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Optimal and Feedback Control for Hyperbolic Conservation Laws

Pushkin Kachroo

(ABSTRACT)

This dissertation studies hyperbolic partial differential equations for Conservation Laws mo-
tivated by traffic control problems. New traffic models for multi-directional flow in two
dimensions are derived and their properties studied. Control models are proposed where
the control variable is a multiplicative term in the flux function. Control models are also
proposed for relaxation type systems of hyperbolic PDEs. Existence of optimal control for
the case of constant controls is presented. Unbounded and bounded feedback control designs
are proposed. These include advective, diffusive, and advective-diffusive controls. Existence
result for the bounded advective control is derived. Performance of the relaxation model
using bounded advective control is analyzed. Finally simulations using Godunov scheme are

performed on unbounded and bounded feedback advective controls.
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Chapter 1

Introduction

1.1 Motivation and Research Goal

Traffic congestion is a major problem in most big cities in the world. In U.S.A. every
year there are about 40,000 to 50,000 fatalities on highway related accidents. About a
billion dollars worth of productivity is lost in traffic jams every year. With the advances in
microelectronics technology, sensors and microprocessors have become available for very low
cost. Intelligent Transportation Systems (I.T.S.) is an area that deals with using technology
to help solve the traffic problem using sensor, actuators and other electronics technology.
By controlling the flow of traffic, it is hoped that many accidents can be prevented and also

smooth flow can help avoid congestions.

1.1.1 Vehicular Traffic Control

There are many ways to control vehicular traffic. Some of these are:

1. Ramp Metering Control: Ramp metering allows controlling the inflow rate into a

highway from a street. The control is influenced by controlling the green cycle for a
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traffic light. The control can be performed in an open loop setting. It can also be
performed by using sensors to measure the traffic density on the highway in real time

and then controlling the inflow rate based on the measured density.

2. Signalized Intersection Control: Traffic lights can be controlled either in an open loop
manner based on the time of the day etc., or in a feedback loop based on measurements

made to measure the traffic queues.

3. Speed Control: Speed Control can be performed by placing speed signs that can be
changed dynamically based on speed measurements or can be fixed at different values

at different time of the day, or also based on special events.

4. Point Diversion: Imagine a highway bifurcating into two and the two highways meeting
again at some point. Traffic reaching the bifurcation point can take either of the two
routes. Point diversion is traffic control that attempts to satisfy some criterion such
as equal travel time in alternate routes etc. by choosing an appropriate split ratio at

the diversion point.

1.1.2 Pedestrian Traffic Control

There is also a great need for control of pedestrian traffic. This can also be performed using
the microelectronics technology. Various sensors can be used to monitor real time traffic
density and/or traffic velocity, so that different real-time instructions can be given to people

to change their speed or direction for smooth flow of traffic.

1.1.3 Evacuation Problems

Many lives can be saved by designing effective evacuation strategies during emergencies. In
general, evacuation can be performed for any area, such as a parking area, city, or even larger

area. Efficient evacuation is very important especially in the case of buildings, or an area of
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a building. This becomes even more evident when one contemplates situations like 9-11, or
a natural or a human made disaster affecting a building, such as a fire, earthquake, etc.

In most buildings, there is a static evacuation plan (see Figure 1.1) that shows people the

route to the exit.

\YO% ARE HERQ % o

L /w

T 1L w%

L/ Y[EXIT]

Figure 1.1: Static Evacuation Map

However, this map is static and tells people to take the same route no matter what the
current traffic conditions are. In order to evacuate people effectively, the directions should
be made dynamic depending on the current traffic situations. For instance, if there are
multiple routes available to the exit and one of the routes is congested, then people can be
told to take the other route. The speed of the people can be also controlled by informing
them how fast to move so that they don’t move too quickly to a place and cause congestion.
There could be many ways that the information about speed can be conveyed to people. One
way would be to have a light matrix whose blinking could be related to the desired speed.

The exact design would depend on human factors research that would be needed in this case.
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Sensors like cameras and infrared based sensors can be used to get real-time measurements
of traffic density distribution that can used by feedback controllers for efficient evacuation
of people. In general, it is possible that we can make the people move as fast as possible to
achieve time-optimal control. However, due to human factors issues that could possibly lead
to undesired behavior. For instance, stampedes could be caused if people simply moved as
fast as possible toward the exit. This dissertation is based on the philosophy that evacuation
should involve a smooth following of some desired traffic patterns that lead to orderly removal

of people from the area.

Now, the evacuation problem we are studying can be viewed as a digraph, where each room
or an area is represented by a node, and each corridor or path from one node to another is

represented by an arc as shown in Figure 1.2.

<

7
T
e ®

Figure 1.2: Evacuation Digraph

O

The flow of people from one node to another becomes a one-dimensional traffic control

problem. If the evacuation has to be done from a big hall, then the evacuation problem
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becomes a two-dimensional problem. The main motivation for the work presented in this

dissertation comes from these one and two-dimensional traffic control problems.

1.2 Literature Survey

1.2.1 Traffic Models

There are essentially three types of traffic models: microscopic, mesoscopic and macroscopic.
Microscopic ones model each vehicle as an individual entity and are car-following models in
literature ([12], [18], [19], [26], [59], [72]), whereas macroscopic ones ([16], [52]) model traffic
as a continuum. The mesoscopic ones are in between, such as the kinetic theory based
models ([66], [39]). Cellular automata based models also exist ([55], [54]) that come under
the microscopic modeling, since in those models, the cells can either be empty or contain a

vehicle.

Macroscopic traffic models use some relationship between density and (equilibrium) speed.
Many models for this relationship have been proposed such as Greenshield model ([30]),
Greenberg model ([29]), Underwood model ([85]), Northwestern University model ([34]),
Pipes-Munjal model ([64]) and multi-regime models ([52]). The macroscopic models can be
based on a single partial differential equation (PDE), such as the Lighthill-Whitham-Richards
model ([49], [70]), or a system of multiple PDEs such as the Payne-Whitham model([63],
[91]), Aw-Rascle model ([4], [68]) and Zhang model ([92], [93]). Macroscopic models for

networks have also been proposed ([65]).

Pedestrian dynamics especially in the context of evacuation dynamics is a relatively new
area ([75], [57]). These models also can be microscopic or macroscopic. Cellular automata

based models also have been proposed ([89]). Simulation models have also been developed

([90]).
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1.2.2 Traffic Control

The use of automatic control theory for traffic problems was started by Papageorgiou ([62])
and followed up by Kachroo for dynamic traffic assignment problems ([38]), dynamic routing
([67]), ramp metering problems ([37]), and by Ball for signalized intersection control([6]).
Some preliminary models as well as linearized and Lyapunov based controls for pedestrian

evacuations are given in [2], [88] and [87].

1.2.3 Mathematical Theory of Hyperbolic Conservation Laws

Some of the classical work on hyperbolic theory of PDEs with application in mathematical
physics and gas dynamics is pesented in [13] and [91]. A recent book on the mathematical
physics aspects of hyperbolic conservation laws is written by Dafermos ([15]). Mathematical
theory of hyperbolic systems of conservation laws has recently received great attention and

many books have been published in this area ([10], [9], [32]) [42], [44], [76], [77].

Control of Hyperbolic Conservation Laws

Control of hyperbolic conservation laws has been done using various techniques. Theory
for infinite dimensional optimization and control theory is developed by Fattorini ([24]) and
Lions ([50]). Optimal control of distributed systems especially in the context of viscous
incompressible fluids is presented in ([25]). Optimization theory in a more abstract setting
is presented in [58]. In [82], [83], and [84] Ulbrich studies control problems where the control
comes in through the source term and the initial conditions. He also develops sensitivity
and adjoint calculus for conservation laws based on shift variations. He also shows the
convergence of optimal controls for discretized problems to the optimal control for the original
problem. In the present work, we consider problems where the control enters through the
flux term. Hence, we work in the framework of distributed controls. We study feedback

control solutions where the aim is not optimization, but some desired closed-loop behavior
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of traffic flow.

1.3 Contributions

The specific contributions of this dissertation work are listed below.

1. The two dimensional models of traffic that use magnitude and angle vector fields to
drive pedestrian movement allowing for multi-directional flow are proposed in this
dissertation. Their analysis has also been performed. These models include two-
dimensional LWR, two-dimensional Payne-Whitham model, two-dimensional Aw-Rascle
model, and two-dimensional Zhang model. Eigenvalues and eigenvectors in arbitrary

directions are obtained. All this work is presented in Chapter 4.

2. Section 6.2 presents the L' contraction property of the solution with respect to the
controls. Subsection 6.2.1 presents existence results for optimal control in the space of

constant controls.

3. Section 6.3 presents some specific designs for feedback control for scalar conservation
law. Subsection 6.3.1 presents the control design that provides feedback advection.
Subsection 6.3.2 presents the control design to produce feedback diffusion. Simi-
larly, subsection 6.3.3 presents the corresponding control design that provides feed-
back advective-diffusion. All these feedback controls are presented for unbounded and
bounded cases as well as for one and two-dimensional problems. The bounds are to
be understood in the sense of the values the control variables can take. Section 6.4
presents the results for advective feedback control for relaxation systems. Subsec-
tion 6.4.1 presents unbounded advection for relaxation systems, where corollary 6.4.1
presents the main result. Subsection 6.4.2 presents bounded advection for relaxation
systems. Section 6.5 presents wellposedness for bounded advection control. In this sec-

tion, the proof involves substituting the bounded control into the dynamics to obtain
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the closed loop that has a modified flux. The modified flux is Lipschitz, and hence
standard existence results would apply. We go through the steps of the proof to show
that at each step the density remains in [0, p,,]. Subsection 6.5.1 presents all different
types of Riemann problems for bounded feedback advective control. Subsection 6.5.2
presents the main existence results (see theorem 6.5.2) for bounded advective control

using front tracking method.

4. Chapter 7 presents numerical simulation results for unbounded and bounded feedback
advective control using Godunov scheme. These results validate the analysis presented

in Chapter 6.

1.4 Outline of the Dissertation

This dissertation is divided into the following chapters.

1. Chapter 1 presents the motivation, background and contributions of the dissertation.

2. Chapter 2 presents the derivation of conservation laws for mass, momentum and energy.

This chapter is a review chapter and presents standard material on these derivations.

3. Chapter 3 presents one dimensional macroscopic traffic models. The chapter presents
the scalar traffic model, as well as some systems of relaxation PDE models of traffic
that also use momentum terms in the models. This chapter is also a review chapter

and presents these models that have been proposed previously by other researchers.

4. Chapter 4 presents the new traffic models that this dissertation proposes. These models
allow for distributed control via the traffic flux term, and also allows for modeling of
one and two dimensional traffic. A relaxation system of PDE traffic models is also
proposed in this chapter, and their corresponding eigenvalues and eigenvectors are also

calculated.
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5. Chapter 5 presents the necessary background mathematical theory for scalar conserva-
tion laws and relaxation models. This material is essential for developing the existence
of optimal control results and for feedback control theory for the traffic models. The
material in this chapter is a collection of results from relevant literature that lays the

mathematical foundation for the main contributions of this dissertation.

6. Chapter 6 is the most important chapter of this dissertation as it presents most of the
main contributions of this dissertation. It presents the existence results for optimal
controls for traffic control problems as well as tabulating (without any optimization
considerations) closed-loop behaviors of physical interest arising from various specific

choices of feedback control laws.

7. Chapter 7 presents the numerical simulations using Godunov’s method for advective
control problems for initial-boundary data problems. The simulations are performed

to clearly show the validity of results from Chapter 6.



Chapter 2

Derivation of Conservation Laws

In this chapter we review the derivation of the scalar and vector conservation laws. There
are many references that give derivations for conservation laws, such as [91], [13], [45] and

81].

2.1 Mass Conservation

Let us consider a section from distance x; to distance x5 from some reference point on the
x-axis (see Figure 2.1). Let this section contain a fluid with a scalar density field p(t, z).
Fluid enters this section from its left edge given by the flux (or flow) ¢(z1,t) and it leaves
this section at its right edge at x5 where the flux is given by ¢(xs,t). Flux is the product of
density and speed of flow as shown in equation (2.1). For conservation of mass, the change
in density in a section can happen only due to the fluxes at the boundary, which in this one
dimensional case is at x; and x5. Mathematically this statement can be written in integral

or differential forms.

q(t,I) = p(t,x)v(t,x) (2'1)

10
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Figure 2.1: Conservation of Mass

2.1.1 Mass Conservation in One Dimension

The mass in the section from z = x; to x = x5 at time ¢ is given by

T2
mass in [z1, 29 at time t = / p(t,x)dx (2.2)

z1

The total mass that enters the section from the edge at x = xy is given by

t2
Inflow at 27 from time t; to ty = / p(t, x1)v(t, x1)dt (2.3)

t1

Similarly, the total mass that leaves the section from the edge at x = x5 is given by

to
Outflow at 25 from time ¢; to to = / p(t, x2)v(t, x9)dt (2.4)

31
The conservation law states that the change in mass in the section [x1, x5 from time [t1, t5] is
equal to the mass that enters through the flux at x; from which the mass that exits through
the flux at x5 has been subtracted. This is stated below as the conservation law in the in

the first integral form.
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/12 p(ta, z)dx — /x2 p(ty, x)dx = /t2 p(t, x1)v(t, zp)dt — /t2 p(t, z2)v(t, z2)dt

1 T t1 t1

Alternately, this can also be written in the second integral form as:

d [**

a7 p(t, x)dx = p(t,z1)v(t, 21) — p(t, 22)v(t, 22)

Equation (2.5) can be written as

/ ot ) — pltr,2)] do = / ot )olt 1) — plt, 2a)o(t, 20)) de

T1 t1

If p(t,x) and v(t,x) are differentiable functions then we get

to a
pltzea) = pltsa) = [ Siplt.)i

t1

and

plte2)olt, ) = plt. ot ) = [ " (ot ol )

1

Using equations (2.8) and (2.9) in (2.7) gives the following equation.

/:2 /: {%P(t@) + %[p(t,x)v(t,x)]} dtdz =0

12

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

Since this must be satisfied for all intervals of time and 2 then it must be true that the

following differential form of the conservation law is satisfied.

9 plt,a) + - [plt,2)o(t,2)] = 0

In terms of the mass flux, this equation can be written as

(2.11)



Pushkin Kachroo Chapter 2. Derivation of Conservation Law 13

t,x) + 2q(t, z)=0 (2.12)

Ep( ox

2.1.2 Mass Conservation in Two Dimensions

Consider the conservation law in two dimensions as shown in Figure 2.2. Here, the flow in
the z-direction is ¢; and the flow in the y-direction is given by go. If u(t, z,y) is the speed
of the fluid in the z-direction at time (¢, x,y), and v(¢,z,y) is the speed of the fluid in the
y-direction at time (¢, z,y), then we have the following two relationships for corresponding

flows and speeds.

