order to leverage the
importance of the conflict clauses, they are assigned withgebweight in broken-count counting,

which is 2 in our implementation.

3.2 Study of Synergies

In this section, we will explore the interactions between W&SAT and DPLL solver through
some examples. For Figur8s3 3.4, and3.5, the X-axis denotes the iteration index and the
axis denotes the percentage of clauses. In Fi§uean early termination case is shown. The
top curve with stars represents the number of clauses tbatdated to the DPLL solver at each
iteration step. We call it the “ADD curve”. The bottom curieosvs the number of broken clauses
returned by WALKSAT, which is called the “BRK curve”. It carelmbserved that when 90% of
the clauses has been added, the DPLL solver can concludbéhastance is UNSAT. Although it
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Figure 3.3: Early termination of an UNSAT instance

does not necessarily mean the current clauses in the DPkerdokrm a minimal UNSAT core, the
early termination provides the potential to reduce the aastatonal effort for solving the complete

formula.

Figure 3.4 presents an example where WALKSAT becomes more effectivenvguided by
the solution returned from the DPLL solver. One can obsdraethe BRK curve generally drops
with the increasing number of iterations. This is becausepidirtial assignments supplied from
the DPLL solver gives a better guide to the WALKSAT. Anotheteresting phenomenon is the
ADD curve grows much faster at certain points. This is duéodause padding mechanism. It
is possible that a small group of broken clauses returnedh&yWALKSAT can induce a larger
group of clauses to be padded, where the padded clauseshalpdase the chance of conflicts
in the DPLL solver. After 14 iterations, a solution is foung the WALKSAT for this satisfiable
instance. In contrast, the pure WALKSAT cannot obtain thieitsan for this instance after 200

iterations with the same CUTOFF value.

If the early termination is not achievable and a solutionngdrbe found by WALKSAT, the
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Figure 3.4: Solution found at an early stage by WALKSAT

entire instance will eventually be added into the DPLL spl¥gure3.5illustrates how the conflict
clauses help to finally solve the instance. The discrepaetyden the two curves in the figure
represents the number of conflict learned clauses. We cathaemore conflict learned clauses
emerge when more clauses are added to the DPLL solver. Thasisto understand because a
more strongly correlated clause set has a higher probatfulitearning. After 90 iterations, more
than 10% of the clauses in the DPLL solver are conflict clauaethis point, when we add all the
clauses from the original instance to the DPLL solver it sa#e18 seconds to prove UNSAT with
a total running time of only 6.26 seconds. On the other hawidirg) the original instance directly
by the DPLL solver requires 15.07 seconds. The graduallyéshclauses can significantly boost

the DPLL solver’s performance.

Figure 3.6 shows an example about the distribution of broken clausesah iteration. The
X-axis is again the iteration index but the Y-axis now desdtee clause ID. If a clause with a
clause IDi is returned by WALKSAT as a broken clause at iteratjoposition(i, j) in the figure
will be dotted. On can see from FiguBe6that the broken clauses are clustered. While the size of

the broken clauses does not monotonically decrease dui§Ad’s solving process, it can be
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Figure 3.5: Example of gradually learning

observed that at higher iteration numbers, the size of tbkdor clauses does begin to shrink.

3.3 Experimental Results

The proposed HBISAT was implemented in C++ under the 64-imitix operating system, and
experiments were conducted on a Intel Xeon 3.0G workstatitim 2GB RAM. To demonstrate
the portability of our algorithm, HBISAT was built on top ovd popular SAT solvers, ZChaff
version 2004.11.15 Simplified and Minisat 1.14. They aréedaHBlz and HBIm in the experi-
ments. Because we are interested in improving the SAT praeoce of EDA applications, all of
the benchmarks chosen are hard publicly available EDAmgst®. Three categories of benchmarks
were used in our experiments. The first category is the IBMrfadMerification Benchmarks Li-
brary [1]. Several groups of instances were chosen from the libnadyesch group contained six
instances. Note that each group corresponds to a boundeel wloecking (BMC) application,
where instances in a group represent different lengthsrad-frame expansion. The second cate-

gory comes from a parameterized benchmark suite of HareliRga-Machine verification prob-
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Figure 3.6: Broken clauses distribution returned by WALKSA

lem [53], which includes twelve instances. The third category aor# fifteen instances which are
generated in the formal verification of buggy variants of ati@f-order superscalar processor from
CMU [74]. In order to evaluate the performance of HBISAT, resultdfoth DPLL solvers (ZChaff

and Minisat) and their corresponding HBISATs were repariéf believe similar results can be
obtained if other different SAT solvers was used in place ©hZff or Minisat, as the framework

for HBISAT requires only that the underlying DPLL-based S#dlver includes an incremental
solver interface. Finally, because completeness is neledeahdle UNSAT instances, pure local-
search based SAT solvers were not compared. In fact, for aidke satisfiable instances in the

experiments, the pure WALKSAT could not complete.

We first report the results for Category | benchmarks, showrable3.1 The upper portion
represents the comparison between ZChaff and HBIz. Thergibrtion compares Minisat and
HBIm. A total of four groups (24 instances) is listed in thestficolumn. Next, the number of
variables and clauses for each instance are reportedydldy the satisfiability of each instance.

The forth and fifth columns correspond to the run times of tiD solvers and its HBISAT.
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Whenever HBISAT outperformed the DPLL solver, the run timeshighlighted in bold. Finally,
“OUT” indicates that the SAT solver aborts after a preseitlismmmet, which is 3000 seconds in

our experiments.

It can be observed that among all the twenty-four Categangtances, ZChaff aborted on
two of them while HBIz could solve every instance within 508cends, except 06.k60. HBIz
outperformed ZChaff in 8 of the 12 instances. For the othar fostances, they were all easy
instances. For such easier instances, the overhead of HBi&#ame a burden. On the other hand,
with larger BMC instances (due to deeper circuit unrollindpe computational costs of ZChaff
were increased dramatically while the run times of HBIz @ased relatively linearly. Similarly
HBIm outperformed Minisat in 9 of 12 instances. For the UNSAStance 07.k80, HBIm only

took 17.45 second while Minisat’s running time is 60 timeatth

Next, experiment Il was set up to evaluate the unsatisfialsiances, with the results reported
in Table3.2 The first four columns of Tablg.2are similar as in Tabld.1 The run time of Minisat
and HBIm were reported in the last two columns. The perforceari HBISAT was comparable to
the DPLL solver for most instances. Minisat and HBIm abodeaxactly three instances and the
average run times for the other instances were nearly eljleinwhile, Zchaff and HBIz aborted
on two instances. Generally HBIz gives better performamdeavder instances thus leads to a total
900 seconds run time reduction. The reason that the perfur@ngain on unsatisfied instances
sometimes was not as significant can be explained by theenatumcremental SAT solvers. For
hard UNSAT instances, it may not be easy to obtain a small UN&%e (or a superset of the
UNSAT core) from the original formula. Subsequently, theremental clause databases may all
be satisfiable, and we may need to wait until nearly all thgioail clauses have been added before
concluding that the formula is UNSAT. Furthermore, durihg thcremental steps, the subset of
clauses currently in the database of the DPLL solver maytitatesa hard satisfiable instance,
and this hard satisfiable instance may consume significanpatational resources. On the other
hand, the non-incremental DPLL solver searches directltherentire formula, where such hard

intermediate steps are implicitly avoided.
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Finally, the results for Category Il benchmarks are showifable3.3. For all the SAT in-
stances, HBISAT exhibits a very significant performancengaihere HBISAT achieved nearly
an order of magnitude reduction in run times. For instant®enchmark bug07, where Minisat
failed in 3000 seconds and ZChaff took 997.67 seconds, HRik £28.41 seconds while HBIm
needed only 15.01 seconds. The power of combining locatbeard DPLL search is evident via
experiments I, Il and Ill. In terms of UNSAT instances in betkperiments Il and Ill, HBISAT
performances comparably with its DPLL counterpart withegatable overhead on some instances.
The experimental results between HBIz and HBIm are condigtenatched, which demonstrate

the flexibility and effectiveness of our proposed hybridveavork.

3.4 Summary

In this chapter, a new Hybrid SAT solver framework (HBISATashbeen presented that com-
bines the power of local search and modern DPLL-based seaticltonflict-driven learning. In
HBISAT, the local search instructs a DPLL SAT solver throwghincremental solver interface.
The synergies from both the local search and DPLL searchmaestigated. In effect, our guided
local search identifies incremental sets of clauses thdta and these clauses are subsequently
added to the clause database of the DPLL-based solver. idgrerl results demonstrated that
up to an order of magnitude performance improvement has de@pved for the hard satisfiable
instances. Future research directions include WALKSATdgdipreprocessing and alternative

padding mechanisms.
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Table 3.1: Category | Benchmarks

Instance  #V/#C SAT? | ZChaff(s)| HBIz(s)
01.k40|29249/124460 SAT 99.26 | 61.73

01.k50|36339/154810 SAT OuUT | 177.89
01.k60|43429/185160 SAT OUT | 490.74
03.k40|46225/198298 SAT 31.45 | 57.56

03.k50|58595/251378 SAT | 258.28 | 195.81
03.k60|70965/304458 SAT 434.55 | 250.99
06.k40|49126/213666 SAT | 124.31 | 115.54
06.k50|61776/26888p SAT | 1921.92| 247.1

06.k60|74426/324106 SAT | 1709.39|1605.57
07.k40| 13151/35904 UNSAT| 6.04 20.59

07.k50| 15221/40774 UNSAT| 5.94 19.19

07.k60| 17291/45644 UNSAT| 6.06 20.58

Instance #V/I#C SAT? | Minisat(s)| HBIm(s)
01.k70| 50519/21551Q SAT 53.89 53.01
01.k80| 57609/24586Q SAT 174.8 | 132.74
01.k90| 64699/27621Q0 SAT | 330.41 | 60.03
03.k70| 83335/357538 SAT 45.84 76.39
03.k80| 95705/410618 SAT 81.71 80.19
03.k90|108075/463698 SAT 267.64 | 197.57
06.k70| 87076/379326 SAT 60.22 | 109.09
06.k80| 99726/434546 SAT 201.19 | 135.64
06.k90|112376/489766 SAT 296.07 | 189.53
07.k70| 19361/50514|UNSAT| 9.86 15.33
07.k80| 21431/55384| UNSAT| 1065.7 | 17.45
07.k90| 23501/60254| UNSAT| 5.97 16.21
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Table 3.2: Category Il UNSAT Benchmarks

Instance #VI#HC ZChaff| HBIz || Minisat| HBIm
c7b 26058/77128| 147.4 | 149.3 || 55.54 | 54.27
c8n | 53697/159595 386.93| 363.89|| 146.18| 169.25
c9b | 36757/1090458 407.53| 381.7 || 263.54| 226.02
fon |185149/55241P 2011 [1604.91] OUT | OUT
g9n | 54631/16195Q 251.33| 222.53|| 61.84 | 84.12
g9b | 59110/175387 208.65| 233.03|| 41.49 | 106.8
g9idw |125885/371998250.55| 263.39|| 70.64 | 136.11

g9nidw | 170918/5065841552.48 1098.25| 942.97| 691.3
cl0 17121/50803| 9.87 | 16.25 || 12.15 | 24.44
cl0b | 43517/129265 669.88| 529.1 | 589.1 | 567.78
cl0bi |147116/437224 OUT | OUT OuUT | OUT

c10bid | 291912/82803p OUT | OUT | OUT | OUT
Total 5476 | 4549.4|12183.45 2060.09
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Table 3.3: Category Il Benchmarks

