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Abstract 
The emerging field of nanomechanics is providing a new focus in the study of the 

mechanics of materials, particularly in simulating fundamental atomic mechanisms 

involved in the initiation and evolution of damage. Simulating fundamental material 

processes using first principles in physics strongly motivates the formulation of 

computational multiscale methods to link macroscopic failure to the underlying atomic 

processes from which all material behavior originates. 

 
A combined concurrent and sequential multiscale methodology is developed to 

analyze fracture mechanisms across length scales. Unique characterizations of grain 

boundary fracture mechanisms in an aluminum material system are performed at the 

atomic level using molecular dynamics simulation and are mapped into cohesive zone 

models for continuum modeling within a finite element framework. Fracture along grain 

boundaries typically exhibit a dependence of crack tip processes (i.e. void nucleation in 

brittle cleavage or dislocation emission in ductile blunting) on the direction of 

propagation due to slip plane orientation in adjacent grains. A new method of 

concurrently coupling molecular dynamics and finite element analysis frameworks is 

formulated to minimize the overall computational requirements in simulating 

atomistically large material regions. A sequential multiscale approach is advanced to 

model microscale polycrystal domains in which atomistically-based cohesive zone 

parameters are incorporated into special directional decohesion finite elements that 

automatically apply appropriate ductile or brittle cohesive properties depending on the 

direction of crack propagation. The developed multiscale analysis methodology is 

illustrated through a parametric study of grain boundary fracture in three-dimensional 

aluminum microstructures.  
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Outline of the dissertation and technical advancements 
 

  The first two chapters of this dissertation serve to present essential background 

information to put into perspective the development and technical advancements of the 

overall multiscale analysis methodology presented in following chapters. Chapter 1 

contains a basic introduction to concurrent and sequential multiscale analysis methods. 

The aim of this chapter is to present the capabilities and limitations of current multiscale 

methods. Chapter 2 discusses molecular dynamics simulation. This chapter begins with 

an overview of MD analysis methods and contains brief descriptions of various MD 

techniques that are used and referenced in the present work. Following this, a detailed 

discussion is presented of a MD analysis of fracture along a selected grain boundary 

configuration demonstrating directional growth characteristics. This discussion details 

various modeling considerations that have been neglected in other published work.  

 

 Chapter 3 begins with a discussion of the computational constraints on MD system size 

and the resulting impact of boundary proximity on simulation results. To limit the 

computational requirements on imposing far-field boundary conditions in MD 

simulations, a new approach to concurrent multiscale methods involving MD-FEM 

coupling is developed and described in detail in this chapter. This approach presents 

certain features that are unavailable in similar multiscale methods developed to date that 

pertain to interface coupling and finite temperature applications. The developed 

concurrent multiscale method is denoted as the embedded statistical coupling method 

(ESCM).  

 

Chapter 4 presents an extensive discussion of cohesive zone models (CZM) that 

includes empirical macroscopic models and quantitative models based on atomistic 

processes, mode mixity, and the mathematical representation of CZM constitutive laws. 

A novel method for the extraction of CZM parameters from MD simulation is detailed. 

This method improves upon other treatments by introducing a systematic statistical 

approach to determining atomistic traction-displacement relationships. Selected 

theoretical issues in the calculation of CZMs such as successfully partitioning elastic and 

 iv



inelastic contributions to the cohesive zone energy are discussed. In addition, a new 

casting of these constitutive relationships into a piece-wise linear representation that 

avoids specific functional forms that may constrain the representation of these 

constitutive laws is presented. The subsequent use of atomistically-derived CZM 

parameters within nonlinear decohesion finite element formulations constitutes a 

sequential multiscale approach for simulating fracture at higher length scales.  

 

Chapter 5 contains the development of novel 1-D and 2-D ‘directional’ decohesion 

finite elements that incorporate criteria to selectively apply appropriate CZMs depending 

on the direction of crack propagation and surrounding grain orientation, and incorporate 

mode mixity in a general manner. A discussion of computational and theoretical demands 

for determining CZMs permitting a complete characterization of the orientation space of 

grain boundaries and determination of the effect of defects is presented including a 

discussion of the current state-of-the-art in developing a ‘bottom-up’ description and 

simulation of material failure processes.  

 

Chapter 6 presents several illustrations of the developed methodology. A recent 

enhancement to the ESCM approach is presented where decohesion finite elements and a 

nonlinear solution procedure is included in the FEM analysis and permits the nearly 

seamless propagation of a crack from the continuum domain into the MD region. 

Sequential multiscale analysis at larger length scales is illustrated by using selected 1-D, 

2-D, and 3-D problems wherein parametrically varied CZM relationships are applied to 

qualitatively assess the sensitivity of CZM parameters on simulated intergranular crack 

growth behavior in polycrystalline metallic microstructures.  

 

Finally, Chapter 7 presents a discussion of the contribution and significance of the 

current research and suggests future directions in research that will need to be examined 

to fully develop a multiscale strategy for linking atomic-scale processes with 

macroscopic material failure.  
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Chapter 1 
 
Overview of Multiscale Analysis Methods  
 

1.1  Introduction 

 

Classical fracture mechanics is based on a continuum description of material domains 

and fracture behavior described in terms of empirical parameters (KIC, J-R curves, 

CTOA, etc.). In contrast, the emerging field of nanomechanics is providing a new focus 

in the study of the mechanics of materials, particularly that of simulating fundamental 

atomic mechanisms involved in the initiation and evolution of damage and provides a 

more complete understanding of the physics of fracture. In metals, these atomic-scale 

processes include those leading to the creation of traction-free surfaces (e.g., atomic bond 

breakage) and permanent deformation (e.g., dislocations, twins, stacking 

faults). Multiscale analyses attempt to bridge length scales by providing different 

physics-based models that can appropriately represent damage mechanisms at each scale.  

At the nanoscale, either quantum mechanics (i.e., ab-initio, tight-binding (TB) or density-

functional theory (DFT)) methods or classical molecular dynamics (MD) or molecular 

statics (MS) methods are used to simulate fundamental material processes using first 

principles in physics and provide an understanding of deformation and fracture processes 

at the atomistic level. These predictions of material behavior at nanometer length scales 

promise the development of physics-based 'bottom-up' multiscale analyses that can aid in 

understanding the evolution of failure mechanisms across length scales. However, 

modeling atomistic processes quickly becomes computationally intractable as the system 

size increases. With current computer technology, the computational demands of 

modeling suitable domain sizes (on the order of hundreds of atoms for quantum 

mechanics-based methods, and potentially billions of atoms for classical mechanics-

based methods) and integrating the governing equations of state over sufficiently long 

time intervals, quickly reaches an upper bound for practical analyses. In contrast, 

continuum mechanics methods such as the finite element method (FEM) provide an 
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economical numerical representation of material behavior at length scales in which 

continuum assumptions apply. This strongly motivates the development of analytical 

multiscale methods to link macroscopic failure to the underlying atomic processes from 

which all material behavior originates. 

 

1.2  Multiscale modeling 

 

Multiscale analysis is a class of systematic methodologies that have been developed to 

relate material behavior over a range of length scales.  Multiscale analyses attempt to 

bridge length scales by providing different physics-based models that can most 

appropriately represent damage mechanisms at each scale. In this approach, models that 

best simulate the relevant physics at lower length scales are united with models at larger 

length scales through information transfer involving averaging, homogenization, or 

superposition schemes. The ultimate success of this approach is dependent on the 

accuracy of data linkage and the intrinsic fidelity of the physical models used. 

 

Multiscale methods may be generally classified as either sequential or concurrent [1-

3]. Sequential modeling typically involves some form of averaging of physical 

parameters that can serve as initial conditions or provide calibrated material constants to 

another model which is analyzed separately. A desirable aspect of sequential methods is 

the uncoupling of length and time scales between independent material models. 

Concurrent multiscale analysis involves the simultaneous solution of strongly linked 

material models. A general schematic of the coupled atomic and continuum regions is 

depicted in Figure 1.1. In general, there exists a domain representing material at the 

atomic level and a domain that is simulated using a continuum representation such as 

FEM. An intermediate region involves an interface between these two different 

computational procedures and typically includes an overlap region of “pad” atoms/nodes 

in which different coupling schemes are used. Sequential methods are typically used for 

heterogeneous materials for which different constitutive laws are required at different 

length scales. The total material deformation, stress, and strain fields are decomposed 

into the sum of a coarse macro-component and a fine micro-component. The fine and 
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coarse fields are determined through separate analyses and are coupled via the summation 

used to obtain the solution for the total field [4-8]. A desirable aspect of sequential 

methods is the uncoupling of length and time scales between independent material 

models. The averaging or homogenization of information across length scales that is 

inherent to sequential multiscale methods is depicted in Figure 1.2 where a notional 

coupling is shown across domains representing characteristic features at the sub-atomic 

through structural scales. 

