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Abstract

Due to the widespread demands for efficient Propositional Satisfiability (SAT) solvers and its

derivatives in Electronic Design Automation applications, methods to boost the performance of

the SAT solver are highly desired. This dissertation aims toenhance the performance of SAT and

related SAT solving problems. A hybrid solution to boost SATsolver performance is proposed as

an initial attack in this dissertation, via an integration of local and DPLL-based search approaches.

Next, a different hybrid strategy is attempted that takes advantage of the conflicts in the SAT

search, which plays a critical role in modern SAT solvers. Usually a learned conflict-induced clause

is added back to the clause database. Although conflict-induced clauses help to block a portion of

the search space, they can also become a burden due to the added cost in memory consumption

and Boolean Constraint Propagation (BCP). We thus propose anovel double-layer conflict-driven

learning to store only those “primary” conflict clauses backinto the clause database while keeping

the other clauses as pseudo Boolean constraints. With this approach our experiments demonstrate

that the approach can improve both in performance and memoryconsumption. This work opens

the door on how to assess the usefulness of conflict induced clauses.

Besides the aforementioned works about enhancing SAT solver performance and reducing

memory cost, this dissertation also proposed a contributing work on the extended SAT problem

solving. The current SAT solvers can provide an assignment for a satisfiable propositional formula.

However, the capability for a SAT solver to return an ”optimal” solution for a given objective func-

tion is severely lacking. MIN-ONE SAT is an optimization problem which requires the satisfying

assignment with the minimal number of Ones, and it can be easily extended to minimize an arbi-

trary linear objective function. While some research has been conducted on MIN-ONE SAT, the



existing algorithms do not scale very well on large formulas. This dissertation presents a novel

approximation algorithm (RelaxSAT) for MIN-ONE SAT. RelaxSAT generates a set of constraints

from the objective function to guide the search. The constraints are gradually relaxed to eliminate

the conflicts with the original Boolean SAT formula until a solution is found. The experiments

demonstrate that RelaxSAT is able to handle very large instances which cannot be solved by ex-

isting MIN-ONE algorithms; furthermore, RelaxSAT is able to obtain a very tight bound on the

solution with one to two orders of magnitude speedup.

Based on the proposed powerful MIN-ONE SAT algorithm, we built a MAX-SAT solver which

achieved more than one order of magnitude speed up compared with the-state-of-art MAX-SAT

solver. We also discuss a promising application of this MAX-SAT solver in formal verification.
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Chapter 1

Introduction

Since its birth in the 1950s, the semiconductor industry haschanged the way people work, commu-

nicate and live. From consumer electronics to high performance supercomputers, a vast majority

of the devices rely on some form of digital circuits. Although the current Very Large Scale Inte-

gration (VLSI) chip design and manufacturing industry is already a multi-billion dollar industry,

it still holds an immeasurable potential to grow. With today’s advanced technology, engineers are

able to design chips with several hundreds of millions of transistors. For such huge designs, as-

suring their correctness is even harder than their actual design. Consequently, design verification

plays a central role in the design flow due to the fast development of VLSI technology. It has

been reported that over 70% of the total design effort needs to be allocated allocated to verifica-

tion [25][64]. This problem is especially severe in the deep sub-micron era due to rising design

complexity. The core value of design verification is to help the designers to ensure the correctness

of the design. Furthermore, verification can enhance the robustness of the design because it helps

check the corner cases which may not be carefully consideredin the early design stages. Such

confidence in the correctness of the design is vital in many critical applications. For instance,

when designing a traffic light controller, the design must guarantee that two perpendicular green

lights cannot be simultaneously on. Verification tools mustbe able to prove that such scenarios

are impossibleto happen in the design. Typically it is less costly to fix bugsin the early stages
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and hence deploying verification tools also helps to reduce the development cost. The criticality of

verification necessitates the development of more efficientverification techniques.

In order to ensure that verification goals are met, various techniques have been developed over

the years. Currently the state-of-the-art verification tools can handle large designs with millions of

gates with reasonable computation and resource cost. Theseverification approaches can be roughly

divided into two categories. The first is simulation-based and the second is commonly referred to as

formal verification. Simulation-based techniques try to simulate a large portion of the entire input

space that a design may encounter to see whether it can function correctly [60][77]. Simulation-

based verification has been widely adopted in industry over the decades due its low overhead and

easy implementation. When the size of the design increases,it becomes unrealistic to enumerate

all the possible scenarios. But the basic rule still holds: the more scenarios you simulate, the

higher confidence you have in the correctness of the design. In order to increase the confidence

of the verification results, billions of scenarios have to betested for today’s real designs which

certainly becomes a unbearable burden in terms of budget andtime-to-market. Given this fact,

even though the current simulation-based verification techniques have been developed and pruned

to be very intelligent, they still lag behind the demands of real designs. The biggest challenge of

simulation-based verification is that it cannot guarantee the correctness unless all the scenarios are

exhaustively simulated, which is frequently referred to asthe ”coverage problem”. The coverage

here represents how much of the total scenarios have been covered by the simulation. Obviously

in simulation-based verification higher coverage is alwaysdesired, but how to reach a desirable

coverage rapidly remains a challenge.

To overcome these limitations, researchers and engineers have turned to formal verification to

seek alternative verification solutions. The term ”Formal”in formal verification means that these

techniques can guarantee the assertions made and no corner cases will be are missed. Usually

formal verification methods are complete because they perform an implicit and complete search

on all the possible scenarios. Formal verification techniques significantly boost designers’ ca-

pability to find hard-to-find bugs and totally eliminate the coverage problem. Since in formal

verification we have to implicitly search all the scenarios it is not surprising that the backbone
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solvers have to be extremely intelligent and powerful. Binary Decision Diagrams (BDD) [20] have

been a widely used structure in formal verification techniques. They are included in tools such as

[44][22] [10][21]. BDDs provide a way to store Boolean functions compactly and manipulate them

efficiently. Using BDDs, it is theoretically possible for usto handle complex designs directly and

conduct the verification steps in a complete manner. However, since BDD-based techniques store

the complete representation of the design in a canonical fashion, they face the memory blowup

problem. Although this problem can be eased by BDD optimization it cannot be avoided in some

cases. So, recently, researchers have started work on thoseformal verification techniques that are

not memory-hungry.

In the last decade, another formal verification technique has emerged and has had a huge im-

pact on the development of formal verification tools due to the huge strides made in propositional

satisfiability (SAT). By modeling the verification problem through this well-known SAT formula-

tion, we are able to take advantage of exceptionally potent SAT solvers to solve the verification

problem. Both the SAT solver itself and its relevant formal verification problems have since be-

come active research areas. In fact, SAT solvers are among the most vibrant research topics in

formal verification today. Compared to BDDs, SAT is not as memory intensive but is still highly

computationally intensive. By balancing memory size and CPU power, a good verification system

may be a blend of both BDD and SAT techniques.

We will briefly show how the SAT based formal verification works by an example of equiva-

lence checking [72][39]. In formal verification, equivalence checking is used to check whether two

designs are functionally equivalent. Note that a functionally equivalent design is not necessarily

structurally equivalent. One may see that equivalence checking is an ideal application of formal

verification where 100% confidence is mandatory. A classic SAT-based equivalence checking can

be done in the following way: Given two designs to be checked,their inputs are tied together and

their outputs are monitored to see whether there exists an input pattern that can generate a distin-

guished output. This setup can be transformed into a satisfiability instance in linear time. After

we obtain this SAT instance, a SAT solver is invoked to solve it. The SAT solver should be able

to declare this instance as satisfiable or unsatisfiable, which determines if the two candidate de-
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signs are equivalent or not. SAT-based formal verification is also used in other formal verification,

such as Bounded Model Checking (BMC) [28][58], Unbounded Model Checking (UMC) [57][46],

Reachability Analysis [4][41], etc. Usually the conversion of a problem to a SAT instance is rela-

tive easy, the difficult part is the solving of the instance. As the SAT solver now is the backbone of

many formal verification techniques, a high-performance SAT solver is highly craved.

As mentioned before, significant research has already been conducted on SAT solvers, from

which many efficient and scalable techniques and heuristicshave been discovered. When aiming

to build a better SAT solver, it is wise to find a solution that can be benefited from all prior dis-

coveries. After carefully analyzing the existing SAT solver algorithms, we propose a novel hybrid

framework to boost the SAT solver performance, especially for formal verification problems. This

framework enhances the SAT solver performance to a higher level by taking advantage of existing

SAT algorithms. We also plan to extend the hybrid approachesto some SAT related optimization

problems and other formal verification problems.

In this dissertation we not only proposed a flexible framework to leverage the SAT solver per-

formance by integrating the existing SAT solver algorithm,but also pursued to improve the funda-

mental SAT solver techniques. Furthermore, we conducted extensive research on SAT optimization

problems, such as MIN-ONE SAT[38]and MAX-SAT[36].

1.1 Contributions of This Dissertation

Although SAT solvers have been intensively studied and widely used in both industry and academia,

the demand for more powerful SAT solvers has never been greater. In this dissertation, firstly a

hybrid framework that integrates two orthogonal SAT algorithms is presented. This hybrid solution

takes strength from both sides while alleviating their weakness by interacting with each other. This

combination is not-trivial and is entirely different from all the existing hybrid attempts. This hybrid

framework uses a abstraction-refinement flow and can be flexibly deployed on top of current SAT

solvers. The experimental results demonstrate its effectiveness and flexibility.
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To further leverage the performance of SAT solver and even reduce the memory cost simulta-

neously, we investigated one of the most important fundamental SAT solving techniques-conflict

driven learning, which leads to our second major contribution of this dissertation: double-layer

conflict driven learning. Our proposed double-layer architecture allows extra flexibility to store

the conflict-induced clause. Meanwhile it can bring significant performance boost due to a better

decision order and reduced Boolean constraint propagationcost by suppressing the supplementary

conflict-induced clauses.

Although the SAT solver is able to handle many applications from broad application domains,

generally it lacks the capability to provide a optimized solution. Currently more applications are

emerging to demand an accurate yet fast algorithm on this kind of SAT optimization problems:

satisfiability combined with additional objective functions. But in reality all the existing algorithms

fall short due to the unbearable computational complexities. Our third major contribution is the first

approximation algorithm even known in this area, which reduces the computational complexity

radically and still provides a tough bound. We believe with the help of our algorithm now it

becomes feasible to solve many problems that is hardly possible in the past.

Finally, to further demonstrate the effectiveness of our MIN-ONE SAT algorithm, we built a

MAX-SAT solver on top of this algorithm. This MAX-SAT solverexhibits more than one order

of magnitude performance improvement when compared with the other best-in-clause MAX-SAT

solvers.

1.2 Organization of The Proposal

The remainder of the dissertation is organized as follows: The next chapter describes the prelimi-

naries of various SAT and MIN-ONE SAT algorithms. The details behind our hybrid incremental

SAT solver are presented in Chapter3. The double-layer conflict driven learning will be discussed

thoroughly in Chapter4. Our novel MIN-ONE SAT approximation algorithm is presented in Chap-

ter 5. A MAX-SAT Solver and its application in formal verificationis discussed in Chapter6. All
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the works are summarized in Chapter7.
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Chapter 2

Background

2.1 Satisfiability Problem and Its Solving

SAT is one of the most intensively studied problems due to itsbroad use in Artificial Intelligence

(AI), planning, circuit testing and circuit verification, and other electronic design automation prob-

lems. Since the 1960s, various SAT techniques have been proposed.

A SAT problem takes as input a propositional formula that is often represented as the con-

junctive normal form (CNF), in which a formula is a conjunction of clauses, each of which is a

disjunction of literals. A solution to this formula is defined as a set of variable assignments that

makes this formulatrue. In other words, all the clauses of this formula should be evaluated as true

under such an assignment. If such a solution exists for a given formula, the corresponding SAT

problem is said to be satisfiable. Otherwise it is unsatisfiable. Here is an example of a formula

in CNF: (ā+ b)(b̄). This CNF formula includes two clauses, where the first clause contains two

literals and the second clause has only one literal. There are two variables in this CNF, and a literal

is a variable in either positive or negative polarity. Obviously this formula can be satisfied with the

assignment{a = 1,b = 0}.

The first systematic approach to tackle the SAT problem is theDP algorithm [55]. In the DP
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algorithm, a procedure calledbinary resolutionis invoked repeatedly on the clauses of the formula

until no more clauses can be resolved or an empty clause is discovered. In the first case, it means

this formula is satisfiable while in the second case, the derivation of an empty clause indicates that

the formula is unsatisfiable. The resolution procedure is actually an operation to generate a new

clause from two clauses if these two clauses share at least one common variable with opposite

polarities. The new clause generated by resolution is an implication of the original two clauses,

also called a resolvent of the two clauses.

For example, consider the following CNF formulaF: (ā+ b)(ā+ c)(b̄+ c̄). For simplicity

these three clauses are noted asC1,C2 andC3 here. By applying resolution betweenC2,C3 and

C1,C3, we can obtain two new clauses(ā+ b̄)(ā+ c̄), namedC4 andC5. Now for these five clauses,

C1,C4 andC2,C5 can be resolved, which lead to clauseC7, (ā). By checking all the possible clause

pairs in the clause set{C1,C2,C3,C4,C5,C6,C7}, we can find that no resolution can be further

applied. Based on the conclusion we mentioned before, this CNF is satisfiable since no empty

clause can be derived. In this example, assignment{a = 0,b = 0,c = 1} satisfies the formula. Let

us look at another example,(a+ b̄)(ā)(b̄). Similarly we name the three clauses asC1,C2,C3. If

C1,C2 are resolved, a intermediate clause(b) will be obtained. Now we have two clauses(b) and

(b̄). It is easy to see that the resolution between these two clauses will result in an empty clause

which means the original formula is unsatisfiable. From these two examples we can see that a

large number of clauses can be generated by the resolution process even for small-sized formulas.

Hence, the memory cost can easily be a burden for the DP algorithm.

Since resolution only introduces implied clauses from the original formula, it will not change

the satisfiability of the original formula. It has been proved that a formula is guaranteed unsatis-

fiable if an empty clause is generated by resolution [55], because an empty clause indicates that a

internal conflict relies in the formula. When any pair of clauses in the formula does not share any

common literal with opposite polarities, the resolution process will stop and this formula can be

concluded as satisfiable. This is due to fact that if no commonvariable with opposite polarities is

shared between clauses, then all the clauses can be assignedto be true independently. Although

the DP algorithm is complete, it is not practical because thenumber of new clauses generated by
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resolution can increase exponentially with respect to the number of variables, causing a memory

blowup.

Next, the DPLL algorithm was introduced by Martin Davis, George Logemann and Donald

W. Loveland in 1962 [29]. In the DPLL algorithm, instead of performing explicit resolution on

the clauses, each time one variable is selected and assigneda value and the Boolean Constraint

Propagation (BCP) procedure is invoked to identify the assignments implied by this assignment. If

the current assignment to the variables causes a conflict, i.e., one or more clauses evaluate to false,

the solver will backtrackand make a different decision. Since the DPLL algorithm implicitly

traverses the entire solution space, this algorithm is complete. Although the DPLL algorithm has

the advantage that the memory cost is onlyO(n), the computation time can be exponential in the

number of variables. We will show how the DPLL algorithm works on the preceding formulaF

as well. Given formulaF , suppose we first pick variablea and assign it value ONE. Now, in order

to satisfyC1 variableb has to be assigned ONE. Usually this is called “b is implied as ONE by

the assignmenta = 1”. Similarly variablec is also implied as ONE. When{a = 1,b = 1,c = 1}

is assigned to the formulaF, we can observe thatC3 is unsatisfied. A conflict now occurs which

indicates our current assignment is wrong. Looking back, clearly only one decision has been

made so far, which isa = 1 (b andc are implied bya = 1, they are not decisions). Based on

the algorithm the most recent decision will be flipped,a = 0. With this new assignmenta =

0, clauseC1 andC2 are already satisfied. In clauseC3, when variableb is picked and assigned

a ZERO,F can be determined satisfiable. From this simple example, onemay notice that the

efficiency of the DPLL algorithm highly depends on the variable order from which the decisions are

made. It has been shown that finding the optimal decision order is NP-complete, some heuristics

have been demonstrated to be efficient and scalable. Besidesthe decision order, the implication

operation, normally called Boolean Constraint Propagation (BCP), also has a significant impact on

the performance of the DPLL algorithm.

The concept of conflict-driven learning is a ground breakingtechnique in modern SAT solver

development [54]. We now provide a brief overview on how conflict-driven learning works and

why it is useful. During the search of the DPLL algorithm, onemay find that we may be doing
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Figure 2.1: An example of implication graph

some unnecessary search. A simple example is shown in Fig2.1, where a partial implication

graph is shown. An implication graph illustrates the implication relationships between variables.

In the implication graph, the vertices are the variables with their values, and the directed edges

represent the implication relationships between the variables. In Fig2.1, variablex with value

ONE impliesb equals ZERO which leads toc equals ONE. Meanwhile variabley impliesc equals

ZERO with assignment ZERO. Now we find that after assigningx = 1 andy = 0, a conflict arises

becausec is implied to two opposite values. Assume that this partial implication graph resides

in a subtreeTA of the whole decision tree, as is shown in Fig2.2. Due to conflict on variable

c the solver will backtrack in this subtree. Suppose at a latertime, the solver enters the search

area of subtreeTB, shown in Fig2.2. At that time, if variablex and y are still free variables

(i.e., they have not been assigned a value or implied by previous assignments on other variables),

it is highly possible that the solver tries to assignx = 1 andy = 0 which will definitely cause

it to backtrack. One can see that this attempt of assigningx = 1 andy = 0 is unnecessary and

should be avoided. Generalizing the preceding discussion,a technique can be developed to avoid

unnecessary searches in the future by allowing the SAT solver to remember the history . This

is the basic concept behind conflict-driven learning. The conflict-driven learning records the set

of variable value combinations that will falsify the formula. The learned information is stored as
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Figure 2.2: Conflict-driven learning

conflict clauses. These conflict clauses are added to the formula, gradually increasing its size with

each added conflict clause. However, since the conflict clauses block the known futile assignments

in advance, the computation resources are saved. In our example, the conflict-driven learning will

add a newly learned clause(x̄+y) to the formula to prevent this futile assignment in the future. It

should be noted that not only the assignments can derive the conflict-induced clauses, any cut in the

implication graph can constitute the conflict learned clauses. These internal cuts are actually more

powerful due to the fact that various assignments can be mapped to a same cut in the implication

graph. Different learning strategies were discussed in detail in [79].

Conflict-driven learning helps to avoid unnecessary search, and in the mean time, it also intro-

duces an overhead to the size of the formula. But the overall effect of conflict-driven learning is

generally positive, as it can dramatically improve the performance and capability of modern SAT

solvers. The introduction of conflict-driven learning brings the SAT application to a whole new

level.
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Both DP and DPLL algorithms are complete and deterministic,which means that given enough

time and memory a formula can be proved unsatisfiable or a solution can be found. Despite their

advantages, the DP and DPLL algorithm can suffer from eithermemory or temporal explosion.

There exists another category of algorithms, which is light-weight and local search based. Usually

people label these algorithm as stochastic search-based algorithms. GSAT [66] and WALKSAT

[67] are two well-known algorithms in this category. In stochastic search algorithms, a complete

assignment is generated for all the variables at the beginning. Because every variable has been

assigned, each clause is either satisfied or unsatisfied (allliterals in the clause evaluated to false).