Instances #V/I#C SAT?| ZChaff(s)| HBIz(s)|| Minisat(s)| HBIm(s)
fvp-sat3.0/pipe-64-4-bug01.cr85853/1021170 SAT| 40.83 8.17 1.55 4.29
fvp-sat3.0/pipe-64-4-bug02.cr85853/1021171 SAT| OUT 14.81 ouT ouT
fvp-sat3.0/pipe-64-4-bug03.cnB5947/992674  SAT 4.8 11.19 0.97 4.28
fvp-sat3.0/pipe-64-4-bug04.cr85854/101231p SAT| 39.07 | 11.16 4.39 7.84
fvp-sat3.0/pipe-64-4-bug05.cr85853/1022271  SAT| 555.54 | 40.86 ouT ouT
fvp-sat3.0/pipe-64-4-bug06.cr85853/1022271 SAT| 282.08 | 6.67 ouT 9.4
fvp-sat3.0/pipe-64-4-bug07.cr85853/102227[L SAT| 997.67 | 28.41 ouT 15.01
fvp-sat3.0/pipe-64-4-bug08.cr85622/1003074 SAT| 38.5 6.44 ouT 4.63
fvp-sat3.0/pipe-64-4-bug09.cr85726/1011764  SAT 0.4 10.09 180.03 5.29
fvp-sat3.0/pipe-64-4-bug10.cr85839/1012135 SAT| 0.62 12.18 || 1242.21| 3.6
fvp-sat3.0/pipe-64-4-bugl1.cr85853/101227[L SAT| 1148.21| 93.65 2.6 10.37

Total 3107.73| 243.63|| 1431.75| 64.71

fvp-unsat2.0/5pipe.cnf 9471/195452| UNSAT| 10.99 | 30.78 78.77 | 185.66
fvp-unsat2.0/5pipe-5-000.cnf10113/240892 UNSAT| 34.30 | 52.75 ouT ouT
fvp-unsat2.0/6pipe.cnf | 15800/394739 UNSAT| 86.98 | 66.52 ouT ouT

fvp-unsat2.0/6pipe-6-000.crnf17064/5456124 UNSAT| 159.35 | 276.63| 252.53 | 205.35
fvp-unsat2.0/7pipe.cnf | 23910/75111§ UNSAT| 275.58 | 284.23 ouT ouT
fvp-unsat2.0/7pipe-7-000.cnf24415/711050 UNSAT | 2768.58|2425.08| OUT ouT
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Chapter 4

Double-Layer Conflict Driven Learning

with Pseudo Boolean Constraints

As one of the most crucial techniques in SAT solver, contlicten learning remains a challenging
topic to be improved or refined. Conflict-driven learningdseto prune the search space by intel-
ligently learning from conflicts in its search history. Dueits aggressive learning strategy, the
effectiveness of conflict-driven learning may be impairgdab overwhelmingly large number of
clauses learned that may turn out to be useless informaiased on our observations, we found
that a carefully designed selective technique can bendfiflicedriven learning tremendously,
where the conflict-induced clauses are classified as primasupplementary. Furthermore, to
incorporate with two different categories of conflict-irgha clauses, pseudo Boolean constraints
are introduced to more compactly store the supplementarfficisinduced clauses while keeping

a portion of the learned knowledge for search space pruning.

In this chapter, we first explain some details about the ps&aiblean constraint set. Then we
will introduce how our double-layer conflict driven leargiworks in Sectiort.1, followed by the
in-depth analysis of conflict-induced clause evaluatioBeation4.2 The experimental results are

presented finally in Sectiofh.3.
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4.1 Two-layer Conflict Driven Learning

4.1.1 Pseudo Boolean Constraint Set

We first provide a quick review on Pseudo Boolean Constrgmksa. Pseudo Boolean Clauses).
A pseudo Boolean constraint is sometimes also referred @édiasar pseudo Boolean constraint,
which is usually represented 3sa; - X; > b wherea; andb are integers and each of theis a
Boolean variable. One can see that wihea 1 anda; = 1, the pseudo Boolean constraint simply
becomes a Boolean clause. Due to its expressive power,asshide to represent a set of complex
Boolean clauses with a much fewer number of pseudo Booleastreonts. For example, consider
four Boolean clause&@+ b+ ¢)(a+b+c)(@+b+c)(a+b+c). They can be expressed with just
one pseudo Boolean constrafat-b+c) > 2. It should be pointed out that given a set of Boolean

clauses it could be extremely difficult to find its equivalpaéudo Boolean constraint.

In our proposed double-layer approach, PBCS is a small ses@ido Boolean constraints.
When a CIC is assigned to be stored in PBCS, we will first seleetmost appropriate PBC to
which the CIC will be added. Then, the CIC is translated toeups Boolean constraint and added
to the selected PB®BG = PBG;_1 +PBCc. Forinstance, if the selected PBC ig 2 Xo +X3 >
—1, with the CIC agx; + x3), the translated CIC ig; +x3 > 1 and the updated PBC would be

3x1 — X2 + 2x3 > 0. Note that a negative literalis translated as % x.

One can easily observe that at each summation the blockingraaf a conflict-induced clause
may not be completely kept. In our example, the clase- x3) blocks the space of) = 0,x3 = 0.
In the new PBC 8 — X2 +2x3 > 0 only Xg = 0,X2 = 1,x3 = 0 would be blocked. Generally, the
blocking power from CIC can be kept, weakened, or compldtsiy depending on how and where
it is added. However, we would like to retain as much powemfithe supplementary clauses
as possible. We follow up this discussion with an examplet the PBC bex; +x2 > 1, and
the CIC be(x; + X2). By adding the CIC to the PBC, the resulting PBC becoipest x >
1)+ (x1 —x2 > —1) = x3 > 1. It can be seen that this is exactly the same as binary tésalu

and in this case no blocking power will be lost. It is quite apgmt that when more cases are
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analyzed, we find that more common variables between PBC Hhdr&hslate to blocking power
retainment in the summation operation. We use this observais the heuristic to pick PBC
in PBCS to accommodate the current CIC. In our implememative PBCS is created with ten
PBCs. Each PBC covers a portion of variables in a ascendaey of the variable ID. A CIC will

be inserted to the PBC with the maximal variable overlap td@seour variable range partition.

’ Conflict learned clause C ‘

Yes, primary Layer|
Add back
:\'> clause datab

No, supplementary

sefulness evaluatiol

Pick a PBC in
PBCS

Layer Il

Update PBC

Figure 4.1: Double-layer conflict driven learning algonith

4.1.2 Basic Algorithm

The basic algorithm of our double-layer conflict-drivenrfgag is shown in Figurd.1 Different
from traditional SAT solvers, whenever a conflict-inducéalise is obtained, there is an extra step
to evaluate whether the CIC is primary or supplementaryy@rdse primary ones will be added

back the clause database. All the supplementary clausessigned to the PBCS to update the
PBCs.

In order to utilize the blocking power of PBCS, both the canifthecking procedure and BCP
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BCP Backtrack <::
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- Conflict
BCP Analaysi
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—> §°“|ﬂ'°.t Update PBCS
[lySIS based on BCP
NO
New decision
A. Traditional conflicts checking | NO B;tg%rg"gés checking
wi

’ New decision

Figure 4.2: Conflicts checking traditional vs. with PBCS

procedure are also updated, as shown in Figu2e Figure4.2 compares the difference between
the traditional SAT solver and ours. Note that now we mustklier conflicts in both the Boolean
clause database and PBCS. Whenever a conflict occurs in thledBoclause database, conven-
tional conflict handling mechanism is invoked. When no cenhfticcurs in the Boolean clause
database, but at least one pseudo Boolean constraintdasedpthe SAT solver will also back-
track immediately. However, no conflict clause will be prodd. In case conflicts occur in both
the clause database and PBCS, we put higher priority on tbkeBo clause because it provides an-
other opportunity to learn a new conflict clause. Accordyrtbe BCP procedure is also modified.

Each PBC will be updated and checked at each iteration cdilvi@implication.

We want to make it clear that backtracking from conflicts ifd8s sound and will not change

the completeness of SAT solver. Theor8is formulated to prove this fact.

Theorem 3. Given a pseudo Boolean constrdihto be the summation of a set of Boolean clauses,
C=yI=1S. Ifthere exists an assignmehthat violateC, then undeA at least one of the Boolean

clauses will be evaluated as false.
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Proof. We prove this by contradiction. Since every Boolean cl&isesatisfied under the assign-
mentA, we knowvi, S > 0. ThereforeC = 5/=1'S > 0. However, assignme#tviolatesC, C < 0.

Thus, a contradiction. O

Based on Theorer8, a conflict in PBCS corresponds to a conflict on at least onbesup-
plementary conflict-induced clauses. Thus, it is sound tiioack when conflicts occur in PBCS.
Note that the converse is not true, i.e., a conflict in a supplgary clause may not always cause
the PBCS to have a conflict. Therefore, the proposed PBClBsetgortion of the blocking power

of supplementary CICs.

4.1.3 Recovery Hash Table

Since SAT solving is highly dynamic and can be very sensitivenany factors, it is almost im-
practical to determine the usefulness of a conflict-indudadse at the time of its birth. Imagine
what would happen if a clause is dropped simply because itasmeously determined to be sup-
plementary, but actually it is very important to the problgrstance. This indicates that we need
a mechanism to remedy the damage when the approach mistgrétd usefulness of a conflict-
induced clause. Our solution comes from an assumption ftioaiel clause is learned repeatedly,
this conflict clause should be treated as primary. The uyiaerlexplanation here is that a fre-
guently met conflict clause can help to block the portion efs¢karch space if it was added to the

clause database at the beginning.

We build a hash table to record the conflict-induced clausimence. This hash table is
called Recovery Hash Table (RHT). All the entries of RHT am#ialized to 0. For each CIC,
before the evaluation a hash value (signat@& computed and the corresponding position in the
hash table RHT[G]) will be checked. IfRHT[G] == 1, which means this CIC most likely has
been computed before, we will categorize this CIC as prinaauy reset the hash table entry. If
not, CIC will be passed to the evaluation function. When thadweation function identifies this

CIC as supplementar)RHT[G| will be set to 1. This approach essentially prevents adding a
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important CIC to the PBCS repeatedly. Instead, it ensungsepeated generated CIC is treated as
primary and will be immediately added to the clause datab@ke recovery hash table is simple
to implement, which only adds a very small runtime and menamgrhead. The entire flow is

illustrated in Figured.3.

Conflict learned clause

Compute hash value

Add this CIC
as primary
RHT[G]=0

Evaluation on CIC

hen CIC is evaluated ag
upplementary,RHT[G]=1

Figure 4.3: Recovery hash table working flow

4.2 Evaluation of Conflict Induced Clause Usefulness Estimatio

4.2.1 Evaluation Metrics

Evaluating the usefulness of a conflict-induced clause @aexXtremely difficult. We start our
study through carefully analyzing the factors that havaifigant impact on the usefulness of CIC.
Let us first consider a typical scenario. Assume a Cl®as learned and it was dropped. In
the subsequent SAT solving process, at some point suppissaolated explicitly by the current
variable assignments. We have to go through the whole i@jibic process again sinces not

currently in the clause database. We can see that compatiedheiscenario wherewas never
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dropped, the unnecessary cost would be the cost of trageasithanalyzing the implication graph.
The cost of this conflict analysis is directly proportiomathe size of implication graph. In other

words, one metric for the cost related to CIC is the size ofrtiy@ication graph.

Beside the size of the implication graph, the backtrackl izeen the CICc s also very crucial.
Due to the non-chronological backtracking technig@g[it is often that the SAT solver backtracks
more than one level from its current level. Usually the beat level interval roughly determines
the blocking power of this CIC. This can be explained in théfeing manner. All the decisions
in the decision stack between the current level and the ttéi@ektrack level constitute a set of
variables. We know that the current assignments on a subsie¢ge variables led to a conflict.
During the future search, other assignments on these \@siakay also induce conflict ansince
structurally these variables are correlated through afsefaases. The bigger size of the set of
variables, more assignment combinations ares likely tolbekbd byc. Therefore, backtrack

depth is defined as our second metric for determining theutrseds of a CIC.

Thus far, the discussion has focused on the loss of dropp@ig€aand and the potential gain
of deductive power of a CIC. Another issue that we need censidthe derivation of new CICs
from a previously learned CIC. For instance, a CIC that camlita@ained from a subset of the
original clause is considered more trivial than another @¢@ived that need the knowledge from
the first CIC. In other words, the power of a CIC can be carrig smany generations and produce
powerful CICs when the search goes on. To evaluate the casweffect of a CIC, we introduce
a new concept called learning level. Each conflict-indudadse carries a learning level, which
is defined as 1 level larger than the largest learning leviasditerals. A literal’s learning level is
simply its antecedent’s learning level. The antecederd tsadefined as the clause from which the
literal was implied. So the set of antecedents from a Cl@sadis represents the reason why this
CIC is implied. Thus, the learning level indirectly measutiee number of past CICs the newest

CIC is derived from.

