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Diffractive Deep Inelastic Scattering

Andrey V. Pronyaev

(ABSTRACT)

New fundamental observables are becoming accessible with the Leading Proton Spec-

trometers (LPS) of ZEUS and H1. This enables us to test more thoroughly the pQCD

mechanism of diffractive Deep Inelastic Scattering (DIS). Calculations of the diffractive cross-

section in the small Bjorken x limit have been performed. We have used the microscopic

QCD formalism of diffractive DIS to find higher twist corrections to the transverse structure

functions and predict the diffractive slope and azimuthal asymmetries. We establish duality

correspondence between diffraction into low-mass continuum and vector meson production,

and calculate the diffractive contribution to the spin structure functions.
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Chapter 1

Introduction

Electron-hadron scattering has played an important role in our understanding of the

basic structure of nature. This is because stable and point-like objects like the electron are

ideal for probing the structure of hadrons. In Deep Inelastic Scattering (DIS) of electrons on

protons ep→ e′X (see Fig.(1)-1a), the electron probes the proton via the exchange of a highly

virtual photon γ∗. The virtuality of the photon, its four-momentum squared Q2 = −q2, is

much larger than the characteristic hadronic scale ∼ 1 GeV 2 and thus we resolve the proton

structure at small distances ∼ 1/Q2. In 1967, experiments on DIS at SLAC discovered

that for large Q2 the cross-section does not fall down with Q2 and is a function of unitless

Bjorken variable x. This scaling phenomenon suggests that virtual photon interacts with

the proton constituents: structureless spin 1/2 Dirac particles. Quantum Chromodynamics

1
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(QCD) interprets these particles as quarks.

The process of Diffractive DIS (DDIS) of electrons on protons ep→ e′p′X (see Fig.(1)-

1b) has recently received renewed attention due to the commissioning of the Leading Proton

Spectrometer (LPS) at HERA. Diffractive means that the proton stays intact, so the hadronic

state X can be thought of as a result of the virtual photon γ∗ diffracting off a proton p. The

final state electron e′ is detected and this allows one to fix the virtuality Q2 and Bjorken

x. The final state proton p′ acquires a small transverse momentum squared ∆2 ∼< m2
p with

respect to its mass mp. The longitudinal momentum of the proton also changes by a small

fraction xIP � 1 of its initial value, thus the recoiled proton is separated from the hadronic

state X, which was created by γ∗ diffraction, by a large pseudo-rapidity gap η ≈ log (1/xIP).

The LPS gives the long-awaited access to both the magnitude and the orientation of the

proton transverse momentum transfer ∆ of this semi-inclusive process. The measurement of

the ∆2-dependence of the cross-section component σD allows one to find the diffractive slope

BD, defined as coefficients in small ∆2 decomposition σD(∆2) = σD(∆2 = 0){1 − BD∆2}.

The transverse orientation of the recoil proton with respect to some other direction defines

the azimuthal angle φ, and corresponding asymmetry AD can be found from cross-section

φ-dependence σD(φ) = σD0 {1+AD
i cos φ}. These new observables provide additional handles

on the microscopic structure of the proton and allow us to test further the theoretical models

of DDIS.
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At small Bjorken x, we effectively probe the gluon density of the proton over the whole

range of gluon momentum which is governed by the variety of scales in DDIS. In addition

to the soft mass scale µ2
G, given by the characteristic range of gluon propagation in nucleon

matter, and the hard scale Q2, in DDIS one gets an access to the intermediate scales coming

from the final state analysis. Such scales as the mass m2
f of different quark flavors and the

mass M2 of the final diffractive state X allow one to probe in more details the semi-hard

regime in different cross-section components.

Diffraction of hadrons and/or (virtual) photons is a phenomenon very appealing to phys-

ical intuition because it combines particle and wave-like aspects of high-energy scattering. A

very simple physical picture for hadronic diffraction is based on the optical model developed

a long time ago. The beam hadron at very high energy is described in quantum mechanics as

a complicated superposition of virtual states. At short distances, QCD radiation causes fluc-

tuations of its parton structure. Due to Lorentz contraction of this ultrarelativisic system,

the Fock states are in fact eigenstates of the interaction. In the diffraction, the interaction

with the target particle causes the attenuation of the beam particle Fock states. As a result

the scattered state is different from the beam state and new exclusive and continuum states

are diffracted into existence.

In this diffractive dissociation of the beam particle, the cross-section system center-of-

mass energy
√
s dependence is similar to that of elastic scattering: σtot = σ0(s/s0)ε+σ1

√
s0/s,

where ε ∼ 0.1 and σ0 with σ1 characterize the reaction. In the Regge language the term
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σ0(s/s0)ε, which grows with the energy s, is coming from Pomeron exchange in the t-channel

(see Fig.(1)-2a,b), and Pomeron is treated as the quasiparticle IP with vacuum quantum

numbers. Other intermediate particles with meson quantum numbers contribute to the term

σ1

√
s0/s which is suppressed at high energies. In perturbative QCD, the Pomeron is just

a label for the intermediate two-gluon ladder (see Fig.(1)-2c). For a review on the Regge

phenomenology in diffraction see [1]. The transferred momentum t = −∆2 dependence of the

diffractive cross-section is characterized by the diffractive slope BD which depend strongly on

the excitation energy of the beam particle. The target particle contribution to the diffractive

slope is proportional to its transverse area.

The microscopic QCD picture of DIS and DDIS at small Bjorken x was developed in the

early 90’s by Mueller [2], and by Nikolaev and Zakharov [3]. In this picture, the γ∗p→ Xp′

process is described as a grazing, quasielastic scattering of the multiparton Fock states of

the virtual photon by the proton. The DDIS is treated in the color-dipole model [4] in

terms of diffraction of the quark-antiquark (qq̄) light-cone Fock components of the virtual

photon on the target proton. This interpretation of DDIS is possible since for small Bjorken

x� 1, the virtual photon transforms into a qq̄ pair at a large distance ahead of the proton,

δz ∼ 1/mpx � Rp, compared to its size Rp. The color-dipole consists only of qq̄ pair for

the cases of low and intermediate continuum mass excitation M2 ∼< Q2, and of vector meson

production. More complicated Fock states with extra gluons and/or qq̄ pairs contribute for

large continuum masses M2 � Q2. The γ∗p center-of mass energy s = Q2/x is large for
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x � 1, and the two-gluon exchange in the t-channel of the γ∗p → (qq̄)p′ interaction gives

the dominant contribution. In the equivalent parton language, which is commonly used in

the standard DIS, this means that at small x the virtual photon probes the gluon structure

of the proton by interaction with its daughter (sea) quarks.

The color dipole approach allows one to answer many important questions in DDIS such

as

• what is the twist structure, or dependence of DDIS observables on the virtuality of the

photon Q2 (the power of 1/Q in DIS cross-sections is called twist),

• what are the relevant scales in this truly multi-scale problem,

• what is the flavor content of the DDIS observables,

• what happens to the partons’ helicities and how are they related to the hadron and virtual

photon polarizations,

• is DDIS a soft or a hard process, and to what extent is pQCD applicable?

The light-cone formalism provides this DDIS model with a natural framework as the trajec-

tories of particles cluster close to the light-cone in high-energy processes. Combined with the

infinite momentum frame, this formalism allows one to separate effectively large and small

scale longitudinal and transverse momenta. There is also a great deal of simplification in the

calculations because it is easier to estimate the contributions of different Feynman diagrams

and safely neglect those that are small in the high energy limit.

In a series of papers [3]-[6] Nikolaev et al. used the color-dipole approach to calculate
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the forward (∆ = 0) leading twist transverse and longitudinal diffractive structure func-

tions. This light-cone pQCD approach was extended by the author to the evaluation of the

azimuthal angle and higher twist components of the diffractive structure functions, and to

the calculation of diffractive slopes. The first calculations of the cross-sections integrated

over the diffractive state mass M2 with non-zero momentum transfer (∆ 6= 0) were per-

formed by the author and Zakharov in 1992 with the use of gluon structure functions in the

Born approximation, and with an infrared cutoff imposed on the radius of the perturbative

gluon propagation. In the past two years, modern parameterizations of the gluon structure

functions were incorporated by the author into the calculations of semi-inclusive DDIS with

nonzero momentum transfer ∆2 6= 0 and fixed continuum mass M2. This dissertation is

based on the results of a series of papers published by the author in [7]-[13] in collaboration

with Nikolaev and others. Some of these results were presented by the author at the 6th

International Workshop on Deep Inelastic Scattering and QCD (DIS’98).

While working on his Ph.D. at Virginia Tech, the author made the following contri-

butions using the color-dipole approach in DDIS. The direct perturbative QCD evaluation

was performed of higher-twist corrections to the diffractive structure functions which are

dominant for low-mass continuum excitation, M2 ∼> 4m2
f . It was shown that the higher

twist transverse structure function has the same twist and characteristic pQCD scale as the

longitudinal component. Some nontrivial effects were found in the diffractive excitation of

the continuum with ∆ 6= 0, such as a rapid variation of the diffractive slope with the mass of
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the diffractive state M2. It was shown how different interaction regions with different sizes in

impact parameter space contribute to the diffractive slopes of the cross-section components.

Azimuthal asymmetries were calculated in the recoil proton and jet plane directions and

a new procedure was developed to use longitudinal-transverse interference effects in order

to extract a model-independent and abnormally large longitudinal/transverse cross-section

ratio in DDIS. A method was proposed to use transverse-transverse interference to measure

directly the higher-twist contribution to the transverse cross-section. Exclusive-inclusive du-

ality between the diffractive production of vector mesons and low-mass continuum excitation

was extended to the s-channel helicity non-conserving cross-sections with different azimuthal

angle and polarization dependence. Important diffractive contributions to the spin structure

functions were evaluated and shown to have a rapid rise toward small Bjorken x. Univer-

sal software was developed and utilized to calculate the DDIS observables with the use of

modern gluon structure function parameterizations. Together with collaborators, the author

completed an analysis of multi-scale regimes in DDIS and of the applicability of pQCD.

The present thesis is organized as follows. In Chapter 2 we introduce kinematical vari-

ables of DDIS for two cases: continuum excitation in which the final hadronic state X is

the result of the qq̄ pair hadronization (thus semi-inclusive since only the recoil proton is

detected in the final state), and vector meson production in which X is the vector meson

V only (thus exclusive). Then, we use light-cone perturbation theory to calculate the lep-

tonic and hadronic contributions to the total DDIS cross-section. We calculate the helicity
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amplitudes of quark-antiquark excitation of the virtual photon. The interaction of the qq̄

pair with the proton is mediated at small-x by colorless two-gluon exchange. We show how

gluons with different momenta contribute to the gluon structure functions.

In Chapter 3 we calculate the DDIS cross-sections for continuum excitation and show

the leading twist contributions for different polarization and azimuthal angle components.

For each case we analyze the emerging pQCD scales which give dominant contributions. For

the case of transverse polarization, we evaluate and discuss the higher-twist components.

Next, we calculate average hard scales in our problem and establish an important sum-

rule for the M2-integrated components of the diffractive cross-section. We proceed with

calculations of low-mass continuum excitation, and diffractive vector meson production dual

to it. We find that exclusive-inclusive duality correspondence holds for all polarization

and azimuthal angle components. We conclude Chapter 3 by a physically intuitive impact

parameter representation of the M2-integrated cross-sections and the amplitudes of vector

meson production.

In Chapter 4 we convert the cross-sections into conventional proton structure functions

and diffractive slopes, and perform numerical calculations which we compare with approxi-

mate analytical results. Then, we analyze the ratios of the structure function components,

which to some extent are independent of the gluon structure function. This allows us to

use azimuthal asymmetries to separate the transverse and longitudinal components, and the

higher twist contributions to the total structure functions. Next, we evaluate the diffractive
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slopes of the different components and discuss the existing gluon structure function param-

eterizations and their extrapolation to the infrared region. We conclude Chapter 4 with the

analysis of the hardness of the characteristic scales and the general validity of our pQCD

approach.

In Chapter 5 we apply the light-cone formalism to the proton sector of the interaction,

calculating a relativistic wave function of the nucleon and using it to find the spin-flip and

spin-conserving vertex functions. Finally, we use the above results to evaluate the diffractive

contribution to the conventional spin structure function of the proton.

In the last Chapter 6 we summarize all these results and give a perspective of future

calculations. The figures are shown at the end of each section and labeled correspondingly.
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Chapter 2

Light-cone perturbation theory

In this chapter we introduce the light-cone perturbative QCD technique in the color

dipole approach to DDIS following Refs. [3]-[6]. The color dipole calculations in the zero-

momentum transfer limit ∆ = 0 were performed by Nikolaev et al. in Refs. [5] and [6]. The

longitudinal-transverse and transverse-transverse interference components of the diffractive

continuum excitation cross-sections and the helicity amplitudes in the color dipole model at

nonzero momentum transfer ∆ 6= 0 were obtained by the author and reported in Ref. [9].

We show here all the details of the calculations and analyze the contributions from different

parts of the Feynman diagrams. All steps have very clear physical interpretations which is

the main advantage of old-fashioned perturbation theory applied in the infinite momentum

light-cone frame.

12



Andrey V. Pronyaev Chapter 2. Light-cone perturbation theory 13

2.1 Kinematics

In diffractive DIS the experimentally observed process is the scattering of a lepton off a

proton

lp→ l′p′X

with the detection of the recoil proton. It is thus semi-inclusive whereas standard DIS is

fully inclusive in the hadronic sector and the recoil proton is not detected: lp → l′X. The

underlying subprocess in DDIS is the diffractive excitation of the virtual photon γ∗p→ Xp′,

where one-photon exchange dominates due to the smallness of the electroweak coupling (fine

structure constant) αem ≈ 1/137. The diagram for DDIS of an electron on a proton is shown

in Fig.(2.1)-1a, pe and p′e are the momenta of the initial and final (recoiled) electron, p and

p′ - momenta of the initial and final (recoiled) proton, and qM is the total momentum of the

diffractive state X. Momentum conservation states:

pe + p = p′e + p′ + qM , (2.1)

and we define the momentum transferred from the electron, equal to the virtual photon

momentum, as

q = pe − p′e . (2.2)

We will neglect the mass of the electron, compared to all other masses in our problem, so

p2
e = p′e

2
= 0 . (2.3)
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The proton mass mp constrains the momenta:

p2 = p′
2

= m2
p . (2.4)

We also introduce standard DDIS masses: the invariant mass M of the diffractive state X,

q2
M = M2 , (2.5)

the virtuality of the photon Q,

q2 = −Q2 , (2.6)

the γ∗p center of mass energy squared s,

(q + p)2 = s , (2.7)

and the ep center of mass energy squared S,

(pe + p)2 = S . (2.8)

Standard DIS unitless ratios are: the Bjorken scaling variable

x =
Q2

Q2 + s
, (2.9)

defined here in the limit of Q2 � m2
p, which in the parton model (see [14] for a quick review)

is the fraction of target nucleon’s momentum carried by the struck quark, and the inelasticity

y =
Q2

Sx
, (2.10)

which is the fraction of the electron’s energy carried away by the virtual photon.
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In DDIS we have two additional variables:

β =
Q2

Q2 +M2
, (2.11)

and the counterpart of the leptonic variable y, usually denoted as

xIP =
x

β
, (2.12)

which is the fraction of the proton’s energy (longitudinal momentum) taken away. We

neglected the small momentum transfer

t = (p− p′)2
= −∆2 , (2.13)

compared to Q2 in (2.11). We will perform calculations in the following limits of kinematical

variables:

x, xIP, y � 1 (2.14)

and

∆2 � m2
p � Q2 � s . (2.15)

We discuss the physical meaning of these approximations in more detail below.
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2.2 Leptonic part

We will work in the photon-proton center of mass frame for x � 1, with large energy

squared s = Q2/x, larger than any other scale. Effectively, it is an infinite momentum frame

with longitudinal momentum
√
s→∞. We choose the z-axis to be directed along the virtual

photon momentum. See Fig.(2.1)-1. Then, for the momenta of the external particles we have

(recall eqs. (2.1), (2.2)), using light-cone parameterization as in (A.1),

q =

(√
s,−Q

2

√
s
,0

)
, (2.16)

qM =

(√
s,
M2

√
s
,∆

)
, (2.17)

p =

(
m2
p√
s
,
√
s,0

)
, (2.18)

p′ =

(
m2
p√
s
,
√
s,−∆

)
, (2.19)

where ∆ is the small transverse momentum, transferred from the proton, −t = ∆2 � m2
p �

s. We neglected the longitudinal transferred momentum in our infinite momentum frame.