[

- -

Figure 2.2: Conservation of Mass in 2D

q(t,z) = p(t, x)u(t, ) (2.13)

q@2(t,x) = p(t,x)v(t, x) (2.14)

The development of conservation of mass in two dimensions follows along the same lines as
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the case of single dimension. The mass in the section from (z1,y;1) to (x2,y2) at time ¢ is

given by

2 Y2
mass in region[(xy, y1)(x2, y2)] at time t = / / p(t,xz,y)dxdy (2.15)
Z1 Y1

The total mass that enters the section from the edge at x = 1 is given by

Y2 pt2
Inflow at x; from time t; to ty = / / p(t, x1, y)u(t, z1,y)dtdy (2.16)
y1 Jt1

Similarly, the total mass that leaves the section from the edge at © = x5 is given by

Y2 fl2
Outflow at x5 from time ¢; to ¢ty = / / p(t, xo, y)u(t, za, y)dtdy (2.17)
y1 Jt1

The total mass that enters the section from the edge at y = y; is given by

x2 to
Inflow at y; from time t; to ty = / / p(t,x,y1)v(t, x, yp)dtdx (2.18)
x1 t1

Similarly, the total mass that leaves the section from the edge at y = y, is given by

X2 to
Outflow at y, from time t; to ty = / / p(t, z,y2)v(t, z, yo)dtdx (2.19)
xr1 t1

The conservation law states that the change in mass in the section from time [t1, 5] is equal
to the exchange that takes place at the boundary of the section. This is stated below as the

conservation law in the in the first integral form for two dimensions.
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Ty ryo Y2
/ / plte, ,y)dzdy — / / p(t1, x,y)dxdy
/ / (t, x1,y)u(t, z1, ydydt—l—/ / p(t,z, y1)v(t, z,y;)dxdt
Y1 t1 1 t1
to T2 to
—/ / p(t,xg,y)u(t,xg,y)dydt—/ / p(t, z, y2)v(t, x, yo)dadt  (2.20)
Y1 t1 1 11

Alternately, this can also be written in the second integral form as:

d 2 Y2

1 Y1
Y2

=/ p(t, 1, y)u(t, 1,y dy+/ p(t,z,y1)v(t, v, y1)dx
o a

—/ p(t, xo, y)ult, xo, y)dy — / p(t,x, ya)v(t, x, yo)dx (2.21)
Y1

Equation (2.20) can be written as

xT2 Y2
/ / [p(te, z,y)dady — p(t1, z,y)|dzdy
1 Y1
Y2 to
- / / ot y)ult, o1, ) — plt, 2o, y)ult, 22, y)|dydt
Y1 t1

x2 to
[ [ pttn ot )  plt ol dod (2.22)
T t1

If p(t,z,y), u(t,z,y) and v(t, z,y) are differentiable functions then we get

20
p(t%I?y) - p(tlax7y) - / Eﬂ(t,x7y)dt (223)

t1

pltsra,p)ultrn,y) — pltonpultony) = [ oLttt g)ds (229

1
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and

Y2
p(tvxayQ)U<t7$7y2) _p(t7x7y1)v(t7x7y1) = / a—y(p(t,x,y)v(t,x,y))dy (225)
Y1

Using equations (2.23), (2.24) and (2.25) in (2.20) gives the following equation.

Y2 T2 rt2
[ [ {Getemn+ st sputeca )+ Siote.s.poteany) oy —
(2.26)

Since this must be satisfied for all intervals of time, x and y then it must be true that the

following differential form of the conservation law is satisfied.

o) + 5 ot st o)) + 3t aeit s =0 (220)
% (t,z,y) + V- [p(t,z,y)v(t,x,y)] =0 (2.28)

In terms of the mass flux, this equation can be written as

0 0 0
E”(t’ z,y) + %ql(t, z,y) + 8—yqz(t, z,y) =0 (2.29)
or
0
—=p(t,z,y) +V -q(t,z,y) =0 (2.30)

ot
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2.1.3 Mass Conservation in n Dimensions

For the n-dimensional case, density is given by p(¢, z), velocity by v(t,x) € R™ and flux by
q(t,x) € R™ where x € R". The flux is given by

q(t,x) = p(t, z)v(t, ) (2.31)

and the conservation law is given by

% (t,x)+V-q(t,z) =0 (2.32)

2.2 Momentum Conservation

First we will study momentum conservation in one dimension, then followed by two dimen-

sional and viscous cases.

2.2.1 Momentum Conservation in One Dimension

Let us consider a section in one dimension (see Figure 2.3). The momentum of the fluid
in the section is given by the product of the density p(¢,x) and the velocity v(t,z). Just
as in the case of conservation of mass, the flux for momentum is given by the product of
momentum and the velocity, i.e. p(t,z)v?(t, z). Now, according to Newton’s second law (see
[17]), the change of momentum should be equal to the force applied. Force is equal to the
product of pressure and area. Taking area to be of unit measurement in our problem, we

get force to be p(t,z1) on the left edge, and p(¢, z2) on the right.

Applying Newton’s law to the section, we obtain
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Figure 2.3: Conservation of Momentum

ﬁ[p(t, ) (t,z) + p(t,z)] =0 (2.33)

9 ottt )] + =

ot

2.2.2 Momentum Conservation in Two Dimensions

There are two momentum fields in two dimensions. One is the momentum in the x direction
(considered in 2.4) given by p(t,z,y)u(t,z,y) and the other in the y direction given by
p(t,z,y)v(t,x,y), where u(t, z,y) is the velocity in the x direction and v(¢, z,y) is the same

in the y direction. We can derive the conservation of momentum in the z-direction as follows.

Momentum in the z-direction in the section is given by p(t, x,y)u(t,z,y). The flux in the z
direction is due to the velocity in a-direction given by u(t, z,y) and is equal to the product
of this velocity with the momentum. The flux is equal to p(t, z,y)u?(t, z,y). The flux in the
y direction is due to the velocity in y-direction given by v(¢, x,y) and is equal to the product

of this velocity with the momentum. The flux is equal to p(t, z, y)u(t, x,y)v(t, z,y).

According to Newton’s law, total change in the linear momentum in the z-direction is equal
to the force in the x-direction. The force comes from the pressure as in the one dimension

case and we obtain
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Figure 2.4: Conservation of Momentum in the x-Direction

%[ﬂ(t, z,y)ult, r,y)] + %[ﬂ(t, z, Yl (tx,y) +pt, z,y)] + a%p(t, z, y)u(t, v, y)v(t,z,y) =0
(2.34)

Ignoring the dependencies on (¢, x,y) we can write the momentum equation in the x- and y

directions as follows.

0 9. o
@[PU] + %[PU +p+ ay" = 0

) ) o

9 9 9 = 2.
5PVl + 5 -puv + 9 [pv* 4+ p] =0 (2.35)

2.2.3 Momentum Equation with Viscosity

Let us study the two dimensional flow again where the fluid has shear and normal stresses

including pressure (see Figure 2.5).

The total change in linear momentum in the x-directon is given by
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Figure 2.5: Stresses on a Planar Fluid

0 0
Change in Momentum in z direction = a[p(t, x,y)ult, z,y)] + 8—,0(t, z,y)u(t, z,y)
T

0
+a—yp(t,x,y)U(t,x,y)v(t,x,y) (2.36)

This should equal the force in = direction. The force is due to the normal and shear stresses

in the same direction. The change in stress in x direction is

Stress in « direction = oy, (t, 2 + Az, y) — 011 (t, z, y)+
0-12(t7'r7y + Ay) - 0'21<t,.13,y) (237>

Taking appropriate limits as Az — 0, Ay — 0 and matching with equation (2.36), we get

gpu + ngZ + 8—ypuv = %011 + a—yam
0 0 0 0 0
apv + %puv + 8_ym)2 = (9_x021 + 8—y022 (2.38)



Pushkin Kachroo Chapter 2. Derivation of Conservation Law

21

Now, pressure is the stress which is same in all directions. Hence, we can remove the pressure

from the principle component of stresses as follows.

onn=—-p+on

092 = —pP + 022

Using (2.39) in (2.38), we get

9 u—l—ﬁ( u® + )4—2 uv—ﬁ_—l—2
atp aa: p p ayp - axall ay012

0 0 0 0 0

_ _ _ 2 [ — Too
o + B UV + 3y (pv* + p) 5502 + ayUgQ

Let us assume the following relationship between stress and strain

0
011 = M%U
0
012 = Ma—yu
0
021 = M%U
0
022 = Ma_yv

(2.39)

(2.40)

(2.41)

In (2.41) we have taken p to be the constant coefficient of viscosity. Now substituting (2.41)

in (2.40), we obtain

) . d Pu  u
P G O L L ol el
0 0 J . 0*v %
i’ Tt gy T = kgE t )

(2.42)
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Equation (2.42) can also be written as

g | pu o | pu? 0 | puv u
a +a_$ +a—y +Vp—,LLA (243)

pv PUV pv? v

In equation (2.43), if we take p to be zero, we obtain the non-viscous equation (2.35).

2.3 Energy Conservation

The derivation of energy conservation laws follows the same steps as the ones followed by
conservation of mass and momentum. Energy flux in the x-direction is given by uF and in
the y-direction by vFE. Change of energy in unit time in a given direction is obtained from
the power in that direction. Power is work done per unit time. Work is the inner-product
(or dot product) of force and distance covered in that direction. Since force per unit area
is pressure, power is given as a product of pressure and speed in the direction of interest.

Hence, the conservation of energy in the two dimensional case is given as

—F+ %[u(E+p)] +—wE+p)]=0 (2.44)

2.4 Combined Equations

Combining the equations (2.27), (2.35) and (2.44), we get the following equation.

P pu pY
d | pu 0 u? + ) uw
S N RGO L O A —0 (2.45)
ot pv ox puv dy pv? 4 p

E u(E + p) _U(E—I-p) |
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If we define the vector

p
pu
pv
E

and the corresponding vector flux in x-direction as

in the y-direction as

£y

puU
pu® +p
pUv

u(E + p)

pv
puv

pv* +p

I v(E +p)

then we can show the vector conservation law as

ou

—+V-F=0

ot
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(2.46)

(2.47)

(2.48)

(2.49)

F'is the vector flux, whose component in the z-direction is F} and whose component in the

y-direction is Fj.
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2.4.1 Equation of State

Notice that in (2.45) there are four equations but five unknowns (p, u,v, E, and p). Hence
we need another equation for solvability of the system. For gases energy is the sum of kinetic
energy and internal energy (e) as shown below.

1
E= 50(“2 + v2) + pe (2.50)

The equation of state gives the formula for the internal energy in terms of pressure and density
assuming chemical and thermodynamic equilibrium. The equation to be used depends on

what type of gas it is.

Polytropic Gas

For an ideal gas with specific heat at constant volume given by c¢,, the internal energy e is

the following function of temperature.

e=cT (2.51)

Temperature T is related to density p and pressure p by

p= RpT (2.52)

where R is called the gas constant.

If a gas is kept at a constant volume as energy is added to it, the change in internal energy

is given by

de = ¢, dT (2.53)
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On the other hand if a gas is kept at a constant pressure as energy is added to it, some work

is also done in increasing the volume. The change in internal energy is give by

d(e + §> = ¢,dT (2.54)
Enthalpy h is defined as
h=e+?2 (2.55)
p
so that
h=c,T (2.56)

Using equations (2.56) and (2.51) in (2.52) gives

p—C =R (2.57)

Using (2.51) and substituting 7" from (2.52), we get the following for the internal energy.

c, P

= 2.58
=% (2.58)

Using ratio of specific heats v = ¢, /¢, and (2.57), we get
e=—L (2.59)

(v=1)p

Finally, substituting (2.59) into (2.50) gives the additional equation for the polytropic gas.

(2.60)
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Isothermal Flow

In the situation where the temperature of the gas is kept at a constant temperature 7', energy
is not conserved, and we can use the mass and momentum conservation equations only.
Energy is not constant since external energy is required to keep the constant temperature.
Since temperature is kept constant, because of equation (2.52) we obtain a linear relationship

between pressure and density as

p=a’p (2.61)

where a = v/ RT, T being the constant temperature. It can also be shown that a is the speed
of sound (sound speed is given as the partial derivative of pressure with respect to density
since sound travels as small disturbances in pressure). Using this, the system for isothermal

flow for a two-dimensional flow becomes

) ’ ) & ) -
o | v + I pu? +a?p | + ) pU =0 (2.62)
pu puv pv2 + a2p

Isentropic Flow

Entropy (a measure of disorder in a system) is defined as

S =c,log(p/p”) + k (2.63)

where k is a constant. Using equation (2.63) we can find an expression for pressure in terms

of entropy and density as

S/cy

p=Kexp ™ p’ (2.64)
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where k 1s a constant.

Clearly, if entropy is constant, the equation of state is given by

p="Rrp’ (2.65)

where

R = Kexp”/® (2.66)

Hence using equation (2.65) in the two dimensional system becomes

0 g 0 o 0 -
2%l |t pu? +Ep? | + By pUY =0 (2.67)
pv pUv pv? + Fpl

It can also be shown by using the definition of entropy in equation (2.63) in conservation

laws in the differential form that in the regions of smooth flow entropy is conserved, i.e.

Stz y)e +ult, ,y)S(t, z,y)e +v(t,2,y)S(t,2,y)y =0 (2.68)

2.5 General Conservation

This section derives the conservation law in more general setting as presented in [35]. This

general setting is illustrated in Figure 2.6.

The conservation law in general setting is given by

ou
§+V-f—0 (2.69)
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Figure 2.6: Conservation in General Setting

Conside a cell of volume V that has a boundary S. The volume contains material [ udV
that changes over time because of flux f that flows only through the boundary. In time
At the boundary moves to a new location changing the volume from V to (V + AV'). The
material inside the volume (V + AV) is (u + Au). To obtain the total change in u we get

/ (u+ Au)dV — / udV = / (u+ Au)dV + / (u+ Au)dV — / udV
V+AV v v AV v
= / udV+/ AudV—i—/ udV + AudV—/udV
1% 1% AV AV v

/ AudV + / udV + / AudV (2.70)
|4 AV AV

We neglect the last term on the right hand side since it involves second order differential

terms. The second term shows the material that is in the differential volume. The new
volume can be written in terms of the surface as dV = SAt and therefore, the second term

can be written as
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/A udv - ji wond(SAY) (2.71)

Here v, is the outward normal component of the velocity at the surface. We can write

equation (2.70) as

/ (u+ Au)dV — / udV = / AudV + 7{ uv,d(SAt) (2.72)
V+AV 1% 1% S

Dividing both sides by At and taking At — 0 we get

0
6t/UdV /Ed\/—l-]iuvndS (2.73)

Using the divergence theorem ([51]) and applying equation (2.69) in (2.73) we get the integral

form of the conservation law for the moving boundary case as

; / udV = ji (fu -+ uvy)dS (2.74)

Here f, is the normal component of the flux. If the cell is stationary, then we get the

following integral form of the conservation law.

gt / udV = 7{ £.dS (2.75)



Chapter 3

Traffic Models: One Dimensional Case

In this chapter we review macroscopic traffic models and how they relate to conservation
equations. We consider one-dimensional and two-dimensional vehicular and pedestrian traffic
models. Traffic models can be microscopic (see [12]), mesoscopic or macroscopic (see [16],
[52]). Macroscopic models treat traffic as a continuum and these are the models of interest
to this dissertation. Microscopic models treat each vehicle or pedestrian as an individual
entity and treats acceleration as the control variable that depends on inter-vehicular or inter-
pedestrian density (see [7], [12], [38]). Mesoscopic models use kinetic models for traffic using

Boltzmann equation from statistical mechanics (see [66]).

3.1 Lighthill-Whitham-Richards Model

The LWR model, named after the authors in [49] and [70], is a macroscopic one-dimensional

traffic model. The conservation law for traffic in one dimension is given by

9 0
5P 2) + 5 f(t2) =0 (3.1)

In this equation p is the traffic density (vehicles or pedestrians) and f is the flux which is

30
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the product of traffic density and the traffic speed v, i.e. f = pv. There are many models
researchers have proposed for how the flux should be dependent on traffic conditions. This

relationship is given by the fundamental diagram.

3.1.1 Greenshield’s Model

Greenshield’s model (see [30]) uses a linear relationship between traffic density and traffic
speed.
p

)

o(p) = vy(1

(3.2)
where vy is the free flow speed and p,, is the maximum density. Free flow speed is the speed
of traffic when the density is zero. This is the maximum speed. The maximum density is the
density at which there is a traffic jam and the speed is equal to zero. The flux function is
concave as can be confirmed by noting the negative sign of the second derivative of flow with
respect to density, i.e. 9%f/0p* < 0. The fundamental diagram refers to the relationship
that the traffic density p, traffic speed v and traffic flow f have with each other. These

relationships are shown in Figure 3.1.

3.1.2 Greenberg Model

In this model (see [29]) the speed-density function is given by

V(p) = vy m(%”) (33)

Greenberg fundamental diagram is shown in Figure 3.2.
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Figure 3.1: Fundamental Diagram using Greenshield Model
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Figure 3.2: Fundamental Diagram using Greenberg Model

33
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3.1.3 Underwood Model

In the Underwood model (see [85]) the velocity-density function is represented by

V(p) = vy exp(=L) (3.4)

m

Underwood fundamental diagram is shown in Figure 3.3.

Pm

Figure 3.3: Fundamental Diagram using Underwood Model
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3.1.4 Diffusion Model

Diffusion model is an extension of the Greenshield’s model where the traffic speed depends
not only on the traffic density but also on the density gradient. This models the driver
behavior where changes in traffic density in the z-direction affect the traffic speed. The

model is given by

Vip) = vs(1 - 2y - =22 (3.5)

where D is a diffusion coefficient given by D = 7 v?, v, is a random velocity, and 7 is a

relaxation parameter.