A number of steps of local greedy search are followed to try tominimize the number of unsatisfied

clauses. For example, in WALKSAT, at each step a clause is selected from the current set of

unsatisfied clauses and the assignment to one of its literalsis flipped. After a number of iterations,

the set of the unsatisfied clauses is hoped to become empty andthus a solution can be found.

Nevertheless, it should be noted that it may be possible for the search to be trapped in a locally

optimal point where at least one unsatisfied clause still remains. To avoid being trapped indefinitely

at local optima, a CUTOFF threshold is used to denote the maximum number of steps allowed. If

the CUTOFF threshold is reached without obtaining a solution, a re-start in the solver may be

invoked.

Compared with stochastic local search, DPLL algorithm implicitly searches the entire search

space. Thus it is referred to as the systematic search-tree based algorithm. Generally, search-tree

based algorithms are complete while local search algorithms are incomplete (note that Fang had

published a complete local search algorithm [34]).

It has been demonstrated that both DPLL search and local search have their own strengths and

favored applications. There have been various attempts to combine them [43] [56]. In [56], a

local search is used to help the DPLL-based solver select thenext decision variable. Because the

decision order of the DPLL SAT solver is directly modified by the local search engine, the under-

lying decision order heuristics may potentially be degraded. This approach may not gain much

performance as shown in [35]. In [43], WALKSAT is used to exploit the variable equivalences and

dependencies at certain nodes of the DPLL tree.
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2.2 Potential to Improve Conflict Driven Learning

The major breakthroughs in the SAT solver in the past few decades can be divided into (1) efficient

Boolean Constraint Propagation (BCP), (2) well-tuned decision heuristic and (3) conflict-driven

learning (CDL) [54][62]. In the SAT solving progress, CDL records the reasons of each conflict

in an intelligent manner such that much of search space can beblocked by these added clauses in

the subsequent searches. The usual implementation of CDL isthe following: whenever a conflict

arises, the current implication graph will be analyzed to produce a reason behind the conflict,

yielding a conflict-induced clause (CIC). Since a CIC is constructed by the negation of those literals

from a cutset of the implication graph, it is guaranteed thatwhenever this CIC is violated the solver

can immediately backtrack. This is because all decisions after this point will only lead to conflict

spaces. We can see that a CIC helps to block a portion of the search space in the search. The

most popular heuristic to generate CIC from conflict is UIP (Unique Implication Point), which is

described in detail in [81]. There have been other heuristics to analyze CIC [14][54].

Although CDL is a powerful technique to boost the SAT solver performance, it also has its lim-

itations. One limitation is that the excessive number of conflict-induced clauses can significantly

slow down BCP and consume extra memory. One may argue that each added conflict-induced

clause is able to block some portion of the search space. While this argument is true, in reality

not all conflict clauses may be useful. As a result, by adding every conflict-induced clause without

checking if it is useful or not, it has been observed that manyof the added clauses can only produce

a every limited number of conflicts in its lifetime. Some conflict clauses also provide no additional

pruning in the remainder of the search. We call these less useful conflict-induced clauses as “sup-

plementary” clauses, in contrast to the useful ones as “primary” clauses. These supplementary

clauses consume unnecessary computational resources. Worse, they bring noise to the decision

ordering heuristic and reduce its effectiveness. Our motivation stems from this observation and we

aim to find a solution that answers the following two questions: I) Can we improve the SAT solver

by dealing with these supplementary clauses more efficiently? II)If so, how to efficiently identify

these supplementary clauses?
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One simple answer to question I is that these supplementary clauses should be dropped, thereby

avoiding both the memory and BCP burden. While this strategyis quite simple, it may be overly

optimistic and may mis-predict and discards some of those primary clauses that should have never

been dropped. In regard to question II, mechanisms to overcome mis-predictions are needed. In

this paper we propose a novel double-layer architecture to store the conflict-induced clauses, where

the extra computational cost for supplementary clauses is minimal yet keeping a portion of their

search space pruning capability. The first layer is the same as the conventional SAT solver, except

that only those primary clauses are allowed to be added back to the clause database. In the second

layer, the supplementary clauses arecompactedand stored in a Pseudo Boolean Constraint Set

(PBCS). PBCS is also checked regularly during the BCP and anyconflict in PBCS will likewise

invoke a backtrack. The advantage of introducing PBCS is that Pseudo Boolean Constraint (PBC)

is more compact when representing the blocking informationthus to significantly reduce the cost

to represent those CICs[19][24]. We name our proposed technique as double-layer conflict driven

learning.

It should be noted that many of current SAT solvers deploy techniques like database compaction

[62][30] to periodically remove unused clauses. This is different from our approach since existing

methods are passive while ours is not. Database compaction cannot be operated too frequently

or it becomes ineffective. More importantly, the diluting effect of decision ordering caused by

those supplementary clauses cannot be compensated by passive methods like database compaction.

Furthermore, we do not remove the clause entirely, but theseclauses are added to a pseudo Boolean

constraint. In other words, the value of the less useful conflict clauses is not completely lost.

In our proposed double-layer architecture each pseudo Boolean constraint in the PBCS is com-

puted as the summation of the assigned supplementary clauses. It should be noted that the sum-

mation operation often diminishes the blocking power of CICs, compared with the scenario where

they were stored as distinct clauses in the first layer. This will be discussed in detail in Section XX.

One can see that whether the double-layer technique can be successful or not decidedly depends

on how accurate we can identify supplementary clauses. We will study the potential metrics to

evaluate the usefulness of CIC in Section4.2.
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Chapter4 describes the framework of double-layer conflict driven learning. Different ap-

proaches to evaluate conflict-induced clause are studied inSection4.2. Section4.3 presents the

experimental results on our proposed techniques. Our worksare concluded in the Section4.4with

future work perspective.

2.3 Overview of MIN-ONE SAT: A SAT Optimization Problem

Although SAT is already widely used to target problems in various domains, more applications can

be benefited by studying the derivations from basic SAT problem. Usually these problems can be

modeled as a traditional SAT problem with additional objectives, such as finding a solution and

achieving maximal or minimal values on the objective function simultaneously. Even though the

recent successes in SAT have offered much promise, when facing the problems that requires an

objective optimization, the current SAT solvers may not be applicable.

The heuristics embedded in the current SAT solvers generally steer the search to find the first

solution as quickly as possible. Thus, for a satisfiable instance, one may argue that the solution

returned by a SAT solver is an arbitrary one among the potentially huge number of satisfiable so-

lutions. Furthermore, the ”end-users” lack the ability to control the SAT solver to return a solution

that they may favor. As a result, some applications are beyond the scope of the basic conventional

SAT solver. For instance, consider the problem of generating an input sequence that can take a

sequential circuit to satisfy some target such that the finalstate has the least Hamming distance

from the initial state. When this sequence generation is modeled as a SAT problem on an unrolled

instance of the circuit, the existing SAT solvers may be ableto find a sequence that can satisfy the

target objective, but they may have tremendous difficulty inobtaining the sequence that produces

the final state with the least Hamming distance. Another related problem that requires an optimal

solution is the problem of power-aware test generation, where the patterns generated should be

generated with the minimum (or maximum) switching activities across two clock cycles [47][50].

Besides these examples, other applications are emerging todemand a more intelligent SAT solver

which can return an optimal (or close to optimal) solution among its solution set.Objective func-
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tions are commonly used to represent the optimality target. With appropriate simplification and

normalization of the objective function, the objective function can often be represented as a linear

function of the variable assignments. This puts the MIN-ONESAT problem as an ideal candidate

to address this class of problems.

The MIN-ONE SAT problem is defined as follows: Given a SAT formula, if it is satisfiable, find

the variable assignment that contains the minimal number ofONES. MIN-ONE SAT can be viewed

as a combination of the conventional SAT formulation and an optimization problem. It tries to find

the best solution (minimal number of ONES in the assignment)among all the possible solutions

for a satisfiable Boolean formula. Note that the MIN-ONE SAT is not meaningful for unsatisfiable

SAT formulas, since an unsatisfiable formula will also be MIN-ONE unsatisfiable. Compared with

the conventional SAT problem, MIN-ONE SAT demands more computation power because all the

potential solutions need to be searched to identify the optimal one.

A naive approach to the MIN-ONE SAT problem is to compute all the possible solutions first,

then identify the optimal one from among all the solutions. This approach requires an all-solution

SAT solver, so the overhead may render it to be infeasible forsome instances. Another way is

to treat the MIN-ONE SAT problem as a special case of Pseudo Boolean SAT (PBSAT) problem

[5][69]. The basic idea and procedure behind the PBSAT approach will be explained here briefly:

Using the PBSAT concept, the minimal-ONEs target can be viewed as searching the minimal sum

of the assigned variable values. SupposeVi is the value in the assignment of variablei, and suppose

the total number of variables in the formula isN, then the to-be-minimized objective function for

PBSAT is simplyminimize∑N
i=1Vi . To find the minimal value, the PBSAT solver gradually tightens

the minimal bound estimate until an optimum point is reached. In this approach it is easy to see that

∑N
i=1Vi can be replaced with any linear objective functions. More details about this technique will

be covered in Section2.5. In [38], a method called OPTSAT is proposed to handle MIN-ONE SAT

via a modified DPLL [29] search algorithm. Although the incorporation between DPLL algorithm

and MIN-ONE SAT optimization performs very well on some benchmarks, it lacks the flexibility

to process arbitrary linear objective functions. Meanwhile the performance of the DPLL algorithm

may be degraded because of a forced decision order. The current MIN-ONE SAT algorithms are
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generally more suitable for small and medium sized formulas. For large MIN-ONE SAT formulas,

they often abort, unfortunately.

Due to the added complexity of the MIN-ONE SAT problem, performing a complete search

to find the optimal solution is extremely hard. This observation motivated us to propose an effi-

cient approximation algorithm for MIN-ONE SAT, which should not only be fast, but have low

computational overhead and high-quality approximation ofthe solution. In our approach, a set

of constraints from the objective function is automatically generated to guide the search. This

set of constraints is gradually relaxed to eliminate any conflict(s) with the original Boolean SAT

formula until a solution is found. To the best of our knowledge, this is the first approximation

algorithm targeting specifically on MIN-ONE SAT to achieve atight bound on the solution. The

experimental results show that our approach can obtain a tight bound when compared with existing

complete-search based methods, with one to two orders of magnitude speedup.

The previous algorithms of MIN-ONE SAT will be discussed in Section2.5.2. In Chapter5, a

novel approximation algorithm is proposed in Section5.1. The experimental results are presented

and explained in Section5.2. The conclusions and future works will be laid out in the lastsection.

2.4 Overview of MAX-SAT: Another SAT Optimization Problem

Similar to MIN-ONE SAT, MAX-SAT is another important SAT optimization problem, both in

theory and practice. Many difficult problems can be solved byMAX-SAT, such as Max-Cut, Max-

Clique and Binary Covering Problem [9][36][15][59]. MAX-SAT is defined as follows: given

a SAT instance, which is known to be unsatisfiable, find a variable assignment that satisfies the

maximal number of clauses. Note that a clause is satisfied when at least one of its literals is

evaluated to true. In other words, MAX-SAT optimizes the variable assignments to satisfy as

many clauses as possible. One can see that the classic SAT problem can be viewed as a special

case of MAX-SAT where all the clauses are satisfied.

First, let us take look at an example of the MAX-SAT. Suppose given a CNF formula(a+
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b)(a+b̄)(ā+c)(ā+ c̄). This formula is unsatisfiable and have a MAX-SAT solutiona = 0,b = 1,c = 1.

Under this assignment, three clauses(a+b),(ā+c),(ā+ c̄) are satisfied with only clause(a+ b̄)

evaluated to false. One may observe that assignment{a = 0,b = 1,c = 0} can also satisfy three

clauses to achieve the same bound as the previous assignment. Thus, for a MAX-SAT problem,

the solution may not be unique.

Although MAX-SAT is also a SAT optimization problem, it is quite different from MIN-ONE

SAT. In MIN-ONE SAT, all the constraints (clauses) have to besatisfied and a objective function

optimized simultaneously. On the other hand, the MAX-SAT solver attempts to maximize the sat-

isfiability of the formula. For satisfiable instances, the MAX-SAT solver should be able to return

a SAT solution. On those unsatisfiable instances, the MAX-SAT solver should be able to tell the

maximal number of clauses that can be satisfied and the corresponding variable assignments. Be-

cause the MAX-SAT problem of satisfiable instance is equivalent to SAT problem, usually people

only study MAX-SAT on unsatisfiable instances. MIN-ONE SAT is not meaningful for unsat-

isfiable instances since there does not even exist a solutionto be optimized. On the contrary

MAX-SAT is more meaningful for unsatisfiable instances. In this dissertation, when MAX-SAT is

referred, the target instance is assumed as unsatisfiable.

There are various ways to solve the MAX-SAT problem. One of them is based on the SAT

local search algorithms [23][73]. In these MAX-SAT local search algorithms, similar to the SAT

local search algorithms, certain local greedy heuristics were deployed to search a solution of the

instance. When the search ends after a preset limits (time, resource, etc.), usually a near-satisfiable

variable assignment can be found. For instance, WALKSAT itself can be used to solve MAX-SAT

problems. Although the light-weight and flexibility make local search algorithms suitable in some

real applications, generally they lack the capability to assure optimality. From the practicality point

of view, the bounds they achieve usually are loose for mediumand large instances.

To pursue a guaranteed optimality lots of research turns to extend the DPLL algorithm to solve

MAX-SAT problem. Generally they are depth-first branch-and-bound algorithms [7][76][6][18]

with a DPLL skeleton. During the search progress, a variablecalled Upper Bound (UB) records
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the current minimal number of clauses that were unsatisfied by an assignment. The number of

unsatisfiable clauses by current partial assignment is calledUNSATNUM. If we have a underesti-

mationUE of how many clauses would be unsatisfiable when the current partial assignment was

extended to complete, the best reachable lower bound would be UNSATNUM+UE. It is easy

to see that whenUB <= UNSATNUM+UE there is no need to search the subspace anymore

since no better solution would be found. Clearly this bound estimation helps to prune the search

space effectively. WhenUB>UNSATNUM+UE the branch-and-bound search strategy will con-

tinue under this subspace. The algorithm stops when the whole search space has been pruned and

searched. There are other ways to solve MAX-SAT problems, like in [17] the author proposed an

algorithm based on resolution.

The MAX-SAT problem has some variations. One of them is called Partial MAX-SAT. It

is especially useful in scheduling and planning problems [52][51]. In Partial MAX-SAT, a set

of clauses is defined as hard constraints which means they have to be satisfied. On the other

hand, a set of clauses called soft constraints are expected to be satisfied as many as possible. It is

somewhat different from MAX-SAT since in MAX-SAT no clause is forced to be satisfied. Partial

MAX-SAT can be solved in a similar manner as MAX-SAT [48][65]. Just as MIN-ONE SAT, in

MAX-SAT when considering maximize the satisfiability of theinstance, weights on each clause

can be different. People use weighted MAX-SAT to refer the problem where some clauses are

more favored to be satisfied, but not forced as in Partial MAX-SAT [65][36][8]. One can see that

MAX-SAT is a special case of weighted MAX-SAT where each clause is treated equally.

Besides the aforementioned MAX-SAT algorithms, MAX-SAT can be tackled based on MIN-

ONE SAT algorithms. The basic technique is that for each clause an auxiliary variable is introduced

to help this clause to be satisfied when necessary. Since thisset of auxiliary variables is independent

to the original formula and irrelevant to each other, this transformed new formula is guaranteed to

be satisfiable. Now the MAX-SAT problem of original formula is converted to a MIN-ONE SAT

problem on the transformed new formula, where the minimal number of ONES on the auxiliary

variables are desired. The underlying principle here is when the auxiliary variable is ZERO the

transformed clause is deduced to the corresponding clause in the original formula, thus the MIN-

19



ONE SAT solution on the auxiliary variables corresponds exactly the MAX-SAT solution of the

original formula. It should be pointed out that the MIN-ONE SAT solution on auxiliary variables

requires the backbone MIN-ONE SAT solver to be capable to provide MIN-ONE solution on a

subset of variables. We know that MIN-ONE SAT can be solved bysome generic pseudo Boolean

solvers, consequently some pseudo Boolean solvers are alsoable to solve MAX-SAT problems.

For example, given a CNF formula(x1 + x2)(x1 + x̄2)(x̄1). This formula will be transformed

to (x1 + x2 + AX1)(x1 + x̄2 + AX2)(x̄1 + AX3), with the auxiliary variables asAX1,AX2,AX3. We

call the first formula asFo and second formula asFn. The MIN-ONE SAT solution of auxiliary

variables inFn is {AX1 = 0,AX2 = 0,AX3 = 1} with associated assignment{x1 = 1,x2 = 0}. Note

that the MIN-ONE solution is not unique in this example. It iseasy to see the MAX-SAT bound

equals to 2 (maximal number of satisfied clauses are two with one clause left unsatisfied). It should

be denoted that this MIN-ONE SAT based scheme is very flexibleand extendable. For instance

the Partial MAX-SAT can be mapped to only adding the auxiliary variables on the soft constraints.

Comparatively the weighted MAX-SAT can handled by the weighted MIN-ONE SAT extension.

In Chapter6, we propose a MAX-SAT solver based on our novel MIN-ONE SAT approxi-

mation algorithm. The experiments demonstrated our solveris able to outperform the existing

the-state-of-art MAX-SAT solvers over an order of magnitude.

2.5 Preliminaries on the Basic SAT Algorithms

To help the readers to understand the details we will discussin the following chapters, in this

section some preliminary knowledge will be presented.

2.5.1 DPLL and WALKSAT Preliminaries

First We provide more details of the DPLL and the WALKSAT algorithms. The DPLL algorithm

was first published by Davis, Logeman and Loveland, and it is the basis for most modern SAT
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solvers. The pseudo-code of DPLL is listed in Listing2.1[62].

Listing 2.1: DPLL Algorithm

def DPLL

begin

while (true)

if (!decide()) /∗if no unassigned vars∗/

return SAT

while (!bcp())

if (!ResolveConflict())

return UNSAT

end

def ResolveConflict()

begin

d = most recent decision not tried bothways

if (d == NULL) // no such d was found

return false;

flip the value of d;

mark d as tried both ways;

undo any invalidated implications;

return true;

end

The decide() function in the DPLL algorithm incorporates the decision order heuristic. The

most time-consuming part in a given iteration of the algorithm is the bcp() function, where the

formula is evaluated under the current variable assignments to check if any other variable assign-

ments may be implied, or that a conflict has been encountered.If the formula is satisfiable, an

assignment,A, to the variables will be generated.

WALKSAT [ 67] was proposed in 1994 as an improvement of the previous GSAT [66]. First,

several definitions will be explained before going deeper inthe WALKSAT algorithm, shown in

Listing 2.2. A clause is said to bebrokenif all the literals in this clause are evaluated to be false

under the current variable assignment. Thebroken-countof a variable is the number of clauses
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that will be broken if the value of this variable is flipped. The broken-count of a variable is used

to evaluate the gain for flipping the given variable. When a broken clause becomes non-broken

by flipping the value of a variable, usually it is referred to as this clause ishealedby this flipping.

For example, given the formula(ā+ b)(b+ c)(a+ c̄) and the assignment{a = 1,b = 0,c = 0},

clauses(ā+b) and(b+c) arebrokenby this assignment. If the value of variablea is flipped from

1 to 0, clause(ā+b) will be healedby this flip and only clause(b+c) is left asbroken. Now the

broken-counts of variable{a,b,c} are{1,0,1}.