Note that all the original clauses in the formula are setatilieg level 0. Thus, every CIC has

a learning level of at least 1. For instance, if claa$es learned and each of its literal is implied
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by a original clause in the formula, then the learning le¥eallois 1. Whercl is involved to reason

another conflict learned clausg, c2 has a learning level of 2, and so on.

So far, we have introduced three evaluation metrics: simmplication graph, backtrack depth,
and learning level. While these metrics are consideraligctfe, sometimes certain randomness
in the solving process is needed. We bring up randomnesstastietric to balance the situation
where the aforementioned metrics do not perform well. Remukess has been widely used in
local algorithms to skip over local optima. It also has a Idwgfory in SAT solvers. For all the
supplementary CICs, we can preset a percentage of randertmesark them as primary. This

value can be adjusted depending on the level of randomness.

4.2.2 Evaluation Function

Due to the complexity of SAT problems, it is rare that one adstl four metrics alone is suffi-
cient to determine the usefulness of a CIC. Therefore, wel te€ombine them somehow. A
evaluation function was built based on the four metrics @leate the CIC. The evaluation func-
tion is expressed as a Boolean function of a set of criteriay 8IC for which the evaluation
function returngrue will be categorized as supplementary, otherwise it is mg@ras primary.
Here is an example of the evaluation functioh:= {(Sl < 20) - (BD < 10) - (LL > 2,LL < 5)},
whereSI denotes the size of implication graBi) represents the backtrack depth,is the learn-
ing level, and- is the AND logical operator. This example evaluation fuotmarks any CICs
as supplementary if its size of implication tree less thana&l its backtrack depth less than
10 and learning levels between 2 and 5. The randomness faatonot counted in this exam-
ple evaluation function. It is also possible to build an eadion function by OR logic, such as
® = {(SI< 10)|(BD < 10)|(LL < 3)|(R==0.1)}, where the metric of randomness is introduced.
More specifically in this example, with a probability of 10%C4C will be marked as supple-
mentary. The annotations used here will also be carriedeméxt section when we describe the

evaluation function under different experimental setups.
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One may raise the concern that the evaluation function dmeitglite sensitive to the underlying
application, thus there may not exist a universal evaludtinction to benefit all the applications
from different domains. We agree that finding a good evabutinction is not easy. In our current
work, we calibrated our evaluation function based on theeg@rrules that we will discuss later.
Considering the vast difference between different appboadomains, it is reasonable to think
that evaluation function can be specifically tuned whenaektrowledge is known, such as the
structure of the circuit. it is very easy to alter the evalatunction in our proposed architecture,
which makes this technique easily adopted to many appicatomains where the problems are
highly structured or weighted heavily on some properties.ifkstance, when dealing with design
verification instances from bounded model checking, thd§&s@hat be linked with the property
more closely should be favored in the evaluation functioor. tRose grouped problems sharing a
similar structure, such as instances from the pigeon-hate,st is helpful to design a evaluation
function to tackle the hard ones by sampling the easy oneth ch additional information from
the problem instance, adding other metrics may also be lugefilnis chapter, we only discuss the

four general metrics of SAT formulas without any assumptiothe problem’s domain knowledge.

Beyond the flexibility that the evaluation function can pd®; there are basic rules that are in
common. For example, a CIC with a larger backtrack depthllyssfaould tend to be evaluated as

primary. These basic rules of each metric are summarizedbie?.1

Table 4.1: Rules of Usefulness Metrics

Metric Symbol| Primary? Rule
Randomness R 1 Uncertain
Implication graph siz¢ Sl 1 1
Backtrack depth BD 1 1
Learning level LL 1 1 but not always, mid-level
can be more important

In Table4.1the first and second columns show the metric and its symba. thiind column
shows the change of the value of each metric that corresporgi®ater likelihood that the CIC

will be determined as a primary clause. The last column shbe/sules. These are very primitive
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rules, but they set up a solid base of how to put them togethaetite a good evaluation function.

4.3 Experimental Results

Our proposed double-layer conflict-driven learning waslenpgented on top of a popular SAT
solver, ZChaff version 2007.3.12. The whole program wasteniin C++ and run under Linux
on a workstation with Intel Xeon 3.2G CPU and 2G memory. We @aur implementation as
DLSAT.

Since the evaluation function is a crucial part in DLSAT, wstfset up a case study to an-
alyze the impact of different evaluation metrics, shown abl€4.2 The first column of Table
4.2 shows the instance name, which is from SAT 2002 competitemcbmarkp]. The second
column presents the evaluation functions based on eaclcmBtere are total 7 configurations of
evaluation function. The results of each evaluation metrecpresented according to the evalua-
tion function. Note that “NOSUPP” indicates the evaluationction always returns false, which
means every CIC will be treated as primary (no supplememtanses). Itis easy to see that for the
“NOSUPP” evaluation DLSAT has the identical results as Z€hBhe following 5 columns are
statistics returned by the SAT solver, namely the maximumiver of decision levels, the number
of total decisions, the number of CICs added to the clausgbhdat (primary), the number of liter-
als of the primary CICs, the number of conflicts generated®B@®, the number of supplementary
CICs, the number of hits in recovery hash table, and finakyrtin time. For exampleBD < 5)
means that all CICs whose backtrack depth is less than 5 avidldtermined as supplementary. In

this case, we saw the loss of dropping those CICs with hightlbeack depths.

From Table4.2, we can see that random droppirg=£ 50%) performs poorly. This is rea-
sonable because random dropping may accidentally dropitieat(primary) clauses that help to
solve the formula. For this specific instar8B < 5 slows down the SAT solver whileL < 3 im-
proves the performance greatly. The performance is imgrtargely due to the better decision is

obtained when supplementary CICs are filter out. This caroh&raned by comparing the number
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of decisions between “NOSUPP” ahd < 3. With almost the same maximum decision level, the

number of decisions is reduced to half with < 3.

We already saw that the learning level has the huge impadteoutcome. WhehL is set as
less than 3, the SAT solver speeds up drastically. The basd-fiter strategy gives even better
results. The worst case comes from filtering out high leayfemel CICs. This is intuitive as CICs
with greater learning level are much more important thareloarning level CICs due to reason
that they usually contain more inductive power. The reabah lband-pass strategy can be better
is that filtering too many low learning level CICs hurts thegrtial to generate powerful high
learning level CICs. In other words, we need a base of lowniagrlevel CICs in order to learn

those more advanced CICs.

There is no universal rule to set the parameteBdn Sl andLL. Actually each metric has its
strength and weakness. A good evaluation function can ggtgé¢he effectiveness of each metric

to bring up the largest potential performance gain.

A set of SAT instances from various publicly available benehks were selected in our study,
such as SAT competition 2002, parameterized benchmar& stiilard-Pipelined-Machine ver-
ification problem, formal verification instances of buggygessor and IBM formal verification
library [2][1][ 74][ 53], named from C1 to C20. The detailed instance list is preskint the Table
4.5 where the complete CNF name and corresponding notionsteel lin the first and second col-
umn. Since these instances are from broad application asnae use them to test the viability
of DLSAT. The results are reported in Taldle3. In Table4.3, the first column reports the instance.
If both ZChaff and DLSAT finished within the preset time ounit (1000 seconds), column 2 will
report “SAT” or “UNSAT”. “ABORT” means both of them timed outf one of them aborted, the
outcome from ZChaff and DLSAT are shown separated by a s@slumns 3 to 5 report the statis-
tics of ZChaff, including run time, the number of CICs and toeresponding number of literals.
Similarly, columns 6-12 report the results from DLSAT. Irdécbn to run time, primary CICs and
their number of literals, four more are reported. They idelthe number of conflicts detected in

PBCS, the number of supplementary CICs, the number of l#@fesupplementary CICs, and the
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number of hits in remedy hash table (RHT). Finally, the spgeaf DLSAT over ZChaff and the
storage reduction ratio (SR) are reported. The speedugddslated as%. SR is proposed
to evaluate how much storage can be reduced when many sugpkeyn CICs are compressed in
PBCS. It should be noted that in PBCS each literal costs tarage units. One is for the variable
index and the other is for its coefficient as pseudo Boolearstcaint allows coefficient on each

literal. Therefore we use the following formula to compuR: SR= 1 Z#PBCLILHAPCLSLE \yhen

either ZChaff or DLSAT aborted after 1000 seconds, stagsif the SAT solver at that moment

are snapped and reported. The average of speedup and SRareattihe last row of Tablé.3,

Among 20 instances, ZChaff aborted on 3 of them while DLSA®rtdal 2. Except for the
two aborted instances, DLSAT outperforms ZChaff on 11 ims¢g in those 18 finished instances.
The average speedup of DLSAT is 3.76 excluding C8, in whighegedup of more than 932was
achieved, which is almost three orders of magnitude. In @&teer decision order can be obtained
by compressing the supplementary CICs to reduce the ndieelucted by those less-useful CICs.
In C7, C17, and C19, more than an order of magnitude speeds@ebaeved. The slow-downs
generally are for those easy instances, where the overfi@®AdAT increased the run-times, such
as in C1, C10, and C16. Besides the performance improve&SAT saves storage resource
by 22.45%. Over 50% memory consumption is reduced for 7 mests out of 20. Even for the
unfinished instance C3, after 1000 seconds running DLSAEGaver 20% on memory. The
evaluation function used in this experiment is shown belwmwtable, which is a function of metric
S|, BD andLL. In this evaluation function, BD is not fixed. It is determined by the size of the
current decision stack, with a limit of less than 30SRis defined as in proportional 88D with
a factor of 5; 3)L is a band-pass filter with thresholds at 3 and 30. Due to theitapce of
learning level, any CICs falls outside the band-pass filidirhe marked as primary immediately.

Otherwise, they will be screened by another two metB&3andSl.

In the next experiment, a group of instances frof] [was tested to validate our hypothesis
that instances sharing common structures can benefit fremsame evaluation function. These
instances are generated from the formal verification of puggariants of an out-of-order super-

scalar processor from CMU. The results are presented ireflatyl which has the exact layout as
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Table4.3. Note that those instances that can be solved by ZChaff smthes 1 second were not
included in the Table. From Table4 we can see that nearly 6 times speedup and 50% storage
reduction are achieved for these 16 instances. We want th&sige that this experiment reveals

a very practical aspect about the evaluation function: & Ib@en observed that instances from a
specific domain or problem share significant similaritiesveen them. Thus it is highly possible

to customize the evaluation function to pump out more paaeah performance improvement and
memory reduction. This was supported by our experimensallt® As pointed out earlier, one
can sample and test the best evaluation strategies on estapades first to help solving the hard

instances later.

