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Analysis of a Two-Branch Maxima Ratio and Selection Diversity System
with Unequal Branch Powers and Correlated Inputs for a Rayleigh Fading
Channel

Ka Dietze

(Abstract)

This report, presents an andytica framework for analyzing two- branch diversity sysems
for aRayleigh fading channd. In many cases the fading recelved at both branches (i.e. a
two-antenna element system) is correlated because of the proximity of the antenna
elementsto each other. It isaso not uncommon for adiverdty system to use antennas
with different patterns or polarizations, this usudly resultsin differencesin average
ggna-to-noise ratios at both branches depending on which dement is better matched to
the sgnd environment. Aswill be shown, the performance of a diversty syslem depends
greatly on the envelope correlation, average power imbaance and the combining scheme
used on both branches.

An andytica expresson for the probability densty function of the Sgna-to-noiseratio a
the output of atwo-branch maximd ratio and sdlection diversity sysemisdeveloped in
thisreport. The two branches are assumed to be Rayleigh fading, correlated, as well as of
unequa sgnd-to-noiseratios. Measurements were made in Rayleigh fading channds
and compared to the andyticd results. The andyticd cumulative didtribution functions
(derived using probability distributions) were found to be within 1 dB of the measured
results (dtatistics obtained from time combining) for both maxima ratio and selection
diversty attesting to the validity of the andytic results. Also developed in this report are
the exact andyticd average probabilities of symbol error for coherent BPSK and
coherent QPSK before and after maximal ratio combining for this environment. The
diverdity gain for sdlection, maxima ratio, and equa gain combining for the 10%
probability leve is presented as a function of power imbaance and correlation between
branches for atwo-branch Rayleigh diversity system
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Chapter 1

| ntroduction and M otivation

1.1 Introduction

The purpose of any communicetion system isto reliably transfer information between the
source and destination. The wireless communications channd is dynamic and random
and, at times, the received signd is not strong enough for a dependable link to exist
between transmitter and receiver. The average sgna strength received by an antenna
element over alocal areain the propagation environment can be quite large, but during
some ingtancesit is not uncommon for the ingantaneous sgnd leve in amultipath
environment to fall 30 dB or more below its mean levd. It is during these abrupt dropsin
loca sgnd leve that the message is most likely to be received incorrectly. In order to
compensate for the fading brought upon by the channel and to ensure that the datais not
erroneoudy decoded, the transmit power can be increased during the times alow sgna
grength isreceived by the antenna. Most wireless communications systems, however,



are low power and do not have the dynamic range available to counter the effects
introduced by the propagation environment. Anincreasein reliability in amultipath
fading environment without increasing tranamit power can be efficiently achieved usng a

recelve antenna diversity system.

Multiple antennas & the receiver have been used successfully in operationd sysemsto
diminish the variance of locd Sgnd strength fluctuations by using the sgndson dll
antenna elements to reduce the incidences of savere signd degradation that occur during
afade. Usng severa antennas increases the probability that one or more of the eements
will receive sgnas with adequate sgna strength.  Reducing the occurrences of fades
improves the overal rdiability of the received information and therefore alows for

greater coverage distances.

In present cdllular mobile radio communications (824-894 MHz), the use of multiple
antennas was dmogt exclusvely limited to base gations were a sufficiently large area

was available to place severd bulky antennas. It iswel known that the size of the
antennais directly proportiond to its operating wavelength [1]. Theincreasein
communication frequencies, as a consegquence, was accompanied by areduction in size of
the antennaelements. In addition, a PCS frequencies (1850-1990 MHz) or higher, it has
become feasible to have multiple antennas not only &t the base sation but also on the
handset.

1.2 Motivation for Research

Diversty is an effective method for increasing the received Sgnd-to-noiseratio in afla
fading environment (i.e. nearly congtant fading over the bandwidth of interest). The
mobile radio channd varies with time and a times arecaver might receive asgnad that
isindisinguisheble from the noise. Diversity is meant to provide the receiver with
dternate paths to the tranamitted signa to ensure the sgnd isreliably received. This



thesiswill examine atwo-branch diversity system with focus on receive antenna

diversty.

The 9gnd envelope received by an antennain a multiple reflective non-dispersive
medium can, in theory, be modded as Rayleigh fading in an environment where
multipath components have equaly distributed amplitudes. Measurements performed by
the author with colleagues, as well as othersin literature have established that it is not
uncommon to find Rayleigh channdsin blocked line of sght indoor and outdoor
propagation. This thess presents a theoretical gpproach to predict the performance of a
two-branch diversity system in these types of channels. The mativation for thisanayss
isto evauate the performance of a two-antenna dement handheld receiver. Dueto Sze
congtraints, antenna elements on a handset are closay spaced (lessthan | ). When
identica demerts are closaly spaced, the signal envelopes received by both elements can
exhibit alarge degree of corrdation, or smilarity. A large corrdation implies that when
one antenna receives alow sgnd levd, the second dement mogt likdly dso attainsa
smilar degraded signd leve. It isaso not uncommon for an antenna diversity system to
use different antennas at each diversity branch. Using nortidentical ements & the
recaeiver (e.g. antennas with different polarizations or patterns) could lead to average
power imbalances between branches of adiversity system. Antennasthat are different
usudly receive unequa average sgnd levels depending on which antennais better
matched to the received sgnd environment.

The performance of any diversty system aso depends on the combining technique used

to merge the sgnals received by the antenna dements. Among the most popular
combining schemes are sdlection, equd gain, and maximd ratio. Some combining
techniques outperform others under certain conditions and implementation issues usudly
determine which method is preferred. As mentioned eerlier, often the Sgnals received by
adiversty syslem may have antennas that are close together so sgnds are correlated, or
may use different antennas S0 average power imbal ances between branches becomes an
issue. It could aso happen that branches are both correlated and unbaanced. The results
presented in this thesis are meant to quantify the achievable gain of atwo-branch



diversity sysem which combines apair of correlated and unbalanced channels. The
theory developed in this paper assumes that both received sgnals undergo Rayleigh
fading.

1.3 ThessOutline

This thesis begins with an overview (Chapter 2) of various channd-induced distortions
that affect received sgnd qudity in wirdess data communications. Discussons on how
these channd impairments can be mitigated as well as the conditions under which
diversty is effective are examined. Chapter 2 dso introduces some definitions and
concepts of diversity sysemsthat are used in latter chapters of this report. Chapter 3
examines three of the most popular combining techniques used for processing the signas
received by the branches of adiversity sysem. A mathematical andysis of the output
ggna-to-noise ratios (SNR) for each of these combinersisderived. This chapter dso
includes a detailed theoretica examination of channels that exhibit Rayleigh fading.
Andyzing the makeup of Rayleigh Sgnds givesingght into which physcad channels
exhibit this type of behavior.

Subsequent chapters are primarily concerned with two-branch diversty sysemsin
Rayleigh fading channdls. Chapter 4 discusses a mathematica technique used to create
the joint probability dengity function (pdf) of two sgndsthat are Rayleigh distributed
and are correlated with unbalanced average SNR’'s. Thejoint pdf isexpressed asa
function of correlation between the branches of the diversity syssem. Chapter 5 applies
the combining schemes to the joint probakility dengity function of both branchesto
develop an expression for the pdf of the SNR after selection combining. The SNR
digtribution after maxima ratio combining is derived in Chapter 6. The distribution of
the SNIR at the output of the maxima ratio combiner is used in Chapter 7 to evaduate the
performance of digital modulations such as coherent BPSK and QPSK in adiversity
environmen.



Diversty measurements made in an indoor channel were used to vaidate the theoretica
derivations of the probability dendty functions of the sdlection and maximd raio
combiner; the results of this comparison are presented in Chapter 8. Additiondly, the
diversty gain of the three combining techniques were match up to measured data
presented by Turkmani et. d [2]. Finaly, Chapter 9 summarizes the results presented in

this thesis and states some concluding remarks and discussions.

1.4 Previouswork and Contributions

There has been significant theoretica research reported in the area of diverdty sysems
and combining techniques for Rayleigh fading channds [3,4-11]. Some analysis was
performed for Nakagami channdls of which Rayleigh isa specid case[7-11]. Most
papers consder diversty sysemswith uncorrelated branch signas[4-11]. Few have
addressed the problems of correlated and unbalanced branches and their effects on
diversty performance [8-11]; and among these only maxima ratio combining was
consdered. References[8-11] present equations for the performance of a correlated
divergty system that use maximd ratio combining with differentia phase shift keying

and non-coherent frequency shift keying as modulation schemes. Non-coherent and
differential modulation schemes have exponentia bit error rate performances in additive
white Gaussian noise (AWGN) and are therefore more readily integrable over Nakagami
or Rayleigh fading channds. In [11] an expression for the bit error rate of coherent
BPK is presented for amaxima ratio combining diversity system for correlated
Nakagami channds but requires to be numericaly integrated. All resultsin [8-11] are
expressed as a function of power correlaion coefficient (or envelope squared correlation)
because the joint probability densty function of the sgndsin the diversity system can be
directly expressed in terms of thisvariable. The envelope corrdation coefficient (or r ),
on the other hand, is the parameter that is commonly extracted from measurements and
consequently the theory developed in this paper is based on this variable. An equation
that relates the power correation (r p) to the envelope correlation (r ) is given in Chapter
4. References[12] and [13] have presented expressions for the pdf after maximal ratio



combining for the Rayleigh channd once the eigen vaues are extracted from the
corrdaions matrix. The probability densty function of dud selection diversity for
correlated branches in a Rayleigh channel is presented in [14] and [15] but in both cases
theresult isleft inintegrd form.

This report presents the exact expressons for the distributions of the sgnd-to-noise
ratios for a two- branch sdection and maxima ratio combining diversty sysemin a
Rayleigh fading channd. Both branches can be corrdated and have unequd average
SNR’s. In addition, the exact analytical average probabilities of symbol error for
coherent BPSK and QPSK before and after maximad ratio combining are presented for
this environment. All stepsin the derivations of these results are dso included for
andyssin thisthess.
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Chapter 2

The Wireless Channel and Diversity Basics

This chapter summarizes some of the problems encountered during wireless data
reception. An overview of channels encountered during mobile radio propagation and
ther effects on sgnd qudity are discussed. The latter part of the chapter will focus on
diversity sysemswhich isthe main topic of thisthess. The purpose of diversity
gystems, the implementation issues, as well as some of the factors affecting performance
are put into context. Subsequent chapters will examine in more detail much of the
material discussed here.

2.1 Overview of the Wireless Communication Channel

Aswith any communication link, the channd places fundamental limitations on the
performance of wireless communication sysems. The propagation channd varies with

the operating environment. Electromagnetic waves in aredistic environment undergo



diffraction, reflection, and scattering. A typicd received Sgnd contains multiple
components reflected off buildings or other large objects that arrive with different time
delays and phases. Waves scattered off irregular surfaces or are diffracted around objects
add to a cluttered received Sgnd. Vegetation and other semi-transparent electrical

objects contribute to shadowing (attenuating) the sgnd that finds these objectsinits

path. Thefina received sgnd conssts of a superpostion of multiple variaions of the
transmitted signa and the god of the receiver isto adequately decipher the tranamitted
sgnd.

|dedlly, the propagation path should be free of any objects, asin afree space region.
However, there is alarge demand for communications in dense urban areas were the
propagation path is cluttered. Receiver and/or transmitter motion or changesin the
propagation environment further complicate the communication link, resulting in atime
varying radio channd. For non-dtatic channels, the receiver has to congtantly track
changes in the propagation environment to ensure optimad extraction of the sgnd of
interest. Asthe receiver moves, the surrounding environment changes, which in turn
affects the recaeived signds amplitude, phase and structure. At some locations dong the
receiver path, the sgnds scattered from the surrounding obstructions from the
surroundings interfere at the antenna. The Sgnal components are summed insde the
antenna and its RF circuitry, and can combine congructively or destructively. During
destructive combining the received signa may not be strong enough to produce reliable
communications because of a significant degradation in the signal-to-noise ratio (SNR).
The sometimes drastic amplitude (or envelope) variations over smdl distances are
referred to as fading and when the Sgnal experiences destructive cancdlaion it issaid to
beinanull. Inblocked line of Sght cases, it is not uncommon for the amplitude of the
received sgnd to drop by 30 dB or more within adistance of afraction of awavelength
(at 2 GHz, awavdength isonly 15 cm).



2.1.1 Frequency Selective and Flat Fading Channels

A wireless channel can digtort or transform the Sgna in severd different ways. A
propagation channd is digtinguished by how much inter-symbol-interference (19) it
introduces and by how fast the channel changes with time. When the channd introduces
IS, the individual multipath components arrive & the recaiver with different time delays
(because of shorter or longer propagation paths between arriving echos of the transmitted
sgnd), causng aprevious symbol (or symbols) to interfere with the current symboal.

Upon demodulation, the receiver has the task to decipher the desired symbol from a
superposition of present and past symbols. Depending on the strength of the interfering
symbols, the receiver may or may not make the correct symbol detection decision.
Channels with sgnificant 1S have strong multipath components that arrive a the recaiver
delayed by about atenth of a symbol duration or grester after the primary component [6].
Channds with savere inter-symbol- interference, when examined in the frequency

domain, have the property of distorting the frequency spectra shape of the transmitted
message over the bandwidth of the signal and therefore are labeled as frequency selective
channds. Equalizers have been successfully used to reconstruct the signal back to its
origina shape by compensating for the distortions introduced by the channd [6].

Some channels do not introduce, or add negligible, amounts of inter-symbol-interference.
Under these circumstances, the multipath dday soread is smdl rdative to the symbol
duration or the components of the signd that arrive with a delay larger than about a tenth
of asymbol duretion are severdly attenuated by the channel. Signds tranamitted into
channds that introduce negligible amounts of IS have multipath components that arrive
at the recaiver at approximately the sametime. Unlike the frequency sdlective channdls,
these channels do not distort the sgna over its bandwidth and hence the channel issaid
to experienceflat fading. The antenna element receives asignd that is the superposition
of severd versons of the current symbol interfering with each other at the antenna port.
The recaived sgnd in flat fading channels looks exactly like the tranamitted signd

except that it istime ddayed and modified by the complex vaued gain of the channd. At
times, dl reflected Sgnas could add destructively at the receiving antennaleaving the

10



recelver with asigna that might not be recognizable in the presence of noise. When the
sggna-to-noise ratio is unacceptably low, the recelver needs an aternate path for the
sgnd of interest to ensure reliable reception. Antenna diversity systems provide dternate
path outputs using two or more antennas at the recaiver to increase the probability that at
least one antenna receives an acceptably high Sgnd-to-noiseratio. Section 2.3.1 hasa
description of different types of antenna divergity configurations. Diversity can dso be
achieved in time or frequency aswill be explained later.

2.1.2 Slow and Fast Fading Channels

In addition to potentidly introducing inter- symbol-interference, achanne can be time
varying. Dynamic channds are characterized as having slow or fast fading. The latter
term applies to chamnds that change sgnificantly during the duration of asymbol. A
dynamic channd is often experienced in systems that communicate with mobile
terminads. When the channe varies rgpidly, the modulation of the symbaol islost asa
result of the channd distorting the symbol’ s amplitude and phase erraticaly over its
interva. Fadt fading is difficult to overcome and under these types of circumatancesit is
better to use aform of non-coherent robust modulation scheme such as on/off keying
(OOK). With OOK the receiver decides whether the signd is present or absent and no
information is carried in the phase or amplitude of the symboal.

Sow fading, on the other hand, occurs when the channel changes much dower than a
symbol duration preserving its modulation. This does not imply that the effects of the
channel can be neglected but it is possible to track the changes in the channd to
appropriately compensate for channel dynamics. More eaborate modulation schemes

can be used since amplitude and/or phase information is now preserved over the channd.

The mobile radio propagation environment is congtantly changing. At some point in time
the sgnad might undergo flat fading while & some later ingance it might be frequency
sdective. A swift moving receiver might introduce fast fading when in motion and when
a rest experience dow fading. Idedly, areceiver should be able to reconstruct the

11



desred Sgnd consgtently regardless of the environment. The following chapters and
sectionswill primarily be concerned with evaluating the performance of two branch

diversty systemsto overcome channelsthat are flat and dow fading.

2.2 Flat and Slow Fading Channels

Itisvirtudly impossible to find agenerd deterministic mode that that describes dl
channds encountered by awirdess sysem. Theradio channel istherefore usudly
modeled in adatigica fashion. Channd datistics can be obtained from anaytica
models, smulation, or from measured data collected from various types of environments.
In flat and dow fading channds, atoneistypicaly used to measure the behavior of the
channdl. Measuring a one frequency directly extends to sgnds of wider bandwidths as
long asthe signd bandwidth and operating frequencies fdl in the range over which the
channd is congdered flat. The amplitude (or envelope) of the received signd for the
environment under test is used as the criterion for how aparticular system will performin
such a scenario. As mentioned earlier, flat fading channds are SNR limited and it isthe
amplitude of the received sgna that contains the information on the received signd
drength. The strength of the recaived sgnd determinesif the communication link is
reliable; asfor the phase, the receiver is assumed to track the phase correctly.

Measurements made by the author and colleagues, aswell as others found in literature
have established that the ditribution of the envelope of the received sgnd in aflat and
dow fading channd with blocked line of sight and significant multipath can usudly be
described by a Rayleigh probability density function (pdf); Chapter 8. Thisresult can
a0 be predicted through theory as will be discussed in Chapter 3. When a dominant line-
of-sght or multipath component is present together with multiple secondary reflections,
the envelope of the received signd behaves more like a Ricean distribution.



2.3 Diversity Systems

A subgantid decrease in SNR occursin aflat fading channd when dl arriving multipath
components add destructively at the receiver antenna. The receiver is essentialy |located
in adeep fade or null. During these times the recelver requires an dternate Sgnd path to
the tranamitted Sgnd with a sufficiently large Sgnd-to-noise ratio in order to reliably
decipher the desired signd. That is, a secondary branch (referred to as adiversity branch)
or channd isintroduced in order to increase the probability that an adequate sgnd level
isrecaived. The concept isSmply that uncorrdated or dightly correlated diversity
branches have alow probability of smultaneoudy experiencing a deep fade. Depending
on the desired reliahility, it may be necessary to add more than one additiond branch (it
could happen that both branchesarein anull). Diversityisachieved by usng the
information on the different branches available to the receiver in order to increase the
dgna-to-noise ratio at the decoding tage. Having additiona branchesincreases the
probability that at least one branch, or the combined branch outputs, produces a
aufficiently high SNIR to permit rdligble decoding of the message at the receiver.

2.3.1 Establishing Diversity Branches

There are severd ways to produce additiond diversity branches; the main ones are
antenna, time, and frequency [1]. Time diversity takes advantage of the dynamics of the
channd; a some point in time the received signa might be in a deep fade while & alater
time the channd has changed significantly such that the received sgnd-to-noiseratio is

at an acceptable vadlue. Time diversity requires the transmitter to re-tranamit the
information again at alaer time giving the receiver two chances to acquire the signd and
properly decodeit. If ahigher dependability is desired, the message can be repested
severd times. As mentioned earlier, nulls occur when dl arriving components add
degtructively at therecelver. Thisisa property that is frequency dependent; that is, a one
frequency the sgnd can cancel while at other frequencies the sgnd level might pesk in
the same location. Frequency diversity systems tranamit the message Smultaneoudy at
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two or more different frequencies to take advantage of frequency diversity a the receiver.
The copies of the message recelved &t different frequencies are combined at the receiver
using a predetermined dgorithm. The main disadvantages of time and frequency

diversity are that they reguire valuable resources that reduce communication system
cgpacity. A common way of achieving diversity without additiona system resourcesis
through antenna diveraty. Antenna diver sity requires multiple antennas a the receiver
and istherefore usudly bulkier. However, operating at high frequency bands alows for
the sze reduction of antennas dements and it is feasble to have multiple antennas not
only at the base gations but adso on the mobile handset.

Antenna diversity can be achieved through spatial, polarization, or pattern
configurations. Spatid diversty isthe most common of the three and requires two or
more antennas to be separated in space at the terminal. Two antennas that are physicaly
separated in space experience different propagation environments and multipath
components sum differently at each antenna. Idedlly for a spatid diversty system, the
antennas are spaced far enough in distance such that the branch sgnds have a higher
probability of fading independently. The polarization of the tranamitted signd is often
dtered (i.e. depolarized) asit travels along the channd and the Sgnd arrives a the
termind with a polarization that can greetly differ from the tranamitted one.

Additiondly, the mobile transmitter or recaiver rarely transmits or receives with afixed
polarization as aresult of random antenna movement by the user. Antennas with
orthogond polarizations are used as part of polarization diversity systems to benefit from
the times when there might be alarger signd received on one polarization than a
another. It isnot uncommon for one polarizetion to fade while the orthogona one has
adequate signa strength. One of the advantages of polarization diversity isthat it permits
the antennas to be co-located. Pattern diversity, on the other hand, uses antennas with
different patterns on each branch. The multipath components are weighed differently at
each antenna creating undike interference patterns of the sgnd at each branch. Asa
result each channd receives the tranamitted sgna with different strengths depending on
the branch pattern and the propagation characterigtics a that moment intime. Aswith
polarization divergty, paitern diversity may alow for the co-location of the antenna
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edements. The sgnd-to-noise ratio can be successfully increased in aflat fading channd
by using one or acombination of the above mentioned diversity systems. Subsequent
chapters and sections will focus on antenna diversity but the results apply equdly well to
other diversity mechanism such as the ones achieved through time or frequency.

2.3.2 Factors Affecting Diversity Performance: Power Imbalance

Regardless of what diversity mechanisms are used to improve sgnd reiability the two
factors affecting the performance of a diversty system are correlation and power
imbalance between the branches. Average envel ope power imbaance (or just power
imbaance) isaterm commonly used in literature but it actudly refers to the difference in
the average didtribution of the sgnd-to-noiseratio (in dB) between two diversity
branches. Both terms are equivadent and can be used interchangeably aslong asdl
diversity branches are affected with equa noise powers. In thisreport, these two terms
will aso be used to address the differences in average received SNR between channéls.
The average envelope power received at each branch (P1 and P;) can be computed from
the distribution of the envelope at the individual branches (in this case branch 1 and 2) as

follows[1]:

P =Ee’]=Cafg(e)de
° (2.1)

¥
P, = E[%z] = (‘f—'z2 sz (e,)de,
0

the subscripts 1 and 2 denote the channel number and fEl‘z(el,z) isthe digtribution of the

envelope for that particular branch. E[ -] isthe expected vaue of thetermin the
brackets. Aslong as the noise powers in each branch are equa, power imbdancein a

two-channe diveraty sysem is defined as

P.w(dB) =10log,, (max[ R, R,]) - 10log,,(min B, B,]) (22
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As mentioned earlier, power imbalance is a measure of the difference in the average
sgnd-to-noise ratio between the branches of a diversity sysem. Intuitively, if one

branch has a much larger mean SNR than the other, it islikely the wesker branch will not
contribute much to the find signd-to-noise ratio. Under these conditions there is not
much gain achieved by having a second branch. Results that quantify the gain achieved

by atwo-branch diversity system with unbaanced branches in a Rayleigh fading channd
are presented in Chapters 5-8. The differencesin mean sgnd-to-noise ratio between two

branches affect the performance of diversity systems and so does correlation.