Listing 2.2: WALKSAT Algorithm

def WALKSAT

begin

A=randomly generate truth assignment

for i=1 to CUTOFF

if (A satisfies the formula)

return A /∗SAT∗/

C=choose a broken clause

if (rand() %100 > p) /∗with prob. p∗/

v= var with smallest broken−count in C

else /∗with probability 1−p∗/

v= randomly select a variable in C

Flip(v) /∗reverse value of v∗/

UpdateAssignment(A) /∗A is updated with the value of v reversed∗/

return FAIL /∗ can’t determine ∗/

end

In the WALKSAT algorithm, a variablev is chosen from a broken clauseC; the value ofv is

flipped in an attempt to reverse the conflict currently causedin C. Normally v is selected among

several variable candidates by comparing the potential gains of the eligible candidates. When the

value of a variablev is flipped, some broken clauses may be healed while some previously satisfied

clauses may be broken. In the basic WALKSAT, a variable with the smallest broken-count will be

the chosen to be flipped. This can be implemented in an efficient way like two-literal watching

scheme in Chaff [37]. WALKSAT will try a preset number of steps (CUTOFF) before it claims
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that it has failed to find a solution.

2.5.2 MIN-ONE SAT Preliminaries

To help the readers better understand our proposed MIN-ONE SAT approximation algorithm, in

this section we will explain the terminology that will be used throughout Chapter5, followed by

the discussion of some of the existing MIN-ONE SAT algorithms.

The target MIN-ONE SAT formula is denoted asFo. SupposeFo hasN variables, each of which

is represented asAi, 1≤ i ≤N. The value ofAi assigned by the MIN-ONE SAT solver is denoted as

Vi . As mentioned before, the objective function of basic MIN-ONE SAT isminimize∑N
i=1Vi . It can

easily be extended tominimize∑N
i=1ci ×Vi , whereci denotes an integer coefficient corresponding

to each variable value.

Listing 2.3: MIN-ONE SAT Based on PBSAT

def MIN−ONE SAT(F o/∗input formula∗/)

begin

i=0 /∗iteration counter∗/

BE= InitBE();/∗return the most pessimistic estimation∗/

while ()

Fc=Bound Transformation(BE);

FA=Fo ·Fc

Result=Call SAT Solver(FA)

if (Result == UNSATISFIABLE)

return /∗solution found∗/

else

Update(BE); /∗update based on current solution∗/

end

We now describe a previous MIN-ONE SAT algorithm based on PBSAT. The complete al-

gorithm is listed in Listing2.3. To find the optimal solution, the PBSAT algorithm works in an

iterative manner. In each iteration, a bound estimateBE is assigned to the objective function, then
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the inequality formula (∑N
i=1ci ×Vi ≤ BE) will be transformed into a Boolean formulaFc. There

are various techniques to perform the transformation [31], based on the basic conversion of the

inequality to a Boolean circuit. The transformation details will not be discussed here since it is

out of the scope of this paper. After obtainingFc, a conventional SAT solver is invoked on the

new formulaFA, whereFA = Fo ·Fc, whose satisfiability indicates whether the bound estimatecan

be achieved by the objective function. Initially,Fc is set to have a loose bound, usually set at a

pessimistic estimate (e.g., set equal toN, the number of variables in the formula), andFc is grad-

ually tightened by decreasing the value of the summation. IfFA is satisfiable, it indicates that a

solution exists that satisfies bothFo andFc, and the bound estimate,BE, formulaFc, andFA will be

updated accordingly. The algorithm stops whenFA becomes unsatisfiable. The unsatisfiability of

FA guarantees that no better solution exists and the previous bound estimate is the optimal solution.

A different MIN-ONE SAT algorithm has been proposed in [38] which is quite different from

the PBSAT technique described above. In [38], the DPLL algorithm is adapted to solve the SAT

related optimization problems, such as MAX-SAT[16], MIN-ONE, DISTANCE-SAT[11]. This

algorithm is named as Optimization SAT (OPTSAT). The pseudocode of OPTSAT is presented in

Listing 2.4.

Like the DPLL algorithm, The OPTSAT performs a decision-based search through a recursive

function. The only part that involves the optimization is inthe decision heuristic. The OPTSAT

maintains a partial orderP on all literals, and this order is used to make the next decision in the

search. The order inP is defined in a way such that the objective function based on this order is

monotonically increased or decreased. For example, given two variables{a,b} there exists aP set

as{{ā, b̄},{ā,b},{a, b̄},{a,b}}. The order of thisP set is ascending on the number of ONES in

the assignment. One can see that by forcing a partial order onthe set of literals the solution space

is searched in a specific sequence, where the potential solutions are ordered from the best to the

worst. Thus, whenever a solution is obtained, the algorithmreturns a solution that is guaranteed to

be the optimal solution. OPTSAT achieves good performance in many benchmarks but it also faces

the problem that the forced decision order may degrade the solver performance in large formulas.

It should also be noted that OPTSAT is not specifically for MIN-ONE SAT; it can solve other SAT

24



optimization problems like MAX-SAT and DISTANCE-SAT.

Listing 2.4: OPTSAT Algorithm

def OPTSAT DLL(F/∗input formula∗/,

A /∗Assignment∗/,

P/∗literal partial order set∗/)

begin

if (CONFLICT) return FALSE;

if (F==) return TRUE

if ({l } ∈ P)

return OPTSAT DLL(assign(l,F),A
S
{l},P)

l=ChooseLiteral(F,A,P);

Result=OPTSAT DLL(assign(l,F),A
S
{l},P)

if (Result != FALSE) return Result;

return OPTSAT DLL(assign(l̄,F),A
S
{ l̄},P)

end

def assign(l, F)

begin

Reduce formula F by l and it’s implications

end

Besides the above two MIN-ONE SAT algorithms, one may use an all-solutions SAT solver

as a base MIN-ONE solver as well. However, because the-state-of-art MIN-ONE SAT solvers

are mainly built on the aforementioned algorithms, in this paper we only compare our proposed

algorithm with these two algorithms.

2.5.3 MAX-SAT Preliminaries

In this subsection, first we will describe the MIN-ONE SAT based MAX-SAT solver framework,

which is shown in Fig2.3.

The framework can be partitioned into three steps. First thetarget formula should be trans-
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Extract corresponding 

MAX-SAT solution of FO

Figure 2.3: MIN-ONE SAT based MAX-SAT Solving

formed into a new formula with auxiliary variables embeddedinto each clause. Then this new

formula is solved by a MIN-ONE SAT algorithm with the capability to find a solution on subset

of variables. Finally the MAX-SAT bound and the solution arederived from the MIN-ONE SAT

solution of the transformed formula. Since that the transformation and final-step extraction is lin-

ear with the size of the clause, the computational complexity is determined by the MIN-ONE SAT

solving in the second step.

Listing 2.5: MAXSAT DPLL Algorithm

def MAXSAT DPLL

begin

while (true)

if (!decide()) /∗if no unassigned vars∗/

if (UNSAT NUM<UB)

update UB //the best solution so far

if (!backtrack()) //find the next solution

return UB //finished, return optimal bound

while (!bcp())
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if (!backtrack())

return UB //finished, return optimal bound

end

def backtrack()

begin

d = most recent decision not tried bothways

if (d == NULL) // no such d was found

return false;

flip the value of d;

mark d as tried both ways;

undo any invalidated implications;

return true;

end

def bcp()

begin

while (!implication queue empty())

update implication queque

update UNSAT NUM

update UE

if (UB<=UNSAT NUM+UE)

return false

end

The DPLL based MAX-SAT algorithm is presented in Listing2.5. Compared with traditional

DPLL algorithm, MAX-SAT DPLL will not backtrack just because a clause is evaluated as false. It

records the number of unsatisfied clauses (UNSAT NUM) in the bcp() function and keep checking

whether the current upper boundUB can be exceeded. If not, the bcp() function returns false

that invokes a backtrack to direct the search into another subspace. When all the variables are

assigned, the decide() function will return false. At this time UB will be updated based on the

currentUNSAT NUM. The MAX-SAT DPLL algorithm stops when the whole search space is

implicitly searched. One can see that the computation complexity of MAX-SAT DPLL is on the
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same level of the All-Solution SAT, which is actually NP-hard[49].

Usually both DPLL-based MAX-SAT algorithm and MIN-ONE SAT based MAX-SAT algo-

rithm are complete. It is possible to modify them to search for suboptimal solutions in order to

save computational resources. Although the optimality of MAX-SAT is sacrificed in this scenario

the performance gain usually can justify the tradeoff.
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Chapter 3

Hybrid SAT Solution

In order to combine the powers of both local search and DPLL-based search, the previous ap-

proaches mainly tried to embed the local search result into aDPLL-based SAT solver to guide the

decision order. In such approaches, the local search is invoked at each DPLL decision step to sup-

ply the information for the next decision. On the contrary, in our approach, the local search portion

is used to identify a subset of clauses, which are passed to a DPLL-based incremental SAT solver.

Furthermore, the solution obtained by the incremental DPLLsolver on the subset of clauses is fed

back to the local search solver to jump over the locally optimal points encountered in the previous

iteration to continue the search.

In this chapter[32], we present a novel framework that integrates both DPLL algorithm and lo-

cal search algorithm seamlessly. We call our solution HBISAT (HyBrid Incremental SAT Solver).

It should be noted that HBISAT does not necessarily rely on a specific SAT solver. HBISAT actu-

ally is a universal solution to boost existing SAT solver performance.

This unique hybrid SAT solution will be presented in Section3.1, followed by experimental

results and conclusion in Section3.3and Section3.4.
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3.1 Our Approach

We use the WALKSAT v43 algorithm as the base local search part. In the rest of the chapter, the

local search solver will be referred to as WALKSAT. The complete HBISAT algorithm is shown

in Listing 3.1. In each iteration, WALKSAT first performs a local search in an attempt to find a

satisfying assignment for the entire Boolean formula. If itis successful, then HBISAT will verify

the solution and return it. If the local search cannot find a solution within a given CUTOFF value,

it will collect the subset of broken (unsatisfied) clauses (Bi) under the current assignment and add

them to the clause database of the DPLL solver. Note that the initial clause database,C0, of the

DPLL solver is empty, andCi−1 (for i > 1) denotes the subset of clauses that has already been

added into the DPLL solver before the currentith iteration. If the DPLL solver can proveBi
S

Ci−1

is UNSAT in any iterationi, then the original formula is guaranteed to be UNSAT; this allows for

early termination of the SAT search. On the other hand, if an assignment is obtained by the DPLL

solver forCi, the variable assignment will be passed back to WALKSAT as the starting assignment

for the next iteration. We can see that the set of clauses added into the clause database of the DPLL

solver grows gradually with the increasing number of iterations. This is the underlying essence

of a typical incremental SAT solver, and it is also key to our hybrid incremental framework. To

avoid duplication of broken clauses, in our implementation, each clause carries a flag to indicate

whether it has been added or not. Another advantage of employing an incremental SAT solver

is that conflict clauses obtained by the DPLL solver can be carried from one iteration to the next

[71][75].

Listing 3.1: HBISAT Algorithm

def HBISAT Solver(F/∗input formula∗/)

begin

C= /0 /∗Set of broken clauses∗/

A= /0 /∗Assignment∗/

i=0 /∗iteration counter∗/

CUTOFF=MAX LOCAL SEARCH STEP

while (true)
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if (A== /0)

RandomInitalWalkSAT()

else

InitialWalkSAT(A)

Status=WALKSAT Solver(CUTOFF)

if (Status==SAT)

VerifySolution()

return SAT

else if (Status==UNKNOWN)

Result=CallDPLL(i)

else if (Result==SAT)

A=GetAssignmentFromDPLL()

else

return Result

i++ /∗count interation∗/

end

def CallDPLL(i)

begin

B=GetBrokenclause()

/∗guarantee one more clause will be added∗/

B = B
S

RandomPickOneNewClause()

C = B
S

C

AddClauseToDPLLSolver(C)

Status=DPLL Solver()

return Status

end

Theorem 1. HBISAT is complete

Proof. In the HBISAT Algorithm shown in Listing3.1, wheneverBi from iteration i is empty,

then a satisfying solution has been found for the formula. Otherwise, with a non-emptyBi at

iterationi, we know thatBi contains at least one clause from the original formula that has not been

included in the clause database of the DPLL solver. WithBi added into the clause database of the

31



DPLL solver, after a finite number of iterations the DPLL solver will eventually contain the entire

original formula. Because the DPLL solver is complete, we can conclude that HBISAT is also

complete.
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(a) UNSAT formula (b) SAT formula
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Figure 3.1: HBISAT on SAT & UNSAT formulas

Figure3.1 illustrates how HBISAT works on SAT formulas. Figure3.1(a) shows the scenario

that the formula is unsatisfiable and Figure3.1(b) is for the scenario when the formula is satisfiable.

In both parts (a) and (b) of the figure, the outer-most circle represents all the clauses of the formula

to be solved. The inner, shaded circles represent the sets ofbroken clauses. The annotations I,II

and III on the inner circles denote that they are three different broken clause sets generated from

three different iterations.

If the original formula is unsatisfiable, there exists at least one unsatisfiable core [80]. Without

loss of generality, let us assume there is only one unsatisfiable core, and this core is represented

by the region enclosed by the thicker line in part (a) of the figure. Each set of broken clauses

must cover a portion of the unsatisfiable core (as will be proved in Theorem2). In each iteration

of HBISAT, a portion of the unsatisfiable core will be identified. With the increasing number of

iterations, the entire unsatisfiable core will be extractedfrom the formula which leads to an early

termination.

Theorem 2. If a formula, f , is unsatisfiable, every broken clause set returned by WALKSAT

contains at least one clause that belongs to an unsatisfiablecore.
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Proof. We prove this by contradiction. Givenf is unsatisfiable, there always exists at least one

unsatisfiable coreUC⊆ F(F: set of clauses off ). Let a broken clause set,B, returned by WALK-

SAT not contain any clause belonging toUC, i.e.,B
T

UC = /0. This means that WALKSAT must

have obtained an assignment that satisfies all clauses outside ofB. However, becauseB
T

UC = /0,

the clauses outsideB contains the completeUC. This means that all clauses withinUC must have

been satisfied by the obtained assignment, indicating thatUC is satisfiable: a contradiction.

From Theorem2 we know that at each iteration, at least some portion of an unsatisfiable core

will to be added to the clause database of the DPLL solver, if the original formula is unsatisfi-

able. Stated differently, HBISAT can filter the hard spots like the unsatisfiable core or hard-to-

simultaneously-satisfy sets of the formula. Due to the nature of an incremental SAT solver, these

hard spots will be solved incrementally and the conflict clauses learned through them have tremen-

dous potential to help finally solving the formula.

On the other hand, if the formula is satisfiable, for hard satisfiable instances usually there will be

one or more sets of clauses called hard-to-simultaneously-satisfy sets. Part (b) of Figure3.1shows

such a scenario where the region enclosed by the dashed line represents a hard-to-simultaneously-

satisfy set. With the underlying assumption that WALKSAT can find the solution for those easy

clauses outside the hard-to-simultaneously-satisfy region, the hard-to-simultaneously-satisfy sets

will be identified by HBISAT gradually in a similar way as to the unsatisfiable core. It is impor-

tant to find and solve these hard-to-simultaneously-satisfy sets earlier because they are the major

obstacles in solving the hard satisfiable formula.

To better understand HBISAT, it can be explained as an abstraction and refinement scheme,

shown in Figure3.2. Abstraction-refinement is a widely used technique in formal verification [12].

Because abstraction helps to reduce the complexity and refinement guarantees the correctness of

the abstract model, abstraction-refinement scheme usuallycan significantly boost the performance

in many applications. Due to fact that the set of clauses thatthe DPLL solver worked on is a

subset of original formula, it can be viewed as an abstraction of the original formula. Thus the

partial assignments returned from the DPLL solver actuallyis a over-approximation of the true
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solution. This over-approximation solution could be spurious. The WALKSAT takes over the over-

approximation solution to verify whether it is spurious or not, along with a local greedy search to

find a real solution. If a real solution can’t be found by WALKSAT, a set of broken clausesB will

be provided as the refinement, whereB will be added to the DPLL solver to make the abstraction

more precise.

Abstraction,

Generate over-approximation CNF

Original Formula (CNF)

Over-approximate solution

DPLL Solver

Spurious?

Real solution

END

Clauses for refinement

No solution,

END

Refinement

WALKSAT

NO

YES

Figure 3.2: Abstraction and refinement in HBISAT

HBISAT actually is a flexible SAT framework. Instead of the specific local search and DPLL

solvers we used in this chapter, other engines can easily be plugged in. The interaction between our

local-search solver and DPLL-search solver is simply through a uniform calling interface, which

is supported by most modern SAT solvers. The requirements for the DPLL based solver is that it

should support a incremental interface and be able to returnits search results. For the local search

solver, it must be able to supply the set of broken clauses. Webelieve the flexibility of HBISAT

offers a significant value, because it holds potential for future explorations.
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3.1.1 Clause padding

In a given iteration, the number of broken clauses may be small, which implies that a large number

of iterations may be needed before all clauses are added to the clause database for the DPLL

solver. Therefore, in addition to the broken clauses from WALKSAT, some other related clauses

may also be inserted into the DPLL solver. This feature is called clause padding. By adding

more clauses to the DPLL solver at each iteration, there are two potential benefits. First, it may

find the unsatisfiability in the DPLL solver earlier since adding more clauses further constrains

the problem, and second, it can speed up the incremental SAT solver process. The padded clauses

are chosen mainly based on their correlations to the broken clauses. In HBISAT two categories of

clauses are padded in clause padding procedure: 1) Based on the assumption that the flip frequency

of a variable usually indicates its importance of solving the formula, the clauses which contains

the most frequently flipped variable are padded into the clause database of the DPLL solver. 2)

We put all the literals of broken clauses into a arrayR. Then any clause with two or more of its

literals having opposite polarities with the corresponding literals inRwill be padded into the clause

database. The intuition here is that we want to pad those clauses that are highly correlated to the

broken clause set, with the hope that they will help to constrain the SAT solver.

3.1.2 Enhance WALKSAT with conflict clauses from DPLL

The learned conflict-induced clauses during the DPLL searchprocess could be very powerful to

block unnecessary search spaces. Because the DPLL solver iscalled through an incremental in-

terface, naturally it will take advantage of those conflict-induced clauses inherited from the previ-

ous iterations. However, its counterpart (WALKSAT) cannotdirectly benefit from these conflict

clauses. Since WALKSAT works in a memoryless way in each iteration, no helpful information

will be carried over to the next iteration. To overcome this limitation, the conflict clauses are

introduced back to the original formula in WALKSAT, which means that WALKSAT will be op-

erated on a set of clauses constituted by original formula plus the conflict clauses generated from
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the DPLL solver. Note that this new set of clauses constitutes an expanded formula. It is easy to

see that the expanded formula may vary from an iteration to the next. Given the fact the conflict

clauses represent the some hard-to-discover implicationsfrom the original formula, they could

help WALKSAT to reach a minimum faster. We will illustrate this with the following example:

Considering the CNF formula(a+c)(b+ c̄)(ā+ b̄+c)(a+ b̄+ c̄)(ā+b+c)(ā+b+ c̄), with

an initial assignment ofabc= 100, the broken-count is{1,1,2}. If we pick the broken clause

(ā+b+c), it is not easy for WALKSAT to make a clear decision because variablesa andb tie on

the broken-count. By randomly flippinga will step to a wrong direction because(a) is actually

implied by the formula. Suppose an additional conflict clauses (a+ b) returned by the DPLL

solver was added to this formula, the broken-count would have been updated as{2,1,2}. Based

on the broken-count{2,1,2} WALKSAT flips variableb and leads a new assignment{1,1,0} with

broken-count{1,1,0}. Now in broken clause(ā+ b̄+c), variablec will be chosen to be flipped

due to its lowest penalty on broken-count, thus a solutionabc= 111 is obtained.