One should note that for the lower portion of graph in Fig.(2.1)-1b, which is the proton

sector, the (−) light-cone components dominate and the (+) components are determined

from the on-shell conditions. However, we primarily deal with the photon sector of the

interaction for which the Feynman rules introduced in Ref. [15] apply, and in which case the

(+) component is dominant.

Four polarization vectors can be defined: longitudinal (L), scalar (S) and two transverse
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(T ) and (T ′):

eL ≡
q

Q
=

(√
s

Q
,− Q√

s
,0

)
, (2.20)

eS =

(√
s

Q
,
Q√
s
,0

)
, (2.21)

eT = (0, 0, e) = (0, 0, e1, e2) , (2.22)

eT ′ = (0, 0, e′) = (0, 0,−e2, e1) . (2.23)

These vectors are chosen to be orthogonal to each other ei · ej = (e e′) = 0 for i 6= j =

S, L, T, T ′ and are normalized as e2
S = −e2

L = −e2
T = −e2

T ′ = e2 = e′2 = 1. Using this

complete basis of four-vectors, we write the momenta of the initial and final electrons as

pe = pSe eS + pLe eL + pTe eT , (2.24)

p′e = pSe eS − pLe eL + pTe eT . (2.25)

One can see that, as defined above, the transverse polarization vector eT is tangential to the

(e, e′) plane and eT ′ is perpendicular to it. In our approximation of small Bjorken x we have

the following coefficients for pe, p′e decomposition:

pSe =
Q

y

(
1− 1

2
y
)
, pLe =

Q

2
, pTe =

Q

y

√
1− y . (2.26)

The differential cross-section can be written as convolution of leptonic and hadronic

tensors dσD = LµνHµν . The standard leptonic tensor

Lµν = Tr [γµp̂γν p̂′] = 4
[
pµe p

′
e
ν

+ p′e
µ
pνe − (pe · p′e)δµν

]
, (2.27)
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where p̂ ≡ pσγσ, can be rewritten using (2.24-2.26) as the γ∗ polarization density matrix

Lµν =
8Q2

y2

[
(1− y) · eµSeνS +

(
1− y +

1

2
y2
)
· 1
2
(eµTe

ν
T + eµT ′e

ν
T ′)

+(1− y) · 1
2
(eµTe

ν
T − e

µ
T ′e

ν
T ′) + (2− y)

√
1− y · 1

2
(eµSe

ν
T + eµTe

ν
S)
]
. (2.28)

One can see that in the limit of y � 1, the soft photon is polarized in the (e, e′) plane. If

we contract Lµν with its hadronic counterpart Hµν , we will get the total DDIS cross-section,

written as a sum of four different components:

Q2y
dσ(ep→ e′p′X)

dQ2dy
=

αem
π

[(
1− y +

1

2
y2
)
σDT + (1− y)σDL

+(1− y)σDTT ′ +
(
1− y

2

)√
1− y σDLT

]
, (2.29)

where the σDj ’s are the diffractive excitation cross-section components of the process γ∗p→

Xp′, which have labels j = T, L, TT ′, LT , standing for the transverse (T ), longitudinal (L,

the misnomer notation used in modern literature for scalar photons), longitudinal-transverse

interference (LT ) and transverse-transverse interference (TT ′) cross-sections. In what follows

we will consider the standard case of y � 1, and all factors multiplying the σDj ’s in (2.29)

become equal to 1.
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2.3 Hadronic part

By virtue of the optical theorem, we need to calculate the imaginary part of the for-

ward Compton amplitude γ∗µp → γ∗νp to obtain the cross-section for γ∗µp → Xp′. The

sample diagram for this process is shown in Fig.(2.3)-1a. The leading contribution to DDIS

with intermediate and low invariant mass M2 ∼< Q2 and small x is the excitation of the

quark-antiquark qq̄ Fock state in the photon by a colorless double gluon (labeled Pomeron)

exchange. The calculations of Ref. [3] show that multi-parton Fock states like qq̄g contribute

for large mass continuum excitation M2 � Q2, β ∼< 0.1. For large x ∼> 0.1 region, the gluon

distribution in the proton no longer dominates and one needs to take into account processes

where virtual photon interacts directly with valence quarks (see Ref. [18] for corresponding

calculations). In this thesis we use the existing gluon structure function parameterizations

(see discussion in Chapter 4) as input for the bottom blobs in Fig.(2.3)-1a. For the QCD

evaluation of gluon structure functions and its relation to DDIS Regge phenomenology see

Ref. [16] and references therein.

We introduce four-momenta: ki of the quark and k̄i of the antiquark,

ki =

(
z
√
s,

k2
i +m2

f

z
√
s

,ki

)
, (2.30)

k̄i =

(
(1− z)

√
s,

k2
i +m2

f

(1− z)√s,−ki

)
, (2.31)
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which combine to form the momentum of the virtual photon (2.16)

q = ki + k̄i . (2.32)

In Eqs. (2.30) and (2.31), z and (1 − z) are the fractions of the photon’s longitudinal

momentum, carried by the quark and the antiquark, respectively, and ±k are the transverse

momenta.

We use the prescriptions of old-fashioned (Heitler-type, time ordered, pre-Feynman) per-

turbation theory [15] and calculate the energy denominators, for which we subtract light-cone

energies (which are not conserved, see Eq. (A.1)) of the incident (γ∗) and the intermediate

(qq̄) states, q− and k− + k̄−,

Dγ = q− − k−i − k̄−i = − 1

z(1− z)
√
s
· (k2

i +m2 + z(1− z)Q2) . (2.33)

The γ∗(j, q) q(λi, ki) q̄(λ̄i, k̄i) vertex with definite helicities λi of the quark and λ̄i of the

anti-quark, and polarization j of the virtual photon, according to the rules of light-cone

perturbation theory [15], is

Gλi,λ̄i
γj

= − v̄λ̄i(k̄i)√
k̄+
i

Γµ
uλi(ki)√
k+
i

· eµj , (2.34)

where Γµ = γµ is the standard electromagnetic interaction vertex and uλ(ki) with vλ̄(k̄i) are

light-cone helicity spinors. See Eqs. (A.4), (A.5). For the matrix elements (2.34) we find

Gλi,λ̄i
γj

= (−1)λi+λ̄i[G−λi,−λ̄iγj
]∗ , (2.35)
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G+−
γT

=
1

z(1− z)
√
s
· [(1− 2z)(eki) + i(e× ki)] , (2.36)

G++
γT

= − 1

z(1− z)√s ·m(e1 − ie2) , (2.37)

G+−
γL

= − 1

z(1− z)√s · 2z(1− z)Q , (2.38)

G++
γL

= 0 . (2.39)

Each gluon enters with a Feynman gauge propagator factor gµν , for which the following

decomposition holds

gµν = gµν⊥ + nµ(+)n
ν
(−) + nµ(−)n

ν
(+) , (2.40)

where we used light-cone vectors n(+) = (1, 0,0) and n(−) = (0, 1,0), and the index µ is

considered to enter the q(q̄) g q̄(q̄) vertex of the qq̄ pair. For the q(λi, ki) g q(λf , kf ) vertices

we have, using (A.4) and (A.5), the dominant contribution in the infinite momentum frame

G
λi,λf
g(+) =

ūλf (kf )√
k+
f

γ+uλi(ki)√
k+
i

= 2δλiλf , (2.41)

which contracts with the last term in (2.40), containing the nonzero component n−(−) = 1.

This leads to the conservation of (anti)quark helicity λi = λf in our infinite-momentum

frame.

Denoting the qq̄ loop transverse momentum as k we have

kf = k + z∆ = r +
1

2
∆ , (2.42)

k̄f = −k + (1− z)∆ = −r +
1

2
∆ , (2.43)
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for momenta kf and k̄f of the quark and antiquark in the final qq̄ state (the same for all

diagrams), where we introduced a useful transverse vector

r ≡ k− 1

2
(1− 2z) ∆ =

1

2

(
kf − k̄f

)
. (2.44)

In our infinite-momentum frame, we neglect longitudinal momentum transfer; and thus the

longitudinal momentum fractions, z and (1−z), stay unchanged for the quark and antiquark.

The final quark and antiquark constitute the diffractive state X = qq̄ with momentum

qM = kf + k̄f . (2.45)

The invariant mass of the diffractive state, X = qq̄, is then given by

M2 =
(
kf + k̄f

)2
=

k2 +m2
f

z(1− z) , (2.46)

where we neglected ∆ in (2.44) in our approximation of ∆2 � m2
f .

We sum over four different diagrams with two gluons, with momenta ∆1,2 = ∆/2 ± κ

(∆ = ∆1 + ∆2 is a total gluon momentum and κ is a gluon loop momentum), attached to

the quark lines. See Fig.(2.3)-2. With the final quark momentum kf fixed, the quark at the

γ∗qq̄ vertex will have a different momentum ki for each diagram. The sign factor ci = ±1

appears for diagrams with gluons connected to the same/different quark lines. We combine

vertices (2.34) and energy denominators (2.33) in the unintegrated reduced amplitude of the

γ∗ → qq̄ transition

Aλf λ̄f
γj
≡
∑
i

ci
G
λf ,λ̄f
γ,j (ki)

Dγ(ki)
, (2.47)
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where the summation is over the four diagrams in Fig.(2.3)-2. It is convenient to use the

virtual photon circular polarization vectors with definite helicity λ = ±1

e± = − 1√
2
(±e + ie′) , (2.48)

with e∗±e± = 1. With the use of n± = −(±, i)/
√

2 one can find a compact expression for the

unintegrated reduced helicity amplitudes of the γ∗λ → qλf q̄λ̄f transition

A
λf λ̄f
λ = −2z(1− z)Qφ2 δλ0 δλf−λ̄f − λ(n

∗
λeλ)mfφ2 δλλf δλλ̄f

+
√

2λ(eλφ1) [(1− z) δλλf − z δλλ̄f ] δλf−λ̄f . (2.49)

We introduced the sum

φj ≡
∑
i

ci ψj(ki) = ψj

(
r +

1

2
∆
)

+ ψj

(
r− 1

2
∆
)
− ψj (r + κ)− ψj (r− κ) (2.50)

over functions

ψ1 (ki) ≡ ki · ψ2 (ki) ≡
ki

k2
i + ε2

, (2.51)

where ψ2 has a meaning of the virtual photon light-cone wave function and

ε2 ≡ m2
f + z (1− z)Q2 (2.52)

is sometimes called the transverse mass of the quark. One can see from Eq. (2.49) that φ1

corresponds to γ∗λ → qλf q̄λ̄f transitions with altering helicity λ 6= λf +λ̄f , and φ2 corresponds

to helicity conservation λ = λf + λ̄f .

The light-cone vectors nν(+) of Eq. (2.40) enter the pp′gg contribution in Fig.(2.3)-1a,

which gives the off-forward unintegrated gluon density in the proton (see discussion in Seq.2.4
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and Sec.4.4): f (xIP,κ,∆). It is customary to single out the factor 1/κ4 which emerges from

the denominators ∆2
1 and ∆2

2 in the gluon propagators for the forward scattering case ∆ = 0.

The ∆, κ and xIP dependence of the gluon density matrix will be discussed in the next

chapter. We combine the γ∗X and pp′gg contributions into an amplitude of the γ∗p→ Xp′

transition (see Fig.(2.1)-1b), integrated over the gluon loop transverse momentum κ,

AD
j;λf λ̄f

≡
∫
d2κ

f (xIP,κ,∆)

κ4
A
λf λ̄f
j . (2.53)

We also define the helicity changing and conserving amplitudes Φ1 and Φ2 (first introduced

for the ∆ = 0 case in Ref. [3]):

Φi =
∫
d2κ

f (xIP,κ,∆)

κ4
φi . (2.54)

Finally, we introduce the vector meson polarization vectors, which are used in the cal-

culations of vector meson diffractive production

VS =

(√
s

M
,−M√

s
,0

)
(2.55)

VL =
qM
M

=

(√
s

M
,
M√
s
,0

)
, (2.56)

VT = (0, 0,V) = (0, 0, V1, V2) , (2.57)

VT ′ = (0, 0,V′) = (0, 0,−V2, V1) . (2.58)

These vectors are orthogonal Vi · Vj = (VV′) = 0 for i 6= j = S, L, T, T ′ and are normalized

by −V 2
S = V 2

L = −V 2
T = −VT ′ = V2 = V′2 = 1. We also use the circular polarization vectors
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with definite helicity

V± = − 1√
2
(±V + iV′) . (2.59)

Employing the same technique as used for the γ∗qq̄ vertex, one finds the unintegrated am-

plitude for the V (λV , qm) q(λf , kf) q̄(λ̄f , k̄f ) vertex

AV
λV ;λf λ̄f

= −2z(1− z)M δλV 0 δλf−λ̄f − λV (n∗λV VλV )mf δλV λf δλλ̄f

+
√

2λV (VλV k) [(1− z) δλV λf − z δλV λ̄f ] δλf−λ̄f , (2.60)

in which we used the plain γµ matrix (see [19] for discussion of S-D mixing in vector meson

wave function) in the ΓVµ = γµ ΓV vertex. Together with the energy denominator

DV = q−V − k−i − k̄−i = − 1√
s
· (M2 −M2

V ) , (2.61)

the reduced vertex ΓV constitutes the vector meson light-cone wave function

ψV (M2) =
ΓV (M2)

M2 −M2
V

. (2.62)

See Ref. [20] for its parameterization.
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2.4 Diffractive excitation of continuum

We use unitarity to calculate the hadronic helicity tensor Hλλ′ of the γ∗λp→ γ∗λ′p process

(see Fig.(2.3)-1a) as a sum over the (anti)quark helicities λf and λ̄f in the product of γ∗λp→

(qλf q̄λ̄f )p
′ and γ∗λ′p→ (qλf q̄λ̄f )p

′ amplitudes:

Hλ′λ =
∑
λf λ̄f

[
AD
λ′;λf λ̄f

]∗
AD
λ;λf λ̄f

. (2.63)

Performing all intermediate particle momentum integrations (see Appendix A) and multi-

plying by all standard QCD factors, we obtain

σDi =
αem
6π2

∑
f

e2
f

∫
dz
∫
d2k

∫
d2∆α2

sHi (2.64)

for the components i = T, L, TT ′, LT of the diffractive cross-sections in (2.29), where ef is the

charge of quark with flavor f , and αs is the running QCD strong coupling constant (calculated

at hardness scaleQ
2
, introduced below). We introduced the averaged contributionsHi, which

correspond to the components of the cross-section σDi , as

HT ≡ 1

2
{(H++ +H−−}

= {1− 2z (1− z)}Φ2
1 +m2

fΦ
2
2 , (2.65)

HL ≡ HLL

= 4z2 (1− z)2Q2Φ2
2 , (2.66)

HTT ′ ≡
1

2
{H+− +H−+}
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= 2z (1− z)
[
Φ2

1 − 2 (eΦ1)
2
]
, (2.67)

HLT ≡ 1

4
{H+L +HL+ +H−L +HL−}

= 4z (1− z) (1− 2z)Q (eΦ1)Φ2 , (2.68)

where the helicity tensor (2.63) components are calculated using (2.49-2.54):

H±± = 2 {1− 2z (1− z)} (e∗±Φ1)(e±Φ1) + (e∗±e±)m
2
fΦ

2
2 , (2.69)

H±∓ = 4z (1− z) (e∗±Φ1)(e∓Φ1) , (2.70)

H±L = H∗L± = ±4
√

2z (1− z) (1− 2z)Q(e∗±Φ1)Φ2 . (2.71)

For future discussion, we also introduce the helicity altering and conserving leading twist

contributions to the transverse component

HT0 = Φ2
1 (2.72)

and

HT1 = m2
fΦ

2
2 , (2.73)

respectively, and the higher twist (as shown in Sec.3.3) contribution T̂0 to the transverse

cross-section

HT̂0
= −2z (1− z)Φ2

1 , (2.74)

so in total:

HT = HT0 +HT1 +HT̂0
. (2.75)
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In the above formulae e is a unit transverse projection of the electron momentum which

defines the azimuthal angle of the (e, e′) plane. See Eqs. (2.22), (2.24) and (2.25). One can

already see in Eqs. (2.67) and (2.67) that both TT ′ and LT interference components depend

on the direction of e and vanish if we integrate it out, leaving us with the transverse T and

longitudinal L components, which were calculated in Refs. [3] and [6] for zero momentum

transfer ∆ = 0.

