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First- and Second-Order Properties of

Spatiotemporal Point Processes in the Space-Time

and Frequency Domains.

Sundardas S. Dorai-Raj

(Abstract)

Point processes are common in many physical applications found in engineering and biology.

These processes can be observed in one-dimension as a time series or two-dimensions as a

spatial point pattern with extensive amounts of literature devoted to their analyses. However,

if the observed process is a hybrid of spatial and temporal point process, very few practical

methods exist. In such cases, practitioners often remove the temporal component and analyze

the spatial dependencies. This marginal spatial analysis may lead to misleading results if

time is an important factor in the process.

In this dissertation we extend the current analysis of spatial point patterns to include a

temporal dimension. First- and second-order intensity measures for analyzing spatiotemporal

point patterns are explicitly defined. Estimation of first-order intensities are examined using

3-dimensional smoothing techniques.

Conditions for weak stationarity are provided so that subsequent second-order analysis can

be conducted. We consider second-order analysis of spatiotemporal point patterns first in

the space-time domain through an extension of Ripley’s K-function. An alternative analysis

is given in the frequency domain though construction of a spatiotemporal periodogram.

The methodology provided is tested through simulation of spatiotemporal point patterns

and by analysis of a real data set. The biological application concerns the estimation of the

homerange of groups of the endangered red-cockaded woodpecker in the Fort Bragg area of

North Carolina. Monthly or bimonthly point patterns of the bird distribution are analyzed

and integrated over a 23 month period.
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Chapter 1

Introduction

Two common types of correlated data arise when observations are related temporally and/or

spatially. In the temporal context the data are collected over time either through a longi-

tudinal study or as a time series. A longitudinal study consists of collecting data from

clusters or subjects over time and is quite often constructed as a repeated measures design

[Hinkelmann and Kempthorne, 1992]. A time series may be thought of as a special case of

a longitudinal study for which only one cluster exists. In the spatial context the notion of

autocorrelation was best coined by Tobler’s law, “everything is related to everything else,

but near things are more related than distant things” [Tobler, 1970]. Much of the literature

on correlated data is devoted to one of these fields. However, the literature is comparatively

sparse for data that is correlated both temporally and spatially.

Analysis of continuous time series data is possible either in the time domain through the

auto-correlation function (ACF) or in the frequency domain through the periodogram. The

analysis of the ACF, and subsequently the Partial ACF and Inverse ACF, are discussed in

great detail by Box et al. (1994). Estimating, for example, Auto-Regressive Moving Average

(ARMA) models is straightforward in the time domain. Many scientists and statisticians

prefer the time domain approach because of the relative ease of interpretation. Conversely,

the frequency domain of time series data is steeped in Hilbert space algebra. For this reason,
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spectral analysis is used little in practice due to its seemingly esoteric nature. However, the

spectral analysis has advantages in its nonparametric approach to data analysis. Although

ARMA models can be obtained in the frequency domain, the spectral approach does not

require any parametric model for inference.

Similarly, continuous spatial data can be analyzed in the spatial domain through the semi-

variogram or in the frequency domain through the spatial periodogram. Even more so

than for time series data, the spectral analysis of spatial data is greatly overshadowed by

analysis in the spatial domain. Papers by Renshaw and Ford (1983), Vecchia (1985), and

Mugglestone and Renshaw (1996b) have been promoting the use of spectral analysis for

spatial data since Bartlett (1964) first suggested this approach. As in time series analysis,

the frequency domain takes a more abstract approach to the data, intimidating many by

concepts in Fourier transforms and Hilbert space theory.

A special case of time series or spatial data is the point process. In point processes, the data

collected are coordinates of events in time or space. Point processes are covered in detail by

Bartlett (1975) and Daley and Vere-Jones (1988). Bartlett (1964, 1975) extends analysis of

the spatial point process to the frequency domain through the spatial periodogram. Ripley

(1976) introduced the analysis in the spatial domain through his celebrated K-function.

Currently, Ripley’s approach of studying the dependency structure of point patterns remains

the dominant method for analysis.

In this dissertation, we first discuss basic concepts in time series and spatial statistics. Fur-

ther, we will gather current methods for analyzing spatial point processes in the spatial and

frequency domains. Bringing together arguments of time series and spatial statistics, we

then define methods for analyzing spatiotemporal point patterns in both the space-time and

frequency domains and establish their properties.

This chapter is organized in a fashion that blends the theory and methodology of time series

and spatial statistics. Section 1 covers basic periodogram analysis in time series and Fourier

transforms in <. In Section 2, a sketch of the extension of the Fourier transform to <d is

Virginia Polytechnic Institute and State University Department of Statistics
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given. Section 3 is concerned with methodology for analyzing spatial processes in general

and spatial point patterns in particular. Section 4 describes types of spatiotemporal point

processes and lists established work in this area.