When applying WALKSAT on the expanded formula, the effectiveness of conflict clauses could

be overshadowed by the huge number of clauses in the originalformula. In order to leverage the

importance of the conflict clauses, they are assigned with a bigger weight in broken-count counting,

which is 2 in our implementation.

3.2 Study of Synergies

In this section, we will explore the interactions between WALKSAT and DPLL solver through

some examples. For Figures3.3, 3.4, and3.5, theX-axis denotes the iteration index and theY-

axis denotes the percentage of clauses. In Figure3.3, an early termination case is shown. The

top curve with stars represents the number of clauses that are added to the DPLL solver at each

iteration step. We call it the “ADD curve”. The bottom curve shows the number of broken clauses

returned by WALKSAT, which is called the “BRK curve”. It can be observed that when 90% of

the clauses has been added, the DPLL solver can conclude thatthe instance is UNSAT. Although it
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Figure 3.3: Early termination of an UNSAT instance

does not necessarily mean the current clauses in the DPLL solver form a minimal UNSAT core, the

early termination provides the potential to reduce the computational effort for solving the complete

formula.

Figure3.4 presents an example where WALKSAT becomes more effective when guided by

the solution returned from the DPLL solver. One can observe that the BRK curve generally drops

with the increasing number of iterations. This is because the partial assignments supplied from

the DPLL solver gives a better guide to the WALKSAT. Another interesting phenomenon is the

ADD curve grows much faster at certain points. This is due to the clause padding mechanism. It

is possible that a small group of broken clauses returned by the WALKSAT can induce a larger

group of clauses to be padded, where the padded clauses help to increase the chance of conflicts

in the DPLL solver. After 14 iterations, a solution is found by the WALKSAT for this satisfiable

instance. In contrast, the pure WALKSAT cannot obtain the solution for this instance after 200

iterations with the same CUTOFF value.

If the early termination is not achievable and a solution cannot be found by WALKSAT, the
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Figure 3.4: Solution found at an early stage by WALKSAT

entire instance will eventually be added into the DPLL solver. Figure3.5illustrates how the conflict

clauses help to finally solve the instance. The discrepancy between the two curves in the figure

represents the number of conflict learned clauses. We can seethat more conflict learned clauses

emerge when more clauses are added to the DPLL solver. This iseasy to understand because a

more strongly correlated clause set has a higher probability for learning. After 90 iterations, more

than 10% of the clauses in the DPLL solver are conflict clauses. At this point, when we add all the

clauses from the original instance to the DPLL solver it takes 4.48 seconds to prove UNSAT with

a total running time of only 6.26 seconds. On the other hand, solving the original instance directly

by the DPLL solver requires 15.07 seconds. The gradually learned clauses can significantly boost

the DPLL solver’s performance.

Figure3.6 shows an example about the distribution of broken clauses ineach iteration. The

X-axis is again the iteration index but the Y-axis now denotes the clause ID. If a clause with a

clause IDi is returned by WALKSAT as a broken clause at iterationj, position(i, j) in the figure

will be dotted. On can see from Figure3.6that the broken clauses are clustered. While the size of

the broken clauses does not monotonically decrease during HBISAT’s solving process, it can be
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Figure 3.5: Example of gradually learning

observed that at higher iteration numbers, the size of the broken clauses does begin to shrink.

3.3 Experimental Results

The proposed HBISAT was implemented in C++ under the 64-bit Linux operating system, and

experiments were conducted on a Intel Xeon 3.0G workstationwith 2GB RAM. To demonstrate

the portability of our algorithm, HBISAT was built on top of two popular SAT solvers, ZChaff

version 2004.11.15 Simplified and Minisat 1.14. They are called HBIz and HBIm in the experi-

ments. Because we are interested in improving the SAT performance of EDA applications, all of

the benchmarks chosen are hard publicly available EDA instances. Three categories of benchmarks

were used in our experiments. The first category is the IBM Formal Verification Benchmarks Li-

brary [1]. Several groups of instances were chosen from the library and each group contained six

instances. Note that each group corresponds to a bounded model checking (BMC) application,

where instances in a group represent different lengths of time-frame expansion. The second cate-

gory comes from a parameterized benchmark suite of Hard-Pipelined-Machine verification prob-
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Figure 3.6: Broken clauses distribution returned by WALKSAT

lem [53], which includes twelve instances. The third category contains fifteen instances which are

generated in the formal verification of buggy variants of an out-of-order superscalar processor from

CMU [74]. In order to evaluate the performance of HBISAT, results for both DPLL solvers (ZChaff

and Minisat) and their corresponding HBISATs were reported. We believe similar results can be

obtained if other different SAT solvers was used in place of ZChaff or Minisat, as the framework

for HBISAT requires only that the underlying DPLL-based SATsolver includes an incremental

solver interface. Finally, because completeness is neededto handle UNSAT instances, pure local-

search based SAT solvers were not compared. In fact, for mostof the satisfiable instances in the

experiments, the pure WALKSAT could not complete.

We first report the results for Category I benchmarks, shown in Table3.1. The upper portion

represents the comparison between ZChaff and HBIz. The bottom portion compares Minisat and

HBIm. A total of four groups (24 instances) is listed in the first column. Next, the number of

variables and clauses for each instance are reported, followed by the satisfiability of each instance.

The forth and fifth columns correspond to the run times of the DPLL solvers and its HBISAT.
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Whenever HBISAT outperformed the DPLL solver, the run timesare highlighted in bold. Finally,

“OUT” indicates that the SAT solver aborts after a preset limit is met, which is 3000 seconds in

our experiments.

It can be observed that among all the twenty-four Category-Iinstances, ZChaff aborted on

two of them while HBIz could solve every instance within 500 seconds, except 06.k60. HBIz

outperformed ZChaff in 8 of the 12 instances. For the other four instances, they were all easy

instances. For such easier instances, the overhead of HBISAT became a burden. On the other hand,

with larger BMC instances (due to deeper circuit unrolling), the computational costs of ZChaff

were increased dramatically while the run times of HBIz increased relatively linearly. Similarly

HBIm outperformed Minisat in 9 of 12 instances. For the UNSATinstance 07.k80, HBIm only

took 17.45 second while Minisat’s running time is 60 times that.

Next, experiment II was set up to evaluate the unsatisfiable instances, with the results reported

in Table3.2. The first four columns of Table3.2are similar as in Table3.1. The run time of Minisat

and HBIm were reported in the last two columns. The performance of HBISAT was comparable to

the DPLL solver for most instances. Minisat and HBIm abortedon exactly three instances and the

average run times for the other instances were nearly equal.Meanwhile, Zchaff and HBIz aborted

on two instances. Generally HBIz gives better performance on harder instances thus leads to a total

900 seconds run time reduction. The reason that the performance gain on unsatisfied instances

sometimes was not as significant can be explained by the nature of incremental SAT solvers. For

hard UNSAT instances, it may not be easy to obtain a small UNSAT core (or a superset of the

UNSAT core) from the original formula. Subsequently, the incremental clause databases may all

be satisfiable, and we may need to wait until nearly all the original clauses have been added before

concluding that the formula is UNSAT. Furthermore, during the incremental steps, the subset of

clauses currently in the database of the DPLL solver may constitute a hard satisfiable instance,

and this hard satisfiable instance may consume significant computational resources. On the other

hand, the non-incremental DPLL solver searches directly onthe entire formula, where such hard

intermediate steps are implicitly avoided.
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Finally, the results for Category III benchmarks are shown in Table3.3. For all the SAT in-

stances, HBISAT exhibits a very significant performance gain, where HBISAT achieved nearly

an order of magnitude reduction in run times. For instance, in benchmark bug07, where Minisat

failed in 3000 seconds and ZChaff took 997.67 seconds, HBIz took 28.41 seconds while HBIm

needed only 15.01 seconds. The power of combining local search and DPLL search is evident via

experiments I, II and III. In terms of UNSAT instances in bothexperiments II and III, HBISAT

performances comparably with its DPLL counterpart with acceptable overhead on some instances.

The experimental results between HBIz and HBIm are consistently matched, which demonstrate

the flexibility and effectiveness of our proposed hybrid framework.

3.4 Summary

In this chapter, a new Hybrid SAT solver framework (HBISAT) has been presented that com-

bines the power of local search and modern DPLL-based searchwith conflict-driven learning. In

HBISAT, the local search instructs a DPLL SAT solver throughan incremental solver interface.

The synergies from both the local search and DPLL search are investigated. In effect, our guided

local search identifies incremental sets of clauses that arehard, and these clauses are subsequently

added to the clause database of the DPLL-based solver. Experimental results demonstrated that

up to an order of magnitude performance improvement has beenachieved for the hard satisfiable

instances. Future research directions include WALKSAT guided preprocessing and alternative

padding mechanisms.
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Table 3.1: Category I Benchmarks
Instance #V/#C SAT? ZChaff(s) HBIz(s)

01.k40 29249/124460 SAT 99.26 61.73

01.k50 36339/154810 SAT OUT 177.89

01.k60 43429/185160 SAT OUT 490.74

03.k40 46225/198298 SAT 31.45 57.56

03.k50 58595/251378 SAT 258.28 195.81

03.k60 70965/304458 SAT 434.55 250.99

06.k40 49126/213666 SAT 124.31 115.54

06.k50 61776/268886 SAT 1921.92 247.1

06.k60 74426/324106 SAT 1709.39 1605.57

07.k40 13151/35904 UNSAT 6.04 20.59

07.k50 15221/40774 UNSAT 5.94 19.19

07.k60 17291/45644 UNSAT 6.06 20.58

Instance #V/#C SAT? Minisat(s) HBIm(s)

01.k70 50519/215510 SAT 53.89 53.01

01.k80 57609/245860 SAT 174.8 132.74

01.k90 64699/276210 SAT 330.41 60.03

03.k70 83335/357538 SAT 45.84 76.39

03.k80 95705/410618 SAT 81.71 80.19

03.k90 108075/463698 SAT 267.64 197.57

06.k70 87076/379326 SAT 60.22 109.09

06.k80 99726/434546 SAT 201.19 135.64

06.k90 112376/489766 SAT 296.07 189.53

07.k70 19361/50514 UNSAT 9.86 15.33

07.k80 21431/55384 UNSAT 1065.7 17.45

07.k90 23501/60254 UNSAT 5.97 16.21
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Table 3.2: Category II UNSAT Benchmarks
Instance #V/#C ZChaff HBIz Minisat HBIm

c7b 26058/77128 147.4 149.3 55.54 54.27

c8n 53697/159595 386.93 363.89 146.18 169.25

c9b 36757/109045 407.53 381.7 263.54 226.02

f9n 185149/552412 2011 1604.91 OUT OUT

g9n 54631/161950 251.33 222.53 61.84 84.12

g9b 59110/175387 208.65 233.03 41.49 106.8

g9idw 125885/371998250.55 263.39 70.64 136.11

g9nidw 170918/5065841552.48 1098.25 942.97 691.3

c10 17121/50803 9.87 16.25 12.15 24.44

c10b 43517/129265 669.88 529.1 589.1 567.78

c10bi 147116/437224 OUT OUT OUT OUT

c10bid 291912/828039 OUT OUT OUT OUT

Total 5476 4549.4 2183.45 2060.09
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Table 3.3: Category III Benchmarks
Instances #V/#C SAT? ZChaff(s) HBIz(s) Minisat(s) HBIm(s)

fvp-sat3.0/pipe-64-4-bug01.cnf35853/1021170 SAT 40.83 8.17 1.55 4.29

fvp-sat3.0/pipe-64-4-bug02.cnf35853/1021171 SAT OUT 14.81 OUT OUT

fvp-sat3.0/pipe-64-4-bug03.cnf35947/992674 SAT 4.8 11.19 0.97 4.28

fvp-sat3.0/pipe-64-4-bug04.cnf35854/1012315 SAT 39.07 11.16 4.39 7.84

fvp-sat3.0/pipe-64-4-bug05.cnf35853/1022271 SAT 555.54 40.86 OUT OUT

fvp-sat3.0/pipe-64-4-bug06.cnf35853/1022271 SAT 282.08 6.67 OUT 9.4

fvp-sat3.0/pipe-64-4-bug07.cnf35853/1022271 SAT 997.67 28.41 OUT 15.01

fvp-sat3.0/pipe-64-4-bug08.cnf35622/1003074 SAT 38.5 6.44 OUT 4.63

fvp-sat3.0/pipe-64-4-bug09.cnf35726/1011764 SAT 0.4 10.09 180.03 5.29

fvp-sat3.0/pipe-64-4-bug10.cnf35839/1012135 SAT 0.62 12.18 1242.21 3.6

fvp-sat3.0/pipe-64-4-bug11.cnf35853/1012271 SAT 1148.21 93.65 2.6 10.37

Total 3107.73 243.63 1431.75 64.71

fvp-unsat2.0/5pipe.cnf 9471/195452 UNSAT 10.99 30.78 78.77 185.66

fvp-unsat2.0/5pipe-5-ooo.cnf 10113/240892 UNSAT 34.30 52.75 OUT OUT

fvp-unsat2.0/6pipe.cnf 15800/394739 UNSAT 86.98 66.52 OUT OUT

fvp-unsat2.0/6pipe-6-ooo.cnf 17064/545612 UNSAT 159.35 276.63 252.53 205.35

fvp-unsat2.0/7pipe.cnf 23910/751118 UNSAT 275.58 284.23 OUT OUT

fvp-unsat2.0/7pipe-7-ooo.cnf 24415/711050 UNSAT 2768.58 2425.08 OUT OUT
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Chapter 4

Double-Layer Conflict Driven Learning

with Pseudo Boolean Constraints

As one of the most crucial techniques in SAT solver, conflict-driven learning remains a challenging

topic to be improved or refined. Conflict-driven learning helps to prune the search space by intel-

ligently learning from conflicts in its search history. Due to its aggressive learning strategy, the

effectiveness of conflict-driven learning may be impaired by an overwhelmingly large number of

clauses learned that may turn out to be useless information.Based on our observations, we found

that a carefully designed selective technique can benefit conflict-driven learning tremendously,

where the conflict-induced clauses are classified as primaryor supplementary. Furthermore, to

incorporate with two different categories of conflict-induced clauses, pseudo Boolean constraints

are introduced to more compactly store the supplementary conflict-induced clauses while keeping

a portion of the learned knowledge for search space pruning.

In this chapter, we first explain some details about the pseudo Boolean constraint set. Then we

will introduce how our double-layer conflict driven learning works in Section4.1, followed by the

in-depth analysis of conflict-induced clause evaluation inSection4.2. The experimental results are

presented finally in Section4.3.
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4.1 Two-layer Conflict Driven Learning

4.1.1 Pseudo Boolean Constraint Set

We first provide a quick review on Pseudo Boolean Constraints(a.k.a. Pseudo Boolean Clauses).

A pseudo Boolean constraint is sometimes also referred to asa linear pseudo Boolean constraint,

which is usually represented as∑ai ·xi ≥ b whereai andb are integers and each of thexi is a

Boolean variable. One can see that whenb = 1 andai = 1, the pseudo Boolean constraint simply

becomes a Boolean clause. Due to its expressive power, it is possible to represent a set of complex

Boolean clauses with a much fewer number of pseudo Boolean constraints. For example, consider

four Boolean clauses(a+b+ c̄)(a+ b̄+c)(ā+b+c)(a+b+c). They can be expressed with just

one pseudo Boolean constraint(a+b+c)≥ 2. It should be pointed out that given a set of Boolean

clauses it could be extremely difficult to find its equivalentpseudo Boolean constraint.

In our proposed double-layer approach, PBCS is a small set ofpseudo Boolean constraints.

When a CIC is assigned to be stored in PBCS, we will first selectthe most appropriate PBC to

which the CIC will be added. Then, the CIC is translated to a pseudo Boolean constraint and added

to the selected PBC:PBCk = PBCk−1+PBCCIC. For instance, if the selected PBC is 2x1−x2+x3 ≥

−1, with the CIC as(x1 + x3), the translated CIC isx1 + x3 ≥ 1 and the updated PBC would be

3x1−x2 +2x3 ≥ 0. Note that a negative literal ¯x is translated as 1−x.

One can easily observe that at each summation the blocking power of a conflict-induced clause

may not be completely kept. In our example, the clause(x1+x3) blocks the space ofx0 = 0,x3 = 0.

In the new PBC 3x1− x2 + 2x3 ≥ 0 only x0 = 0,x2 = 1,x3 = 0 would be blocked. Generally, the

blocking power from CIC can be kept, weakened, or completelylost, depending on how and where

it is added. However, we would like to retain as much power from the supplementary clauses

as possible. We follow up this discussion with an example. Let the PBC bex1 + x2 ≥ 1, and

the CIC be(x1 + x̄2). By adding the CIC to the PBC, the resulting PBC becomes(x1 + x2 ≥

1) + (x1− x2 ≥ −1) ⇒ x1 ≥ 1. It can be seen that this is exactly the same as binary resolution,

and in this case no blocking power will be lost. It is quite apparent that when more cases are
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analyzed, we find that more common variables between PBC and CIC translate to blocking power

retainment in the summation operation. We use this observation as the heuristic to pick PBC

in PBCS to accommodate the current CIC. In our implementation, the PBCS is created with ten

PBCs. Each PBC covers a portion of variables in a ascending order of the variable ID. A CIC will

be inserted to the PBC with the maximal variable overlap based on our variable range partition.

Conflict learned clause C

Usefulness evaluation

Yes, primary

No, supplementary

Add back to 

clause database

Pick a PBC in 

PBCS

Update PBC

Layer I

Layer II

Figure 4.1: Double-layer conflict driven learning algorithm

4.1.2 Basic Algorithm

The basic algorithm of our double-layer conflict-driven learning is shown in Figure4.1. Different

from traditional SAT solvers, whenever a conflict-induced clause is obtained, there is an extra step

to evaluate whether the CIC is primary or supplementary. Only those primary ones will be added

back the clause database. All the supplementary clauses areassigned to the PBCS to update the

PBCs.

In order to utilize the blocking power of PBCS, both the conflict checking procedure and BCP
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based on BCP

YES

NO
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B. Conflicts checking 

with PBCS

Conflict 

Analysis

Backtrack

Figure 4.2: Conflicts checking traditional vs. with PBCS

procedure are also updated, as shown in Figure4.2. Figure4.2 compares the difference between

the traditional SAT solver and ours. Note that now we must check for conflicts in both the Boolean

clause database and PBCS. Whenever a conflict occurs in the Boolean clause database, conven-

tional conflict handling mechanism is invoked. When no conflict occurs in the Boolean clause

database, but at least one pseudo Boolean constraints is violated, the SAT solver will also back-

track immediately. However, no conflict clause will be produced. In case conflicts occur in both

the clause database and PBCS, we put higher priority on the Boolean clause because it provides an-

other opportunity to learn a new conflict clause. Accordingly the BCP procedure is also modified.