Although we did not report the results on different evalortiunctions, our results have al-
ready demonstrated that under the double-layer confliotileg framework the DLSAT is able to
improve performance significantly, while simultaneouslyiag the memory usage greatly. This
can be even amplified by taking advantage of structural antigs sharing between a group of

instances, as we saw in Tallel

4.4 Summary

We have presented a novel double-layer conflict-drivemliagrtechnique in this chapter. This
method can be easily ported to any DPLL based SAT solver igihntsmodification. Besides
giving the basic algorithms, we also analyzed the usefalmésconflict-induced clause. Four
metrics to evaluate the conflict-induced clauses are dsgclisEvaluation functions based these
metrics are tested in the experiments. The experimentaltsesonfirm the value of the proposed

technique on both performance improvement and memory tieauc

In the future, more research will be investigated on theuatan function. One possible
direction is to exploit the feasibility of introducing a dgmic, self-learning mechanism to adjust

the evaluation function on fly.
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Table 4.2: Importance of Individual Evaluation Metrics

CNF| Evaluation max dleve|# decisionsAdded CL|Added Literals#Conflicts #CL in PBC|Hash hitgRun time(s

ezfact48l.cnff NOSUPR 82 61900 45682 6593215 0 0 0 31.88
R=50% 91 138164 | 68587 10649672 2871 40830 27603 80.79
SI<10 128 119255 66802 9706565 1172 42 34 54.1

BD <5 145 303520 94520 17242656 1438 126458 93728 151.19

LL <3| 106 50182 31392 3933086 805 1732 1496 24.29

3<LL<10 89 43013 26343 3477846 1124 2288 1539 21.03

LL > 10 82 389022 | 153646 30117340 1230 185277 | 145355| 276.54
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Table 4.3: General SAT Instances Results

CNF Result ZCHAFF DLSAT Speedup SR
ZTIME #ZCLS #ZCLSLit| PTIME #PCLS #PCLSLit #CF #PBC #PBCLit #Hiis
C1 UNSAT 10.59 13263 939267 11.21 10222 773985 11666 2092 12987 14470.94 | 14.83%
Cc2 UNSAT 17.83 55996 2090004 15.02 47836 1958266 10052 352 1359 3171.19 6.17%
C3 ABORT |1000.00 235100 12459272000.00 191334 9369492 7865 76905 75855 5723B.00 | 23.58%
C4 UNSAT 86.30 43640 13777557103.92 37534 11133036 5154 1018 15560 6850.83 18.97%
C5 UNSAT 5.60 27102 713189 1.10 7733 172222 6833 22 224 15 5.08 | 75.79%
C6 ABORT |1000.01 1084667 618194838000.01 1049344 61229825 6912 5 185 5 1.00 0.95%
Cc7 SAT 34.98 36274 716764 1.80 2151 30037 1115 25 310 12 19.47 | 95.72%
C8 |ABORT/SAT|1000.00 535155 834970121.10 2837 178238 7494 1212 8000 644912.55 99.77%
C9 SAT 36.03 15435 512301 29.67 8516 280330 8246 1671 4186 11321.21 | 43.65%
C10 UNSAT 19.60 77808 829788 32.75 106948 1352270 8448 84 348 84 0.60 | -63.05%
C11 SAT 25.22 116877 987154 32.71 118128 992854 8669 18493 19724 15400.77 -4.57%
C12 UNSAT 266.47 603517 79182465263.78 592182 7743311 7846 61559 37411 57172501 1.26%
C13 UNSAT 69.26 163489 2568645443.94 382701 6534969 6853 45292 2899 452506.16 |-154.64%
Cl14 UNSAT 9.78 105994 1387922 4.83 61249 692182 8685 1142 2342 10992.03 | 49.79%
C15 SAT 98.56 67320 1683221258.98 101051 2715502 2234 26932 71329 18810.38 | -69.80%
Cle6 SAT 3.08 4118 253714 6.55 5218 326369 10676 769 14355 577 0.47 | -39.95%
C17 SAT 5.22 7815 1978822 0.27 57 11158 6945 1 104 0| 19.21 | 99.43%
C18 UNSAT 4.54 9579 837214 3.62 6242 465273 7971 25 1233 117 1.25 | 44.13%
C19 SAT 88.47 80288 16598146 8.09 9430 995731 3019 3518 23021 1715.0.94 | 93.72%
C20 UNSAT 31.36 45682 6593215 13.90 18579 2497441 13291 167 2837 90 2.26 | 62.03%
Average 3.67* | 19.89%

IEvaluation Functionb = {(3 < LL < 10)- ((SI < 10« BD)|(BD < Depth))}, Depth= min(currentlecisionstaclsize/8, 30).

*C8 was not included in the average computation



T9

Table 4.4: Experiments on Group of Instances That SharesaSitnes

CNF Result ZCHAFF DLSAT Speedup SR
ZTIME #CLS #CLSLit| PTIME #CLS #CLSLit #CF #PBC #PBCLit #Hits
bug01.cn SAT 35.09 15435 512301 10.06 2442 86824 9436 802 1797 558 3.49 |82.35%
bug02.cnf ABORT |1000.00 208211 10681078000.01 164469 7907126 8778 65208 61211 5115400 |24.82%
bug03.cn SAT 416 1190 33606| 4.82 668 26481 6961 128 406 9¢ 0.86 |18.79%
bug04.cn SAT 33.73 11849 405192 55.24 12977 479461 9183 2553 5466  17000.61 |-21.03%
bug05.cn SAT 469.02 146603 6649645204.13 43153 1816111 9440 18506 17354 1280R.30 | 72.17%
bug06.cn SAT 241.65 68078 281947p107.05 25833 1012356 9284 8538 11821 58232.26 | 63.26%
bug07.cn SAT 875.26 241813 1124047%632.42 112196 5212136 9299 47153 44444 3578838 |52.84%
bug08.cn SAT 33.53 13193 420202 0.48 50 1363 1 1 132 0| 70.44 | 99.61%
bugll.cnf ABORT/SAT|1000.00 238943 1171436%36.17 88946 4050793 9136 39012 40184 28763L.87 | 64.73%
bug13.cn SAT 33.81 10699 348109 14.75 2738 93484 9160 289 1275 193 2.29 |72.41%
bug15.cn SAT 587.75 142226 6876384572.05 105994 4876930 9612 53829 41076 4Q080R.03 | 27.88%
bug16.cn SAT 313.30 89673 383285p148.77 30758 1225178 10152 4977 10201 3292.11 | 67.50%
bugl7.cn SAT 572.68 147968 668895(1500.03 87445 4015001 9562 31708 36649 23216.15 | 38.88%
bug18.cn SAT 317.13 99315 448094B362.60 76770 3446783 9258 31794 27419 23288.87 | 21.86%
bug19.cn SAT 170.84 52916 207426(173.49 39746 1618980 9205 19385 17403 13576.98 | 20.27%
bug20.cn SAT 393.67 112968 5081804268.43 51920 2189750 9223 22645 25681 15904.47 | 55.90%
Average 5.88 | 47.64%

*Evaluation Functiorp = {(3 < LL < 30) - ((SI< 10« BD)|(BD < Depth))}, Depth= min(currentlecisionstaclsize/8, 30).



Table 4.5: Instance List

C1 5pipe.cnf
c2 avg-checker-4-23.shuffled.cnf
C3 combl.shuffled.cnf
C4 f2clk_30.shuffled.cnf
C5 homer06.shuffled.cnf
C6 homer20.shuffled.cnf
C7| IBM_FV_2004rule_batchO1 SAT dat.k30.cnf
Cc8 lisa2Q.1 a.shuffled.cnf
C9 pipe 64 4 bug01.cnf
C10 $61-100.cnf
C11| sat-grid-pbl-0070.sat05-1334.reshuffled-07.¢
C12|unsat-grid-pbl-0080.sat05-1344.reshuffled-07,.
C13 Urquhart-s3-b10.shuffled.cnf
C14 grid_20_20.shuffled.cnf
C15| IBM_FV_2004rule_batchO1 SAT dat.k40.cnf
C16 3bitadd31.shuffled.cnf
C17 med17.shuffled.cnf
Cc18 gg7-12.shuffled.cnf
C19 pyhala-braun-sat-30-4-01.shuffled.cnf
C20 ezfact481.shuffled.cnf
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Chapter 5

A Fast Approximation Algorithm for
MIN-ONE SAT

In this chapter33], we will propose a novel approximation algorithm for MINNE SAT, which is
the first in this area to the best of our knowledge. This apprakon algorithm can help to achieve

a drastic performance improvement, thus making MIN-ONE &#dre feasible and affordable.

Our approach is fundamentally different from the existingT@AT and PBSAT algorithms
described in Chapter 2. Instead, it is an approximate dlgoriwhich means that the solution
obtained may not be guaranteed to be optimal. It should b&gubiout that our algorithm holds
its value on fast-solving because complete algorithms t@ieplicitly search all solutions to find
the optimal one. Such a complete search may become an eseéssden given the sheer size
of solution set. Our approximation algorithm can poteitiakip many search spaces, hence the
computational complexity and resource usage can be significreduced. In addition, for many
applications a low-cost near-optimal solution is more niegfinl than the costly optimal solution,
where our algorithm becomes a perfect fit. We call our apgr@acRelaxSAT because it uses a

relaxation technique.

The detailed algorithm was exhibited in Sectmd. We will also demonstrate the outcome of
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this algorithm in Sectio®.2

5.1 Our Approach

5.1.1 RelaxSAT

The basic idea of the proposed RelaxSAT is to generate a sehesfraints from the objective func-
tion to guide the SAT solver. The detailed algorithm is shawhisting 5.1 A set of constraints,
S, is first generated in order to minimize (or maximize) theeghiye function. In other words, the
constraint-set defines a solution space within which thexatvalue of the objective function is
reached. The constraints are unit clauses that deterntinetresponding variable assignments.
For instance, in the basic MIN-ONE SAT, the initial constiteset,S, is the set of unit negative-
literal clauses that forces each variable to be ZERO. Naeiths trivial to constructS. when
the objective function is a linear function of the variabl@$is constraint set can be represented
as a conjunction of all such negative-literal clauses,ltieguin a CNF constraint formul&sc. It
should be pointed out th&t. contains at mostl clauses when every variable is constrained. Then,
Fa = Fsc- Fo, andFa is passed to a SAT solver to solve. One may raise the concathils kind

of constraints set may cause considerable conflict(s) Wwetotiginal Boolean formul&,. While
this may be true, we want to take advantage of these conftidisriefit our algorithm. Whenever
one or more conflicts exist betwe&g. andF,, a relaxation procedure is invoked. This relaxation
procedure analyzes the reason behind the conflict(s) thrithagtrace information provided by the
backbone SAT solver and removes the constraints that arereggonsible to the conflicts. Gen-
erally speaking, the constraints that cause conflicts willdmoved gradually, thereloglaxingthe

constraints along the way.

Listing 5.1: RelaxSAT Algorithm
def Rel axSAT( F_o/ i nput formul ax/)

begi n
i =0 /xiteration counter x/

S= | ni t Constrant Set (Qbj / xobj ective functionx/);
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while ()
Fa=Fo - Fsc
Resul t =Cal | _SAT_Sol ver ( Fa)
if (Result == SATI SFI ABLE)
return /«solution foundsx/
el se
S=Rel axConstrai nts(&); / «Rel axati onx/

end

Assume thaf, is satisfiable (otherwise, conventional SAT solvers aréent to determine
its unsatisfiability), wheneveta (i.e., Fo - Fsc) is unsatisfiable, we can conclude that some clauses
in Fsc are the reason that makEs unsatisfiable. In other words, wheneWaris unsatisfiable, we
can identify at least one unit clausehg: responsible for it. This allows us to formulate Theorem
4:

Theorem 4. Let F, be satisfiable. IFa = Fs¢- Fo is unsatisfiable, the UNSAT cor8()] contains at

least one clause fromc

Proof. We prove this by contradiction. If the UNSAT core does noténany clause fronfrsc,
all the UNSAT core clauses will have to come frdg This leads to the conclusion thgg is

unsatisfiable, which conflicts with the assumption fRaits satisfiable. O

The relaxation procedure will be repeated until a soluteolound. The number of iterations is
bounded by the number of variablesHg as given in Theorer. Note that in Theoremé and5,

the same symbol annotations as Listthare used.

Theorem 5. RelaxSAT will terminate withirN iterations, wheréN is the number of variables in

the formula

Proof. From Theorem¥, in each iteration at least one constraint clausesywill be removed.
Since the maximal size d%¢is N, so in the worst case, aftériterationsksc will become empty,

indicating that at this poirfea = Fo. O
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Theorem5 gives an upper bound on the computational complexity. Algioup toN SAT
iterations may be needed, the search space for many of tkesans is generally very small, due

to the constraints added. Details of the computational ¢exity will be furthered in Sectio®.1.3

To give the readers a more intuitive understanding of hoved®@A\T works, we will explain it
in terms of search space enlargement. The initial solubiatfalls within constraint-se&; actually
represents a dot in the entire search space. Note that tsg&ioms set can also define a subspace
which contains multiple solutions. We call the correspogdiepresentation in the search space
as theexploring space Thus, initially, the exploring space can be extremely $@aslpotentially
every variable is constrained. In each iteration, when aneare constraints are removed, the
exploring space is enlarged. Whenever the exploring spaees ot intersect with solution space,
Fa would be unsatisfiable. So the exploring space will keep grgwntil it eventually intersects
with solution space, where a solution within the intersattf the exploring space and the solution
space will be found. FigurB.1shows the exploring space enlargement process. The owkr ov
represents the entire space space. The exploring space fjmowa single dot in iteration I. The
patterned areas represent the solution space. In iteratiba exploring space does not overlap
with solution space. So the algorithm continues to the rntexaiion where a overlapping space

exists, shown as a red region in the figure.