3.1.5 Other Models

There do exist other models such as Northwestern University model, Drew model, Pipes-
Munjal model, and multi-regime models. The speed-density relationships for thse models

are give below:

Northwestern University model

The speed-density relationship for this model [34] is given by

Vip) = v exp(—0.5 (ﬁ)g) (3.6)

Po
Drew model

The speed-density relationship for this model [22] is given by
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vmw:wa—(ﬁ)mﬂw> (37)

P

Drew model is a generalization of other models such that taking different values for n in his

model results in other models.

Pipes-Munjal Model

The speed-density relationship for this model [64] is given by

Vio) =t - (L)) (33)

Pm

This model is also a generalization of other models such that taking different values for n in

this model results in other models.

Multi-regime Model

The speed-density relationship for this model can use different expressions in different regions
[52]. For instance it can use a constant speed in uncongested region and linear speed in the

uncongested region.

Uy if p < me
Vi(p) = p (3.9)

v(l — p—) otherwise

The fundamental diagram for this model is shown in Figure 3.4.

3.1.6 LWR Models

Here we combine different fundamental relationships with the scalar conservation law.
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Figure 3.4: Fundamental Diagram using Multi-regime Model

37
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LWR Model with Greenshields Flow

LWR model with Greenshields flow becomes

0 0 P
" + %vfp(l - —m) =0 (3.10)

LWR Model with Greenberg Flow

LWR model with Greenwood flow becomes

o 0 Py
ap + 8—xvfpln(7) =0 (3.11)

LWR Model with Underwoodwood Flow

LWR model with Underwood flow becomes

0 0 -p,
" + 3,017 exp(p—m) =0 (3.12)

LWR Model with Diffusion

LWR model with diffusive flow becomes the following viscous scalar conservation law.

9ot e -2 - 2%~ (3.13)
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Term Meaning
Vi(p) Equilibrium Speed
T Relaxation Time

(V(p) —v)/7 | Relaxation

(A(p)), /p Anticipation

s Viscosity

Table 3.1: Payne-Whitham Model Terms

3.2 Payne-Whitham Model

PW model or the Payne-Whitham model was proposed in the 1970s independently in [63]
and [91]. It uses two PDEs to represent the traffic dynamics. In its most general form, the

model takes the following form [65].

Pt + (pv>m =0
Vv v, = Vip)=v _ (AW, + ,uvﬁ (3.14)
T p p

Table 3.1 shows the different terms in this model. The first PDE is the conservation of traffic

“mass” and the second tries to emulate the fluid momentum equation.

The anticipation term is similar to the pressure term in fluids. In some specific models the

term is taken as

A(p) = cop (3.15)

for some constant ¢y. The relaxation term is there so that in equilibrium the speed follows
the value V(p). This could be chosen to be given by Greenshields formula or some other
chosen formula. If we ignore the viscosity and use equation 3.15 then we get the PW model

similar to isothermal flow as
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pt+ (pv)z =0
. 2
U+ U U, = Vip) —v — (0P). (3.16)
T p

Equation (3.14) can be written in a conservation form by using the conservation of mass in

the second equation to obtain

pr+ (pv)z =0
Vip)—wv
(pv): + (pv* + cip), = p% + (Wi (3.17)
In the vector form this model becomes
u+ f(u)y, =9 (3.18)
where
P pu 0
u = ,flu) = . and S = Vip) —v (3.19)
pU V7 cyp p—T + UWUzq

We can write this in quasi-linear form as (see [53])

u + Au)u, = S (3.20)

where

A(w) = 2L = (3.21)
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The two eigenvalues of this matrix are

M =v+cyand \y = v — ¢y (3.22)

The corresponding eigenvectors are

1 1
v = and vy = (3.23)
v+ vV — Co

There has been some criticism of PW model, since it mimics the fluid behavior too closely
especially the fact that it shows isotropic behavior, whereas the traffic behavior should be
anisotropic. Isotropic models like the fluid models show that disturbances can travel in all
directions the same way. However, for vehicular traffic that is moving forward the driver
behavior should be affected by what happens in the front and not in the back. This deficiency

has been overcome by other models, such as the AR and Zhang models presented next.

3.2.1 Characteristic Variables

Using the eigenvectors from the quasilinear form the system of PDEs can be diagonalized
if the system is strictly hyperbolic, so that the system of PDEs transforms into two scalar
PDEs. To perform these steps, we start with the quasilinear form where any source terms
have been ignored. The analysis on characteristic variables for various macroscopic traffic

models is adapted from [53].

w + A(u)u, =0 (3.24)

Let Ay and Ay be two distinct real eigenvalues and v; and vy be their corresponding inde-
pendent right eigenvectors. Construct a square matrix whose columns are these eigenvectors

(see any linear algebra textbook such as [79] and [43]).
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XR = [’Ulll)g] (325)

From linear algebra X RX]E1 = [ and also X;AX r = ', where T" is the diagonal matrix
consisting of the eigenvalues as the diagonal terms. Pre-multiplying equation (3.24) with

Xgl and using XRng1 = I, we obtain

Xp'u + T X5 u, =0 (3.26)

Now, if we define

Ry = X tuy and R, = X 'y, (3.27)

we can write the quasilinear system 3.24 as

The characteristic variables 1 and ry are constant along the characteristics dz/dt = A1, Ay

respectively, where

T
R = (3.29)

T2

3.2.2 Characteristic Variables for Payne-Whitham Model

For the Payne-Whitham model from equations (3.23) and (3.22) we get

Xgp = (3.30)
v4+cy v—
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and

v+ ¢ 0

0 v — Cp

For equation (3.27) here we obtain

L(vt + co(In p)y)

~ 5 (10— collnp))

Similarly,

o (v, + co(lnp))
Ro=| =%
_Q_C(](Ux — co(Inp),)

We can define a matrix M such that R, = M R,. Consequently, R, = M R,. Then

1 0
v P
200\ 0 -1
and
B v+ colnp
Ut—Cohlp

Now, equation (3.28) becomes

M(R,+TR,) =0

When p # 0 M is invertible and so we can solve

43

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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Ri+TR,=0 (3.37)
Using notation
_ i
R = (3.38)
T2
we can obtain the following by inverting equation 3.35.
1
v §<f1 + 79)
P €xp
200

3.3 Aw-Rascle Model

A new model in [4] and improved in [68] is designed to model the anisotropic traffic behavior.

The following is the Aw-Rascle or AR model where we have added the relaxation term.

pt+ (pv)e =
o+ 0l + [0+ p(p)], = L (3.40)

where V(p) is the equilbrium speed generally taken as Greenshields relationship. The pres-

sure term is usually taken as

p(p) = cop’ (3.41)

where v > 0 and ¢y = 1.
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For further analysis, we will ignore the relaxation term. For smooth solutions system (3.40)
is equivalent to the following system that is obtained by multiplying the first equation by
P’ (p) in (3.40) and then adding that to the second equation. That operation leads to the

model in the following form.

pr+ (pv)e =0
v+ [v—pp'(p)v. =0 (3.42)

The AR model in conservation form is given below.

pt + (pv)e =0

[p(v + p(p))], + [pv(v +p(p))], =0 (3.43)

Now, we define a new variable m = p(v + p(p)), so that the model can be written as

pr+ (m—pp)e =0
2
my + [m_ - mp] =0 (3.44)
P z

In the vector form this model becomes

w4 f(u)y =0 (3.45)

where

p m—pp
u= cand f(u) = | ;2 (3.46)
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We can write this vector form in the quasi-linear form and obtain the eigenvalues and eigen-

vectors for the system. The quasilinear form is

u + A(u)u, =0

where

af —(v+1p 1
Au) = ou m?  ypm
e

The two eigenvalues of this matrix are

A =wvand Ay =v —p

The corresponding eigenvectors are

1 1

v = and vy =
v+ (y+1p v+p

3.3.1 Characteristic Variables for Aw-Rascle Model

For the Aw-Rascle model we get

1 1
Xp =
v+ (y+1)p v+p

and

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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For equation 3.27 here we obtain

(ve + pr)
Ry = p (3.53)
P
Similarly,
_(Ux + px)
R,=| P p (3.54)
vp
We can define matrix M such that R, = M R,. Consequently, R, = M R,. Then
1 0
M=2L (3.55)
N0 -1
and
_ v+
R= P (3.56)
v
Now, equation 3.28 becomes
M(R;+TR,) =0 (3.57)
When %&p # 0 M is invertible and so we can solve
Ri+TR,=0 (3.58)

Using notation
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R= (3.59)

T2

we can obtain the following by inverting equation 3.56.

= (3.60)

3.4 Zhang Model

We present here another model [92], [93] that retains the anisotropic traffic property, because
its momentum equation is derived from a microscopic car-following model. The Zhang model

is given by the following set of PDEs.

pt + (pv)e =0
v+ v+ pV'(p)| v, = W (3.61)

Ignoring the relaxation term, the conservation form of this model becomes

pr+ (pv)z =0

[o(v =V (p))]; + [pv(v = V(p))], =0 (3.62)

Now, we define a new variable m = p(v — V(p)), so that the model can be written as

m2
my + {— — mP] =0 (3.63)
p z
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In the vector form this model becomes

e+ f(u)y =0 (3.64)
where
0 m+ pV (p)
u= cand f(u) = | 2 (3.65)
m s +mV(p)

We can write this vector form in the quasi-linear form and obtain the eigenvalues and eigen-

vectors for the system. The quasilinear form is

ur + Alu)u, =0 (3.66)
where
af pV'(p) +V(p) 1
aw =2 TR0, (3.67)
—?erv (p) i +Vi(p)

The two eigenvalues of this matrix are

A =wvand Ay = v+ pV'(p) (3.68)
The corresponding eigenvectors are

1 1
v = and vy = (3.69)

v—="V(p) = pV'(p) v—="V(p)
3.4.1 Characteristic Variables for Zhang Model

For the Zhang model we get
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Xp = (3.70)

and

v 0
= (3.71)
0 v+pV'(p)
For equation (3.27) here we obtain
-1 [(m
/
rR=| VWA\r/, (3.72)
—+Vi(p )
V'(p) (p ) /
Similarly,
R, = Vip) \p /. (3.73)

(3.74)

and

(3.75)

Now, equation (3.28) becomes
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M(R;+TR,)=0 (3.76)

When p # 0 M is invertible and so we can solve

Ri+TR, =0 (3.77)
Using notation
_ T
R = (3.78)
Ty

= (3.79)

3.5 Pedestrian and Control Models in One Dimension

There is one major difference between vehicular traffic and pedestrian traffic. In vehicular
traffic if we use the LWR model, traffic density fixes the value of traffic speed. However,
in pedestrian flow, just knowing the traffic density does not fix the pedestrian speed. The
actual speed depends on the function that the pedestrians are performing. For example, if
pedestrians are inside a museum or in a school their movement is dependent on the activity
that is taking place. If however, the pedestrians are all trying to exit from a corridor,
then their speed becomes a function of density just like the vehicular traffic. Notice that
even in a single corridor, people could be moving in both directions at different places,
but vehicular traffic on a highway or street lane is unidirectional. The models (such as

Greenshields) only have to provide the speed based on density, since the direction of travel
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is fixed. If we introduce a time-varying scalar field that abstracts the activity that is taking
place for pedestrians we can modify the vehicular traffic model to get pedestrian models.

For distributed traffic control problems, this field will be used as the control variable.

3.5.1 LWR Pedestrian Model with Greenshields Flow

In order to convert the LWR model with Greenshields flow into a pedestrian model, we can
make the free-flow speed to be the scalar control field. This is a very natural choice, since if
we consider the case when there is only a single pedestrian, then according to Greenshields
model, the speed would be the constant free-flow speed. A pedestrian could be going in
the positive or negative direction and the magnitude would be in the closed interval [0, v,,]

where v,, is a constant maximum possible speed. The model then becomes

0 0 2N
50+ geurttlpll = ) =0 (3.80)

where v(t, ) € [—Up, Un).

3.5.2 Payne-Whitham Pedestrian Model with Greenshields Flow

We can convert the Payne Whitham model by making the V(p) term change with time
and space. We can use Greenshields relationship combined with this to produce the time-

dependent scalar field. The model then becomes

pt+ (pv)z =0
Ut +'U Um — ( ,C(J,p) v _ ( (p))w +Mv_ (381)
T p p

where
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V(t,z,p) = vy (t,x)p(1 — =)

- (3.82)

The control scalar field for the movement becomes v¢(t, ).

3.5.3 Aw-Rascle Pedestrian Model with Greenshields Flow

The Aw-Rascle model with the relaxation term can be used for controlled traffic. The model

with the control term is presented below.

pr+ (pv)x =0
v+ 0ol + v 1w+ plp))], = LEBA Y (389

The control variable is the equilbrium velocity term, which combined with Greenshields

model can be taken as

V(t,z,p) = ve(t, 2)p(1 — L) (3.84)

Pm

3.5.4 Zhang Pedestrian Model with Greenshields Flow

Zhang model with the relaxation term can be also used similarly for controlled traffic. The

model with the control term is presented below.

pe+ (pv)e =0
v

vt [+ V(o)) v = VO (3.85)

The control variable is the equilbrium velocity term, which combined with Greenshields

model can be taken as
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V(t, @, p) = vg(t, x)p (1 ~ ﬁ)

Pm

54

(3.86)



Chapter 4

Traffic Models: Two-Dimensional

Case

In this chapter we develop two dimensional versions of model we considered in chapter 4.
The main addition in the models for two dimensional versions is a desired velocity vector field
that makes the actual velocity to follow some movement profile. We propose two-dimensional
extensions of the traffic models that can be used for pedestrian traffic modeling. Autonomous
two-dimensional bi-directional traffic models have been proposed in [2]. Controls that require
implementation in patches and sensors that make average measurements in patches are
presented in [1]. Lyapunov based controllers for traffic are presented in [88], [88] and [86].
Apart from these, the author has not found literature in macroscopic traffic models in two

dimensions.

4.1 Two-Dimensional LWR Model

Consider Figure 4.1 for the case of two dimensional traffic flow. We can take any of the

fundamental relationships between traffic density and speed. For the sake of illustration

95
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o6

we choose the Greenshields model. Unlike the one-dimensional case however, we have an

additional scalar field 0(¢, x, y) that has to be provided to dictate where people will move to.

Moreover, even the free-flow speed will also be another scalar field, v¢(t,z,y). This enables

the modeling of pedestrians performing different tasks, such as being in a school, in an art

gallery etc. The model with these fields included is provided below.

—_——————
—_————_—— -

Figure 4.1: Pedestrian Traffic in 2D

0 0 p 0 ) p
= - 1- 2 - 1— 2y, =
t,o+ U cos 6( m)p+ yUf sin 0( m)p 0

Alternately, we can write this model in the divergence form

B
ap(t,x, y)+V-q(t,r,y) =0

where

P cosf
g=vp|l——)p|
Pm sin6

(4.1)

(4.2)

(4.3)
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4.1.1 Eigenvalues

In this scalar model, we obtain the two eigenvalues by writing the model in quasi-linear form

as follows.