Each PBC will be updated and checked at each iteration of variable implication.

We want to make it clear that backtracking from conflicts in PBCS is sound and will not change

the completeness of SAT solver. Theorem3 is formulated to prove this fact.

Theorem 3. Given a pseudo Boolean constraintC to be the summation of a set of Boolean clauses,

C= ∑i=n
i=1Si . If there exists an assignmentA that violatesC, then underA at least one of the Boolean

clauses will be evaluated as false.
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Proof. We prove this by contradiction. Since every Boolean clauseSi is satisfied under the assign-

mentA, we know∀i,Si > 0. Therefore,C = ∑i=n
i=1Si > 0. However, assignmentA violatesC, C≤ 0.

Thus, a contradiction.

Based on Theorem3, a conflict in PBCS corresponds to a conflict on at least one of the sup-

plementary conflict-induced clauses. Thus, it is sound to backtrack when conflicts occur in PBCS.

Note that the converse is not true, i.e., a conflict in a supplementary clause may not always cause

the PBCS to have a conflict. Therefore, the proposed PBCS retains a portion of the blocking power

of supplementary CICs.

4.1.3 Recovery Hash Table

Since SAT solving is highly dynamic and can be very sensitiveto many factors, it is almost im-

practical to determine the usefulness of a conflict-inducedclause at the time of its birth. Imagine

what would happen if a clause is dropped simply because it is erroneously determined to be sup-

plementary, but actually it is very important to the probleminstance. This indicates that we need

a mechanism to remedy the damage when the approach mis-predicts the usefulness of a conflict-

induced clause. Our solution comes from an assumption that if one clause is learned repeatedly,

this conflict clause should be treated as primary. The underlying explanation here is that a fre-

quently met conflict clause can help to block the portion of the search space if it was added to the

clause database at the beginning.

We build a hash table to record the conflict-induced clause occurrence. This hash table is

called Recovery Hash Table (RHT). All the entries of RHT are initialized to 0. For each CIC,

before the evaluation a hash value (signature)G is computed and the corresponding position in the

hash table (RHT[G]) will be checked. IfRHT[G] == 1, which means this CIC most likely has

been computed before, we will categorize this CIC as primaryand reset the hash table entry. If

not, CIC will be passed to the evaluation function. When the evaluation function identifies this

CIC as supplementary,RHT[G] will be set to 1. This approach essentially prevents adding an
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important CIC to the PBCS repeatedly. Instead, it ensures any repeated generated CIC is treated as

primary and will be immediately added to the clause database. The recovery hash table is simple

to implement, which only adds a very small runtime and memoryoverhead. The entire flow is

illustrated in Figure4.3.

Conflict learned clause

Compute hash value

G

RHT[G]==1

When CIC is evaluated as

supplementary,RHT[G]=1

Add this CIC

as primary

RHT[G]=0

YES

NO

Evaluation on CIC

Figure 4.3: Recovery hash table working flow

4.2 Evaluation of Conflict Induced Clause Usefulness Estimation

4.2.1 Evaluation Metrics

Evaluating the usefulness of a conflict-induced clause can be extremely difficult. We start our

study through carefully analyzing the factors that have significant impact on the usefulness of CIC.

Let us first consider a typical scenario. Assume a CICc was learned and it was dropped. In

the subsequent SAT solving process, at some point supposec is violated explicitly by the current

variable assignments. We have to go through the whole implication process again sincec is not

currently in the clause database. We can see that compared with the scenario wherec was never
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dropped, the unnecessary cost would be the cost of traversing and analyzing the implication graph.

The cost of this conflict analysis is directly proportional to the size of implication graph. In other

words, one metric for the cost related to CIC is the size of theimplication graph.

Beside the size of the implication graph, the backtrack level from the CICc is also very crucial.

Due to the non-chronological backtracking technique[45], it is often that the SAT solver backtracks

more than one level from its current level. Usually the backtrack level interval roughly determines

the blocking power of this CIC. This can be explained in the following manner. All the decisions

in the decision stack between the current level and the target backtrack level constitute a set of

variables. We know that the current assignments on a subset of these variables led to a conflict.

During the future search, other assignments on these variables may also induce conflict onc since

structurally these variables are correlated through a set of clauses. The bigger size of the set of

variables, more assignment combinations ares likely to be blocked byc. Therefore, backtrack

depth is defined as our second metric for determining the usefulness of a CIC.

Thus far, the discussion has focused on the loss of dropping aCIC and and the potential gain

of deductive power of a CIC. Another issue that we need consider is the derivation of new CICs

from a previously learned CIC. For instance, a CIC that can beobtained from a subset of the

original clause is considered more trivial than another CICderived that need the knowledge from

the first CIC. In other words, the power of a CIC can be carried over many generations and produce

powerful CICs when the search goes on. To evaluate the carry-over effect of a CIC, we introduce

a new concept called learning level. Each conflict-induced clause carries a learning level, which

is defined as 1 level larger than the largest learning level ofits literals. A literal’s learning level is

simply its antecedent’s learning level. The antecedent here is defined as the clause from which the

literal was implied. So the set of antecedents from a CIC’s literals represents the reason why this

CIC is implied. Thus, the learning level indirectly measures the number of past CICs the newest

CIC is derived from.

Note that all the original clauses in the formula are set at learning level 0. Thus, every CIC has

a learning level of at least 1. For instance, if clausec1 is learned and each of its literal is implied
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by a original clause in the formula, then the learning level of c1 is 1. Whenc1 is involved to reason

another conflict learned clausec2, c2 has a learning level of 2, and so on.

So far, we have introduced three evaluation metrics: size ofimplication graph, backtrack depth,

and learning level. While these metrics are considerably effective, sometimes certain randomness

in the solving process is needed. We bring up randomness as forth metric to balance the situation

where the aforementioned metrics do not perform well. Randomness has been widely used in

local algorithms to skip over local optima. It also has a longhistory in SAT solvers. For all the

supplementary CICs, we can preset a percentage of randomness to mark them as primary. This

value can be adjusted depending on the level of randomness.

4.2.2 Evaluation Function

Due to the complexity of SAT problems, it is rare that one of these four metrics alone is suffi-

cient to determine the usefulness of a CIC. Therefore, we need to combine them somehow. A

evaluation function was built based on the four metrics to evaluate the CIC. The evaluation func-

tion is expressed as a Boolean function of a set of criteria. Any CIC for which the evaluation

function returnstrue will be categorized as supplementary, otherwise it is regarded as primary.

Here is an example of the evaluation function:Φ = {(SI < 20) · (BD < 10) · (LL > 2,LL < 5)},

whereSI denotes the size of implication graph,BD represents the backtrack depth,LL is the learn-

ing level, and· is the AND logical operator. This example evaluation function marks any CICs

as supplementary if its size of implication tree less than 20, and its backtrack depth less than

10 and learning levels between 2 and 5. The randomness factorR is not counted in this exam-

ple evaluation function. It is also possible to build an evaluation function by OR logic, such as

Φ = {(SI< 10)|(BD< 10)|(LL < 3)|(R== 0.1)}, where the metric of randomness is introduced.

More specifically in this example, with a probability of 10% aCIC will be marked as supple-

mentary. The annotations used here will also be carried to the next section when we describe the

evaluation function under different experimental setups.
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One may raise the concern that the evaluation function couldbe quite sensitive to the underlying

application, thus there may not exist a universal evaluation function to benefit all the applications

from different domains. We agree that finding a good evaluation function is not easy. In our current

work, we calibrated our evaluation function based on the general rules that we will discuss later.

Considering the vast difference between different application domains, it is reasonable to think

that evaluation function can be specifically tuned when extra knowledge is known, such as the

structure of the circuit. it is very easy to alter the evaluation function in our proposed architecture,

which makes this technique easily adopted to many application domains where the problems are

highly structured or weighted heavily on some properties. For instance, when dealing with design

verification instances from bounded model checking, those CICs that be linked with the property

more closely should be favored in the evaluation function. For those grouped problems sharing a

similar structure, such as instances from the pigeon-hole suite, it is helpful to design a evaluation

function to tackle the hard ones by sampling the easy ones. With such additional information from

the problem instance, adding other metrics may also be useful. In this chapter, we only discuss the

four general metrics of SAT formulas without any assumptionon the problem’s domain knowledge.

Beyond the flexibility that the evaluation function can provide, there are basic rules that are in

common. For example, a CIC with a larger backtrack depth usually should tend to be evaluated as

primary. These basic rules of each metric are summarized in Table4.1.

Table 4.1: Rules of Usefulness Metrics
Metric Symbol Primary? Rule

Randomness R ↑ Uncertain

Implication graph size SI ↑ ↑

Backtrack depth BD ↑ ↑

Learning level LL ↑ ↑ but not always, mid-level

can be more important

In Table4.1 the first and second columns show the metric and its symbol. The third column

shows the change of the value of each metric that correspondsto greater likelihood that the CIC

will be determined as a primary clause. The last column showsthe rules. These are very primitive
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rules, but they set up a solid base of how to put them together to create a good evaluation function.

4.3 Experimental Results

Our proposed double-layer conflict-driven learning was implemented on top of a popular SAT

solver, ZChaff version 2007.3.12. The whole program was written in C++ and run under Linux

on a workstation with Intel Xeon 3.2G CPU and 2G memory. We name our implementation as

DLSAT.

Since the evaluation function is a crucial part in DLSAT, we first set up a case study to an-

alyze the impact of different evaluation metrics, shown in Table4.2. The first column of Table

4.2 shows the instance name, which is from SAT 2002 competition benchmark[2]. The second

column presents the evaluation functions based on each metric. There are total 7 configurations of

evaluation function. The results of each evaluation metricare presented according to the evalua-

tion function. Note that “NOSUPP” indicates the evaluationfunction always returns false, which

means every CIC will be treated as primary (no supplementaryclauses). It is easy to see that for the

“NOSUPP” evaluation DLSAT has the identical results as ZChaff. The following 5 columns are

statistics returned by the SAT solver, namely the maximum number of decision levels, the number

of total decisions, the number of CICs added to the clause database (primary), the number of liter-

als of the primary CICs, the number of conflicts generated by PBCS, the number of supplementary

CICs, the number of hits in recovery hash table, and finally the run time. For example, (BD < 5)

means that all CICs whose backtrack depth is less than 5 will be determined as supplementary. In

this case, we saw the loss of dropping those CICs with high backtrack depths.

From Table4.2, we can see that random dropping (R = 50%) performs poorly. This is rea-

sonable because random dropping may accidentally drop the critical (primary) clauses that help to

solve the formula. For this specific instanceBD < 5 slows down the SAT solver whileLL < 3 im-

proves the performance greatly. The performance is improved largely due to the better decision is

obtained when supplementary CICs are filter out. This can be confirmed by comparing the number
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of decisions between “NOSUPP” andLL < 3. With almost the same maximum decision level, the

number of decisions is reduced to half withLL < 3.

We already saw that the learning level has the huge impact on the outcome. WhenLL is set as

less than 3, the SAT solver speeds up drastically. The band-pass filter strategy gives even better

results. The worst case comes from filtering out high learning level CICs. This is intuitive as CICs

with greater learning level are much more important than lower learning level CICs due to reason

that they usually contain more inductive power. The reason that band-pass strategy can be better

is that filtering too many low learning level CICs hurts the potential to generate powerful high

learning level CICs. In other words, we need a base of low learning level CICs in order to learn

those more advanced CICs.

There is no universal rule to set the parameter onBD, SI andLL. Actually each metric has its

strength and weakness. A good evaluation function can aggregate the effectiveness of each metric

to bring up the largest potential performance gain.

A set of SAT instances from various publicly available benchmarks were selected in our study,

such as SAT competition 2002, parameterized benchmark suite of Hard-Pipelined-Machine ver-

ification problem, formal verification instances of buggy processor and IBM formal verification

library [2][1][74][53], named from C1 to C20. The detailed instance list is presented in the Table

4.5, where the complete CNF name and corresponding notion are listed in the first and second col-

umn. Since these instances are from broad application domains, we use them to test the viability

of DLSAT. The results are reported in Table4.3. In Table4.3, the first column reports the instance.

If both ZChaff and DLSAT finished within the preset time out limit (1000 seconds), column 2 will

report “SAT” or “UNSAT”. “ABORT” means both of them timed out. If one of them aborted, the

outcome from ZChaff and DLSAT are shown separated by a slash.Columns 3 to 5 report the statis-

tics of ZChaff, including run time, the number of CICs and thecorresponding number of literals.

Similarly, columns 6-12 report the results from DLSAT. In addition to run time, primary CICs and

their number of literals, four more are reported. They include the number of conflicts detected in

PBCS, the number of supplementary CICs, the number of literals of supplementary CICs, and the
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number of hits in remedy hash table (RHT). Finally, the speedup of DLSAT over ZChaff and the

storage reduction ratio (SR) are reported. The speedup is calculated asZTIME
PTIME. SR is proposed

to evaluate how much storage can be reduced when many supplementary CICs are compressed in

PBCS. It should be noted that in PBCS each literal costs two storage units. One is for the variable

index and the other is for its coefficient as pseudo Boolean constraint allows coefficient on each

literal. Therefore we use the following formula to compute SR: SR= 1− 2∗#PBCLit+#PCLSLit
#ZCLSLit . When

either ZChaff or DLSAT aborted after 1000 seconds, statistics of the SAT solver at that moment

are snapped and reported. The average of speedup and SR are shown at the last row of Table4.3.

Among 20 instances, ZChaff aborted on 3 of them while DLSAT aborted 2. Except for the

two aborted instances, DLSAT outperforms ZChaff on 11 instances in those 18 finished instances.

The average speedup of DLSAT is 3.76 excluding C8, in which a speedup of more than 912× was

achieved, which is almost three orders of magnitude. In C8, abetter decision order can be obtained

by compressing the supplementary CICs to reduce the noise introduced by those less-useful CICs.

In C7, C17, and C19, more than an order of magnitude speedup was achieved. The slow-downs

generally are for those easy instances, where the overhead of DLSAT increased the run-times, such

as in C1, C10, and C16. Besides the performance improvement,DLSAT saves storage resource

by 22.45%. Over 50% memory consumption is reduced for 7 instances out of 20. Even for the

unfinished instance C3, after 1000 seconds running DLSAT saved over 20% on memory. The

evaluation function used in this experiment is shown below the table, which is a function of metric

SI, BD andLL. In this evaluation function, 1)BD is not fixed. It is determined by the size of the

current decision stack, with a limit of less than 30; 2)SI is defined as in proportional toBD with

a factor of 5; 3)LL is a band-pass filter with thresholds at 3 and 30. Due to the importance of

learning level, any CICs falls outside the band-pass filter will be marked as primary immediately.

Otherwise, they will be screened by another two metrics,BD andSI.

In the next experiment, a group of instances from [74] was tested to validate our hypothesis

that instances sharing common structures can benefit from the same evaluation function. These

instances are generated from the formal verification of buggy invariants of an out-of-order super-

scalar processor from CMU. The results are presented in Table 4.4, which has the exact layout as
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Table4.3. Note that those instances that can be solved by ZChaff in less than 1 second were not

included in the Table. From Table4.4 we can see that nearly 6 times speedup and 50% storage

reduction are achieved for these 16 instances. We want to emphasize that this experiment reveals

a very practical aspect about the evaluation function: it has been observed that instances from a

specific domain or problem share significant similarities between them. Thus it is highly possible

to customize the evaluation function to pump out more potential on performance improvement and

memory reduction. This was supported by our experimental results. As pointed out earlier, one

can sample and test the best evaluation strategies on easy instances first to help solving the hard

instances later.

Although we did not report the results on different evaluation functions, our results have al-

ready demonstrated that under the double-layer conflict learning framework the DLSAT is able to

improve performance significantly, while simultaneously saving the memory usage greatly. This

can be even amplified by taking advantage of structural similarities sharing between a group of

instances, as we saw in Table4.4.

4.4 Summary

We have presented a novel double-layer conflict-driven learning technique in this chapter. This

method can be easily ported to any DPLL based SAT solver with slight modification. Besides

giving the basic algorithms, we also analyzed the usefulness of conflict-induced clause. Four

metrics to evaluate the conflict-induced clauses are discussed. Evaluation functions based these

metrics are tested in the experiments. The experimental results confirm the value of the proposed

technique on both performance improvement and memory reduction.

In the future, more research will be investigated on the evaluation function. One possible

direction is to exploit the feasibility of introducing a dynamic, self-learning mechanism to adjust

the evaluation function on fly.
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Table 4.2: Importance of Individual Evaluation Metrics

CNF Evaluation max dlevel # decisionsAdded CL Added Literals#Conflicts #CL in PBC Hash hitsRun time(s)

ezfact481.cnf NOSUPP 82 61900 45682 6593215 0 0 0 31.88

R= 50% 91 138164 68587 10649672 2871 40830 27603 80.79

SI < 10 128 119255 66802 9706565 1172 42 34 54.1

BD < 5 145 303520 94520 17242656 1438 126458 93728 151.19

LL < 3 106 50182 31392 3933086 805 1732 1496 24.29

3 < LL < 10 89 43013 26343 3477846 1124 2288 1539 21.03

LL > 10 82 389022 153646 30117340 1230 185277 145355 276.54

5
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Table 4.3: General SAT Instances Results
CNF Result ZCHAFF DLSAT Speedup SR

ZTIME #ZCLS #ZCLSLit PTIME #PCLS #PCLSLit #CF #PBC #PBCLit #Hits

C1 UNSAT 10.59 13263 939267 11.21 10222 773985 11666 2092 12987 14470.94 14.83%

C2 UNSAT 17.83 55996 2090004 15.02 47836 1958266 10052 352 1359 317 1.19 6.17%

C3 ABORT 1000.00 235100 124592721000.00 191334 9369492 7865 76905 75855 572391.00 23.58%

C4 UNSAT 86.30 43640 13777557103.92 37534 11133036 5154 1018 15560 6850.83 18.97%

C5 UNSAT 5.60 27102 713189 1.10 7733 172222 6833 22 224 15 5.08 75.79%

C6 ABORT 1000.01 1084667 618194381000.01 1049344 61229825 6912 5 185 5 1.00 0.95%

C7 SAT 34.98 36274 716766 1.80 2151 30037 1115 25 310 12 19.47 95.72%

C8 ABORT/SAT 1000.00 535155 83497012 1.10 2837 178238 7494 1212 8000 644>912.55 99.77%

C9 SAT 36.03 15435 512301 29.67 8516 280330 8246 1671 4186 11321.21 43.65%

C10 UNSAT 19.60 77808 829788 32.75 106948 1352270 8448 84 348 84 0.60 -63.05%

C11 SAT 25.22 116877 987154 32.71 118128 992854 8669 18493 19724 154000.77 -4.57%

C12 UNSAT 266.47 603517 7918246263.78 592182 7743311 7846 61559 37411 577251.01 1.26%

C13 UNSAT 69.26 163489 2568645 443.94 382701 6534969 6853 45292 2899 452530.16 -154.64%

C14 UNSAT 9.78 105994 1387922 4.83 61249 692182 8685 1142 2342 10992.03 49.79%

C15 SAT 98.56 67320 1683221 258.98 101051 2715502 2234 26932 71329 188190.38 -69.80%

C16 SAT 3.08 4118 253714 6.55 5218 326369 10676 769 14355 577 0.47 -39.95%

C17 SAT 5.22 7815 1978822 0.27 57 11158 6945 1 104 0 19.21 99.43%

C18 UNSAT 4.54 9579 837214 3.62 6242 465273 7971 25 1233 117 1.25 44.13%

C19 SAT 88.47 80288 16598146 8.09 9430 995731 3019 3518 23021 171510.94 93.72%

C20 UNSAT 31.36 45682 6593215 13.90 18579 2497441 13291 167 2837 90 2.26 62.03%

Average 3.67* 19.89%

!Evaluation FunctionΦ = {(3 < LL < 10) · ((SI< 10∗BD)|(BD< Depth))}, Depth= min(currentdecisionstacksize/8, 30).