 

 

1.2.1  Concurrent multiscale methods 

 

Many concurrent multiscale methods have been developed over the past number of 

years. The common approach of the concurrent methods is to identify a small region of 

the simulated system where the representation of material is performed at the atomic 

level. This atomistic region is embedded into a larger surrounding region where the 

material is represented at the continuum level.  In developing analytical approaches using 

Interface 
atom/nodes 

Atomistic 
region 

Pad  
region

Continuum 
region 

Figure 1.1. General schematic of coupled atomistic/continuum regions. 
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this simulation paradigm, a primary concern has been the seamless coupling of forces and 

displacements between the different models at the interface between the two regions.  

The inherent mismatch between computational frameworks – atomistic (such as 

molecular-dynamics or molecular-statics) and continuum (such as finite element or finite 

difference) methods – and the differing representation of material properties, can lead to 

various numerical and theoretical difficulties. These difficulties will be highlighted in the 

discussion that follows. 

 

In order to achieve a successful coupling, the usual approach is to refine the continuum 

representation (the FEM mesh or the finite difference grid) down to the atomic scale by 

superposing each node over an atom at the interface region. A general schematic of 

concurrently coupled atomic and continuum regions is depicted in Figure 1.1.  In general, 

there exists a domain representing material at the atomic level and a domain that is 

simulated using a continuum representation. An intermediate region involves an interface 

between these two different computational procedures that typically includes an overlap 

region of “pad” atoms/nodes in which different coupling schemes are used. In this way, 

the atomistic degrees of freedom – position and momentum of each atom – are identified 

directly with the continuum degrees of freedom – nodal displacements and their 

derivatives.  Several extensive reviews of concurrent methods have been presented in the 

literature [1,2,9]. While numerous variations on basic procedures for coupling atomistic 

Figure 1.2. Hierarchy of models over length scales (From Oden et al. [9]). 
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and continuum domains exist, only a handful have been well-developed and have gained 

a measure of widespread use.  A brief review of these methods, representing the current 

state-of-the-art, follows. 
 

1.2.1.1  The Macroscopic, Atomistic, Ab initio Dynamics method 

 

The Macroscopic, Atomistic, Ab initio Dynamics (MAAD) procedure was developed 

by Broughton et al. [10], Abraham et al. [11-14], and Shen et al. [15,16] to simulate 

fracture by combining ab initio quantum analysis, molecular dynamics, and finite element 

continuum models.  The ab initio analyses utilizes tight binding (TB) procedures to 

predict bond breakage at the crack tip, molecular dynamics (MD) based on empirical 

force potentials to model the crack wake and surrounding atomic lattice, and a finite 

element (FE) model to simulate the far-field material.  A total Hamiltonian describes the 

dynamics of the system by combining Hamiltonians of the three separate regions and 

their interfaces.  In this approach, the FEM nodes correspond in a one-to-one manner 

with the interface atoms of the MD region.  Figure 1.3 shows the basic division of the 

overall simulation into regions governed by different computational methods. 

 

Two significant issues have been raised regarding the MAAD approach.  One is that 

the timestep used to integrate the governing equations in each of the three domains is 

Figure 1.3. Structure of MAAD coupling.  (From Buehler [17]). 
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equal to the smallest step required in any of them, causing a large increase in 

computational cost.  Another issue regards the lack of damping that may be needed to 

remove spurious reflections at the interfaces between the three regions. 
 

1.2.1.2  The Finite Element-Atomistic method 

 

The Finite Element-Atomistic (FEAt) method developed by Kohlhoff et al. [18], 

Gumbsch and Beltz [19], and Gumbsch [20] is a methodology similar to MAAD that 

links atomistic representation to a continuum finite element field.  Both FEAt and MAAD 

utilize a domain of “pad” atoms in the “handshaking” region of the MD-FEM interface in 

which individual atoms are directly linked to finite element nodes.  These regions are 

shown in Figure 1.4. An interesting feature of FEAt is that non-local elasticity theory [21] 

is used in the pad (overlapping) region to describe the continuum representing the finite 

range of atomistic forces and can be considered as a continuation of the lattice.  These 

approaches have been successfully applied to the problem of crack propagation but the 

direct atom to node linkage at the MD-FEM interface gives rise to undesirable phonon 

reflection. 

 

 

Figure 1.4. FEAt model of a crack tip in an fcc crystal. (From 
Gumbsh and Beltz [19]). 
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1.2.1.3  The Coarse Grained Molecular Dynamics method 

 

A generalized formulation of conventional FEM utilizes FEM nodes superposed over 

the entire material domain to develop another computational scheme for atomistic-

continuum coupling called Coarse Grained Molecular Dynamics  (CGMD) developed by 

Rudd and Broughton [22,23].  In this approach, a refined region is defined in which 

atoms and nodes correspond in a one-to-one fashion and is denoted as the molecular 

dynamics region in Figure 1.5. Outside this domain, the finite element mesh is coarsened 

with individual nodes associated with many atoms. It is this coarse-grained (CG) finite 

element region that reduces the computational cost of representing the entire material 

domain.  Thus, the MD region is solved using the integrated equations of motion for each 

atom, while the kinematics of the nodal degrees of freedom in the CG region are obtained 

using the equations of continuum FEM. A benefit of the CGMD method is that the 

interface between the MD and CG regions reduces spurious elastic wave scattering 

compared to other MD-FEM coupling methods.  The refined MD and finite element CG 

regions are shown in Figure 1.5. 
 

 
 

Figure 1.5. Depiction of CG and MD regions in the CGMD 
approach.   (From Rudd and Broughton [23]). 

Molecular DynamicsCoarse-Grained Molecular DynamicsCoarse-Grained

 

 

 

 

 

 

 

 

 

1.2.1.4  The Quasicontinuum method 

 

The Quasicontinuum (QC) method was originally formulated by Tadmor et al. [24] to 

provide a direct coupling of an atomistic region to a continuum domain.  Additional 
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developments to the method are presented by Knap and Ortiz [25], Miller and Tadmor 

[26], and Sansoz et al. [27].  The QC method is based on a fully atomistic description of 

the material domain using the introduction of “representative atoms” or “repatoms”. The 

repatoms have a dual role in defining either “nonlocal” individual atoms that are 

subjected to a force environment of neighboring atoms or “local” atoms that function 

similarly to continuum finite element nodes. Calculation of deformation gradients over 

local atomistic domains are performed and, if small, causes the application of the 

Cauchy-Born rule [28] to be performed in which kinematic constraints similar to finite 

element shape functions are enforced on clusters of atoms that are considered as a local 

continuum. The partitioning of the QC region into local continuum regions and MD 

domains is shown in Figure 1.6.  Based on the Cauchy-Born rule, which assumes that, for 

small strains in a local domain, atoms in this domain follow the overall strain in the 

material, continuum regions utilize FEM shape functions over the domain, and material 

properties are obtained by a summation of the empirical potential function of the 

contained atoms.  Remeshing is constantly performed to update the model to resolve 

atomic scale detail where needed and to redefine continuum atomic subdomains where 

deformation gradients are small and can be grouped to minimize computational cost.  The 

method is commonly applied to 2D problems and, because of the direct one-to-one 

relation between repatoms, was originally restricted to zero Kelvin temperature states. 

 

Figure 1.6. Repatoms used to define individual atoms and local continuum 
       regions in the QC method.  (From Knap and Ortiz [25]). 
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A finite temperature QC method has subsequently been developed [26,29].  The 

method offers a direct transition between atomistic and continuum fields and can 

effectively follow the evolution of atomistic mechanisms such as dislocation nucleation 

and crack propagation.  However, special treatments are required to remove spurious 

“ghost forces” at the interface, to ameliorate exaggerated free-surface effects, and to 

account for finite temperature states.  The QC method offers a general modeling 

technique and has been applied to simulate nanoindentation, fracture, dislocation motion, 

and interaction of grain boundaries. 