0 Oy cos (1 — L) p] Ovysinf(1 — L)p]

ot + ox oy

py=0 (4.4)

Therefore, the eigenvalues are

OlvycosO(1 — L-)p] 2p
A = 5 = vycost (1 — P_m) (4.5)
and
ol sind(1 — )] 2
Xy = L = ind [ 1 — — 4.6
: 3y vron ( pm) 48)

4.2 Two-Dimensional Payne-Whitham Model

A viscous two-dimensional version of the Payne-Whitham model suitable for pedestrian
modeling is proposed below. We use v for the x-component and w for the y-component
of velocity. We use the full derivative of velocity in two dimensions and also modify the
relaxation and the viscosity term. The anticipation term remains the same as it represents

traffic pressure which is isotropic. The modified model is shown in equation (4.7).

pr+ (pv)e + (pw)y =0
Vilt,z,y,p) —v  (Alp)), oy (Uﬁ N @)
T p PP
Vo(t, z,y,p) —w (A(P))y Weg | Wyy
T o +“( PR ) 41

Vp + VU, + 00y =

Wy + Ww, + wwy, =
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In this model, we have

Vilt, 2y, p) = vyeosf(1 — ) (4.8)
and
Vo(t,z,y, p) = vpsing(1l — pi) (4.9)
Generally we take
Alp) = cop (4.10)

In conservation form this model becomes

pr+(p ) + (pw)y =0
()

(pv)e + (pv® + cg)x + (pw), = vy [z + 10y,

Va(p) —
(pw); + (pwv), + (pw? + ), = p% + Wy + 1y, (4.11)

4.2.1 Eigenvalues and Eigenvectors

To obtain the eigenvalues and eigenvectors we write the model in the vector form

where
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p pv pw
u=1 pv ) fl(u) = pU2 + Cgp and f2<U) = WU (4.13)
pw pwv pv® + ¢

We can write equation 4.12 in quasilinear form to get

uy + A(w)u, + B(u)u, = R+V (4.14)
where
0 10 0 0 1
9, 0
Au) = a—J;l =] &—-v* 2v 0| and B(u) = a—{j =| —ww w (4.15)
—ow W v Zd—w? 0 2w

The eigenvalues for matrix f; are

/\1(f1) =V —C )\g(fl) = v and )\3(f1) = v+ Cy (416)

The corresponding eigenvectors are

1 0 1
ei(fi)=]v—co | e2(fi) =10 and e3(fi) = | v+ (4.17)
w 1 w

The eigenvalues for matrix fy are

)\1(f2) =w —Cp, )\2<f2) = w and )\3(f2) =W+ ¢y (418)

The corresponding eigenvectors are
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1 0 1
e1(fa) = v cea(fo) =1 1 | and es(fe) = v (4.19)
w — Co 0 w + ¢

4.2.2 Eigenvalues and Eigenvectors in an Arbitrary Direction

As shown in [46], we consider initial data given of the following form.

u(0,z,y) = (i - 7) = P(nx + n'y) (4.20)

This is illustrated in Figure 4.2.

f\\ nY
[N

AN A

\ N -

N
) -—
! S —)na:
N

! N

| AN

\ 9
\\_’/’ \\_\

Figure 4.2: Propagation in an Arbitrary Direction

In the direction perpendicular to 7 since the datum is constant no change will take place,

and therefore, the solution will be a plane wave with speed s. The solution can be written

as

u(t,z,y) = u(i - & — st) (4.21)

Ignoring the relaxation and viscosity term in equation (4.12), we get
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us + A(u)u, + B(u)u, =0 (4.22)

Now, by substituting the plane wave equation (4.21) in equation (4.22), we get

(A—sl)u'(ii-Z—st) =0 (4.23)

where

A=n"A+n'B (4.24)

For strict hyperbolicity, this matrix should have real and distinct eigenvalues for arbitrary
.

The eigenvalues for matrix A are

)\1(14) =n-U— Co,)\g(A) =1 -7 and )\3(14) =1- 17+ Co (425)

where ¥ = [v w]’. The corresponding eigenvectors are

1 0 1
61(121) = v —n"coy ,62(121) = —nY and 63<zzl) = v+ ncoy (4.26)
w — nYcy n” w + nYcy

4.3 Two-Dimensional Aw-Rascle Model

A two-dimensional version of the Aw-Rascle model with relaxation terms suitable for pedes-
trian modeling is proposed below. We modify the relaxation terms so that v(t,z,y) and
0(t, x,y) scalar fields can enter the dynamics to affect the pedestrian movement. The modi-

fied model is shown in equation (4.27).
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pe+ (pv)e + (pw)y =0

o+ oA+ oo+ plp)l, + o+ plp)], = DL =
-t o)), 0 [0+ plp))], + wl(w + p(a)], = ZEEED Y
where
Vi(t,z,y, p) = vecosh(1 — pi) (4.28)
and
Va(t,z,y, p) = vpsind(1 — pi) (4.29)

4.4 'Two-Dimensional Zhang Model

A two-dimensional version of the Zhang model suitable for pedestrian modeling is proposed
below. We modify the V(p)) term so that vs(t,z,y) and 6(¢,x,y) scalar fields can enter
the dynamics to affect the pedestrian movement. The modified model is shown in equation

(4.30).

pe + (pv)e + (pw)y =0

/ / Vtvxayap —v
vt o+ 0] + o+ PV ()], = DD
! / Vtaxvyup —w
it w0+ V(o) + o+ pVH ()], = VAT 0] (430)

where
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Vit z,y, p) = vyeosf(1 — )

m

Va(t, z,y. p) = vpsinf(1 — )

Pm

63

(4.31)

(4.32)



Chapter 5

Conservation Law Solutions

In this chapter we present various notions of solutions of conservation laws, such as classical
or strong solutions, as well as distributional and weak solutions. We also review various
admissibility conditions for solutions. Finally, we review the notion of solution for scalar

initial-boundary value problem.

5.1 Method of Characteristics

We can use method of characteristics to solve quasilinear partial differential equations which
allows us to convert the PDE into ordinary differential equations. As an example, consider
Uy + uty =0 (5.1)

If uw = u(t,x) solves (5.1), let x = x(t) solve ODE

() = ult, o(t)) (5.2)

Set z(t) = u(t,xz(t)). Then £(t) = 0. Notice that

64
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d dx
St (1)) = u + — (5.3)
Using equation (5.3) with equation (5.1) gives
du dz

This shows that we can use the initial data wuy(x) to propagate the solution in the (¢, z)

plane.

In general, if we have

Ut + h(ta Z, U’)ux - g(ta T, u) (55)

The characteristics would give us

du

dx
d_t —g(t,J],U), d_t _h(twrau) (56)

As a solution of equation 5.1 consider the initial data given in Figure 5.1.

Figure 5.1: Initial Data

As we see in equation(5.4) the slope of the characteristics in the (x,t)-plane is equal to the
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value of u. This value is tranferred on the characteristic line on which this value is constant.

The slopes are illustrated in Figure 5.2.

Figure 5.2: Characteristic Slopes

We can find the solution u(t, z) after some time by following the characteristics, as shown

in Figure 5.3

Figure 5.3: Solution after some time

5.1.1 Characteristics in Two Dimensions

We can use the method of characteristics to solve quasilinear partial differential equations in
two (or more) dimensions as well which allows us to convert the PDE into a set of ordinary

differential equations. As an example, consider
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ut+f1(t7x7y)uz+f2(t7'ray)uy :h(t7x7y> (57)

The left hand side of this equation can be considered a directional derivative as before where

in the two dimensional case now

Du(t, x(t), y(t) dx dy
Di = U + aux + auy (58)
Using equation (5.8) with equation (5.7) gives
du dx dy
a_h(thay)a E_.fl(tvx?y) and%_fQ(t?xJJ) (59)
5.1.2 Characteristics for a System
Consider the first-order quasilinear system of equations
u + f(u), =0 (5.10)

where u : R" X R — R™ and f: R™ — R" is smooth.

Definition 5.1.1. A curve t — x(t) is a characteristic curve for (5.10) whose solution is

u(t,x) if the following matriz is singular.

dz
%I_ Vf(u(t,x)) (5.11)

5.2 Classical or Strong Solutions

For a scalar conservation law
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ue + f'(u)uy =0 (5.12)

with initial condition

u(zx,0) = ug(x), (5.13)

strong or classical solution is defined below for f : R — R smooth and continuous u(x).

Definition 5.2.1. We say that u(t,z) : (Rt X R) — R is a classical solution of the Cauchy
problem if u(t,x) € C* (R™ x R) and (5.12) with (5.13) is satisfied.

We have the following theorem for strong solutions for the scalar conservation law (5.12)

(see [69]).

Theorem 5.2.1. Any C' solution of the single conservation law (5.12) for sufficiently

smooth flux f(u) is constant along its characteristics that must satisfy

dx ,
g = (ult,z(t) (5.14)

5.3 Weak Solutions

In this section we use method of characteristics to see that even for smooth initial conditions
the strong solutions cannot be extended in time indefinitely. In fact, even smooth initial
conditions can lead to discontinuous solutions in finite time. Therefore, we will need a
notion of solutions that is more general than the notion of strong solutions. Let us illustrate

this blowup of solutions next.
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5.3.1 Blowup of Solutions

To see how smooth initial solutions blow up, let us consider the scalar traffic model.

9 plt,2) + o () = 0 (515)
where
f(p) =v(p)p (5.16)
and
o(p) = vyl = =) (5.17)

In quasilinear form we write equation 5.15 as

9 plt,a) + 1'(0) - pltx) = 0 (519

Combining equations (5.16) and (5.17), we get

f(p) = vsp(1 - pﬁ> (5.19)

m

From equation (5.19) we obtain the characteristic speed by differentiating.

o) = ep(1=2-7) (5.20)

The characteristic speed is the value obtained from the slope of the fundamental diagram at

the given density as shown in Figure 5.4

Now, let us consider the initial traffic conditions that are shown in Figure 5.5.
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Figure 5.4: Characteristic Speed

—_—
-

Uo(l’) ///

Figure 5.5: Initial Conditions
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The characteristics in the (¢, z)-plane starting at initial time are shown in Figure 5.6.

Figure 5.6: Characteristics

We can see that after some finite time the characteristics intersect. That would mean that
at a single point (¢,z) there are multiple possible values for p. If we propagate the initial

curve, we can see that the traffic density gets a discontinuity as shown in Figure 5.7.

We need to allow solutions that can have discontinuities as shown in Figure 5.7. However the
integral form the conservation law should still be satisfied. Hence, we define weak solutions

for conservation laws.

Implicit Solution

Another way to observe singularities in solutions of the conservation law (5.12) is to view
the following implicit solution of the conservation law (see [78]). This solution comes from

following characteristic back from (¢, z) to a point when ¢ = 0.

u(t,x) = ug(x —tf'(u(t,z))) (5.21)
where u(0, z) = ug(x) is the initial smooth data.

Using the implicit function theorem (see [74]) and performing
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u(ta, x)
T
PP
/
//
u(ty, x) .
x
UJ(OuI),/’////
T

Figure 5.7: Initial Conditions Propagating
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D , -
Dlults @) = wo(z = tf (u(t, x)))] = 0 (5.22)
we get
)y
up = RESOT (5.23)
Performing
2 fult, ) — ol — £ (u(t, )] = 0 (5.24)
we get
Uy = Tf(’u)%t (5.25)

This shows that if ), < 0 at some point both u; and u, become unbounded when (1 +

f"(u)ugt) — 0

5.3.2 Generalized Solutions

For a conservation law

u + f(u), =0 (5.26)

with initial condition

u(z,0) = ug(x), (5.27)
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where ug(z) € L}, .(R; R"), solution in the distributional sense is defined below for smooth

vector field f: R" — R™ (see [10]).
Definition 5.3.1. A measurable locally integrable function u(t,z) is a solution in the dis-
tributional sense of the Cauchy problem ((5.26)) if for every ¢ € C§°(RT X R) — R"

/ /R () ) + Flult ) 0 (t.0)] o e+ / wo(x) (@, 0) dz =0 (5.28)

R

Weak Solutions

A measurable locally integrable function (¢, x) is a weak solution in the distributional sense
of the Cauchy problem ((5.26)) if it is a distributional solution in the open strip (0,7) x R,
satisfies the initial condition (5.27) and if  is continuous as a function from [0, 7] into L}

loc*

We require u(t,x) = u(t,z") and

lim /R lult, ) — ()] dz = 0 (5.29)

t—0

Every weak solution is also a generalized solution but a generalized solution is not necessarily
a weak solution. To see this we can take a generalized solution and make the value of the
solution zero at initial time (i.e. on a set of measure zero). This would still be a generalized

solution to the problem, but would not be a weak solution.

5.3.3 Generalized Solution Property

Generalized solutions have a nice convergence property that is stated and proved here (see
[10]).
Lemma 5.3.1. Ifu, is a sequence of distributional solutions to the conservation law (5.26),
then

1. (u, — u, f(u,) — f(u)in L;

loe) = U is a solution of the conservation law (5.26).
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2. (up, — win L}, and if all u, take values in a compact set) = w is a solution of the

conservation law (5.26).

Proof. 1. Assume that u, — wu, and f(u,) — f(u) in L}, and that ¢ € C} then we

estimate

[ [Jo {tnte + f(un) s} dide = [ [, {ude + f(u)é,} dtda|
< o {ltn —ul|6e] + | f(un) — F(u)] |pn]} dtd (530

< Hun - U’Hsuppd),l H(thoo + Hf(un> - f(u)”suppd),l H¢IHOO - 0’ asm — oo

2. The second part follows from the first part once we verify that f(u,) — f(u) in L},
under the assumption that all the functions u, take values in a fixed compact subset
K of Q. As f is a smooth vector field, f is uniformly bounded on compact subsets.
As the values of wu, stay inside K, it follows that f(u,) is uniformly bounded, say
IIf(un)]] < M. Then || f(u,(x)) — f(u(x))]| < 2M for all x in the support of ¢ where

the constant function 2M is integrable over the support of ¢.

By dropping down to a subsequence if necessary, from the fact that w, — w in L}

loc W€

can also assume that u,, — u pointwise on the support of ¢ and hence also f(u,) — f(u)
on the support of ¢. We now can use the Lebesgue Dominated Convergence Theorem

(see [73] or [20]) to see that f(u,) — f(u) in L}

supp¢g ) as

) (or, more generally, in L}

required.

5.3.4 Weak Solution Property

There is a very important property that weak solutions possess but general distributional
solutions don’t. The property is the continuity of the solution with respect to the initial

data. For problems with boundary data, similar continuity is required for the data given on
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the boundary. Generalized solutions are insensitive to data on a set of measure zero, but
weak solutions have the continuity property that does not allow that. To understand the

difference let us study a domain that is shown in Figure 5.8(see [10]). The domain is

Q={(t,x); t € [t1, ta], m(t) < < a(t)} (5.31)
tQ__
t n(t) 7@
tl__

Figure 5.8: Domain to Illustrate Trace Property

A smooth solution, by the application of the divergence theorem (see [51]) should satisfy

72(t2) 72(t1)
0—// w + f(u dtdw—/ o f(u(tg,x))dx—Ll(tl) f(u(ty, z))dx

to

n / "t 11 () + f (65 (8)]dE — / b, 2 (8)) + F(uts, 2200t (5.32)

t1 t1

Arbitrary generalized solutions will not satisfy equation (5.32) because the curves have mea-
sure zero and the values of the solution on these curves can be chosen arbitrarily. However,
weak solutions will satisfy this equation due to continuity from ¢ — wu(¢,-) when we consider

point values satisfying u(t, x) = u(t, z").
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To see this, consider a smooth real-valued non-decreasing function 5 : R — [0, 1], such that
B(r)y=0forr <0and §=1for r > 1. A scaled version of this function is 5¢(r) = G(r/e).
We can use this scaled version to define a region surrounding €2 where the following function

is non-zero and is equal to zero on its boundary.

tQ \—T—T—— - Y
\ \
\ \
1 \
] ]
/
t // /
/ /
| [
\ \
\ \
t 2
x

Figure 5.9: Domain with ¢

¢°(t,x) = [39(x = (b)) — Bz — ()] [6°(t — t1) — B(t —t2)] (5.33)
We obtain result from equation (5.32) here if we take the limit € — 0 in
/ / {ug; + f(u)¢s} dedt =0 (5.34)
0 —o0
5.3.5 Trace Operator for Functions of Bounded Variation

The conservation law solutions are obtained using the sequential compactness property of

functions of bounded variation (BV) shown by Helly’s theorem (see [56] and theorem 5.3.1)
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which is also implied by Alaoglu theorem (see [20]). The trace property of BV functions is

very useful in fixing initial and boundary conditions for conservation laws.

For a scalar conservation law on (0, 7") x Q2 where €2 is a bounded subset of R with a piecewise
regular boundary I', we present the following lemma from [11] about the trace operator on

BV functions.

Lemma 5.3.2. Foru € BV ((0,T) x Q), a trace yu in L™ fort =0 and in L>((0,T) x Q)
exists which is reached through L' convergence. Specifically, there is a bounded operator

o:BV((0,T) x Q) — L*() such that o = ¢(0,-) for ¢ smooth on L=((0,T) x ).

The proof depends on the fact that BV functions have right and left limits and the fact that
for © bounded, a.e. convergence for the dominated sequence implies L' convergence (see [3]

and [8]). The proof is given in [11].