To evaluate the helicity amplitudes Φi defined in Eq. (2.54), we follow Ref. [21] and

approximate the off-forward gluon density by

f (xIP,κ,∆) = exp (−1

2
B3IP∆2)f(xIP, κ

2) . (2.76)

In Eq. (2.76) the dependence on (∆κ) can be neglected for small xIP as the subleading

Balitskii-Fadin-Kuraev-Lipatov (BFKL) singularity [22]. We also parameterized the small-

∆2 dependence by the universal diffractive slope B3IP ∼ 6GeV 2, which will be discussed in

Sec.4.3.

To perform the gluon loop momentum κ integration in Eq. (2.54), we expand Eq. (2.50)

in κ2 ∼< Q
2
, where

Q
2

= k2 + ε2 (2.77)

is the perturbative QCD scale from energy denominator (2.33), average over the κ orienta-

tion, and obtain

〈φ1〉 = r

[
2ε2

(r2 + ε2)3
κ2 − 1

4

∆2(r2 + ε2)− 4(r∆)2

(r2 + ε2)3

]
− 1

2
∆

(r∆)

(r2 + ε2)2
(2.78)
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and

〈φ2〉 =
ε2 − r2

(r2 + ε2)3
κ2 − 1

4

∆2(r2 + ε2) − 4(r∆)2

(r2 + ε2)3
. (2.79)

We used the notation 〈φi〉 ≡
∫
dθ φi/(2π), where θ is an angle between κ and r.

Then, we encounter two types of dκ2 integrals in Eq. (2.54). The first one is the Leading

Log Approximation (LLA) integral

G(xIP, Q
2
) =

∫ Q
2

dκ2

κ4
f(xIP, κ

2)κ2 , (2.80)

which is the gluon structure function of the proton at the pQCD scale Q
2
. The second

integral is a soft gluon structure function

G(xIP, µ
2
G) = µ2

G

∫
µ2
G

dκ2

κ4
f(xIP, κ

2) , (2.81)

where the integration converges for small κ with soft gluon momentum scale µG ∼ 0.7GeV .

We also define for future use an infrared parameter

b(xIP, µ
2
G, Q

2
) =

G(xIP, µ2
G)

2µ2
GG(xIP, Q

2
)
, (2.82)

which, at large Q
2
, decreases only because of the scaling violations and stays substantial.

The next step is to expand Eqs. (2.78) and (2.79) in small ∆, up to terms ∝ ∆3, and

obtain for the helicity amplitudes (2.54) the following expressions:

Φ1 =

(
1− k2

Q
2

)[
2k− (1− 2z)∆ + 6(1− 2z)

k(k∆)

Q
2

−3

2
(1− 2z)2

{
2
∆(k∆)

Q
2 +

k∆2

Q
2 − 8

k(k∆)2

Q
4

}]
G(xIP, Q

2
)

Q
4
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−1

4

[
2
∆(k∆)

Q
2 +

k∆2

Q
2 − 4

k(k∆)2

Q
4

]
G(xIP, µ2

G)

µ2
GQ

2 (2.83)

and

Φ2 =

[
1− 2

k2

Q
2 + 4(1− 2z)

(k∆)

Q
2 − 6(1− 2z)

k2(k∆)

Q
2

−1

2
(1− 2z)2

{
2
∆2

Q
2 − 3

k2∆2

Q
4 − 18

(k∆)2

Q
4 + 24

k2(k∆)2

Q
6

}]
G(xIP, Q

2
)

Q
4

−1

4

[
∆2

Q
2 − 4

(k∆)2

Q
4

]
G(xIP, µ2

G)

µ2
GQ

2 . (2.84)

Next, we perform the quark loop-momentum integrations over z and k2 in Eq. (2.64).

We use the invariant mass definition, Eq. (2.46), to eliminate the dk2 integration. For the

differential diffractive cross-sections with fixed invariant mass M2, we have

(2π)2 dσDi
dM2d∆2dφdϕ

=
αem
6

∑
f

e2
f

∫ z+

z−
dz · z(1− z)α2

sHi , (2.85)

where the longitudinal momentum integration is over the symmetric range with respect to

z = 1/2,

z± =
1

2

1±
√

1−
4m2

f

M2

 . (2.86)

It is convenient to set the scale for invariant mass M2 with the use of Q2 and β

M2 = Q21− β
β

. (2.87)

See (2.11). Then, we substitute the helicity amplitudes (2.83) and (2.83) into hadronic

tensors (2.65-2.68) and perform the final dz integration in Eq. (2.85). To do this integration,



Andrey V. Pronyaev Chapter 2. Light-cone perturbation theory 34

we change variables using the pQCD scale (2.77)

Q
2

=
k2 +m2

f

1− β =
z(1− z)Q2

β
. (2.88)

After lengthy, but simple calculations we get integrations in the form

∫ Q2

4β

m2
f

1−β

dQ
2

Q
2n

1− 4βQ
2

Q2

−1
2 [
αs(Q

2
)G(xIP, Q

2
)
]m

, (2.89)

where n = 1, 2 . . . 6 and m = 1, 2, and the factor in the square brackets has weak logarithmic

dependence on Q
2
.

Integrals with n = 1 converge at the upper integration limit: the pQCD scale is

Q
2

L ∼
Q2

4β
, (2.90)

which corresponds to symmetrical qq̄ pairs z ∼ 1/2 and large transverse momentum k2 ∼

M2/4. The lower integration limit of Eq. (2.89) contributes to the n ≥ 2 integrals and yields

the pQCD scale

Q
2
T ∼

m2
f

1− β , (2.91)

which corresponds to asymmetrical qq̄ pairs with z ∼ m2
f/M

2 and small k2 ∼ m2
f . For heavy

flavors and/or sufficiently small (1 − β), the pQCD scale Q
2
T is large and we remain in a

perturbative domain.

We introduce the scaling violating functions of pQCD scales Q
2
T and Q

2
L, which, to the

log-accuracy, are

G
2

T,L =
[
αs(Q

2

T,L)G(xIP, Q
2

T,L)
]2
. (2.92)
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Below we will also use the short-hand notation

bT,L ≡ b(xIP, µ
2
G, Q

2

T,L) . (2.93)

The final step is to expand our expressions for cross-section components σi in powers of

m2
f , and retain the leading twist in each case. We present the results of the above calculations

in the next chapter.



Chapter 3

Cross-sections

In this chapter, we present the results of analytical calculations of the diffractive cross-

sections in the color-dipole approach. The transverse and longitudinal components were first

calculated in Refs. [5], [6] in the zero momentum transfer ∆ = 0 limit for the diffractive

excitation of continuum case. The evaluations of the vector meson diffractive production am-

plitudes were done in Refs. [23], [19]. The author’s contribution is an analytical evaluation

of non-zero momentum transfer, higher twist and azimuthal angle components of DDIS into

continuum. The duality correspondence between s-channel helicity non-conserving cross-

section components in low-mass continuum and vector meson diffractive excitation is estab-

lished. We focus here on the azimuthal angle, twist, and gluon structure function dependence

of the cross-section components.

36
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3.1 Angular dependence

In this section we write down the result of calculations described in previous chapter.

First, we introduce the azimuthal angles for DDIS as follows: ϕ - angle between k and ∆,

ψ - between k and e, φ - between ∆ and e, so ψ = ϕ − φ. In experiments, ϕ is measured

as an angle between the proton (p, p′) and the qq̄-jet planes and φ as an angle between the

electron (e, e′) and the proton (p, p′) planes. See Fig.(2.1)-1b.

To the log-accuracy, for the differential DDIS cross-section

(2π)2
(
M2 +Q2

) dσDi
dM2d∆2dφdϕ

≡
∑
f

∂σD(4)
f,i , (3.1)

we have (we suppress index f in ∂σ
D(n)
f,i below, index (n) refers to the number of derivatives),

using the results of previous chapter and universal short-hand factor

Sf =
π2αeme2

f

18
exp (−B3IP∆2) , (3.2)

the following expressions. The transverse cross-section is

∂σD(4)
T = Sf

β (1− β)2

m2
fQ

2

[(
1− bT∆2

)
·
(
3 + 4β + 8β2

)
+

∆2

m2
f

· 1

10

{(
5− 16β − 7β2 − 78β3 + 126β4

)
+cos (2ϕ) · (1− β)

(
25− β − 18β2 − 126β3

)}
+bT∆2 · cos (2ϕ) · 2β (1− 4β)

]
·G2

T . (3.3)
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The longitudinal cross-section:

∂σ
D(4)
L = Sf

12β3

Q4

[(
1− bL∆2

)
· 2 (1− 2β)2 ·G2

L

+
∆2

m2
f

· (1− β)
{(

1− 7β + 23β2 − 21β3
)

+cos (2ϕ) · (1− β)
(
2− 6β + 21β2

)}
·G2

T

−bL∆2 · cos (2ϕ) · 4 (1− β) (1− 2β) ·G2

L

]
. (3.4)

The transverse-transverse interference cross-section:

∂σ
D(4)
TT ′ = −Sf

2β2 (1− β)

Q4

[(
1− bL∆2

)
· cos (2ψ) · 24β2 ·G2

L

+
∆2

m2
f

· 1
5

{
− cos (2ψ) · 3 (1− β)

(
1 + 2β + 3β2 + 84β3

)
+2cos (2ψ) cos (2ϕ) · 21 (1− β)2

(
1 + 3β + 6β2

)
− cos (2φ) · 10

(
2 + 2β + 2β2 − 9β3

)}
·G2

T

−bL∆2 · 12β {cos (2φ)

−2 cos (2ψ) cos (2ϕ) · (1− β)} ·G2
L

]
. (3.5)

The longitudinal-transverse interference cross-section:

∂σD(4)
LT = Sf

∆

Q

2β2 (1− β)

m2
fQ

2

[{
−2 cos (φ) ·

(
1 + β + 4β2

)
+4cos (ψ) cos (ϕ) · (1− β)

(
1 + 2β + 18β2

)}
−∆2

m2
f

· 1

10
(1− β)

{
cos (φ) ·

(
11 + 7β + 3β2 − 126β3

)
+3cos (φ) cos (2ϕ) · (1− β)

(
17 + 31β + 42β2

)
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−3 cos (ψ) cos (ϕ) · (1− β)
(
8 + 15β + 21β2 − 224β3

)
−7 cos (ψ) cos (3ϕ) · (1− β)2

(
6 + 17β + 32β2

)}
+bT∆2

{
cos (φ) ·

(
4− 17β + 28β2

)
+3cos (φ) cos (2ϕ) · (1− β) (1− 8β)

−6 cos (ψ) cos (ϕ) · (1− β)
(
1− 5β + 18β2

)
+2cos (ψ) cos (3ϕ) · (1− β)2 (1 + 18β)

}]
·G2

T . (3.6)

These expressions are valid for 4m2
f �M2, Q2; the case of low continuum mass M2 ∼ 4m2

f

will be discussed separately. Below we discuss our results (3.3-3.6) in more details.
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3.2 Helicity components

In this section, we split the cross-sections (3.3-3.6) into helicity components. We will

discuss here only the azimuthal angle and twist content, leaving the rest of the discussion for

subsequent sections. In general, twist-n means that the cross-section has a 1/Qn dependence

to log-accuracy. We will refer to (2.83) and (2.84) for properties of helicity amplitudes Φ1

and Φ2 which enter in cross-section components (2.85) as bi-products. See (2.65-2.68).

The leading twist-2 transverse cross-section is written in the form

∂σD(3)
T = Sf

β (1− β)2

m2
fQ

2

[(
1− bT∆2

)
·
(
3 + 4β + 8β2

)
+

∆2

m2
f

· 1

10

(
5− 16β − 7β2 − 78β3 + 126β4

)]
·G2

T (3.7)

and is a sum of helicity components: ∂σ
D(3)
T = ∂σ

D(3)
T0

+ ∂σ
D(3)
T1

. See (2.72) and (2.73).

Helicity-violating amplitudes Φ1 ∝ k in both vertices contribute to the component of the

transverse cross-section T0 with zero total helicity of the final quark and antiquark pair

∂σD(3)
T0

= Sf
β (1− β)2

m2
fQ

2

[(
1− bT∆2

)
· 2
(
1 + 2β + 3β2

)
+

∆2

m2
f

· 1

10

(
3− 8β − 19β2 − 30β3 + 84β4

)]
·G2

T , (3.8)

and helicity conserving amplitudes Φ2 ∝ 1 in both vertices contribute to the component T1

with conservation of helicity at the γ∗qq̄ vertex,

∂σD(3)
T1

= Sf
β (1− β)2

m2
fQ

2

[(
1− bT∆2

)
·
(
1 + 2β2

)
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+
∆2

m2
f

· 1
5

(1− β)
(
1− 3β + 3β2 − 21β3

)]
·G2

T . (3.9)

Both T0 and T1 components give comparable twist-2 contributions at pQCD scale Q
2

T ∼

m2
f/(1 − β). For light flavors and intermediate β, the typical range of gluon structure

function variation µ2
G replaces smaller scale Q

2

T and (3.7-3.9) must not be taken literally. For

heavy flavors and small (1− β) we are in legitimate pQCD domain and all results are valid

within the approximations we have made. Gluon structure functions and pQCD scales will

be discussed in more detail in Sec.4.4.

The longitudinal component is dominated by the helicity conserving amplitudes Φ2 ∝ 1

in both vertices,

∂σD(3)
L = Sf

12β3

Q4

[(
1− bL∆2

)
· 2 (1− 2β)2 ·G2

L

+
∆2

m2
f

· (1− β)
(
1− 7β + 23β2 − 21β3

)
·G2

T

]
, (3.10)

which is twist-4, and the pQCD scale is hard, Q
2

L ∼ Q2/4 for large Q2. In comparison to

the twist-2 transverse component, the L contribution lacks a small factor (1− β)2 for large

β, and has a factor G2(xIP, Q
2

L) which dominates G2(xIP, Q
2

T ) due to the scaling violating

rise of the gluon structure function from scale Q
2

T to Q
2

L. Both these effects make the L

contribution dominant for large β, and this is confirmed by numerical calculations in the

next chapter.