Chapter 2 extends the work of Renshaw and Ford for the spectral analysis of spatial point

patterns. Chapter 3 introduces new definitions for spatiotemporal intensities and their es-

timators and states conditions of weak spatiotemporal stationarity. Chapter 4 applies the

theories of Chapter 3 to simulated spatiotemporal point processes as well as the red-cockaded

woodpecker data. Chapter 5 summarizes the conclusions and offers avenues future research

in this important area.

1.1 Temporal Processes

Before discussing spatiotemporal processes, a brief review of time series analysis in the

frequency domain is prudent. Much of the terminology in the frequency domain of a temporal

process will be extended both for spatial processes and spatiotemporal processes.

A stochastic process observed over time is called a time series [Box et al., 1994]. A time

series can either be analyzed in the time domain or in the frequency domain. Descriptions

of the former approach can be found in Box et al. (1994). A brief discussion and the relative

merits of the latter approach follow.

Define a real-valued time series by

{Xt ∈ < : −∞ < t < ∞}. (1.1.1)

The stochastic process in (1.1.1) is said to be a second-order (weakly) stationary if

E(Xt) = µ(= 0)

Virginia Polytechnic Institute and State University Department of Statistics
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and

cov(Xt, Xt−k) = c(k), (1.1.2)

where c(k) is the auto-covariance function and is completely specified by the time lag k.

Without loss of generality, the time series is usually detrended so that E(Xt) = 0.

1.1.1 Spectral Representation

By Bochner’s theorem (see, e.g., Goldberg 1961), if c(0) < ∞, the spectral representation of

the auto-covariance function given by (1.1.2) can be written as

c(k) =

∫ ∞

−∞
eiγkF (dγ), (1.1.3)

where γ is the frequency for which c(k) is decomposed and F (γ) is the spectral distribution

function [Koopmans, 1971]. If F (dγ) = f(γ)dγ, then we define f(γ) as the spectral density

of the auto-covariance function. Taking the Fourier transform of c(k) gives us f(γ):

f(γ) =
1

2π

∫ ∞

−∞
c(k)e−iγkdk. (1.1.4)

Koopmans (1971) sketches the proof of the spectral representation (1.1.3).

1.1.2 The Periodogram

A nonparametric estimate of the spectral density can be constructed through the peri-

odogram, an estimate of (1.1.4). To obtain the periodogram we first obtain the discrete

Fourier transform (DFT) of the data

J(γν) =
1√
2πT

T∑
t=1

xt exp{iγνt/T}, (1.1.5)

Virginia Polytechnic Institute and State University Department of Statistics
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for frequencies γν = 2πν, where ν = −
⌊

T−1
2

⌋
, . . . ,

⌊
T
2

⌋
. (b·c denotes the floor, or greatest

integer, function.) Thus the periodogram has the form

I(γν) = J(γν)J(γν)

=

(
1√
2πT

T∑
u=1

xu exp{iγνu/T}

) 1√
2πT

T∑
t=1

xt exp{iγνt/T}


=

1

2πT

T∑
t=1

T∑
u=1

xt · xu exp{−iγν(t− u)/T}

=
1

2πT

T−1∑
k=−(T−1)

ĉ(k) exp{−iγνk/T},

where J(γν) is the complex conjugate of J(γν) and ĉ(k) is an estimate of (1.1.2) after the

time series has been detrended.

The periodogram is an unbiased estimate of the spectral density f(γ) but is inconsistent

[Koopmans, 1971]. To improve the consistency of I(γν) a smoothing parameter is incor-

porated. Specifically, the spectral density f(γ) is estimated by the smoothed periodogram

I(γν) given by

f̂(γ) =

bT/2c∑
ν=−b(T−1)/2c

W (γ − γν)I(γν), (1.1.6)

where W (·) is a spectral window. W is chosen to be a symmetric, periodic, and real-valued

weight function for which
bT/2c∑

ν=−b(T−1)/2c

W (γν) = 1.

Examples of spectral windows and their respective properties can be found in Koopmans

(1971, p. 279).

The main advantage of analyzing a time series via the frequency domain is asymptotic

independence of the periodogram ordinates. Test statistics about the second-order properties

can be formulated with simple asymptotic properties. Also, from a theoretical standpoint,

Virginia Polytechnic Institute and State University Department of Statistics
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the spectral domain offers simpler mathematical proofs.