*C8 was not included in the average computation
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Table 4.4: Experiments on Group of Instances That Shares Similarities
CNF Result ZCHAFF DLSAT Speedup SR

ZTIME #CLS #CLSLit PTIME #CLS #CLSLit #CF #PBC #PBCLit #Hits

bug01.cnf SAT 35.09 15435 512301 10.06 2442 86824 9436 802 1797 558 3.49 82.35%

bug02.cnf ABORT 1000.00 208211 106810781000.01 164469 7907126 8778 65208 61211 511541.00 24.82%

bug03.cnf SAT 4.16 1190 33606 4.82 668 26481 6961 128 406 96 0.86 18.79%

bug04.cnf SAT 33.73 11849 405192 55.24 12977 479461 9183 2553 5466 17000.61 -21.03%

bug05.cnf SAT 469.02 146603 6649645204.13 43153 1816111 9440 18506 17354 128002.30 72.17%

bug06.cnf SAT 241.65 68078 2819472107.05 25833 1012356 9284 8538 11821 58252.26 63.26%

bug07.cnf SAT 875.26 241813 11240477632.42 112196 5212136 9299 47153 44444 357881.38 52.84%

bug08.cnf SAT 33.53 13193 420202 0.48 50 1363 1 1 132 0 70.44 99.61%

bug11.cnf ABORT/SAT 1000.00 238943 11714369536.17 88946 4050793 9136 39012 40184 28763>1.87 64.73%

bug13.cnf SAT 33.81 10699 348109 14.75 2738 93484 9160 289 1275 193 2.29 72.41%

bug15.cnf SAT 587.75 142226 6876384572.05 105994 4876930 9612 53829 41076 408021.03 27.88%

bug16.cnf SAT 313.30 89673 3832856148.77 30758 1225178 10152 4977 10201 32912.11 67.50%

bug17.cnf SAT 572.68 147968 6688951500.03 87445 4015001 9562 31708 36649 232161.15 38.88%

bug18.cnf SAT 317.13 99315 4480948362.60 76770 3446783 9258 31794 27419 232880.87 21.86%

bug19.cnf SAT 170.84 52916 2074267173.49 39746 1618980 9205 19385 17403 135750.98 20.27%

bug20.cnf SAT 393.67 112968 5081804268.43 51920 2189750 9223 22645 25681 159041.47 55.90%

Average 5.88 47.64%

*Evaluation FunctionΦ = {(3 < LL < 30) · ((SI< 10∗BD)|(BD< Depth))}, Depth= min(currentdecisionstacksize/8, 30).
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Table 4.5: Instance List
C1 5pipe.cnf

C2 avg-checker-4-23.shuffled.cnf

C3 comb1.shuffled.cnf

C4 f2clk 30.shuffled.cnf

C5 homer06.shuffled.cnf

C6 homer20.shuffled.cnf

C7 IBM FV 2004rule batch01 SAT dat.k30.cnf

C8 lisa20 1 a.shuffled.cnf

C9 pipe 64 4 bug01.cnf

C10 s61-100.cnf

C11 sat-grid-pbl-0070.sat05-1334.reshuffled-07.cnf

C12 unsat-grid-pbl-0080.sat05-1344.reshuffled-07.cnf

C13 Urquhart-s3-b10.shuffled.cnf

C14 grid 20 20.shuffled.cnf

C15 IBM FV 2004rule batch01 SAT dat.k40.cnf

C16 3bitadd31.shuffled.cnf

C17 med17.shuffled.cnf

C18 qg7-12.shuffled.cnf

C19 pyhala-braun-sat-30-4-01.shuffled.cnf

C20 ezfact481.shuffled.cnf
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Chapter 5

A Fast Approximation Algorithm for

MIN-ONE SAT

In this chapter [33], we will propose a novel approximation algorithm for MIN-ONE SAT, which is

the first in this area to the best of our knowledge. This approximation algorithm can help to achieve

a drastic performance improvement, thus making MIN-ONE SATmore feasible and affordable.

Our approach is fundamentally different from the existing OPTSAT and PBSAT algorithms

described in Chapter 2. Instead, it is an approximate algorithm, which means that the solution

obtained may not be guaranteed to be optimal. It should be pointed out that our algorithm holds

its value on fast-solving because complete algorithms haveto implicitly search all solutions to find

the optimal one. Such a complete search may become an excessive burden given the sheer size

of solution set. Our approximation algorithm can potentially skip many search spaces, hence the

computational complexity and resource usage can be significantly reduced. In addition, for many

applications a low-cost near-optimal solution is more meaningful than the costly optimal solution,

where our algorithm becomes a perfect fit. We call our approach as RelaxSAT because it uses a

relaxation technique.

The detailed algorithm was exhibited in Section5.1. We will also demonstrate the outcome of
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this algorithm in Section5.2.

5.1 Our Approach

5.1.1 RelaxSAT

The basic idea of the proposed RelaxSAT is to generate a set ofconstraints from the objective func-

tion to guide the SAT solver. The detailed algorithm is shownin Listing 5.1. A set of constraints,

Sc, is first generated in order to minimize (or maximize) the objective function. In other words, the

constraint-set defines a solution space within which the optimal value of the objective function is

reached. The constraints are unit clauses that determines the corresponding variable assignments.

For instance, in the basic MIN-ONE SAT, the initial constraint-set,SC, is the set of unit negative-

literal clauses that forces each variable to be ZERO. Note that it is trivial to constructSc when

the objective function is a linear function of the variables. This constraint set can be represented

as a conjunction of all such negative-literal clauses, resulting in a CNF constraint formulaFsc. It

should be pointed out thatFsc contains at mostN clauses when every variable is constrained. Then,

FA = Fsc·Fo, andFA is passed to a SAT solver to solve. One may raise the concern that this kind

of constraints set may cause considerable conflict(s) with the original Boolean formulaFo. While

this may be true, we want to take advantage of these conflicts to benefit our algorithm. Whenever

one or more conflicts exist betweenFsc andFo, a relaxation procedure is invoked. This relaxation

procedure analyzes the reason behind the conflict(s) through the trace information provided by the

backbone SAT solver and removes the constraints that are most responsible to the conflicts. Gen-

erally speaking, the constraints that cause conflicts will be removed gradually, therebyrelaxingthe

constraints along the way.

Listing 5.1: RelaxSAT Algorithm

def RelaxSAT(F o/∗input formula∗/)

begin

i=0 /∗iteration counter∗/

Sc= InitConstrantSet(Obj/∗objective function∗/);
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while ()

FA=Fo ·Fsc

Result=Call SAT Solver(FA)

if (Result == SATISFIABLE)

return /∗solution found∗/

else

Sc=RelaxConstraints(Sc); /∗Relaxation∗/

end

Assume thatFo is satisfiable (otherwise, conventional SAT solvers are sufficient to determine

its unsatisfiability), wheneverFA (i.e.,Fo ·Fsc) is unsatisfiable, we can conclude that some clauses

in Fsc are the reason that makesFA unsatisfiable. In other words, wheneverFA is unsatisfiable, we

can identify at least one unit clause inFsc responsible for it. This allows us to formulate Theorem

4:

Theorem 4. Let Fo be satisfiable. IfFA = Fsc·Fo is unsatisfiable, the UNSAT core [80] contains at

least one clause fromFsc

Proof. We prove this by contradiction. If the UNSAT core does not have any clause fromFsc,

all the UNSAT core clauses will have to come fromFo. This leads to the conclusion thatFo is

unsatisfiable, which conflicts with the assumption thatFo is satisfiable.

The relaxation procedure will be repeated until a solution is found. The number of iterations is

bounded by the number of variables inFo, as given in Theorem5. Note that in Theorems4 and5,

the same symbol annotations as Listing5.1are used.

Theorem 5. RelaxSAT will terminate withinN iterations, whereN is the number of variables in

the formula

Proof. From Theorem4, in each iteration at least one constraint clause inFsc will be removed.

Since the maximal size ofFsc is N, so in the worst case, afterN iterationsFsc will become empty,

indicating that at this pointFA = Fo.
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Theorem5 gives an upper bound on the computational complexity. Although up toN SAT

iterations may be needed, the search space for many of these iterations is generally very small, due

to the constraints added. Details of the computational complexity will be furthered in Section5.1.3

To give the readers a more intuitive understanding of how RelaxSAT works, we will explain it

in terms of search space enlargement. The initial solution that falls within constraint-setSc actually

represents a dot in the entire search space. Note that the constraints set can also define a subspace

which contains multiple solutions. We call the corresponding representation in the search space

as theexploring space. Thus, initially, the exploring space can be extremely small as potentially

every variable is constrained. In each iteration, when one or more constraints are removed, the

exploring space is enlarged. Whenever the exploring space does not intersect with solution space,

FA would be unsatisfiable. So the exploring space will keep growing until it eventually intersects

with solution space, where a solution within the intersection of the exploring space and the solution

space will be found. Figure5.1 shows the exploring space enlargement process. The outer oval

represents the entire space space. The exploring space grows from a single dot in iteration I. The

patterned areas represent the solution space. In iterationI, the exploring space does not overlap

with solution space. So the algorithm continues to the next iteration where a overlapping space

exists, shown as a red region in the figure.

One could observe that the exploring space behaves like those local search algorithms, where

the search may be trapped in local optimal points and may not always find the global optimal.

Thus, the final solution highly depends on the way the constraints are relaxed. To achieve a tight

bound and efficiency the relaxation heuristic should be carefully crafted, which is discussed next.

5.1.2 Relaxation Heuristic

The basic principle of our relaxation heuristic is that the constraints that cause more conflicts

should be relaxed first. The underlying assumption of this heuristic is that by removing those

constraints that are more responsible for the conflict(s), we can reach a solution faster. Based on

this principle, each constraint carries ascorewhich represents how many conflicts it is involved.
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Figure 5.1: Exploring space enlargement

This conflict-score is computed in each iteration through the trace file for the UNSAT core provided

by the SAT solver1. From these trace files, the implication tree that proves theformula unsatisfiable

can be recovered [78]. Given the recovered implication tree, a backward search can be performed

from the conflict to identify the conflict-score of each constraint.

A simple example shown in Figure5.2 explains how the proposed heuristic works. In Figure

5.2, two conflicts C1 and C2 rise due to the unit clause constraints(x̄)(ȳ)(z̄). Based on a backward

traversal, we identify that constraint ¯y is involved in both conflicts, C1 and C2, while the other

two only contribute to one conflict. Thus the conflict-scoresof (x̄)(ȳ)(z̄) are{1,2,1}. Using the

obtained conflict-scores, constraint(ȳ) will be chosen to be relaxed in this iteration.

It is not necessary to relax only one constraint at each iteration. To reduce the number of

iterations, in our implementation we relax the top ten-percent of constraints on the conflict-score

list. For those variables with tied conflict-scores, we order them with a favor on those appear less

1many modern SAT solvers are capable of providing the trace file for the unsatisfiable instances, such as ZChaff,

Minisat[30]
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Figure 5.2: Conflict guided relaxation heuristic

frequently in the formula. It should be noted that if more constraints are relaxed in each iteration,

the quality of the final solution may be degraded due to the decreased granularity in the search.

For the MIN-ONE SAT extension, where each variable is associated with a coefficient, we pick

the constraint that has the smallest coefficient and the highest conflict-score in order to maintain

minimal loss when trying to satisfy the objective function.

A side benefit should be mentioned here. The returned solution from RelaxSAT on MIN-ONE

SAT problems could have fewer ONEs than the constraint-set specified. For example, given a

formula with 200 variables, if a solution is provided by RelaxSAT under a constraint-set with 100

variables specified as ZEROS, the upper bound of ONES would be200−100= 100. However,

during the search, the SAT solver may assign the (unconstrained) free-variables to ZERO, leading

to an even smaller number of ONES.

The experiments in Section5.2demonstrates that our heuristic works very well to obtain a tight

bound while keeping a low computational overhead.
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5.1.3 Discussion on Complexity of RelaxSAT

In this subsection, we will discuss briefly about the algorithm complexity. From Theorem5, we

know that in the worst case RelaxSAT may requireN iterations. In each iteration the original

Boolean formulaFo conjuncted with some unit-clause constraintsFsc will be solved. Although

theoretically the SAT algorithm is NP-complete, modern SATsolvers can solve many of the large

instances without explosion in time or space. Based on thesefacts, conventional SAT solvers have

much less computational cost when compared with existing MIN-ONE SAT solvers. In this regard,

because RelaxSAT relies on conventional SAT, in each iteration its complexity stays at the baseline

of SAT performance. Considering the maximum number of iterations is limited byN, practically

the total computation complexity of RelaxSAT is much smaller compared with other existing MIN-

ONE SAT algorithms. The memory overhead of RelaxSAT is also in line with conventional SAT

because only an extra constraint-set is introduced, which is simply a set of at mostN unit clauses.

The unit clauses actually help to reduce the search space ofFo by forcing some variables to a

fixed value, especially in the earlier iterations. Generally RelaxSAT consumes significantly less

resources compared with PBSAT based algorithms where an additional Boolean networkFsc is

needed, without any fixation of any variables.

5.2 Experimental Results

Our proposed RelaxSAT was implemented in C++ under 32-bit Linux, and all the experiments

were conducted on a Intel Xeon 3.0G workstation with 2G memory. ZChaff version 2004.11.15-

simplified was chosen to serve as the backbone SAT solver in RelaxSAT due to the convenience

on obtaining the trace information. There are three categories of benchmarks in our experiments.

The first category is from the OPTSAT benchmarks, where OPTSAT outperformed some popular

PBSAT based solvers [38]. Since OPTSAT outperformed PBSAT for these benchmarks, inthe

first experiment we only compared RelaxSAT with OPTSAT. Notethat the publicly distributed

OPTSAT binary program can only solve the basic MIN-ONE SAT problem, so it is not compared

in the second and third experiments, where the extended MIN-ONE SAT problem was targeted.
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We report the results of the first experiment in Table5.1. For each benchmark listed under the

first column, the number of variables and clauses of each instance are listed in column two. The

third and forth columns present the run time of OPTSAT and RelaxSAT, followed by a column

of run time speedup. The speedup is defined as the ratio between the run time of OPTSAT and

RelaxSAT. The objective function bound returned from OPTSAT and RelaxSAT are reported in the

sixth and seventh columns. The last column shows the difference between the number of ONEs

OPTSAT and RelaxSAT obtained. Note that whenever OPTSAT is able to solve the instance, it is

guaranteed to be the optimal solution. In Table5.1, OUT indicates OPTSAT times out after 3600

seconds and the corresponding run time speedup is recorded as INF. Whenever OPTSAT times out,

the sixth and last columns are marked X.

In 12 of the 21 benchmarks, both OPTSAT and RelaxSAT found theoptimal solutions. But

RelaxSAT achieved a two to three times speedup. For 4 of the remaining instances, OPTSAT

failed to finish in 3600 seconds while RelaxSAT can provide a solution in only a few seconds.

Relax SAT returned tight bounds on the remaining 5 benchmarks. For very few instances, the run

time is slightly increased due to the large number of iterations that RelaxSAT went through.

The second experiment involves the benchmarks from the power-aware test pattern generation,

where the goal is to generate a test pattern can detect a target delay fault and simultaneously

excite as much switching activities as possible to worsen the delay effect. Since considering a

complicated fault model is irrelevant with this chapter, inour experiments we only check the

maximal switching activities of a sequential circuit in twoconsecutive clock cycles without any

other constraints. In the experiment setup, we unroll each sequential circuit into a two-time-frame

combinational circuit. The switching activities are monitored by a set of XNOR gates with the

inputs from a corresponding gate pairs in two time frames. Ifthe output of a monitor XNOR is

ONE, it means there is no switching activity on that gate pair. After transforming the two-time-

frame combinational circuit and the monitor circuit into a Boolean formula, obviously the task

of maximizing the switching activities now is equivalent tofinding a MIN-ONE solution on the

outputs of the XNOR gates. It should be emphasized that this problem is different from the basic

MIN-ONE SAT because in basic MIN-ONE SATall the variables have to be considered while in
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the switching activity maximization only the outputs of themonitor circuits are considered. In

other words, the objective function only involves a portionof the variables in the Boolean formula.

In this second experiment, RelaxSAT is compared with MiniSAT+ [31]. MiniSAT+ is a high-

performance PBSAT solver which can be used to solve MIN-ONE SAT. The MiniSAT+ is chosen

not only because it has been demonstrated to have high performance [3], but also due to reason

that its techniques favor those PBSAT problems where most ofthe constraints can be directly

represented as single clauses. The usual MIN-ONE SAT instances fall into this category and can

be benefited by using MiniSAT+, because all the constraints in MIN-ONE SAT are SAT clauses

except the objective function.

The results of this second experiment are shown in Table5.2. The eight columns of Table

5.2 are similar to Table5.1, except that OPTSAT is replaced by MiniSAT+ due to reason that

OPTSAT is unable to handle the extended MIN-ONE SAT problems. Since MiniSAT+ works

iteratively, whenever it cannot find the optimal solution within 3600 seconds, it reports the best

solution obtained so far in the third column. A positive value in the last column indicates RelaxSAT

returned atighter bound. Among the 9 instances, RelaxSAT outperformed MiniSAT+ in 5 of them

with better result and shorter run time. One can see that the run time of RelaxSAT is roughly40

× smaller than that needed by MiniSAT+. For example, in s5378,RelaxSAT can return a solution

containing 1075 non-switching gate in less than 21 seconds while MiniSAT+ generates 167 more

non-switching gates even after one hour. For some small instances, MiniSAT+ was able to find the

global optimum, the solution obtained by RelaxSAT still presents a very tight margin.

In the third experiment, we evaluated RelaxSAT on a set of benchmarks whose objective func-

tions have integer coefficients associated with each variable. Some of them were generated simi-

larly as those in the second experiment. The only differenceis that here the gate size is considered

when computing the gate switching activities. Thus the objective functions will be slightly differ-

ent, where the variables representing the outputs of the XNOR gates will have a positive coefficient

corresponding to the gate size. Actually this is a more accurate model in the power consumption

estimation. The gate size information is obtained through the synthesized circuits. The rest of the
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benchmarks in this experiment are derived from the OPTSAT benchmarks with a randomly gen-

erated coefficient of each variable. So the objective function becomesminimize∑N
i=1ci ×Vi . Note

thatci is a number between -20 and 20.

The layout of Table5.3 is the same as Table5.2. RelaxSAT outperformed MiniSAT+ on 6

of the total 12 benchmarks. The remaining 6 instances are small ones except for s6669 and b15.