Transverse-transverse interference has a contribution from the helicity-violating ampli-
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tudes Φ1 ∝ ∆ in both vertices,

∂σ
D(3)
TT ′ = −Sf

2β2 (1− β)

Q4

[
−bL∆2 · 12β2 ·G2

L

+
∆2

m2
f

· 1
5

(
1 + β + β2 − 99β3 + 126β4

)
·G2

T

]
· cos (2φ) , (3.11)

and has a standard interference factor ∆2 cos (2φ). It is twist-4 with competition from the

soft-hard contribution ∝ bLG2
L ∝ G(xIP, Q

2
L)G(xIP, µ2

G)/µ2
G, and from the semi-hard (for

light flavors) contribution ∝ G2(xIP, Q
2

T )/m2
f . For large β, the pQCD scale QT rapidly

increases and the second term in (3.11) becomes dominant.

The longitudinal-transverse interference with contributions from helicity amplitudes

Φ1 ∝ ∆ and Φ2 ∝ 1 is expressed by

∂σ
D(3)
LT = −Sf

∆

Q
· 2β

2 (1− β)

m2
fQ

2

[
2
(
1 + β + 4β2

)
−bT∆2 ·

(
4− 17β + 28β2

)
+

∆2

m2
f

· 1

10
(1− β)

(
11 + 7β + 3β2 − 126β3

)]
·G2

T · cos (φ) . (3.12)

The factor ∆ cos (φ) reflects spin flip and one has twist-3 with pQCD scale Q
2

T , the same as

for the transverse component (3.7). The importance of this term for pQCD scale separation

will be discussed in more detail in the next chapter.

There are additional azimuthal angle contributions (denoted with prime below) which

one can analyze, if the direction of k, i.e. orientation of the qq̄ plane, is reconstructed. It

can be done, in principle, by a detailed study of the azimuthal configuration of the state
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X = qq̄. The transverse cross-section receives a contribution from the product of helicity

violating amplitudes Φ1 ∝ k and Φ1 ∝∆(k∆),

∂σ
D′(3)
T = Sf

β (1− β)2

m2
fQ

2

[
bT∆2 · 2β (1− 4β)

+
∆2

10m2
f

(1− β)
(
25− β − 18β2 − 126β3

)]
·G2

T · cos (2ϕ) , (3.13)

which is also twist-2 with pQCD scale Q
2
T , but has interference factor ∆2 cos (2ϕ) and

contribution from the gluon structure function at both soft and hard scales ∝ bTG2
T ∝

G(xIP, Q
2

T )G(xIP, µ2
G)/µ2

G. One should notice a small factor (1 − β) in the contribution

∝ G2(xIP, Q
2
T )/m2

f and thus for large β the first term in (3.13) becomes dominant.

Similar factors are present in the twist-4 component of the longitudinal cross-section

which comes from helicity amplitude Φ2 ∝ 1 in one vertex and Φ2 ∝ (k∆)2 in the other,

∂σD
′(3)

L = Sf
12β3 (1− β)

Q4

[
−bL∆2 · 4 (1− 2β) ·G2

L

+
∆2

m2
f

(1− β)
(
2− 6β + 21β2

)
·G2

T

]
· cos (2ϕ) , (3.14)

where the first term ∝ bLG2
L ∝ G(xIP, Q

2
L)G(xIP, µ2

G)/µ2
G dominates the whole range of β

due to a large pQCD scale Q
2
L in one of the gluon structure functions.

The transverse-transverse interference also receives contributions from amplitudes with

Φ1 ∝ k in both vertices,

∂σ
D′(3)
TT ′ = −Sf

4β2 (1− β)

Q4

[(
1− bT∆2

)
· 12β2 ·G2

L

−∆2

m2
f

· 3

10
(1− β)

(
1 + 2β + 3β2 + 84β3

)
·G2

T

]
· cos (2ψ) , (3.15)
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and has a similar form as the longitudinal component multiplied by an interference factor

cos (2ψ).

The longitudinal-transverse interference has an additional contribution from the product

of helicity amplitudes Φ1 ∝ k and Φ2 ∝ (k∆),

∂σ
D′(3)
LT = Sf

∆

Q

2β2 (1− β)2

m2
fQ

2

[
4
(
1 + 2β + 18β2

)
+

∆2

m2
f

· 3

10
(1− β)

(
8 + 15β + 21β2 − 224β3

)
−bT∆2 · 6

(
1− 5β + 18β2

)]
·G2

T · cos (ψ) cos (ϕ) . (3.16)

It is similar to (3.6), except for a different interference factor ∆ cos (ψ) cos (ϕ). Both compo-

nents (3.16) and (3.12) contribute to the LT interference cross-section, which when integrated

over the jet plane direction ~k (integrated over azimuthal angle ϕ with φ fixed) becomes,

∂σ
D(3)
LT = Sf

∆

Q
· 2β

2 (1− β)

m2
fQ

2

[
12β2 (2− 3β)

+bT∆2 ·
(
1 + β − 41β2 + 54β3

)
+

∆2

m2
f

· 1

20
(1− β)

(
2 + 7β + 12β2 − 483β3 + 672β4

)]
·G2

T · cos (φ) . (3.17)
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3.3 Higher twist in transverse cross-section

For the portion of the transverse amplitude T̂0 defined in (2.74), the calculations indeed

give the twist-4 contribution to the transverse cross-section

∂σ
D(3)

T̂0
= −Sf

4β2 (1− β)

Q4

[(
1− bL∆2

)
· 12β2 ·G2

L

+
∆2

m2
f

· 1

10

(
7 + 7β + 7β2 − 243β3 + 252β4

)
·G2

T

]
. (3.18)

One can notice the similarity to the longitudinal term (3.10) with a large pQCD scale Q
2
L.

Its only difference from the transverse-transverse interference contribution ∂σD
′(3)

TT ′ (∆ = 0)

is the lack of the azimuthal angle factor cos (2ψ). This general result holds for the case of

∆ = 0 in the exact formulae (2.67) and (2.74) and can be traced from (2.50) and (2.51).

There exists, though, a twist-4 correction to the T0 part of the transverse amplitude,

which cancels identically with the T̂0 part in the leading logQ
2
L approximation and thus,

one should take into account the next to leading logQ
2

L terms to obtain the total twist-4

component of the transverse cross-section

∂σ
D(3)

T̂
= −Sf

4β2 (1− β)

Q4

[(
1− b̂L∆2

)
· 12β2 · Ĝ2

L

−∆2

m2
f

· 1

10

(
17 + 2β + 62β2 − 588β3 + 567β4

)
·G2

T

]
. (3.19)

This twist-4 contribution contains the next to LLA term Ĝ2
L = ∂G

2
L/∂ log (Q

2
L) due to

cancellation of the LLA termsG
2

L. We also used the short-hand b̂L ≡ bLG
2

L/Ĝ
2
L. One can still

neglect termsG
2

T compared with Ĝ2
L in the limitQ

2

T � Q
2

L for intermediate β. Unfortunately,
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the full twist-4 contribution T̂ is not separable experimentally from the leading twist. Below

we will omit the subscript (0) in the explicit twist-4 contribution T̂0 which one can measure

using mentioned above identity to the interference term TT ′ (see more discussion in Chapter

4).



Andrey V. Pronyaev Chapter 3. Cross-sections 47

3.4 Hard scale

One can calculate the pQCD scale (2.88) averages using the cross-sections (2.85),

〈log (Q
2
)〉j =

∫
dz · z(1− z)α2

s(Q
2
)Hj(Q

2
) log (Q

2
)∫

dz · z(1− z)α2
s(Q

2
)Hj(Q

2
)

. (3.20)

For the transverse case, the result for the log (Q
2
) average reads

〈log (Q
2
)〉T = log

(
m2
f

1− β

)
+

9 + 20β + 88β2

6(3 + 4β + 8β2)
(3.21)

A similar expression can be deduced for the longitudinal-transverse case

〈log (Q
2
)〉LT = log

(
m2
f

1− β

)
− 1 + 7β − 71β2 + 75β3

12β2(2− 3β)
(3.22)

Additional β polynomials on the right-hand side of (3.21-3.22) are due to the fact that in

both the T and LT cases integrations with different n in (2.89) contribute with different β

dependence. Numerical calculations show the proximity and hardness of both scales, and

are discussed in the next chapter.
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3.5 Sum rule

We calculate cross-sections integrated over the continuum mass M2 (see in (3.1) how

differential cross-sections are defined) using the formula

∂σ
D(2)
i =

∫ dM2

M2 +Q2
∂σ

D(3)
i =

∫ dβ

β
∂σ

D(3)
i . (3.23)

If we fix the pQCD scale Q
2

and perform a formal β integration from 0 to 1 we find

∂σD(2)
T =

8

5
Sf

(1− bT∆2)

m2
fQ

2
·G2

T , (3.24)

∂σ
D(2)
T0

=
6

5
Sf

(1− bT∆2)

m2
fQ

2
·G2

T , (3.25)

∂σD(2)
T1

=
2

5
Sf

(1− bT∆2)

m2
fQ

2
·G2

T , (3.26)

∂σD(2)

T̂
= −12

5
Sf

(1− bL∆2)

Q4
·G2

L , (3.27)

∂σ
D(2)
L =

16

5
Sf

(1− bL∆2)

Q4
·G2

L , (3.28)

∂σ
D(2)
TT ′ =

6

5
Sf
bL∆2

Q4
·G2

L · cos (2φ) , (3.29)

∂σ
D(2)
LT = 0 . (3.30)

It is an important consequence of gauge invariance and unitarity that all terms ∝ ∆2/m2
f

in the cross-sections vanish identically. Invariant mass M2 integration of cross-section com-

ponents without angular dependence on the direction of k allows us to restore the full and

independent d2k and dz integrations, as in (2.64). Then d2k can be replaced by the d2r

integration if one assumes a k2-independent pQCD scale Q
2
. Finally, one can notice that
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in (2.50) only the first two terms can potentially contribute to leading-logQ
2

components

∝ ∆2/m2
f , but with independence of variable r there is, in fact, no ∆ dependence left and

terms ∝ ∆2/m2
f vanish. This sum rule serves as a good check of the coefficients in the β

polynomials.

The same analysis can be repeated for the LT term which vanishes upon dβ/β integra-

tion. This is due to the explicit asymmetrical (1−2z) factor in (2.68) in case of independent

r variable. The symmetry of (2.50) with respect to κ and ∆/2 gives rise to (1 − b∆2) de-

pendence and for ∂σ
D(2)
j cross-sections we have only relatively small correction equal to the

infrared parameter bT,L in addition to the universal slope B3IP.

The above sum rule does not work if we do not integrate out d2k completely, as in the

azimuthal angle components with fixed direction of k:

∂σD
′(2)

T = Sf
1

10m2
fQ

2

(
−bT∆2 +

5∆2

m2
f

)
G

2

T · cos (2ϕ) , (3.31)

∂σ
D′(2)
L = Sf

4

5m2
fQ

2

(
bL∆

2 ·G2
L +

17∆2

2m2
f

·G2
T

)
· cos (2ϕ) , (3.32)

∂σ
D′(2)
TT ′ = −Sf

12

5Q4

[(
1− bL∆2

)
·G2

L −
∆2

2m2
f

·G2

T

]
· cos (2ψ) , (3.33)

∂σ
D′(2)
LT = Sf

∆

Q

9

5m2
fQ

2

(
1− bT∆2 · 13

9

)
G

2
T · cos (ψ) cos (ϕ) . (3.34)
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3.6 Low-mass excitation

The relative velocity of quarks in the qq̄ pair is given by

v2 = 1−
4m2

f

M2
. (3.35)

The kinematical threshold corresponds to v = 0, M2
th = 4m2

f and βth ≈ 1− 4m2
f/Q

2. In the

region of 4m2
f ∼< M2 � Q2 we have small v2 = (βth−β)Q2/(4m2

f ), and it is convenient to use

the velocity v instead of β, because of the longitudinal momentum phase space constraint

|1− 2z| ≤ v . (3.36)

In the limit of v � 1, we have a large pQCD scale Q
2

th = Q2/4 � m2
f , and the following

expressions for the leading twist, small ∆ decomposition of helicity amplitudes

Φ1 =
1

Q
4
th

{
[2k− (1− 2z)∆]G(x,Q

2
th)−

∆(k∆)

2µ2
G

G(x, µ2
G)

}
exp(−1

2
B3IP∆2) , (3.37)

Φ2 =
1

Q
4

th

{[
1− 4(1− 2z)

(k∆)

Q
2

]
G(x,Q

2

th) +
(k∆)2

Q
2

thµ
2
G

G(x, µ2
G)

}
exp(−1

2
B3IP∆2) , (3.38)

where, according to (2.12) we substituted xIP with Bjorken x for β ∼ 1.

In the close to threshold limit v � 1 we set a scale for M2 using v instead of β, use

the small transverse momentum of the (anti)quark k2 = m2
f [v

2 − (1− 2z)2] � m2
f , perform

z-integration and decompose in powers of v. Then, up to v3 terms, the following results for

cross-section components are obtained,

∂σD(3)
T = 32Sf

6m2
f

Q6
v

[(
1− b∆2

)
+

∆2

6m2
f

v2

]
·G2

th , (3.39)
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∂σD
′(3)

T = −32Sf
4m2

f

Q6
v3b∆2 ·G2

th · cos (2ϕ) , (3.40)

∂σD(3)
T0

= 32Sf
16m2

f

Q6
v3

[(
1− b∆2

)
+

∆2

8m2
f

]
·G2

th , (3.41)

∂σD(3)
T1

= 32Sf
6m2

f

Q6
v
(
1− b∆2

)
·G2

th , (3.42)

∂σD(3)

T̂
= −32Sf

8m2
f

Q6
v3

[(
1− b∆2

)
+

∆2

8m2
f

]
·G2

th , (3.43)

∂σ
D(3)
L = 32Sf

3

2Q4
v
(
1− b∆2

)
·G2

th , (3.44)

∂σ
D′(3)
L = 32Sf

8m2
f

Q6
v3b∆2 ·G2

th · cos (2ϕ) , (3.45)

∂σ
D(3)
TT ′ = 32Sf

4m2
f

Q6
v3

[
b∆2 − ∆2

4m2
f

]
·G2

th · cos (2φ) , (3.46)

∂σ
D′(3)
TT ′ = −32Sf

8m2
f

Q6
v3
(
1− b∆2

)
·G2

th · cos (2ψ) , (3.47)

∂σ
D(3)
LT = −32Sf

∆

Q

2

Q4
v3
(
1− 5

4
b∆2

)
·G2

th · cos (φ) , (3.48)

∂σ
D′(3)
LT = 32Sf

∆

Q

224m2
f

5Q6
v5
(
1− b∆2

)
·G2

th · cos (ψ) cos (ϕ) . (3.49)

Notice that the pQCD scales Q
2
T and Q

2
L, defined in (2.91) and (2.90), coincide and are

equal to Q
2

th = Q2/4 in the limit of β ∼ 1. We used for the threshold a short-hand notation

G
2

th = [αs(Q
2

th)G(xIP, Q
2

th)]
2. All the cross-sections vanish as v → 0 at the threshold. The

∆2 dependence of (3.39-3.48) describes the near-threshold behavior of the DDIS slopes,

discussed in Sec.4.3. Cross-section components ∂σD
′(3)

T and ∂σD
′(3)

L receive leading twist

contributions from the soft-hard contribution∝ G(xIP, Q
2
th)G(xIP, µ2

G)/µ2
G which comes from

sub-leading logQ
2

terms in (3.38). These important contributions, which allow one to find

the characteristic scale for soft gluons, have an analog in vector meson photoproduction,
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discussed in the next section. A similar twist-4 term ∝ G(xIP, Q
2

th)G(xIP, µ2
G)/µ2

G exists in

the transverse-transverse interference cross-section component ∂σ
D(3)
TT ′ , but it is suppressed

by the hard scale contribution ∝ G2(xIP, Q
2
th)/m

2
f in (3.46). In the region close to the

kinematical threshold, the longitudinal cross-section remains twist-4 (now the leading twist)

and the transverse cross-section becomes of explicitly higher twist-6. In (3.7-3.17), one can

already see how the transition from 1−β ∼ 1 to 1−β ∼M2/Q2 for the increasing value of β

changes the Q2 dependence of corresponding components in the region close to the threshold.