 

1.2.1.5  The Bridging Domain method 

 

Another representative concurrent coupling approach is the bridging domain method of 

Belytschko et al. [29] and Xiao et al. [30], and is based on an overlay approach in which 

MD and FEM representations are superposed in an interface region.  This method relaxes 

the strict atom-node spatial correspondence required in many other methods by allowing 

interpolation of FEM nodal degrees of freedom to be associated with atomic 

displacements in the bridging domain.  The bridging domain with molecular model – 

continuum model overlap is shown in Figure 1.7.  The method explicitly develops 

coupled energy Hamiltonians for the atomistic and continuum regions and enforces 

compatibility in the bridging domain using Lagrange multipliers.  Dynamic behavior is 

simulated through an explicit algorithm that includes a multiple time-step scheme.  This 

approach also avoids spurious wave reflection at the MD/FEM interface without 

introducing damping or filtering procedures. 
 

 

 
Figure 1.7. Application of bridging domain coupling method in 2D.  
(From Xiao and Belytschko [30]). 
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1.2.1.6  The Coupled Atomistic/Discrete Dislocation method 
 

 The Coupled Atomistic/Discrete Dislocation  (CADD) method developed by Shilkrot 

et al. [31,32], Curtin and Miller [33], Shilkrot et al. [34], and Shiari et al. [35] is 

specifically designed for problems in which dislocation formation and interaction are the 

physical mechanisms of interest and persist over long distances.  The coupling at the 

interface is similar to the MAAD and FEAt methods in that it uses a pad region in which 

“handshaking” between atomic and continuum degrees of freedom occur. CADD is 

formulated to identify the type of dislocation approaching the MD/FEM interface from 

the atomic domain and then pass the dislocation into a surrounding linear elastic 

continuum.  Passing the dislocation involves adding both a dislocation to the continuum 

and a negative image of the dislocation into the atomistic domain to eliminate the original 

dislocation.  A detection band is created near the MD-FEM interface to determine the 

type of dislocation entering the continuum (eg., an edge or screw dislocation).  This 

detection scheme is shown in Figure 1.8 where, for 2D dislocations, active slip planes are 

separated by relative angles of π/3. 

Figure 1.8. Close-up of dislocation detection and near interface.    
(From Shilkrot et al. [34]).

 

The continuum is assumed linear elastic such that a superposition can be made to 

decompose the continuum into an infinite domain that contains the long-range singular 

dislocation stress fields represented by dislocation dynamics methods and a finite domain 

region that contains smooth displacement fields represented by FEM.  The decomposition 

of the coupled MD-FEM domain in CAAD is shown in Figure 1.9 with (1) depicting the 

infinite continuum region, (2) showing the bounded region defined by finite elements, 
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and (3) illustrating the purely atomistic region.  The infinite continuum domain represents 

the dislocations as superposed analytic solutions. 

 

This method directly addresses the representation of discrete dislocation plasticity in 

a continuum field using established dislocation dynamics (DD) methods [36]. Because 

the dislocations are represented analytically, a computationally demanding full atomic 

simulation is not required, yielding a significant improvement in modeling efficiency.  

The transition between the atomic and continuum finite element domains utilizes a one-

to-one node-atom linking that directly ties the interface atoms to the nodes in the 

continuum.  An extension of the atomic region into the continuum is assumed in which 

pad atoms are superposed with continuum elements and are connected to nodal 

displacements.  These atoms minimize the effect of the free surface on the interface 

atoms but contribute a modeling error by introducing nonphysical stiffness along the 

interface. CADD is currently restricted to simulating dislocations in two dimensions. 

 

Figure 1.9. Decomposition of coupled MD-FEM domain using linear 
superposition.  (From Shilkrot et al. [34]). 
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1.2.1.7  The Equivalent Continuum Model  
 

A combined MD and Equivalent Continuum Model (ECM) method has been 

developed by Shen and Atluri [16], which is similar to the Quasi-continuum methods, but 

uses the meshless local Petrov-Galerkin (MLPG) representation to link the MD and ECM 

regions.  In general, meshless methods are developed to overcome some of the 

disadvantages of the finite element method, such as the need to interpolate discontinuous 

secondary variables across interelement boundaries and the need for remeshing in large 

deformation problems.  The Cauchy-Born hypothesis is applied in the ECM region for 

determining the elastic properties of the continuum from the atomistic description of the 

system.  The ECM and MD regions are depicted in Figure 1.10. 

 

 
Figure 1.10. Depiction of ECM and MD region in the MLPG approach to 
MD-FEM coupling.  (From Shen and Atluri [16]). 

 

As shown in Figure 1.10, in the MD region, the solid points represent atoms, while in 

the ECM region, the solid points represent atoms and the open points represent nodes 

used in the MLPG method.  Thus, in the ECM region, atoms and nodes do not have to be 

coincident.  The ECM method has been demonstrated in one-dimensional chain models 

and in the two-dimensional analysis of graphene sheets. 
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1.2.2  Sequential multiscale methods 

 

Sequential – or “hierarchical” - methods are typically used for heterogeneous materials 

for which different constitutive laws are required at different length scales.  Some 

approaches treat the total material deformation and stress and strain fields decomposed 

into the sum of a coarse macro-component and a fine micro-component.  The fine and 

coarse fields are determined through separate analyses and are coupled via the summation 

used to obtain the solution for the total field [4-6,8,37]. Another approach, which is 

utilized in the present work, utilizes the concept of cohesive zone models (CZM) using 

averaged representations of atomistic deformation processes at lower dimensional scales 

to simulate material behavior at larger length scales. 

 

The notional flow of sequential coupling that utilizes CZMs to carry information 

of microscopic failure mechanisms to predict damage progression at larger length scales 

is depicted in Figure 1.11. Hitherto, the properties of the CZM have been determined 

empirically or heuristically and mixed mode fracture has been limited to empirical 

relationships that have been applied at all length scales. In Figure 1.11, CZMs provide the 

critical transition between inherently atomistic and inherently continuum representations.  

Because of their importance and pervasive use in sequential multiscale analysis, the 

sequential coupling methodology presented in the current research will focus on CZM-

based methods.   

 

1.3  The current research into developing a multiscale analysis methodology 

 

The methodology developed in the current research utilizes a combined concurrent and 

sequential approach towards performing multiscale analysis. A new concurrent approach 

is developed to link an embedded MD region with a surrounding FEM domain that 

functions to provide the proper elastic response under far-field applied boundary 

conditions. The results using the MD analysis are then cast into CZMs that are 

subsequently used in a sequential multiscale analysis of metallic polycrystals. 
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Atomistic simulation using MD is used to characterize damage processes in aluminum 

polycrystals. These damage mechanisms include the physical processes that govern 

dislocation formation and interaction that, in turn, lead to intergranular crack initiation 

and propagation in metallic microstructures. In the present research, intergranular fracture 
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    Figure 1.11. Multiscale analysis with cohesive zone models. 
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adjacent grains that may be activated in dislocation emission depending on 

crystallographic orientation. This orientation-dependent activation has the effect of 

causing intergranular fracture to exhibit either a ductile or brittle propagation behavior. 

For meaningful simulation of GB fracture at larger length scales, this effect must be 

considered.   

 

A concurrent multiscale procedure is used to reduce the kinematic degrees of freedom 

required to represent the entire material domain. In the region of fracture nucleation and 

propagation, a complete atomistic MD representation is used. In regions removed from 

the nonlinear processes, where the material exhibits small deformation gradients, a 

continuum finite element method (FEM) representation is used. To achieve this linkage 

between simulation approaches, a unique statistical MD-FEM coupling procedure is 

developed. This methodology improves on current coupling approaches by eliminating 

the requirement that the finite element discretization be scaled down to atomic 

dimensions at the atomic-continuum interface. Using a statistics-based coupling scheme, 

atomic displacement averages over volume domains are linked with finite element 

degrees of freedom along the interface thus allowing an immediate scale-up of domain 

lengths and a further reduction in kinematic unknowns to describe the behavior of the 

complete material domain. 