1.2 Fourier Transforms in <d

In order to extend the spectral representation to the spatial context, and ultimately to

the spatiotemporal context, a brief discussion of higher dimension Fourier transforms is

required. The extension of the univariate Fourier transform draws on the separation of

variables [Haberman, 1987]. Suppose we are given a function f(x) where x ∈ <d and f(x)

decays sufficiently fast as each element of x → ±∞. The Fourier transform in x1 is defined

by

F (ω1,x
∗) =

1

2π

∫ ∞

−∞
f(x1,x

∗)e−iω1x1dx1 (1.2.1)

and the inverse Fourier transform is defined by

f(x1,x
∗) =

∫ ∞

−∞
F (ω1,x

∗)eiω1x1dω1, (1.2.2)

where x∗ = [x2 . . . xd]
′. Applying the Fourier transform to (1.2.1) and (1.2.2) for x2 we

get

F (ω1, ω2,x
∗∗) =

1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
f(x1, x2,x

∗∗)e−i(ω1x1+ω2x2)dx1dx2

and

f(x1, x2,x
∗∗) =

∫ ∞

−∞

∫ ∞

−∞
F (ω1, ω2,x

∗)ei(ω1x1+ω2x2)dω1dω2,

where x∗∗ = [x3 . . . xd]
′. Continuing in this fashion leads to the Fourier transform of f(x)

defined by

F (ω) =
1

(2π)d

∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x)e−iω′xdx (1.2.3)

and the inverse transform

f(x) =

∫ ∞

−∞
· · ·
∫ ∞

−∞
F (ω)eiω′xdω, (1.2.4)

Virginia Polytechnic Institute and State University Department of Statistics
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where ω′x =
d∑

j=1

ωjxj. Strichartz (1994) cautions that there is no agreement among mathe-

matical texts on whether the minus sign on the exponential should be with (1.2.2) or (1.2.4)

or where the factor 1/(2π)d should be placed. The notation described above is used in the

rest of this text.

1.3 Spatial Processes

A stochastic process with a spatial domain is called a spatial process. A spatial process is

defined by

{Z(s) : s ∈ D ⊂ <2}, (1.3.1)

where D is an index set and Z(s) is the attribute of interest at location s. For simplicity,

the dimension of D will be 2, representing observations in the plane. The main difference

between (1.1.1) and (1.3.1) is that locational information is not directed as t is. Time flows

unidirectionally, whereas there are no equivalents to past, present, or future in a spatial

domain. For this reason many of the methods used to analyze time series must be modified

to be appropriate in the spatial context and many techniques of spatial data analysis have

been developed independently of progress in time series analysis.

In the geostatistical literature Z(s), the attribute of interest observed at location s, is often

viewed in the context of random functions (see, e.g., Journel and Huijbregts 1978, Goovaerts

1997, Chilès and Delfiner, 1999). Briefly, Z(s, ω) depends on the realization ω of a ran-

dom experiment. For a given realization Z(·, ω) is a function of spatial locations and n

observations Z(s1), . . . , Z(sn) represent an n-dimensional sample of size one from the set of

all possible random functions. The stochastic behavior of the attribute Z at location s is

induced by considering all possible realizations of the random experiment at that location

Z(s).

Virginia Polytechnic Institute and State University Department of Statistics
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1.3.1 Types of Spatial Processes

Viewing spatial processes as stochastic processes according to (1.3.1) is general in that the

nature of the index set D permits the definition of different types of spatial data. Three

spatial data types are defined as follows, according to Cressie (1993):

1. Geostatistical Data

Z(s) is a random variable observed at locations s ∈ D, where D is fixed and continuous.

Examples: Random or systematic sampling of a surface, drilling for ore, plant yields

across a corn field.

2. Lattice Data

Z(s) is a random variable observed at locations s ∈ D, where D is fixed and discrete.

Examples: Sudden infant deaths by county in North Carolina, field experiments, un-

employment rates by census tracts, coloring on remotely sensed pixel images.

3. Point Patterns

Z(s) is a random variable observed at locations s ∈ D, where D is a random set of

indices.

Examples: Positions of lunar craters, locations of trees in a forest, residences that

reported break-ins in 1999.

A spatial point process (SPP) differs from the first two types of spatial data in that the

domain D is a random set containing location s of events. Whereas interest with geostatistical

and lattice data lies in studying the properties of Z(s) or E[Z(s)], for spatial point processes

studying the properties of the set D is the primary focal point.