The results for low-mass continuum excitation cross-section components will be used to

establish the duality correspondence with the virtual photoproduction of vector mesons.
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3.7 Vector meson production in DDIS

Using the same technique as for continuum excitation and following [23], for amplitudes

of vector meson virtual photoproduction γ∗p→ V p′ (dominant imaginary parts) we find

A(Viγj) = is
2CV
√

4παem
π2

∫
dz
∫
d2kαs I(Viγj)

ψV (M2)

z(1− z) , (3.50)

where we projected a definite helicity qλf q̄λ̄f state onto the vector meson state VλV with

helicity λV = 0,±1 and used the light-cone wave function ψV (z,k) ≡ ψV (M2) (see (2.62)

and [20] for its parameterization). In (3.50), CV = 1/
√

2, 1/(3
√

2), 1/3, 2/3 are the charge-

isospin factors for V = ρ0, ω0, φ0, J/Ψ production, respectively. We summed over (anti)quark

helicities λf and λ̄f in the products of γ∗λqλf q̄λ̄f and VλV qλf q̄λ̄f amplitudes, AD
λ;λf λ̄f

and

AV
λV ;λf λ̄f

respectively, to get the unintegrated hadronic amplitude IλV λ (see also Fig.(2.3)-

1b)

IλV λ =
∑
λf λ̄f

[
AV
λV ;λf λ̄f

]∗
AD
λ;λf λ̄f

. (3.51)

We define unintegrated hadronic amplitudes with explicit angular dependence as averages

of helicity amplitudes IλV λ

I(VTγT ) ≡ 1

2
{(I++ + I−−}

= {1− 2z(1− z)} [(Ve)(kΦ1) + (Vk)(eΦ1)− (VΦ1)(ek)] + (Ve)m2
fΦ2 , (3.52)

I(VTγT ′) ≡
1

2
{(I+− + I−+}

= 2z(1− z)[(Ve)(kΦ1)− (Vk)(eΦ1)− (VΦ1)(ek)] , (3.53)
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I(VLγL) ≡ ILL

= −2z (1− z)QΦ2 · 2z (1− z)M , (3.54)

I(VLγT ) ≡ 1

2
{(IL+ + IL−}

= (1− 2z) (eΦ1) · 2z (1− z)M , (3.55)

I(VTγL) ≡ 1

2
{(I+L + I−L}

= −2z (1− z)QΦ2 · (1− 2z) (Vk) . (3.56)

with helicity components

I±± = 2 {1− 2z (1− z)} (V∗±k)(e±Φ1) + (V∗±e±)m
2
fΦ2 , (3.57)

I±∓ = 4z (1− z) (V∗±k)(e∓Φ1) , (3.58)

IL± = ±
√

2 (1− 2z) (e±Φ1) · 2z (1− z)M , (3.59)

I±L = ∓2z (1− z)QΦ2 ·
√

2 (1− 2z)
(
V∗±k

)
. (3.60)

Like in the low-mass continuum excitation case, the transverse (anti)quark momentum k2 ∼<

R−2
V is small, where RV is the characteristic size of vector meson, coming from the light-cone

wave-function ψV . The latter also limits the longitudinal momentum z-integration by

|1− 2z| ∼< vM , (3.61)

where v2
M = 1− 4m2

f/M
2
V comes from the energy denominator in (2.62).

In the limit M2
V ∼ 4m2

f � Q2, the amplitudes Aij ≡ A(Viγj), calculated first in [23], are
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proportional to

ATT ∝
M2

V

Q4
Gth · cos (ψ′) , (3.62)

A′TT ∝
M2

V

Q4
Gth · cos (ψ′) , (3.63)

ATT ′ ∝ b∆2 · M
2
V

Q4
Gth · {cos (ψ′)− 2 cos (φ) cos (ϕ′)} , (3.64)

ALL ∝
MV

Q3
Gth , (3.65)

ATL ∝
∆

Q
· M

2
V

Q4
Gth · cos (ϕ′) , (3.66)

ALT ∝ ∆

Q
· MV

Q3
Gth · cos (φ) , (3.67)

where ATT and A′TT are transverse amplitudes with the same (opposite) intermediate quark

helicities. In (3.62-3.67), the azimuthal angle φ is between ∆ and e, ψ′ between V and e and

ϕ′ ≡ ψ′ − φ between V and ∆. The direction of vector meson polarization V corresponds

to that of k in the final qq̄ state of continuum excitation and is experimentally observed as

the azimuthal angle of the plane of a π+π− pair produced in the vector meson decay [24].

The double-helicity-flip amplitude A(γ∗TVT ′) receives a leading twist contribution from the

soft gluon structure function term ∝ (∆2/µ2
G)G(xIP, µ2

G) in Φ1 in (3.38).
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3.8 Duality

Bloom-Gilman duality [25] establishes the correspondence between scaling and resonance

regimes in DIS. The pQCD evaluation [26] of helicity amplitudes at high Q2 proves that the

resonance contribution has the same Q2 dependence as inelastic electron scattering off the

proton. In DDIS, a similar duality relationship between semi-inclusive low-mass continuum

excitation and exclusive vector meson production is established for transverse [28] and longi-

tudinal [6] polarizations. Here we extend the duality correspondence to the s-channel helicity

breaking DDIS. Using the approximate duality relationship

∫ M2
V

4m2
f

dM2 dσDi (γ∗X)

dM2d∆2dφdϕ
=
dσVi (γ∗V )

d∆2dφdϕ
≡ ∂σVi (3.68)

and dM2 = 4m2
fdv

2 for M2 ∼M2
V ∼ 4m2

f � Q2, in our case of small v2
M = 1− 4m2

f/M
2
V we

get the formulae

∂σVT = 32Sf
16m4

f

Q8
v3
M

[(
1− b∆2

)
+

∆2

10m2
f

v2
M

]
·G2

th , (3.69)

∂σV
′

T = −32Sf
32m4

f

5Q8
v5
Mb∆

2 ·G2

th · cos (2ϕ) , (3.70)

∂σVL = 32Sf
4m2

f

Q6
v3
M

(
1− b∆2

)
·G2

th , (3.71)

∂σV
′

L = 32Sf
64m4

f

5Q8
v5
Mb∆

2 ·G2
th · cos (2ϕ) , (3.72)

∂σVLT = −32Sf
∆

Q

16m2
f

5Q6
v5
M

(
1− 5

4
b∆2

)
·G2

th · cos (φ) , (3.73)

∂σV
′

LT = 32Sf
∆

Q

256m4
f

5Q8
v7
M

(
1− b∆2

)
·G2

th · cos (ψ) cos (ϕ) , (3.74)

∂σVTT ′ = 32Sf
32m4

f

5Q8
v5
M

[
b∆2 − ∆2

4m2
f

]
·G2

th cos (2φ) , (3.75)
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∂σV
′

TT ′ = −32Sf
64m4

f

5Q8
v5
M

(
1− b∆2

)
·G2

th cos (2ψ) . (3.76)

We use the decay angular distribution written in the form (see [24])

W (ϕ, φ) =
1

4π

{
[1− 2r04

1−1 cos (2ϕ)]

− cos (2φ)[(r1
00 + 2r1

11)− 2r1
1−1 cos (2ϕ)]− sin (2φ)[2Im(r2

1−1) sin (2ϕ)]

+2 cos (φ)[(r5
00 + 2r5

11)− 2r5
1−1 cos (2ϕ)] + 2 sin (φ)[2Im(r6

1−1) sin (2ϕ)]
}
, (3.77)

to find its matrix elements, expressed through amplitudes (3.62-3.67) and derived from the

duality relation cross-sections (3.68-3.76). As shown below, in the leading twist approxima-

tion, these expressions have the same Q2, x, and ∆ dependence

A∗LLALL ∝ ∂σVL ∝
M2

V

Q6
G2
th , (3.78)

A∗TTATT ∝ ∂σVT ∝
M4

V

Q8
G2
th , (3.79)

A∗TT ′A
′
TT ∝ ∂σV

′
T + ∂σV

′
L ∝ r04

1−1 ∝ b∆2 · M
4
V

Q8
G2
th , (3.80)

A∗LTALT ∝ ∂σVTT ′ ∝ r1
00 + 2r1

11 ∝
∆2

Q2
· M

2
V

Q6
G2
th , (3.81)

A′
∗
TTA

′
TT ∝ ∂σV

′
TT ′ ∝ r1

1−1 ∼ −Im(r2
1−1) ∝

M4
V

Q8
G2
th , (3.82)

A∗LLALT ∝ ∂σVLT ∝ r5
00 + 2r5

11 ∝
∆

Q
· M

4
V

Q8
G2
th , (3.83)

A∗TLATT ∝ ∂σV
′

LT ∝ r5
1−1 ∼ −Im(r6

1−1) ∝
∆

Q
· M

4
V

Q8
G2
th . (3.84)

By carefully analyzing the amplitudes for both the low-mass continuum and vector meson

excitations, one can find that terms in the helicity amplitude Φ1,2 decompositions in (3.37)
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and (3.38) match, and eventually this results in the same dependence on kinematical variables

Q2, x, and ∆. The important question remains: what is the duality mass range? We are

reminded here that the vector meson massM2
V sets the upper limit of the integration in (3.68)

and gives the scale for longitudinal momentum z-integration in (3.61) through the wave

function ψV . In both cases, it enters through the velocity variable v2
M = δM2/M2

V , where

δM2 has a meaning of characteristic mass-split in the excitation of the vector meson state,

and this v2
M dependence is different in both cases and is affected by the parameterization of

the vector meson wave function (see [23]).

Angular distributions for both cases are being measured using LPS, and preliminary

data [24] confirm a substantial LT asymmetry effect in the excitation of ρ vector mesons.

Also the ordering

|r5
00| > |r1

1−1| > |r1
00| > |r04

1−1| > |r5
1−1| , (3.85)

which one can assume from (3.78-3.84), can be seen in [24], though the experimental errors

in the last three matrix elements in (3.85) are of the order of the values themselves. Our

numerical calculations of matrix elements rkij and numerical tests of duality correspondence

and duality range are in progress.
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3.9 Impact parameter representation

Another equivalent, but more intuitive approach to calculate the M2-integrated diffrac-

tive cross-sections is to work in an impact parameter representation (transverse momenta

are replaced with transverse sizes) in which the results are cast in quantum mechanical ex-

pectation form. See Ref. [4]. One can perform the Fourier transformation from transverse

momentum r to the transverse size of the qq̄ pair ρ in (2.64) using the following identities

∫
d2rψi (r + a)ψi (r + b) ≡

∫
d2ρ ε(2−i)2K2

2−i (ερ) · cosρ (a− b) , (3.86)∫
d2r eψ1 (r + a) · eψ1 (r + b) ≡

∫
d2ρ ε2K2

1 (ερ) cos2 (ψ) · cosρ (a− b) , (3.87)∫
d2r eψ1 (r + a) · ψ2 (r + b) ≡

∫
d2ρ εK1 (ερ)K0 (ερ) cos (ψ) · sinρ (a− b) , (3.88)

where K0,1 are Bessel functions of imaginary argument and ψ is the angle between ρ and e.

While performing Fourier transformations (3.86-3.88) we neglected the k-dependence of the

pQCD scale, which is a main condition for the sum-rule discussed in Sec.3.5.

We get the following impact parameter representation of DDIS cross-sections

σDj =
∫
dz
∫
dρWj (z,ρ)

∫
d∆

σ2 (ρ,∆)

16π2
, j = T, L, TT ′, (3.89)

σDLT = 0 . (3.90)

When integrated over continuum mass M2, the longitudinal-transverse interference cross-

section vanishes due to the sine function in (3.88), in compliance with the sum-rule (3.30).
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We introduced in (3.89) the qq̄ wave functions Wi [4] in the mixed (z,ρ) representation

WT (z,ρ) =
6αem

(2π)2

∑
f

e2
f

{
[1− 2z (1− z)] ε2K2

1 (ερ) +m2
fK

2
0 (ερ)

}
, (3.91)

WL (z,ρ) =
6αem

(2π)2

∑
f

e2
f 4z2 (1− z)2Q2K2

0 (ερ) , (3.92)

WTT ′ (z,ρ) = − 6αem

(2π)2

∑
f

e2
f 2z (1− z) ε2K2

1 (ερ) · cos (2ψ) , (3.93)

and the polarization, longitudinal momentum and Q2 independent color-dipole cross-section

σ (ρ,∆) =
16

3

∫
dκ · αs (κ,ρ) [cos (ρ∆/2) − cos (ρκ)]

f (κ,∆)

κ4
. (3.94)

The physical interpretation of (3.89) is very straight-forward. It is the average of the color-

dipole cross-section (3.94) over the wave function (3.91-3.91) of the qq̄ pair in the mixed

(z,ρ) representation. This interpretation is possible due to the large life-time of the qq̄

fluctuations τ ∼ 1/(xmp) > Rp at small Bjorken x (Rp is the characteristic size of proton).

In the limit of a small momentum transfer ∆ and small dipole size ρ2 � 1/µ2
G, the color

dipole cross-section can be estimated as

σ (ρ,∆) =
π2

3
ρ2αs

(
κ2
ρ

)
G
(
x, κ2

ρ

)
exp (−1

2
B3IP∆2) ·

[
1− b∆2 cos2 (ϕ)

]
, (3.95)

where ϕ is the angle between ρ and ∆. The step-function approximation 4[1−J0(κρ)]/(κρ)2 ≈

θ(C0 − κρ) determines the constant C0 ≈ 10 in κ2
ρ ∼ C0/ρ2. See Ref. [20]. The distance

1/µG has the meaning of the propagation radius of the color gluon field.

For large-size dipoles ρ2 ∼> 1/µ2
G we get a saturation (independence of ρ):

σ (ρ,∆) =
4π2

3
exp (−1

2
B3IP∆2)

∫ dκ2

κ4
αs
(
κ2
) ∂G (x, κ2)

∂ log (κ2)
(3.96)
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Using (3.95), together with relationship (ερ)nKn(ερ) ∝ exp (−ερ), n = 0, 1, we find that

the dρ2 integration in (3.89) converges at ρ2 ∼ 1/ε2 and the remaining dz integrals have the

form ∫
dz

[z(1− z)]n
ε2m

G(x, C0ε
2) , (3.97)

where n = 0, 1, 2 and m = 2, 3. Introduced in (2.52), ε2 = m2
f + z(1 − z)Q2 defines hard

scales Q
2

T ∼ C0m2
f for asymmetric z ∼ m2

f/Q
2 pairs with large transverse size ρ2 ∼ 1/m2

f ,

and Q
2
L ∼ C0Q2/4 for symmetric z ∼ 1/2 pairs with small transverse size ρ2 ∼ 1/Q2. After

the dz integrations, which converge either for z ∼ m2
f/Q

2 or z ∼ 1/2, we recover the results

of (3.24-3.30). Asymmetric, large transverse size dipoles dominate in the transverse cross-

section and produce twist-2 term ∝ G
2
T /m

2
fQ

2. Symmetric, small transverse size pairs give,

for L, T̂ and TT ′ cross-sections, the twist-4 contribution ∝ G
2

L/Q
4.