For s6669 and b15, MiniSAT+ was able to find a better solution than RelaxSAT, although it could

not produce the global optimum within 3600 seconds. The run times shown in the third column

of these two circuits are the time needed to get a better solution than RelaxSAT. Here we take

a closer look at b15 to discuss the strength and potential improvement of RelaxSAT. For b15,

RelaxSAT was able to finish after 274 seconds with the result of 27748. Meanwhile MiniSAT+

discovered a better solution after more than 1800 seconds but could not step further until it finally

timed out at 3600 seconds. One can see that although in this specific example RelaxSAT was not

able to outperform MiniSAT+ in terms of the tightness of the bound, RelaxSAT holds the strength

on a much smaller run time. In other words, MiniSAT+ needed three times more execution time

to outperform RelaxSAT by a small margin. This observation suggests that using RelaxSAT as a

preprocessing step before MiniSAT+ may be beneficial, whichcould be a potential future extension

of RelaxSAT.

The last experiment was set up to demonstrate the low memory overhead of RelaxSAT, com-

pared with both OPTSAT and MiniSAT+. A total of ten large instances are selected to measure

the peak memory consumption during the solving process. Theresults are presented in Figures5.3

and5.4. In both figures the X-axis denotes the instance and Y-axis lists the memory consumption

in megabytes (MB). In Figure5.3, five instances are selected from Experiment I and the mem-

ory consumption are compared between OPTSAT and RelaxSAT. It is clear that RelaxSAT has a

smaller memory cost especially on large instances like bmc-galileo-8. The memory cost of five

instances from Experiment III are shown in Figure5.4. Similar to Figure5.3, RelaxSAT required

a significantly smaller memory consumption compared with MiniSAT+. The reason is as we men-

tioned before: RelaxSAT only has an additional constraint-set while PBSAT based algorithms need

a large Boolean network ofFc.
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Figure 5.3: Memory consumption: OPTSAT vs. RelaxSAT

5.3 Summary

In this chapter, a novel approximation algorithm for MIN-ONE SAT is proposed. A set of con-

straints automatically derived from the objective function is used to guide the search. Whenever

the constraint-set causes conflicts with the original Boolean formula, those constraints most re-

sponsible to the conflicts will be identified and relaxed. Therelaxation procedure continues until

a solution is found. Our proposed algorithm has a low memory overhead and can provide a tight

bound for the objective function. It is able to handle some large instances that the existing MIN-

ONE SAT solvers failed. Meanwhile it can achieve one or two orders of magnitude run time

reduction.

In the future, different relaxation heuristics can be explored, and a possible hybrid solution can

also be investigated. Although RelaxSAT can provide a tightbound with a significant performance

improvement, it may not guarantee a global optimum. To address this problem, we believe a hybrid

solution of RelaxSAT and other complete MIN-ONE SAT algorithm can be very beneficial. One

possible approach is to use the RelaxSAT as a preprocessing step in PBSAT based algorithms
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where the bound estimationBE is passed from RelaxSAT. In this hybrid scheme, RelaxSAT would

be able to provide a tight initial bound estimate quickly, allowing PBSAT-based algorithms to skip

many unnecessary iterations.
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Table 5.1: Experiment I: OPTSAT Benchmarks
CNF #Var/#Cls OPTSAT TIME RelaxSAT TIME SpeedUpOPTSAT result RelaxSAT resultDIFF

c17.cnf 13/22 0.02 0.01 2.00 4 4 0

c880.cnf 469/1164 OUT 0.02 INF X 198 X

2bitcomp5 125/310 2.16 0.01 216.00 39 45 -6

2bitmax6 252/766 333.88 0.11 3035.27 61 68 -7

3blocks 283/969 0.62 0.31 2.00 56 61 -5

4blocks 758/47820 OUT 6.34 INF X 116 X

4blocksb 410/24758 1.06 0.68 1.56 66 66 0

qg1-08 512/148957 52.66 37.78 1.39 64 64 0

qg2-08 512/148957 31.4 16.64 1.89 64 64 0

qg3-08 512/10469 0.31 0.47 0.66 64 64 0

s27 72/141 0.02 0.01 2.00 24 24 0

s5378 12168/26527 OUT 97.89 INF X 2796 X

satbw large.a 459/4675 0.02 0.28 0.07 73 73 0

satbw large.b 1087/13772 0.22 1.5 0.15 131 131 0

sat logistics.a 728/5784 1.51 0.68 2.22 135 135 0

sat logistics.b 757/6429 4.38 0.76 5.76 138 138 0

sat rocketext.a 331/2246 1.4 0.16 8.75 65 65 0

sat rocketext.b 351/2398 1.68 0.18 9.33 69 69 0

bmc-galileo-8 58074/294821 OUT 497.31 INF X 12303 X

bmc-ibm-2 2810/11683 1013.13 10.64 95.22 940 1017 -77

bmc-ibm-3 14930/72106 22.37 92.83 0.24 6356 6362 -6

OUT=3600 sec
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Table 5.2: Experiment II: Power-Aware Test Generation Benchmarks
CNF #Var/#Cls MiniSAT+ TIME RelaxSAT TIME SpeedUpMiniSAT+ result RelaxSAT resultDIFF

s510 972/2254 0.24 0.23 1.04 122 138 -16

s1494 2720/6812 9.25 2.15 4.30 342 421 -79

s5378 12168/26508 3600 20.85 172.66 1242 1075 167

s6669 13828/31152 3600 53.45 67.35 1635 1553 82

s15850 41880/89908 3600 402.51 8.94 6265 6259 6

s35932 72592/164716 3600 1131.21 3.18 8198 7456 742

b13 1448/3248 26.6 0.43 61.86 157 211 -54

b14 40392/98250 3600 458.99 7.84 5857 5785 72

b15 35688/87808 3600 281.97 12.77 6423 6624 -201

Table 5.3: Experiment III: Objective Functions with Integer Coefficients
CNF #Var/#Cls MiniSAT+ TIME RelaxSAT TIME SpeedUpMiniSAT+ result RelaxSAT resultDIFF

2bitcomp5 125/310 0.94 0.01 94.00 -297 -203 -94

3blocks 283/969 3.39 0.34 9.97 -105 -81 -24

qg3-08 512/10469 1 0.39 2.56 -73 -29 -44

satbw large.a 459/4675 0.34 0.2 1.70 -189 -189 0

sat logistics.b 757/6429 3600 0.86 4186.05 -197 -269 72

bmc-ibm-2 2810/11683 3600 9.86 365.11 -616 -581 -35

s5378 12168/26508 3600 18.9 190.48 4570 3888 682

s6669 13828/31152 86.27* 180.65 0.48 6538 6732 -194

s13207 35088/74658 3600 243.07 14.81 14942 14248 694

s15850 41880/89908 3600 359.48 10.01 19394 19244 150

b14 40392/98250 3600 727.27 4.95 23174 21144 2030

b15 35688/87808 1821.3# 273.59 6.66 27392 27748 -356

*:after 3600 seconds, the best result is 6386

#: after 3600 seconds, the best result is still 27392
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Chapter 6

A RelaxSAT based MAX-SAT Solver

Due to its theoretical and practical importance, the MAX-SAT solver is receiving increased levels

of attention. After our previous work on the MIN-ONE SAT solver, a new direction for MAX-SAT

could be explored along a similar manner. To validate this, we built a MAX-SAT solver on top of

our novel MIN-ONE SAT algorithm (RelaxSAT). By taking advantage from the relaxation heuristic

inside RelaxSAT, those clauses that potentially contribute most to the conflicts will be identified

in order to ease the efforts to satisfy the rest of the formula. This local greedy scheme helps us

to cover the possibly largest satisfiable part of the formula, which is exactly what the MAX-SAT

solver attempts to do. In this chapter, we introduce a new MAX-SAT solver (RMAXSAT) based

on our previously proposed MIN-ONE SAT algorithm. From the experimental results our solver

achieves a significant performance improvement over existing MAX-SAT solvers.

Similar to the conventional SAT solver, the MAX-SAT solver also has a great potential to find

its applications in formal verification. In Section6.3 We also discussed how to apply our MAX-

SAT solver on bounded model checking. To the best of our knowledge it’s the first scheme that has

ever been proposed to deploy MAX-SAT in bounded model checking. Three possible applications

of RMAXSAT are described and some corresponding algorithmsare outlined.
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6.1 The New MAX-SAT Solver

Because our MAX-SAT Solver is based on the RelaxSAT proposedin Chapter5, we name it

RMAXSAT. RMAXSAT consists of three components. The first component is formula transfor-

mation. A RelaxSAT implementation is also embedded in RMAXSAT and finally the MAX-SAT

solution will be taken from the outputs of RelaxSAT and printed out. The pseudo code is presented

in Listing 6.1. The program of RMAXSAT was implemented in C++ under Linux.

Listing 6.1: Our Solver: RMAXSAT

def RMAXSAT(F)

begin

F n=transform(F)

Solution=RelaxSAT(F n)

return solution //contains both assignment and bound

end

We would mention a few details about the implementation of RMAXSAT here. As previously

discussed in Section5.1.2, in the underlying MIN-ONE SAT algorithm, it is not necessary to relax

only one constraint at a time, more constraints can be relaxed to reach a solution faster. However,

in RMAXSAT, to achieve the bound as tight as possible, we relax only one constraint in each

iteration. Because we want a MIN-ONE solution on the auxiliary variables only, the MIN-ONE

SAT target function passed to RelaxSAT algorithm is∑M
i AXi, whereAXi is theith auxiliary variable

that is embedded in theith clause with a total ofM clauses in the original formula. RMAXSAT

can be easily extended to handle partial MAX-SAT problems, where the auxiliary variables are not

inserted to every clause in the formula. By adding auxiliaryvariables only to a subset of clauses,

those clauses without auxiliary variables will automatically be forced to be satisfied during the

search for a solution.

Since the RMAXSAT inherits the search heuristics from RelaxSAT, it intends to leave those

clauses that would most likely cause the conflicts alone (by setting their corresponding auxiliary

variable to one) and satisfy the rest of the clauses in an iterative manner. Our experiments have
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shown this conflict-guided relaxation heuristic works effectively in most cases.

First let us look at a case study of RMAXSAT. We have tested RMAXSAT on some equiv-

alence checking problems to see if RMAXSAT can correctly identify the one clause, that when

removed, can make the rest of the clauses satisfiable. As discussed at the beginning of this disser-

tation, equivalence checking compares two different designs to check whether they are functionally

equivalent or not. By adding the extra equivalence assertions, the satisfiability of the equivalence-

checking instances determines the equivalence between thetwo designs. When the two original

designs are indeed equivalent, the equivalence-checking instance should be unsatisfiable. In other

words, an effective MAX-SAT solver should be able to identify the equivalence assertion clause,

without which the rest of the clauses should be satisfiable.

Thus, in our preliminary setup, when an unsatisfiable instance derived from an equivalence

checking problem is fed to RMAXSAT, it is quite a surprise to us that RMAXSAT was able to

quickly find a MAX-SAT solution that satisfies the clauses from the design without the clause

from the equivalence assertion. This is extremely encouraging because logically the best way

to make an unsatisfiable equivalence-checking instance to become satisfiable is by removing the

equivalence assertion constraints. This observation gaveus the hints that RMAXSAT might be a

powerful tool to reveal some insightful reasonings encodedin the SAT instances. This leads us to

explore the potential to apply RMAXSAT on some hard formal verification problems like bounded

model checking, which is discussed in Section6.3.

6.2 Evaluation of MAX-SAT Solver

Before the discussion about the applications of RMAXSAT, inthis section some experiments were

conducted to compare RMAXSAT with some existing MAX-SAT solvers. All the experiments

were conducted on a PC workstation with Intel Xeon 3.2G CPU and 2G bytes of memory.

First we cite the experimental results from [38], presented in Table6.1. The reason we cite

this table here is that we want to demonstrate that OPTSAT andMSAT+ are the state-of-the-art
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solvers which have a significant edge among the existing MAX-SAT solvers. Since the source

code or executable files from most MAX-SAT solvers are not available to us, at current stage we

first compare the performance between our RMAXSAT and OPTSAT, which is shown in Table6.2.

The comparison with MSAT+ is reported in Table6.3. By evaluating on the same set of publicly

available benchmarks, we can check to see if RMAXSAT is indeed a high-performance MAX-SAT

solver.

In Table6.1, the first column lists the names of the benchmark formula in the format of CNF.

The maximal number of satisfied clauses are shown in the second column for each instance, which

is the optimal bound if at least one of the deterministic MAX-SAT solver should return if it is

able to finish. The running time of each MAX-SAT solver in the competition is presented in the

following columns, in the order of BF [13], OPBDP [18], PBS4 [5], MSAT+ [3][31]. Solver

BF is a MAX-SAT Solver while OPBDP, PBS4 and MSAT+ are genericpseudo Boolean solvers.

MSAT+ is a pseudo Boolean SAT solver based on MiniSat [30] and it is shown to be capable of

solving large number of instances.

All of the deterministic MAX-SAT solvers can report the optimal bound if they could finish

within the time and memory limits. The timeout limit is set at1800 seconds while the memory

consumption is limited within 1 GB. “TIME” in the table indicates that the corresponding solver

times out. Similarly “MEM” indicates memory is exhausted. Note that “SF” means the solver

aborted unexpectedly. When no solver can solve the instance, the optimal bound in the second

column is marked as “N/A”. Finally “-” represents the solverreturns wrong results. It can be

observed that solver BF, OPBDP and PBS4 were not able to solvemost of the instances, either

due to the resource limit or the implementation bugs. On the other hand, MSAT+ and OPTSAT

solved all the instances except u-bw.b. For instance, in theinstance c3540, BF timed out, OPBDP

ran out of memory, PBS4 returned wrong results, both MSAT+ and OPTSAT finished in 242.02

and 786.33 seconds, respectively. The maximum number of clauses that could be satisfied is 9325.

From this table we see that the two solvers, MSAT+ and OPTSAT,gave the best performance and

capability edge over other three MAX-SAT solvers. Therefore, in the following experiments, we

compare our proposed RMAXSAT with OPTSAT and MSAT+ separately.
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Table6.2 and Table6.3 share the same layout, where the first column exhibits the instance

name, followed by the results from two solvers in the comparison. In Table6.2, the second and

the third columns report the bound and running time of OPTSAT, while the forth and fifth columns

show the bound and running time of RMAXSAT. The sixth column presents the bound difference

between RMAXSAT and OPTSAT, computed as the bound obtained from RMAXSAT minus the

bound obtained from OPTSAT. It should be noted that since RMAXSAT is based on the approxi-

mation algorithm of MIN-ONE SAT, the bound it returned may not be optimal. Finally, in the last

column, the speed up is calculated asRunTimeo f RMAXSAT
RunTimeo f OPTSAT. We set the time out limit the same as in

Table6.1, 1800 seconds.

One can see that the bounds returned by RMAXSAT are extremelytight. In all 27 instances,

RMAXSAT reported optimal bounds on 18 of them. In the remaining 9 instances, the difference

is at most 5, usually it is only 1 or 2. Meanwhile the performance improvement is over 70 times

on average. For example, in qvar14, OPTSAT obtained the MAX-SAT result of simultaneously

satisfying 9312 clauses in 188.09 seconds, while RMAXSAT obtained the same MAX-SAT bound

of 9312 in only 1.06 seconds. This is a speedup of 177.44×. In another example, RMAXSAT

finished instance u-bw.b in just 1.14 seconds whereas all theother MAX-SAT solvers failed. With

this result we know that in u-bw.b.cnf, at least 11480 clauses can be satisfied simultaneously, which

means by removing only one clause the formula becomes satisfiable.

The results from Table6.3 follow the same trend as in Table6.2, and on average, over 50

times performance improvement from RMAXSAT was achieved over MSAT+. For example, in

the instance u-log.c, MSAT+ finished the instance in 94.13 seconds that simultaneously satisfied

9506 clauses. RMAXSAT, on the other hand, satisfied the same number of clauses in just 0.39

seconds. This is a 241× speedup. Based on the consistent results obtained in both experiments,

it is safe to conclude that RMAXSAT is able to return tight bounds with performance boost with

over an order of magnitude reduction in the computational cost.

81



6.3 Applications of RMAXSAT in Bounded Model Checking

We have demonstrated the power of our proposed RMAXSAT. In this section, we will discuss the

potential applications that can benefit from RMAXSAT.

S

P P P P

OR

OUTPUT=1, P holds

Otherwise, P is false

………....

………....

Design C unrolled to K time frames

Figure 6.1: Basic Bounded Model Checking Setup

First, let us quickly review the set up of Bounded Model Checking (BMC). In BMC, the se-

quential circuitC is unrolled to the target depthK, resulting in the unrolled circuitCU. A property

P will be verified on the unrolled circuitCU. Considering the propertyP to be an invariant,P

should be checked whether it holds in each time frame. Given the initial statesS of the circuit,

BMC verifies whether there exists a path of lengthK from the initial statesS in the state transition

graph that can violate the property along any path of lengthK. Note thatScould be a single fully-

specified state or a set of states. Such a basic setup of BMC of invariant properties is shown in Fig

6.1. The big OR gate is inserted to test whetherP is falsified at any time-frame. If the BMC is

conducted in an incremental way, the basic BMC setup can be enhanced as illustrated in Fig6.2,
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whereP is held through the path except the last time frame. In the last time frame,¬P is asserted

to see whether a counter example can be found. The detailed explanations of these BMC setups

can be referred at [26][27],[63].

S

P P P P

……….

Design C unrolled to K time frames

……….

Figure 6.2: Enhanced Bounded Model Checking Setup

The unrolled BMC setup can be converted into a representation of either Binary Decision

Diagram (BDD) or a formula of satisfiability [26]. Both the BDD and SAT formulations can be

solved with various techniques. Since the construction of BDD causes memory blowout easily,

the SAT formulation for BMC is extremely popular. Note that the SAT translation of a circuit is

linear with the size of the circuit in terms of computationalcomplexity, which is actually trivial

compared with the time for solving the instance. After the whole BMC setup is translated into a

formulaF , the SAT solver is invoked onF. If F is satisfiable, then a counter example has been

found that violatesP and the solution ofF presents the path that leads toP̄ from S. On the contrary,

the unsatisfiability ofF means thatP holds at least at the current unrolling length from stateS.

In the incremental BMC setup, the propertyP will be verified gradually from 1 time-frame to a
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presetK time-frames. Whenever a counter example is found, the search stops andP is found to be

falsifiable. Otherwise, BMC will continue untilK time frames are reached or the sequential depth

of the circuit is met [68][61]. Let us imagine that we apply RMAXSAT on the scenario where

the P holds under the unrolling length. SinceP holds within the depthK, formulaF would be

unsatisfiable. By utilizing the intelligent search heuristics from RMAXSAT, we can find a solution

Q that satisfies most of the clauses inF . Now we are able to identify those left-over clauses

and correspondingly these clauses can be interpreted as thereasonthat causes the unsatisfiability.

One may raise the concern that the reasoning from RMAXSAT might not make too much sense

in BMC since the circuit structure could be destroyed when some of the clauses representing the

circuit structure are removed. We understand this concern and will discuss how this very important

issue is addressed.

Because the circuit structure should be retained completely, the only reason that can potentially

cause the unsatisfiability is the initial statesS. In other words,S and the Boolean constraints

from P CANNOT be satisfied simultaneously under the hard constraints (clauses) from the circuit

structure. Obviously when both the circuit structure andP are kept, we have to remove some

constraints fromS to conceivably satisfyF. This is where RMAXSAT can be deployed. It should

be pointed out that RMAXSAT has to be modified to be able to understand the difference between

clauses from the circuit and clauses from the initial state(s), where only the clauses from the initial

state(s) are allowed to be unsatisfied. In fact, this is a Partial MAX-SAT problem that the circuit

clauses are hard constraints and the initial-state constraints are soft. Since it is trivial to modify

RMAXSAT to solve Partial MAX-SAT, we do not discuss the details here.