2.3.3 Factor s Affecting Diver sity Performance: Envelope Correlation

Envelope correlation (r ) isameasure of how much asigna in one branch behaveslike
another. When two branches are completely correlated, or r isunity, the Sgndsin the

branches fade, peak, increase, and decrease & the sametime. If two branchesare
completely uncorrelated, the received envelope in one branch behaves independently of

the other and r iszero. Mathematicaly, envelope corration is given by [1]

 de-ale-a)
ks He =71 -

where

a = E[QJ] = (\Pl,z fEl,2 (eLz)dQ,Z (24)

Asin(2.1), fe, ,(e12) arethe distributions of the envelope e, and e, whileE[ - ] isthe
expected vaue operator. The lower the envelope correlation in adiversty system, the

larger the achievable diverdity gain as will be shown in Chapter 8. When r isamdl, the
envelopes of the two diversity branches do not exhibit the same fading behavior, which
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trandates into alower probability of having both branchesin anull a the sametime,
Figure 2.1 shows an example of a two-branch spatid antenna diversity syssem. Both
antennas are identical and are separated by adistance d. The magnitude of the received
sggnd isincluded vs. distance and as a function of antennalocation. Asd approaches
zero, antenna 2 approaches the location of antenna 1. Asthis occurs the envelope
received by the second antenna approaches that of the first and hence the correlation
approaches unity. When both antennas are co-located, both antennas will receive the
same signd and consequently have an envelope that will pesk and fade a the sametime.
This means that both antennas receive low sgnd-to-noise ratios a the same time so the
recaiver is confronted with two possibly indiscernible signds during these indances.
|dedlly, the diversity branches should fade independently and when one branch is
recelving asignd that is not digtinguishable over the noise the system depends on the
other to provide the receiver with ardiable link to the transmitted Sgndl. In aspatia
diversity system, the antennas have to be spaced far enough apart to ensure alow

envel ope correlation between the branches.

A vauer =0.7 or less has been used as the guideline for successful diversity operation
[4]. Intimediversity sysemsalow correlaion between the fading envelopes at the times
the sgndl istranamitted and repested isdesired. Equivaently, independent fading
between the envelopes of a message received at two different frequencies through a
frequency divergty system resultsin a higher rdiability. The retransmisson period, the
frequency separation, or the antenna spacing necessary to obtain uncorrelated fading
between the branches of adiversty system strongly depends on the propagation
characteristics of the environmen.

2.3.3.1 Behavior of Envelope Correlation in Spatial Diversity Systems
Independent fading is achieved using spatid diversty by separating the antennas far
gpart. The numbers of scatterers as well as their locations around the transmitter or

recelver have agrong influenceon r asafunction of this separation. Figure 2.2 shows

two typica scenarios that are encountered mobile communicetions.
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Figure 2.1 Typicd variations of the recelved envelope a antenna 1 and 2 in aspdtid
divergty system as a function of antenna separation.

Macro-cdl environments are characterized by having a base station elevated over the
coverage arealocated on hilltops or tal buildings while buildings or other obstructions
surround the mobile user. Figure 2.2aillugtrates this example where the scatterers are
predominantly around the mobile. The signd trangmitted from the mobile and its
multipath components arive at the base sation spread over avery smdl anglein the
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direction of the mobile location. In micro-cells (Fig. 2.2b) the base station and the
mobile areingde the clutter of buildings and other obstacles. The distance between
mobile and base is usudly much smdler in these environments than the ones encountered
in macro-cdl channels. A transmitted sgna and its multipath components arrive from
the mobile at the base gation from any angle in the micro-cdlular environment. The
reflected components reach the base station with adigtribution usudly covering the full
360°. The extent of the angle spread has adirect effect on the envelope fading rate asa
function of antenna displacement. For illustration purposes, the influence of wide and
narrow angle spread on the received envelope are presented in Figure 2.2. When the
ggndsarive a the recaiver from asmal angle spread (Fig. 2.2a), the multipath
components arrive from approximately the same direction. Antenna displacement in this
environment affects dl recalved components with nearly the same phase progression.
Even large movements of the receiver (when compared to | ) cause very little changein
the envelope of the received signd because the multipath components add up in the same
fashion except for the introduction of a congtant phase shift experienced by al
components due to the trandation of the receiver. When components arrive from dl
directions, on the other hand, some reflections exhibit larger phase shifts than others and
smd| antenna displacements (when compared to | ) are enough to create a new
interference pattern at the receiving antenna. The rate of change of the fading envelope
vs. distance directly influences the behavior of the corrdaion as a function of antenna
separation. For channdsthat have dowly fading envelopes (Fig. 2.2a) with respect to
displacement, the antennas need to be separated by severd | to achieve independent
fading of the branches. In afading channe where the envel ope changes significantly
with dight displacements of the antenna, the antennas as part of a goatid diversity sysem
achieve lower corrdation a closer spacings. The mobile station in macro or micro-cell
environmentsis usualy surrounded by scatterers with reflections arriving at the antenna
from awide angle spread. From the previous discussion of angle spread, close antenna
separations on the order of fractions of awavelength produce alow r between diversity
branches at the mobile. Base sations in amacro-celular environment, experience
narrow angle spread and usually require antennas separated by 10to 20| to ensure low

envel ope correlations between the branches [2]. Asasde note, having two uncorrelated
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branches does not diminate the possibility that both channes might beinanull a the
same time but the probability of such an event occurring islower when thefading is
independent. In frequency diversity systems, the frequency separation between branches
depends on the time delays with which the multipath components arrive & the receiver.
The larger the time delay spread, the closer the diversity channels can be placed in

frequency.
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Figure 2.2 Fading rate of the received envelope as a function of distance in macro and
micro-cdlular channds.
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2.3.4 Diversity Combining Techniques

There are saverd schemes for connecting or using diversity branches to improve system
performance. The main techniquesin use are selection, equal gain, and maximal ratio
combining. When using selection diversty, the receiver monitors the Sgna-to-noise
ratio of al branches and selects and uses the information from the branch with the largest
SNR. Equa gain combining requires the receiver to coherently sum the signals received
through al channdsin order to increase the available Sgnd-to-noise ratio at the receiver.
The mogt effective of these three is maxima ratio combining because asits output it
presents the receiver with a sgnd-to-noiseratio thet isthe direct sum of al individud
SNRsin the branches. One of the drawbacks of maxima ratio combining is thet the
sgnd level and noise power at each branch need to be correctly estimated for dl
indancesintime. Thisisfairly unredigtic in a practicd sysem but the gains of this
combining technique can be gpproached even if the required receiver estimations are not
perfect for each branch. The following chapter examines these combining schemesin
greater detall.

2.3.5 Diversity Gain

Diversity gain, Gp, iscommonly used to quantify the gains achieved from a diversty
system. Diversity gainisafunction of envelope corrdation, branch signd-to-noiseratio
distribution (environment), number of branches, reliability or CDF percentage, and
combining technique. The gain is usualy measured as an improvement of sgnal-to-noise
ratio over the srongest branch in the diversity sysem. In single branch systems, the
sgnd leve that is exceeded for a certain percentage of atime (or reliability) can be
obtained from the cumulative digtribution function of the envelope. A rdiability of 90
percent refers to the sgnd leve above which 90 percent of the time the sgnd isfound
and is equivaent to the 10 percent (100-90) level on the CDF curve. The sgnd after
branch combining is examined for the Sgnd leve a the same rdiability and the diversity
ganistheincreasein the leve of Sgnd after combining over the branch with the largest
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SNR. Diversty gain by itsdf doesn’'t mean much unless quoted together with the
religbility or CDF value a which the gain was measured. The advantage of usng
diversty gainisthat it integrates dl the diversity system and environment variablesinto
one compardtive measure. The mathematical formulations of diversty gain will be
addressed in more detail in Chapter 8.

2.3.6 Interpretation of Diversity M easurements, and Extraction of
Statistics

As mentioned earlier, diversty measurements are performed by transmitting atone a a
specific frequency and measuring the received envel ope behavior as the receiver moves
aong the propagation environment. Wider bandwidth sgndswill have the same channd
gain as sngle frequency measurements as long as both fal within the frequency range
over which the channd isflat and dow fading. Sow fading ensures thet the channel does
not affect the modulation of the wider bandwidth sgnd and flat guarantees thet the
channd only introduces delay and applies a constant complex gain to the transmitted
sgna. Under these conditions, the broader band signd is not distorted and can only be
signd-to-noise ratio limited when the channd atenuates the signa severdly. The
performance of the wider bandwith signa hence depends on its symbol amplitude and
shape and on the noise introduced by the channdl.

Figure 2.3 shows example envel opes measured by atwo- branch polarization diversity
system under test a afrequency of 2.05 GHz [5]. The receiver uses verticd and
horizontally polarized antennas as part of atwo-branch polarization diversity system.
Both antennas are identical dipoles receiving a congant wave from a stationary
transmitter with a vertically polarized antenna. The direct radio path is blocked and the
propagation environment is Smilar to that of amicro-cdlular channd.
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Figure 2.3 Envelopes received by atwo-branch polarization diversty system using
maxima ratio combining at 2.05 GHz. The upper (lower) plot shows the signd received
by verticaly (horizontally) polarized receive antenna compared to the combined outpuit.

In this example the multipath components are arriving from gpproximately a 180° angle
spread at the receiver. The solid line on both envelope graphsis identical and represents
the maximd ratio combined signd of both branches. The top plot shows the variation of
the envelope of the vertically polarized antenna over distance while the bottom plot that

of the horizontaly polarized eement. The separation between fades in both channdsis
approximately once every waveength (I =15 cm) which is due to the angle spread of the
multipath components. A 360° angle spread usudly produces a fade approximately every
| /2. It can be clearly seen that the combined signa does not fade as severely as any of

the envelopesin the two branches. A reason for this effect is the envelope correlation
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between both branchesin thisexampleisr =0.155. The correlation between polarization
diversity branchesis usudly lower than that of spatid diversty sysemsfor agiven
antenna separation [2]; but unlike spatid diverdty systems, polarization diversity usualy
experiences higher power imbaances between branches (or high differencesin mean
SNR). In thisexample the differences in mean signd-to-noise ratio between branches is
3.9dB.

The cumulative digtribution function of the Sgnds gives a better indication of how much
gainisactudly achieved through diversty. Figure 2.4 shows the cumulative digtribution
function (CDF) of the individua branches and that of the combined sgnd of the diversity
system in Figure 2.3. The CDF curves give a better indication of what fraction of time
the 9gnd isbelow acetain Sgnd leved. The diverdity gain vaue can be directly read
from the CDF curves. To illustrate how to read the CDF curves, the sgnd levels on
antenna 1 and antenna 2 equa or exceed —96 and —89 dB for 99% of the time (ordinate
vaue of 102). The combined signd, constructed by applying maximd ratio combining

to both branches, is equa or exceeds—82 dB for 99% of thetime. Diversty gainisa
measure of improvement in Sgnd level over the Srongest branch a a given rdiability
after diversity combining. It isfound by measuring the horizonta distance between the
combined sgnd and the largest branch for a given cumulative digtribution value which in
thiscaseis 7 dB a the 1% CDF level. The diversty gain at the 10% CDF leve (90%
reliability) is 3.5 dB. From this example, it can be clearly seen that diversity gainis

highly dependent on the religbility level. The CDF curves show thet thereisavery large
improvement after combining at the lower end of the CDF curve which correspond to the
sgnd levelswhen the received SNR is at itslowest. Thisisthe desred effect and means
that the combined signa experiences fewer deep fades than a single branch system.
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Figure 2.4 Cumulative digribution function of atwo-branch polarization diversity
system at 2.05 GHz for the example shown in Figure 2.3.

2.3.7 Additional Factors Affecting Diversity Systems

The environment has a congderable effect on the envelope correlaion between the
branches of atwo-branch diversity syssem. At PCS frequencies (1850-1990 MHz),
antennas on a hand set due to sSize congraint can be placed gpproximately haf a
wavelength gpart or less.  Depending on the angle spread this separation might be too
gmadl to achieve low corrdation between the branches for dl environments. When a
second antenna dement is introduced in the proximity of another, there is often coupling
between both elements. Measurements show that the coupling can be significant a
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separations less than hdf awavelength digtorting the antenna patterns of both eements
dueto this effect. The distorted antenna patterns function in part as a pattern diversity
system in addition to the spatid diversity. This effect helps decorrdate the sgnas
recelved at both elements even further dlowing for close separations of the eements.
More on thistopic can befound in [3].

Diversty usudly improves the Sgnd-to-noise ratio but there are few instances when
diverdty can perform worse.  This hgppens with equa gain combining when abranch
introduces proportionaly more noise than signd. This phenomenon will be addressed in
more detail in a Chapter 4.
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Chapter 3

Combining Schemes and the Rayleigh Channedl

As mentioned in Chapter 2, diversity is an effective method for increasing the received
sgnd-to-noise rétio of awirdess communication system in aflat fading channd.
Diversity branches can be established through frequency, time, antenna, or any
combination of these diversity mechanisms. Regardless of what methods are used to
achieve diversity, the branch outputs can be processed using schemes such as sdlection,
equd gain, or maximd ratio combining. The combining technique affects the
performance of adiversty system and determines the attainable output sgna-to-noise

ratio.

The second part of this chapter will present a probabilistic approach to examine the
makeup of Rayleigh fading channels. The assumptions that lead to a received envelope
thet is Rayleigh digtributed will give an ingght on whet type of environments manifest
thistype of fading. Throughout this chapter, the assumptions that the Sgnal of interest
undergoes flat and dow fading will be made.
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3.1 Diversity Combining Schemes

3.1.1 Selection Diversity

The principd diversty combining techniques are selection diverdty, maximd retio
combining, and equa gain combining. Sdection diversity, shown in Figure 3.1, isthe
amplest of these methods. From a collection of antennas, the branch that receives the
sgnd with the largest Sgnd-to-noiseratio at any timeis selected and connected to the
demodulator. Asonewould expect, the larger the number of available branchesthe
higher the probability of having alarger Sgnd-to-noiseratio (SNR) at the output. The
remainder of thisreport will focus on two branch diversity sysemsin Rayleigh fading
channds. Consequently al figures and derivations are presented with these parametersin
mind.

Y )
o -y o3 o

Si(r,a)+n, 2 /

Y g, g Demodulator —
e L A

S 0,) N,

Figure 3.1 Block diagram of atwo-branch selection diversty system for equa noise
powers in both branches.

The inputs to the branchesin Figure 3.1 are the Rayleigh Sgndss; and s,. Thedgndss;

and s, are received with amplitudes r; and r» and with phases g; and g, respectively. The
andydsthat follows will primarily focus on the magnitude of the received envelopes (11,
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r») since the value of these variables determines the strength of the received Sgnals. s;
and s, are assumed to be time synchronized and contain the same transmitted information
but are recelved at the receiver with different strengths and phases due to the propageation
effects of the channd. Both branches are corrupted by additive noise sources n; and n,
respectively. n; and ny are identicaly distributed white Gaussian noise sources
uncorreated with each other and any of the input Sgnass; and ;. ny, n, contain the
lumped effects of dl environmenta and receiver noise sources which because of their
number and digtribution follow the centra limit theorem and can be modeled as
Gaussan. The noise sources arriving from the surroundings combine at each antenna
differently and together with the receiver noise, which is unique for each receiver,

ensures that sgnasn; and ny are very much uncorrelated. Both noise sources have
unrestricted spectral content and are in Smilar environments (with identical antenna and
receiver temperatures) and therefore the statistics for n; and n;, are expected to be
equivaent with azero mean and a variance, or noise power, of N. The noise power can
be evauated by taking the expected value (E[ - ]) of the noise sgna squared or

¥
A= E[an]: E[n22]: (\311,22 levz(rH,z)dnlz =N
¥

( ) . e (3.2)
fu \N,)= e N
N, VL2 Jﬂ
Thefirg moment of the probability density function corresponds to the average signa
level and isgiven by
¥
Eln]=E[n,]= tn,. f,, (n,,)dn,, =0 (32
-¥

where le’z(nl,z) is the probability dengity function of the noise in either of the branches

Additiondly, each noise source isindependent of either of the recelved Sgnalss; and s,
gnce the value of one noise variable does not in any way imply or restrict the vaue of
any of thetwo sgnas. Thesgndsr; and r, are assumed to vary much dower than the
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noise such that during a short period of time these two received Sgnds are rdaively

congtant while the noise undergoes severa random fluctuations (Fig. 3.3).

At agiven indant (to) and recelver location, the receiver receives asignal with amplitude
r1(to) and ra(to) at both branches. The strength of the received signals together with the
noise power a that particular time determines the qudity of the received information a
that ingtant. The modulation/demodulation technique aso affects the performance of a
communication system and can usudly be quantified from the knowledge of the received
ggnd to noiseratio. If thereisno noise and no inter-symbol-interference, an ided
receiver could correctly decipher the signal aslong as a non-zero signa wasreceived. In
aflat fading environment, which is when the use of diversity isthe mogt effective, the
reliability (or quality) of the received information can be predicted from the SNR
available a the demodulator stage.

At any gven time the received Sgnd power is defined, asis commonly donein
communication systems, as the envelope squared or the power delivered to a1l W resistor.
The dgnds s (to) and s;(to) are corrupted by white noise over their duration which has an
average power, or second moment, of N asgivenin (3.1). The signd-to-noiseratio at the
input of each divergty branch istheratio of ingtantaneous sgna power to noise power,

or SNRDLZ('[O)- The subscripts 1 and 2 refer to channel, or branch, 1 and 2 of the diversity

system. At timeto, the SNRes received by each antenna eement is therefore given by

F)owers'gnal (tO) _ r],z_(to)z‘ — r.]_,2 (to) ?

S\IRFi,z (to) - POWerNoise(tO) i El-nlzzj §

(3.3)

The above reault is the ingantaneous sgnd-to-noise ratio at around thetimetp over a
period when the received envelopes are congtant. In actudity, in adynamic environment,
the received signd envelopes do not remain constant for dl time but instead fluctuate
randomly. The SNRDL , istherefore also arandom variable that depends on the

digtributions of the variablesr, and r, over al events and which have datisticsthat are a
function of the characteridtics of the channel. Since the noise power, N, is assumed to be



congtant; the characteristics of the distribution of NR-,, depends directly on the

distribution of the envelopes squared or r1 »2. Thevaueof N (because of itsinvariance to

time and location) does not dter the shape of the probability density function of NRe, ,,

it only contributes to the variance and therefore determines how wide the form is
gretched. In practice, the digtributions of r1 and r, are determined through extensive site

measurements.

What isdmogt exclusvely measured when evauating the performance of diversity
system in a given channd are the received sgna envelopes of the diverdity branchesor rq
and r,. The success of the communications link is evaluated based on the digtribution of
the envelope satistics S0 it will be useful to express, especialy when comparing theory to
measured data, the result of the mathematicsin terms of the voltage signd-to-noiseratio
(SNRVLZ) ingtead of the power Sgnd-to-noiseratio (SNRPLZ). The input voltage Sgna-

to-noiseratio, or NRy, Is the square root of the power SNR and is expressed as

S\|R/Lz = ,S\|Rpl2 = \r/lﬁ (34)

The advantage of expressing the resultsin terms of the SNRy, ,, isthat the distribution of

thisvariable is proportiond to the probability dengty function of the received envel opes.
As mentioned earlier, the shape of the distributions SNR,; and SNR,, isgoing to be
amilar to the shapes of the received envelopes (r; and r,) and the average sgnd and
noise power will determine the variance of the probability density function.

Figure 3.1 shows the two-branch selection diversity syssem under andysis. For this
configuration, the receiver monitors the sgnal-to-noise ratio of both channels and
connects the branch with the largest SNR at any ingtant in time to the demodulator. In
order to prevent phase discontinuities when the receiver switches between both branches,
this occurs when one signd falls below the other and the receiver switches to the
strongest branch, the signdsin both channels are constantly co-phased. The voltage and
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power signd-to-noiseratio (SNR and SNRe ) after selection combining issmply the
maximum of both branches or equivdently

NR, = maX(S\IRPl!S\IRPZ): max?[i’%%: %max(rf,rzz) -
NR, =.[SR, :maxéejlﬁ, e %—jﬁmax(rl,rz)

The SNR-¢ and SNR are the output signal-to-noise ratios of the two-branch selection

diversty sysem. The purpose of this report isto develop the meansto quantify the gain
of an ided two-branch diversty combining scheme in a Rayleigh fading channd. The
gan of the diverdty configuration in Fig. 3.1 over asingle branch recaiver can be

evaduaed by examining the increase in Sgnd-to-noise retio from before to after selection

combining. The factor including the noise variance 1N (or 1/ AN inthe case of voltage
SNR'S), is present as a multiplicative constant in both the combined signal and the
individua branch signa to noiseratios as can be seen in (3.5) and (3.3, 3.4) respectively.
The gain (as aratio) isindependent of the vaue N since this congtant divides out when
evauding improvement. The gain of the sdlection diversity system therefore only

depends on the digtributions of r1 and r» in the case where both branches have equa noise
power. This property can aso be observed in systems that use maximd ratio and equa
gain combining.

When performing gain measurements in an operationa Stuation, the Sgna envelopesrs
and r; are used as inputs to the diversity combiner and the output is obtained by sdlecting
the maximum of both Sgndl levels. This procedure does not account for noise power and
isequivaent to evaluaing the input and output SNR, when the noise power is assumed to
be unity; usng N=1in (3.5) gives

S\IR\/L2 In=2= M2

SNR, = +/SNR; Tz = max(r,,1,)

Selection Diversity (3.6)
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As dated ealier, thisis sufficient information when examining the improvement of the
diversty system over a single branch receiver in form of again parameter. In order to
samplify the expresson by one variable, the assumptions that N=1 will be made
throughout thisreport. This procedure will comply with what is commonly done with
messurements. It isimportant to note that no information is lost when setting the
average noise power to unity since the envelopesr, and r, can also be interpreted asthe
input SNRVL2 which includes the effectsof N (3.4). Under these conditions (N=1), the

input 9gnd 1, for example, is not only the digtribution of the amplitude of the Sgnd but
dso theinput SNR, of branch 1. In subsequent analysis, references will be made to

branch sgnal power instead of average Sgna-to-noise retio snce these two vaues are
equivaent when the assumptionsthat N is 1 are made.

A variation of slection divergty isswitched diversity. Under this combining scheme, the
recelver does not monitor dl branches smultaneoudy asin selection diversty. The
receiver begins connected to a branch and monitorsits sgna-to-noiseratio, if the SNR is
above a certain threshold it stays connected to that branch. As soon asthe SNR drops
below the acceptable limit, the recaiver picks the next available branch and measuresiits
received SNR. If the SNR is acceptable, the receiver stays connected to the antenna
otherwise it moves to a new branch and the processis repeated. The advantage of using

the switched combining schemeisthat it requires only asingle receiver.

The equations for NR-,, and NRy, ,, (3.3) and (3.4), are the input signal-to-noise ratios
a both branches that will aso be used for the maxima ratio and equal gain diversity

schemes.

3.1.2 Maximal Ratio Combining

Maximd retio combining takes better advantage of dl the diversity branchesin the
sysem. Fig. 3.2 showsthis configuration for a two-branch diversty sysem. Both



branches are weighted by their respective ingtantaneous voltage-to-noise ratios. The
branches are then co-phased prior to summing in order to insure that al branches are
added in phase for maximum diverdity gain. The summed sgnds are then used asthe
received sgna and connected to the demodulator. Maxima ratio combining will always
perform better than either sdlection diversity or equa gain combining becauseitisan
optimum combiner [4]. The information on al channdsis used with this technique to get
amorereliable received sgnd. The disadvantage of maximd ratio isthat it is
complicated and requires accurate estimates of the ingtantaneous Sgnd level and average
noise power to achieve optimum performance with this combining scheme. The
advantage is that improvements can be achieved with this configuration even when both
branches are completely correlated.