 

A sequential multiscale modeling strategy is subsequently developed in which the 

results of atomistic MD simulation of physical behavior at the nanoscale are mapped into 

CZMs for continuum FEM representation of metallic polycrystals. Once the traction-

displacement relationships from MD are known, they can be used to define specialized 

‘decohesion’ elements that can be placed along all possible fracture interfaces in a finite 

element mesh. Finite element simulations can then be used to study the failure properties 

of the material at larger scales. The methodology is very generic and can be used for any 

interface that is subjected to fracture provided that the atomistic simulation captures all 

relevant mechanisms. A new formulation of a directional decohesion finite element is 

made to incorporate different directional growth characteristics depending on the 

surrounding crystallographic orientation and crack opening direction induced by far-field 

 15



loading. In addition, arbitrary shape of individual CZMs is allowed by replacing fixed 

functional forms with generically defined tabular entries. It is anticipated that this 

research will make a significant contribution to the development of multiscale analysis 

methods for polycrystalline materials. The overall scheme of the developed multiscale 

analysis methodology is depicted in Figure 1.11.  

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 16



Chapter 2 
 
Molecular Dynamics Simulation  

2.1 Introduction 

 

The field of molecular dynamics has developed into a sophisticated analysis 

methodology for simulating atomic-scale processes of different material types (see Haile 

[38] and Allen and Tildesley [39]). Methods of MD provide a means of simulating those 

processes involved in material failure such as void nucleation and dislocation formation 

and interaction that form the foundation of a ‘bottom-up’ multiscale analysis 

methodology.  

 

Section 2.2 will provide an overview of MD methods as background. Section 2.3 will 

discuss an MD study of an intergranular crack that demonstrates a directional dependence 

on how the crack propagates, namely in a brittle or ductile manner. This chapter ends 

with a discussion of limitations in using a purely MD representation which motivated the 

development of a new concurrent coupling method that is fully described in Chapter 3.    

 

2.2  Selected topics in molecular dynamics simulation 

The purpose of this section is to provide a background for references to various specific 

MD methods utilized in the simulation of atomic scale fracture as will be discussed 

beginning in Section 2.3.   

 2.2.1  Atomic interactions 

Molecular dynamics simulations represent the behavior of individual atoms as point 

masses that influence neighboring atoms through calculated force fields. The level of 

atomic description varies tremendously.  The most refined description utilizes quantum 

theory that can be applied using well known physical constants such as the velocity of 

light, values for the masses and charges of nuclear particles, and differential relationships 
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to directly calculate molecular properties and geometries. This formalism is referred to as 

ab initio (from first principles) quantum mechanics. The computational demands of this 

representation are high, and only small sets of atoms can be simulated. For larger atomic 

aggregates, empirical and semi-empirical potential functions have been developed to 

approximate atomic force fields.  These potential functions can approximately account 

for quantum interactions between electron shells and represent physical properties of the 

atoms being simulated, such as elastic constants and lattice parameters, through fitting 

parameters [40]. Depending on the atomic system being studied, pair or many-body 

potentials have been developed to provide the correct interaction behavior while 

minimizing computational expense. This approach to MD replaces quantum mechanics 

with classical Newtonian mechanics to predict the trajectories of individual atoms. 

Newton’s Second Law is expressed as 

                                                         Fi = mi ai                                                           (2.1) 

 

for each atom, i, in a system constituted by N atoms. Here, mi is the atomic mass, ai is the 

acceleration vector, and Fi is the resultant force acting on the ith atom due to the 

interactions with other neighboring atoms. The force can also be expressed as the 

gradient of the potential energy, V, as  

 

                                                             V∇−=iF                                                         (2.2) 

 

  The simulation is performed by numerically integrating the equations of motion over 

small time steps (usually 10-15 sec or 1 fs). Various integration rules can be applied to 

compute the velocities of the atoms from the forces and atom locations. For example, a 

simple and popular integration scheme is the Velocity Verlet algorithm developed by 

Swope et al. [41] is given by 
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where the algorithm yields new positions, ri(t+Δt), and velocities, vi(t+Δt), using known 

values at time t and the current acceleration calculated from the force potential as  

ai(t+Δt) =  -∇ V[ri(t + Δt)]/mi.    

 

These values then provide the trajectories, or time dependent locations, for each atom. 

In the context of molecular dynamics, Newton’s Second Law may be expressed as 
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where mi is the mass of atom i, ri and vi are the position and velocity vectors associated 

with the ith atom, respectively, τ is the time, and F2 and F3 are pair and three-body force 

interactions of atoms surrounding the ith atom, respectively. 

 

 Pair potentials are the simplest way to model the interaction of two atoms.  Among 

the best known is the Lennard-Jones potential [42] for non-bonding interactions given by 
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where ε is the depth of the energy well, σ  is the van der Waals radius, and rij is the 

separation distance between the ith and jth atoms in a pair.  The rij
-6 term represents the 

attractive contribution to the van der Waals forces between neutral atoms.  The other 

component of the van der Waals interactions mimics the Coulomb interaction of the 

nuclei and the Pauli repulsion between overlapping electron clouds and is modeled by the 

short-ranged rij
-12 term. 
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 For metals, simple pair potentials are inadequate to describe the distributed electronic 

environment of each atom. Figure 2.1 depicts the neighborhood of an atom in fcc 

aluminum. For any atom, the outer shell of electrons is loosely held and becomes 

delocalized within the surrounding neighborhood of atoms and thus forms a ‘gas’ of 

electrons spread throughout the entire lattice. To better represent force interactions within 

metallically bonded lattices, a potential containing an additional ‘embedding’ term 

known as the Embedded Atom Model (EAM) has been developed by Daw and Baskes 

[43] (see also Daw et al. [44]). The form of EAM contains two contributions to the 

potential energy, E, of the whole system made up by N particles. The potential may be 

expressed as 
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where Gi is the embedding energy as a function of the local electron density, ρj
a is the 

spherically average local electron density, Uij is an atom-pair interaction term, and rij is 

the distance between atoms i and j. EAM has proven to be an accurate representation of 

the atomic force environment for atoms in a metallic lattice.  
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 2.2.2  Statistical mechanics 

 

In a molecular dynamics simulation, macroscopic properties of a system may be 

obtained through microscopic simulations, such as for example, to examine the energetics 

and mechanisms of conformational change. The connection between microscopic 

simulations and macroscopic properties is made via statistical mechanics that provides 

the rigorous mathematical expressions that relate macroscopic properties to the 

distribution and motion of the atoms and molecules of an N-body system. Molecular 

dynamics simulations provide the means to solve the equations of motion of the particles 

to study both thermodynamic properties and/or time dependent (kinetic) phenomena. 

 

Statistical mechanics represents macroscopic systems from a molecular point of view 

[45]. The goal is to understand and to predict macroscopic phenomena from the 

properties of individual molecules making up the system. In order to connect the 

macroscopic system to the microscopic system, time independent statistical averages are 

often introduced.   

 

The thermodynamic state of a system is usually defined by a small set of parameters, 

for example, the temperature, T, the pressure, P, and the number of particles, N. Other 

thermodynamic properties may be derived from the equations of state and other 

fundamental thermodynamic equations. The mechanical or microscopic state of a system 

is defined by the atomic positions, q, and momenta, p; these can also be considered as 

coordinates in a multidimensional space called phase space. For a system of N particles, 

this space has 6N dimensions. A single point in phase space, denoted by G, describes the 

state of the system. An ensemble is a collection of points in phase space satisfying the 

conditions of a particular thermodynamic state. A molecular dynamics simulation 

generates a sequence of points in phase space as a function of time; these points belong to 

the same ensemble, and they correspond to the different configurations of the system and 

their respective momenta. An ensemble is a collection of all possible systems that have 

different microscopic states but have an identical macroscopic or thermodynamic state. 
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Different ensembles exist with characteristics that should match the physical process 

being modeled: 

 

• Microcanonical ensemble (NVE): The thermodynamic state characterized by a fixed 

number of atoms, N, a fixed volume, V, and a fixed energy, E. This corresponds to an 

isolated system. 

• Canonical Ensemble (NVT): This is a collection of all systems whose thermodynamic 

state is characterized by a fixed number of atoms, N, a fixed volume, V, and a fixed 

temperature, T. 

• Isobaric-Isothermal Ensemble (NPT): This ensemble is characterized by a fixed 

number of atoms, N, a fixed pressure, P, and a fixed temperature, T. 

• Grand Canonical Ensemble (mVT): The thermodynamic state for this ensemble is 

characterized by a fixed chemical potential, m, a fixed volume, V, and a fixed 

temperature, T. 