For the twist-4 component T̂ , we use dipole wave functions (3.91) and the symmetric

pair z ∼ 1/2 region of z integration, as opposed to the asymmetric z ∼ m2
f/Q

2 leading twist

contribution the in transverse cross-section. Again, one can see that the term ∝ G
2

L/Q
4

vanishes due to the factor [1− 2z (1− z)] in (3.91); and we are left with the next to LLA

term ∝ Ĝ2
L/Q

4 (see also Sec.3.4).

For the imaginary parts of the vector meson production amplitudes, using calculations

similar to those discussed above, we have the result

A(Viγ
∗
j ) =

∫
dz
∫
dρW V

ij (z,ρ) σ (ρ,∆) , (3.98)
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where

W V
TT (z,ρ) =

3CV
√

4παem
(2π)2

·
{
[1− 2z (1− z)] εK1 (ερ) (−∂ρ) +m2

fK0 (ερ)
}

×ψV (z,ρ) cos (ϕ′) , (3.99)

W V
LL (z,ρ) =

3CV
√

4παem
(2π)2

· 4QMz2(1− z)2K0 (ερ)

×ψV (z,ρ) , (3.100)

W V
TT ′ (z,ρ) = −3CV

√
4παem

(2π)2
· 2z (1− z) εK1 (ερ) (−∂ρ)

×ψV (z,ρ) {cos (ϕ′)− 2 cos (ψ) cos (φ′)} , (3.101)

and the azimuthal angles are: ϕ′ - between V and e, ψ - between ρ and e, and φ′ - between

ρ and V. The amplitudes for LT and TL interferences are zero due to the sine in (3.88)

and the odd factor (1 − 2z), which is not surprising in view of the sum-rule in Sec.3.4.

After integration over the ρ direction, only the term cos (ρ∆/2) in the dipole cross-section

(3.94) contributes and one recovers the result of (3.64) with the soft gluon structure function

G(xIP, µG).



Chapter 4

Numerical calculations

In this chapter, the results of the numerical calculations of the diffractive structure

functions, azimuthal asymmetries and diffractive slopes, done by the author with the use of

gluon structure function parameterizations, are presented. We discuss the agreement with

the analytical results of previous chapter and show how these observables can be used to

extract information on the structure of the proton.

63
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4.1 Structure functions

It is convenient to define first the ∆ and azimuthal angle independent structure functions

using

∂σ
D(3)
f,j (∆ = 0) ≡ 4π2αem

Q2
FD
f,j , j = T, T̂ , L , (4.1)

∂σ
D′(3)
f,TT ′(∆ = 0) ≡ 4π2αem

Q2
FD
f,TT ′ · cos (2ψ) , (4.2)

∂σD(3)
f,LT (∆ = 0) ≡ 4π2αem

Q2
FD
f,LT ·

∆

Q
cos (φ) . (4.3)

We perform numerical calculations for the TT ′ interference term ∝ cos (2ψ), which is im-

portant for higher-twist separation, see below. Using (3.7), (3.10), (3.15) and (3.17), for the

structure functions defined above, we find

FD
f,T =

e2
f

72m2
f

β (1− β)2
(
3 + 4β + 8β2

)
G

2

T , (4.4)

FD
f,L =

e2
f

3Q2
β3 (1− 2β)2 G

2
L , (4.5)

FD
f,LT =

e2
f

3m2
f

β4 (1− β) (2− 3β) G
2

T , (4.6)

FD
f,j = −

2e2
f

3Q2
β4 (1− β) G

2
L , j = T̂ , TT ′ . (4.7)

For standard dimensionless ∆-dependent structure functions the following expressions

can be adopted

F
D(4)
j (∆) =

16π

σtotpp

∑
f

FD
f,j exp (−Bf,j∆

2) , j = T, L, T̂ , TT ′ , (4.8)

FD(4)
LT (∆) =

∆

Q

16π

σtotpp

∑
f

FD
f,LT exp (−Bf,LT∆

2) . (4.9)
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For conventional dimensionless ∆-integrated structure functions we have

F
D(3)
j =

∑
f

FD
f,j

Bf,j
, j = T, L, T̂ , TT ′ , (4.10)

F
D(3)
LT =

∑
f

〈∆〉f,LT
Q

FD
f,LT

Bf,LT
, (4.11)

where 〈∆〉f,LT =
√
π/(4Bf,LT ). The diffractive slopes Bf,i are explicitly written in Sec.4.3.

The results of numerical calculations are shown in Fig.(4.1)-1÷12. The transverse struc-

ture function F
D(4)
T (∆ = 0), as a function of β in Fig.(4.1)-1, reflects all the features of (4.4).

It strongly depends on flavor due to the factor 1/m2
f , so heavy flavors are suppressed. The

falloff for β → 1 is quite strong due to the factor (1− β)2. The ∆-integrated structure func-

tion F
D(3)
T has basically the same shape, see Fig.(4.1)-2, the only difference is its behavior

for large β, which is affected by a nontrivial falloff of the diffractive slope Bf,T for dominant

light flavors. Separation of the transverse component from its longitudinal counterpart is

discussed in Sec.4.2. The Q2-dependence of FD(3)
T is shown in Fig.(4.1)-3 for β = 0.95. It is

almost flat, which is due to the absence of Q2-dependence in (4.4) for large Q2.

The transverse-transverse interference differs from the higher twist component in the

transverse cross-section only by the interference factor cos (2ψ), which allows one to separate

it experimentally if orientation of the jet plane k is reconstructed. The structure function

F
D(4)
TT ′ (∆ = 0) = F

D(4)

T̂
(∆ = 0) is shown in Fig.(4.1)-4. The flavor dependence is weaker

than the leading-twist transverse contribution due to the absence of explicit quark mass m2
f

in (4.7). Still, light flavors dominate due to the broad range of logQ
2

integration which
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contributes in (2.89) with n = 1. The falloff towards large β is almost a straight line due to

the presence of the (1−β) factor. As shown in Sec.4.3, the diffractive slope Bf,TT ′ is almost

constant (the same is true for Bf,T̂ ≈ Bf,TT ′ ), and FD(3)
TT ′ ≈ FD(3)

T̂
is shown in Fig.(4.1)-

5. The twist-4 factor 1/Q2 in TT ′ and T̂ structure functions results in their decrease for

large Q2, and FD(3)
TT ′ ≈ FD(3)

T̂
is shown in Fig.(4.1)-6 as a function of Q2 for β = 0.95. This

decrease is slower than 1/Q2 due to the growing pQCD factor α2
s(Q

2

L)G
2(xIP, Q

2

L), which

rises logarithmically with Q
2
L ∼ Q2/(4β).

The longitudinal structure functions FD(4)
L (∆ = 0) and FD(3)

L are shown in Fig.(4.1)-7

and Fig.(4.1)-8, respectively. For both graphs the shape is almost the same due to Bf,L

being constant away from β ∼ 1/2, where the structure function F
D(4)
L (∆ = 0) is small due

to the factor (1− 2β)2 in (4.5). The lack of the factor (1− β) makes the longitudinal cross-

section relatively large for large β, and it falls towards the threshold only due to phase-space

contraction (see (3.44) and discussion in Sec.3.6). Its flavor dependence is not strong due to

the same reasons as in the TT ′ case. The Q2 dependence, shown in Fig.(4.1)-9, resembles

that of F
D(3)
TT ′ due to the same twist-4 factor G

2
L/Q

2.

We show the longitudinal-transverse interference structure function FD(4)
LT (∆) ·Q/∆ for

∆ → 0 and the ∆-integrated structure function F
D(3)
LT in Fig.(4.1)-10, and Fig.(4.1)-11,

respectively. Both have a characteristic zero at β ∼ 2/3 due to the factor (2− 3β) in (4.7).

Light flavors dominate due to the same reason as in the transverse case. The falloff towards

the β threshold is ∝ (1 − β) with some log-influence due to the factor α2
s(Q

2
T )G2(xIP, Q

2
T )
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with Q
2

T ∼ m2
f/(1−β). The shape is almost the same for both graphs. The slight difference

is due to an increase of the slope Bf,LT for β ∼ 1/2. The dependence of F
D(3)
LT on Q2 for

β = 0.95 is shown in Fig.(4.1)-12. It has twist-3 falloff ∝ 1/Q towards large Q2.

The structure functions FD(3)
i , i = T, L, T̂ , which survive azimuthal angle averaging,

are shown in Fig.(4.1)-13 and Fig.(4.1)-14 as functions of β and Q2, respectively. One

can see that for large β the longitudinal contribution dominates, and we will discuss this

important result of a large L/T ratio in more detail in the next section. We emphasize the

importance of the twist-4 T̂ component which was pointed out in Ref. [8]. Here we show two

graphs from Ref. [8] which illustrate the twist-4 contribution to the total structure function

F
D(3)
2 = F

D(3)
T +F

D(3)
L . In Fig.(4.1)-15 we show the Q2-dependence of various components for

β = 0.65 and β = 0.9. The twist-4 contributions from transverse and longitudinal structure

functions almost cancel each other for β = 0.65 and this effect is important for comparison

with the experimental data from the H1 collaboration [27]. More details on the L/T̂ ratio

are given in Sec.4.2.

The xIP dependence of F
D(3)
2 for β = 0.65 and β = 0.9, and for different Q2 is shown

in Fig.(4.1)-16 in comparison with H1 experimental data [27] which are reproduced rather

well over the whole range of Q2 and xIP. One should keep in mind, though, that β = 0.9,

Q2 ∼< 20GeV 2 correspond to continuum mass M2 ∼< 3GeV 2, small enough to be influenced

by exclusive vector meson excitation.
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4.2 Azimuthal asymmetries and ratios

The ratio of longitudinal and transverse structure functions, defined as

R
D(3,4)
L/T =

FD(3,4)
L

F
D(3,4)
T

, (4.12)

is an important and much discussed test of the pQCD mechanism of DDIS. Following Ref. [6],

we notice comparing (4.5) and (4.4) that for large β the longitudinal component dominates

over the transverse due to the absence of the small factor (1−β)2 in FD(3,4)
L . From (4.5) and

(4.4) we explicitly find

R
D(4)
L/T =

24m2
f

Q2

β2

(1− β)2

(1− 2β)2

3 + 4β + 8β2
,
G

2
L

G
2

T

(4.13)

and

R
D(3)
L/T = R

D(4)
L/T ·

BT

BL
. (4.14)

Apart from the factor (1−β)2 in the denominator of (4.13) there is an additional increase in

these L/T ratios due to the large (for intermediate β) ratio G
2

L/G
2

T of pQCD factors. Near

the threshold region we have, according to (3.39) and (3.44),

R
D(4)
L/T =

Q2

4m2
f

, (4.15)

which is large for Q2 � m2
f . In small-x inclusive DIS, the result for the L/T ratio is quite

the opposite and theory [29] predicts, in agreement with experiment [30], the small value

R = σL/σT ∼ 0.2−0.3. We show the results of the RD(3,4)
L/T numerical calculations in Fig.(4.2)-

1. One can indeed see the dramatic increase in the L/T ratio. The difference between R
D(3)
L/T
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and RD(4)
L/T is due to the falloff of the diffractive slope BT away from the threshold. See

Sec.4.3.

The predictions for the LT and TT ′ asymmetries,

AD(3)
LT =

F
D(3)
LT

FD(3)
T + FD(3)

L

(4.16)

and

AD(3)
TT ′ =

F
D(3)
TT ′

FD(3)
T + FD(3)

L

, (4.17)

are shown in Fig.(4.2)-2 and Fig.(4.2)-3, as functions of β and Q2, respectively. Spikes on the

Q2-curves are due to flavor thresholds at Q2
th = 4m2

f/(1− β). Experimentally, the structure

function F
D(3)
LT can be extracted if one measures the difference between the number of events

with recoiled proton momentum in the upper and lower planes with respect to the direction

e of the transverse momentum of the recoiled electron. The diffractive structure function

FD(3)
TT ′ corresponds to the difference in the number of events in top+bottom and left+right

quarters of the qq̄ jet plane.

First, we will concentrate on the LT asymmetry. Measurement of this quite large (at

maximum −AD(3)
LT ∼ 0.16) observable with LPS is a good method to find the L/T ratio and

we show here, following Ref. [11], how the latter can be reconstructed. Experimentally, it is

hard to separate the T and L contributions in the total cross-section. One possibility is to

use the y-dependent kinematical factors in (2.29), but in HERA the ep center of mass energy

squared s is fixed. The only way to change y is to vary Q2, xIP or β, but F
D(3)
i strongly
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depends on these variables. We suggest another method based on the relationship between

the T and LT components. In the limit Q2 � Q2
th one has the following analytical result for

the LT to T ratio in the ∆→ 0 limit

RD(4)
LT/T =

F
D(4)
LT

F
D(4)
T

=
∆

Q

24β3 (2− 3β)

(1− β) (3 + 4β + 8β2)
. (4.18)

Apart from the kinematical factor ∆/Q, it is a model-independent ratio of β-polynomials.

In Fig.(4.2)-4 we show the analytical (anl) result of (4.18) in comparison with the direct

numerical calculation (num). To obtain the L/T ratio from the LT asymmetry, we use

RD(4)
L/T =

RD(4)
LT/T

A
D(4)
LT

− 1 . (4.19)

See (4.12), (4.16) and (4.18). We test the accuracy of our model-independent extraction by

taking the ratio

ρ
D(4)
L/T =

R
D(4)
L/T (anl)

RD(4)
L/T (num)

(4.20)

of numerically calculated with the use of L and T structure functions ratio RD(4)
L/T (num), and

RD(4)
L/T (anl) from (4.19) and (4.18). In Fig.(4.2)-5 we show ρD(4)

L/T for an interesting region of

β = 0.9− 0.97 for which the L/T ratio is large. Here one can still neglect the contribution

from vector meson diffractive production. One can see that the accuracy is adequate for a

reliable check of pQCD prediction that the higher twist L component dominates over the

leading twist T component.

One can use the TT ′ asymmetry measurement and the model-independent equality

F
D(4)
TT ′ = F

D(4)

T̂
for ∆ = 0, to extract the twist-4 component T̂ of the transverse structure
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function. We use (4.5) and (4.7) to find the ratio

R
D(4)
L/TT ′ =

F
D(4)
L

FD(4)
TT ′

=
F
D(4)
L

FD(4)

T̂

= − (1− 2β)2

2β (1− β)
, (4.21)

which depends only on β. This L/TT ′ ratio is shown in Fig.(4.2)-6, calculated numerically

(num), directly from the L and TT ′ structure functions, and with the use of the analytical

(anl) formula (4.21). One can see that both curves have similar shapes, but can differ

significantly for different β. This can be explained in the same way as the difference in flavor

contributions to the L and TT ′ structure functions: the logarithmic integration in (2.89) for

n = 1 converges in the whole range of Q
2
, so we can not expect more than a log-accuracy.

Numerical calculation gives cancellation of positive L and negative T̂ twist-4 contributions

for β = 0.67, while the analytical result (4.21) shows that cancellation for β = 0.79. Though

the L/TT ′ ratio (4.21) is less reliable than the LT/T ratio (4.18), it can still be used to test

experimentally the dominance of the higher-twist longitudinal structure function with the

help of

RD(4)
L/T =

RD(4)
L/TT ′A

D(4)
TT ′

1−RD(4)
L/TT ′A

D(4)
TT ′

, (4.22)

which is the result of (4.12), (4.17) and (4.21).
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4.3 Diffractive slope

The diffractive slope is one of the principal observables which measures the impact

parameter structure of diffractive scattering. The leading proton spectrometer (LPS) of the

ZEUS and H1 detectors at HERA [31] measures the transverse momentum transfer ∆, so

the diffractive slope BD = −∂ log(dσD/d∆2)/∂∆2|∆=0 in DDIS is accessible.