SNR, =[S\R, = 7Ly

R, = /AR, =1Lt
r g M JN
S,(ry,a)+n, N > ‘\‘
[
_ _h . ®
NR, =4/NR;, "IN \V% RKG""” 5:5,, g 4/@—>Demodulator S
S(r,,0,)+n, % S ]

Figure 3.2. Block diagram of atwo-branch maximal ratio combiner for equa noise
powers in both branches.

The inputs to the maximd ratio combiner (Fig. 3.2) are both Rayleigh distributed sgnds
(with envelopesry and r;) with additive independent noise voltage sources ny and n,. ng
and n, are zero mean white Gaussian random variables with avariance of N; see (3.1).
As before, the input voltage sgnd-to-noise ratios are given by (3.3) and (3.4) are
repeated here



NR, , = (3.7)

SNR,L2 = /SNRPL2 =

z \

The SNR after maxima ratio combining (MRC) requires the evaluetion of the
ingantaneous signd power and noise power. The amplitude of the Sgnd of interest after
MRC a agiven timeto, Vsm(to), can be evauated by multiplying the received sgnd
envelopesry and ry, @ to, by their ingantaneous voltage to noise power ratios which when

summed gives

89'2('[0)0 r (J[o)2 +I’2(t0)2
g N

Vou ) =0 (1) EE0

z(t)

(338)

The ingantaneous sgnd power after maxima ratio combining, Psm(to), is defined asthe
sgnd squared or equivdently

2 2 2
()" +1,(t)" O

Py (to) =V (t)° :é (3.9

N 2

The noise component after MRC at to, Viym(to), is@so multiplied by the gainsin both

branches and evauates after co-phasing and branch addition to

- t,) = nlﬁl( O)O Zéﬁz(to)gz nry(ty) +n,r, (t,)
g e N g N

(3.10)

In this report, one of the assumptionsisthat the signa changes consderably dower than
the noise. This assumption ensures that during the demodulation stage, the channdl has
not changed such that the received signdls, s (to) and s;(to), remain steedy while the noise
sources, n; and nz, which are of infinite frequency content, vary randomly over the
duration of the steady received sgnas. This occurs when the channel exhibits dow

fading conditions and the sgna modulation is unaffected during the demodulation of the



message. Figure 3.3 describes such an example where asignd with amplitudery is
constant over aperiod of time around the time to while the noise nk experiences severd
fluctuations. The indantaneous Sgna power over thisinterva issmply the envelope
squared, or r,(to)?. The noise power, on the other hand, for agiven event ry(to) isa
stochastic variable whose power can be evaluated by computing the second moment of
the probability dengty function of ny. The noise power is given by

P, = E[nXZ]: o, (ny)dn, =N (3.11)

where E[ - ] isthe expected value operator and i, (ny) isthe probability density function of

Ny. The subscript x can refer to the Sgnds a ether the individud branches or at the
output of the diversity combiner.

Behavior of Waveforms r,_and n, as a Function of Time

5 T T T T T
4.5+ -1

4 r><(tO) s

2.5 s

1.5 s

Signal Amplitude
N
]
1

1r nx(t) -

/ _

_0.5 I I 1 1 I
0 50 100 150 200 250 300

Time

Figure 3.3 Behavior of the gnd envelope ry and the noise sgnd nk around the time to

over aduration when the envelope ry remains constant.



Similarly, at the output of the maximd ratio combiner, the sgnd power for agiven event
r1(to) and ra(to) is given by (3.9) while the output noise power, Py v, can be found by
eva uating the expected value of the noise voltage squared expression in (3.10) or

20,0 (1)1 (t,) , N 2r2(t0)28

3 = (3.12)

P (1) = ENi (60)7] = B0
8 N 2

n,r (t,)°u éz2n,n,r,(t,)r,(t,)u enrtu
PNM(tO)_Eé#U-F Ee (2) ( )u E: (2 ) l;'
e N° g =« N u e N° g

The middle term evauates to zero since each noise source is independent of al other
sgndsand hasamean of zero. Smplifying (3.12) further, by noting that the expected
vaueis performed given steady Sgndsri(to) and ra(te) which factor out of the operator
as congtants and produce the following result for the noise power at the output of the

maximd ratio combiner & timetg

€n.’r, (t,)20 . _én,’r,(t,)? U
Pum (t) = eN—u+ EQTU
e u e 9] (3.13)
r(t,)? r,(t,)? r(t,)2 +r,(t,)?
I e N

The output signd to noiseratio, SNRe v, at to after maxima ratio combining is given by
the ratio of signal to noise power or the divison of (3.9) and (3.13) which gives

NR, (1) = 25 Pow () | Vo ()"
RPM °’" pg OWEY i o - Puwm (t) B Eb/N,M (to)2J

SNR; (t) = L :.r(t) (r(t) +1(t)?)

(3.14)
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The output SNR, ,, or the voltage signal-to-noise ratio after MRC, alows for adirect

comparison between theory and measured data. The SNR,,, is defined as the square root
of the SNRs,, and is given by

R, (t;) = [SNR, (to):J“(t") ) J%Jrl(to)%rz(to)z (3.15)

As dated earlier, the god of this research is to quantifying the improvement between
systems using two-branch diversity over ones with just asingle branch in aRayleigh
fading channel. As before, the gain (as aratio) between the Sgnd to noiseratio after
maximal ratio combining and a single branch is independent of the noise power N. From
(3.7) and (3.14) ((3.7) and (3.15) for the SNR,) the factor /N (],/ N for SNR)) will
cancel when dividing these two equations. The gain (asardtio), again, is not afunction

of N and therefore depends solely on the digtributions of 1 and r, when both branches
have equa noise power. In subsequent chapters, when examining the advantage of one
configuration over the other the noise power (N) in both branches will be st to unity to
amplify the output SNR expressons by one variable which in turn should not affect the
fina gain result. The equations for output SNR after diversity combining are derived in
Chapter 5 and 6 with the branch noise power set to unity. The exact signal-to-noise retios
after combining can be computed from these expressions with the knowledge of N and by
using theinput SNR; and SNR,, in place of r1 and r respectively for the expression of
the output SNR.

The 9gnd-to-noise ratio after two-branch maxima ratio combining with N s&t to unity
can be computed from (3.14) and (3.15) and are given by

NR; |y= r,” +r,” Maximal Ratio Combining (3.16)

_ [ 2 2
NR,, Ina=A1 + 1



Findly the lagt diversity combining technique addressed in thisreport isequa gain
combining.

3.1.3 Equal Gain Combining

Equa gain combining (EGC) can be viewed as a gpecid case of maximd retio combining
(see Fig 34). Inthis scheme the gains of the branches are dl set to a predetermined vaue
and are not changed. Aswith the previous case, both branch signds are multiplied by the
same branch gain (G) and the resulting Sgnals are co-phased and summed. The resultant
output sgnd is connected to the demodulator.

S\|R/1= ’S\lF{Dl:\/rlﬁK7 NR, =./NR, :@

- = 2N
s(rut)*+n—| © ™\ f

NR, = /SNRPZ = «/erv 4;@—» Demodulator ——

S,(r,d,)+n,— ©
Figure 3.4 Block diagram of atwo-branch equa gain combiner for equa noise powersin
both banches.

Signal
Co-Phasing

Asbefore, the sgnds arriving a both branches from the transmitter have envelopes given
by r1 and r, and have a distribution described by a Rayleigh probability dengity function.
Both received signds are corrupted by white Gaussian noise sourcesn; and np. Fig. 3.4
describes the equa gain combining technique in which dl branches are pre-multiplied by
G and then co-phased, such that the amplitude of the output Sgnd is the direct addition
of branch envelopes. The sgnd envelope after equa gain combining a atimeto is
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Vse (t) = 1(t)(G) +1,(t,)(G) = G(r, (t,) +1,(t,)) (3.17)

The ingantaneous signa power, Pse(to), is given by the envelope squared or

Pse (to) =Vse (t)? = G2(ry(to) + 1, () (3.18)

The noise component after EGC for dl timet, Vi g(t), aso gets multiplied by the gain G
in both branches and evauates after co-phasing and branch addition to

Vie ® =n,(G)+n,(G)=G(n, +n,) (3.19)

The noise power, on the other hand, for agiven event r1(to) and ra(to) isastochagtic
variable whose power can be evauated by computing the second moment of the
probability dengity function of Vye. The noise power, Py g, isgiven by (3.11) and with
(3.19) becomes

Pue () = EMye 2] = E[G2(n7 + 200, +1,2) (3.20)

Pue () = EVy o 07] = G2E[n |+ 262E[nn, ]+ G2E]n,?

The constant G factors out of the expected value operator and the middle term involving
the joint expectation of n; and n, evaluates to zero. The output noise power after equa

gain combining evauaesto
Pue () = EVyc 7] = G%E|n 2|+ G%E], 2| = 267N (3.22)

The ingantaneous power Sgna-to-noise réio istheratio of sgna to noise power and a

to evaluatesto



_ POWEY g o1 _ Pse(to) _ \/_S,E(t0)2 .
Powefysise  Pue (1) El_VN,E (t)ZJ (3.22)

SR, (1) =N L L

Smilarly, the voltage signa-to-noise ratio, or SNR(to), after equa gain combining can
be computed from (3.22) and gives

MR, (t,) = /R, =ﬁ(a(to)+ () (323

Sincethevdue of G does not affect the output sgna-to-noiserdio, thisvaueis usudly
et to unity in practica gpplications. It isinteresting to note that unlike selection
diversty and maximd ratio combining, equa gain combining has the potentia of
performing worse after combining than sdlecting the branch with the largest Sgna-to-
noiseratio. From (3.23) it can be seen that if the magnitude of r; at tp abeysthe
following condraint

r,(t) < (V2 - 1 (ty) » 0.414r, (t,) (3.24)

the output signal-to-noise ratio after EGC, SNR, islessthan the signdl to noiseratio
received at branch 1, or SNR,. For these instances the use of equal gain combining
actudly deteriorates the SNR when compared to just picking the strongest branch. The
sgnda-to-noise ratio after combining decreases under these circumstances because the
second branch introduces proportionaly more noise than sgnd to the output. This
phenomenon will dso be observed in the diversity gain plots presented in Chapter 8 for
equd gain combining.

Section 3.1 introduced the three diversity combining mechanismsthat are considered in

thisthess (sdlection, equa gain, and maximal ratio combining). The performance of
these combining schemes will be evaluated for Rayleigh fading channels. The Rayleigh
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channd occurs often in multiple reflective non-dispersive environments such as the ones
found in urban and indoor environments.

Thefollowing section describes aray based multipath Sgnal environment impinging on
the receive antenna. The god isto predict the probability dengty function of the received
sgnd for thistype of surroundings and under what assumptions the atistics become
Rayleigh digributed. This andysiswill give an indgght on what type of environments
manifest thistype of fading.

3.2 Analysisof Rayleigh Fading Channels

Clarke [1] proposed amode were the Sgnd received by an antennaelement in astatic
environment from a congtant wave transmitter can be modded as asum of atota of N

multipath components as follows

N

E, =& A cosiwt +f )
n=1
& J : :

E,=a A,cosf cosw.t-aq A dnf, snw.t (3.25
n=1 n=1

E, =K, cosw.t - K,snw,t

N
K, =8 A, cosf
el (3.26)

N
Ko =Q A snf,
n=1

where A, isthe amplitude of the individua multipath componentsand f , is the phase.
Hgure 3.5 depicts an example scenario in which five multipath components are arriving

at the receiver from different angles in the azimuth plane.

Thefollowing paragraphs examine the above Sgnd environment siochadticaly to
evauate the digtribution of the received envelope at the antennaelement. Thesgnasare

&



assumed to arrive in the azimuth plane where the recelving antenna has an

omnidirectiond pattern. To smplify this andyss requires expanding the expression for

the received sgnd and grouping the factors multiplying coswct and sinwt into separate
components aswas donein (3.26). K; corresponds to the factors multiplying the in-phase
carrier, or coswct, while Kq isthe summation of terms multiplying the quadrature carrier,

or sinw.t.

A.I. COS(WCt +f 1)
A4 COS(WCt +f 4)

5 < Acosiug 1)
AS COS(WCt +f 5)
A cosw t +f )

Q -- top view of antenna element

Figure 3.5. A scenario were five multipath components are arriving at an antenna
eement in the azimuth plane

The datidtica digtributions of the phases and amplitudes and their interrelationships
determine the digtribution of the received Sgnd. The phasg, f ,, dependson a
combination of factorsincluding the distance and medium in which the signd travels as
wdll as on the phase dterations that are introduced by objects obstructing the propagation
path. The phase of awave changes by 180° (or p) for every haf wavdength the sgnd
travels (which correspondsto 7.5 cm at 2 GHz). Aslong asthe distance covered by a
traveling wave from the tranamitter to the recelver is severd waveengths and/or its path

is blocked by obstructions that introduce random phases, the phase of an impinging
multipath component can take on any vaue and hence will be distributed with equd



likelihood between 0 and 2p. Additiondly, if each of the arriving sgnd components
travels dong dissmilar paths and encounters unalike obstructions and propagation
distancesit is safe to expect that dl components have phases that are independent of each
other. Asfor the amplitudes, A,, ther didribution is afunction of the traveled distance as
well asthe sgnd attenuation experienced by propageating through an environment with
non-ided reflections, transmission, and scattering. If as before, each multipath travels
through different paths, all amplitude components are also expected to have satistics that
are independent of each other. Summarizing, al amplitudes, An’'s, and dl phases, f 'S,
are independent of each other or

E[A,A.] =E[A JE[A,] " nmexcept when m=n (3.27)
E[f nfm]=E[1“n]E[fm] " n,mexcept when m=n (3.28)

The operator E[ - ] isthe expected vdue of the term in the brackets. Additiondly, from
the received amplitude the phase of the wave cannot be implied or determined. Also,
there is no association between the phase of one component and the amplitude on another
component.  These relations imply independence and can mathematicaly be expressed
as

E[Af. |=E[A]EF,] " n (3.29)

E[Af.]= E[AJE[f ] * nm (3.30)

The interrelationships between the Sgna components arriving at the receive antenna will
ad in determining the probability dengty function of the recelved envelope. As noted
ealier, to smplify the andysisit is best to gpproach the problem by analyzing the terms

associated with the in-phase and quadrature carrier asagroup (K; and Kg).



The relationship between the in-phase and quadrature components, K; and Kq, will be

useful in subsequent andlysis and can be found by taking the joint expected value of these
two random variables. The correlation between the K, and Kq components can be written

A An 3 Am (3.31)
0 0..0 4 cosfp a nfmfa A F.F (AL An e f \)dA . dAdf .. df :
A Afp Iy "L 1“AN':1'--':N(Al Nof1e TN )0A 19N

or equivaently

N N
E[K Ko]= A A OOO0AACOSt SN o fanr o (Ay, At of )dA,dAGE df , (3:32)

n=1 m=lA1Amfnf m

after factoring out the summations and integrating out the non-dependent variables. As
before, E[ - ] isthe expected value operator. fa,. ayFq. F(AL--»Anf 1,...f N) isthejoint

probability density of dl A, and f n whilefa £ F .- (An,Am,f n,f m) isthejoint probability of
An, Am, f Ny andf m-

Asprevioudy noted, dl A, ‘s are independent of each other and of any of the phasesf .
With thisin mind, equation (3.32) can be rewritten as follows

N N
E[K,Ko]=8 & E[AAlocpost Snf  fe . (¢, f )df f
n=1 m=1 fofm

. (3.33)
E[KI KQ] = é. é E[AhAn]E[COSf »Snf m]

n=1 m=1

E[K, K, | = E|A?|Elcost , snf, ]+ E[A JE[A, |E[cosf , [E[sin T ,] +...+ E|A*|Elcosf  snf ]

Concentrating on the expected valuesinvolving f , and f , the following results can be
established:



2p 2p 1
E[cosfn] = cyosf . f. (f)df, = c‘yosfngdf ,=0
0 0

» 2 . (3.34)
Efcosf, snf |= ¢posf, snf . (f,)df , =¢gosf, snf, —df =0
0 0 2p
By subgtituting the results from (3.34) into the last equation of (3.33) it can concluded
thet the in-phase component K, and the quadrature component Kq are uncorrelated or
E[K Ko]=0 (3.35)

As stated earlier, K| and Kq are summeations of random variablesinvolving the probability
dengity functionsof al Ay’sand f ,’s as described by (3.26).

The purpose of thisanaysisisto find the distribution of the received envelope by the
antennaeement. The result can be found by summing the effects of dl theindividua
multipath components. To smplify this andys s requires the introduction of two
variables, H,, and Ty, which are defined as

H, = A, cosf
= A " (3.36)
T,=A, anf
which are the in-phase and quadrature components of each individua multipath

components. K; and Kq can be rewritten as
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Equation (3.37) suggests that the probability density function of K, fk, (K), isaresult of
the summation of N random variables having a probability distribution given by fy_(Hn).
The probability density function fi;_(Hn) has ameanthat is

E[H ] = E[A, cosf ] = E[An]zgyosf n%oh‘ =0 (3.39)

and avariance given by
E[an] = E[Anz cos’ f ] = E[Af]a()‘):oszf n%df = % E[Af] (3.39)

Smilarly, the random variables that make up Ko, have a probability dengty function

described by fr_(Tn) and have amean and variance given by

E[T.]= E[A, dnf ] = E[An]zz‘)a'nf ) %df =0 (3.40)
Ehnz]: E[Afs'n ’f n]: E[A;]ZE,;nzf n%df L= % E[Af’] (3.41)

It can aso be shown that any two of the stochastic variables H, and T, are independent
and uncorrelated of each other

E[H,H,]=E[H,JE[H,]=0

" m,n except when m=n (342
E[T.T.]= E[T JE[T,] =0
Summarizing, the random variables K, and K are independent of each other and are the
result of the summation of N independent random variables (H, and T,,) that have amean
of zero and avariance of %2 E[ A,?] . A summation of N independent random variables
creates anew sgna whose probability density function (pdf) can be computed by
convolving the pdf’sof al N random variables[2] asfollows
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le (Ky) = le(Hl)* sz(Hz)*“'* fHN (Hy)

(3.43)
fKQ (KQ) = f'rl (Tl)* f'rz(Tz)*"'* fTN (TN)
e[k, 1= E[K,]= & E[H,]=4 Efr,]=0
n=1 n=1 (344)

el ?)=elie’]=4 eln. - & efr]= 24 Ela]=s
n=1 n=1 n=1

wherethe* operator represents convolution. The central limit theorem dtates that asthe
number of random variables (N) increases, the probability density functi onstQ(KQ) and
fi, (K1) approach a Gaussian probability density function. This occurs aslong asthe

random varigbles H,, and T, are zero mean and have individud variances that are small
compared to the sum of dl the variances[2]. In amultipath environment, about 5 or 6
multipath components (N) are needed to make the distributions of the random variables
K and Kq very much Gaussian when they are identicaly distributed. Additiondly, as
long asthe variance of any individua component of A, ismuch smdler than the sum of
the variances of dl the other components, or

E[Anz] <<é'i E[Anz] (3.45)

fordl n not dl the random variables H, and T,, have to be identicdly distributed to
produce asignd with a Gaussan digtribution.

From the previous discusson, an antenna can be modeled as
E, =K, cosv t- K,snv t (3.46)

In an environment with multipath where dl the arriving sgnas are identically distributed
in amplitude and the number of these impinging waves (N) islarge, the sgnalsK; and Kq



will be Gaussan distributed with zero mean and equa variance. Mathematicaly, K, and
Ko, have a probability dengty function given by

1 - kl 2
f (k)= e
! 2
N2ps g (3.47)
1 e

fi, (k)= ——=e >

gj

where s 2 isthe variance of K and of Ko.

From (3.35) it was found that both K; and Kq are uncorrelated and from (3.44) both
sgnas have equa variance and are zero mean. In aflat fading channd, the envelope
digribution of the signdl received isimportant since the power of the received sgnd,
which isrelaed to the envelope and not the phase, has a direct influence on the sgnd-to-
noiseratio. The envelope of the sgna received by the antenna, or |E,|, can be evauated

by taking the square root of the sum of squares asfollows

E.|=r =K +K (3.48)

The probability dengty function of |E,| isawell known result in probability theory when
K and Kq are zero mean, equal variance, uncorrelated Gaussian random variables[2].
The probakility dengty function of thesgnd r (or |E,|) can be described by using a
Rayleigh digribution and is given by

r2

fo(r)= Lze_? forr30 (3.49)
S

wheres? isthevariance of K| and of Kq (3.44).
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Thevdues isafunction of the average power of the envelope received by the antenna.
Often the cumulative distribution function (cdf) of the received sgnd is examined which
istheintegrd of (3.49) or the probability that the envelope islessthan acertain vauer.
For a Rayleigh channd, the cdf isgiven by Fgr(r) and mathematically expressed as

r2

Fa(r) = Ofp(r)dr =1- e 27 forrs0 (3.50)
-¥

In some cases there is a dominant multipath or direct line of sight component present
such as the assumptions of (3.45) no longer hold. These types of channels can be usudly
modeled with a Ricean probability distribution. 1t could aso be that not enough
components are present in the sgna environment for the centra limit theorem to hold
giving rise to nonRayleigh characterigtics. Rayleigh channels commonly occur in
wireless communications and by the analysi's presented in this chapter occur when
multiple Sgnaswith equd distributed amplitudes and random phases impinge on the
antenna. The remainder of this thesis will examine the performance of a two-branch
divergty sysem in a Rayleigh channd because of itsimportance and the frequency of

occurrence of this channd in practice.

The mode discussed in this chapter isatwo dimensona model that assumes that the
incoming Sgnds are limited to the azimuth plane in the presence of an omni directiond
antenna element. In redity, this modd aso gpplies to three-dimensiond propagation
with arbitrary antenna patterns. Asfar as the antennais concerned, the signals recelved
by it are fill one-dimensiona because its output is the superposition of scaled versions of
the received sgnds as afunction of time. With what strength the individua multipath
components contribute to the output sgna depends heavily on the propagation loss, the
polarization mismatch, and the angle of arriva with respect to the antenna. For arbitrary
arriva angles and non-uniform antenna patterns, the andysisis smilar to the one
described in this section except that the distributions of the amplitudes A, need to account
for more than just propagation loss but aso polarization mismatch. Since the antenna
pattern essentialy weights each signd by the radiation pattern based on the angle of
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arriva of thesgnad components, the digtributions of theindividud A,’swill dso bea
function of thereceived angle. If the probability density functionsof dl A,'sare il
equaly digtributed (after accounting for angle of arriva effects on the antenna pattern,
propagation loss, aswell as any polarization mismatches) or follow equation (3.45), the
received envelope will ill exhibit Rayleigh behavior.
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Chapter 4

Evaluation of the Joint Probability Density
Function of Two Correlated and Unbalanced
Rayleigh Signals

Thefocus of this report isto develop atheoreticd modd that will statisticaly predict the
performance of a two-branch sdection and maximd ratio combiner in a Rayleigh
channd. In practice, the combining agorithm is applied in the time domain to the Sgnds
received at both diversity branches. The Satistical performance, however, is evaluated
by observing the rate of occurrence of the Sgnd-to-noise ratio before and after
combining. In this report, a probabilistic approach will be taken to predict the statistical
digtributions of the sgnd-to-noise ratio after two- branch sdection and maximd ratio
combining. In Chapter 8, the results of a measurement campaign are presented that

verify the agreement between theoretica and measurement results.