 

For example, an experiment is usually made on a macroscopic sample that contains 

an extremely large number of atoms or molecules sampling an enormous number of 

conformations. In statistical mechanics, averages corresponding to experimental 

observables are defined in terms of ensemble averages. An ensemble average is taken 

over a large number of replicas of the system considered simultaneously. The ensemble 

average is given by 
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where A(pn, qn) is the observable of interest in the nth system state and is expressed as a 

function of the momenta, p, and the separation distances, q, of the system. ρ(pn,qn) is the 

distribution of the observable and is individually integrated in the numerator of Equation 

(2.8) as a normalizing factor. The integrations are performed over all possible variations 

 22



of q and p. Examples of properties that can be calculated as ensemble averages include 

elastic properties, temperature, pressure, and density. 
 
 
 
 2.2.3  Periodic boundary conditions 

 

 MD analyses are typically performed using a triclinic computational box that contains 

the atomic system. The atoms that lie within the cut-off radius of their atomic force 

potential from the box surface will experience different degrees of surface effects that in 

many cases are undesirable. To simulate an infinite system in which all atoms experience 

the same force field environment, periodic boundary conditions (PBCs) are imposed. 

Periodic boundaries are imposed by assuming that the computational box is surrounded 

by an infinite number of identical systems, as shown in Figure 2.2. In the figure, the 

circle around atom 1 has a radius equal to half of the shaded box side dimension while 

the box encompasses the nearest periodic image of each of the other atoms. In the course 

of the simulation, the atoms in each of the boxes move in the same way. Hence, if an 

atom leaves the simulation box at one side, an identical atom enters the box at the other. 

Figure 2.2 Periodic boundary conditions. The center box (shaded)   
is shown along with its first periodic images (white). 
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Periodic boundary conditions are usually used in conjunction with the minimum 

image convention for short-ranged forces. Here we only consider interactions between 

each atom and the closest periodic image of its neighbors. Short-ranged forces are often 

truncated to increase computational efficiency. For consistency with the minimum image 

convention, this cut-off distance must be less than or equal to half the box length.  

  

Periodic boundary conditions can sometimes have an effect on the system under 

consideration. This is especially pronounced for small system sizes and for properties 

with a large long-range contribution, such as light scattering factors. They also inhibit 

long wavelength fluctuations that are important near phase transitions. However, they 

have little effect on equilibrium properties. The most commonly shaped simulation cell is 

cubic or triclinic. It is also possible to use cells of other shapes, such as the rhombic 

dodecahedron or the truncated octahedron. For studying surfaces, it is common to retain 

periodicity in two dimensions, while discarding it in the direction perpendicular to the 

surface. 

 

For example, the transverse mechanical properties of a carbon nanotube bundle were 

obtained by Saether et al. [46] and Saether [47] utilizing periodic conditions to simulate 

an infinite unit cell system. Figure 2.3 shows an exploded view of an idealized nanotube 

bundle. Two views of the 3-D unit cell are depicted in Figure 2.4. Each nanotube 

interacted with other nearest-neighbor nanotubes through nonbonding forces as expressed 

by the Lennard-Jones potential, which is indicated by arrows in Figure 2.4a. 

 

More complex boundary conditions have been developed to couple discrete atomistic 

domains with continuum finite element representations. This coupling of computational 

domains can be performed to extend the complete material domain with only the region 

of interest modeled down to the atomic level with far-field boundary conditions 

effectively represented. This minimizes the computational cost of performing large-scale 

simulations.  
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Figure 2.3. Explode view of a carbon nanotube bundle
cross-section. (From Saether et al. [46]).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   b) (1,2)-plane section 
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Figure 2.4. PBC-unit cell showing outside periodic image nanotubes in the 
(2,3)-plane and image atoms in the (1,2)-plane. (From Saether et al. [46]).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 2.2.4  Atomistic and continuum strain and stress measures 
 

 Atomic motion is only constrained by the energy barriers caused by force-field 

interactions with surrounding atoms and the presence of fixed boundaries. Atomic motion 

 25



is characterized by discrete trajectories that are modified by force interactions over spatial 

distances. A continuum domain, however, assumes a connected field of infinitesimal 

material particles that exhibit deformation fields that are continuous for a simply-

connected domain. For various motions of atomic aggregates, those resulting in 

permanent lattice rearrangements such as in dislocation formation, continuum 

representations must resort to Eulerian fluid descriptions that become plastic flow 

representations to approximate the deformation state. Strain states may be described, 

however, using either the current or reference state.  

 

The motion of material particles in a continuum gives rise to deformations that are 

described by a displacement vector u(xi) and the associated deformation gradient given 

by 

                                                            ∇= uF                                                             (2.9) 

 

The Jacobian is given by the third invariant of the deformation gradient tensor as 

 

                                                           ( )FJ det=                                                         (2.10) 

 

 In a continuum, the mapping function between deformation states can be applied to a 

reference position vector anywhere within the domain, and maps it to some new value in 

the continuous deformed configuration. For a material particle assemblage, the position 

vectors can only take on discrete values corresponding to particle positions for both the 

reference and deformed configurations. 

 

 Strain definitions are purely geometrical descriptions and pose little difficulty in 

mapping between discrete and continuous fields. Analogous strain measures may be 

infinitesimal or finite and may be defined in a Lagrangian sense with respect to a 

reference initial configuration or in an Eulerian manner with respect to a current 

deformed state.  
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Strain states are imposed on the system through application of a procedure originally 

developed by Parrinello and Rahman [48]. The computational volume, depicted in Figure 

2.5, is defined by three vectors, , av b
v

, and cv . The geometry of the box is specified by  

 

                                              [ ] [ ]cbah vvv=                                                               (2.11) 

 

For convenience, the matrix G is defined as:  

 

                                                  [ ] [ ] [ ]hhG T=                                                               (2.12) 

av  

b
v

 

cv  

Figure 2.5. Computational box for molecular 
                  dynamics simulations. 

 

If ho is the initial geometry of the computational box, strains may be imposed to the 

system by relating altered box dimensions, h, to components of the Green-Lagrange 

strain tensor as 
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Strain components written explicitly in terms of the geometry are given by 
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 The concept of stress is generally a much more difficult quantity to define in 

atomistic systems and to compare with continuum stress definitions. Stress measures 

combine both force and deformation states using assumed reference configurations. This 

can lead to disparities when mapping between atomic and continuum fields. In continuum 

mechanics, the Cauchy stress tensor completely characterizes the internal forces acting in 

a deformed solid. The physical significance of the components of the stress tensor is 

illustrated in Figure 2.6. σij represents the ith component of traction acting on a plane with 

normal in the ej direction. The Cauchy stress is the most physically meaningful measure 

of internal force distribution. This stress measure represents force per unit area of the 

deformed solid and is commonly referred to as the ‘true stress’ [49-51]. Consequently, to 

define these stress components one must know not only what the deformed solid looks 

like, but also what it looked like before deformation. Several alternative stress measures 

have been defined for small deformations that define forces as acting on the undeformed 

solid. These alternative stress definitions are briefly described. 

 

Figure 2.6. Stress component definitions.

  

The Kirchhoff stress has no physical significance and is related to Cauchy stresses as 

    

                                                            στ J=                                                           (2.15) 
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The nominal or First Piola-Kirchhoff stress can be regarded as the internal force per 

unit undeformed area acting within a solid and is given by 

 

                                                                                                                  (2.16) στ 1−= FJ

 

The material or Second Piola-Kirchhoff stress can also be visualized as force per unit 

undeformed area, except that the forces are regarded as acting on the undeformed solid 

rather than on the deformed solid.  This stress measure is given by  

 

                                                                                                           (2.17)     T1 −−= FFJ στ

 

These different stress measures have different physical interpretations. The Cauchy 

stress is the most precise physical measure of internal force distribution – it is the force 

per unit area acting inside the deformed solid.  The other stress measures are best 

described as generalized forces within a Lagrangean mechanics framework, which are 

work-conjugate to particular strain measures. This implies that the stress measure 

multiplied by the time derivative of the strain measure yields the rate of work done by the 

forces. The Cauchy and Kirchhoff stress definitions are not conjugate to any convenient 

strain measure. This is the primary reason for the use of the First (nominal) and Second 

(material) Piola-Kirchhoff stress measures. The nominal stress is conjugate to the 

deformation gradient and the material stress is conjugate to the Lagrange strain tensor. 