One could observe that the exploring space behaves like tboal search algorithms, where
the search may be trapped in local optimal points and may la@tya find the global optimal.
Thus, the final solution highly depends on the way the comtsrare relaxed. To achieve a tight

bound and efficiency the relaxation heuristic should befalyecrafted, which is discussed next.

5.1.2 Relaxation Heuristic

The basic principle of our relaxation heuristic is that tlmgtraints that cause more conflicts
should be relaxed first. The underlying assumption of thigriséc is that by removing those
constraints that are more responsible for the conflict(g)can reach a solution faster. Based on

this principle, each constraint carrieseorewhich represents how many conflicts it is involved.

66



Exploring space

Solution
met

Figure 5.1: Exploring space enlargement

This conflict-score is computed in each iteration througttthce file for the UNSAT core provided
by the SAT solvet. From these trace files, the implication tree that provegdimula unsatisfiable
can be recoveredf]. Given the recovered implication tree, a backward seaachbe performed

from the conflict to identify the conflict-score of each coastt.

A simple example shown in Figuf2 explains how the proposed heuristic works. In Figure
5.2, two conflicts C1 and C2 rise due to the unit clause const&ity)(z). Based on a backward
traversal, we identify that constraigtis involved in both conflicts, C1 and C2, while the other
two only contribute to one conflict. Thus the conflict-scooé$x)(y)(z) are{1,2,1}. Using the

obtained conflict-scores, constra{g) will be chosen to be relaxed in this iteration.

It is not necessary to relax only one constraint at eachtitera To reduce the number of
iterations, in our implementation we relax the top ten-pat®f constraints on the conflict-score

list. For those variables with tied conflict-scores, we ottiem with a favor on those appear less

'many modern SAT solvers are capable of providing the traeddil the unsatisfiable instances, such as ZChaff,

Minisat[30]
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Figure 5.2: Conflict guided relaxation heuristic

frequently in the formula. It should be noted that if more stoaints are relaxed in each iteration,
the quality of the final solution may be degraded due to theedsed granularity in the search.
For the MIN-ONE SAT extension, where each variable is asdediwith a coefficient, we pick

the constraint that has the smallest coefficient and theestgtonflict-score in order to maintain

minimal loss when trying to satisfy the objective function.

A side benefit should be mentioned here. The returned saltrbon RelaxSAT on MIN-ONE
SAT problems could have fewer ONEs than the constraintysetiBed. For example, given a
formula with 200 variables, if a solution is provided by Re&&AT under a constraint-set with 100
variables specified as ZEROS, the upper bound of ONES wouDBe 100= 100. However,
during the search, the SAT solver may assign the (unconstiairee-variables to ZERO, leading

to an even smaller number of ONES.

The experiments in Sectidn2demonstrates that our heuristic works very well to obtaiglatt

bound while keeping a low computational overhead.
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5.1.3 Discussion on Complexity of RelaxSAT

In this subsection, we will discuss briefly about the aldoritcomplexity. From Theorers, we
know that in the worst case RelaxSAT may requitaterations. In each iteration the original
Boolean formulaF, conjuncted with some unit-clause constraiRig will be solved. Although
theoretically the SAT algorithm is NP-complete, modern $alvers can solve many of the large
instances without explosion in time or space. Based on tiaet® conventional SAT solvers have
much less computational cost when compared with existing-KANE SAT solvers. In this regard,
because RelaxSAT relies on conventional SAT, in each iterds complexity stays at the baseline
of SAT performance. Considering the maximum number of iteng is limited byN, practically
the total computation complexity of RelaxSAT is much snrattempared with other existing MIN-
ONE SAT algorithms. The memory overhead of RelaxSAT is afsline with conventional SAT
because only an extra constraint-set is introduced, wkisimply a set of at mo${ unit clauses.
The unit clauses actually help to reduce the search spaEg loj forcing some variables to a
fixed value, especially in the earlier iterations. GengrRielaxSAT consumes significantly less
resources compared with PBSAT based algorithms where aticagd Boolean networke. is

needed, without any fixation of any variables.

5.2 Experimental Results

Our proposed RelaxSAT was implemented in C++ under 32-litix,j and all the experiments
were conducted on a Intel Xeon 3.0G workstation with 2G memaChaff version 2004.11.15-
simplified was chosen to serve as the backbone SAT solverlaxBAT due to the convenience
on obtaining the trace information. There are three categ@f benchmarks in our experiments.
The first category is from the OPTSAT benchmarks, where ORT@Aperformed some popular
PBSAT based solvers3g]. Since OPTSAT outperformed PBSAT for these benchmarkshen
first experiment we only compared RelaxSAT with OPTSAT. Nibiat the publicly distributed
OPTSAT binary program can only solve the basic MIN-ONE SAdhpem, so it is not compared

in the second and third experiments, where the extended ®N¥E- SAT problem was targeted.
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We report the results of the first experiment in Tablé For each benchmark listed under the
first column, the number of variables and clauses of eachnstare listed in column two. The
third and forth columns present the run time of OPTSAT anchieAT, followed by a column
of run time speedup. The speedup is defined as the ratio betiveeun time of OPTSAT and
RelaxSAT. The objective function bound returned from OPT@&Ad RelaxSAT are reported in the
sixth and seventh columns. The last column shows the difterdetween the number of ONEs
OPTSAT and RelaxSAT obtained. Note that whenever OPTSADIesta solve the instance, it is
guaranteed to be the optimal solution. In Tablg OUT indicates OPTSAT times out after 3600
seconds and the corresponding run time speedup is recade&.aVhenever OPTSAT times out,

the sixth and last columns are marked X.

In 12 of the 21 benchmarks, both OPTSAT and RelaxSAT foundfitenal solutions. But
RelaxSAT achieved a two to three times speedup. For 4 of timaireng instances, OPTSAT
failed to finish in 3600 seconds while RelaxSAT can providektsn in only a few seconds.
Relax SAT returned tight bounds on the remaining 5 benchsadtér very few instances, the run

time is slightly increased due to the large number of iteretithat RelaxSAT went through.

The second experiment involves the benchmarks from the paware test pattern generation,
where the goal is to generate a test pattern can detect & thelpy fault and simultaneously
excite as much switching activities as possible to worsenditlay effect. Since considering a
complicated fault model is irrelevant with this chapter,our experiments we only check the
maximal switching activities of a sequential circuit in twonsecutive clock cycles without any
other constraints. In the experiment setup, we unroll eagnential circuit into a two-time-frame
combinational circuit. The switching activities are mamnéd by a set of XNOR gates with the
inputs from a corresponding gate pairs in two time frameghdfoutput of a monitor XNOR is
ONE, it means there is no switching activity on that gate.paAiter transforming the two-time-
frame combinational circuit and the monitor circuit into adsean formula, obviously the task
of maximizing the switching activities now is equivalentfioding a MIN-ONE solution on the
outputs of the XNOR gates. It should be emphasized that tbisigm is different from the basic
MIN-ONE SAT because in basic MIN-ONE SAdll the variables have to be considered while in
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the switching activity maximization only the outputs of thenitor circuits are considered. In

other words, the objective function only involves a portadnthe variables in the Boolean formula.

In this second experiment, RelaxSAT is compared with Mifi$A31]. MiniSAT+ is a high-
performance PBSAT solver which can be used to solve MIN-OKE $he MiniSAT+ is chosen
not only because it has been demonstrated to have high peniae ], but also due to reason
that its techniques favor those PBSAT problems where mosghefconstraints can be directly
represented as single clauses. The usual MIN-ONE SAT iostafall into this category and can
be benefited by using MiniSAT+, because all the constramtdliN-ONE SAT are SAT clauses

except the objective function.

The results of this second experiment are shown in Tal#le The eight columns of Table
5.2 are similar to Tablé.1, except that OPTSAT is replaced by MiniSAT+ due to reason tha
OPTSAT is unable to handle the extended MIN-ONE SAT problei@sice MiniSAT+ works
iteratively, whenever it cannot find the optimal solutiortiim 3600 seconds, it reports the best
solution obtained so far in the third column. A positive \&in the last column indicates RelaxSAT
returned dighter bound. Among the 9 instances, RelaxSAT outperformed MiiiSil 5 of them
with better result and shorter run time. One can see thatuthiéime of RelaxSAT is roughly0
x smaller than that needed by MiniSAT+. For example, in sSS&&axSAT can return a solution
containing 1075 non-switching gate in less than 21 secorlg WMiniSAT+ generates 167 more
non-switching gates even after one hour. For some smadinests, MiniSAT+ was able to find the

global optimum, the solution obtained by RelaxSAT stillgegets a very tight margin.

In the third experiment, we evaluated RelaxSAT on a set ofherarks whose objective func-
tions have integer coefficients associated with each Varic@ome of them were generated simi-
larly as those in the second experiment. The only differentieat here the gate size is considered
when computing the gate switching activities. Thus the d@bje functions will be slightly differ-
ent, where the variables representing the outputs of the Riy&es will have a positive coefficient
corresponding to the gate size. Actually this is a more ateunodel in the power consumption

estimation. The gate size information is obtained throlnghstynthesized circuits. The rest of the
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benchmarks in this experiment are derived from the OPTSAKCh®arks with a randomly gen-
erated coefficient of each variable. So the objective famdiecomesinimizes N ; ¢ x Vi. Note

thatc; is a number between -20 and 20.

The layout of Tables.3 is the same as Tabk2 RelaxSAT outperformed MiniSAT+ on 6
of the total 12 benchmarks. The remaining 6 instances ard enmes except for s6669 and b15.
For s6669 and b15, MiniSAT+ was able to find a better soluti@mtRelaxSAT, although it could
not produce the global optimum within 3600 seconds. The imeg shown in the third column
of these two circuits are the time needed to get a betterisnltitan RelaxSAT. Here we take
a closer look at b15 to discuss the strength and potentiatovement of RelaxSAT. For b15,
RelaxSAT was able to finish after 274 seconds with the re$l27@48. Meanwhile MiniSAT+
discovered a better solution after more than 1800 secortdmhbid not step further until it finally
timed out at 3600 seconds. One can see that although in #isfispexample RelaxSAT was not
able to outperform MiniSAT+ in terms of the tightness of tleeibd, RelaxSAT holds the strength
on a much smaller run time. In other words, MiniSAT+ neededdltimes more execution time
to outperform RelaxSAT by a small margin. This observatioggests that using RelaxSAT as a
preprocessing step before MiniSAT+ may be beneficial, wbahd be a potential future extension
of RelaxSAT.

The last experiment was set up to demonstrate the low menvemhead of RelaxSAT, com-
pared with both OPTSAT and MiniSAT+. A total of ten large enstes are selected to measure
the peak memory consumption during the solving processrasdts are presented in Figufe8
and5.4. In both figures the X-axis denotes the instance and Y-astis the memory consumption
in megabytes (MB). In Figur&.3, five instances are selected from Experiment | and the mem-
ory consumption are compared between OPTSAT and Relax$ATclear that RelaxSAT has a
smaller memory cost especially on large instances like gatiteo-8. The memory cost of five
instances from Experiment Ill are shown in Figird. Similar to Figure5.3 RelaxSAT required
a significantly smaller memory consumption compared withiBIAT+. The reason is as we men-
tioned before: RelaxSAT only has an additional constragitwhile PBSAT based algorithms need

a large Boolean network &..
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Figure 5.3: Memory consumption: OPTSAT vs. RelaxSAT
5.3 Summary

In this chapter, a novel approximation algorithm for MIN-@MNBAT is proposed. A set of con-
straints automatically derived from the objective funotie used to guide the search. Whenever
the constraint-set causes conflicts with the original Bawlermula, those constraints most re-
sponsible to the conflicts will be identified and relaxed. Télaxation procedure continues until
a solution is found. Our proposed algorithm has a low memueegyrleead and can provide a tight
bound for the objective function. It is able to handle somigdanstances that the existing MIN-
ONE SAT solvers failed. Meanwhile it can achieve one or twdeos of magnitude run time

reduction.