In this chapter, a probabilistic approach is used to examine the effects of unbaanced
branches and correlation on the performance of atwo-branch diversty sysemina
Rayleigh fading channd. The analyss starts by decomposing the received sgndsinto
ther in-phase and quadrature components as was done in Chapter 3. These components

are random variables that have a Gaussian digtribution as was previoudy shown (3.47).
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The received sgnds in both branches can potentidly be correlated and have unequa
average received powers as was discussed in Chapter 2. An envelope correlation
between both branch signals can be decomposed into a set of corrdlations reating the
Gaussan subcomponents of both branches. This set of corrdations, which includesthe
cross and auto correlations of al Gaussian subcomponents, when set correctly produce an
equivaent received envelope corrdation.  Additiondly, changing the Gaussan auto-
correlations can set the average branch power of both Rayleigh branches. This chapter
examines how the Gaussian inter-correlations affect the envelope correlaion aswel as

the individua branch powers.

An expression for the joint probakility dengty function (pdf) of both received Rayleigh
sgna envelopes, which can possibly be corrdated and have unbalanced powers, will be
developed in this chapter. Thejoint pdf will be used in the following chaptersto develop
an expression for the digtribution of the Sgna-to-noise retio after selection and maximd
ratio combining in a Rayleigh channd. Asasde note, the word moment, expected vaue,
and correlaion will be used interchangeably throughout the andlysis to denote the same
mathematical operation.

4.1 Separating Two Rayleigh SignalsInto Gaussian
Components

The sgnas received by two branches of the diversity sysem in a Rayleigh channdl can

be expressed as the sum of thein-phase, cos(wt) , and quadrature, Sn(wt) components.
Si(t) isthe Sgnd received by antenna 1 while Sy(t) isthe sgnd received at antenna 2 and
both are given by

S, (t) = Acos(wt) + Bsin(wt)

, 4.1
S, (t) = Ccos(wt) + D sn(wt)
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where A, B, C, and D are Gaussian random variables. As shown in the previous chapter,
these four variables are required to be Gaussian in order to obtain Rayleigh fading sgnds
in both branches. These two signas can aso be expressed as

S|(t) = R cosfwt - Q,)

St)=R, COS(Wt - Qz) (42)

where

R =vA®+B? R, =+/C? +D?

ey Y (4.3
Q, =tan lgng =tan 1862

From the above phase and amplitude notation, the Rayleigh SgndsR; and R, arethe
received envelopes at both branches and Q1 and Q- are their respective phases.

When both branch signals envelopes are correl ated, which occurs when both branch
antennas are closdly spaced, their joint expected vaueis not equa to the product of the
expected vaues taken individudly or

E[RR.]* E[R]E[R,] (4.4)

The operator E[ - ] represents the expected vaue of the term in the square brackets. A

non-zero envelope correation between two Rayleigh sgnals requires that one or more
Gauss an subcomponents from both branches be inter-correlated such that

E[AD]* 0, E[AC]* 0, E[BD]* 0, andlor E[BC]* 0O (4.5)

When both branch envelopes are uncorrelated, their corresponding Gaussian cross-
correations (4.5) will be zero. This chapter will address the effects of correlation and
power imbalance on the joint probability dengty function of both received envelopesry
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and r, and how they relate back to the correlation of their Gaussian componentsin both

branches.

4.1.1 Correlation Between the Gaussian Components of Two Rayleigh
Signals

This section examines some conditions that need to be satisfied by both Rayleigh sgnds.
Explaiting the branch inter-relaionships leads to equations that relate the Gaussian
subcomponents of both channels.

Firg of dl, the moments between dl Gaussan components A, B, C, and D should have
datistics that are indifferent to the phase reference at both branches, or equivdently, the
signdsof (4.1) phase shifted by g

S,(t) = Acos(wt +q) + Bsn(wt +q)

R ~ (4.6)
S,(t) = Ccos(wt +q) + Dsn(wt +q)
should have dl joint momentsof A, B, é, and D that areindifferent to the reference
phase shift q. This ensures that the Satistics are analyzed independent of the effects of
the carrier. The procedure that follows is smilar to the one described by Pierce et d. [1].
The Gaussan variables in the second representation (4.6) can be solved in terms of the
firg (4.1) with the following result
A= Acosg - Banq
%:As'nq+Bcosq (46)
C=Ccog - Dgnq
D =Csnq + Dcosq

As dated earlier, the correations between the Gaussian variables should be indifferent to
the phase reference g and hence the correlation between varigbles A and C in (4.1) should
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be equivalent to the correlation between the variables A and C in (4.6). This
mathematica relationship can be written as

E[AC] = E[AC] (4.8)

where E[ - ] isthe expected value operator. The correlation between A and C canbe
derived using the equdities presented in (4.7) which evaduates to

E[Aé] =E[(Acosg - Banq)(Ccosq - DInq)] (49
E[AC] = E[AC]cos?q + E[ BD]sn?q - {E[BC] + E[ AB]} sinq cosq '

The above equation is a function of the phase reference g. The point a which the above
equation becomes independent of the phase reference can be found by evauating the

derivativeof E[AC] with respect to q and setting the resultant equation to zero as
follows

9ELAC] _ o1 AC] cosq sing + 2E[BD]sing cosg - { E[BC] + E[AB]) (cos?q - sn“a) (4.10)

0=-2cosq snq{E[AC] - E[BD]} - (cos?’q - Sn?q){E BC] + E[AB]}

The solution to this equation represents the point at which the equation (4.8) is satisfied.
By ingpection, in order for the above equation to be satisfied for dl g, the Satistics are
independent of the reference phase only when the correlation between the variables A and
C isequd to the corrdation of the variablesB and D. Also the joint expected vaue of
variables B and C should be the negative of the joint expected vdue of A and B. These
relationships can be mathematicaly written as

E[AC] = E[BD]

(4.11)
E[BC] = - E[AB]
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The equdities rdaing the remainder of the joint moments can be derived by applying a
smilar procedure of reference phase independence to the auto-correlations of the
Gaussan dgnds. Evauating the derivatives of the variances of the variablesof A and C
with respect to g, and setting these equations to zero as was donein (4.10)

A2 A2
dE[A’] _, dEICT
da da

(4.12)

produces an equation for which E[AZJ and E[ézj isindependent of g. The solution of
(4.12) requires that the variance of A be equd to the variance of B and the variance of the
variable C should equd the variance of D.

E[A"] = [ B’]

e = E{D) (4.13)

The above results establish the requirements for the Gaussan intra-branch correlations.

The cross-correlation between the Gaussian variables within branch 1 (or E[ AB] ) can be

computed by evauating the second moment of the varigble A which from (4.7) yidds
E[A%] = E[ A?]cos?q + E[ B?]sin 2q - { E[AB] + E[ AB]} snq cosq (4.14)

Substituting the equalities E[ A?] = E[ A%] = E[B?] from (4.13) into (4.14) resultsin the
following equation

0 ={E[AB] + E[ AB]} dn g cosq (4.15)

The above equation, as before, should be satisfied independent of the vaue of q.
Therefore the expected value of A and B should be equd to the negative of itsdf or

E[AB] = - E[ AB] (4.16)
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The above equation can only be satisfied if the joint expected value of A and B is zero.
The sgnds A and B, which are the Gaussian components of branch 1, should therefore be

uncorrelated or

E[AB]=0 (4.17)

Applying asmilar procedure to the variance of C? (or E[éz]) leads to the equations

from which the corre ation between the Gaussian random variables for the second branch
can befound. Thisleadsto anidenticaly result asin (4.17) where both individud
components, C and D, of the received sgnd in branch 2 must be uncorrelated or

E[CD] = - E[CD]
(4.18)
E[CD]=0
The requirements that both Gaussian components within each branch should have equd
variance and be uncorrelated is aso a necessary requirement for the received envelopes
to be Rayleigh distributed as was discussed in Chapter 3.

To amplify the notation in subsequent andysis, the variables that will be used insteed of
the joint expected vaue operations are included in the summary of resultsin this section
thet follows

E[A’] =E[B*]=s,’

E[C?] = E[D?] =s,°

E[AB] = E[CD] =0 (4.19)
E[AC] = E[BD] =a

E[AD] =- E[BC] =D
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4.1.2 Joint Probability Density Function of Four Gaussian Variables

It iswdl known that two zero mean uncorrelated Gaussian distributed signd's can be
combined to creste asignd that is Rayleigh distributed [2]. Hence four Gaussian
digtributed sgnals can be used to create two Rayleigh distributed signds. The inter-
correlation between the individua Gaussan probability dendty functions controls the
envelope correlation between the two Rayleigh sgnads aswill be seenin Section 4.2.2.2.
The auto-correlations of the Gaussian components sets the average power received by
both branches. Thejoint probability dengity function, P(X), of aset of N dimensond

corrdlated Gaussian random variablesis given in [2] and repested here

P(X) = (@) "' |M [ % exp(- 2 XM X) w20

X=[la b c d]

Thematrix M contains the correlations of the Gaussian sgnds and the vector X contains
the random variables. |M | represents the determinant of mairix M and N is the number of
Gaussian random processes. For four corrdated Gaussian random variables (A, B, C, and
D), thematrix M becomes

¢e[a?] E[aB] E[AC] E[ADt &° 0 a b U
_cElea] E[B?| E[BC] E[BD];_g0 s -b a g @20
¢elcA] ElcH] Elc?| E[cpl a -bs,” 0
&=pa] E[DB] E[pc] Ep?g &b a 0 s,%§
where the variables given in (4.19) have been substituted in place of the expectations.
The determinant of matrix M, |[M |, evaluates to
2
det(M) =M|=(s,% ,>-a2- b?) w2

1/2

M[“ =s’s,-a’-b?
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and theinverse of matrix M, M X, can be found to be

€s, a b U
é - - a
é |M |1/2 |M|l/2 ||V||l/2l;j
8 0 S5 b2
A 1/2 1/2 1/2 >~
e M M M| "u
ML= & | | | |2 | | a (4_23)
a a b S, 0 G
A 1/2 1/2 1/2 Y
g M M M| ;
2
é b . a Sy
e 1/2 1/2 12 U
e M[™ M| M G
Subdtituting the equations (4.21), (4.22), and (4.23) into (4.20) resultsin thejoint
probability dengty function of the Gaussan varidbles A, B, C, and D. Thisjoint pdf,
fascp(a,b,c,d), evauates to
-%[azs ,2- 2aca - 2adb +b%s ,2 +2bch - 2bda +c%s ;% +d%s 12]
fABCD (a,b,C,d) - . ]; e 2(s;’s,"-a-b") (4_24)

were the four Gaussian variables represent the subcomponents of the received Sgndsin

branches 1 and 2 and are defined in (4.1). Thevariablesa , b, s,,and s, represent

the cross and auto correlations between the individua variables and are defined in (4.19).
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4.2 Transforming a Four Dimensional Gaussian pdf into the
Joint Probability Density of Two Rayleigh Signals

4.2.1 Joint Probability Density Function of Two Rayleigh Signals

The equation given in (4.24) represents the joint probability density function of four
correlated Gaussian random variables a, b, ¢, and d. These four variables can be
combined to create two Rayleigh didtributed sgnas which in turn will dso be corrdated.
The procedure that follows to construct Rayleigh sgnds from their Gaussian components

issummarized in Figure 4.1.

(/> R =VA2+B?
ot
JOP R =JC?+D?
/j\ — (Y

Figure 4.1 Diagram for transforming afour dimensional Gaussian pdf into the joint
probability dengity function of two Rayleigh Sgnds.

61



The received sgnd envelopes, r1 and r,, can be constructed by performing the operations
liged in Figure 4.1 on the Gaussan random variables. r; and r, can be expressed as a
function of their Gaussan components as follows

r12 :az+b2 (425)
2 _ 2 2 )
r,”=c“+d

The above equations can be re-written by introducing a secondary set of variables g; and
g that are defined as the phase variables in (4.2), the Gaussian variables can be re-written

in terms of the phase and amplitude notation as follows:

a=r, cosq,
b=r9nq,

(4.26)
C=r,C0s(,

d=r,9nq,
The above equations satisfy the equdlities stated in (4.25). The 4-dimensond Gaussan
joint probability densty function of varigbles A, B, C, and D can be transformed into a
pdf rdating the variables Ry, Ry, Q1, and Q2 using ajacobian transformation as stated in

[2] using the expressons given in (4.26). The new joint probability densty function,

friR,Q, 0, (11,12,01,0)2), results from the following operation

frmo, (1:72,05,02) = 9] Faaen (8D, €,d) (4.27)

where J isthe jacobian and is defined as
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fa fa fa fa
i Wy Y9, Ya, .
‘ﬂ_b ﬂ_b ‘H_b ﬂ_b cosq, 0 - r,9nq, 0
j= ., T, Ta, fa,|_{snd. O r, Cosq, 0 (4.28)
e fc o fc|T| 0 csqg, O  -rsng,
i W, Y9, Yo, 0 sdngq 0 r, COSq
fd fd Id  fd 2 T
ﬂrl ﬂrz ﬂql 1-[q 2
The magnitude of the jacobian evauates to
9] =", (4.29)
Substituting (4.24) and (4.29) into (4.27) and expanding the result leads to the joint pdf of
the received envelopes and phases at both branches or equivaently
1 2'12 (250_52 ‘23113 222' 2n C0SQr, COSGaA - 2n COSGf, COSq HU
_ r, AT e §(4.30)
frroo. (T2 12:0 02) = (20)%(s s ,>-a2- b?) € '
Applying trigonometric identities to the exponent of the above equation smplifiesthe
expression further and the results becomes
»ﬁ%zzrlzﬁ-slzrzz» rlrzmcos( -0, +tan(b/a )l
fRiRzQin(rllr21ql’q2) = £F: g 2eis2ath e ’ v g(431)

(2p)%(s.’s,"-a”- b?)

which describes the joint probability density function of the received envelopes and

phases (r1, I, g1, and gp) asdefined in (4.2). The remainder of thisthess will examine
the performance of diversity systems under the assumption of optimum conditions or that
the phases are tracked perfectly in both branches. Hence the effects of Q; and Q; are not
materid to the andyss. The effects of phase estimation errors can be evauated by using
the complete expresson given in (4.31). To diminate the dependence of phase on the
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joint probability dengity function given in (4.31), the phase variables can be integrated
out of the digribution as follows

2p2p

leRZ (rl’ rz) = (‘)éf RRQ:Q; (r1’ ry ’ql’qz)dqlqu (4.32)
00

The resulting digtribution will be independent of phase and purely a function of the
received envelopes Ry and R,. Performing the above integration involves solving the

expression

) 1 22, 22
rlrze 2(512522-a2-b2)[31r2 +s,°n ] 202p (srlzgz— %[ws(ql'qzﬂan-l(b/a»]
o dg,d
2 2. 2z 2 .2, OC° q,dd,
(2p)(5152'a 'b) 00

leRz (rp,r,) =

. o res 2] (4.33)
r.r.e 2(512522—a2—b2) ez
frg (r,r,) =12 Z
T @Y a0
where Z; istheintegrd
2% K |cos(@, -q, +tan (b / ))]
Z, =0 " dq,da, (4.34)
00
andthecongtant K inZ; is
2 + b2
K = v (4.35)

(5.5, -a’-b?)

The solution of the expression given in (4.33) requires the evaluaion of theintegrd Z;.
Theintegrd Z; can be solved by gpplying atransformation of variables of the form



q=0;-0, +tan'1§il§ (4.36)

such that theintegral Z; can be re-written as afunction of the new variable q asfollows

pép-gortaribla)
A ~_ K co s

Z,=¢ ¢ dqldg, (4.37)
08 -q,+tari(b/a) d

The term in the brackets in the above equation can be expanded as a sum of separate
integras over the pan of the integration limits such that Z; can be re-written as

»é 0 p 2 p-gpttan(b/a) )
Zl — c\):a c\) eKcosq dq + C‘FKCOSq dq + c\ﬁKcosq dq + C\PK cosq dq l:ﬂqz (438)
0Bq,+ar(bla) 0 p 2p H

Noting that the two middle terms are equivalent and the two end terms cancel each other
out, reducestheintegra Z; to

a)\é p‘ K cosq u
Z = @2¢¢ dqgda, (4.39)
0€ o u

Using the well know integrd of the modified Bessel function of order zero, 1o(K), given
in[3] as

1, (K) :pippr “%dq (4.40)

0

and replacing this result into (4.39) yields

2
Z, = (20)1,(K)da, = (2p)°1,(K) (4.41)
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for Z;. Replacing the solution of Z; back into (4.33) produces the find result for the joint
probability density function of the received envelopes, r1 and r,, in acorrelated and
unbaanced Rayleigh fading channel. The distribution fr, r,(r1,r2) becomes

1 22,0 2,2 \/ﬁ 0
f——— 5, ST, e (0]
Ml o As)s zz-az-bz)[sz P ]| ¢ _ffya +b ~(4.42)

(Slzszz_az_bz) Og(slzszz_az_bz)g

leRz (r11r2) =

r1,r23 0

where lo(-) isthe modified Bessel function of order zero. The above equation describes
the digtributions of both Rayleigh variables as afunction of the Gaussan auto and cross-
corrdations(s1, S», a, and b). Inthefollowing section, the Rayleigh branch power and
envelope correlation will be related back to the Gaussian correlations.

4.2.2 Relating the Gaussian Correlationsto the Rayleigh Envelope
Correlation and Branch power

4.2.2.1 Branch Power

Thejoint probability dengty function of the signa envelopesr, and r, was developed in
the previous section. The resulting equation for frr,(r1,r2) isgivenin (4.42) and is
expressed asafunction of a, b, s1, and s 2 which are the moments rdaing the Gaussan
vaiables A, B, C, and D and are defined in (4.19). The probability dengty function of the

individua branches can be computed by integrating out the dependence of the opposite
variable on the joint probability dengty function asfollows
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¥ -
\ r 512
fr (1) = Ofre, (r,12)dr, =—5e ? n3o
i ' (4.43)
¥\ r _2;2 2
fR2 (rz) = OleRz(rl’rZ)dr]_ :s 22 e 2 r2 30
0 2

The outcome of the above integrals describe the distribution of the individua branch
sgnasfr,(r1) and fr,(r2). Theresults of both probability density functions are Rayleigh
distributed as expected. The Statistics of both recelved envelopes are aso independent of
the variablesa and b which are the cross-corrdations of the components of the received

sgnds Thisresult isintuitive since the functions fr, (r1) and fr,(r2) describe the

properties of r; and r» individudly independent of one another. The average branch
power, or variance, is the second moment of the probability density function. The
average signd envelope, E[ R 2], and variance, E[ Ry.»%] , can be computed from the

envelope digributions given in (4.43) which yields

E[R]=r,= :lele(rl)drl = Esl

, (4.44)
E[R?]= .2 (), = 25

amilaly for branch 2

_ ¥
E[R,] =1, = ¢y, fr, ()0, = \/gs ,
0

) (4.45)
E[R?]= &5, fay(r)ar, = 25,2

The equations given in (4.44) and (4.45) relate the mean and the second moment (average

power) of the received envelopesry and r; to the Gaussian auto-correlations or variances
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(s1%2 and s,?). Theremaining statistic to be determined is how the Gaussian cross and

auto correations relate to the envelope correlation of the received sgnals. This
relationship will be derived in the following section.

4.2.2.2 Envelope Correlation (r)

The envelope corrdation, r , is defined as the expected vaue of the demeaned varigblesr;

and r» over the square root of the product of the individua envel ope variances as follows

I (P

Vel - nf - )

E[r1r2.] - ?[’l]E[r.z] ]

) \/(E_rl I- E[rl]z)(E.zz.' E[rz]z)

N

=

The overbar over the variablesry and r; represents the mean as defined in (4.44) and
(4.45). All expectationsin (4.46) have been derived previoudy except for the correlation

of ry and r2 (E[r,1,]). Thejoint expected value of both variablesis defined as

¥¥
E[rlrz] = &’JZ far, (1, 1,)drdr,
00

and can be computed by integrating the function

¥y 2.2 Y k2522 2 2 A
E[rr ]_ x nr e 2(slzs22-az-b2)Ezrl etz ]I ée nrya” +b gdr dr
lZ_m(stz_az_bz) O(st z_az_b2)+1 2
00\>192 8 192 g

To smplify the notation, the following variables will be used in place of some of the

congtants
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H=sj,"-a’-b”’

(4.49)
J=4a’+b?
so that equation (4.48) can be re-written in smplified form as
¥¥ 2 2 1
N -—s 2 n%+s r,° J
Elrr,] = q0*2e g ! Bl O«i dr, (4.50)
oo H e H

The solution of avariation of the ingde integra of (4.50) can found in the table of
integrasgivenin [4]. Theintegra shown in (4.50) can be re-written in the same form as
the integrd givenin [4] by performing the following change of variableson ry:

X=r7, g—rx =2r, (4.51)

re-writing (4.50) in terms of the new variable x produces the integral

Elrr,] = Oz_e e ]O&e 2H" ]Iofeg%gdxdr2 (4.52)
P

The solution of the ingde integrd asfound in [4] taken with respect to the varidble x is
given by

"2e™1, (2evx )dx_%“;”—l]/rz)e ey . g‘;—zg (4.53)

Re(m+n+1/2)>0

¥
N
o« °
0

Where I2n(- ) isthe modified Bessd function of order 2n; (- ) isthe gamma function, and
findly M.mn(+) isthe Whittaker function. The values of the variablesh, e, m and n, given
in (4.53), correspond for theintegra of interest, givenin (4.52), to
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hzsz, e:rz‘], m=1 n=0 (4.54)
2H 2H

From the above equdities, it can be seen that the congraint given in (4.53) over which
the solution of integrd isvdid is stisfied for the integrd givenin (4.52) and therefore
the correlation between the variables r; and r» reduces to the solution of asingleintegra

over thevariabler, asfallows

¥ 2H Afae 2J2 e
Elr, rz]— rG(§é)e 2rtt g7 e*s s M loger 0 -drz (4.55)

Js ,°Gl1) 2Hs

The aboveintegrad can be solved by introducing the auxiliary varigble y and performing
the following change of variables:

r,2 02 dy _ J%,
2Hs ) dr, Hs,’

y= (4.56)

Theintegra (4.55) can be written as a function of the new variable y reducing the integra
to the following form

gsys,” 5,2 1u
Elrr.] = %/T) T Ly (457)

As before, the solution of the above integrd can be found in integrd tables of [4] and is
given by

st ch n+3/2) : .2 0
003 M, (t)dt = (]/2+S)h+n+3/2 §+n+3/2,- m+n +1/2;n "‘lm; (4.58)
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Re(h + m+3/2) >0,Re(s) > %

where M.mn(+) isthe Whittaker function, (- ) is the gamma function, and F(I,m;n;0) is
the hypergeometric function as defined in (4.63) and [4]. From (4.58), the values of the
vaiablesh, n, m and s given equate for the integra of interest in (4.57) to

2
SlSZ
= JZ

1
- (4.59)

The congraint over which the solution of theintegra in (4.58) are valid is satidfied and
using the following results of the gamma function

Gy =1, G(%) = \E (4.60)

reducestheintegrd in (4.57) to

E[rr ]:(512822-8.2- bz)zp F% §.l.az+b29
1z 2(S 2% 2)% 2’2 812822 6
1952

(4.61)

The above equation relates the correlation between both received signa envelopesto
their respective Gaussan corrdations. The above result is evaluated in terms of the
hypergeometric function which has a solution that is not commonly found in ordinary
tables or computer programs. (4.61) can be re-written as afunction of the more reedily
available dliptic integral by noting that equation (4.61) can be manipulated using
equations found in [4] to produce the equivadent result
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The hypergeometric function from [4] is the solution of the integrd
F(h.e;9,2)= dg) 69'1(1- ) (1- t2) "ot (4.63)
while the complete dliptic integrd of the second kind given in [4] is expressed as
E(k) = ———=dx (4.64)

The complete dliptic integra of the second kind and the hypergeometric function as can
be seen from (4.64) and (4.63) are related by the equation

1
FEZ,ZLH
e 2

N

= pﬁ (/) (4.65)

As asde note, the definition of the complete dliptic integra of the second kind is
expressed somewhat differently in some references from the one given in (4.64). The
modulus of the expression in the brackets of the dliptic integrd is sometimes the varigble
k? instead of just k. For consistency, the definition of the dliptic integral used in this
report isgiven in (4.64).