The relationship between different modes of dominated convergence is shown in Figure 5.10.
Specifically these relationships are valid when there exists g € L' such that |f,| < g for all

n.

uniform(

/NN

)
almost u

measure .€.

Figure 5.10: Dominated Convergence Relationships

In general, however, the relationships shown in Figure 5.11 are the ones that are valid. Here

uniform convergence is shown as uniform(u) and almost uniform as almost w.



Pushkin Kachroo Chapter 5. Conservation Law Solutions 79

uniform

(u)
)< o
measfire a.e.

Figure 5.11: General Convergence Relationships

In case of finite measure space, the relationships shown in Figure 5.12 are the ones that are

valid.

uniform(

/ almost u
meastire ace.

Figure 5.12: Finite Measure Space Convergence Relationships

One very important theorem that we need for convergence deals with the sequential com-

pactess property of sequence of functions of bounded variations (BV).
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Theorem 5.3.1. (Helly) Consider a sequence of functions given by f, : R — R" such that
Total Variation{f,} < C, |fu(x)| < M for alln,x (5.35)

for constants C', M. Then, there exists a function f and a subsequence f,, such that

nliinoo fu,(x) = f(x) for every x € R (5.36)
Total Variation{f} < C, |f(z)| < M for all x (5.37)

5.4 Scalar Riemann Problem

Scalar Riemann problem is the Cauchy problem for the scalar conservation law where the
initial data is a piecewise constant function with only two values. In both cases there will
be two different values on both sides of x = 0 at time ¢ = 0. In one case the left hand side

value will be lower and in the other it will be higher than the right hand side value.

5.4.1 Shock Solution

Let us consider the following scalar Riemann problem for the traffic problem.

(t,2) + %vfpa N (5.38)

ot 0 Pm

with data p(0,2) = py for © < 0 and p(0,2) = p, for z > 0, such that p, < p,. The

characteristic speed for t =0 and = < 0 is

Mpe) = f'(pe) = vp(1 — 2;’—f) (5.39)

The characteristic speed for t =0 and z > 0 is

Now) = 1'(pr) = g1 =255 (5.40)
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We see that the characteristic speed on the left is higher than that on the right and therefore
the characteristic curves (straight lines) catch up with those on the right. This produces
a shock curve with speed . This speed is given by Rankine-Hugoniot condition (see [78]).

The shock wave is shown in Figure 5.13.

_

Pe Pr

Figure 5.13: Shockwave Solution to Riemann Problem

The speed of the shockwave will satisfy the following Rankine-Hugoniot condition.

AMpr — pe) = f(pr) — f(pe) (5.41)

For derivation, consider Figure 5.14.

At

\

Figure 5.14: Shockwave Speed Derivation
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We see that in time At the region of length Az has changed its density completely from p,
to pe. Therefore, the mass conservation principle enforces that the change in mass should be

equal to the change through the flux at the boundaries during the same time. Hence

Ax(pr — pe) = At[f(pr) = [(pe)] (5.42)

Dividing both sides by At and then taking limits produces equation (5.41).

5.4.2 Rarefaction Solution

Let us consider the scalar Riemann problem of equation (5.38) with data p(0,z) = p, for

x < 0and p(0,x) = p, for x > 0, such that p, > p,.

We see that the characteristic speed on the left is lower than that on the right and this
produces a gap in the characteristic lines that needs to be filled with some solution. This

condition is shown in Figure 5.15.

7

Pe Pr

Figure 5.15: Blank Region in x — ¢ Space

There are many solutions possible that will fill up the gap and also be weak solutions. One
possible solution is shown in Figure 5.16. However, we reject this solution since it is not

stable to perturbation to initial data. In this rejected solution characteristics come out of
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the proposed shock line. In the correct shock solutions, characteristics can only impinge on

the shock curve, not emanate from it.

Figure 5.16: Entropy Violating (Rejected) Solution

There are many other solutions possible. We need to pick a solution that is stable. To
accomplish this, many admissibility conditions have been proposed such as entropy, viscosity,
and Lax condition. The correct solution which will also satisfy these conditions is a symmetry

solution shown in Figure 5.17.

7

Pe Pr

Figure 5.17: Rarefaction Solution

The symmetry rarefaction wave solution is given by
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pe if £ < A(py)
plt.x) = w(®) i Ape) < £ < Alpy) (5.43)
Pr if £ > Apr)
where
€T >\r )\g
w(—) = x/t 5.44
(t) Pr — Pz< /9 ( )

5.5 Admissibility Conditions

There are three admissibility conditions that help choose the physically relevant and stable

solution out of the multiple ones possible. These are stated in this section.

5.5.1 Vanishing Viscosity Solution

This enables wviscous regularization of the conservation law of equation (5.26). There is a
large body of work related to this technique. For a brief overview of this technique, please see
[32]. A weak solution u of (5.26) is admissible if there exists a sequence of smooth solutions

u® to the following viscous conservation law such that lim._o ||u¢ — u|| . =0
uy + f(u), = eus, (5.45)

5.5.2 Entropy Admissible Solution

A weak solution u of (5.26) is entropy admissible if for all non-negative smooth functions ¢

with compact support

/ / [n(w)¢e + q(u) ¢ ]dadt > 0 (5.46)
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V(n, q) where n, an entropy function is a convex continuously differentiable function n : R"* —

R with entropy fluz, such that!

Dn(u) - Df(u) = Dq(u) u e R" (5.47)

The integral entropy condition (5.46) can be equivalently written in a differential form where

the solution is implied in the distributional sense of

n(u): +q(u)s <0 (5.48)

To understand the relationship of the entropy condition with the viscosity solution, consider

the scalar conservation law

us + f(u), =0 (5.49)

We have seen that there can be multiple solutions to this PDE. Hence we need to add some
constraints such that only one solution remains. One way to do this is to add another
variable that should satisfy a conservation law of its own. Let us take the new variable to be
n(u) and its corresponding flux to be g(u). Hence, the conservation law for this additional

variable is (see [33])

ne+q(u)y =0 (5.50)

Let us assume smooth n(u), g(u) as well as smooth solution to (5.49). Then, multiplying

(5.49) with n'(u) gives

1 (W +1'(u) f(u)e =0 (5.51)

n fact, it suffices to require n and ¢ to be only Locally Lipschitz such that equation (5.47) is satisfied
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Using the chain rule changes this equation to

on(u)
ot

ou _
or

+ 7' (u) f'(u) 0 (5.52)

Comparing this equation with (5.50) we see that the following compatibility condition should
be satisfied.

0 () f'(u) = ¢'(u) (5.53)

Now, let us relax our assumption on u so that we allow piecewise C'! solution to (5.49) in
the weak sense. Now according to the Rankine-Hugoniot condition, the speed of shock wave

for u will be

_ ()
A o) 50
where
[f(p)] = flpr) = flpe) and [p(w)] = pr — py (5.55)
The same shock speed must also satisfy
_ lalp)]
A o) (250

Satisfying (5.54) and (5.56) simultaneously is generally too restrictive as is clear from ap-

plying this to the Cauchy problem for non-viscous Burger’s equation.
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up, <0

Up, x>0

We can use the following entropy pair for this problem.

k
n(u) = u* and q(u) = ——uF*! for k # 1

k+1
Then
] 1
A )] T 2
However
N 70 I
m(w)]  k+1
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(5.57)

(5.58)

(5.59)

(5.60)

This shows that the entropy equality condition is too restrictive. However, if we use the

inequality, then it is just right. To see this, let us consider the viscous perturbation of (5.49)

uy + f(u), = eAuS

Multiplying (5.61) with 7'(u¢) gives

7 (u)ug + ' (u) f(u)e = e’ (u) Auf

Using the chain rule changes this equation to

(5.61)

(5.62)
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an(u€> / € / € 8’&6 . / € €
)] () 5 = e () Au

Using the compatibility condition

we obtain

on(uc) N dq(uc)
ot ox

= eAn(u®) — en’ (u) |[Vu|?

Taking a convex n, we obtain the inequality

on(uc) N dq(uf)

< €
ot or — eAn(u)

This equation can be viewed as the viscous perturbation of the inequality

on(uc) N dq(uc)

<
ot ox <0

and it can be shown that equation (5.66) converges to (5.67) (see [33]).

5.5.3 Lax Admissibility Condition

38

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

A weak solution u of 5.26 is Lax admissible if at every point of approximate discontinuity,

the left state uy, the right state u, and the shock speed A are related as

AMug) > A > AMu,)

(5.68)
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5.6 Kruzkov’s Entropy Function

For a scalar balance law
u + f(x,t,u) = g(x,t,u) (5.69)
with initial condition

u(z,0) = up(x). (5.70)

To obtain entropy enabled generalized solution to the problem (5.69) with (5.70) we can use
entropy function proposed by Kruzkov ([41]).

Let I = R x [0,7]. Let up(z) be a bounded measurable function satisfying |ug(z)| <
My Vx € R on R.

Definition 5.6.1. A bounded measurable function u(z,t) is called a generalized solution of
problem (5.69) and (5.70) Iy if:
i) for any constant k and any smooth function ¢(x,t) > 0 finite in p (supp(¢) C Ir

strictly), if the following inequality holds,

/ [ {Jue.) = Fiou-+ sign(u(z. ) = B (@, u(w.0) = f(@.0.F)}on—
—sign(u(x,t) — k)|[fo(x, t,u(z, t)) — g(z, t,u(x, t))] }dedt > 0 (5.71)

it) there ezists a set E of zero measure on [0,T), such that for t € [0,T]\E, the function
u(z,t) is defined almost everywhere in R, and for any ball K, = {|x| < r}

lim |u(z,t) — uo(z)|dz = 0.
t—0 K,

Inequality (5.82) is equivalent to condition E in [60], if (u_,u, ) is a discontinuity of u and

v is any number between u_ and u, then

f(I,t,U) B f(x,t,u_) > f(x,t,u+) B f(x,t,u_)

v —U_ Uy — U

(5.72)
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The Kruzkov condition comes from using the following entopy flux pair.

n(u) = [u—k| and ¢(u) = sign(u — k) - (f(u) — f(k)) (5.73)

5.7 Well-posedness

There are many methods to prove well-posedness of conservation laws (one and multi-
dimensional Cauchy scalar case, one dimensional Cauchy systems case, boundary-initial
value problems ([11] and [61]), for balance laws, and relaxation systems). These methods
include vanishing viscosity method ([42]), Glimm scheme (]27]), front tracking method ([21],

[10], [32]) and evolutionary integral equation regularization ([5]).

5.7.1 Solution Properties for Scalar Cauchy Problem

Here we summarize the properties of the solution to the scalar conservation law from [32].

Theorem 5.7.1. Given the initial data ug € BV N L' and the corresponding fluz f(u) €

ClLips, then the unique weak entropy solution u(t,z) to the Cauchy problem

ur+ f(u), =0, u(0,z) = up(x) (5.74)

satisfies the following properties fort € R*:

1. Maximum Principle:
[ult, )l < lluollo

2. Total variation diminishing:

TV (ult,)) < TV (up)
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3. L' Contractive: If vy and v(t,z) is another pair of admissible initial data and the

corresponding solution, then
Ju(t,-) = v(t, )] < lluo — wol|

4. Monotonicity Preserving:

up monotone = u(t,-) monotone

5. Monotonicity: If vy and v(t,x) is another pair of admissible initial data and the cor-
responding solution, then

Ug S Vo = u(ta ) S U<t7 )
6. Lipschitz Continuity in time:
[ult,-) = uls, )y < W fllpyp TV (uo) |t — s

Vs, t € Rt

5.8 Oleinik Entropy Condition

We present here an alternate definition of the entropy admissible solution ([23]) that uses

Oleinik entropy condition ([60]).

Definition 5.8.1. A function u € L>®(R x (0,00)) is an (Oleinik) entropy solution of the

Cauchy problem

us + f(u), =0 in R x (0,00) (5.75)

u = ug on R x {t =0}

if for all test functions ¢ : R x [0,00) — R with compact support
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/00 /OO udy + f(u)pdrdt + /OO ugpdz |,_y =0 (5.76)
0 —00 —00

and or some constant C' > 0 and a.e. x,z € R,t > 0, and z > 0 the following Oleinik

entropy condition is satisfed.
1
u(r + z,t) —u(x, t) < C (1 + ;) z (5.77)

5.8.1 Sup-norm Decay of the Solution

Assume that flux f is smooth, uniformly convex, satisfies f(0) = 0 and that the initial data

ug is bounded and summable (integrable with a finite integral), then

Theorem 5.8.1. The solution of u(t, ) satisfies the following bound

lu(t, z)| < i (5.78)

Ve e R, t>0.

This theorem shows that the L> norm of the solution u goes to zero as t — oo. It can be

shown that ([23]) the solution converges in the L' norm to an N-wave.

5.9 Scalar Initial-Boundary Problem

For a scalar conservation law
wp+ f(t, 1), =0 (5.79)
with initial condition

uw(0,z) = up(x), (5.80)
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and boundary conditions

u(t,a) = u.(t) and u(t,b) = uy(t), (5.81)

the definition of the generalized solutions of problem (5.79) with (5.80) is presented here. The
boundary conditions cannot be prescribed point-wise, since characteristics from inside the
domain might be traveling outside at the boundary. If there are any data at the boundary for
that time, that has to be discarded. Moreover, the data also must satisfy entropy condition
at the boundary so as to render the problem well-posed. This is shown in Figure 5.18 where
for some time boundary data on the left can be prescribed when characteristics from the
boundary can be pushed in (see [80]). However when the characteristics are coming from

inside, the boundary data can not be prescribed.

No B.C.
A

Y
No Boundary Conditions

Specify B.C.

)

z=150

Figure 5.18: Boundary Data

Let IIy = [0,7] % [a,b]. Let ug(x) be a bounded measurable function satisfying |ug(z)| <

M, Vx € [a,b] on R.

Definition A bounded measurable function u(t, z) is called a generalized solution of prob-

lem (5.79) with (5.80) in Iy if:
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i) for any constant k and any smooth function ¢(t,z) > 0 finite in Iy (supp(¢) C Ip

strictly), if the following inequality holds,
/ {lu(t, z) — klor + sign(u(t, z) — K)[f (¢, u(t, z)) — f(t, 2, k)] da—
It
—sign(u(t, z) — k) fo(t, z,u(z, t)) }dxdt > 0; (5.82)

ii) there exists sets E, Fy and E, of zero measure on [0, 7], such that for ¢t € [0, T|\E, the

function u(t, z) is defined almost everywhere in [a, b], and for any ball K, = {|z| <}

lim lu(t, z) — uo(z)|dz = 0.

xﬂg,mn’%Eg i L(u(t,x),u,(t))o(t)dt = 0.
quliiré& i R(u(t,x),up(t))o(t)dt = 0.
where
L(z,y) = S )(sign(af —y)(f(z) = f(k)))
Riay) = ot (sign(e = y)(f(2) — (K)
and

I(z,y) = [inf(x, y),sup(z,y)]



Chapter 6

Traffic Control

In this chapter we study the question of existence of optimal controllers for time-optimal
and cost-optimal problems. We start by presenting the existence theorems. We then present
dynamics in a semigroup operator formulation from and to appropriate spaces, and then
study the general conditions for existence of optimal control laws. After that, the results are

applied to a traffic control problem.

6.1 Scalar Conservation Law Solution

This section is adapted from [10]. Consider the following scalar conservation law with flux

1
loc*

f : R — R locally Lipschitz continuous function and the initial data ug € L

u+ fu), =0 —o0<x<+00 (6.1)

with initial condition

u(0,x) = ug(x) (6.2)

95
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The entropy solution of (6.1) with (6.2) is a continuous map u : Rt — L] (R) that satisfies

loc

the initial condition (6.2) and also

J[[ . Alutta) = ko -+ sen(u— R)[F(w) = 06} dade > 0 (63)

Vk € R and non-negative ¢ € C!(R?). The integral inequality (6.3) for entropy function
n(u) = |u — k| and its corresponding flux q(u) = (f(u) — f(k))sign(u — k) implies

n(w: +q(u)s <0 (6.4)

For bounded u and k < inf u(t,z) V¢ > 0 in the half plane ¢t > 0, we get

/ {ugy + f(u)py} dedt > 0 (6.5)

Similarly, for bounded u and k > sup u(t,z) ¥¢ > 0 in the half plane t > 0, we get

/ {uy + F(u)gn} dudt < 0 (6.6)

Combining inequalities (6.5) and (6.6) shows that u is the weak solution since

/ {ugs + f(u)py} dedt =0 (6.7)

The following two theorems state the existence and uniqueness results for scalar conservation

laws (see [10]).
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Theorem 6.1.1. The Cauchy problem (6.1) for locally Lipschitz continuous flux and initial
data ug € L' having bounded variation has an entropy admissible weak solution that satisfies

Vt e RT

TV (u(t,-)) < TV (up)

[t ) oo < lluoll oo (6.8)

Theorem 6.1.2. For locally Lipschitz continuous flux if u and v are two bounded entropy

solutions of (6.1) then Yt >0

—+00

|w(0,-) —v(0, )|l <oo= /_ N lu(t,z) —v(t,z)| dx < / |u(0,2) — v(0,2)|dz  (6.9)

—00

Moreover, Yuy € L™ the Cauchy problem (6.1) has at most one bounded entropy admissible

weak solution.