For a complete review on diffraction of hadrons and/or real photons see Ref. [32]. The

diffractive slope in any two-body diffractive scattering ac → bd can be written as a sum of

three impact parameter regions BD = Bab + Bcd + Bint (see Fig.(2.1)-1c as an example for

γ∗p→ Xp′ case), where Bij comes from the size of the ij transition vertex and the relatively

smallBint comes from the interaction region [32, 33]. The values of Bij depend strongly on the

excitation energy in the i→ j transition, ∆M2 = m2
j −m2

i . In elastic scattering, i = j, one

finds Bii ≈ R2
i /3 ∼ 4-6 GeV−2, where R2

i is the mean squared hadronic radius, and typically

Bel ∼ 10 GeV−2. The similar estimate Bij ≈ R2
i,j/3 holds for diffraction into low-mass

continuum states, ∆M2 ∼< m2
N , and both diffraction into low-mass continuum and elastic

scattering fall into the broad category of exclusive diffraction for which BD ∼ Bel. However,

for an excitation of high-mass continuum, ∆M2 ∼> m2
N (the so-called triple-pomeron (3IP)

region of diffraction) the size of the diffracting particle no longer contributes to the diffractive

slope, and BD = B3IP = Bpp + Bint ∼ Bel/2 ≈ 6 GeV−2. The above slope B3IP is almost

universal for all diffracting beams and excited states X (see [33]). In real photoproduction
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the excitation scale is definitely set by the ground-state vector meson mass MV , and again,

BD ∼ B3IP. In the double high-mass diffraction hp → XY , where MX,Y � mN , one is left

with a very small BD ∼ Bint ∼1.5-2 GeV−2. See Refs. [32, 34].

Another well-understood diffractive process is the elastic production of vector mesons

γ∗p → V p′. In this case the transverse size of the γ∗ → V transition vertex, the so-called

scanning radius ρS ∼
√

4C0/Q2 (see discussion in Sec.3.9) decreases with Q2. This is the

basis of the prediction [21] that Bγ∗V ∝ ρ2
S and of the decrease of the diffractive slope BV

down to BV ≈ B3IP at very large Q2, which is in good agreement with experiment [35].

We present predictions for the Q2,M2 and flavor dependence of the diffractive slope

for semi-inclusive DDIS, which is nontrivial due to the presence of multiple scales: M2, Q2

and m2
f . For very large excitation masses, M2 � Q2 or β � 1, though, we recover the

inclusive regime of small Bγ∗X and BD ∼ B3IP. This triple-pomeron limit of β � 1 is in

fact dominated by the excitation of qq̄g and higher Fock states of the photon, which is a

genuine inclusive process and again one can argue [16] that BD ≈ B3IP, which was recently

confirmed by experiment [31].

Using the impact-parameter language, one can write the diffractive slope of diffractive

excitation of intermediate continuum masses M2 ∼< Q2 as a sum of components Bf,i =

B3IP + Bγ∗X , Bγ∗X = bT,L + B̄f,i, where B̄f,i ∝ 1/m2
f and bT,L come from the γ∗X vertex.
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From (3.7), (3.10), (3.15) and (3.17) we have

B̄f,T = − 1

m2
f

(5− 16β − 7β2 − 78β3 + 126β4)

10(3 + 4β + 8β2)
, (4.23)

B̄f,L = −(1− β)

m2
f

G
2

T

G
2
L

(1− 7β + 23β2 − 21β3)

2(1− 2β)2
, (4.24)

B̄f,LT = −(1− β)

m2
f

(2 + 7β + 12β2 − 483β3 + 672β4)

240β2(2− 3β)
, (4.25)

B̄f,TT ′ =
(1− β)

m2
f

G
2

T

G
2

L

(1 + 2β + 3β2 + 84β3)

40β2
. (4.26)

Contribution to diffractive slope bT , coming from a soft gluon momentum scale, is relatively

small. Indeed, according to (2.93), bT ∼< 1/(2µ2
G) ∼ 1GeV −2 and it slowly decreases due to

logarithmic, scaling violating increase of the gluon structure function in the denominator of

(2.93) with Q
2
T ∼ m2

f/(1 − β). The slope parameter bL can be safely neglected due to the

small ratio G(xIP, µ2
G)/G(xIP, Q

2

L) for large Q
2

L ∼ Q2/4. From (4.23-4.26) one can see that

for heavy flavors all the slopes are close to the universal B3IP for all values of β due to the

small factor 1/m2
f in B̄f,i. For light flavors, there exist some nontrivial variations.

For the transverse polarization, one can see, according to (4.23), that the slope is large,

as B̄f,T (β ∼ 1/2) ∼ 1/(10m2
f ) for intermediate β ∼ 1/2, and drops towards large β below

B3IP as B̄f,T (β ∼ 1) ∼ −1/(5m2
f ), but close to the threshold, one has according to (3.39),

B̄f,T = − v2

6m2
f

, (4.27)

and B̄f,T (β → βth) ∝ (β − βth) → 0, and transverse slope restores to the universal value of

B3IP. All these features can be traced in Fig.(4.3)-1 and Fig.(4.3)-2. The effective dipole
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size ρ2 ∼ 1/Q
2

T ∼ (1− β) /m2
f of the γ∗ → X vertex decreases with β → 1, which explains

the decrease of BT towards large β. The decrease of the slope away from the threshold

∝ (β − βth) is interesting from the point of view of the exclusive-inclusive duality [6] and

nicely correlates with the prediction of a small diffractive slope of vector meson production

BD (γ∗ → V ) for which the scanning radius ρS is small [21].

For L and TT ′ one can see from (4.24) and (4.26) the suppression of B̄f ;L,TT ′ due to a

small factor (1 − β)G
2

T/G
2

L in the whole range of β. Fig.(4.3)-3 and Fig.(4.3)-4 reveal an

uneventful B̄f ;L,TT ′ with the exception of the region β ∼ 1/2, where the L slope is ill-defined

due to the factor (1− 2β)2 in the L structure function (4.5).

For intermediate β, the behavior of the LT slope is similar to that for the T slope as

B̄f,LT (β ∼ 1/2) ∼ 1/(6m2
f ), but there is a rapid decrease B̄f,LT (β ∼ 1) ∝ 1 − β towards

large β. One can see in Fig.(4.3)-5 that indeed the LT slope has maximum for β ∼ 1/2

and returns to B3IP towards the threshold. There are regions (shown as dashed line) around

β ∼ 0, 2/3 where LT slope is ill-defined due to the factor β2(2 − 3β) in the LT structure

function (4.5).

It is difficult to test the large β behavior of the T slope because the contribution of the

L structure function is dominant.
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4.4 Gluon structure function interpolation

We performed numerical calculations of the diffractive structure function components

and the diffractive slopes using (2.64-2.74). In principle, one needs to know the uninte-

grated gluon structure functions for the full range of gluon transverse momentum squared

κ2 in (2.54). The dominant contribution comes from the pQCD scales Q
2

in the soft-to-

hard transition region, spanning from the soft gluon momentum scale µ2
G ∼ 0.5GeV 2, to

the semi-hard Q
2
T ∼ m2

f/(1 − β) scale (which depends on flavor and β), and, eventually,

to the flavor-independent hard scale Q
2

T ∼ Q2/4β. For light flavors and intermediate β,

the scale Q
2
T ∼ m2

f/(1 − β), entering the calculations of the leading twist transverse and

LT interference structure functions, is replaced by a range of rapid variation of the gluon

structure function µ2
G. See (2.81). The existing perturbative gluon structure function param-

eterizations, by Gluck-Reya-Vogt (GRV) [36], Martin-Roberts-Ryskin-Stirling (MRRS) [37],

and Coordinated Theoretical-Experimental Project on QCD (CTEQ) [38], give the structure

functions only for gluons with Q
2 ≥ Q2

P , where Q
2
GRV = 0.4GeV 2, Q

2
CTEQ = 0.49GeV 2, and

Q
2
MRRS = 1.25GeV 2. The numerical results for gluon structure functions in three different

parameterizations are shown in Fig.(4.4)-1, in comparison with the Born approximation to

the gluon structure functions defined below.

The unintegrated gluon Born structure function fB (µG,κ,∆) with an infrared cutoff
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parameter µG reads

fB (κ,∆)

κ4
=

4αs (κ,∆)

π

V (κ2,∆2)[
(∆/2 + κ)2 + µ2

G

] [
(∆/2− κ)2 + µ2

G

] , (4.28)

where V (κ2,∆2) is a vertex function defined as

V
(
κ2,∆2

)
= Gem

(
∆2
)
−Gem

(
3κ2

)
Gem

(
∆2/3

)
. (4.29)

We used a dipole formula for the electromagnetic form-factor of the proton,

Gem

(
∆2
)

=
1

(1 + ∆2/Λ2)2 (4.30)

with Λ2 = 0.71GeV 2, and the running strong coupling constant

αs (ki) =
4π

9 log
(
k2
max/Λ

2
QCD

) , (4.31)

where kmax = max {ki, 0.7GeV } and ΛQCD = 0.2GeV .

For soft Q
2
, we use the interpolation procedure, developed in Refs. [8] and [11], to

test the soft-to-hard transition effects in our model. We impose the gauge invariance driven

cancellation of soft gluon radiation by colorless protons f(xIP, Q
2

= 0) = 0, and extrapolate

the perturbative gluon density fP (xIP, Q
2
), P = GRV, CTEQ, MRRS by (4.28), using

fP (xIP, Q
2
) = θ(Q

2 −Q2
P )
∂GP (xIP, Q

2
)

∂ logQ
2 + θ(Q

2
P −Q

2
)
fB(µG, Q

2
)

fB(µG, Q
2
P )

∂GP (xIP, Q
2
)

∂ logQ
2

∣∣∣∣∣∣
Q

2
=Q

2
P

(4.32)

with µG = 0.75GeV . Finally, we fix the interpolation parameters in

f
(
xIP, Q

2
)

= CP
Q

2

Q
2
+Q

2

0

fB
(
µ0, Q

2
)

+
Q

2

0

Q
2
+Q

2

0

fP
(
xIP, Q

2
)

(4.33)
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with CGRV = 1.7, CCTEQ = 1.86, CMRRS = 1.7, µ0 = 0.15GeV and Q
2

0 = 3GeV 2.

The dipole cross-section (3.94), calculated with the gluon structure function in this form,

is in good agreement with the one from the gBFKL equation calculations of Ref. [17]. We

also get satisfactory agreement for the total structure functions FD(3)
2 , measured for different

β, Q2 and xIP at HERA [27]. See Sec.4.1.

We estimate the average values of the running pQCD scale (3.20), which enter the cal-

culations of transverse and longitudinal-transverse interference components of cross-sections

(3.7) and (3.17). Numerical results for 〈Q2
T 〉 and 〈Q2

LT 〉, shown in Fig.(4.4)-2 for light fla-

vors u and d, are comfortably large for large β. The dotted curve is given by the formal

theoretical estimate Q
2
T = m2

f/(1 − β). One can see the influence of the soft scale µ2
G for

intermediate and small β. The slight discrepancy between the T and LT curves is caused by

different β-polynomials, contributing with different n ≥ 2 integrals in (2.89). This results in

an additional β-polynomial contribution in (3.21) and (3.22) and this relative variation can

be seen in Fig.(4.4)-2. The regions (shown by dashed line) with ill-defined, small LT inter-

ference contribution for β ∼ 0, 2/3 (see the corresponding factor β2(2− 3β) in denominator

in (3.22)), result in variation of LT which is purely an artifact of the averaging procedure.

We conclude that the pQCD scale for all cross-section components is at least semi-hard

and becomes harder for large β and thus our pQCD calculations are justified even for light

flavors.
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Chapter 5

Nucleon wave function

In this chapter we focus on the proton sector of the interaction. The evaluation of

the spin-flip vertex function of proton, done by the author with the use of the relativistic

constituent quark model, is presented. The author performed analytical and numerical

evaluation of important at small x diffractive contribution to the spin structure function

gLT = g1 + g2. We show that a rapid small-x increase of the diffractive contribution to gLT

invalidates superconvergence assumptions behind the Burkhardt-Cottingham sum-rule and

the Wandzura-Wilczek relation.

108
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5.1 Nucleon spin flip and conserve

For convenience, we choose in this chapter the z-axis to be oriented in the direction of

the initial proton momentum. We will also use
√
s = 1 without loss of generality (s can

be easily restored by dimensional analysis where needed and is absent from vertex functions

and cross-sections). The four-momentum of proton is then

p = (1,m2
p,0) , (5.1)

with helicity λ = ±1/2. The momenta of its three constituent quarks are

pi =

(
xi,

p2
i +m2

q

xi
,pi

)
, (5.2)

with helicities λi = ±1/2 and momentum conservation conditions

∑
i

xi = 1 ,
∑
i

pi = 0 . (5.3)

We calculate the light-cone wave function of the nucleon, following Ref. [40], defined as

ψλ (xi,pi, λi) =
[
Ψλ

(
1̂, 3̂, 2̂

)
−Ψλ

(
3̂, 2̂, 1̂

)]
Φ(xi,pi) , (5.4)

where î ≡ (xi,pi, λi) is a collective index of i-th quark, Ψλ

(̂
i, ĵ, k̂

)
is the spin part of the

light-cone wave function, defined as

Ψλ

(̂
i, ĵ, k̂

)
=
ū(̂i)
√
xi
{mN + pµγ

µ} γ5 v(ĵ)√
xj
· ū(k̂)√

xk
uλ (p) . (5.5)
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Using the explicit formulae for spinors u and v in the light-cone momentum frame (A.4),

(A.5), we get the following result for the spin part

Ψλ

(̂
i, ĵ, k̂

)
=

1

xixjxk

(
Di
−,λiD

j
+,λj
−Di

+,λi
Dj
−,λj

)
Dk
λ,λk

, (5.6)

where Di
±,± = mNxi + mq, Di

±,∓ = ±pxi + ipyi is the analog of the Melosh matrix. See

[39]. In the non-relativistic limit mq � αq, xi = 1/3 we have Di
λ,λ̄ = 2mδλλ̄ and we

recover nonrelativistic wave functions. In the inequality above, αq characterizes quark mean

square momenta, which enters the space part of the light-cone wave function Φ (xi,pi) in

the gaussian form

Φ(xi,pi) = CN exp

{
−
∑ p2

i +m2
q

xi

1

6α2
q

}
. (5.7)

Formula (5.4) is derived by the procedure described in Ref. [40], and is the relativistic

generalization of the nonrelativistic constituent-quark-model wave function

ψλ (pi, λi) = CN · exp

{
−
∑

p2
i

1

2α2
q

}
· φ†λ1

σyφλ2φ
†
λ3
φλ . (5.8)

Here we only mention that the light-cone wave-function (5.4) is invariant under all kinemat-

ical Poincare transformations and satisfies the conventional parity, flavor and color assign-

ments.

We use light-cone wave-functions, described above, to calculate the nucleon vertex func-

tions. The two-gluon vertex function in our light-cone approach with Lorentz-invariant
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nucleon wave functions reads

Vf,c = V1f,c − V2f,c =
∑

λi,n1,n2

Cn1n2

∫
[dxi] [dpi]ψ

′
∓
†(xi,p

′
i, λi)ψ+(xi,pi, λi) (5.9)

with the normalization condition

∑
λi

∫
[dxi] [dpi]ψ+

†(xi,pi, λi)ψ+(xi,pi, λi) = 1 . (5.10)

In (5.9) and (5.10) we have the integration over

[dxi] ≡ δ
(
1−

∑
xi
)∏

dxi , [dpi] ≡ δ
(∑

pi
)∏

dpi . (5.11)

Summation is performed over all possible spin states λi of the constituent quarks and over

graphs with gluons attached to different quarks. n1,2 is the index of quark to which gluon 1, 2

have transferred momentum ∆1,2 = ∆/2±κ. The coefficient Cn1n2 = 2δn1n2−1 is the sign of

the graph, Cn1n2 = ±1 corresponds to vertices V1f,c (gluons attached to a single quark) and

V2f,c (gluons attached to two different quarks) in (5.9). In the case of the electromagnetic

vertex Γp,nf,c , we should replace Cn1n2 with the charge of quark Qn1 in the proton(neutron),

to which the photon transferred momentum ∆:

Γp,nf,c =
∑
λi,n1

Qn1

∫
[dxi] [dpi]ψ

′
∓
†
(xi,p

′
i, λi)ψ+(xi,pi, λi) . (5.12)

The generic relationship between two-gluon and electromagnetic vertices in our constituent-

quark model is V1f,c = Γpf,c + Γnf,c.