Finaly, subgtituting (4.65) into (4.62) produces the joint expected vaue of both received
envelopes, E[ r1r2] , asafunction of the complete dliptic integra of the second kind or

sls,2+\/a2+b2 p

E[rlrz]:(slsz+1/a2+b2k§(a2+b2)l s 829 (4.66)
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The envelope correlation between the varigblesr; and r» isgiven in (4.46). Subdituting
thisresult and (4.44), (4.45), and (4.66) into the equation of envelope corrdation givenin
(4.46) results in the following expression for r in a Rayleigh fading channe

r= E[rlrz]' (p/2)S S
$S,(2-p/2)

(4.67)
The evelope correlation, r , isa parameter that is extensvely used in literature that

involve measurement results. Most papers that perform theoretical analys's, on the other

hand, express the probability distributionsin terms of the power envelope correlaion (r p)
because this variable is easily computed theoreticdly. For completeness, the power

envelope correlaion for the joint correlated Rayleigh channd is derived next.

4.2.2.3 Power Envelope Correlation (r p)

The definition of the power envelope correlaion is Smilar to the envelope corrdation
given in (4.46) except that the correlation is performed on r1? and r,? instead of the
variablesry and ro. The definition of r p isthe following:

(rlz " ?szz " I‘2_2)|
\/Egrlz ) rl_z)z gEér; ' rz_z)zﬁ (4.68)
E[rlzrzzl- E[rlz]E[rzzl

TR R T e T)

The expected value of r12 and r,? are given in (4.44) and (4.45) and the fourth moment of
the probability density function, E[r1.2*], can be computed by integrating the weighted

E

re=

probability dengity functionsof r, and r, asfollows
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ElR]= g (), =85

v (4.69)
E[R24] = . fg (r,)dr, =8s "
0
The term that has not been evaduated in equation (4.68) is the joint envelope squared
correaion of ry and r, that can be computed by eva uating the double integral
el (‘x‘yf g, (1), (470
where fr;r,(r1,r2) isgivenin (4.42). Evauating the above equation using theintegration
tablesgivenin [4] yidds
E[rlzrzzj = 4(a 2+b%+s,’s 22) (4.71)

Subgtituting the equations given in (4.69), (4.71), (4.44), and (4.45) into (4.68) resultsin
an power envelope correlation given by

_a’+b?
P 2 2
S1S,

(4.72)

As can be seen from the above equation, the expression for the power envelope
correlation is smpler than that of the envelope correlation. Thisis the reason most
theoretica work is expressed in terms of thisvariable. Thevariablesr p and r as can be
seen from (4.72) and (4.67) are rdlated by the equation

1/4 0

(1 \/_) «/_g-plz

r 473
2 p/2 (4.73)
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were E(- ) isthe complete dliptic integral of the second kind as defined in (4.64). The
following section will summarize the results derived in this chapter and present some
examplejoint probability dendity functionsof r; and r».

4.3 Summary of Resultsand Examples

In this chapter, the joint probability dendty function of two Rayleigh correlated and
unbalanced signals was developed. The distribution of fr;r,(r1,r2) asafunction of the

power envelope correlation, r p, isgiven by

1 22,22 n
n e et 0
0 - '
5128 22(1' r P) 85 1S 2(1' r P)b

re<l, rq,r230

leRz (r,r,) =

The envelope correlation r for the corresponding value of r p can be computed using
(4.73).

All the expressonsgiven in thisthessareafunctionof a,b,s ,, and s ,. Thevariables

S, and s, , asshownin (4.44) and (4.45), determine the average power of channd 1 and
2 respectively. The random variable Ry has a second moment of 2s > while the average

power of Ry is 2s ,%. Thecrosscorrdationsa and b (defined in 4.19) corrdlate the
ggndsr; and r, and can be chosen arbitrarily to produce any given envelope corrdation

(r ) asdescribed by (4.66) and (4.67). There are no conditionsset ona or b , only that
they in combination produce a given envelope corrdaion. The expressonsin this paper
aregivenasafunctionof a and b for completeness but both variables can be set equd

to each other to reduce the complexity of al the andytica expressons by onevarigble. It
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should aso be noted that the envelope correlation (r ) does not uniquely describe the
rel ationships between both received signds because thereis alarge (infinite) combinetion
of a and b that produce the same equivadent envelope correlation (r ) as can be seen

from (4.66) and (4.72).

The shape of the joint probability density function of Ry and Ry, fr;r,(r1,2), varies
ggnificantly with the envelope corrdation coefficient r . In al cases, the margind
probability density functions, fr, (r1) and fr,(r2) as defined in (4.43), remain the same
regardless of the correlation between both branches. Figure 4.2 shows both the margind
and joint probability density functions when both received sgnals are uncorrdlated. For

example purposes, branch 1 has an average power of 2 while the second branch has an
average power of 4.5. That correspondsto

El_R12J: 12 —
E[Rzz] =2,"=45 (4.75)
r=rp=

Asacontragt, Figure 4.3 shows both the margind and joint probability density functions
for an envelope correation of 0.8. As before, branch 1 and branch 2 have average

powers of 2 and 4.5 respectively. This correspondsto

E[r?|=2s,2 =2

E[Rj] =25," =45 (4.76)
r =0.8

r, =0.8189
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PDF of Rayleigh 1 (R, ) (A Pw=2)
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Figure 4.2 Joint probability densty function of R; and R, and their margind

probabilities for an envelope correlaion of zero.

From Figure 4.2 and 4.3 it can be seen that the amplitude of fr;r,(r1,r2) approaches

infinity as the envelope correlation approaches unity. In order to maintain the required
volume of unity, the function compressesitsdalf dong aline with adopethat is the ratio
of both average branch powers (asr approaches 1). Both branches are completely

corrdatedwhen s ’s ,> =a 2 + b ? ascan be seen from (4.67). For partialy correlated

sgnds a? + b ? will dwaysbelessthan s ,’s ,°.
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PDF of Rayleigh 1 (R, ) (A Pw=2)
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Figure 4.3 Joint probability dendty function of Ry and R, and their margind
probabilities for an envelope correation of 0.8.

In the following chapter, the joint probability dengty function in (4.74) will be used to
evauate the performance of atwo-branch sdection diversty system for the Rayleigh
channedl. The probability dengity function of the Sgnd-to-noise ratio after selection
divergty will be derived next as a means to establish a norm to compare improvement

between diversty combining agorithms.
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Chapter 5

Two-Branch Selection Diversity In a Rayleigh

Channd

In this chapter, the probability dengity function of the SNR after two-branch selection
diversity is developed for the correlated and unbal anced Rayleigh channel. In the
previous chapter, the joint probability density function of both received signas was
derived as afunction of envelope correlation and average branch power. The process of
sdection diversty will be gpplied to the joint envelope ditribution to arrive at the
probability dendty function of the output SNR.

The probability dengity function of the SNR for adua sdection diversity system has aso
been andlyzed in [3] and [4]. In both cases, the result has been left in integrd form. In
this chapter, an expression for the SNR will be given that does not require numerica

integration
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5.1 Introduction

A two-branch sdlection diversity system was discussed in Chapter 3 and isshown in
Figure 3.1. This sysem has an ingtantaneous output voltage Sgna-to-noise rétio givenin
(3.5) and repeated here

NR, = [NR,, :%max(rl,rz) (5.1)

To reduce the number of variables in the equations, the noise power N can be st to unity.

N I

This operation is equivaent to replacing N = SNR, by riand N =SNR, by ra.

The SNR,; and SNR,, are the branch voltage signdl-to-noise ratios defined in (3.4).
Asaso noted in Chapter 3, the distributions of SNR,, and r1 (SNR, and r2) have pdfs

with the same shape except they differ in variance because the constant N in generd is
not aways unity. The output voltage Sgna-to-noise ratio after sdection combining,
SNRy, with N set to 1 can be computed from (5.11) to give

o = SNR, = max (r,, 1, ) (5.2)

The voltage Sgnd-to-noise ratio provides a direct comparison metric between measured
and theoretica gatigtics since both are functions of the received envelope instead of the
received envelope squared. The probability dendty function for both the SNR, and the
S\R- after sdlection combining will be developed in the Sections 5.2 and 5.3,
respectivey. The digtributions of both these Sgnd-to-noise ratios are related by asmple
transformation function.

SNR,

As noted earlier, the envelopesr; and r» over dl events are random variables and at any
given time have adigtribution described by the Rayleigh probability densty function
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(4.43). Thedigribution of the voltage signal-to-noise ratio after sdlection diversity,
NR, therefore depends on the distributions of r, and 2 and their correlation.

5.2 Probability Density Function of the SNRy¢

The probability densgity function of the voltage SNR after sdection diversity with N set to
unity will be derived in this section. As mentioned in section 5.1, the Sgnd to noiseratio
asafunction of N can dways be computed from this expresson by performing a change
of variables of the form

(5.3)

whichwill be carried out at the end of this section. The reason, as explained in Chapter
3, for deriving the result for anoise power of unity isto find a distribution that directly
relaesto what is done with measurement data. The combining agorithm is gpplied to
measured envelope data, instead of SNR, and the performance improvement is evaluated
asafunction of again parameter. Improvement is determined by comparing the
digribution of Sgnd-to-noise ratio after combining to that of asingle branch system.
Thegan (i.e. diversity gain which is discussed in Chapter 8) parameter of an equivalent
system when combining is gpplied to only the envelopes is the same asthe SNR gain
when both branches have equa noise power as was discussed in Chapter 3. Since only
the relative and not the actud SNIR is required, this performance metric does not require
computing the noise power of the diversity branches.
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The output of a selection diversty system has a sgna-to-noise retio equad to that of the
strongest branch. The output SNIR of the sdection combiner will be that of branch 1
when this branch has the highest sgnd to noise ratio of both branches. Under these
conditions, the second branch has an SNR less than or equal to that of branch 1.
Asauming equal branch powers (so the branch with the largest envelopeis dso the branch
with the largest SNIR), when the envelope of the signd at the output of the combiner is
the vaue s it can be concluded that the enveloper; isdso thevauesand r; islessthan
or equa tos. Thisevent corresponds to the line labeled 11 on Figure 5.1. The second
dternative is when the sgnd-to-noise ratio of branch 2 islarger that that of branch 1.
The output Sgna envelope will be swhenr, iss and ry can possibly be any vadue less
than or equd to s. Thelinel, in Figure 5.1 reflects the second possibility. Hence, any
joint event of r1 and r;, that liesaong thelines |, and I in Figure 5.1 will produce an
output envelope from the selection diversty system of s.

<—|1

L >
=S M1

Figure5.1. Vduesof r; and r» that produce an envelope vaue of s at the output of the

sdection combiner.

The digtribution of the frequency of occurrence given an event r; and r, is described by
the joint probability dendity function fr,r,(r'1, I2) (4.42). The event that the envelope after

the selection combiner isavaues, isthe sum (or integrd) of dl the eventsover r; andr,

that produce s a the output. This corresponds to the integration of fr,r,(r1, r2) dong the
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lines described in Figure 5.1. This new probability dengty function, fs(s), describes the
distribution of the output envelope s and is derived from the digtribution of r; and ra.
Mathematicdly, this process can be written as

fo(8) = Of (12|, OF, + Ofiee, (11| _ (5.4)
0 0

fs(9)=1,+1,

where I, and |, correspond to the integras along the 11 and I line respectively in figure
5.1. Theintegrd |1 after substituting (4.42) into (5.4) can be expanded as

1 e
S B O I

S -
N S 4 2s %5 ,2-a%-b?) =
L=0 2 e %1%z 1, r
2 2 2 2 0 2 2 2 2y =2
08,8, -a"-b") 8(5132 -a 'b)[a

A solution of the aboveintegrd canfoundin [1]. Theintegra shownin (5.5) can bere-
written in the same form as the integrd given in [1] by performing the following change

of variableson r,:

s, 9 s,

j: ,— =
V26 5,7 -a%-b?) *dr, V2555, -a%-b?)

(5.6)

which produces an equivdent integrd in terms of the varidble |

) 1 [stz]—ssl .
S 2S z_az__z 2 Slzszz_az_ 2 .
I Aeisa b)'e'JZI 892 sya?+b?] Qd. -
1- 2 o) J o¢ 2, 2 2 2 2 B 6.7
S1 0 e\/Zsl(slsz-a -b%) g




The solution of thisintegra asfound in [1] taken with repect to the variable t isgiven by

e 1, (2r tht = e2 (- 3(xy)) (5.8)

J(%, %) :%[1+e'leo(2x)] forh =1

h*l (x) for h<1

Qow

I(xy)=e "

=

=0

h*1,(x) for h>1

Qox

J(x,y) =1- e &)

=
1l

1

where the congtants x, h, y, and x are described by

1

h=8% x=b?y=r? (5.9)
exg

1

x = 2(xy)z,

Additiondly, theintegrd 1, hasasmilar foom asl; in (5.5) and isgiven by

S S

%5 2.52.p2) L i 1 2 2 ;

s BT S e @ wateb? O (5.10)

2 2 2 2 PNLOJ! 0 2.2 2 2y 1 )
6.8, -a"-b%), 8(5152'3 'b)g

and hence its solution can aso be computed from (5.8).

Thefind resultsfor the probaility dengty function of fg(s) is the summétion of the terms
involving the integras 11 and 1. By subgtituting the vaues of the integras of interest in
(5.7) and (5.10) for the congtants in (5.9) givesrise to the following distribution of the
SNR a the output of the selection combiner for anoise power of unity:
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§? s?

S 52 S 5=
fs(s) :S_Ze = [1' ‘Jl(xllyl)]+s—2e = [1' Jz(X2’Y2)] s3 0,r,<1 (511
1 2

. _ _ 1 2%,
ifh, =1x, =Y, 31, (X %,) = E[1+e 2%, I0(2x1‘2)]
: Gt 8 K
if hLZ <1 ‘]1,2(X1,2' yLz) =g hethe a h1,2 Ik(x)
k=0
) ¥
if h1,2 >1 J12(X12,Y12) =1- g () 5 hl,2-k|k(x)
k=1
2T 2 Mt ooz et o KT @r.)
Sy, 1S, (1-rp) 25, (1-r15p) SiSo\-Tp

r p isthe power envelope correlation given in (4.72) and describes the relationship
between the Rayleigh signals. The corresponding vaue of the envelope corrdation, r ,
can be computed from (4.73). The function fs(s) in (5.11) describes the distribution of
SNRyg/n=1 and is valid for envelope and power envelope correlations less than unity. As

can be seen from (5.11), when r1 and r» are perfectly correated (r p=r =1) the variables x,
X, and y become infinite and the above equation is no longer valid. Under the specid

case when both envelope signalsr; and r, are perfectly correlated, both antennas receive
envelopes that peak and fade at the sametime. In aselection diversity system, the

receiver picks the branch with the largest received envel ope which under the assumption

of completely corrdated signas corresponds to the branch with the largest average
envelope power. Thefg(s) for the specia case when r p=r =1 becomes

SZ

fo(9) =——— e 2™ gagyp =r =1 (5.12)

This representation is equivaent to connecting the branch with the largest average power

directly to thereceiver at dl times.
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As mentioned earlier, f5(s) describes the probability density function of the output SNRy
of the selection combiner with the noise power set to unity (SNRyg|n=1). Thedistribution

of swasderived from ry and r, usng the reaionship

s=NR,

Ne1 \]SNRPS Na max(rlfrz) (5.13)

For completeness, the distribution of the output SNR, after sdlection diversity asa
function of the noise power N (fs, (Sn)) can be found from fs(s) by applying the following

change of variables

Sy = S\NR, :%max(rl,rz) = LNS (5.14)

The variables sy and s are related by the multiplicative congtart L . From probability

JIN
theory [2] it iswdll known that the distribution of sy can be found by performing asmple
exchange of variables of the form

fo, (sy) =N fs(VNs,) (5.15)

to arrive at the distribution of the output voltage Sgnd-to-noiseratio givenin (5.1).

Since performing the above subgtitution istrivid, the result of the didtribution of the
output voltage sgnd-to-noiseratio for an arbitrary vaue of N will not be performed here.
In the following section, the distribution of the power signa-to-noise ratio at the output

of the two-branch sdection diversity system will be developed.
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5.3 Probability Density Function of the SNRp

The power sgnd-to-noise ratio (SNRp) as defined in Chapter 3 isthe voltage sgnd-to-

noise ratio squared or
NR, = NR,? (5.16)

Asareminder, the SNRp, is defined in Chapter 3 astheratio of signa power to noise
power. In this section, the digtribution of the SNR» at the output of the selection

combiner will be derived for a noise power of unity. Thisvariable zis equivdent to

Y

The digtribution of the variable s was developed in the previous section and as can be

)2 = max (rl2 : rzz): s? (5.17)

SIN=1

seen from the above equation, z can be computed by squaring the variable s.
Probabiligticaly, the probability density function of z, f(2), can be computed from the
digribution of s, f5(s), through a smple transformation [2]. The probability density
function of sisgivenin (5.11) and (5.12) and the distribution of z can be computed from

f,(2)= f (J’)+ fo(-4/2) (5.18)

J_ 2z °

Since the probability density of sis zero for al vauesless than zero, the second term of

the above equation is zero reducing (5.18) to

f,(2) =—= fs(\[2) (5.19)

J’
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Performing the substitution of (5.11) into (5.19), resultsin the probability of SNReg|n-=1
described by the variable z and is given by

1 %y 1 %7
f,(2) = € ! [1' Jl(xllyl)]-l- > € > [1' Jz(xzsyz)] z3 0r, <1(5.20)
25 | 2,
I - e 1 -2X%
If h1,2 _l X1,2 - y1,2 Jl,z (X1,21 X12) = E[l'l'e ' |0(2X1,2)]
. )0
if hLZ <1 ‘Jl,2(X1,2’ yl,z) =g ™ y”)a h1,2k|k(x)
k=0
if h1,2 >1 Ji2(X12,Y12) =1- g (uthe) : hl,2-k|k(x)
k=1
h1,2 =w’ )&2 :ZZS+’ ylzzzzr—P1X:#
S 2sys, (1-1p) 2s,, (1-r1p) SlsZ(l_ rF’)

and when both branches are perfectly corrdated the probability density function of zis
described by

z

1 e_zmex(sf,sZZ) z30r =r,=1 (5.21)

f, (9= 2mex(s 1215 22)

The above reaults, (5.20) and (5.21), are vaid for the specia case when N is1. However,
the distribution of the output Sgnd-to-noiseratio for an arbitrary value of noise power is
an important theoretica result. For completeness, the digtribution of the output SNRe

after selection diversity as afunction of the noise power N (fz,(zv)) can be found from

fz(2) by applying the following change of varidbles

Zy = NR, :—max(rlz,rzz): —z (5.22)
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The variables zy and z are related by the multiplicative constant % . From probability

theory [2] it iswel known that the digtribution of zy can be found by performing asmple
exchange of variables of the form

f2,(24)= Nf,(Nz,) (5.23)

to arrive at the digtribution of the output power Sgna-to-noiseratio givenin (5.22). The
digtribution of the output voltage signd-to-noiseratio for an arbitrary value of N can be
computed from (5.20) and (5.21) by replacing z by N'zy and multiplying the resultant
digtribution by N.

Thefollowing section examines some examples of the cumulative distributions after
selection combining to give an gppreciaion of how enveope corrdation affects the
performance of a selection diversty system.

5.4 Selection Diversity Example

The performance of the sdlection diversity system depends greetly on the branch
envelope correation as will be seen in the following example. Examining the cumulative
digtribution function before and after combining gives an idea on how much
improvement can be achieved through diversity combining. What is epecidly important
in communication systemsiis to decrease the occurrence of low received sgnd levels
because it is during these ingtances that the message is most likely demodulated
incorrectly. Theimprovement at the lower ends of the CDF curve from before to after
combining is therefore especidly important. The following example showsthe
cumulative digtribution function of the SNIRy of both Rayleigh branches and the
digtribution of the voltage signd-to-noiseratio at the output of the selection combiner
with anoise power st to unity.
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The vauesfor the average power of r1 and r, and the correlation are the same as the one

used in the example given in relationship with Figure 4.3. Thevalues are given in (4.76)

and are repeated here as
21 2 _
El?|=2s.2=2
21 _ 2 _
E[r2 ]_ 2s,°=45 (5.24)
r =0.8(r , =0.8189)
o CDF Before and After Selection Combining (" =0,0.8)
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Figure 5.2 Cumulative digribution function of r4, r,, and sfor an envelope
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Figure 5.2 shows an example cumulative distribution function after maximd retio
combining for an average branch power of 2 for the first branch and 4.5 for the second
branch and an envelope correlation of 0.8. The CDF curve that would result from a
sdection diversty combining for uncorrelated branches isincluded for comparison in
Figure 5.2. The cumulative didtribution function sgnificantly degrades as the envelope
correlation approaches unity, the CDF curve after selection diversity approaches the
digtribution of the largest branch asr gpproaches unity. This effect is aso demonstrated
by equation (5.12).

The following chapter examines the performance a two-branch maxima ratio combiner.
The probability dengty function of the Sgna to noise ratio after maximd retio
combining will be developed for the Rayleigh fading channd.
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Chapter 6

Two-Branch Maximal Ratio Combining In a

Rayleigh Channel

In this chapter, the probability density function of the SNR after two-branch maximal
ratio combining will be developed for the corrdated and unbaanced Rayleigh channdl.
From the joint probability density function of both received sgnas developed in Chapter
4 the didribution of the SNR, and SNR» after maxima ratio combining will be derived as

afunction of correlation and average branch power.

Maximd ratio combining for the correlated and unba anced Rayleigh fading channd

have aso been consdered in [3-6]. All resultsin [3-6] are expressed as afunction of
power envelope corrdation, r p. The envelope correlation, r, can be computed from r p
by usng (4.73). In[7] and [8], an expression for the probability density function after
maxima ratio combining is presented as afunction of the eigen vaues of the correaion
meatrix.
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6.1 Introduction

The two-branch maxima ratio combiner was andyzed in Chapter 3. Figure 3.2 shows a
block diagram of the combining scheme which has an instantaneous output voltage
ggna-to-noise ratio given by (3.15) as

R, =[S, =i+ (6.)

Asin the previous chapter, the didribution of the Sgnal-to-noise ratio for a noise power

of unity will be devdoped firdt. This probability dengty function with N set to 1 can be
used directly as a comparison metric between theoretica and experimentd results. The
combining agorithm, when evauaing adiversty system, is gpplied to the extracted
envelope data, instead of SNR, and the performance is eva uated as a function of again
parameter. Diversity gain (see Chapter 8) depends only on the distribution of rq and
and their corrdation (and not on N) for equal noise powersin the branches. Oncethe
digtribution for a unity noise power is derived, the distribution for an arbitrary noise

power can be computed by performing atrivia subgtitution of variables (6.23) and (6.35).