In the future, different relaxation heuristics can be exgdly and a possible hybrid solution can
also be investigated. Although RelaxSAT can provide a tagiind with a significant performance
improvement, it may not guarantee a global optimum. To axfdhies problem, we believe a hybrid
solution of RelaxSAT and other complete MIN-ONE SAT alglomit can be very beneficial. One
possible approach is to use the RelaxSAT as a preproceseipdnsPBSAT based algorithms
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Figure 5.4: Memory consumption: MiniSAT+ vs. RelaxSAT

where the bound estimati®E is passed from RelaxSAT. In this hybrid scheme, RelaxSATldvou
be able to provide a tight initial bound estimate quicklypwing PBSAT-based algorithms to skip

many unnecessary iterations.
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Table 5.1: Experiment I: OPTSAT Benchmarks

CNF #Var/#Cls |OPTSAT TIME| RelaxSAT TIME| SpeedUp OPTSAT result RelaxSAT resultDIFF
cl7.cnf 13/22 0.02 0.01 2.00 4 4 0
€880.cnf 469/1164 ouT 0.02 INF X 198 X

2bitcomp5 125/310 2.16 0.01 216.00 39 45 -6
2bitmax6 252/766 333.88 0.11 3035.27 61 68 -7
3blocks 283/969 0.62 0.31 2.00 56 61 -5
4blocks 758/47820 ouT 6.34 INF X 116 X
4blocksb 410/24758 1.06 0.68 1.56 66 66 0
gqgl1-08 512/148957 52.66 37.78 1.39 64 64 0
qg2-08 512/148957 314 16.64 1.89 64 64 0
qg3-08 512/10469 0.31 0.47 0.66 64 64 0
s27 72/141 0.02 0.01 2.00 24 24 0
s5378 12168/26527 ouT 97.89 INF X 2796 X
satbw_large.a| 459/4675 0.02 0.28 0.07 73 73 0
satbw_large.b| 1087/13772 0.22 1.5 0.15 131 131 0
satlogistics.a| 728/5784 1.51 0.68 2.22 135 135 0
satlogistics.b | 757/6429 4.38 0.76 5.76 138 138 0
satrocketext.al 331/2246 14 0.16 8.75 65 65 0
satrocketext.b| 351/2398 1.68 0.18 9.33 69 69 0
bmc-galileo-8|58074/294821 ouT 497.31 INF X 12303 X
bmc-ibm-2 | 2810/11683 1013.13 10.64 95.22 940 1017 =77
bmc-ibm-3 | 14930/72106 22.37 92.83 0.24 6356 6362 -6

OUT=3600 sec
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Table 5.2: Experiment II: Power-Aware Test Generation Bemarks

CNF #Var/#Cls | MiniSAT+ TIME | RelaxSAT TIME| SpeedUpMiniSAT+ result| RelaxSAT resulfDIFF
s510 972/2254 0.24 0.23 1.04 122 138 -16
s1494| 2720/6812 9.25 2.15 4.30 342 421 -79
s5378| 12168/26508 3600 20.85 172.66 1242 1075 167
s6669| 13828/31152 3600 53.45 67.35 1635 1553 82
s1585Q 41880/89908 3600 402.51 8.94 6265 6259 6
s35932 72592/164716 3600 1131.21 3.18 8198 7456 742
b13 | 1448/3248 26.6 0.43 61.86 157 211 -54
b14 | 40392/98250 3600 458.99 7.84 5857 5785 72
b1l5 | 35688/87808 3600 281.97 12.77 6423 6624 -201
Table 5.3: Experiment Ill: Objective Functions with Integ@efficients
CNF #Var/#Cls | MiniSAT+ TIME | RelaxSAT TIME| SpeedUp MiniSAT+ result| RelaxSAT resultDIFF
2bitcomp5 125/310 0.94 0.01 94.00 -297 -203 -94
3blocks 283/969 3.39 0.34 9.97 -105 -81 -24
qg3-08 512/10469 1 0.39 2.56 -73 -29 -44
satbw_large.a 459/4675 0.34 0.2 1.70 -189 -189 0
satlogistics.b| 757/6429 3600 0.86 4186.05 -197 -269 72
bmc-ibm-2 | 2810/11683 3600 9.86 365.11 -616 -581 -35
s5378  |12168/26508 3600 18.9 190.48 4570 3888 682
s6669 13828/31152 86.27* 180.65 0.48 6538 6732 -194
s13207 |35088/74658 3600 243.07 14.81 14942 14248 694
s15850 |41880/89908 3600 359.48 10.01 19394 19244 150
b14 40392/98250 3600 727.27 4.95 23174 21144 2030
b15 35688/87808  1821.3# 273.59 6.66 27392 27748 -356

*:after 3600 seconds, the best result is 6386
#: after 3600 seconds, the best result is still 27392
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Chapter 6

A RelaxSAT based MAX-SAT Solver

Due to its theoretical and practical importance, the MAXF&lver is receiving increased levels
of attention. After our previous work on the MIN-ONE SAT setya new direction for MAX-SAT
could be explored along a similar manner. To validate thespwilt a MAX-SAT solver on top of
our novel MIN-ONE SAT algorithm (RelaxSAT). By taking advtage from the relaxation heuristic
inside RelaxSAT, those clauses that potentially contebubst to the conflicts will be identified
in order to ease the efforts to satisfy the rest of the formlais local greedy scheme helps us
to cover the possibly largest satisfiable part of the forpwtaich is exactly what the MAX-SAT
solver attempts to do. In this chapter, we introduce a new M3 solver (RMAXSAT) based
on our previously proposed MIN-ONE SAT algorithm. From thixperimental results our solver

achieves a significant performance improvement over exj$AX-SAT solvers.

Similar to the conventional SAT solver, the MAX-SAT solvés@has a great potential to find
its applications in formal verification. In Secti@3 We also discussed how to apply our MAX-
SAT solver on bounded model checking. To the best of our kadg it’s the first scheme that has
ever been proposed to deploy MAX-SAT in bounded model clmecKrhree possible applications

of RMAXSAT are described and some corresponding algoritaraoutlined.
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6.1 The New MAX-SAT Solver

Because our MAX-SAT Solver is based on the RelaxSAT propasedhapter5, we name it
RMAXSAT. RMAXSAT consists of three components. The first gmment is formula transfor-
mation. A RelaxSAT implementation is also embedded in RMAX&nd finally the MAX-SAT
solution will be taken from the outputs of RelaxSAT and prthbut. The pseudo code is presented

in Listing 6.1 The program of RMAXSAT was implemented in C++ under Linux.

Listing 6.1: Our Solver: RMAXSAT

def RMAXSAT(F)
begi n
F_n=transforn(F)
Sol ut i on=Rel axSAT( F_n)
return solution //contains both assignnent and bound

end

We would mention a few details about the implementation ofABAT here. As previously
discussed in Sectidn.1.2 in the underlying MIN-ONE SAT algorithm, it is not necesg&r relax
only one constraint at a time, more constraints can be rélaxesach a solution faster. However,
in RMAXSAT, to achieve the bound as tight as possible, wexr@aly one constraint in each
iteration. Because we want a MIN-ONE solution on the aumiliaariables only, the MIN-ONE
SAT target function passed to RelaxSAT algorithrﬁéA)ﬁ, whereAX; is theit" auxiliary variable
that is embedded in th& clause with a total oM clauses in the original formula. RMAXSAT
can be easily extended to handle partial MAX-SAT problentsere the auxiliary variables are not
inserted to every clause in the formula. By adding auxiliagiables only to a subset of clauses,
those clauses without auxiliary variables will automdtycae forced to be satisfied during the

search for a solution.

Since the RMAXSAT inherits the search heuristics from R8WK, it intends to leave those
clauses that would most likely cause the conflicts alone @iyrng their corresponding auxiliary

variable to one) and satisfy the rest of the clauses in aatiermanner. Our experiments have
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shown this conflict-guided relaxation heuristic works efifieely in most cases.

First let us look at a case study of RMAXSAT. We have tested RISAT on some equiv-
alence checking problems to see if RMAXSAT can correctlyntdg the one clause, that when
removed, can make the rest of the clauses satisfiable. Assdisd at the beginning of this disser-
tation, equivalence checking compares two different desig check whether they are functionally
equivalent or not. By adding the extra equivalence assestithe satisfiability of the equivalence-
checking instances determines the equivalence betwedwthdesigns. When the two original
designs are indeed equivalent, the equivalence-checkstgrice should be unsatisfiable. In other
words, an effective MAX-SAT solver should be able to identlie equivalence assertion clause,

without which the rest of the clauses should be satisfiable.

Thus, in our preliminary setup, when an unsatisfiable irstagerived from an equivalence
checking problem is fed to RMAXSAT, it is quite a surprise ® that RMAXSAT was able to
quickly find a MAX-SAT solution that satisfies the clausesnfrthe design without the clause
from the equivalence assertion. This is extremely encongagecause logically the best way
to make an unsatisfiable equivalence-checking instancedorbe satisfiable is by removing the
equivalence assertion constraints. This observation gavtke hints that RMAXSAT might be a
powerful tool to reveal some insightful reasonings encaddte SAT instances. This leads us to
explore the potential to apply RMAXSAT on some hard formalfigation problems like bounded

model checking, which is discussed in Sectta

6.2 Evaluation of MAX-SAT Solver

Before the discussion about the applications of RMAXSAThis section some experiments were
conducted to compare RMAXSAT with some existing MAX-SAT \sats. All the experiments

were conducted on a PC workstation with Intel Xeon 3.2G CPiJ24a bytes of memory.

First we cite the experimental results froBg], presented in Tablé.1 The reason we cite
this table here is that we want to demonstrate that OPTSATM®BAT+ are the state-of-the-art
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solvers which have a significant edge among the existing M- solvers. Since the source
code or executable files from most MAX-SAT solvers are noilalsée to us, at current stage we
first compare the performance between our RMAXSAT and OPT®AIch is shown in Tablé.2
The comparison with MSAT+ is reported in Talie8. By evaluating on the same set of publicly
available benchmarks, we can check to see if RMAXSAT is iddekigh-performance MAX-SAT

solver.

In Table6.1, the first column lists the names of the benchmark formulfhenformat of CNF.
The maximal number of satisfied clauses are shown in the desmumn for each instance, which
is the optimal bound if at least one of the deterministic MAXT solver should return if it is
able to finish. The running time of each MAX-SAT solver in thempetition is presented in the
following columns, in the order of BF1B], OPBDP [L8], PBS4 f], MSAT+ [3][31]. Solver
BF is a MAX-SAT Solver while OPBDP, PBS4 and MSAT+ are gen@seudo Boolean solvers.
MSAT+ is a pseudo Boolean SAT solver based on MiniSé} and it is shown to be capable of

solving large number of instances.

All of the deterministic MAX-SAT solvers can report the aptl bound if they could finish
within the time and memory limits. The timeout limit is setl&00 seconds while the memory
consumption is limited within 1 GB. “TIME” in the table indates that the corresponding solver
times out. Similarly “MEM” indicates memory is exhaustedotl that “SF” means the solver
aborted unexpectedly. When no solver can solve the instdheeoptimal bound in the second
column is marked as “N/A’. Finally “-” represents the solveturns wrong results. It can be
observed that solver BF, OPBDP and PBS4 were not able to sab& of the instances, either
due to the resource limit or the implementation bugs. On therchand, MSAT+ and OPTSAT
solved all the instances except u-bw.b. For instance, imgtance c3540, BF timed out, OPBDP
ran out of memory, PBS4 returned wrong results, both MSATd @RTSAT finished in 242.02
and 786.33 seconds, respectively. The maximum numbera$etathat could be satisfied is 9325.
From this table we see that the two solvers, MSAT+ and OPT§a¥Ve the best performance and
capability edge over other three MAX-SAT solvers. Therefon the following experiments, we
compare our proposed RMAXSAT with OPTSAT and MSAT+ sepdyate
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Table 6.2 and Table6.3 share the same layout, where the first column exhibits thtanos
name, followed by the results from two solvers in the congmari In Tables.2, the second and
the third columns report the bound and running time of OPT,S4iile the forth and fifth columns
show the bound and running time of RMAXSAT. The sixth colunmesents the bound difference
between RMAXSAT and OPTSAT, computed as the bound obtaireed RMAXSAT minus the
bound obtained from OPTSAT. It should be noted that since R®BAT is based on the approxi-
mation algorithm of MIN-ONE SAT, the bound it returned mayt be optimal. Finally, in the last
column, the speed up is calcuIated%nTT"i”nfggfoMpﬁéiﬁTWe set the time out limit the same as in

Table6.1, 1800 seconds.