Now with the RMAXSAT that supports the Partial MAX-SAT solving, we are able to find

a solution ofF that satisfies the whole formula except for some clauses fromthe initial state.

Usually the initial statesSare constituted by a set of unit clauses. Then this can be understood as

by removing some initial-state constraints propertyP can be violated (the formula becomes SAT)

within K depth. One can interpret it as the state strengthening on theinitial states because the

initial states are less constrained under the solution returned from RMAXSAT. We view this as a

powerful reasoning technique that has never been proposed in the past. The detailed analysis will
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be discussed in the following.

When RMAXSAT returns a solution ofF, some of the constraints on the initial state would

have been removed. In other words, in order to find the MAX-SATfor F, some of the constraints

on Swould have to be relaxed. The assignments on both those relaxed and unrelaxed initial-state

variables define a new set of initial states. We name these initial statesS′ and it is easy to see that

S⊆ S′. SinceS′ contains some states that can violate the property within depth K, these states are

deemed valuable when searching for a counter example. If anystate inS′ can be reached from

S, then it is guaranteed that a counter example exists to provethat P is false. More importantly,

states inS′ might provide a low-cost search to reach the property, due tothe underlying reason

from RMAXSAT that the clauses which strongly attempt to induce conflicts will be abandoned

first. Other state strengthening techniques usually involve image computation [70][40][42]. In

these techniques, the preimage of the property is built to enlarge the target states, which is very

expensive in terms of computation and storage complexities. On the other hand, with the help of

RMAXSAT, it is able to obtain a subset of states than can reachthe property in a fractional cost of

the preimage computation. Note thatS′ may not simply be a subset of the superset of the preimage,

where they could intersect with each other. Due to the aforementioned reason, the computation of

S′ from a MAX-SAT solver could significant benefit the search fora counter example to a target

property.

We elaborate a few possible applications of about the applications ofS′ in bounded model

checking:

1. S′ can be used to guide the simulation-based property checkingwhere the random inputs are

generated by the information on the state elements. Since weknow which state elements are

relaxed by RMAXSAT, these states elements should be favoredin the input generation.

2. In some abstraction-refinement schemes, we need to know which state element should be

abstracted. Similar to the first item,S′ can bring some insightful hints on this.

3. SinceS′ is a subset of preimage of the property, it could be incorporated into those preimage
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based techniques, even within unbounded model checking.

When we look at the unrelaxed and relaxed state variables together, we will find that the relaxed

state variables might only be assigned to the opposite valueto the original values inS in order to

violateP. To make it simple, let us consider an exampleS= {x1 = 1,x2 = 0,x3 = 0,x4 = 0,x5 =

U,x6 = U} wherex1 to x6 are state variables. “U” here means there is no constraints on that state

variable. Hypothetically assume that after RMAXSAT,S′ = {x1 = 1,x2 = U,x3 = 0,x4 = 0,x5 =

U,x6 = U}. We can see thatx2 was relaxed to violateP. In fact, all those states to violateP can

be only inside the sub-space wherex2 = 1. The reason is that a state insideS′ with x2 = 0 is S

itself andS is proved to contain no state that can violateP. Similarly when multiple variables are

relaxed, the last variable has been relaxed will hold the aforementioned property. More specifically,

if we name the last relaxed state variable asVr and its corresponding values in state setSor S′ as

Value(Vr ,S) or Value(Vr ,S′), it is true that all states inS′ that can falsifyP have the property that

Value(Vr ,S) = ¬Value(Vr ,S′). This claim is supported by Theorem6.

Theorem 6. Given the aforementioned definitions ofS, S′ andVr , for all the states that can violate

P, the values ofVr onSandS′ are opposite values:Value(Vr ,S) = ¬Value(Vr ,S′).

Proof. We prove this by contradiction. Suppose there is a stateT can violateP with a single

state variableVr relaxed in the last iteration whereVr(A,S) = Vr(A,S′). Since we know that only

one constraint was relaxed in the last iteration, in the iteration immediately beforeVr was relaxed,

conditionVr(A,S) = Vr(A,S′) holds. We assume this iteration as theith iteration. Due to the

existence ofT there should exist at least one solution to satisfy the formula in iterationi. But in

iteration i we already know that the instance was unsatisfiable, otherwise RMAXSAT will have

finished andVr would not be relaxed. Thus, a contradiction.

There is another way to interpret the relaxation procedure in RMAXSAT. From Theorem6 the

relaxation on the state variables can be viewed as flipping onthe values. Actually the state setS

was altered by a sequence of flipping on the state variables until P is violated. In this regard, it is

similar to the local search algorithms where neighbors are searched greedily to find the solution.
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Here in each iteration the flipping on one state variable justmovesS to one of its neighbors in the

state space. Meanwhile the current sub-space was excluded to have any possibilities to violateP.

6.3.1 Discussions on RMAXSATALL

Listing 6.2: Our Solver: RMAXSAT

def RMAXSAT ALL(F, P, S)

begin

//F is the CNF instance of BMC,

//S is the set of clauses representing the initial states,

//P is the set of clauses from the property.

S′ALL= /0

while (Slo contains at least one state element)

SLN=RMAXSAT(F,P,S) //get MAX−SAT solution

S′ALL=S′ALL
T

SLN.

F=block(F,Sln) //block solution SLN in F

end

One may raise the concern that RMAXSAT only returns one solution thusS′ is quite limited.

This issue can be address by the algorithms presented in Listing 6.2. The basic idea is to force

RMAXSAT working like a multiple-solution solver. Whenevera solutionSLN is returned by

RMAXSAT, it will be blocked in future iterations by adding a blocking clause forSLN to the

clause database. Implicitly these blocking clauses will keep RMAXSAT searching until all the

constraints fromS are relaxed. This algorithm is called RMAXSATALL and the solution set it

returns is namedS′ALL. Note that the solution from RMAXSATALL is different from the preimage

of the property. The preimage of propertyP containsALL the states that can reachP at depthK.

On the other hand,S′ALL only contains those states that are the “neighbors” ofSwhich might reach

P. Since at each iteration RMAXSATALL relaxes as few state elements as possible, the solutions

it obtains are generally have few bits of difference fromS. It should be noted that the “neighbor”

here not only indicates the Hamming distance on state elements but much more importantly it
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reveals they are logically connected through our conflict relaxation reasoning. ConsequentlyS′ALL

is relatively small in size.

Another interesting phenomenon we want to mention is that the solutionSLN tends to be

stretched to cover more state space after each iteration since more and more state elements will

be relaxed until all of them are gone. The order and sequence of SLN in S′ALL might help us to

understand the bottleneck of provingP by analyzing the dependency between state elements.

We believe thatS′ALL has much potential to benefit bounded model checking, unbounded model

checking and even reachability analysis, especially if thepreimage computation is too costly and

approximations are needed. Due to the reason that the research on this topic are still very prelimi-

nary, we will not address this in further detail in this dissertation.

6.4 Summary

We introduced a new MAX-SAT solver RMAXSAT in this chapter. The RMAXSAT was compared

with other existing MAX-SAT solvers to show its performancestrength. The potential applications

of RMAXSAT in bounded model checking was discussed. A theorem was presented to reveal some

interesting discoveries about the RMAXSAT for bounded model checking. Finally, an algorithm

that attempts to iterate on RMAXSAT, RMAXSATALL, was described and discussed that could

benefit formal verification instances.
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Table 6.1: Existing MAX-SAT Comparison
CNF #C BF OPBDP PBS4 MSAT+ OPTSAT

barrel3 941 0.23 2.04 0.88 0.12 0.9

barrel4 2034 0.65 47.59 11.67 0.34 21.19

barrel5 5382 21.42 MEM MEM 24.01 177.11

barrel6 8930 213.6 MEM - 95.56 896.45

barrel7 13764 SF MEM - 285.55 435.46

lmult0 1205 0.39 13.05 1.45 0.16 7.35

lmult2 3524 57.11 TIME TIME 6.7 16.46

lmult4 6068 261.74 MEM - 35.34 98.05

lmult6 8852 774.08 MEM - 157.02 609.07

lmult8 11876 SF MEM - 297.32 704.08

qvar8 2272 0.62 MEM 17.67 2.95 36

qvar10 5621 2.21 MEM 234.97 55.54 156.44

qvar12 7334 6.2 MEM - 36.8 74.49

qvar14 9312 SF MEM - 117.25 815.66

qvar16 6495 SF MEM - 51.33 117.31

c432 1114 131.06 TIME 7.22 0.24 7.6

c499 1869 TIME TIME 100.41 0.8 4.59

c880 2589 TIME TIME 320.96 5.54 38.91

c1355 3661 TIME TIME TIME 80.09 21.2

c1908 5095 TIME MEM TIME 58.01 165.99

c2670 6755 TIME MEM - 63.64 100.31

c3540 9325 TIME MEM - 242.02 786.33

u-bw.a 3290 7.81 TIME 249 209.03 178.18

u-bw.b N/A TIME MEM - TIME TIME

u-log.a 5783 TIME MEM TIME 59.65 179.3

u-log.b 6428 TIME MEM - 35.37 144.83

u-log.c 9506 TIME MEM - 383.65 731.87

u-rock.a 1691 13.29 TIME 41.29 206.56 6.26
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Table 6.2: RMAXSAT vs. OPTSAT
CNF OPTSAT RMAXSAT Bound DIFF Speed UP

#C Run Time #C Run Time

barrel3 941 0.335 941 0.02 0 16.75

barrel4 2034 2.26 2032 0.19 2 11.89

barrel5 5382 65.37 5380 2.11 2 30.98

barrel6 8930 257.48 8928 12.94 2 19.90

barrel7 13764 481.29 13763 17.63 1 27.30

lmult0 1205 2.36 1205 0.03 0 78.67

lmult2 3524 6.19 3523 0.1 1 61.90

lmult4 6068 49.74 6068 0.28 0 177.64

lmult6 8852 197.05 8852 7.2 0 27.37

lmult8 11876 787.3 11876 384.76 0 2.05

qvar8 2272 10.77 2272 0.18 0 59.83

qvar10 5621 49.18 5621 0.5 0 98.36

qvar12 7334 28.53 7334 0.95 0 30.03

qvar14 9312 188.09 9312 1.06 0 177.44

qvar16 6495 43.29 6495 1.2 0 36.08

c432 1114 2.41 1114 0.08 0 30.13

c499 1869 3.53 1869 0.3 0 11.77

c880 2589 14.43 2588 0.57 1 25.32

c1355 3661 10.88 3661 1.14 0 9.54

c1908 5095 61.04 5095 2.14 0 28.52

c2670 6755 43.14 6755 1.37 0 31.49

c3540 9325 353.27 9325 65.48 0 5.40

u-bw.a 3290 18.19 3285 0.27 5 67.37

u-bw.b N/A TIME 11480 1.14 N/A N/A

u-log.a 5783 47.63 5782 0.22 1 216.50

u-log.b 6428 45.09 6428 0.23 0 196.04

u-log.c 9506 179.57 9506 0.39 0 460.44

u-rock.a 1691 1.59 1691 0.08 0 19.88

Average 0.56 72.54
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Table 6.3: RMAXSAT vs. MSAT+
CNF MSAT+ RMAXSAT Bound DIFF Speed UP

#C Run Time #C Run Time

barrel3 941 0.04 941 0.02 0 2.23

barrel4 2034 0.04 2032 0.19 2 0.19

barrel5 5382 8.86 5380 2.11 2 4.20

barrel6 8930 27.45 8928 12.94 2 2.12

barrel7 13764 315.60 13763 17.63 1 17.90

lmult0 1205 0.05 1205 0.03 0 1.71

lmult2 3524 2.52 3523 0.1 1 25.20

lmult4 6068 17.93 6068 0.28 0 64.03

lmult6 8852 50.80 8852 7.2 0 7.06

lmult8 11876 332.46 11876 384.76 0 0.86

qvar8 2272 0.88 2272 0.18 0 4.90

qvar10 5621 17.46 5621 0.5 0 34.92

qvar12 7334 14.09 7334 0.95 0 14.84

qvar14 9312 27.04 9312 1.06 0 25.51

qvar16 6495 18.94 6495 1.2 0 15.78

c432 1114 0.08 1114 0.08 0 0.95

c499 1869 0.62 1869 0.3 0 2.05

c880 2589 2.05 2588 0.57 1 3.60

c1355 3661 41.10 3661 1.14 0 36.06

c1908 5095 21.33 5095 2.14 0 9.97

c2670 6755 27.37 6755 1.37 0 19.98

c3540 9325 108.73 9325 65.48 0 1.66

u-bw.a 3290 21.34 3285 0.27 5 79.03

u-bw.b N/A TIME 11480 1.14 N/A N/A

u-log.a 5783 15.85 5782 0.22 1 72.03

u-log.b 6428 11.01 6428 0.23 0 47.88

u-log.c 9506 94.13 9506 0.39 0 241.36

u-rock.a 1691 52.46 1691 0.08 0 655.81

Average 0.56 51.55
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Chapter 7

Summary of This Dissertation

As one of the critical backbone solvers, SAT solvers are currently drawing numerous attention in

the research society, especially in the formal verificationcommunity where SAT is viewed as a

major player in several key engines. It is envisioned that SAT will continue to play a critical role

in the foreseeable future.

To continue the advances of the SAT solver, this dissertation is focused on leveraging the per-

formance, reducing the cost of SAT solving and escalating the solver capability on optimized SAT

problems. Three major topics about SAT techniques and theirapplications in formal verification

were discussed in this dissertation.

In Chapter1 we presented a brief introduction about why SAT is so important in formal veri-

fication. Then the motivation of this dissertation was discussed. Three major contributions of this

dissertation were outlined: A hybrid SAT solution, double-layer conflict driven learning (DLSAT)

and a novel MIN-ONE SAT algorithm named RelaxSAT. The other contributions include a MAX-

SAT solver based on the RelaxSAT and its applications in bounded model checking. To help the

readers to understand our proposed techniques, in Chapter2 the basic knowledge about SAT and

the solving techniques are described in detail.

Next, given the current research progress in SAT, we believethat besides the low-level tech-

92



niques like decision order, efficient BCP or better space pruning, systematic hybrid approaches

should be studied to take advantage from various existing methodologies. In Chapter3 we pro-

posed a hybrid solution that can be adopted to many DPLL basedsolvers by combining the strength

from tree based search like DPLL and local search algorithmslike WALKSAT. Although it is not

the first attempt to integrate these two major, yet differentapproaches on SAT solving, our approach

is entirely different from the existing hybrids as it works iteratively under an abstraction-refinement

framework thus to be more seamless and effective. The feedbacks between the DPLL and WALK-

SAT help to enhance the solution search for both of them. The experiments demonstrated that the

hybrid solution is not only effective to boost the SAT solverperformance but also highly portable

to the existing SAT solvers.

Conflict-driven learning is one of the most critical techniques in the SAT solver and has been

regarded as a groundbreaking milestone of SAT solving in thelast decade. After careful investi-

gation, we realized that there still exists much potential to improve conflict-driven learning. The

existing conflict driven learning schemes treat all the conflict-induce clauses equally, which hardly

represent the reality that their importance and usefulnessare discrepant. Some methods, such as

clause database compaction, have been proposed to eliminate those useless (we call it supplemen-

tary) conflict-induced clauses periodically. However, they generally are passive, thus they can

not alleviate the side effects on reducing the effectiveness of the resulting decision order. Our pro-

posed double-layer conflict-driven learning identifies those conflict-induced clauses that are crucial

to solve the problem, which we call primary clauses, proactively and store these primary conflict-

induced clauses and the supplementary counterpart separately. To reduce the cost in BCP and stor-

age, those supplementary conflict-induced clauses are represented compactly as Pseudo Boolean

Constraints (PBC), where they were suppressed without losing all of their deductive power. It is

a major contribution to save supplementary clauses as Pseudo boolean constraints since that the

partial even complete space pruning power are kept, which isnot the case for any previous attempts

to remove useless conflict-induced clauses, like clause database compaction and clause deletion.

Furthermore, we conducted extensive research on the assessment of the usefulness of the conflict-

induced clause. These researches lead to the implementation of DLSAT which exhibited the value
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of our proposed double-layer conflict driven learning by presenting the significant performance

improvement it can bring.

For modern SAT solvers, they are not only limited to the traditional constraint solving, the

optimized SAT problems are also their major targets due to the wide usage in many application

domains. The most popular optimized SAT problems are MIN-ONE SAT and its sibling MAX-

SAT. Both MIN-ONE SAT and MAX-SAT can be applied to problems in design verification and

circuit testing. In MIN-ONE SAT, the solution of the formulais desired and an objective func-

tion based on the assignments is to be optimized. Different from the assignments optimization in

MIN-ONE SAT, MAX-SAT optimizes the satisfiability of the formula where the number of the

satisfied clauses is expected to be maximized. We proposed a conflict-driven relaxation based

MIN-ONE SAT approximation algorithm (RelaxSAT) in Chapter5. To the best of our knowledge

this algorithm is the first approximation MIN-ONE SAT algorithm, which provides over an order

of magnitude of speedup in performance and fairly tight bound. We believe that the RelaxSAT will

have a significant impact on the applications of MIN-ONE SAT because it significant reduces the

cost of MIN-ONE SAT solving, thus many previously costly applications could become affordable.

Based on the proposed RelaxSAT, a MAX-SAT solver called RMAXSAT was described in

Chapter6. Thanks to the powerful underlying MIN-ONE SAT engine, RMAXSAT presents a

considerable performance edge over other existing MAX-SATsolvers, including OPTSAT and

MSAT+. In Chapter6 we also discussed and forecasted the potential of deployingRMAXSAT in

bounded model checking.

With the three major contributions: 1) Hybrid SAT solution,2) Double-layer conflict driven

learning and 3) A fast approximation algorithm for MIN-ONE SAT and MAX-SAT, this disser-

tation explores both the research depth and width in SAT techniques, especially in the formal

verification area. Because we were inspired by some connected underlying principles in our re-

search, it turned out that our contributions share the similarities between them: they were proposed

under common guidelines such as abstraction and refinement,hybrid soltion and conflict-driven

relaxation. We believe the research that has been presentedin this dissertation serves a substantial
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foundation to many ongoing and future researches, both to the SAT and EDA communities.

95



Bibliography

[1] IBM Research, http://www.haifa.ibm.com/projects/verification/RBHomepage/ bmcbench-

marks.html, 2007.

[2] SAT 2002 Competition Benchmarks, http://www.satlib.org/, 2002.

[3] Minisat+, http://www.cs.chalmers.se/Cs/Research/FormalMethods/MiniSat/MiniSat+.html,

2005.

[4] P. A. Abdulla, P. Bjesse, and N. Eén. Symbolic reachability analysis based on sat-solvers. In

TACAS, pages 411–425, 2000.

[5] F. Aloul, A. Ramani, I. Markov, and K. Sakallah. Pbs: A backtrack search pseudo-boolean

solver. InProceedings of International Conference on Theory and Applications of Satisfia-

bility Testing(SAT), pages 46–353, 2002.

[6] T. Alsinet, F. Manyk, and J. Planes. Improved branch and bound algorithms for max-sat.

In Proceedings of International Conference on the Theory and Applications of Satisfiability

Testing (SAT), pages 408–415, 2003.
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