 

 Just as there exist different continuum stress definitions, the derivation of stress 

measures for an atomic ensemble have also led to different definitions. The virial theorem 

developed by Clausius [52] and Maxwell [53,54] to determine the stress field applied to 

the surface of a fixed volume containing interacting particles first defined the definition 

of atomic ensemble stresses. The virial theorem has been incorrectly applied to obtain 

point-wise local stresses. In order to correct for this misuse, various definitions of stress 

have been developed that satisfy the equation for the balance of linear momentum in a 

dynamic continuum. These approaches have led to many variants and have led to an on-

going controversy over the validity of such measures [55,56].  
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Defining the force interaction between atoms using a pair potential yields 
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where V is the interatomic pair potential from which the force αβf
v

on atom α is due to the 

influence of neighboring atom β. A stress measure derived by Basinski, Duesber, and 

Taylor (BDT stress) [57] is based on the assumption that the bulk stress tensor can be 

used to define the stress in a small volume Ωα even in an inhomogeneously deformed 

atomic assemblage. The BDT stress tensor is given by 
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where mα and vα are the mass and velocity of atom α, respectively, and βααβ rrr vvv −= . It 

can be noted that the first term corresponds to kinetic energy – and hence to the 

temperature state – and the second term to the potential energy of the system. Another 

stress measure due to Cheung and Yip (CY stress) [58] is based on a simple force-area 

concept in which the momentum flux and force are computed across a planar area normal 

to the xj coordinate. The resulting stress definition is given by 

 

                                   
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

−= ∑∑∑
α β

αβ

αβαβ

αβ
α

αα
α

Δ
σ

rv
jii

ij

rr
r
V

t
vm

A 2
1

2
11                          (2.20) 

 

where A is an associated area and Δt is a time step measure. A difficulty with the BDT 

and CY stress definitions is that they are both inconsistent with the conservation of linear 

momentum. To correct this deficiency, Cormier, Rickman, and Delph derived an 

additional stress measure based on ensemble averages (CRD stress) [59] given by 
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where Ω’ is the selected spherical volume about the point rv , and  is unity if 

particle α lies with the averaging volume and is zero otherwise. In addition,  is 

the fraction of the α - β bond length.  

( )rvαΛ

10 ≤≤ αβl

 As shown by Zimmerman et al. [56], the virial stress definition and other definitions 

discussed above converge rapidly to a Cauchy stress as the size of the atomic subdomain 

over which stress is calculated is increased.   

   

   2.2.5  Phonon damping 

 

In a crystal lattice, a phonon is a quantized mode of vibration. This corresponds to a 

stress wave in a continuum solid. Applied loads and propagating defects such as cracks 

can generate phonons that can reflect off outer boundaries, return to the location where 

they were generated and cause an undesirable self-interaction. Therefore, these 

disturbances need to be damped out in order to equilibrate the atomic system. Both local 

and global schemes have been addressed in the literature. Local damping schemes have 

been developed that introduce a heat bath or viscous damping that is applied 

nonselectively to all atomic velocity components equally that tends to drive the local 

system temperature towards zero Kelvin [60]. Another, more global approach, utilizes a 

computationally intensive digital filtering method based on fast Fourier transforms to 

separate out specific frequency responses [61]. 

 

The present work develops a new approach to phonon damping that utilizes a simple 

filter based on averaging velocity components within local domain partitions is 

developed that preserves the MD thermal state while removing correlated or group 

velocities associated with undesirable phonons. This damping scheme is further discussed 
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in Chapter 3. These phonon disturbances can be generated by the application of external 

loads that disrupt the entire atomic domain or produced by deformation processes in the 

interior atomic domain that propagate out to the MD/FEM interface and are reflected 

back to the interior that result in an interference with the atomistic processes that 

originally generated the phonons.  

 

 The basis for this approach is the recognition that general atomic motion is composed 

of a superposition of velocities due to random thermal vibration and group velocities 

associated with phonons. Thus, the velocity of each atom may be decomposed into 

thermal and group components: 
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Using a general partitioning of the MD field into subdomains, the superposition of 

atomic velocity modes can be represented as shown in Figure 2.7.   

 

 

 

 

 

 

 

 

 

 

 

 

   Figure 2.7. Local atomic velocity superposition within MD domain partitions. 
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Because thermal vibrations are random, the thermal velocity field of an aggregate of 

atoms is directionally isotropic, and the average atomic velocity fluctuates about zero. 

The magnitude of this fluctuation is related to the number of atoms in the local domain 

partition, N, and the statistical average may be expressed as: 
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Thus, the average velocity vector within each MD domain partition is obtained in the 

limit as 

                                             groupgroup Vvv
vvvv =><+=>< 0                                         (2.24) 

 

which, for a finite number of atoms, approximately eliminates the thermal velocity 

component and uncovers the resultant group velocity, groupV
v

, of the phonon traversing 

the local partition. The size of the local partition is variable but must be less than the 

wavelength of the phonon to be damped; partitions greater than the smallest phonon 

wavelength will cause an error in the determination of the local group velocity and 

invalidate any damping procedure. Assuming an adequate partition size, a simple 

estimation of the group acceleration vector, groupα
r , can be estimated over the current time 

step, Δt, as: 
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A damping factor, ξ, can be introduced to modify the magnitude of the group 

acceleration vector that is used as a corrective term in the integration of the equations of 

motion to remove the phonon group velocity. The increment in atomic trajectory for the 

ith atom in the local partition at the current time step can be obtained using a modified 

acceleration given by: 
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The modified acceleration effectively damps the phonon component of velocity when 

applied over a number of time steps. The advantages of this damping procedure are the 

simplicity of implementation and the avoidance of effecting thermal components of 

atomic velocities. Therefore, this approach effectively damps phonon disturbances while 

preserving system temperatures by not effecting atomic thermal vibrations. This approach 

is demonstrated in the MD-FEM coupled methodology presented in Chapter 3.  

 

 

2.2.6  Molecular dynamics analysis of polycrystalline metals 

  

A primary focus in the MD simulation of metals is the analysis of the formation, 

evolution, and damage mechanisms of polycrystalline microstructure. Deformation 

mechanisms involve processes of void nucleation and coalescence in intergranular and 

transgranular fracture and the simulation of a myriad of dislocation processes that evolve 

due to applied far-field loads. Understanding such failure mechanisms in materials is 

crucial to the development of new materials with high strength and toughness.  

 

 Metallic bonding, as in face centered cubic (fcc) metals, consists of delocalized 

electrons that are shared between all atoms in the lattice.  Thus, simple atom-pair 

potentials cannot be used to account for all of the mutual interactions between the 

electron clouds surrounding the atoms.  Modifications, such as cluster potentials, pair 

functionals, and cluster functionals, have been made to pair potentials to develop general 

classes of interatomic potentials.  As discussed in Section 2.2.1, the embedded-atom 

method (EAM), which uses a pair functional, has been successful in simulating the 

atomic bonding in fcc metals and the form of this potential has been shown in Equation 

(2.7). Great care is needed in the development of energy potentials, and further work is 

needed to develop accurate potential energy functions for specific types of atomic 
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interactions.  Once developed, the interatomic potentials can be used in MD simulations 

of deformation and fracture. 
 
 
 

2.2.7  Grain boundary description in polycrystalline metals 

 

The present work focuses on the intergranular fracture of grain boundaries. This 

selection was made because of the variety of associated failure mechanisms associate 

with GB failure compared to transgranular failure along slip planes. Grain boundaries 

may be described by the crystallographic misorientation between the adjacent crystal 

structure of the grains, which is described by the sigma angle Σ [62]. The sigma angle is 

calculated as the reciprocal ratio of coincident lattice sites (CLS) to total lattice sites 

(TLS) or Σ = TLS/CLS. This ratio is a measure of the relative departure from two 

adjacent crystals having the same orientation, or Σ = 1. Figure 2.8a shows a symmetric 

tilt boundary between two grains. When superposed as in Figure 2.8b, it can be seen that 

one in five of the atomic positions are coincident. Therefore, the sigma measure for this 

grain boundary is 5.   

 

This leads to a general characterization of GBs which consist of high, low, and 

intermediate energies associate with the relative crystallographic orientations along the 

GB interfaces. For an aluminum bicrystal, GB energies are depicted in Figure 2.9 [63]. 