6.2 Digtribution of the SNRy,,

6.2.1 Probability Density Function of the SNRy,,

The probability dengty function of the voltage SNIR after maximal ratio combining with
N =t to unity will be derived in this section. The variable m describes this function and
isdefined as
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m=3NR,

N=1 = \/SNRPM

= r7+r, (62

N=1

Geometricdly, atwo-branch maxima ratio combining system has an output voltage
sggna-to-noiseratio equd to that of the hypotenuse of aright triangle with the individud
branch SNR, on each side. For anoise power of unity, the sdes of the triangle
correspond to the envelopesry and ro. Hence, dl combinations of r, and r; thet liedong
the quarter circlein Figure 6.1 produce an output value of m after maximd ratio
combining for anoise power of unity. The likelihood of &l possble eventsof r1 and r
that in combination produce a vaue m determines the probability density function fy(m).
To arive a the digtribution fy(m) requires summing, or integrating, the probability

dengity of dl joint eventsr; and r» that generate m.

r,=msnf ---- -

—_— f >
r,=mcosf r,

Figure 6.1. Vduesof r; and r» that produce avaue m a the output of the maxima ratio

combiner.

Thisintegration is quite involved in the Cartesan coordinate system because it involves
integrating fr, r,('1,r2) (Which is afunction of an exponentia and a Bessdl function) dong
the contours of a quarter circle. An dternative and equivaent method isto perform a
change of variablesinto them and f  gpace through the use of the Jacobian as was dorein
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Chapter 4 and described in[1]. Thistransformation is equivaent to evauating the
integration in the origina space but by using this procedure it crestes a probability
dengty function which is not only afunction of the variablem but dso f . Since only the
digribution of misof interes, the variable f can beintegrated out of the joint dengty

function to develop an expression for fy(m).

Thevariablesr, and r, can be written as afunction of the variablesf and m as can be

seen from Figure 6.1 asfollows

r, = mcosf
. (6.3
r, =msanf
The above equations satisfy (6.2). As mentioned earlier, the new probability density
function fme (M,f ), which contains the varigble of interest m, can be derived from
fryr,(r1,12) Using a Jacobian which is defined as
LA
~ cosf - manf
j=|Im T8 = mcos’f +msn2f =m (6.4)
r, 9r,| |dnf  mcosf
Iim 9f

Making use of the Jacobian, the probakility dendty function of fye(m,f) can be computed
by direct subgtitution into the equation

fue (MF) = [3]fog, (1r,) (65)

which produces the joint probability density function
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_ m3cosf snf _(—st 7 bZ[S 2n? codf +512m25|n2f] a.nz cosf snf 'a + b2 0 (6 6)
fMF (mf)_ 2 2 2 2 >
s, s, -a‘-b gssz-a-b

ﬂ

m2 0

The dependence of the above digtribution on f is of no interest to the problem at hand and
can be integrated out. The above distribution can be put into aform that can be more
readily integrated with respect to the varigblef asfollows

€ 5 5 5, m-s,’m’ s,’nf-s’m’
f (mf)= m® sin 2 . z(slzszz%az_b S Sl > OSZfU am’sinX Ja?+b2 9 (6.7)
MR 2(512522-a2- bz) 82(5 s,’-a%-b )g

which was computed using the trigonometric identities

. 1.
9N XCOS X =—9n 2X
Ll (6.8)
cos® X = §(1+ C0S2X)

The digribution given in (6.7) isafunction of two random variablesf and m but only the
probability dendty of the latter is of interest. The margind probability dengty function
of just the variable m can be computed by integrating out the dependence of the variable

f onfyr(Mf). Thevaiadlef rangesfrom O to % as can be seen from Figure 6.1, 0

thisintegra can be mathematicdly written as

%
fu (M) = Of e (MF )df (6.9)

Subdtituting the joint probability givenin (6.7) into the above equation produces the
integrd to
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% et et @myegn 2 a’ +b? O
f(m) =0 fsn e 25,5 2-a%-b2)g 2 i G of (6.10)
m (M) Qgﬁ 082(5123 22-a2-b2)5

1 é s ,°m?-s ’m?u
3 i € 2,2, 52 m Y

2
Q: m e Ztslzszz'az'bz)glm
2&12322- a?- bZ)

a

where the function Q is a constant with respect to the variable f . The solution of the
above integra can be achieved by gpplying the following change of variableson f .

u = cos 2f

d—u:-25'n2f
df

dgn X =+,/1- cos® X , over theinterval
of interest, sin 2f =+/1- u?

(6.11)

The motivation for performing this subdtitution isto transform the integrd in aform that

can be more readily found in an integrd table. The function (6.10) can be re-writtenin
terms of the variable u in the following manner

1 1 & ,’m?-s,°m?
N\

. a 2./ 2 2 2 8
2%12522-a2-b2)§ 2 ‘JE an 1'U a +b 0

fu (m) =2

H
=
[olele)
N
.
N
(72}
N
N
1
QD
N
1
(ep
SN —1
i
—~
o
[N
LS

The solution of the above equation can be found in [2] under the integra

1

& 1ol Jac= (o 2 A oI

-1

(6.13)
a>0,b30,0ras 0,b>0

The above result requires that both the constants b and a be positive and if one of them is

zero, the other should be larger than zero. For theintegral in question, (6.12), these
constants equate to
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Szzmz_ 812m2 m? /az +b?2 (6.14)

4(812822-8.2- bz)’ bzz&fszz-az- b2)

a=

By ingpection, the value of b will dways be larger or equd to zero. Thevariablea, on

the other hand will be nonnegative only when the average branch power of branch 2 is
larger or equal to the average power in branch 1 (S22 s1?). Hence, based on the values of
a and b, the solution will only be vaid for an arbitrary correlation when branch 2 islarger
than branch 1 (2s 22> 2s 1?), or under the specia case when the average powers are equal
(2s ,°=2s 1?), the correlation between both branches has to be nonzero for (6.13) to apply.
The previous statements guarantee that a and b are not zero at the same time and that a
aways be non-negative. From (6.13), it can be seen if these two provisions are not met,
the equation (6.13) will be sngular and therefore not vaid.

After saverd dgebraic manipulations, usng the vaues of a and b givenin (6.14) results
in the following equationfor the probability dendity function of m at the output of the

maximd ratio combiner

g 2 2)
-4:12255122152r ) € m21l(522—512)2+4512522rp mZJ(szz—slz)z+4slzszer u
me 132" W-re A - 3 : ,
fM (m) = - ge 45 %5 (11 p) -e 4s,% 2 (1) 3(615)
\/(322'312) +4512322rp g H

m3 O;r,,r <1

fors, 3 s, exceptwhenboth,s, =s, anda =b =0 (r =r, =0)

As dated earlier, (6.15) isvdidfor s, £s, aslongasboth a and b arenot equal to
zero (r =r, =0). Forthecasewhen a and b areboth zero, the average power in

branch 2 must exceed the power in branch 1 for (6.15) to apply. The above equation does
not account for the case when both received signals are uncorrelated and have the same
average power (a=b=01n (6.14)). If both average branch powers are equd,

S =s,=s,,anduncorrdlated, a =b =0, (6.10) smplifiesto
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A % 3. . 3 m?
fo (M) = Ofe (MF)df = 1 an . M o (6.16)
0

0

m2 0

vdidfors; =s,=s anda =b =0 (r =r, =0)

The above equation for the probability densty function of sgnd m at the output of the
maximal ratio combiner isvdid only for equa branch powersthat are completely
uncorrelated. Both equations presented above, (6.15) and (6.16), are not applicable when
branches are completely corrdated. So findly, under the specid case when both

branches are perfectly corrdated (r =r p=1), the varidble r; can be represented as
r=S,r (6.17)

werer hasa probability dengty function fr(r) given by

2

f(r)=re 2 r30 (6.18)

The probability density function of the variabler, as described by (6.17), fg, (r1), can be

found to match the digtribution given in (4.43) after performing the necessary
transformation of variables. \When both branches are perfectly corrdated, the received
envelopes peak and fade a the same time. This meansthat the envelopesr, and ro have

the same underlying random variable but can possibly differ in amplitude because s 1 and
S, arenot necessarily equa. Consequently ro can dso be expressed as afunction of r
when both branches are perfectly correlated as

r, =S,r (6.19)
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wherer isdescribed by (6.18). Aswith fg, (r1), it can be shown, thet the definition in
(6.19) il produces the probability density function fg,(r2) given by (4.43). Forr =1, the

vaiablem givenin (6.2) can bere-writtenas

m,_, = \/rl2 +r,° =\/(slr)2 +(s ,r)? = \/s Z+s°r (6.20)

The above equation of m isa scaed version of the varigble r and therefore has asimilar
shape as the underlying variable fr(r). The probability of m for perfectly correlated

branches becomes

mZ

M 2 ppoandr =r, =1 (6.21)

f (M=
M= e 7es )

which can be evaluated in asimilar fashion as (6.17) and (6.19). The above equations
describe the probability density function of the variable m a the output of the maximd
ratio combiner for dl combinations of envelope correlation and average branch powers.
For completeness, the distribution of the output SNRy after maxima ratio combining asa
function of the noise power N (f, (M) can be found from fy(m) by applying the

falowing change of variables
m, = S\R, = /SR, =ﬁ1/rf ) :%m 6.22)

The variadbles my and m are related by the multiplicative constant L . From probability

JIN
theory [1] it iswell known that the digtribution of my can be found by performing an
exchange of variables of the form

fu (my)=+Nf,, (VNm,) (6.23)
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to arrive a the digtribution of the output voltage sgnd-to-noiseratio for an arbitrary
vaueof N defined by (6.22). This subgtitution is easily computed from the probability
dengity function of m. In the following section, the cumulative distribution function of
the voltage signd-to-noise retio will be derived a the output of the two- branch maximd

ratio combiner.

6.2.2 Cumulative Distribution Function of the SNRy,,

In probability theory, the cumulative distribution function (CDF) is defined as the
probability that an occurred event is below or equa to agiven vaue. It isreated to the
probability dengty function in the following manner

Fy (M) = r:‘)fM (X)dx (6.24)

In the previous section, the probability density function of m was derived for dl possible
combinations of average branch powers and corraion. The resulting three equations
were valid over different intervals and should therefore be integrated separately. These
equations are given listed under (6.15), (6.16), and (6.21). Integrating the first equation
of fm(m) given in (6.15) as described in (6.24) resultsin the cumulative digtribution
function

é sz(522-512)2+4512522r,, u
2 (s 2+s ,2) é 5520, ae‘/( 2 2)2 2 2 2 2,0 0
e'Asfs}u-:p) & R < | PRt +45 °s,’r, +(s,°+s, )E 4(6.25)
Fy (m)=1- é a
2 2 )2 2, 2 é mzzlg 2.5 2f 445 % 2 u
Z\I(SZ ! ) TA.S e g - PR Pa‘%‘/( ’ 2)2 s ’ )%
8+e g S, -5,7) +4s,s,°r - (s, +sz)a§I

m3 O;r,r,<1

fors, 3 s, exceptwhenboth,s,=s,anda =b =0 (r =r, =0)
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which isvadid over the same conditions as (6.15). This result was computed by
performing a change of variables prior to integration. Integration by parts can be used to
compute the cumulaive digtribution function of fyy(m) givenin (6.16) whichisvdid

when both average branch powers are equal and a the same time are uncorrdlated. The
resulting Fy(m) corresponding to the probability dengity function given in (6.16)
becomes

2

%7 P 0, vdidfors ,=s,=s ada =b =0(r = 0)(6.26)
%]

Fy (M) =1- gai"' ZrSnzz

And findly, the cumulative distribution function for perfectly correlated sgnds produces

acumulative digtribution given by

m2

F, (M) =1- e 27 mpoand r =r »=1 (6.27)

An example of the application of (6.25), (6.26), and (6.27) will be given in section 6.4.
These cumulative digtribution functions will dso be used in Chapter 8 where

comparisons between measured and theoretical data are made.

6.3 Probability Density Function of the SNRp,,

The power sgnd-to-noiseratio isa useful distribution because this varidble is
proportiond to the symbol energy to noiseratio (Es/No) in flat fading channd. From the
digtribution of Es/No, the average probability of symbol error for digitd modulations can
be determined aswill be seen in Chapter 7. The power sgna-to-noiseratio (S\NR») as
defined in Chapter 3 isthe voltage Sgnd-to-noise ratio squared or

NR, = NR (6.28)
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The SNRs is defined astheratio of signal power to noise power. Aswas donein Section
6.2, the SNRe & the output of the maxima ratio combiner will be derived for anoise
power of unity. Thisvaridbley isequivdent to

)2 =1+ =m? (6.29)

y=SR, | =(S\WR,

N=1

The variable y can be computed by squaring the random variable m. Thisisasmilar
problem to the one that was dready addressed in section 5.3. The probability density
function of misgivenin (6.15), (6.16), and (6.21) and didtribution of y can be found by
using the trandformation given in (5.19). fy(y) can be computed from

£, (y) =$ £ (JY) (6.30)

Replacing (6.15) into (6.30), resultsin the probability of SNRe, |n=1 described by the
vaiabley and is given by

2 2
e‘zyl(zi:;%% g yJ(s 22—512):+4512322rp ) y«](szz-sf)z+4slzs 2T 8
fY (y) = - ée 4s,% (11 p) -e 4s,% ,%(1-1p) 0(631)
2 2 2 2 ~ P
2\/(sz-sl)+4slszrpg z
y3 Orp,r <1

fors, % s, exceptwhenboth,s, =s,anda =b =0 (r =r, =0)

and isvadlid for correlated Sgnas when branch 2 has an average power that islarger or
equal to that of branch 1. Inthe case both sgnasare uncorrdated (a = b =0), the

average power in branch 2 must exceed the power in branch 1 for (6.31) to apply. When
both branches are at the same time uncorrelated and have equa average branch powers,
fy(y) is determined by subgtituting (6.16) into (6.30) which produces
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y o
fy(y) = s C > (6.32)

y2 0

vdidfors, =s,=s anda =b =0 (r =r, =0)

Findly by plugging (6.21) in (6.30), the probability density function fy(y) becomes

y

fY(y) — > e_2(512+322) yv0andr =r o =1 (6.33)

2 2
(S, +s,)

when both branches are perfectly correlated. The variable y describes the distribution of
the output SNR» for anoise power of unity. In generd, the noise power is not dways
unity and the digtribution for an arbitrary vaue of N iseasly computed from fy(y). The
digtribution of the output SNRe after maximal ratio combining as a function of the noise
power N (fv,(yn)) can be found from f\(y) by applying the following change of variables

Yy = SNR :%(rl2 +r22):%y (6.34)

The variablesyy and y are rdated by the multiplicative congtant % . Asdonein section

5.3, the digtribution of yy can be found by performing a subgtitution of variables of the

form

fy, (Y ) = Nf, (Nyy ) (6.35)

to arrive at the didtribution of the output power signa-to-noise ratio given in equation
(6.34). Performing the above subgtitution is straightforward so the expression of the
digtribution of yn will not be evaluated here.
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The following section examines the cumulative digtribution after maxima retio

combining for the same example described in Section 4.3.
6.4 Maximal Ratio Combining Example

The performance of the maxima ratio combiner in the Rayleigh channd depends grestly
on the branch envelope correlation and average branch power imbalance. The
improvementsin the cumulaive digtribution function before and after combining gives

an idea on how much gain can be achieved by using this combining dgorithm. The
following example shows the cumulative disiribution function of the SNRy of both
Rayleigh branches and the didtribution of the voltage sgnd-to-noiseratio at the output of
the maximal ratio combiner for a noise power of unity.

The valuesfor the average power of r; and r, and the correlation are the same as the ones
used in the example given in rdationship with Figure 4.3. The following vaues were

used for the example

|=2s
E[rj] =25,"=45 (6.36)
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CDF Before and After Maximal Ratio Combining (r=0,0.8)
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Figure 6.2 Cumulative didtribution function of r1, rz, and m for an envelope correation
of 0.8and 0.

In Figure 6.2, the individua Rayleigh branch signas defined in (4.43) are plotted with

the distribution at the output of the maximal ratio combiner, Fy(m), for uncorrelated
branches and an envelope correlation of 0.8 as described by (6.25). The average branch
powers of both sgnas are given in (6.36). Maximd ratio combining will dways
outperform selection diversty a both ingantaneoudy level and in the datistical sense,
This result can be observed by comparing the curvesin Figures 5.2 and 6.2 which
compare both diversity combining schemes under the same conditions. The curves
represent the digtribution of the voltage sgnd-to-noiseratio for anoise power of 1. If the
vaue of the noise power N was known, dl curves would just shift to the left or right by
the same amount depending on the value of N. The horizonta distance separating dl four
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curves in Figure 6.2 are unaffected by the value of N and hence the diversity gain

(Chapter 8) will remain the same.
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Chapter 7

Perfor mance of Coherent BPSK and QPSK in a
Rayleigh Channel with a Two Branch Diversity

Maximal Ratio Combiner

The previous chapters analyzed the performance of diversity combining on narrowband
sgndsin aRayleigh fading channd. The analysis was performed with the assumptions
that the message contained only a single frequency tone. In this chapter the narrowband
results derived in the Chapters 4-6 will be extended to encompass wideband sgndsfor
dow channds that have aflat frequency response over the bandwidth of the message.

7.1 Introduction

The performance of two digital modulation schemes will be evauated in this chapter for
aflat and dow fading channd. The symboal error rate of coherent BPSK (Binary Phase
Shift Keying) and coherent QPSK (Quadrature Phase Shift Keying) will be derived for a
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two-branch maximd ratio combiner in a corrdated and unbaanced Rayleigh channdl.
Both these digital modulation schemes are heavily used in present wirdess
communication networks and their performance in the Rayleigh channel can be evaluated
andyticdly.

Section 7.2 examines the channd modd for which the average symbol error probabilities
will be derived. In Section 7.3, the symbal error rate of QPSK and BPSK will be related
to the envelope digtribution of the received sgnal. The performance of both these digital
modulations will also be examined in this section for a single branch antenna system. In
Sections 7.4, an exact expression for the average symbol error rate of BPSK and QPSK
after two-branch maxima ratio combining will be developed.

7.2 Channel model

As mentioned in Chapter 2, the antenna receives asgna that is a superposition of severd
versons of the transmitted Sgnal thet arrive at the receiver with different time delays. In
generd, these channels can introduce flat or frequency selective fading. A flat fading
channd occurs when dl the frequency components of the sgnd of interest are equaly
affected in amplitude by the channel and only alinear phase over frequency is

introduced. A flat fading channe trandates into an environment in which the multipath
components arrive at the receiver at gpproximately the same time (tp). The resultant sum
of al the multipath components can be expressed as follows in the time domain

r(t) = éL. as(t- o) =s(t- to)éL. a =as(t- t) (7.1)

i=1 i=1
o
aa=a

i=1

and in the frequency domain as
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s(t) U S(f), r(t) =as(t- t,) 0 R(f) =aS(f )e 2" (7.2)

a; are the complex weights associated with each multipath component and a  represents
the digtribution of the amplitude and phase of the received Sgnd which isaresult of the
addition of multiplereflections. If dl g are equdly distributed and large in number, the
resulting a is Rayleigh distributed as was shown in Chapter 3. The instantaneous value
of a determines the ingantaneous amplitude of the received symbol regardiess of the
bandwidth of the message as long as the channd isflat. From the spectra representation
of r(t) in (7.2) one can see that dl frequency components of the signa of interest (s(t)) are
affected equaly in amplitude by the channd (they are dl scded by a ) and have alinear
phase. According to the discussionsin Chapter 2, thistype of channel introduces flat
fading. A frequency sdective channd, on the other hand, has multipath components that
do not arrive at the receiver a the sametime. These types of channdls require
equaization to combat inter-symbol-interference before diversity can be applied to
increase the Sgna-to-noise ratio. The expressions presented here for the symbol error
probability were al derived under the assumptions of aflat and dow fading channd. A
channdl is dow fading when the channd has not changed during the arriva of a
transmitted symbol. This means that there are no notable amplitude and phase
modulations on the symbol arising from the time varying nature of the channel. Hence,
the channd varies dowly compared to the symbol datarate.

7.3 Symbol Error Rate of Coherent QPSK and BPSK in the
Rayleigh Channd

The optimum recelver in the presence of additive white Gaussian noise has been
extensvely andyzed in textbooks [1]. This section gives areview of the symbol error
probabilities of coherent BPSK and QPSK in the presence of AWGN. From these
results, the average probabilities of symbol error are derived for both modulationsin the
Rayleigh channd. An example of amaximum likelihood receiver for QPSK isshown in
Figure 7.1.
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QPSK Maximum
Likelihood Demodulator

_____________________________________

T, g
Input () - o ‘ [ E Decisi
. Decision
Signal Ts, ole ||
hy(1) | A2 ‘ i

Figure 7.1 Optimd receiver for QPSK in the presence of AWGN

The recaiver conssts of two matched filters, hy and h,, which are matched to the in-phase
and quadrature components of the received signa. The receiver makes a decision of what
symbol was transmitted based on the region where d; and d, fals on the congdlation
diagram. Theregions are picked in away that the symbol error probability is minimized.
The probability of symbol error, Peawcn, in the presence of AWGN is usualy expressed
asafunction of theratio E¢/No which isameasure of Sgnd to noiserétio. Esisthe
average symbol energy and 2 Ny is the variance of the Gaussian noise. A BPSK sgnd
can only take on one of two possible vaues, so for this modulation, the symbol error
probability and the bit error probability can be used interchangesbly and the symbol
energy Esisequd to the bit energy Ep. The probability of symbol error, P, for an
AWGN channel usng an optima coherent BPSK receiver is given by [1]

. ae/2E 0 88’2E 0
Pawenspsc = Q(é - = Q(é K i (7.3)
NO 1] \ NO a
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were Q isthe Q-function. QPSK, on the other had, has four digtinct levels and hence
each symbol can be represented by two bits. The symbol energy isrelated to the bit

energy in the following manner

E, = 2E, (7.4)

Equivaently, the probability of symbol error for coherent QPSK in an additive white

Gaussan noisefor agiven EJ/Np ratio isgivenin [1] as

e — % ES 9 é % Es g;lz
Pawengrsc = 2Q N B- gQ N E.lj (7.5)
0 0

In afading channd, Es (the energy of the symboal) is arandom variable proportiondly
digtributed to the envelope squared. Similarly, the ratio E4/No is proportional to the power
ggnd to noiseratio in achannd that is frequency non-sdective. E/Ng and the SNR» are
related by a constant and therefore have digtributions that have the same underlying shape
but possibly differ in the variances.