We used for the q(xi,pi, λi) g q(xi,p
′
i, λ
′
i) vertex

G
λi,λ

′
i

g(+) =
ūλi(xi, pi)√

xi
γ+
uλ′i(xi, p

′
i)√

xi
= 2δλiλ̄i , (5.13)
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which, using (A.4) and (A.5), is the only survivor, so quark helicity is conserved for each

vertex in our infinite-momentum frame (see also 2.41).

The wave function of the final nucleon ψ′λ (xi,p′i, λi) is given by (5.4), with the final

quark transverse momenta

p′i = pi + (δn1i − xi) ∆1 + (δn2i − xi)∆2 . (5.14)

In the case of single photon exchange, we have a similar expression

p′i = pi + (δn i − xi) ∆ . (5.15)

To simplify calculations, we choose the total momentum transfer ∆ to be directed along

the x-axis, ∆ = (∆, 0), so the spin-flip vertices become real and proportional to ∆. The

helicity-conserving quark interaction generates helicity flip of the nucleon due to relativistic

effects in the nucleon light-cone wave function in which the sum of the quark helicities may

not coincide with the total spin of the nucleon.

It seems impossible to perform analytical calculations using the full six-dimensional

integration in (5.9). We calculate integrals analytically, in the xi = 1/3 approximation, where

we neglect differences of constituent quark longitudinal momenta. By comparing analytical

and numerical results we can evaluate the validity of this approximation. After lengthy but

simple calculations of consecutive gaussian integrals over two independent transverse quark
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momenta we obtain for the two-gluon nucleon spin-flip vertex

Vf =
5

24C0

∆

6mq

[
∆2

3m2
q

G1

{
1− 1

240

∆2

3m2
q

}

−G2

{
1

2

(
3
κ2

m2
q

− ∆2

12m2
q

)
− 1

480

(
3
κ4

m4
q

+ 2
κ2∆2

12m4
q

− ∆4

144m4
q

)

− sin2 (θ)
κ2

m2
q

(
1− 1

120

∆2

12m2
q

)}]
, (5.16)

where θ is the angle between κ and ∆. There is a notable absence of a factor ∝ ∆ in the

nucleon spin-flip vertex, which is the result of an additional longitudinal direction symmetry

in our xi = 1/3 approximation. Numerical results, to be discussed in Sec.5.2, give relatively

small, but non-zero ∝ ∆ contribution. We introduced standard one(two)-boson form-factors

G1 = exp

{
−∆2

2

1

3α2
q

}
, (5.17)

G2 = exp

{
−
(
κ2 +

∆2

12

)
1

2α2
q

}
. (5.18)

For conserved spin we have

Vc = V (0)
c − V c , (5.19)

where the nonrelativistic constituent quark model contribution is

V (0)
c = G1 −G2 . (5.20)

The relativistic correction gives

V c =
5

24C0

[
∆2

3m2
q

G1

{
C1 −

3C2

160

∆2

3m2
q

+
1

5760

∆4

9m4
q

}
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−G2

C1

(
κ2

m2
q

+
∆2

12m2
q

)
− 3C2

160

(
κ2

m2
q

+
∆2

12m2
q

)2

+
1

5760

(
3
κ2

m2
q

− ∆2

12m2
q

)2
∆2

12m2
q

− 1

480
sin2 (θ)

κ2∆2

12m4
q

(
4 (C2 + 10) − ∆2

12m2
q

)}]
. (5.21)

We used only two parameters in our calculations: universal scale αq = 0.24GeV , and

constituent quark mass mq = mN/3 = 0.32GeV . In (5.21) the factors C0 = 1 + a/2 +

5a2/48 + a3/144, C1 = 1 + a/4 + 7a2/360 and C2 = 1 + a/6 are all between 1 and 2 as

a = α2
q/m

2
q = 0.56 is a not-so-small relativistic parameter in this problem. As required by

gauge invariance, even if one of the gluon momenta is zero, the vertex function vanishes due

to sign the factor Cn1n2 in (5.9), and relationship Vc,f (κ = ±∆/2) = 0 is indeed satisfied.

The leading contribution to the diffractive slope of the DDIS comes from the V1c vertex

[21] and consists of two parts:

B
(0)
N =

1

3α2
q

= 5.8GeV −2 (5.22)

from V
(0)

1c in (5.17), and

B̄N =
5C1

12C0

1

3m2
q

= 1.2GeV −2 (5.23)

from V 1c vertex ∝ ∆2. See (5.21). Together they combine to BN = B(0)
N + B̄N = 7.0GeV −2,

which is close to the experimental value B3IP = 7.2GeV −2.

Spin-flip electromagnetic vertex functions of the proton and the neutron are

Γpf =
2

C0

∆

6mq

G1

[
Cf

1 +
Cpf

2

24

∆2

3m2
q

+
1

2304

∆4

9m4
q

]
, (5.24)
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Γnf = − 2

C0

∆

6mq
G1

[
Cf

1 −
Cnf

2

16

∆2

3m2
q

+
1

1152

∆4

9m4
q

]
, (5.25)

where the factors Cf
1 = 1 + a/3 + 5a2/144, Cpf

2 = 1 − a/4, Cnf
2 = 1 + a/6 are also close

to 1. From vertex functions, one can find that the anomalous magnetic moments of the

proton and the neutron differ only by sign and are equal to κp = −κn = 2Cf
1 /C0 = 1.82

(κexpp = 1.79, κexpn = −1.91), and Pauli form-factors of the proton and the neutron are (we

neglected O(momentum4) terms)

F p
2 = G1

[
1 +

1

24

∆2

3m2
q

]
, (5.26)

F n
2 = G1

[
1− 1

16

∆2

3m2
q

]
. (5.27)

The spin-conserving electromagnetic vertex functions of the proton and the neutron are

Γpc = Γp(0)
c − Γ

p
c , (5.28)

where nonrelativistic approximation result is

Γp(0)
c = G1 , (5.29)

and

Γ
p

c =
1

24C0

∆2

3m2
q

G1

[
Cpc

1 +
7Cpc

2

96

∆2

3m2
q

+
1

1152

∆4

9m4
q

]
, (5.30)

Γnc = − 1

6C0

∆2

3m2
q

G1

[
Cnc

1 −
Cnc

2

24

∆2

3m2
q

]
, (5.31)

where Cpc
1 = 1+3a/4+ a2/9, Cnc

1 = 1+ a/8− a2/288, Cpc
2 = 1− 13a/42 and Cnc

2 = 1− a/24

is the set of constants close to 1. One can deduce the charge radii of the proton and the
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neutron from

r2
p =

1

α2
q

+
Cpc

1

4C0

1

3m2
q

, r2
n = −C

nc
1

C0

1

3m2
q

(5.32)

and obtain rp = 0.84fm, rn = −0.32fm (rexpp = 0.84fm, rexpn = −0.34fm). The universal

hadronic scale αq was fixed in our calculations using the experimental value of the proton

charge radius. In the non-relativistic limit of a � 1, we reproduce the standard results of

the non-relativistic constituent quark model: κp = −κn = 2, rp = 1/αq = 0.82fm, rn = 0.
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5.2 Spin structure function of proton

For an interesting case of proton spin flip with two gluons attached to the same quark,

numerical calculations give

V1f = r5
∆

mp

{1− (B5 +
1

2
B(0)
N )∆2)} (5.33)

with r5 = 0.027 and B5 = −4.1GeV −2. The parameter r5 was introduced in Ref. [41] and

r5∆ exp(−B5∆
2)/mp

serves as a rough estimate of the ratio of the spin-flip and spin-conserving gluon structure

functions [12]. One can see that B5 is indeed quite large and the analytical xi = 1/3

calculations at least qualitatively reflect the numerical results for the case of proton spin

flip.

The longitudinal-transverse interference cross-section, accompanied by a spin-flip of the

proton, is related to the sum of the conventional spin structure functions

gLT (x,Q2) = g1(x,Q
2) + g2(x,Q

2) (5.34)

by (see review [41] for a detailed discussion of spin structure functions)

σflipLT ≡
4π2αem
Q2

4mp

Q
x2gLT (x,Q2) . (5.35)

Using unitarity and following Ref. [12], we calculate the diffractive contribution to σflipLT as the

imaginary part of forward Compton amplitude (see Fig.(2.3)-1) for the process γ∗Lp−1
2
→ γ∗1p1

2
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(note that we work with helicities of particles moving in opposite directions). The proton

helicity flip results in a factor r5(±∆x + i∆y) exp (−B5∆2)/mp in one of the amplitudes in

Fig.(2.3)-1a, which combines with the LT interference term (e±∆) exp (−Bf,LT∆2)/Q. After

∆ integration, we get for the diffractive contribution to the spin structure function

gDLT (x,Q2) =
1

x2

r5

8m2
p

∑
f

∫ 1

x

dβ

β

FD
f,LT(xIP, β, Q2)

(B5 +Bf,LT )2
. (5.36)

See also (4.6). To evaluate gDLT analytically, we consider a constant diffractive slope BLT =

10GeV −2, and for the gluon structure function at the hard scale Q
2
T ∼ m2

f/(1− β), use the

approximation

G2(x,Q
2

T ) ∼
G2(x,Q

2 ∼ Cm2
f)

C(1− β)
, (5.37)

where C ∼ 10 is a constant arising from the β-integration. The squared gluon structure func-

tion rise ∝ 1/(1− β) gives a non-zero β integral for the longitudinal-transverse interference

structure function and to logQ
2

accuracy the scaling expression

gDLT (x,Q2) =
1

x2

r5

30C(B5 +BLT )2

∑
f

e2
f

8m2
pm

2
f

α2
s(Q

2)G2(x,Q2) , (5.38)

where Q
2 ∼ Cm2

f is a moderate pQCD scale for heavy flavors. For light flavors one should

rather use the semi-hard scale Q
2 ∼ µ2

G as mentioned in Sec.3.2 and Sec.4.4.

One can see a steep rise of diffractive spin structure function

gDLT (x,Q2) ∝
(

1

x

)2(1+δg)

(5.39)

towards small x, where δg is a rate of small-x rise of gluon structure function G(x,Q2) ∝

(1/x)δg at moderately hard scale Q2.
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The Wandzura-Wilczek result [42],

gWW
LT (x,Q2) =

∫ 1

x

dy

y
g1(y,Q

2) , (5.40)

together with QCD ladder estimate [43] g1(x,Q2) ∝ (1/x)δ1 gives a non-diffractive contri-

bution to the spin structure function gWW
LT (x,Q2) ∝ (1/x)δ1 with δ1 ∼ 0 − 0.5. See [12]

for more details. We compare both contributions in Fig.(5.2)-1 and see that our diffractive

mechanism takes over at x ∼< 10−3 for the described above choice of parameters.

Without our diffractive contribution, the studies of g1(x,Q2) and g2(x,Q2) spin structure

functions in two-parton ladder approximation (see [43] and references therein) showed that

the corresponding A1 and A2 spin asymmetries vanish in the small x limit. Burkhardt and

Cottingham [44] derived the sum-rule

∫
dx g2(x,Q

2) = 0 (5.41)

assuming that the double-gluon ladder (Pomeron) exchange does not contribute. Indeed if

there was only two-gluon exchange in the forward Compton scattering amplitude, as shown

in Fig.(2.3)-1b (with vector meson replaced by virtual photon), we would have a vanishing

contribution due to overall factor ∆2 = 0 (see corresponding amplitude ALT ∝ ∆ for the

vector meson production case). The unitarity-driven diffractive amplitude in Fig.(2.3)-1a

gives nonvanishing contribution rapidly rising at small x which invalidates the assumption

of x2gLT (x,Q2) superconvergence behind the Burkhardt-Cottingham and Wandzura-Wilczek

results.
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We can not exclude even one order in magnitude inaccuracy for gDLT (x,Q2) since our

result strongly depends on the pattern of scaling violations in the unpolarized gluon structure

function G(x,Q2). Still, the main conclusion of this chapter is that the diffraction driven

spin effects persist in the high energy, small x limit, contrary to common wisdom, and need

to be studied further.
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Chapter 6

Summary and outlook

We performed microscopic QCD calculations in DDIS. Light-cone perturbation theory

was used to evaluate the observables in diffractive excitation of continuum for different

polarization and azimuthal angle dependence. We have proved the validity of our pQCD

approach and successfully used it to reproduce the existing experimental data on diffrac-

tive structure functions of the proton. We made predictions for azimuthal asymmetries and

diffractive slopes which can be tested experimentally at HERA. New methods were developed

to separate the leading twist transverse component from higher twist contributions and the

longitudinal structure function. Duality correspondence was established for the s-channel he-

licity non-conserving amplitudes of vector meson production and diffractive cross-sections of

low-mass continuum excitation. We derived the diffractive contribution to the spin structure
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functions of the proton.

We plan to continue our efforts to better understand the diffractive processes in QCD

and are currently working on the numerical calculations of the vector meson production

polarization and azimuthal angle components. This will allow us to establish the duality

mass range for the corresponding low-mass continuum excitation. More work will be done in

the evaluation of the diffractive contribution to the spin structure functions. We will analyze

the effects of the proton excitations in the intermediate states and work on improving of our

understanding of the proton spin-flip process. With the improvement of existing data on

total diffractive structure functions and with the new data on azimuthal asymmetries and

diffractive slopes coming forth, we will test more thoroughly the gluon density in the proton.



Appendix A

Light-cone momenta and spinors

For a general four-momentum pµ, µ = 0, 1, 2, 3, we define, following [15], the light-cone

components p± = p0 ± p3, so pµ can be parameterized as

p = (p+, p−,p⊥) = (p+,
p2
⊥ +m2

p+
,p⊥) , (A.1)

where we used p2 = p+p− − p2
⊥ = m2. In general, we have four-momentum multiplication

rule

p · q =
1

2
(p+q− + p−q+)− p⊥q⊥ (A.2)

(bold vector variables will represent 2-dimensional transverse components and we will skip

the subscript ⊥ hereafter). In the light-cone quantization, or its equivalent, time-ordered per-

turbation theory in the infinite momentum frame with p+ →∞, outlined in [15], only com-

ponents p+ and p are conserved at each vertex, and all intermediate particles are considered
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on the mass shell, as in (A.1). The integration over intermediate particle four-momentum is

substituted by

1

(2π)4

∫
d4p θ(p0)δ(p

2 −m2)→ 1

16π3

∫
dp+ θ(p+)

∫
d2p . (A.3)

Light-cone helicity spinors (see [15]) are

uλ(p) =
1√
p+

[p+ + γ0{m+ (γp)}]χλ , (A.4)

vλ(p) =
1√
p+

[p+ + γ0{−m+ (γp)}]χ−λ (A.5)

for the quark and anti-quark respectively. The spinors (A.4) and (A.5) are expressed through

eigenstates χ± of spin projection operators Λ± = γ0γ±/2. The standard relationships for

eigenstates and projection operators are satisfied: Λ±χ± = χ± and Λ2
± = Λ±, Λ±Λ∓ = 0.

In the Weil representation of the γ matrices one has explicitly χ+ = (1, 0, 0, 0) and χ− =

(0, 0, 0, 1).
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