For a misorientation angle directly related to the crystallographic directions of the joined 

grains (as opposed to the alternative Σ angle representation), the distribution of the grain 

boundary energy is clearly evident. Although the possible characterization of GB energy 

for a small number of energy levels sufficient to provide adequate interpolation for any 

intermediate grain boundary energy or misorientation is intriguing, as will be discussed in 

Section 4.6, accurate means for reducing the computational requirements to describe the 

behavior of GBs in the full configurational space remains illusive.  
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b) 

a) 

Figure 2.8. a) Atomic positions in two adjacent grains 
separated by a {130}/<001> 37o-tilt boundary. b) 
Superposed lattices showing coincident lattice sites 
marked as half-filled symbols indicating Σ = 5. (From 
Hull and Bacon [62]).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.9. Grain boundary energy as a function of 
misorientation angle. (From Lee and Choi [63]). 
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2.3  Molecular dynamics simulation of fracture 

 

2.3.1  Introduction 

 

This section presents simulations focused on characterizing intergranular fracture in 

fcc aluminum for application to multiscale analysis. A molecular dynamics model for 

crack propagation under steady-state conditions is developed to analyze intergranular 

fracture along a common flat Σ99 [1 1 0] symmetric tilt grain boundary in aluminum. 

 

The system was subjected to a hydrostatic tensile load in order to avoid shear stresses 

away from the crack that could induce undesired dislocation formation, and subjected to 

low temperature (100 K). The simulation reveals asymmetric crack propagation in the 

two opposite directions along the grain boundary. In one direction, the crack propagates 

in a brittle manner by cleavage with very little or no dislocation emission, and in the 

other direction, the propagation is ductile through the mechanism of deformation 

twinning. This behavior is consistent with the Rice criterion [64] for cleavage vs. 

dislocation blunting transition at the crack tip. The preference for twinning to dislocation 

slip is in agreement with the predictions of the Tadmor and Hai criterion [65]. A 

comparison with finite element calculations shows that while the stress field around the 

brittle crack tip follows the expected elastic solution for the given boundary conditions of 

the model, the stress field around the twinning crack tip has a strong plastic contribution. 

The following sections present details of the simulation relevant to the overall topic of 

multiscale analysis; a complete presentation of the analysis is contained in Yamakov, 

Saether, Phillips, and Glaessgen [66,67]. 

 

 The MD model used for the simulation is discussed in Section 2.3.2, and a description 

of an elastic finite element simulation used for comparison is detailed in Section 2.3.3. 

Details of GB crack propagation are contained in Section 2.3.4. A concluding section 

presents an assessment of the overall simulation results.  
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2.3.2  The molecular dynamics model 

 The MD simulation is focused on steady-state crack propagation and is modeling 

using the configuration shown in Figure 2.10. With periodic boundary conditions in all 

directions, the model represents an aluminum multilayer system of alternating sets of 

thick and thin crystalline layers separated by four flat GBs. The two broad layers, marked 

as “Crystal I” and “Crystal II”, form a bicrystalline system with a flat GB in the middle, 

through which the crack propagates. In Figure 2.10, size dimensions are in nm. Grain 

boundaries (GB) are shown as parallel lines of dark atoms separating the crystalline 

phases of Crystal I, Crystal II, and Absorbing Layers I and II as indicated. The 

crystallographic orientations of Crystal I and Crystal II are presented in Figure 2.11. 

Common neighbor analysis (CNA) as developed by Honeycutt and Andersen [68], and 

Clarke and Jonsson [69], is used to identify atoms in different crystallographic states: fcc 

(small dots), hcp (triangles), and non-crystalline atoms (large dots). Atoms with more 

         Figure 2.10. Molecular-dynamics system before crack initiation  
         representing the simulation set-up.  
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than 1/3 of their nearest neighbors missing are identified as surface atoms (squares), 

indicating existing vacancies in the GB. The length scale is in units of the lattice constant 

of Al, ao = 0.405 nm. 

 

In the imposed coordinate system of the model, the orientation of Crystal I is: 

(x:[ ]; y:[ ]; z: [1 1 ]), and the orientation of Crystal II is: 

(x:[ ]; y:[5 ]; z: [1 1 ]) (see Figure 2.11). In this way, Crystal II is a 

mirror image of Crystal I relative to the crystallographic plane {5 5 }, which 

becomes the plane of the GB between them. The GB thus formed is a <1 1 0> ∑99 

symmetric tilt GB, for which the atomic structure in Al is known from the literature 

(Dahmen et al. [70]). This is a high-angle grain boundary (tilt angle of 89.42

7 7
−

10
−

5 5
−

7 0

7 7
−

10
− −

5 7
−

0

7

o) with a 

large excess (i.e., above the perfect crystal) energy, γGB = 0.60 ± 0.05 J/m2, estimated 

here for a relaxed structure at T = 100 K. The high excess GB energy facilitates its 

Figure 2.11. Atomistic snapshot giving the crystallography and structure 
of the GB interface. 

 39



decohesion [71]. The surface energy of the GB plane, γs, at 100 K is estimated in this 

work at γs = 0.952  ±  0.010 J/m2 and is in good agreement with experimental data for the 

Al surface energy.  

 

The two smaller layers, Absorbing Layer I and Absorbing Layer II, on both sides of 

the bicrystalline system (Figure 2.10) have the same crystallographic orientations as 

Crystal II and Crystal I, respectively. Consequently, the GBs formed by these layers are 

of the same crystallographic type as the GB between Crystal I and Crystal II. The purpose 

of these layers in the simulation is to serve as shock-wave absorbers [60], where a 

damping friction coefficient is applied to the atoms to absorb the phonon waves 

generated from the crack tips. In addition, the GBs between these layers and Crystal I and 

II act as absorbers for the dislocations that may be emitted and spread out from the crack 

tip during propagation. In this way, the negative effect of the periodic boundary 

conditions in the y-direction creating periodic images of all crack-tip disturbances and 

influencing the crack propagation is suppressed.  

 

Of particular importance for the simulation of fracture and dislocation plasticity is the 

close fit of the potential to the experimentally measured surface and stacking-fault 

energies. Potential-dependent parameters that will be used in this study are the relaxed 

stable stacking-fault energy, γsf = 0.146 J/m2, the unstable stacking-fault energy, γus = 

0.168 J/m2 - as defined in Mishin et al. [72] - and the unstable twinning energy, γut = 

0.210 ± 0.010 J/m2 estimated according to the method described in Tadmor and Hai [65].  

 

The system thickness, h, in the z-direction equals only 10(2 2 0) crystallographic 

planes (accounting for the symmetry of the fcc lattice), or h = 10√2/2ao ≈ 2.9 nm. This 

thickness is more than four times larger than the range of the interatomic potential, rc = 

1.55ao = 0.628 nm, which prevents interference of the atoms with their periodic images 

and preserves the local three-dimensional (3D) physics in the system. The small thickness 

in the z-direction allows the system size in the x- and y- directions to extend up to 21<7 7 

10>ao ≈ 120 nm, and 24<5 5 7>ao ≈ 97 nm, respectively (see Figures 2.10 and 2.11), 
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while limiting the number of simulated atoms to 1,994,000, thus allowing the simulation 

to be carried out on a modest Beowulf cluster.  

 

The choice of the [1 1 0] crystallographic orientation of the smallest system 

dimension z is not random [73]. The [1 1 0] direction is the common axis of the (1 ) 

and (1 ) planes, which are glide planes for the most common slip dislocations (i.e., 

1/2<110> dislocations) in fcc metals. It has been shown in Yamakov et al. [74] that all of 

the six slip systems available on these two planes can operate unobstructed by the small 

system size in this direction. Moreover, a number of complex dislocation interactions and 

events are still possible between these six slip systems, as in a full 3D space [75,74]. As 

the dislocation activity is expected to be very important in this simulation, the choice of 

the [1 1 0] direction as a columnar axis for this quasi-two dimensional set-up ensures the 

best resemblance to a full 3D environment. The main constraint is that the dislocation 

lines of all possible dislocations have to be straight lines parallel to the columnar 

direction. A comparison between this quasi-2D and a full 3D environment in a 

nanocrystalline model shows that some grain size effects, related to the curvature of the 

dislocation loops presented in 3D, are suppressed [177]. Specifically, as the stress needed 

to expand a dislocation loop is inversely proportional to the loop radius and is limited by 

the very small grain size of the polycrystalline metal, there is a substantial grain size 

dependence of the yield stress. This geometrical dependence is absent in a quasi-2D 

model, because the small thickness of the system constrains the dislocation lines to be 

straight and parallel to each other, preventing the formation of dislocation loops. The lack 

of curvature of the dislocation lines, as well as of the crack front, should be regarded as a 

simplification in this model. In the case where the grain size is large enough not to be a 

governing parameter, the presence of curvature usually helps the defect nucleation 

process, such as dislocations and microvoids, at or around the crack tip. While it is 

expected that neglecting the effects of curvature would not qualitatively change the 

fracture mechanism, it may affect the process quantitatively in terms of decreased peak 

stress and work of debonding.  