Since the only difference between the digtributions of E¢/No and SNRe- (or SNRp|n=1) IS
the variance, there exist avalue s such that the digtribution of SNRs is equivaent the
desired digtribution of E4/Ng. Assuming that thevadueof s that makes both of these
distributions equd is known, the probability of error for BPSK and QPSK can be

rewritten as

P:WGN,BPSK :Q(‘@)1 P:WGN,QPSK = ZQ(‘/;)' [Q(‘/;)]z (7.6)

where fx(x) describes the probability densty function of the varigble x (or ES/Nop) and is
equd to the distribution of the SNR» (with N set to 1) for agiven vaues. If fx(x)
describes the random variable E/Ny, the average ES/No can be computed by evauating
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the first moment of the distribution. When dl symbals are equaly likely, E, /N,
becomes

E _ ¥
= =x= Oxfy (X)dx (7.7)
NO 0

The above isagenerd result that applies for both QPSK and BPSK. The distribution of
the envelope of both diversity branchesis assumed to be Rayleigh distributed. This
means that the SNRVL2 for anoise power of unity is described by the probability density
function given in (4.43). For the Rayleigh channd, fx(X) isthe didribution of the SNRe
with a noise power et to unity which can be found to be

X

1 o7 (7.8)

fx(x)zzsz

from Chapters 5 and 6. As stated earlier, because of the proportiondity that exists
between E/Np and SNR», there exigsavaue s that will make both of these digtributions
equa. The average EJ/No a each Rayleigh branch using (7.7) for the fx(x) givenin (7.8)
evauatesto

&E, 0 >

éN—+ =25, (7.9
0 ﬂBranchl,z
The average probability of symbol error for the fading channel, P®, can be computed by
averaging Peawcn over dl possible vaues the probability density of x (or ES/No) can take.
This average probability of error can be written as the integral

¥

P® = OPawen (¥ fx (x)dx (7.10)
0
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where P®anen is the probability of symbal error in additive white Gaussian noise givenin
(7.3) for BPSK and (7.5) for QPSK. When (7.3) and fx(x) in (7.8) are substituted into
equation (7.10), the result is the average symbol error probability of coherent BPSK ina
Rayleigh fading channd (which has aso been derived in [1]) can be integrated from

¥ ¥
e \pe N\ 1 N
PRaerighBPSK = Pawoners (X) 5 (X)dx = CP.(V ZX)ZS >€ ® dx (7.112)
0 0
Noting that the Q function can be written in terms of the error function as follows
11
Qlvzx)= - et (/%) (7.12)

and from [2], the integration of an exponentid and the error function (erf) over the limits
from O to ¥ isgiven by

& " etV :% /a%‘p \Re p,Re(p+a2)>0 (7.13)

0

Theresults given in (7.12) and (7.13) can be used to integrate (7.11) producing the
average symbol error of coherent BPSK in a Rayleigh channd which is given by

252
1+2s 2

(7.14)

e —
PRaerigh BPSK

1
2

N

Equivaently, the average symbol error of QPSK in the Rayleigh fading channd can dso
be computed from (7.10). The digtribution of fx(x) for the Rayleigh channd isgivenin
(7.8) and the probability of symbol error of QPSK isAWGN isgivenin (7.5). Theerror
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probability P in an AWGN channel can be averaged over the possible values E/No using
(7.10) aswas done for BPSK. The solution of the integral

X

v . P by 1 X
PsayleighQPSK = dDAWGN,QPSK(X) f o (X)dx = %Q(&)' Q(\/;) lélzs e ® dx (7.15)
0 0

will therefore result in the average symbol error of coherent QPSK in the Rayleigh
channd. From the relationship between the erf and the Q function given in (7.12) and the
integrd found in [2] as

z‘)a' " erf Z(a«/l— )dl _4a¢”

1
0 PSp/p+a’

arctan (7.16)

the solution of the integra given in (7.15) can be achieved. This process produces the
following expression for the average probability of symbol error of coherent QPSK for a
Raylegh channd

pe - NESEN < ey IS (7.17)
RayleighQPSK 4 W)éZ p +S ’ g |

The average E/No of QPSK isequd to that of BPSK and is given (7.9) because in both
cases the same probability dengty function fx(x) was used. In the following section, the
average symbol error rate of coherent QPSK and BPSK after two-branch maximd rétio
combining will be computed.
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7.4 Performance of Coherent QPSK and BPSK after Maximal
Ratio Combining for the Rayleigh Channd

7.4.1 Average EJ/Ny After Two-Branch Maximal Ratio Combining

The probability density function of the output SNR» for atwo branch maximd ratio
combining systemisgivenin (6.31), (6.32), and (6.33). These equations were derived for
the Rayleigh channd taking into account the possibility that both branches might be
correlated or have different average powers. Aswas noted in the previous section, the
SNR- and the E/Ny are proportiona to each other and therefore have probability density
functions that have the same shape. Aswas aso mentioned, there exisssavdue of s that
makes both distributions equal. The average E4/N after maximd ratio combining can be
found by solving (7.7) using the three versions of the SNR» that are vaid over different
intervas. Usng the equation for perfectly corrdated Sgnas givenin (6.33) fird,

produces the following average E/No

\

—_y
T - e 2(s 12+s 22) — 2(3 12 +s 22) (7.18)
éNo viax(r ) O E(S 12 +S 22)

&E, 0 ’ y

When the above procedure is repeated for the other two probability densgity functions,
(6.31) and (6.32) using atable of integrds such as [3] yidds the same result. The average
E4/No after maxima ratio combining can be found to be independent of correlaion and
dways
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The average EJ/No of QPSK is equdl to that of BPSK and both yield (7.19) becausein
both cases the same probability density function fx(x) is used to describe the distribution
of E/No. What is of interest isto find the improvement in average symbol error rate that
occurs in a Rayleigh channel when coherent BPSK or QPSK is used in the presence of a
maxima ratio combiner. With the assumptions of aflat and dow fading channd, the
derivations for the symbol error rate for coherent BPSK and coherent QPSK can be made
from the equations introduced in this and the previous chapters. These assumptions on
the channel assure that the sgnd is not affected by inter- symbol-interference and that the
modulation is preserved over the duration of the symbol. In diversity systems, the
demodulator works on the combined signa of both branches and hence the probability
dengity function over which the probability of error is averaged in (7.10) is the computed
pdf of the SNRs in section 6.3.

7.4.2 Aver age probability of Bit Error using Coherent BPSK

Congdering first the case of perfectly corrdated signal's between both branches and
BPSK modulation as described by the probability density function after maximal ratio
combining given in (6.33). Replacing (7.6) for P of BPSK and (6.33) for fx(x) into
(7.10) and solving

¥ Y

1 2. 2
P Max, = RW2y )———-¢e Asirsz) g 7.20
Max, BPSK gp( y)Z(S 12 +822) y (7.20)

resultsin the average symbol error probability of BPSK. The solution of the above
integra can be found by noting that thisintegrd is exactly the same asthe integrd in

(7.11) except that s2 in (7.11) isreplaced by s,%+s12. Hence the resuilt of (7.20) can be
directly inferred from (7.14) to yied

1 1] 2ds?+s,?)
pe ==-= A 2 Ly vdidfor r =r, =1 7.21
MaxBPSK ~ 2\/1+2(S12+522) P ( )
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when both branches are perfectly corrdated. Sometimes both branches may be partialy
correlated, the probability dendty function that describes this event isgivenin (6.31).
Thebit error rate for this case can be found by replacing fx(x) in (7.10) by the probability
dengty functionin (6.31). Using the relationship between Q and the error function given
in (7.12), amplifiestheintegra to

é _g{slzds 22)—‘”522-512,:45125 zzrpgx _§512+522)+1'E22-512 +4512522rpg>< L;I
& s1°8,%(Lrp) -e s1%5,(L1p) 3
¥é_ erf(«/;k s1%s,°(1-rp) +erf(‘\/;k s1%8,%(2-rp) ’
Riacersc = O —— - b (7.22)
0 4—\/(32-51)+4slszr,,

which can be solved by integrating each of the terms individualy with the aid of the
integra givenin (7.13). Findly, for partidly corrdated Sgnds, the average bit error rate
of coherent BPSK after maximal ratio combining reduces to

o :1_ §512+322)+'\/(522'312)2+4512522rpg @12_'_322)_'_’\/(522_312)2+4512522rp
Mekerse T2 6,2 -5,2f 44805 7r 1+ 2vs )y - 5,7 f was s r,  (7:29)
+§f512+322)_ \/( , =S f+4$ Ser' (512"'322)- \/(522_512)2_'_4812322“3

4’\/(52 =S, )2"'45152 Mp +(512+522)' '\/@22' 512)2+4512522rp

vdidfor r,r, <1,

for s 3 s 1 except when both, s1=s, anda=b=0 (r p=r =0)

The above equation will only be valid for an arbitrary correlation when branch 2 islarger
than branch 1 (2s %> 2s 1?), or under the specia case when the average powers are equal
(2s ,°=2s 1?), the correlation between both branches has to be nonzero for (7.23) to apply.
The didribution of the Sgnal-to-noise ratio when both branches are uncorrelated and

have the same average received power is given in Chapter 6 (6.31). Repesting the
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procedure described by (7.10) on the probability density function of the SNR» givenin
(6.31), results in the average probability of bit error of BPSK vaid for r =0 and
Ss1=s>=s. The Q function when replaced by the equivdent error function relationship
(7.12) and expanded produces the equation

X X

¥ xe =° - xerf (\/;)e 2

0
0 &4

dx (7.24)

e —
PMaX,BPSK -

whos solution is the average bit error of BPSK after two-branch maxima ratio combining
for balanced and uncorrelated branches. The second term in the above integra can be
solved my using aresult found in the integral table [2]. The answer can be derived
through differentiation and evaluates to

O<erf (J_)e Pdx = «/—g S(pp +2:)%9 Re p, Re(p+a ) 0 (7.25)

Findly, by combining both (7.25) and (7.24) produces an equation for the average
symbol error rate for BPSK after maximd ratio combining for uncorrelated and balanced

branches.

V28 +4s )H
4 (1+25 )3/2g

vdidfors ,=s,=s anda =b =0 (r =r, =0)

(7.26)

:

e
PMB.X,BPSK

1
2

@@

In the following section, expressions for the average symbol error of QPSK will be
developed after two-branch maximd ratio combining for the Rayleigh channd.

120



7.4.3 Average probability of Symbol Error using Coherent QPSK

The average probability of symbol error for QPSK can be evauated in asmilar fashion
as was described in the previous section for BPSK. The three expression of symbol error
rate that will be developed are valid for different combinations of correlation and average
power of the branches. As mentioned before, (7.10) appliesfor QPSK asit did for
BPSK. The probability of symbol error for conerent QPSK in an additive white Gaussian
noise channd is given by (7.5). Hence, the average probability of symbol error after
maxima ratio combining can be found by integrating

¥
Pl\jax,QPSK = dD:WGN,QPSK (y) f, (y)dx (7.27)
0

where fy(y) isthe probability dendty function described by (6.31), (6.32) and (6.33). The
pdf fy(y) describes the digtribution of E4/No. For perfectly correlated branches, the
digribution of the Sgnd-to-noiseratio isgiven in (6.33). When (6.33) is subdtituted into
(7.27) an integrd is produced with the same characteristics as was dready examined in
(7.15). The average probability of symbol error of QPSK for r =1 can be found by noting
that theintegral of interest istheintegral in (7.15) with s 2 replaced by s »?+s1%. Hence
the average symbol error of QPSK after two-branch maxima ratio combining can be
directly inferred to give

s 2+s,” €1
8- + —arctan

+s, +s,)g2 P 1+s  +s,

e
PMax,QSPK

Nl w

u
u (7.28)
H
vdidforr =r, =1
When both branches are partialy correlated and unbaanced, the probability density

function in (6.31) describes the signd-to-noise ratio digtribution at the output of the

maxima ratio combiner. As before, the symbol error rate for this event can be found by
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replacing fv(y) in (7.27) by the probability dengity function givenin (6.31). Asan
intermediate result in the process of finding the average probability of symbol error, the
integrd can be smplified to

é §522+52)»\1(52 -s, )+4512s222x g(s22*'512)*\'(522'312)2+451252ngL)
L 2 Y

g§_ %erfglgg_ lerfzgieg%ge 5,5 2 (1 1p) ) e' 4s 25 (L 1 p) u
L& o 4 ar u
Piaxorsc = O L > Vv . de(729)
0 2\/(sz-sl)+4slszrp

which can be congtructed by using the equation that relates the erf and the Q function in
(7.12). The solution of the individua terms of the above integral have aready been

gated in (7.13) and (7.16). Using (7.13) and (7.16) to solve the equation in (7.29) yields
the average symboal error rate of QPSK after maximal ratio combining

gafsf+szz)+\]$22-sz)z+45 2szzrpg%ge Iafsf+sf)+\léf-s ) +as 75,7, O
gg +3arctan g 2
? 2+sz+s 2 + 2 +4s %5 %y P v2+(512+522)+4%22' 12) +as s,

1 1 2 P
4"1% )2+4S LA e a% +s ) s, }+4st ’r O;/Ee ’afs +s, -s2f+as s r,
+ arctan
—JZ+ +s, w]%z -5, )2+4s S, p g “2+51 +S, ) \Iéiz =Sy )2+4S S, 3
vdidfor r,r, <1 (7.30)

_3.
4

e
PMax‘QPSK

8o QII- 4l |o:

f N N N o eN=N=N=2

fors, 3 s, exceptwhenboth,s , =s, anda =b =0 (r =r, =0)

for partidly corrdated Rayleigh diversity branches. Repesating the procedure described
by (7.27) on the probability density function of the SNR» givenin (6.32), resultsin the
average probability of symbol error of QPSK for uncorrelated and balanced branches.
The Q function when replaced by the equivaent error function relationship (7.12)
reducestheintegra to

N |-

2(x0 1 _ ,&[x 00
erf —;-—erfg I
25 4 27

e _x ﬂﬂ
Max,opsk — O zs dx (7.31)
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The firgt term can be integrated by parts while the second term of the above equation can
be solved from the result given in (7.25). The remaining third term can be solved from
equationsgivenin[2]. Thethird integrd in (7.31) can be solved by usng the following
relationship

y . .
Oxe ™ ef Z(J&)dx: 2\/52 3p+22/2 arctan |—>— + Ja E
; pp &p(p+a) Vp+a (p+2a)p+a)g

Rer ,Re(p+2a2)>0 (7.32)

Applying the results form (7.25) and (7.32) to the integrd (7.31) gives the solution for the
symbol error rated of QPSK after maxima ratio combining for uncorrelated and equa
branch powers. Thefind result after the gppropriate substitutions produces a symbol

error rate of
3 @ 2 U 2
l\iax,QPSK = §' 38+—253,2éL+EaI‘Ctan S > l:|' S > > (733)
4 ai+s2fg p 1+s’g p{+2s°fi+s?)

vaidfors ,=s,=s anda =b =0 (r =r, =0)

In Sections 7.4.2 and 7.4.3, the average probability of symbol error after two-branch
maximal ratio combining using QPSK or BPSK were developed. The equations (7.21),
(7.23), and (7.26) represent the bit error rate of BPSK after diversity combining for a
Rayleigh channel. The average probability of symbol error for QPSK for the same
system and channdl are given in the equations (7.28), (7.30), and (7.33). To get anidea
how symbal error rate for these two modulations perform as a function of average E4/No
of the branches and corrdation, the following section examines some numerical results.
The results after diversity combining are dso compared to the performance of asingle

antenna recaver in a Rayleigh fading channd.
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7.5 Example of the Performance of QPSK and BPSK after
Two-Branch Maximal Ratio Combining

Figures 7.2 and 7.3 show plots of the equations of the average probability of symbol error
for coherent BPSK for envelope corrdlations r =0 and r =1, respectively. Thetwo
abscissa axes are the average Ep/No of theindividud Rayleigh fading Sgnds. The
meshed surface is the probability of bit error after maxima ratio combining as described
by the equations (7.21), (7.23), and (7.26). The solid lines bound the surface describing
the performance of a single Rayleigh fading branch as described by (7.14), i.e. before

combining.

Bit Errar Probability for BRPSK for a Z-Branch Maximal Ratio Combiner (p=0)

L

Bit Error Rate (BEER)
] ]
£ = =
[p] ] ] (%]

=
=

Ay, Eb/Mo of Branch 1, dB

Avy. Eb/MNo of Branch 2, dB

Figure 7.2 Average probahility of bit error of aBPSK signa after (lower surface) and
before (upper solid lines) two-branch maximal ratio combining for uncorrelated branches,

as afunction of average E,/No vauesin both branches.
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Bit Errar Probability for BFSK for a 2-Branch Maximal Ratio Combiner (p=1)

il

o (o]
g = ] =
m ka2 (a3} (5 )

Bit Error Rate (BER)

o
=N

Avy. Eb/Mo of Branch 1, dB

Awvg. Eb/MNo of Branch 2, dB

Figure 7.3 Average probahility of bit error of aBPSK signa after (lower surface) and
before (upper solid lines) two-branch maximd ratio combining for perfectly correlated

branches, as afunction of average E,/No in both branches.

The average symbol error probabilitiesfor al other corrdationsfal between the results

shown in Figure 7.2 and Figure 7.3. For comparison purposes, when E, /N, =-5dB in

both branches, the average probability of error for r =1 isBER=0.1888 whilefor r =0

the bit error rate is BER=0.1618. These two vaues are a 9gnificant improvement over a

sangle Rayleigh fading branch that produces an average bit error rate of BER=0.2549 for
an average Ep/No of -5 dB. The average En/Np a the output of the maximd ratio is
amply the sum of the separate branches as seen from (7.19). As expected, when the

branch correlation goes up the bit error rate increases. Asthe power in both branches
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approaches zero, the bit error rate approaches ¥2 which is expected for antipodal
modulation scheme.

Figures 7.4 and 7.5 show the symbol error rate for coherent QPSK for the envelope
corrdations r =0 and r =1. Thetwo abscissa axes are the average EJ/Ny of each
branch. The mesh describes the average probability of symbol error of coherent QPSK
after two-branch maxima ratio combining givenin (7.28), (7.30), and (7.33). Thetwo
solid lines on the faces of the graph show the performance of QPSK in the presence of

only asingle Rayleigh fading branch (7.17).

Aarg. Symbol Error Probability for QP 3K for a 2-Branch Maximal Ratio Combiner (p=0)

B B R A a2
W = mm

Gl
[

Symbal Error Rate (SER)

Awy. EsfMo of Branch 1, dB

Awvg. EsfMo of Branch 2, dB

Figure 7.4 Average probability of symbol error of a QPSK signd after (lower surface)
and before (upper solid lines) two-branch maximd ratio combining for uncorrelated

branches, as a function of average E4/Ny vauesin both branches.
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Avg. Symbol Error Probability for QPSK for a 2-Branch Maximal Ratio Combiner (p=1)

ER)
o0 2 o o O
W = tm om

o

Symbol Error Rate (3

Avy. EsfMo of Branch 1, dB

Avg. Es/Mo of Branch 2, dB

Figure 7.5 Average probability of symbol error of a QPSK signd after (lower surface)
and before (upper solid lines) two-branch maxima ratio combining for perfectly
correlated branches, as afunction of average EJ/Np vaues in both branches.

An average value of E4/No equd to —5 dB in both branches yields an average symbol
error of SER=0.4094 for r = 0 and SER=0.4338for r =1. The peformancesfor other
envelope corrdations under the same conditions lie between the results presented in

Figures 7.4 and 7.5. A single Rayleigh branch naturdly performs worse than the
maximal ratio combiner and yields asymbol error rate of SER=0.5236 when using

coherent QPSK withan E,/N, =-5dB. The average E4/No & the output of the maximal
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ratio combiner is aso the sum of the average ES/Ny of both branches as given by (7.19).
Asthe power in both branches approaches zero, the average symbol error rate of QPSK
approaches ¥awhich isaresult that is expected for a4 symbol equa power modulation
scheme. The trandation from symbol error rate to bit error rate depends on how the bits
are assgned to each symbol and cannot be derived without this knowledge.

In the following chapter, Satistics from measurements taken with a two- branch diversity
system in a Rayleigh channe will be compared to the cumulative distribution functions
of the SNRe a the output of a selection and maxima ratio diversity sysem.
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Chapter 8

Comparison of Theory to Measurements

To this point, this report has developed a theoretical framework for modding the
datigtics of antenna diversity in a Rayleigh channdl. The results can be used directly for
modding and Smulaion However, vaidation is anecessary next step. In this chapter,
the theory is validated through experimentation. This chapter uses experimenta data
from a measurement campaign that investigates antenna diversity in handheld devicesto
verify that the theory properly predicts measurements.

In this chapter, the theoretica probability density function after sdection and maximal
ratio combining, derived in Chapters 5 and 6, will be compared to measured data of a
two-branch diversity system in a Rayleigh fading channel. The diversty combining
agorithm, aswould be normdly done in practice, is gpplied to the time domain
waveforms of both branch sgnas. The digtribution of the time combined sgnd will be
compared to the expected theoretical probability dendty function.
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8.1 Experiment Setup

The measurements presented in this report are from amuch larger measurement
campaign givenin [1]. Measurements were taken in an indoor non line of sght
environment with afour channe recaiver. The receiver conssted of four verticdly
polarized dipole antennas separated by spacings of 0.21 at afrequency of 2.05 GHz.
Figure 8.1 shows the receiver system with the four receive antennas and the vertically
transmitting dipole antenna that was broadcasting a constant tone. Measurements were

recorded continuoudy over a distance of approximately 60 m at waking speeds.

Dipoles
(Vertically Polarized)

s
I

Ant.1 Ant.2 Ant.3 Ant. 4

2l

/

Receiver
Dipole Transmitting a
continuous wave at 2.05 GHz |
(Vertically Polarized)

Transmitter

Figure 8.1 Diagram of the transmitter and the four channel receiver systlem
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The measurements were performed aong a halway on the 6™ floor in Whittemore Hall &
VirginiaTech. Figure 8.2 depicts the route that was taken in the environment under test.
The transmitter was located in aroom behind a closed door (labeled Tx in the Figure 8.2).
The plane of the antennas was digned perpendicular to the line of motion and dways
remained vertical as the receiver was carried along a path described by the dashed arrow.
The envelope of the sgnd was extracted during post processing on the computer for dl
four branches. Thelong term variation of the average received sgnd levelswas aso
removed during post processing. This ensures that only the statistics of the smdl scde
fading is left to ensure accurate Satistic comparison with theory.

|:| STELLTE
COMUNICATIONS LAB
&

S5IXTH FLOOR

Figure 8.2 Floor plan of the 6™ floor in Whittemore Hall were the measurements were
performed.

The performance of adiversty system depends on the difference in average branch
power, S0 the received signals during post processing are normalized to the mean of the
largest branch. The envelopes were found to be very much Rayleigh distributed as can be
seen from Figures 8.4 and 8.5.

The assumption that is being made on the measured envelope data is that the effects of

noise are negligible compared to received envelope. Thisisvaid sncein post
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processing most of the noise has been removed through filtering such that the recovered
envelopeis an exact representation. This, of course, is agood assumption for large levels
of r but for low levels, when the Sgnd isin afade for example, theese assumptions might
not be vaid. Hence by using this method, the CDF digtributions vaues for low sgnd
levelsare less accurate. But thisis a common method reported in literature and, as will

be seen, matches very well to theoretical expectations at the 10% leve.
8.2 Comparisons of Experimentsto Theory

The time average power of the individua branches after normaization was computed
from the sampled envelope data of dl four antennas. The second moment (or average
power) can be computed by performing the following operation on the sampled envelope
data

ar’w

r2(t) = S 81

The correlation between two time sampled signals can be computed by using the formula

& [r.o- nol.0- no)
r=—= - — (8.2)
\/é - @Wé o) O]

i=1 i=1

Both (8.1) and (8.2) have smilarities between their ensemble counterparts given in
(4.44,4.45) and (4.46) respectively. If the statistics gathered from atime signal are equa
to the ensemble gatistics, the Sgnd issaid to be ergodic. The assumptions of ergodicity
will be applied to the measured data. This means that the ensemble statistics given in
(4.44,4.45) and (4.46) can be evauated from the time varying behavior of the sgnds. If
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this postulation is correct, the theoretica statistics after combining, developed in
Chapters 5 and 6, should maich the Statitics of the time combined signdls.