One can see that the bounds returned by RMAXSAT are extretigglly In all 27 instances,
RMAXSAT reported optimal bounds on 18 of them. In the remagn® instances, the difference
is at most 5, usually it is only 1 or 2. Meanwhile the performaimmprovement is over 70 times
on average. For example, in qvarl4, OPTSAT obtained the NB#®X-result of simultaneously
satisfying 9312 clauses in 188.09 seconds, while RMAXSARmied the same MAX-SAT bound
of 9312 in only 1.06 seconds. This is a speedup of 177.4#h another example, RMAXSAT
finished instance u-bw.b in just 1.14 seconds whereas atittiter MAX-SAT solvers failed. With
this result we know that in u-bw.b.cnf, at least 11480 clawsa be satisfied simultaneously, which

means by removing only one clause the formula becomes ahtsfi

The results from Tabl&.3 follow the same trend as in Tab&2, and on average, over 50
times performance improvement from RMAXSAT was achievedrddSAT+. For example, in
the instance u-log.c, MSAT+ finished the instance in 94.L®8ds that simultaneously satisfied
9506 clauses. RMAXSAT, on the other hand, satisfied the sam#ar of clauses in just 0.39
seconds. This is a 24lspeedup. Based on the consistent results obtained in bp#riments,
it is safe to conclude that RMAXSAT is able to return tight bds with performance boost with

over an order of magnitude reduction in the computationsi.co
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6.3 Applications of RMAXSAT in Bounded Model Checking

We have demonstrated the power of our proposed RMAXSAT.ifdbction, we will discuss the

potential applications that can benefit from RMAXSAT.

Design C unrolled to K time frames
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OUTPUT=1, P holds

Otherwise, P is false

Figure 6.1: Basic Bounded Model Checking Setup

First, let us quickly review the set up of Bounded Model ChegKBMC). In BMC, the se-
guential circuitC is unrolled to the target dep#, resulting in the unrolled circu€U. A property
P will be verified on the unrolled circuifU. Considering the property to be an invariantP
should be checked whether it holds in each time frame. Gikenrtitial statesS of the circuit,
BMC verifies whether there exists a path of lengtfrom the initial state$in the state transition
graph that can violate the property along any path of leigtNote thatS could be a single fully-
specified state or a set of states. Such a basic setup of BM@arfant properties is shown in Fig
6.1 The big OR gate is inserted to test whetReis falsified at any time-frame. If the BMC is

conducted in an incremental way, the basic BMC setup can baneed as illustrated in Fig.2,
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whereP is held through the path except the last time frame. In thetilae frame,—P is asserted
to see whether a counter example can be found. The detaipganexions of these BMC setups

can be referred alp][27],[63)].

Design C unrolled to K time frames
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Figure 6.2: Enhanced Bounded Model Checking Setup

The unrolled BMC setup can be converted into a representaticeither Binary Decision
Diagram (BDD) or a formula of satisfiability2p]. Both the BDD and SAT formulations can be
solved with various techniques. Since the construction DDBcauses memory blowout easily,
the SAT formulation for BMC is extremely popular. Note thBetSAT translation of a circuit is
linear with the size of the circuit in terms of computationamplexity, which is actually trivial
compared with the time for solving the instance. After theolgftBMC setup is translated into a
formulaF, the SAT solver is invoked oR. If F is satisfiable, then a counter example has been
found that violate® and the solution of presents the path that leadstérom S. On the contrary,

the unsatisfiability oF means thaP holds at least at the current unrolling length from state

In the incremental BMC setup, the propeRyvill be verified gradually from 1 time-frame to a
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preseK time-frames. Whenever a counter example is found, the Basaops andP is found to be
falsifiable. Otherwise, BMC will continue untid time frames are reached or the sequential depth
of the circuit is met $8][61]. Let us imagine that we apply RMAXSAT on the scenario where
the P holds under the unrolling length. Sin€&holds within the deptlK, formulaF would be
unsatisfiable. By utilizing the intelligent search heucsfrom RMAXSAT, we can find a solution

Q that satisfies most of the clauseskhn Now we are able to identify those left-over clauses
and correspondingly these clauses can be interpreted asatbenthat causes the unsatisfiability.
One may raise the concern that the reasoning from RMAXSAThimgt make too much sense
in BMC since the circuit structure could be destroyed whaneof the clauses representing the
circuit structure are removed. We understand this conastmall discuss how this very important

issue is addressed.

Because the circuit structure should be retained comp)ébel only reason that can potentially
cause the unsatisfiability is the initial stat8s In other words,S and the Boolean constraints
from P CANNOT be satisfied simultaneously under the hard congtéatauses) from the circuit
structure. Obviously when both the circuit structure &hdre kept, we have to remove some
constraints fronsto conceivably satisfyv. This is where RMAXSAT can be deployed. It should
be pointed out that RMAXSAT has to be modified to be able to tstdad the difference between
clauses from the circuit and clauses from the initial s&te{here only the clauses from the initial
state(s) are allowed to be unsatisfied. In fact, this is ad?&AX-SAT problem that the circuit
clauses are hard constraints and the initial-state contgrare soft. Since it is trivial to modify
RMAXSAT to solve Partial MAX-SAT, we do not discuss the détdiere.

Now with the RMAXSAT that supports the Partial MAX-SAT sahg, we are able to find
a solution ofF that satisfies the whole formula except for some clauses fr@mnitial state.
Usually the initial stateS are constituted by a set of unit clauses. Then this can berstode as
by removing some initial-state constraints propdttyan be violated (the formula becomes SAT)
within K depth. One can interpret it as the state strengthening omitied states because the
initial states are less constrained under the solutionrmetufrom RMAXSAT. We view this as a

powerful reasoning technique that has never been propodée past. The detailed analysis will
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be discussed in the following.

When RMAXSAT returns a solution df, some of the constraints on the initial state would
have been removed. In other words, in order to find the MAX-$&TF, some of the constraints
on Swould have to be relaxed. The assignments on both thoseetklnd unrelaxed initial-state
variables define a new set of initial states. We name thesalisiatesS and it is easy to see that
SC S. SinceS contains some states that can violate the property withpthde, these states are
deemed valuable when searching for a counter example. |6ty inS can be reached from
S then it is guaranteed that a counter example exists to phatd is false. More importantly,
states inS might provide a low-cost search to reach the property, dubdainderlying reason
from RMAXSAT that the clauses which strongly attempt to indwconflicts will be abandoned
first. Other state strengthening techniques usually irvatvage computation/D][40][42]. In
these techniques, the preimage of the property is built large the target states, which is very
expensive in terms of computation and storage complexi@esthe other hand, with the help of
RMAXSAT, it is able to obtain a subset of states than can rélaelproperty in a fractional cost of
the preimage computation. Note ti&may not simply be a subset of the superset of the preimage,
where they could intersect with each other. Due to the afergimned reason, the computation of

S from a MAX-SAT solver could significant benefit the search &ocounter example to a target
property.
We elaborate a few possible applications of about the agipdics of S in bounded model

checking:

1. S can be used to guide the simulation-based property cheekiege the random inputs are
generated by the information on the state elements. Sindgawe which state elements are

relaxed by RMAXSAT, these states elements should be faviardek input generation.

2. In some abstraction-refinement schemes, we need to knaeh state element should be

abstracted. Similar to the first iter§, can bring some insightful hints on this.

3. SinceS is a subset of preimage of the property, it could be incoreaoranto those preimage
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based techniques, even within unbounded model checking.

When we look at the unrelaxed and relaxed state variableshteg we will find that the relaxed
state variables might only be assigned to the opposite valtlee original values ifsin order to
violate P. To make it simple, let us consider an examBle {x; = 1,xp = 0,x3=0,x4 = 0,x5 =
U,Xs = U} wherex; to xg are state variables. “U” here means there is no constramtisai state
variable. Hypothetically assume that after RMAXSAT = {x;1 = 1,x2 =U,x3=0,x4 = 0,x5 =
U,xs =U}. We can see that was relaxed to violat®. In fact, all those states to violaRecan
be only inside the sub-space whege= 1. The reason is that a state insi®ewith x, =0 is S
itself andSis proved to contain no state that can violRteSimilarly when multiple variables are
relaxed, the last variable has been relaxed will hold theeafi@ntioned property. More specifically,
if we name the last relaxed state variablé/asnd its corresponding values in state Ser S as
ValugV,,S) or ValugV;, S), it is true that all states i that can falsifyP have the property that
ValugV,,S) = —ValugV,,S). This claim is supported by Theoresn

Theorem 6. Given the aforementioned definitions®fS andV;, for all the states that can violate

P, the values of, onSandS are opposite value$falug'V;, S) = -ValugV;, S).

Proof. We prove this by contradiction. Suppose there is a sfatan violateP with a single
state variablé/, relaxed in the last iteration whe¥g(A,S) =V, (A,S). Since we know that only
one constraint was relaxed in the last iteration, in thatten immediately beforg, was relaxed,
conditionV; (A, S) = V;(A,S) holds. We assume this iteration as tfkiteration. Due to the
existence off there should exist at least one solution to satisfy the féammuiterationi. But in
iterationi we already know that the instance was unsatisfiable, otserRMAXSAT will have

finished and/, would not be relaxed. Thus, a contradiction. O

There is another way to interpret the relaxation proceduRNIAXSAT. From Theoren® the
relaxation on the state variables can be viewed as flippinthewalues. Actually the state s&t
was altered by a sequence of flipping on the state variabldsRuis violated. In this regard, it is

similar to the local search algorithms where neighbors aseched greedily to find the solution.
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Here in each iteration the flipping on one state variablequstesSto one of its neighbors in the

state space. Meanwhile the current sub-space was excladedé any possibilities to violat

6.3.1 Discussions on RMAXSATALL

Listing 6.2: Our Solver: RMAXSAT
def RVAXSATALL(F, P, 9
begi n
/I'F is the CNF instance of BMC,

/1Sis the set of clauses representing the initial states,

/1P is the set of clauses fromthe property.

SaLL=0

whil e (Slo contains at | east one state el enent)
SLN=RMAXSAT(F, P, S //get MAX—SAT sol ution
SaL=5aLLNSLN
F=bl ock(F, SIn //block solution SLNin F

end

One may raise the concern that RMAXSAT only returns one goiuthusS is quite limited.
This issue can be address by the algorithms presented ind.822 The basic idea is to force
RMAXSAT working like a multiple-solution solver. Whenever solutionSLN is returned by
RMAXSAT, it will be blocked in future iterations by adding ddaking clause forSLN to the
clause database. Implicitly these blocking clauses Wk MAXSAT searching until all the
constraints frons are relaxed. This algorithm is called RMAXSAALL and the solution set it
returns is name& . Note that the solution from RMAXSARLL is different from the preimage
of the property. The preimage of propeRycontainsALL the states that can reafhat depthK.
On the other handya | only contains those states that are the “neighbor8which might reach
P. Since at each iteration RMAXSAALL relaxes as few state elements as possible, the solutions
it obtains are generally have few bits of difference fr8mnit should be noted that the “neighbor”

here not only indicates the Hamming distance on state eleni®it much more importantly it
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reveals they are logically connected through our conflietaion reasoning. Consequen8, |

is relatively small in size.

Another interesting phenomenon we want to mention is thatsibiutionSLN tends to be
stretched to cover more state space after each iteratioe siore and more state elements will
be relaxed until all of them are gone. The order and sequeh8&Nin S5 might help us to

understand the bottleneck of proviRgy analyzing the dependency between state elements.

We believe tha®a | has much potential to benefit bounded model checking, urdeximodel
checking and even reachability analysis, especially ifffe@mage computation is too costly and
approximations are needed. Due to the reason that the cbsaathis topic are still very prelimi-

nary, we will not address this in further detail in this digagon.