6.2 Optimal Flux Control for Scalar Conservation Law

Consider the following scalar traffic control system.

G0t 2 [untempte o (1- L) <o (6.10)

m

The control variable in this model is v(t, z, p). If we design the control such that v,(¢, z, p)
is independent of p then the control is an open-loop control. On the other hand, if the control
variable is p dependent, then we obtain a feedback control law. In general we assume that

vs(t, x, p) is locally Lipschitz in p and smooth in (¢, z).

In two dimensions, the corresponding (pedestrian) traffic control problem is

0 0 p 0 2N

m pm
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Now, we would like to use u as the control variable as is traditional in control literature.
Hence we will use the variable y as the scalar conserved variable, and f for flux. This also
puts us in the same notation as [82]. We will also use z for the n-dimensional space and
we have, in general, r control variables. For the two-dimensional traffic problem, n = 2 and
r = 2. We can make the control more general and include the initial data as a component

in the control vector.

The optimal control problem is to minimize some cost J that depends on the control variable
and the solution of the conservation law. As an example the cost could measure how different
is the actual traffic density from some desired traffic density. The cost could also put weight

on the value of the control variable. The control belongs to some appropriate space U,,.

minimize J(y, u) subject to u € Upq (6.12)

where u is control and y = y(u) is the entropy solution to the nonlinear scalar conservation

law. The cost J(y,u) is a functional that maps the state y and cost u to R™.

Yy +divf(y,u) =0, (t,z)€ (0,T)x R" =: Qr

y(0,x) = up(z), v € R" (6.13)

We work in the control space U = L>°(§2r)" and assume that
(A1) : The flux f: R x R" — R" is locally Lipschitz.
(A2) : The admissible set U, is bounded in U and closed in L}, .(Qr)"

A function y € L*°(Qr) is an entropy solution of (6.13) if Vk € R, n(A) := |\ — k|, ¢(A) ==
sgn(A — k)(f(\,u) — f(k,u)) in the distributional sense

n(y)e +divg(y) <0 (6.14)

and if the initial data yo € L>°(R™) satisfies
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o1
lim —
t—0+ t

t
/ ly(r.) — woll, g dr = 0 VE cC R (6.15)
0

We present here the uniqueness result which is derived easily from [41] for this specific control

case here.

Theorem 6.2.1. Let U = L>®(Qr)" and let (A1) and (A2) hold. Then for any u € Uy
there is at most one entropy solution y = y(u) € L®(Qr) satisfying (6.14) and (6.15). Let
y = y(ug,ur) € L*(Qr) with initial condition vy, § = y(tg,uy) € L¥(Qr) with initial

condition g be entropy solutions with ||yl . |9l < M. For (t,z) € Qr and R > 0 the

propagation cone

K(t,z,R) = (1,2);0 <7 <t |z —Z||, <R+ Mp(t—r1) (6.16)

with My = esssup|y<p |V fll, and denote by Sy the cross-section of the cone K(t,, R) at
T =t. Then Vt € [0,1]

ly(8) = 9@l 15, < lluo = Goll s, (6.17)

6.2.1 Optimal Control in Space of Constant Controls

We will study the existence of optimal controls for the scalar traffic model in the case of
taking controls in the space of constant values. The control enters multiplicatively through

fux.

Theorem 6.2.2. Consider the model
0 0 P

where the control vy belongs to a set of constant functions and —vy < vy < vy, The optimal
time control problem has a solution, and for a lower(upper) semicontinuous cost functional,

the minimizing(mazimizing) cost control solution ezists.
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Proof. The mapping from [0, vy] to set of constant functions vy taking values in [0, vy] is
an isomorphism. For given initial data py € L' a measurable function of bounded variation
that is essentially bounded, each constant control v; generates a unique entropy admissible
solution. Moreover, the set [0,vys] is compact in the usual topology. Following lemma
6.2.1 given below we can show that the set of admissible controls is strongly compact, i.e.
there exists a convergent subsequence given any sequence of solutions obtained by applying
a sequence of controls. The optimal time control has a solution, and for a lower(upper)
semicontinuous cost functional, the minimizing(maximizing) cost control solution exists. The
proof depends on the lemma 6.2.1 which is presented as theorem 2.4 in [10] and which is
a consequence of sequential compactness of functions of bounded variations as presented in

Helly’s theorem.

Given a sequence of control vy, applied to the scalar traffic model with initial condition
po € L' a function of bounded variations and in L>, then by theorem 5.7.1 for each solution

Pk, wWe have

1. Maximum Principle:

k(oo < lloll

2. Total variation diminishing:

TV (pi(t,-)) < TV (po)

3. Lipschitz Continuity in time:
low(t, ) = pe(s, )lly < var [ Fll g, TV (o) [ — ]

Vs, t € RT where we have taken f to be the flux when vy = 1. From the sequence we take a
subsequence for which vy, — vz, This is possible because of the compactness of the control
values, i.e. vy, € [0,p,]. This subsequence satisfies the conditions for lemma 6.2.1 given

below and therefore a further convergent subsequence exists that converges to some function
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p. Since all p; take values in a compact set [0, pn,] and also that vy € [0,vy], then we see

that vy, f(px) is bounded by LM, and also that vy, f(pr) —vjf(p) is bounded by 2LM. Now,

using the dominated convergence theorem of Lebesgue, we get vy, f(pr) — vif(p) in Lj,.. O
Lemma 6.2.1. Given a sequence of functions uy : RT™ x R — R™ such that
Total Variation uy(t, ) < C |ug(t,x)| < M Vt, z (6.19)
and
+oo
/ lug(t, x) — ug(s,z)|de < Lt —s| Vt,s >0 (6.20)
—0

for given constants C, M, and L. Then there exits a subsequence u; converging to u in L},

that satisfies

+oo
/ lu(t,z) —u(s,z)|de < Lt —s| Vt,s >0 (6.21)

[e.9]

We require for the limit function u(t,x) = lim,_,+ u(t,y) for all t,z. The limit function u

also satisfies the bounds

Total Variation u(t,-) < C |u(t,z)| < M Vt,z (6.22)

6.3 Feedback Control for Scalar Law

We can design feedback control in an attempt to make the traffic density follow some specific
traffic density profile. In the design of these feedback control laws, we are not trying to
achieve any optimal solution or any quantitative properties. The aim here is to achieve

some qualitative behavior for the traffic motion using ad hoc methods. The desired traffic
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behavior will involve advective and diffusive flows. We will also ignore implementation issues.
For instance, in the actual implementation of controlling traffic, a feedback control design
produces the control variable as a function of the state. However, in implementation sensors
are used to measure the state and then the control value is computed and then implemented.
This implementation involves time delays as well as time and space discretizations. For our
purpose here, we leave aside implementation issues and explore the theoretical closed-loop
profiles of interest. We will design controllers specifically for traffic models. The traffic model

for one dimensional case we will use is:

0 0 p

5P T 5,0 (P)p(l = p_m) =0 (6.23)

The control variable in this model is v¢(p). In two dimensions, the corresponding (pedestrian)

traffic control problem is

50+ oo = L) 4 g1 = £ =0 (6.24)

6.3.1 Advection Control

In this section we will design the feedback control to make the initial density profile move
in some specific direction at fixed speed. We will study both types of controls: unbounded

and bounded.

Unbounded Control

We will study controls for one-dimensional and two dimensional cases separately.

One Dimensional Case We would like the initial traffic profile to move to either right

or left with a constant desired speed as shown in Figure 6.1.
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Figure 6.1: Advection Control in 1D
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We can obtain this desired constant advection by using the following feedback control law,

given that Vo € R p(0,2) < p,,. We write p(0,x) as po.

vi=a [(1 - pﬁm)} B (6.25)

Substituting (6.25) in (6.23) gives us the constant advection equation.

o0, 00 _

9 + Ay = 0 (6.26)

Solution of this equation is p(t, z) = po(z — at).

Two Dimensional Case In this case we would like the initial traffic profile to move at

some constant speed a and at some fixed angle 6 from the x-axis as shown in Figure 6.2.

We can obtain this desired constant advection by using the following feedback control law,

given that Vo € Rp(0,z,y) < pm. We write p(0,z,y) as po.

vy, =acosf |(1— pi) (6.27)
- 1-1

vy, = asinf |(1— i) (6.28)
o

Substituting (6.27) and (6.28) in (6.24) gives us the constant advection equation for the two

dimensional case.

dp dp . 0p
a5 + acos 0% + asin Ga—y =0 (6.29)

Solution of this equation is p(t, z,y) = po(z — acosOt,y — asinft).
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Figure 6.2: Advection Control in 2D
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Bounded Control

Now let us assume that the control is bounded. We will study this case separately for one

and two dimensional cases.

One Dimensional Case We would like the initial traffic profile to move to either right
or left with a constant speed. However the constant desired speed is dictated by the initial

traffic density profile and also the bounds on the control. Let us assume that |vs| < vy € R.

Let us assume that the initial density has compact support and is bounded away from p,,
ie. , maxpy = py < pm- Then the maximum speed that this density can move with is given

by

a= vy {(1 - p—M)} (6.30)

m

Using this constant advection speed given by (6.30), we can apply control (6.25) and obtain
closed loop behavior (6.26).

Two Dimensional Case For the two dimensional case, we again assume initial density
with compact support and choose the advection speed by (6.30). Using this speed we can
achieve the closed loop dynamics of (6.29) by applying (6.27) and (6.28).

6.3.2 Diffusion Control

In this section we will design the feedback control to make the initial density profile diffuse

out at some specified rate. We will study both types of controls: unbounded and bounded.
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Unbounded Control

We will study controls for one-dimensional and two dimensional cases separately.

One Dimensional Case We would like the initial traffic profile to diffuse out as shown

in Figure 6.3.

p(t2,$) ________

Xz
p(t17x) ”/’—-\\\\

i

//\\
p(OVI) // \\
- ~
T

Figure 6.3: Diffusion Control in 1D

We can obtain this desired constant rate of diffusion by using the following feedback control

law, given that Vo € R, p(0,z) < pp,.

P )} " op (6.31)

= — 1——
vy M[ﬂ( potd

Substituting (6.31) in (6.23) gives us the constant diffusion equation.
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L=t =0 (6.32)

Solution of this equation is
—(z—

p(t, x) = \/%ut /_: exp (4—Mty>2) pol(y)dy (6.33)

This equation can also be written as follows:

plt.e) = [ Kty (6.34)

[e.9]

where the one dimensional diffusion kernel is

k(t,x,y) = 4ir,ut exp (%) (6.35)

From the solution it can be easily seen that if the initial condition is §(x), then the solution

is given by:

1 —a?
p(t,x) = NeT exp (4_Mt> (6.36)

We can also observe two properties of the diffusion equation:

1. Conservation: The total traffic is conserved as can be shown by

d (o9} o .
7 p(t, z)dr = / ppzpdr = [pps(t,z)]— =0 (6.37)

2. Energy Dissipation: The energy is dissipated over time as shown by
d [*1

pr §p2da: = / UPPredr = —/ 1 (pe)*dz <0 (6.38)
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It is interesting to note that the feedback control laws for diffusion require the computation
of the gradient of density. In control implementation, in general, derivative terms can be
problematic. This is especially true for derivatives involving time, because numerical dif-
ferentiation is noisy and also involves causality issues. However, in the pedestrian traffic
control, one way to measure this gradient could be through image processing which at a
given sample time involves computing density as a function of spatial variables. Then the
gradient can be computed. Proper filters can also be used for smoothing out the data to re-
duce noise. For the purpose of the present work, we are ignoring the implementation details.

The effect of discrete approximations of these controls could be a topic of future research.

Two Dimensional Case In this case we would like the initial traffic profile to diffuse at

some constant rate a in all directions as shown in Figure 6.4.

We can obtain this desired constant advection by using the following feedback control law,

given that Vo € R p(0,z,y) < pn. We write p(0,z,y) as po.

o= o1~ )] R (6.39)
vp, = — [p(l - p%)} R g—g (6.40)

Substituting (6.39) and (6.40) in (6.24) gives us the following diffusion equation for the two

dimensional case.

0
pria uAp =0 (6.41)

For the two dimensional case, the kernel is given by:

1 —|z —yl?
k(t,%y):\/WeXP T (6.42)
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Figure 6.4: Diffusion Control in 2D
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and the solution by:

pt,z,y) = (\/jﬁ—ﬂt)Q /Z /Z eXp <_($4+tm)2> o <_(y‘lT_tn)2) pO(m’n)dmd(z 43)

Bounded Control

Now let us assume that the control is bounded. We will study this case separately for one

and two dimensional cases.

One Dimensional Case We would like the initial traffic profile to diffuse with a constant
rate . However the constant desired rate is dictated by the initial traffic density profile and

also the bounds on the control. Let us assume that |vs| < vy € R.

The rate of diffusion that this density can achieve using the feedback control design we have
chosen will satisfy the following inequality. More analysis is needed to figure out how long

this can be maintained for a given class of initial conditions.

b2

Two Dimensional Case For the two dimensional case, the inequality (6.44) gets replaced

) (6.45)

<
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6.3.3 Advective-Diffusion Control

In this section we will design the feedback control to make the initial density profile diffuse

out at some specified rate and at the same time advect in some specified direction.

One Dimensional Case

We would like the initial traffic profile to move to either right or left with a constant desired

speed a and at the same time a constant diffusion rate p as shown in Figure 6.5.

10<t27x) ________

T
p<t1’x) —”/’—-\\\\~

x

//\\
p([)’x) // \\
7 ~
s

Figure 6.5: Advective-Diffuson Control in 1D

We can obtain this desired constant advective diffusion by using the following feedback

control law.
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vf = {p(l - ﬁ)} R [ap - u%} (6.46)

m

Substituting (6.46) in (6.23) gives us the desired closed loop behavior as

2
@—Faa—— Op

o or Mo Y (6.47)

In the case of bounded control, the control law becomes:

vp = min <UM, [,;(1 . pim)] B {ap - M%D (6.48)

Two Dimensional Case

We would like the initial traffic profile to move to in some specified direction with a constant

desired speed a and at the same time a constant diffusion rate p as shown in Figure 6.6.

We can obtain this desired advective diffusion by using the following feedback control law.

_ a1 r

vf, = _p(l - Pﬁm) _a cosfp — u%} (6.49)
[ N dp

vy, = |p(1 — — asinfp — p— 6.50

o= [t =L fasingy -] (6.50)

Substituting (6.49) and (6.50) in (6.24) gives us the advective diffusion equation for the two

dimensional case.

dp dp ., 0p
ZF el - — uAp = b1
By +acos€ax+a81n98y uAp =0 (6.51)

In the case of bounded controls, the control laws become
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Figure 6.6: Advective-Diffusion Control in 2D
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vj, = min (UM, {p(l - pﬁm)} B [a cos Op — M%D (6.52)

-1
. p : 3ﬂ]
vf, = min | var, |p(1 — — asinfp — p— 6.53
i (M {p( pm)} { P h, ) (6.53)

6.4 Advective Feedback Control for Relaxation Sys-

tems

The systems of PDEs that have been used as traffic models in this work are relaxation models
(see [36] and [48]). In the relaxation schemes, we still use the free flow speed as the control
variable, and because of the convergence of the models to equilibrium conditions, we still
propose to use the same form of the feedback control laws that have been used for scalar

conservation laws. To illustrate this concept, we will use a general example.