The time average power of the individua branches after normalization was computed and
this value was used as the average power of the Rayleigh didtributed signd for that
branch in (4.44, and 4.45). Thetime average power of the envelopes at antenna 1, 2, 3,
and 4 are (using (8.1))

r’ =1.08=Hr,’]=2s
5_053 Er,?=2s ©3)
r,’ =0.78 = E[r,’] = 25
r2=112=FHr’ =25

and these vaues were used for the second moment of the Rayleigh probability dengity
functions. The average power between the branches varies between 0.53 and 1.12 (8.3)
even though dl channds have identicd antennas and are in the same scenario. The lower
average power measured by the two center eements compared to the outer dementsis
probably due to antenna coupling. The center elements are both surrounded by antennas
on both sides as opposed to just one for the outer elements. Closely spaced antennas can
have significant coupling, distorting the patterns and dtering impedance of the individud
eements. More information on antenna patterns affected by mutua coupling can be
foundin [1].

Additiondly, the performance of the combining agorithm depends on the corrdation
between the envelopesin the branches. The envelope correlations between two branches
were computed using (8.2) to be
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ro,=r,=0271
I =r,; =0.059
ra=r,=0071

(84)
r,=r, =0.051
r,, =r, =0.057
rs, =r,=0311
for dl branch combinations. The computed time envel ope correlation between signalsr
and r, was used as the probabilistic envelope corrdation r  definedin (4.46). At firdt,
selection combining was applied to the envel opes of the received signdsin thetime
domain. Two branches at atime were monitored and the largest envelope a agiven
instant was sdlected during post processing as described by the equation
(t) = max (1, (1), r, () (85)

The above process is modeed by the equation that corresponds to the SNRy (for anoise
power of unity) of a selection combining system givenin (5.2). The digtribution of the
sgnd s(t) in (8.5) achieved after time combining can be compared with an equivaent
random process which uses the correlation and average powers computed in (8.3) and
(8.4). If the random processis ergodic, both the distributions found through probabilistic
combining found in Chapter 5 and time combining should match. Figure 8.3, showsa
sngpshot of the received envelope at antenna 1 and antenna 4 as afunction of time. The
dashed line on the figure corresponds to the signd that would result after sdlection
combining is gpplied to both envelopes.
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Signals at Ant. 1 and 4 with Selection and Max Ratio Combining I =0.070814
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Figure 8.3 Snapshot of measured signa envelopes received at antenna 1 and 4 and the
resulting Sgnd after selection and maxima ratio combining for the recaiver

configuration in Figure 8.1 along the path described by Fig. 8.2 at 2.05 GHz,

Figure 8.3 shows a sngpshot of the received envelopes a antenna 1 and 4. For this case,
the average branch power at antenna 1 and antenna 4 is 1.08 and 1.12 respectively. The
correlation between both branches was computed in (8.4) to be 0.071. With this
information the theoretica probability dengty function can be constructed using (5.11)
that describes the digtribution of the SNIRy at the output of the sdlection combiner. The
data collected at antenna 1 and 4 can be used to congtruct the cumulative distribution
function of the collected datain both branches. The improvement of the combining
system can be gppreciated by andyzing the cumulative digtribution function of the time
combined signal developed from (8.5). Figure 8.4 shows both the measured and the
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theoretical cumulative digtribution functions congtructed by extracting r, s1, and s from
the time data

Measured and Predicted CDF Before and After Selection Combining (" =0.070814)
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Figure 8.4 Measured (based on datain Fig. 8.3) and theoreticd cumulative distribution

function for antenna 1 and 4 as seen in Figure 8.1 for sdlection combining.

Itisdear from Figure 8.4 that Sgnals are Rayleigh distributed because the theoretica
Rayleigh cumulative digtributions match the statistical behavior of both branches very
closdy. The expected cumulative distribution function of the combined sgna computed
from (5.11), which uses the measured envel ope correlation and average power of the
branches, is conastently within 1 dB of the distribution computed through time
combining. This means that the gatistics of a selection combiner in the Rayleigh channdl
can be predicted very well from the time envelope correlation and the individua average
branch powers using probability theory.
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As a second example, the process of two-branch selection combining can be repested for
sgnasrecaived a antennas 1 and 2. Using the correlations and average powersin (8.3)
and (8.4) for branch 1 and 2, a prediction can be made of the output cumulative
digtribution function using (6.25). Figure 8.5 shows the datistical distributions of
envelopes received at port 1, port 2 and of the time combined sgnd.

Measured and Predicted CDF Before and After Selection Combining (" =0.27064)
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Figure 8.5 Measured and theoretical cumulative digtribution function of the envelopes of

the signals recelved at antenna 1 and 2 as seen in Figure 8.1 for sdection combining.

Thetheoretica Rayleigh curves have been chosen to have the same average power asthe
measured envelope data and their CDF curve for r =0.271 fits the measured envelope
digributions very well. As before, both theoretica and time combined cumuletive

digtribution functions are within 1 dB of each other.
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The cumulative digtribution function of the SNR, (for a noise power of unity) at the
output of amaxima ratio combining for correlated and unbalanced Rayleigh channelsis
givenin (6.25), (6.26), and (6.27). In the time domain the combining dgorithm is

gpplied to the received envelopesin the following manner

0
10

m(t) = /1, "(0) +1," ()
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Figure 8.6 Measured (based on datain Fig. 8.3) and theoretical cumulative distribution

function for antenna 1 and 4 (as seen in Fgure 8.1) for maximd ratio combining.

Aswith sdection diversity, the distribution after time combining can be compared with

the equivaent probabilistic gpproach using the correlation and average branch powers
computed in (8.3) and (8.4). If ergodicity applies, both the distributions found through
probabilistic combining and time combining should match. Figure 8.6 showsthe

comparisons achieved by usng maxima ratio combining on the envel opes measured on
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antennas 1 and 4. As before both digtributions achieved theoreticaly and experimentaly
meatched very well.

Measured and Predicted CDF Before and After Max Ratio Combining (" =0.27064)
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Figure 8.7 Measured and theoretica cumulative distribution function of the envel opes of

the Sgnals recelved at antenna 1 and 2 as seen in Figure 8.1 for maximd ratio combining.

As a second example, the two-branch maximal ratio combining is repested for the
envelopes received at antennas 1 and 2. Using the correlations and average powersin
(8.3) and (8.4), atheoreticd cumulative digtribution function can be developed for the
maxima ratio combiner using (6.25). Figure 8.7 shows the Satistical distributions of the
envelopes received at branches 1 and 4 and the resulting CDF of the time combined
sggnd using thedgorithmin (8.6). The theoretical maximal ratio curvesfit the
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digtribution of measured digtributionswell. As before, the predicted cumulative
digribution function derived theoreticaly iswithin 1 dB of the digtribution that was

achieved from time combining.

The effect of the noise power N, as was stated in previous chapters, does not affect the
gan of the diveraty sysem. Introducing the effect of noise power will cause dl three
curvesto shift left or right by the same amount depending on the value of N but the
relative difference between the three curves would remain the same. The improvement
(in dB) between the didributions of the combined sgnd and the individua branches
therefore remains the same. The following section will define diversity gain in detail and

examine divergty gains extracted from extensve measurements found in literature.

8.3 Comparison of Theory to Measured Data Found in
Literature

Diverdity gain was introduced in Chapter 2 and will be examined in more detail in this
section. Diversity gainisaparameter used to quantify the performance of a diversity
system and is defined as the difference between the distribution of the output Sgnd after
diversty combining and the strongest branch for a given cumulaive distribution function.

The equation for diverdty gain can be written as

@c)?
Gy () = A— 8.7
P (905 @) 67
Fe(0c) = p
Fr @)= p
Fe, @) =p

where F¢(c), Fr,(r1), and Fg,(r2) arethe SNR, cumulative distribution functions (CDF)
of the combined sgnd, of branch 1, and of branch 2 respectively. p isthefractiond

percentage of occurrence at which the diversity gainisdesired. g,,9,,9. aethesgnd
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levels of the SNR, CDF s of the variablesr, r», and the combined signd, respectively,
that result in agiven fractiond occurrence p. To illudrate diversity gain usng Figure 5.2,
the cumulative distribution function of the sdlection combined signd a p=0.01 (the 1%
level or 99% rdiahility) is5 dB (Gp(.01)) higher than that of the largest branch at the
same p leve for an envelope correlation of 0.8. When branches are uncorrelated, Figure
5.2 shows adivergty gain of 8.6 dB at the 1% CDF level. Onthe CDF plots, diversity
gain isthe horizontd distance between the CDF curve after combining and that of the
grongest branch a agiven rdiability.

Diverdty gain isafunction of corrdation and power imbaance in the branches.

Figure 8.8 shows a three-dimengond plot relating diveraty gain (Gp) to the envelope
correlation (r ) and Sgnd imbaance (D) between the branches of two Rayleigh fading
sgnds after selection combining. Signd imbaance (Dy) is defined as

2

_ max( E[rlz]! E[rzz]) _ max(slz,s 2) (8.8)
min E[r,’] E[r,’])  min(s,’,s,’) |

M

which isthe ratio of the largest average branch power to the weakest average branch
power. Thediversty gain plot in Figure 8.8 shows the results at the 10% cumuletive
digribution level or 90% rdiability. The divergty gain was evaluated using the

probability dengty function given in (5.11) and (5.12) and from the definition of diversity
gan, Gp, givenin (8.7). From Figure 8.8, when both branches are uncorrelated and have
equa powers, adiversity gain of 5.57 dB can be achieved at the 10% level using

selection combining. Figure 8.8, dso gives an indication on how Gp varies with branch
power imbaance, Dy. Even when both sgnasr, and r, are completely uncorrelated, a
negligible gain is achieved from sdection diversity if a second branch is added with a
mean power that is 15 dB lower than that of the first branch.
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Selection Combining

Diversity Gain at 10% Level (Gp), dB

Diff. in Signal Levels (D,,), dB

Env. Correlation ()

Figure 8.8 Diversty gain of atwo-branch sdection diversity sysem in aRayleigh
channd as afunction of envelope correlation and power imbalance at the 10% leve
computed using the probability dengity functions for selection combining in Chapter 5.

In a paper written by Turkmani et d. [2], alarge number of measurements of atwo-
branch divergty system that uses selection, equd gain, and maxima retio combining
were made at afrequency of 1800 MHz. Datafrom over 900 measurements in urban,
suburban, rural, and motorways were used to arrive at an equation for divergity gain.
Turkamani et d. [2] produced an equation that best described the diversity gain at the
10% leve asafunction of branch power imbaance and envelope corrdation. The
diversity gain for the 10% levd &fter two-branch sdection diversity isgivenin [2] and
repeated here
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GD (10%) = 571e— 0.87r - 0.16Dy, (dB) (89)

Diversity Gain of Selection at 10% Level

Diversity Gain at 10% Level (Gp), dB

Diff. in Signal Levels (D,,), dB
Env. Correlation (')

Figure 8.9 Diversty gain of atwo-branch sdection diversty system as a function of
envelope correlation and power imbalance &t the 10% leve asgivenin[2] and (8.9).

Figure 8.9 shows a three-dimensona plot of the relationship between diverdity gain,
correlation, and difference in average branch power as described by (8.9). Even though
the measurements in [2] were performed in channels that were not necessarily

congtrained to Rayleigh, Figure 8.8 and Figure 8.9 show very good agreement. Using the
equations of selection diversty for the Rayleigh channd resultsin adiversty gain that
describes the average physical channds very well. A smilar result was observed when

the divergty gain of maxima ratio was computed for the 90% reiahility levd.

143



Maximal Ratio Combining

Diversity Gain at 10% Level (Gp), dB

Diff. in Signal Level (D), dB

Env. Correlation ()

Figure 8.10 Diversty gain of atwo-branch maxima ratio diversity sysemin aRayleigh
channd as afunction of envelope correlation and power imbalance at the 10% leve
computed using the cumulative digtribution function given in Chapter 6.

Figure 8.10 shows the attainable diversity gain (Gp), at the 10% leve, as afunction of
envelope corrdaion and sgna imbaance (D) between the branches after maxima ratio
combining for the Rayleigh channd. The cumulative digtributions of the sgnd to noise
ratio after maximd ratio combining given in (6.25), (6.26) and (6.27) were used to
produce Figure 8.10. When Rayleigh sgnasri and r, are uncorrdlated (r = 0) and are
of equal branch powers, adiversity gain of 7.03 dB can be achieved at the 10 % level
through maxima ratio combining. As opposed to selection combining, diversity gain can
be achieved usng maxima ratio combining even with r; and r, perfectly correlated

(r =1). For example, Figure 8.10 shows that for balanced branches a diversity gain of 3
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dB is attainable for perfectly corrdlated signals. Turkamani et d. dso presented in[2] an
equation that best describes the diversity gain at the 10% leve as afunction of branch
power imbaance and envelope correlation for amaximal ratio combiner. Measurements
in many different environments showed thet

G, (10%) = 7.14g %% - 0110w (48) (8.10)

best fits the diversity gain for two-branch maximd ratio combiner [2]. Figure 8.11
shows athree dimensond plot that relates diversity gain to envelope correlaion and
power imbaance. Figures 8.10 and 8.11 both show comparable gains from what was
predicted for the maximd ratio combiner in a Rayleigh channd to measured data.

Diversity Gain of Maximal Ratio at 10% Level

Diversity Gain at 10% Level (Gp), dB

Diff. in Signal Levels (D, ,, dB
Env. Correlation ()

Figure 8.11 Diversty gain of atwo-branch maximd ratio diversty sysem as afunction
of envelope correlation and power imbalance at the 10% leve asgivenin[2] and (8.10).
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Equal Gain Combining

Diversity Gain at 10% Level (Gp), dB

Diff. in Signal Level (D,,), dB

Env. Correlation ()

Figure 8.12 Diversty gain of atwo-branch equd gain diversty sysemin aRayleigh
channd as afunction of envelope correlaion and power imbaance a the 10% leve
computed numericaly.

Even though the equa gain combining equations have not been presented in thisthes's,

the diversty gain a the 10% level can be evauated numericdly. Theresultsare

presented here for completeness. The 10% diversity gain plot for equa gain combining

in atwo-branch Rayleigh fading channd is shown in Figure 8.12. The power imbaances
were evaluated from 0 to 25 dB in steps of 2.5 dB, and the envelope correlations were
evaluated for 0, 0.08, 0.16, 0.24, 0.32, 0.4, 0.48, 0.56, 0.64, 0.72, 0.8, 0.88, and 0.96. The
diverdty gain usng equa gain combining and uncorrelated sgnas drops from 6.44 dB

with balanced branchesto -1.79 dB when the differencesin signd power is 25 dB. From
Figure 8.12, it can be seen that using equa gain combining can actudly be worse than
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choosing the branch with the largest signd-to-noise retio for large differencesin sgnd
level (Dm). This can dso be observed at the instantaneous level when one branch has a
large sgnd while the other branch is faded as was discussed in Chapter 3. This could
lead to alower sgnd to noiseratio of the combined signa than at the largest branch.
Equd gain might not be a desirable combining technique for diversity branches that

experience large variations of power between branches.

Diversity Gain of Equal Gain at 10% Level

Diff. in Signal Levels (D, ,, dB
Env. Correlation ()

Figure 8.13 Diversty gan of atwo-branch equd gain diversty system as a function of
envelope corrdation and power imbalance at the 10% leve asgivenin [2] and (8.11).

Turkamani et d. dso presented in [2] an equation for the diversity gain at the 10% leve
asafunction of branch power imbalance and envelope correation for two-branch equa
gain combiner. Thisresult was computed by fitting divergty gains extracted from
measured datawhich resulted in the equation
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G, (10%) = - 8.98 +15.22¢ 020" - 004D () (8.11)

Figure 8.13 shows a plot of the function givenin (8.11). Thediversty gain plots at the
10% leve for equa gain combining computed for the Rayleigh channd follows the same
pattern and closdly match the results achieved from measurements by Turkmani et d. [2].
The measurements in [2] were probably not al Rayleigh fading which probably accounts
for the smal discrepancies. The performance degradation that is characteristic of equa
gain combining when both branches greatly vary in average power isdso evident in the

measured data

The diversty gain plots (Figures 8.8-8.13) show that there is very little gain achieved
through diversity when average power level in both branches are very far gpart. As
mentioned in Chapter 2, it isnot unlikely for the average power between two polarization
diversty branchesto differ greatly. From the diversty gain plots, it would seem that
such adiversty syslem would not bring consderable improvement in Sgnd qudity. This
conclusion is however often incorrect asillugtrated by the following example. Firg, it
must be remembered that diversity gain is defined as the gain achieved over the strongest
branch. A polarization diversty system using horizontal and verticaly polarized receive
antennas will mogt likely recelve a sgnificantly stronger sgnd on the horizontd branch
when the transmitting antennalis horizontaly polarized and the medium introduces little
depolarization. The large difference in power would result in asystem with avery smdl
diversity gain. If on the other hand, two verticaly polarized receive antennas are used a
the receiving end, both branches would probably receive low but baanced signa-to-noise
ratios at both branches due to the polarization mismatch with the transmitting antenna. In
this second case, the balanced SNRs guarantee a higher diversity gain. Concluding that
the verticd pair of antennas would outperform the polarization diversity configuration on
the basis of just diversity gain would be erroneous in this example. The sgnd-to-noise
ratio after combining on both the spatid and polarization pair of antennawill mogt likely
show a higher SNIR a the output of the polarization diversty configuration. Thisis
because the horizonta antenna of the polarization diverdty exampleisreceiving a
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consderably higher sgnd levd than the vertica branch so much of the SNR after
comhbining is due to the horizonta branch. Since diversty gain quantifiesthe
improvement of adding the vertical branch compared to having just the horizonta branch,
the gainissmdl.

The use of just diversity gain to quantify the performance of a diversty sysem or
configuration is an inadequate performance measure as was seen by the previous
example. Diversty gain, however, isagood indicator for comparing different combining

agorithms.
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Chapter 9

Conclusions

This report presents atheoretical gpproach for analyzing atwo-branch diversity sysemin
aRayleigh channd. In aRayleigh fading channe, a Sngle antenna can experience large
fluctuationsin received Sgnd levels over smdl distances (when compared to | ).
Diversty isavery tractable solution to increase the rdiability of the received information
without increasing the transmit power. The motivation was to anayze the performance

of atwo antenna handheld unit. Due to physicd Sze congraints of the unit, antennas are
in close proximity of each other. This close proximity or the use of different antennas
could cause both received signals to be corrdlated and/or have branches with different
average powers. Aswas shown in thisthes's, these two factors affect the performance of
diversty sysem. The effectiveness of the diversity aso depends on the combining
method that is being used.

From the three combining methods presented in this report, maxima ratio combining

performsthe best. Selecting the better performer between sdection and equa gain is not
as sraightforward. When both antennas have matched average powers, equa gain
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combining on the average is more effective. But as the difference between average
powers becomes larger, thereis a point when selection diversity out performs equa gain
combining on the average as well as the ingtantaneous level. This effect can be observed
when examining Figures 8.8 and 8.12 as wdll asfollowing the discussons in Chapter 3.

This report presents an exact expression for the probability densty function of the sgnd-
to-noiseratio at the output of a two-branch selection and maxima ratio combining
system for a Rayleigh fading environment. Both Rayleigh branches can potentialy be
corrdlated and have unequa average branch powers. Sdlection combining is examined in
Chapter 5 and maxima ratio is discussed in Chapter 6. Section 1.4 summarizes some of
the previous work in the areas of selection combining and maximd ratio combining for
Rayleigh channds. Mogt of the work has only trested uncorrdlated branch signds.

Measurements were performed in Rayleigh channels to verify the gpplicability of the
theoretical results. One of the assumptions made in this paper is that the ensemble
operations over probability distributions agree with time averages applied to measured
sgnas. The measurements shown in Chapter 8 show that thereis a very good agreement
between what is predicted using probability distributions and digtributions achieved from
measured data through time combining. The measurements show an agreement within 1
dB between the cumulative distribution function predicted by theory and the distributions
achieved from measured data; see Figures 8.4-8.7.

The diversty gain achieved by using sdection, equd gain, and maxima ratio combining
was examined as afunction of envelope correlation and power imba ance between the
branches. As can be seen from diverdity gain plots at the 10 % level (Figures 8.8-8.13)
the performance of such a system depends greetly on the correlation and average power
difference between the branches. The computed diversity gains for the two-branch
Rayleigh system match very closdy wha Turkmani et d. [1] have found by performing
extensve measurements for awide range of channels. The diversity gainsfor the
Rayleigh channd describe the average physica channds very well.
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Divergity combining can dso significantly increase the performance of adigitd
communication sysemin aflat and dow Rayleigh fading channd. The exact bit error

rate of coherent BPSK after two-branch maximd ratio combining has been derived and is
given in Chapter 7 with (7.21), (7.23), and (7.26). These equations are given asa
function of corrdation and average power in the branches. Additionaly, the symbol

error rate of coherent QPSK for a two-branch maximd ratio combining in the Rayleigh
channd isgivenin (7.28), (7.30), and (7.33). For these results, aswell, correlation and
unbaanced branch power have been considered. Figures 7.2, 7.3, 7.4, and 7.5 are plots
of the symbol error rates for coherent BPSK and QPSK after maximal ratio combining
for perfectly correlated and uncorrelated branches using the equations presented in this
paper. Asdated in Section 1.4, Sgnificant amounts of papersin literature have computed
the average bit error rates for non-coherent modulation schemes but coherent modulation
schemes are rarely addressed. In [3] an expression for the average probability of bit error
is presented for coherent BPSK after maximal ratio combining but requiresto be
numericaly integrated. To the authors best knowledge, there has been no closed form
expression for the average symbol error rate of coherent QPSK reported in literature for

corrdlated Rayleigh Sgndls.

Tranamit diversty has become increasingly important as an dternative or in addition to
recalve diversty sysemsfor present commercial syslems. Assuming that perfect channd
edimates are available, the same gains can be achieved through transmit diversity aswith
areceve diversty sysem. Instead of having multiple antennas on a small handset
receiver, the complexity is moved to the base station which can more readily handle the
additiona hardware. In atransmit maximal ratio combining diversity system, the base
dation adjudts the phase and amplitude of the signd's being transmitted on both antenna
eements in such away that the sngle antenna handheld receiver receives the sgnd with
optimal sgna-to-noiseratio. This process, however, requires that channd information
be fed back from the receiver to the tranamitter. Selection transmit diversity also requires
feedback, the receiver informs the tranamitter to switch to a particular antenna based on
the recelved signd-to-noiseratio. In areceive diversity system, on the other hand,
channd information is readily available to the receiver. Because of dudity, the
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digtributions of the Sgnd-to-noise ratio presented in this report can dso be used for two-
branch transmit diversity since propagation channels are reciprocal.  The probability of
average symbol error of coherent BPSK and QPSK aso hold for two branch tranamit
diversty aslong at the transmitter has perfect channd estimates.

Inapaald effort, an extendve measurement campaign was performed in various types
of channdsfor atwo and four branch diversity system. Factors such as antenna
configuration and antenna spacing have been addressed and how it affects diverdity gain
and corrdationin[2]. Thegod of diversty isto improve the received sgnd to noise
ratio for dl time. Even though this report consders only two-branch diversty systems,
thereis ahigher achievable gain by usng more branches. As more and more branches
are added to adiversity system, eventudly flat fading can be completely mitigated.
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