−

1 1

1
−

1

 

 41



The simulation temperature of T = 100 K is low enough to suppress GB and surface 

diffusion processes and to facilitate brittle fracture in aluminum. The temperature is kept 

constant by using the Nose-Hoover thermostat (see Nose [74]). 

 

The system is constructed using four blocks of perfect crystals (each one for Crystal I, 

Crystal II, Absorbing Layer I, and Absorbing Layer II in Figure 2.10), which are 

thermally equilibrated at 100 K at zero constant pressure. The constant pressure 

equilibration is achieved by using the Parrinello-Rahman constant-stress simulation [48]. 

After the thermal equilibration at zero pressure, the system is loaded hydrostatically in 

tension, i.e., 

  

                                          σσσσ === zzyyxx                                                     (2.27) 

 

and is dynamically equilibrated at this constant stress. After establishing equilibrium 

between the strain in the system and the applied external stress, the system size in all 

three dimensions is fixed under the constant strain condition.  

 

The transition from a constant stress to a constant strain simulation transforms the 

volume fluctuations, always present in a finite system under thermodynamic equilibrium, 

into stress fluctuations. Thus, further equilibration at constant strain is necessary to 

smooth out these fluctuations. The simulation then proceeds under NVP canonical 

ensemble conditions subjected to this constant strain – constant temperature condition. 

Although the simulations are carried out under constant strain, for convenience in 

presentation, the various analyses will reference the value of prestress that corresponds to 

a particular value of prestrain.  

 

To ensure crack nucleation and growth at the nanometer scale, the prestress was 

varied between 3.5 and 4.25 GPa. If the system were uniaxially strained, these very high 

prestress values would have caused strong plasticity effects not related to the crack, such 

as spontaneous dislocation nucleation from the GBs [75]. Applying triaxial hydrostatic 

stress eliminates these undesirable plasticity effects.  
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The crack in the system is nucleated by screening (shielding) the atomic interactions 

between atoms at both sides of the GB plane between Crystal I and Crystal II along a 

region of length lo. As the crack grows and the crack opening becomes large enough to 

prevent interaction of atoms on the adjacent crack faces along the screened region, the 

previously screened atomic interactions are restored and the crack continues to evolve on 

its own. The crack starts growing if lo is larger than the critical Griffith length Lg defined 

when the energy spent to create the upper and lower crack surface 2γs minus the energy 

gained by destroying the GB γGB is equal to the released strain energy –dU/dl, per length 

l,  

                                           2γs - γGB = -dU/dl                                                         (2.28) 

 

An estimate of Lg is made by calculating dU/dl as a function of σ and l. This 

calculation is performed by using an anisotropic elastic finite element model of the elastic 

equivalent of the MD system, as will be discussed later. For the values of prestress 

applied in this study, σ = 3.5, 3.75, 4.0, and 4.25 GPa, the obtained Griffith lengths are Lg 

= 6.08, 5.32, 4.71, and 4.21 nm, respectively. The initial crack length is set equal to the 

crystallographic period in the x-direction, lo = <7 7 10>ao = 5.7 nm, to reflect the existing 

periodicity of the equilibrated GB structure [70] induced by the lattice of the two joined 

crystals. This value of lo is larger than Lg for most of the prestresses, except for σ = 3.5 

GPa, ensuring the initiation of crack growth for these prestresses. Crack growth also 

occurs for σ = 3.5 GPa (Lg = 6.08 mn), because the use of a many-body potential causes, 

all the atoms within the interaction range of the screened atoms to be affected by the 

screening, effectively increasing the initial crack length. 

 

The identification of various structural defects including dislocations, twins, stacking 

faults, etc. appearing around the growing crack is important for understanding the 

mechanism of deformation. A procedure for atom identification based on the atom’s 

coordination number and on the common-neighbor-analysis (CNA) technique [68,69] is 

used. The technique makes it possible to identify atoms in fcc and hcp states. Layers of 

hcp atoms in a fcc lattice are formed at stacking faults and twin boundaries [77] and can 

be used very successfully for visualizing the ongoing dislocation processes in fcc crystals 
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[78]. Atoms that are not identified in a fcc or hcp state are considered to be in a non-

crystalline state and indicate the presence of GBs or dislocation cores. In addition, atoms 

that have lost more than 1/3 of their neighbors inside the interaction range of the potential 

are considered surface atoms. On average, 1 nm2 of a flat {5 5 7} surface contains 16 

surface atoms. The crack free surface is estimated by counting the number of surface 

atoms, and when divided by 2h (see Figure 2.10; the prefactor 2 accounts for the two 

crack surfaces), conveniently gives an effective crack length l. Under this convention, the 

thermalized structure of a 110 Σ99  symmetric tilt GB, shown in Figure 2.11, appears as 

quasi-periodic, with a regular pattern of hcp atoms immersed in a disordered layer with 

the presence of a few distributed vacancies, identified by the appearance of a few isolated 

surface atoms inside the GB region. Classifying atoms in this way presents a unique 

possibility to distinguish and quantify the various atomic processes occurring at the crack 

tip.  

 

 

2.3.3  The continuum model 

 

The continuum model is constructed using finite element methods to determine the 

energy of an equivalent linear elastic system and to determine the critical Griffith crack 

length to gage the onset of crack propagation. The FE configuration, with dimensions 

scaled to reproduce the proportions of the MD system, is presented in Figure 2.12. The 

relative crack length, l/L, varied from 0.05 to 0.91, corresponding to the absolute crack 

length from 6 to 110 nm in the MD system, shown in Figure 2.10. Generalized plane 

strain in the z-direction is used to emulate the hydrostatic loading conditions in the MD 

system, shown in Figure 2.10. 

 

The FEM calculations are anisotropic linear-elastic, carried out under displacement 

control in the x- and y-directions, and use generalized plane strain to reproduce the 

hydrostatic triaxial stress in the MD simulation.  
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Figure 2.12. The mesh of the finite element model with a built-in 
lenticular crack. 

 

The use of periodic boundary conditions in the constant strain MD simulation, 

described previously, constrains the problem in the same manner as the generalized plane 

strain condition in continuum mechanics. The commercial software package ABAQUS 

[79] is used. The model contains a combination of six-node triangular elements and eight-

node quadrilateral elements that support generalized plane strain. The anisotropic elastic 

constants are obtained from the MD interatomic potential and transformed according to 

the crystallographic orientations of the atomic microstructure. Higher order terms in the 

elastic constants are not included as they are not available from the published data for this 

potential [72] and are not easy to calculate. This limits the FE simulation to be linear 

elastic. 

 

The FEM model contains a built-in lenticular slit, which simulates the MD 

approximation to a crack of varying relative length, 0.05 < l/L < 0.91, and is used to study 

the evolution of the system at different stages of the crack growth. To avoid stress 

singularities, the edges of the slit have a finite, but very small, initial radius λ = 0.008L, 

 45


	April 18, 2008
	Erik Saether
	Abstract

	final-dissertation-6-25-2008-preface2.pdf
	Outline of the dissertation and technical advancements
	            2.2.3  Periodic boundary conditions 23
	            2.2.4  Atomistic and continuum strain and stress measures 25
	            2.2.5  Phonon damping 31
	            2.2.6  Molecular dynamics analysis of polycrystalline metals 34
	            2.2.7  Grain boundary description in polycrystalline metals 35



	         3.1  Introduction 56
	           6.1  Introduction 155
	           6.2  Enhancement to the ESCM concurrent multiscale approach 155
	           6.3  Simulation of intergranular failure in aluminum polycrystals 160
	1.10. Depiction of ECM and MD region in the MLPG approach to

	5.3. Direction-dependant crack growth behavior incorporated into decohesion

	final-dissertation-6-25-2008-sec2.pdf
	 2.2.3  Periodic boundary conditions
	 As shown by Zimmerman et al. [56], the virial stress definition and other definitions discussed above converge rapidly to a Cauchy stress as the size of the atomic subdomain over which stress is calculated is increased.  
	  
	   2.2.5  Phonon damping

	Thus, the average velocity vector within each MD domain partition is obtained in the limit as
	2.2.6  Molecular dynamics analysis of polycrystalline metals
	2.2.7  Grain boundary description in polycrystalline metals