Following [48] consider the relaxation system

pt+(pv)m = 0 (654)
vt (e + gl = 2 (6.55)

with initial data
(p(0,2),v(0,z)) = (po(x),vo(x)). (6.56)

In this model ¢ is the anticipation factor satisfying

J'(p) = p(vl(p))*. (6.57)
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and 7 > 0 is the relaxation time.

Let us define the function h as

h(p,v) = %

The equilibrium condition for system (6.54) and (6.55) is given by

pe+ (pve(p))z =0

116

(6.58)

(6.59)

We assume that the equilibrium velocity v.(p) is a linear function of p, which is the case in

Greenshield’s model.

ve(p) = —ap+b, a, b>0

Let us take

and

q(p) = pvelp) = —ap® +bp

We can diagonalize the system to obtain

(=ve(p) = 0)i + Ai(=ve(p) = v)a = —h(p,v)

(_Ue(p) + U)t + >\2<_Ue(p) + U)w = h<p7 U)

(6.60)

(6.61)

(6.62)

(6.63)
(6.64)
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In terms of the Riemann invariants r and s

T(pav) = _Ue(p) - v

5(pv) = —v.(p) + v.

we get (see [48])

1
Ty — (—r2+br) =2
2 . T
s
-

1
st + (552 +bs>m = —

The initial conditions are

r(z,0) = ro(x)

s(x,0) = so(x).

For advection control, we get the equilibrium speed as the desired speed b.

ve(p) = b

Now, we can compare (6.68) to the scalar balance law studied by Kruzkov (see [41]).

Uy + f(flf,t, u)CE = g(fL’, t,U)
with initial data

u(z,0) = ug(x),

117

(6.65)
(6.66)

(6.67)

(6.68)

(6.69)
(6.70)

(6.71)

(6.72)

(6.73)
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We present here the theorem from Kruzkov ([41]) which is also used in [48].
For any R > 0 and M > 0, we set

Ny (R) = max | fulz, t,u)]

" Krx[0.T)x[-M,M]
and let k be the cone {(z,t) : |z| < R— Nt,0 <t < Ty = min{T, RN~'}}. Let S, designate

the cross-section of the cone k by the plane t = 7, 7 € [0, Tp].

Theorem 6.4.1. (Kruzkov) Assume that: i) f(t,z,u) and g(t,xz,u) are continuously dif-
ferentiable in the region {(z,t) € llp, —00 < u < 4+o00}; @) f.(t,z,u) and fi(t,z,u) satisfy
Lipschitz condition in u. Let u(z,t) and v(x,t) be generalized solutions of problem (6.72)
(6.73) with bounded measurable initial data ug(x) and vo(x), respectively, where |u(x,t)] < M
and |v(z,t)| < M almost everywhere in Kr x [0,T]. Let v = max g,(t,x,u) in the region
(t,x) € k and |u| < M. Then for almost all t € [0, Tp)

lu(t,x) —v(t,z)|de < e | |ug(x) — vo(z)|dr. (6.74)
Sy So

Direct application of this in (6.68), as shown in [48] gives

Theorem 6.4.2. If s1(t,z) and sy(t,z) are generalized solutions of problem (6.68) (6.70)

with bounded measurable initial data sio(x) and ss(x) such that syg — sa € L. Then for

almost allt > 0

|s1(t, ) — so(t,)|de < e 7 [ |s10(z) — s0(2)|da (6.75)
St SO

Another theorem from [48] is directly applicable for the advection feedback control law for

systems. Hence, we reproduce that here.

Theorem 6.4.3. If ri(t,z) and ro(t,x) are generalized solutions of problem (6.67) (6.69)
with bounded measurable initial data ri9(x) and rog(x) such that rig — 99 € L'. Then for

almost all t > 0

Ir1(t, ) — ra(t, z)|de < |r10(z) — roo(z)|dx + (6.76)
Sz SO

+(1—e7) | |sio(x) — s20()|dz.
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6.4.1 Unbounded Advection for Relaxation Systems

For traffic relaxation models the control variable is the free flow speed that shows up in the

equilibrium speed term. As an example, consider the relaxation traffic model

pe+ (pv) = 0 (6.77)
wt (P gl = MO0 (6.79

with initial data
(p(0,2),v(0,2)) = (po(x), vo(x)) (6.79)

Following Greenshield model, the equilibrium speed term v.(p) can be taken as

up) = vy (1-2) (650

For advection control, we use the following feedback control

vp=b Kl - pﬁmﬂ_l (6.81)

Hence, in the case of unbounded control, the equilibrium speed becomes constant and we

get

ve(p) = b (6.82)

Let us take

si(t,x) =v(t,x) —b (6.83)
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and

So(t,z) =0 (6.84)

Notice that s;(t, z) and sy(t, z) as in 6.83 and 6.84 are generalized solutions of problem (6.68)
(6.70) with bounded measurable initial data s1o(z) and sqq(x) such that s19 — s9 € L. We

obtain the following corollary for the unbounded advection control for relaxation systems.

Corollary 6.4.1. Given si(t,x) and sa(t,x) as in 6.83 and 6.84 the unbounded advection
feedback control 6.81 for relaxation system 6.78 provides the following result for almost all

t>0

lu(t,z) —bldz < e 7 [ |v(0,2) — bldx (6.85)
St SO

This shows that the actual speed of traffic exponentially in time decays in L; norm to
the desired constant speed. We can also conclude some behavior for the density profile.
If we assume that the system speed is actually following the equilibrium speed then the

conservation law for the traffic density would simply be the following advection equation.

pt+bp, =0 (6.86)

with given initial data

p(0,x) = po(x) (6.87)

The solution of this equation is

plt,x) = polx — bt) (6.88)
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Let us take p™ and v” to be the solution of the relaxation model (6.78), then, as is shown in

47], for ¢ € C}, we get

/+OO/ (p" ¢ + pTvry) dadt =0 (6.89)
0 R

and

/OW/R (Wﬁt + (%(UT)2 + g(ﬁ)) o + M(b) dzdt =0 (6.90)

After multiplying (6.90) by 7 and then taking 7 — 0 we get

/0 +°O /R (ve(p) — v) dddt = 0 (6.91)

which leads to

v =1.(p) a.e. (6.92)

We can apply the result in Theorem 5.1 in [48] for the unbounded advection control case to

get for 7 — 0 the following.

17 (¢, ) = ps()l[r — 0 (6.93)

where ps(x) = po(x — bt). This result implies that for small 7 the density profile of the

relaxation feedback control system is close to the pure advection profile.

6.4.2 Bounded Advection for Relaxation Systems

For bounded advection case, we apply the following control law
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vf = min <UM, b [(1 - pim)} _l> (6.94)

Applying this control law results in the following equilibrium speed function.

VM

ve(p) = p (6.95)
vy (1 — —) otherwise

Pm

b if p < [1- 2] oo

This makes the equilibrium speed function piecewise affine. Using this expression gives a
corresponding equation for variable s in (6.68) where the flux for s is still Lipschitz. Hence
the results provided by Theorems (6.4.2) and (6.4.3) are still valid. The corresponding result
to (6.4.1) that we obtain for the bounded case then is

w(t, ) — ve(t,z)|de < e 7 [ [0(0,2) — v.(0,z)|dx (6.96)
Sy So

where v,(t, x) is given by (6.95). Similar to the unbounded case as 7 — 0 the system behavior
converges to the equilibrium behavior, but not to pure advection but to a bounded advection

equilbrium density profile.

6.5 Wellposedness for Bounded Advection Control

We consider the dynamics

0 0 p

ETis %Uf(ﬂl‘, p)p(l — p_m) =0 (6.97)

We analyze the case where the advection speed a is taken to be

a> v {(1 - Z—Z)} (6.98)
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The advection control law with the constraint becomes

vf = min (UM, a [(1 - pim)] 1) (6.99)

The closed loop dynamics are given by

pr+ap, =0 if p < pa,

pr + (UMp(l - i)) =0 otherwise

m

(6.100)

where

Pa = Pm |:1 - i:| (6101)
Um

The bounded advection feedback control modifies the flux to be a piecewise smooth function

given by:

ap if p < pa,
flp) = (6.102)

vy p(l — i) otherwise

The plot of this feedback flux is shown in Figure 6.7.

The following theorem presents the conditions for the weak entropy solutions for Riemann
problems. This theorem is covered in many sources such as [10] and [32]. The proof is also
given in those references. Here we reproduce the theorem since it will be used to prove the

existence and wellposedness of the closed-loop solution of the bounded advection control.

Theorem 6.5.1. The following piecewise constant function

u"if x > st
p(t, x) = (6.103)

ut ifx > st
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Pa Pm

Figure 6.7: Feedback Bounded Advective Flux

s a weak entropy solution of

pe+ f(p)a=0 (6.104)
if and only if the following Rankine-Hugoniot equation is satisfied
s(u"—ub) = f(u") — f(uh) (6.105)
and for every a € [0, 1] the following are satisfied.

flow + (1= a)u) > af(w) + (1= @) f(u) ifu’ <, (6.106)

flau™ + (1 —a)u®) < af(u") + (1 —a)f(u) ifu® >u"

The following lemma (see [10]) is also needed for the wellposedness proof for bounded ad-
vection solution. This lemma provides the result for approximation of functions of bounded

variation by piecewise constant functions.
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Lemma 6.5.1. For any right continuous function of bounded variation p : R — R and any

€ > 0 there exists a piecewise constant function p such that
Total Variation p < Total Variation p (6.107)

and

10— Pl <€ (6.108)

Moreover, if the function p also satisfies

/ p(z) — p(—o0)|di + / " 1p(e) — ploo)] da < oo (6.109)

—0o0

then a piecewise constant function can be obtained with the following additional property

o=l <e (6.110)

6.5.1 Riemann Problems

Riemann problem is the Cauchy problem with initial data given by

pe ifx <0
p= (6.111)

pr ifx>0

We consider all possible Riemann problems as shown in Table 6.1.

Case 1

In Case 1, since p; and p, are both less than p,, the dynamics reduce to the case of simple

advection for all future time.

pi+ap, =0 (6.112)
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Case | Condition

1 Pa = Pr > Pr

Pr > Pa > Pe

Pr > Pt > Pa

Pa = Pr > Pr

Pt > Pa > Pr

S| O | = | W N

Pe = Pr > Pa

Table 6.1: Riemann Problems for Bounded Advective Control

This case is shown in the fundamental diagram in Figure 6.8.

Hence, the initial profile is simply shifted at the speed given by a. This is shown in Figure
6.9

Case 2

Case 2 has the density on the right p, greater than p, which is in turn greater than the
density on the left p,.

This case is shown in the fundamental diagram in Figure 6.10.

The solution of Case 2 is a shock wave traveling with a speed given by

pr
UMPr (1 — —> — apy
Pm (6.113)
Pr — Pe

S =

Case 3

Case 3 also has the density on the right p, greater than the density on the left p,. However,
in this case both these density values are greater than p,. Hence, both values lie on the same

smooth section of the piecewise smooth curve.
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Pe Pr Pa Pm

Figure 6.8: Case 1: Fundamental Diagram

This case is shown in the fundamental diagram in Figure 6.12.
The solution of Case 3 is a shock wave traveling with a speed given by
VAL Pr <1 — *pp—;> — Unrpe <1 — ;%)

s = 6.114
Pr — Pe ( )

Case 2 and Case 3 characteristics are shown in Figure 6.11.

Case 4

Case 4 has the density on the right p, less than the density on the left p,. Moreover, in this
case both these density values are smaller than p,. Hence, both values lie on the straight

line section of the piecewise smooth curve.

This case is shown in the fundamental diagram in Figure 6.13. The solution of Case 4 is a
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Figure 6.9: Case 1 Characteristics
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Pt Pa  Pr Pm

Figure 6.10: Case 2: Fundamental Diagram

pure advection since both densities are smaller than p,. Case 4 characteristics are shown in

Figure 6.14.

Case 5

Case 5 has the density on the right p, smaller than p, which is in turn smaller than the
density on the left p,.

This case is shown in the fundamental diagram in Figure 6.15.

The solution of Case 5 is a rarefaction wave and a contact wave.

p

D¢ if © < f'(pe)t

p=quv(z/t) if f(p)t <z <at (6.115)

Pr if x > at
\
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Pr

p(tg,l’) xr
|
|
_____ | _ |
p<t17x) xr
p(0,z) x

Figure 6.11: Case 2 and Case 3 Characteristics
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Pa pﬁp Pr Pm

Figure 6.12: Case 3: Fundamental Diagram

Pr Pe Pa Pm

Figure 6.13: Case 4: Fundamental Diagram
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Figure 6.14: Case 4 Characteristics
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Pr Pa P Pm

Figure 6.15: Case 5: Fundamental Diagram

where v (§) is the solution to f/ (v (§)) = ¢&.

Case 6

Case 6 has the density p, smaller than the density on the right p, which is in turn smaller
than the density on the left py.

This case is shown in the fundamental diagram in Figure 6.17.

The solution of Case 6 is a rarefaction wave. Compared to Case 5 there is no contact wave.

pe if # < f'(pe)t
p=1uv(x/t) if fp)t <z < f(p)t (6.116)
K/)r if z > f,(pr)t

where v (§) is the solution to f' (v (§)) = ¢&.
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\I
p(t27 l’) xr
______ -\
\
\
Pa L
/)
/ p(t1, x) x
pe Pr p(0, ) x

Figure 6.16: Case 5 Characteristics



Pushkin Kachroo Chapter 6. Traffic Control 135

Pa prp Pe Pm

Figure 6.17: Case 6: Fundamental Diagram

6.5.2 Existence of Solution

We present the existence theorem for the closed-loop solution for the bounded advection
control problem. The proof first involves substituting the feedback control law into the
dynamics to obtain the closed-loop solution. The solution can be viewed as a scalar con-
servation law with a specific flux function, which is Lipschitz. The standard results would
follow for existence. We, however, would like to add the result of invariance of density in
[0, pm]. In order to obtain this result we go through the steps of existence theorem using

front tracking method, and show that this invariance condition is satisfied at every step.

Theorem 6.5.2. Consider the following initial condition
p(0,2) = po(x) (6.117)

where py € L' has a bounded variation and also 0 < py < pp,, for the dynamics
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\
\
\_ ——
/)
/ p(t1, x) x
pe Pr p(0, ) x

Figure 6.18: Case 6 Characteristics
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e+ <Uf(p)p (1 - pim))x —0 (6.118)

The bounded advective control law
1
vr(p) = min (a [1 — i} ,UM> (6.119)
Pm

where a and vy; are two non-negative constants, produces a closed loop dynamics that admits

an entropy weak solution p(t,x) for all t > 0 such that

Total Variation p(t,-) < Total Variation py for all t > 0 (6.120)
10t M < N0l for allt >0 (6.121)

and
0<p(t,z) < pp forallt >0 and x € R (6.122)

The proof of this theorem relies on using piecewise approximation of functions of bounded
variation shown in lemma 6.5.1. The weak entropy solution when the initial data uses this
approximation relies on theorem 6.5.1. There are many methods for obtaining the solution
for this approximation. One of the methods is the front-tracking method. This method was
introduced by Dafermos (see [14]), further developed by Holden (see [31], [32]) and Risebro
(see [71]). This method is also used by Bressan (see [10]). The existence is obtained by using
the sequential compactness property of functions of bounded variations shown in Helly’s

theorem 5.3.1.

Proof. 1. When min(a,vy) = 0 then clearly v¢(p) = 0. This implies that p, = 0. Hence
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p(t,x) = po(x) for all ¢ > 0. In this case then we see that conditions 6.120, 6.121 and
6.122 are satisfied.

2. Now we consider the case when a and vy, are both greater than zero. By applying
control law 6.119 on the system 6.118 we get the closed loop dynamics that can be

expressed as

pr+ f(p)a=0 (6.123)
The flux is given by
ap if p < pa,
flp) = p (6.124)
vpyp(l — —) otherwise
where
a
Pa = Pm |:1 - _:| (6125>
UM

The proof will follow in steps as presented next.

Step 1: Construction of Piecewise Constant Approximations: Given a positive
integer k, we approximate the flux f as a piecewise affine function which coincides with

fat {s=27%jj € Z} N {s]0 <5< pn}.
The piecewise affine approximation fy of the flux f is shown in Figure 6.19.