6.4 Summary

We introduced a new MAX-SAT solver RMAXSAT in this chapteh@RMAXSAT was compared
with other existing MAX-SAT solvers to show its performarsteength. The potential applications
of RMAXSAT in bounded model checking was discussed. A theonas presented to reveal some
interesting discoveries about the RMAXSAT for bounded ni@tiecking. Finally, an algorithm
that attempts to iterate on RMAXSAT, RMAXSAALL, was described and discussed that could

benefit formal verification instances.
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Table 6.1: Existing MAX-SAT Comparison

CNF #C| BF |OPBDP| PBS4 | MSAT+ | OPTSAT
barrel3| 941| 0.23 2.04 0.88 0.12 0.9

barrel4| 2034| 0.65 | 47.59 | 11.67| 0.34 21.19
barrel5| 5382| 21.42| MEM | MEM | 24.01 | 177.11
barrel6 | 8930| 213.6 | MEM - 95.56 | 896.45
barrel7 | 13764| SF MEM - 285.55| 435.46
Imult0 | 1205 0.39 | 13.05 | 1.45 0.16 7.35

Imult2 | 3524| 57.11| TIME | TIME 6.7 16.46
Imult4 | 6068|261.74) MEM - 35.34 | 98.05
Imulté | 8852| 774.08) MEM - 157.02| 609.07
Imult8 | 11876| SF MEM - 297.32| 704.08
gvar8 | 2272| 0.62 | MEM | 17.67| 2.95 36

gvarl0| 5621| 2.21 | MEM |234.97| 55.54 | 156.44
gvarl2| 7334| 6.2 MEM - 36.8 74.49
gvarld| 9312| SF MEM - 117.25| 815.66
gvarlé | 6495 SF MEM - 51.33 | 117.31
c432 | 1114)131.06] TIME | 7.22 0.24 7.6

c499 | 1869| TIME | TIME |100.41 0.8 4.59

c880 | 2589| TIME | TIME |320.96| 5.54 38.91
c1355 | 3661| TIME | TIME | TIME | 80.09 21.2

c1908 | 5095| TIME | MEM | TIME | 58.01 | 165.99
c2670 | 6755| TIME | MEM - 63.64 | 100.31
c3540 | 9325| TIME | MEM - 242.02| 786.33
u-bw.a | 3290| 7.81 | TIME 249 | 209.03| 178.18
u-bw.b | N/A| TIME | MEM - TIME TIME

u-log.a| 5783| TIME | MEM | TIME | 59.65 | 179.3
u-log.b | 6428 TIME | MEM - 35.37 | 144.83
u-log.c| 9506 TIME | MEM - 383.65| 731.87
u-rock.al 1691| 13.29| TIME | 41.29| 206.56| 6.26
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Table 6.2: RMAXSAT vs. OPTSAT

CNF OPTSAT RMAXSAT Bound DIFF| Speed UHR
#C RunTime #C RunTime
barrel3| 941 0.335 | 941 0.02 0 16.75
barreld | 2034 2.26 | 2032 0.19 2 11.89
barrel5| 5382  65.37 | 5380 211 2 30.98
barrel6 | 8930 257.48 | 8928 12.94 2 19.90
barrel7| 13764 481.29 | 13763  17.63 1 27.30
Imult0 | 1205 2.36 | 1205 0.03 0 78.67
Imult2 | 3524 6.19 | 3523 0.1 1 61.90
Imult4 | 6068  49.74 | 6068 0.28 0 177.64
Imult6 | 8852  197.05 | 8852 7.2 0 27.37
Imult8 | 11876  787.3 | 11876 384.76 0 2.05
gvar8 | 2272 10.77 | 2272 0.18 0 59.83
gvarl0| 5621  49.18 | 5621 0.5 0 98.36
gvarl2 | 7334  28.53 | 7334 0.95 0 30.03
gvarl4 | 9312  188.09 | 9312 1.06 0 177.44
gvarlé | 6495  43.29 | 6495 1.2 0 36.08
c432 | 1114 241 | 1114 0.08 0 30.13
c499 | 1869 3.53 | 1869 0.3 0 11.77
€880 | 2589 14.43 | 2588 0.57 1 25.32
c1355 | 3661 10.88 | 3661 1.14 0 9.54
c1908 | 5095  61.04 | 5095 2.14 0 28.52
c2670 | 6755  43.14 | 6755 1.37 0 31.49
c3540 | 9325 353.27 | 9325  65.48 0 5.40
u-bw.a | 3290 18.19 | 3285 0.27 5 67.37
u-bwb | N/A  TIME |11480 1.14 N/A N/A
u-log.a| 5783  47.63 | 5782 0.22 1 216.50
u-log.b | 6428  45.09 | 6428 0.23 0 196.04
u-log.c | 9506  179.57 | 9506 0.39 0 460.44
u-rock.al 1691 159 | 1691 0.08 0 19.88
Average 0.56 72.54
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Table 6.3: RMAXSAT vs. MSAT+

CNF MSAT+ RMAXSAT Bound DIFF| Speed UR
#C RunTime #C RunTime
barrel3| 941 0.04 941 0.02 0 2.23
barreld | 2034 0.04 | 2032 0.19 2 0.19
barrel5| 5382 8.86 | 5380 211 2 4.20
barrel6 | 8930  27.45 | 8928 12.94 2 212
barrel7| 13764 315.60 | 13763  17.63 1 17.90
Imult0 | 1205 0.05 | 1205 0.03 0 1.71
Imult2 | 3524 2,52 | 3523 0.1 1 25.20
Imult4 | 6068 17.93 | 6068 0.28 0 64.03
Imulté | 8852  50.80 | 8852 7.2 0 7.06
Imult8 | 11876 332.46 | 11876 384.76 0 0.86
gvar8 | 2272 0.88 | 2272 0.18 0 4.90
gvarl0| 5621 17.46 | 5621 0.5 0 34.92
gvarl2| 7334  14.09 | 7334 0.95 0 14.84
gvarl4 | 9312  27.04 | 9312 1.06 0 25.51
qvarl6 | 6495 18.94 | 6495 1.2 0 15.78
c432 | 1114 0.08 | 1114 0.08 0 0.95
c499 | 1869 0.62 | 1869 0.3 0 2.05
€880 | 2589 2.05 | 2588 0.57 1 3.60
cl355 | 3661  41.10 | 3661 1.14 0 36.06
c1908 | 5095  21.33 | 5095 2.14 0 9.97
c2670 | 6755  27.37 | 6755 1.37 0 19.98
c3540 | 9325 108.73| 9325  65.48 0 1.66
u-bw.a | 3290 21.34 | 3285 0.27 5 79.03
u-bwb | N/A  TIME |11480 1.14 N/A N/A
u-log.a| 5783 15.85 | 5782 0.22 1 72.03
u-log.b | 6428 11.01 | 6428 0.23 0 47.88
u-log.c| 9506  94.13 | 9506 0.39 0 241.36
u-rock.al 1691  52.46 | 1691 0.08 0 655.81
Average 0.56 51.55
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Chapter 7

Summary of This Dissertation

As one of the critical backbone solvers, SAT solvers areetriily drawing numerous attention in
the research society, especially in the formal verificatommunity where SAT is viewed as a
major player in several key engines. It is envisioned thal &Ml continue to play a critical role

in the foreseeable future.

To continue the advances of the SAT solver, this dissertasidocused on leveraging the per-
formance, reducing the cost of SAT solving and escalatiegstiiver capability on optimized SAT
problems. Three major topics about SAT techniques and #pgilications in formal verification

were discussed in this dissertation.

In Chapterl we presented a brief introduction about why SAT is so impurita formal veri-
fication. Then the motivation of this dissertation was désad. Three major contributions of this
dissertation were outlined: A hybrid SAT solution, douldger conflict driven learning (DLSAT)
and a novel MIN-ONE SAT algorithm named RelaxSAT. The otlartabutions include a MAX-
SAT solver based on the RelaxSAT and its applications in dedrmodel checking. To help the
readers to understand our proposed techniques, in Chafiterbasic knowledge about SAT and

the solving techniques are described in detail.

Next, given the current research progress in SAT, we beliexebesides the low-level tech-
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niques like decision order, efficient BCP or better spaceipg systematic hybrid approaches
should be studied to take advantage from various existinfpadelogies. In Chapte3 we pro-
posed a hybrid solution that can be adopted to many DPLL basedrs by combining the strength
from tree based search like DPLL and local search algorilike3VALKSAT. Although it is not
the first attempt to integrate these two major, yet diffeegaproaches on SAT solving, our approach
is entirely different from the existing hybrids as it worksratively under an abstraction-refinement
framework thus to be more seamless and effective. The fekdltetween the DPLL and WALK-
SAT help to enhance the solution search for both of them. kXperaments demonstrated that the
hybrid solution is not only effective to boost the SAT solperformance but also highly portable

to the existing SAT solvers.

Conflict-driven learning is one of the most critical techueg in the SAT solver and has been
regarded as a groundbreaking milestone of SAT solving iflasiedecade. After careful investi-
gation, we realized that there still exists much potentahiprove conflict-driven learning. The
existing conflict driven learning schemes treat all the ¢onifhduce clauses equally, which hardly
represent the reality that their importance and usefulaessliscrepant. Some methods, such as
clause database compaction, have been proposed to eknthiose useless (we call it supplemen-
tary) conflict-induced clauses periodically. Howeverytlgenerally are passive, thus they can
not alleviate the side effects on reducing the effectiverméshe resulting decision order. Our pro-
posed double-layer conflict-driven learning identifiessenoonflict-induced clauses that are crucial
to solve the problem, which we call primary clauses, preattiand store these primary conflict-
induced clauses and the supplementary counterpart selyaid reduce the cost in BCP and stor-
age, those supplementary conflict-induced clauses areseqmied compactly as Pseudo Boolean
Constraints (PBC), where they were suppressed withoutdoal of their deductive power. It is
a major contribution to save supplementary clauses as Bdmalean constraints since that the
partial even complete space pruning power are kept, whicbtithe case for any previous attempts
to remove useless conflict-induced clauses, like claussbdae compaction and clause deletion.
Furthermore, we conducted extensive research on the assatssf the usefulness of the conflict-

induced clause. These researches lead to the implemend&iid SAT which exhibited the value
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of our proposed double-layer conflict driven learning byserging the significant performance

improvement it can bring.

For modern SAT solvers, they are not only limited to the tiadal constraint solving, the
optimized SAT problems are also their major targets due ¢ontitle usage in many application
domains. The most popular optimized SAT problems are MINECBAT and its sibling MAX-
SAT. Both MIN-ONE SAT and MAX-SAT can be applied to problenmsdesign verification and
circuit testing. In MIN-ONE SAT, the solution of the formuis desired and an objective func-
tion based on the assignments is to be optimized. Differen the assignments optimization in
MIN-ONE SAT, MAX-SAT optimizes the satisfiability of the forula where the number of the
satisfied clauses is expected to be maximized. We proposedflctdriven relaxation based
MIN-ONE SAT approximation algorithm (RelaxSAT) in ChapterTo the best of our knowledge
this algorithm is the first approximation MIN-ONE SAT algibnin, which provides over an order
of magnitude of speedup in performance and fairly tight mbiie believe that the RelaxSAT will
have a significant impact on the applications of MIN-ONE SATC#&use it significant reduces the

cost of MIN-ONE SAT solving, thus many previously costly &pations could become affordable.

Based on the proposed RelaxSAT, a MAX-SAT solver called RNBAX was described in
Chapter6. Thanks to the powerful underlying MIN-ONE SAT engine, RM8KT presents a
considerable performance edge over other existing MAX-Sélvers, including OPTSAT and
MSAT+. In Chapter6 we also discussed and forecasted the potential of depl&BMGXSAT in

bounded model checking.

With the three major contributions: 1) Hybrid SAT solutidt), Double-layer conflict driven
learning and 3) A fast approximation algorithm for MIN-ONRABand MAX-SAT, this disser-
tation explores both the research depth and width in SATnigcies, especially in the formal
verification area. Because we were inspired by some corthectéerlying principles in our re-
search, it turned out that our contributions share the anitigs between them: they were proposed
under common guidelines such as abstraction and refinetmgmid soltion and conflict-driven

relaxation. We believe the research that has been presartted dissertation serves a substantial
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foundation to many ongoing and future researches, bothret&&T and EDA communities.
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