The formula for the approximation is given by

27FG+1)—s
ok

s —27Fj
o—Fk

Ji(s) = FEG+1))+ F(275) (6.126)

where s € [27Fj,27%(j 4+ 1)] for those js such that [27%j,27%(j + 1)] C [0, py,]

Following lemma 6.5.1 we can approximate the initial data py by po, such that it takes

values inside the discrete set 27*Z N[0, p,,] where 27¥Z = {27j]|j integer}.

Now we consider the Cauchy problem
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fi(p)

Pa Pm

Figure 6.19: Piecewise Affine Flux Approximation

pr+ fr(p)e =0 (6.127)

with

p(0,2) = po, (6.128)

In order to obtain the solution for this problem, we first solve the Riemann problem

for the approximation (6.127) and data

ot ifx <0,
p(0,2) = (6.129)

proifz>0

where p® and p" € 27*Z.N [0, py].
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Case 1: p' < p": In this case, the solution is obtained by applying the Rankine-

Hugoniot condition. The solution is

ptif x < M,
p(t,x) = (6.130)

proifx > At

where the shock speed A is obtained from

A=
pi_pr

An example of this shock is shown in Figure 6.20.

Figure 6.20: Case 1 Shock

Case 2: p* > p": The derivative of f; is piecewise constant, non-increasing function,

with jumps at points p" < m; < -+ < my_; < p’. Let the shock speeds be given by

)\p _ fk(mp) _ fk(mp — 1) p=1--,q. (6132)

my — Mp—1

Then the following provides a weak, entropy-admissible solution of the Riemann prob-

lem.
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(
b ifx < A\t
p(t,z) = Sm, if Ayt <z <Mt, 1<p<q-—1 (6.133)
prifx > M\t
\

Notice that all values again lie in 27%Z N[0, p,,,]. An example of this shock is shown in

Figure 6.21.

Figure 6.21: Case 2 Shocks

Now, we can consider the Cauchy problem (6.127) with initial data po, taking values
inside 27%Z N [0, p,n]. Then the solution can be prolonged by using the solution of
the Riemann problems just shown, and the solution can be extended until the first
time any shock lines intersect. Since the values of the solution still remain inside
27*7Z.N{0, p,}, new Riemann problems can be solved to generate a new solution that
is again extended till there is another time when some shock lines intersect. An example

wave front propagation is shown in Figure 6.22.

When multiple discontinuities intersect at a time ¢, and if all jumps from left to right
across all those discontinuities have the same sign, then all those discontinuities are

replaced by a single shock traveling with speed given by
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Figure 6.22: Wave Front Tracking

Pr — Pe

where p, and p, are the right most and the leftmost densities of the interacting discon-
tinuities. The total variation of the solution does not change due to this interaction
and the number of discontinuity lines decreases. On the other hand if there is a change
in sign between the jumps that interact at a point, the total strength of the outgoing
wave front is |u, — us| and the total variation of the solution at that point decreases
by at least 2'7%. This proves that the total variation is non-increasing over time, and
therefore, the total number of interactions are finite. Moreover the solution remains

between 0 and p,, for all times.

Step 2: Obtaining Converging Subsequence: Using lemma 6.5.1 we can obtain

a sequence of approximated piecewise constant initial data such that

(a) po,(z) € {27FZ} N[0, ppy) for all =
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(b) llpoull e < pm

(c) Total Variation py, < Total Variation pg
(d) llpo, = pollr — 0

By applying the front tracking algorithm we obtain solution p;, for each initial condition

po,.- We obtain for all ¢, z and k

Total Variation py(t,-) < Total Variation pg (6.135)
and also
oe(t, )] < pm (6.136)
and
pr(t, ) € (0, pm) (6.137)

Since the flux is Lipschitz continuous, we get

|f(m1) — f(m2)| < L|my —mg| (6.138)

for all m; and my € [0, p,,]. Since the Lipschitz constant L is also the same for all fs,

we obtain for all ¢1,t, > 0

Hpk(th ) — pk(tg, ')HLl S L |t1 - t2| - Total Variation Po (6139)

This condition allows us to use theorem 2.4 in [10] as is used in theorem 6.1 in [10] to

show that there exists a subsequence which converges to the solution.



Chapter 7

Simulations for Advective Control

In this chapter we perform numerical simulations to verify the performance of feedback
advective control for scalar traffic problems for unbounded and bounded control. There are
many good references for numerical methods for hyperbolic systems such as [28], [40], [45],
[46] and [81]. We briefly present the basics of Godunov’s method adapted from [45], describe
the software implementation and then present simulation results for unbounded and bounded

feedback advection control.

7.1 Godunov’s Method

For Godunov’s method for scalar conservation laws for variable u with flux function f,

consider piecewise constant data u"(x,t,) at time ¢,, that is constant in each cell T, 1 <x<

1
Tt
One can solve the exact Riemann problem at each discontinuity (see Figure 7.1) and then
average over the cells to get piecewise constant approximation at time t5. We define the

averaged variable as follows.

144
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Figure 7.1: Characteristics for Computing Flux

1 (%3
Ut = E/ e u™(z, tpyr)dx

i—

Nl

We use the integral form of the conservation law in the cell to obtain

Titd Tivd tnt1
/ u(x, ty,q)d _/ u"(m,tn)dt—i—/ S (@, t))dt
T tn

xZ .

NI

tnt1
[ gy )
tn

Defining

1 tn+1
FORUL) =3 [ 1 )
tn
and using in equation (7.2), we get

. . kK n Tm n n
UjJrl :Uj _%F<Uj7 j+1) _F(Ujfl’Uj)

145

(7.1)

(7.2)

(7.3)

(7.4)

As can be seen in Figure 7.1, the solution to the Riemann problem is constant on the vertical

line at Tt from time ¢, to ¢, and also at all other cell intersection points from ¢,, to ¢,,11.
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The constant value of u™ only depends on U} and U

71 We use the notation w* (U}, UT,)

for this value. Using this notation, we get the following for Godunov’s method.

Upt = Uf = T (U7, Uf) — ' (U, U7) (75)

The CFL (Courant, Friedrichs and Lewy) condition for the scheme requires

<1 (7.6)

for all eigenvalues \,,.

For a scalar conservation law, given Riemann data on the left and right as p, and p, respec-

tively, the flux function takes a very simple form as given below. (see [45] for details)

minp <p<pr f(p) if pe < P,
F(péa pr) = Z (77)

max,,<p<p, f(p) if pe > pr

7.1.1 Matlab Code

The Matlab code for the simulations is written in three files. The main file is Godunov.m
that has the Godunov algorithm coded. That file uses file initial.m for the initial data, and
uses flux.m for the formula for the flux function. The file dependencies are shown in Figure

7.2.

Main File

a -20; b =20; T=4; M= 500; rhom = 0.2;

100; drho = rhom/n; rho = 0:drho:rhom;

n

frho = flux(rho);
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godunov.m

Figure 7.2: File Dependencies for Matlab Simulation Code

[gmax,s] = max(frho);

rhostar = rho(s);

% CFL Condition

lambda = max(abs(frho(2:n)-frho(1:n-1)))/drho;
h = (b-a) / M;

ka = 0.5 * h / lambda;

N

ceil(T/ka);

k=T/N;

% Initialise:

xticks = transpose(a+h/2:h:b-h/2);
U = zeros(M,N+1);

U(:,1) = initial(xticks);

% Algorithm

for j=1:N

rhol = U(1:M-1,3);
rhor = U(2:M,j);
qval = flux(U(:,j));

ql = qval(1:M-1);
qr = qval(2:M);

casel = rhol <= rhor;
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rhol > rhostar & rhostar > rhor;

case?2

case3 = not(casel | case2);

Q = casel .* min(ql,qr) + case2 * gmax + case3 .* max(ql,qr);
% Specifying Boundary Flows

Q = [flux(initial(a)); Q; qval(M)];

UG, G+D=UC,3) + (/b)) * (QUL:M) - Q(2:M+1));
% Plotting

if floor(j/20)==3/20
plot(xticks,U(:,j+1),’k’,’LineWidth’,2)
axis([a b 0 0.5%rhom])

ylabel(’density’)

xlabel(’x’)

pause

end

end

Initial Data File

function init=initial(x)

init=0.09 * exp(-x.72/50);

Flux File

function fl=flux(rho)
v = 15;
rhom = 0.2;

fl = vEf*x(l-rho/rhomax) .*rho;

148
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Output Plots

For this sample set of files the control variable, the free flow speed, is kept at a constant.
The simulation plots for this example are shown in Figure 7.3. The plots clearly show how

shocks are formed in finite time even when the initial density profile is smooth.

The model that we are simulating is

pi+ {vfp (1 - p%)L =0 (7.8)

The initial density function in the simulation is

The simulation parameters are given in Table 7.1.

Parameter Value
vy 15
Pm 0.2
Cells 500

Left Boundary | x = —20

Right Boundary | = =20

Table 7.1: Simulation Parameters for Constant Free Flow Speed

Lower density initially on the left side travels faster than the higher density in front creating

a shock wave.
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Figure 7.3: Traffic Flow with Constant Free Flow Speed
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7.2 Simulation Results for Advective Control

Simulations are performed for the model given by (7.8) using the Godunov scheme for ad-

vective feedback unbounded and bounded controls.

7.2.1 Unbounded Control Results

The unbounded control produces pure advection of desired speed. The unbounded control

is given by

vi=a {(1 - ﬁ)} B (7.10)

Prm

For the simulation performed here, we take a = 11.25. The resulting plots are shown in

Figure 7.4. The initial data is the same as in (7.9). The flux file is changed to the following.

function fl=flux(rho)

fl = 11.25.*rho;

7.2.2 Bounded Control Results

The bounded advective control is given by

vp = min (UM,b [(1 - pﬁm)] _1> (7.11)

For the simulation performed here, we take vy; = 11.25. This results in p, = 0.05 which
is the density at which f'(p*) # f'(p~). The resulting plots are shown in Figure 7.5. The

initial data is the same as in (7.9). The flux file is changed to the following.
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Figure 7.4: Unbounded Feedback Advective Control
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function fl=flux(rho)

v = 15;
rhom = 0.2;
rhoa = 0.05;

fa = vfx(l-rhoa/rhom);

casel = rho <= rhoa;

case2 = rho > rhoa;

fl = casel .x fa.*rho + case2
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Figure 7.5: Bounded Feedback Advective Control
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vf.*(1-rho/rhom) . *rho;
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It is interesting to observe the behavior of the density profile where density is equal to
pa Which is equal to 0.05 in this simulation. To get a better understanding and also for
validation we will perform simulations for the six different Riemann problems for bounded

feedback advective control.

Simulation of Riemann Problems for Bounded Feedback Advective Control

We consider all types of possible Riemann problems as shown in Table 7.2.

Case Condition

1 pa = 0.05 > p, =0.03 > p, = 0.01
2 pr =0.07 > p, = 0.05 > p, = 0.03
3 pr =0.09 > p, = 0.07 > p, = 0.05
4 pa = 0.05 > py =0.03 > p, =0.01
5
6

pe = 0.07 > p, = 0.05 > p, = 0.03
pe =0.09 > p, = 0.07 > p, = 0.05

Table 7.2: Riemann Problems for Bounded Advective Control Simulations

Case 1 The initial data file used in the simulation for this case is

function init=initial(x)
casel = x<=0;
case?2 = x>0;

init = casel .x 0.01 + case2 .x 0.03;

Since both densities in this case are below p,, the behavior of the closed loop system is pure

advection. The simulation results are shown in Figure 7.6.
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Case 2 The initial data file used in the simulation for this case is

function init=initial(x)

casel x<=0;

case?2 x>0;

init = casel .x 0.03 + case2 .x 0.07;

Since the density on the left is below p, and the density on the right is above p,, the behavior
of the closed loop system is a shock wave traveling with the corresponding shock speed given

by

pr
UM Pr (1 - —) — apy
5= P (7.12)

Pr — Pe

The simulation results are shown in Figure 7.7.

Case 3 The initial data file used in the simulation for this case is

function init=initial(x)

casel x<=0;

case2 x>0;

init = casel .x 0.07 + case2 .x 0.09;

Since the density on the left is less than the density on the right, the behavior of the closed

loop system is again a shock wave traveling with the corresponding shock speed given by

VL Pr <1 — f—r> — Unrpe <1 - ,;%)
Pr — Pe

The simulation results are shown in Figure 7.8.
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Case 4 The initial data file used in the simulation for this case is

function init=initial(x)

casel x<=0;

case?2 x>0;

init = casel .x 0.03 + case2 .x 0.01;

Since both densities are less than p,, the initial density profile moves with pure advection in

this case.

The simulation results are shown in Figure 7.9.

Case 5 The initial data file used in the simulation for this case is

function init=initial(x)

casel x<=0;

case? x>0;

init = casel .x 0.07 + case2 .x 0.03;

Case 5 has the density on the right p, smaller than p, which is in turn smaller than the

density on the left p,. The solution of Case 5 is a rarefaction wave and a contact wave.

The simulation results are shown in Figure 7.10.

Case 6 The initial data file used in the simulation for this case is

function init=initial(x)

casel x<=0;

case? x>0;

init = casel .x 0.09 + case2 .x 0.07;
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Case 6 has the density on the right smaller than the density on the left and moreover these

are both greater that p,. The solution of Case 6 is a rarefaction wave.

The simulation results are shown in Figure 7.11.
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Chapter 8

Conclusions

8.1 Summary

This dissertation presented the derivation of conservation laws for scalar case as well as
vector models. Then more details based on physics and traffic behavior were provided
for specific model for gas dynamics and traffic dynamics. The reason for that was that
traffic models are developed following the compressible gas behavior. Pedestrian models
were developed by extending the one-dimensional traffic models to two dimensions and also
by adding multi-directional motion. The system of PDE models for traffic were developed
using relaxation models, which in the limit of the relaxation parameter going to zero turn

into the corresponding scalar traffic models.

Analysis of the traffic models was provided. The meaning of solutions in terms of distribu-
tional and weak solutions was presented. The review of wellposedness was presented for the

scalar conservation models based on entropy admissible solutions.

Existence of optimal control for scalar traffic models were developed. Feedback control laws
were designed that obtained various closed loop controlled traffic behavior. These were:

unbounded and bounded versions of advective, diffusive, and advective-diffusive controllers.
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Wellposedness of the unbounded closed loop systems was simple, since the closed-loop dy-
namics for those cases became linear. The bounded advective case was studied rigorously.
Its existence was proved using the front tracking method. Six different Riemann problems
were analyzed. Moreover, qualitative properties of the closed loop behavior of the relaxation

model with bounded advective control was also developed.

Godunov scheme for numerical simulation was presented, coded and then used for performing
simulations for unbounded and bounded feedback advective controls. The simulation results

confirm the analysis results for the controllers.

8.2 Contributions

The contributions of this dissertation work are listed below.

1. The two dimensional traffic models that use magnitude and angle vector fields to for
multi-directional pedestrian movement have been proposed and their analysis has been

presented in Chapter 4.

2. Chapter 6 presented the L' contraction property of the solution with respect to the

controls, existence results for optimal control in the space of constant controls.

3. Chapter 6 also presented feedback control for scalar conservation law, specifically for
unbounded and bounded case, and also one and two-dimensional problems, we pre-

sented the following:

(a) feedback advection control
(b) feedback diffusion control
(c) feedback advective-diffusion control

(d) advective feedback control for relaxation systems
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Wellposedness for bounded advection control using front tracking method and Riemann

problems for bounded feedback advective control were also presented.

4. Chapter 7 used Godunov scheme for numerical simulation and presented the results
for unbounded and bounded feedback advective control that provided validation for

the analysis of the controllers.

8.3 Future Work

There are many areas of this dissertation that can be enhanced by further research. These

are listed below.

1. Wellposedness analysis needs to be performed for bounded advective control in two
dimensions, as well as for all bounded diffusion and advective-diffusion control. Well-
posedness analysis also needs to be performed for system versions of these feedback

laws.

2. Although existence results for optimal control are provided, the specific controllers can

be designed.

3. Numerical simulations need to be developed for all various controllers proposed such

as bounded diffusion,bounded advective-diffusion and relaxation versions of these.

4. Analysis and design of discretized controls and their convergence results for these
controllers would be very useful for practical implementation. Study of other imple-
mentation issues would also be very useful. These effects could include delays and

noise.
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