Virginia Polytechnic Institute and State University Department of Statistics
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In terms of the variable Z(s), it is considered a degenerate random variable in a simple point

pattern. Drawing on familiar definitions for binary variables we could put

Z(s) =

 1 s ∈ D

0 s /∈ D
, (1.3.2)

but since locations not in D are locations without events, this frequently cited definition is

somewhat construed. A process where Z(s) = 1∀ s ∈ D is called a simple point process to

emphasize that only the random locations at which events occur are of interest. A second

class of point processes allows Z() to vary randomly in addition to the stochastic nature of

D. Examples of such marked point processes, that derives its denomination from labelling

Z() the mark variable, would be recording the random locations at which trees regenerate

(s) and the height of the trees (Z()), or the location and magnitude of earthquakes.

In this dissertation we restrict attention to simple point processes. Furthermore, point

processes are considered to be orderly in the sense that

lim
|ds|→0

P (N(ds) > 1) = 0, (1.3.3)

where ds is an infinitesimal disk at location s with volume |ds| and N(ds) denotes the number

of events in the disk. In other words, only those processes are considered where any given

location can record at most one event. If the number of possible events at s exceeds one,

Z() could be defined as a discrete mark variable.

For geostatistical and lattice data, a weakly stationary process is defined similarly to a

second-order (or weakly) stationary temporal process. Specifically, a spatial process is weakly

stationary if

E[Z(s)] = µ

and

cov[Z(si), Z(sj)] = c(h), (1.3.4)

Virginia Polytechnic Institute and State University Department of Statistics
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where h = si − sj is a two-dimensional vector containing the shift in location from site si

to site sj. This is analogous to weak temporal stationarity in that the stochastic process is

location invariant and self-replicating.

For spatial point patterns, weak stationarity is defined through the first- and second-order

intensities. Specifically, the first-order intensity is a measure of uniformity and is given by

λ(s) = lim
|ds|→0

E[N(ds)]

|ds|
,

where N(ds) and ds are defined in (1.3.3). The second-order intensity is a measure of the

dependency structure of the events in D and is given by

λ2(si, sj) = lim
|dsi|,|dsj |→0

E[N(dsi)N(dsj)]

|dsi||dsj|
.

As with the other types of spatial data, a spatial point process is weakly stationary if the

process is location invariant. This is equivalent to saying λ(s) ≡ λ so that the expected

number of events at an arbitrary location s is constant for all s ∈ D; and λ2(si, sj) ≡ λ2(h)

so that the dependence between events at two arbitrary locations si and sj depends only on

the difference h. A more thorough discussion of weak stationarity of spatial point patterns

is given in Section 2.1.

A spatial process has the distinction from a temporal process in that its observations typically

cannot be ordered. However, if a spatial process is weakly stationary, we can write the

covariance between any two observations as a function of the distance between them. We

will define two types of weakly stationary covariance functions: anisotropic and isotropic

ones. An anisotropic process has covariance function defined by (1.3.4) but covariances

that differ with direction. In an isotropic process the covariance function does not depend

on direction and h can be replaced by h = ‖si − sj‖2 = [(six − sjx)
2 + (siy − sjy)

2]1/2, the

Euclidean distance between si and sj. An isotropic process is thus invariant under coordinate

shifts and rotations.

Virginia Polytechnic Institute and State University Department of Statistics
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1.3.2 Spatial Point Processes

Spatial point patterns can be categorized into three classes: a) Regular Processes, b) Ag-

gregated Processes, and c) Complete Spatial Randomness (CSR). All three types can be

observed with isotropic or anisotropic covariance functions. Details of these processes can

be found in Cressie (1993).

Figure 1.1: Examples of Spatial Point Patterns.

1. Regular Processes

The simplest type of regular process is one that disallows two events to be within

a distance δ of each other [Cressie, 1993]. Other subclasses of regular processes are

listed by Cressie (1993) and credited to Matern (1960), Stoyan and Stoyan (1980),

and Bartlett (1974). An example of a regular pattern, a sequential inhibition process

[Diggle, 1976], is shown in Figure 1.3.2a. Two hundred events were generated using an

inhibition radius of δ = 0.05 on a unit square.

Virginia Polytechnic Institute and State University Department of Statistics
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2. Aggregated Processes

Aggregated, or clustered, processes include the Poisson cluster process, the Neyman-

Scott process, and the Cox process. A general aggregated point pattern can be thought

of a parent-child process where children are dispersed around a parent event. The Pois-

son cluster process is generated in such a manner by first obtaining parent events from

an inhomogeneous Poisson process with mean measure µp, where µp is the expected

number of parents. Each parent event produces a random number of offspring posi-

tioned around the parent according to some bivariate probability density. The parent

events are then removed leaving only the offspring. Figure 1.3.2b shows an example of

two-hundred events in a Poisson cluster process on a unit square with µp = 15 and a

radius of 0.075 for dispersing the child events according to a standard bivariate normal

distribution.

3. Complete Spatial Randomness

A Complete Spatial Random (CSR) process is one that generates events uniformly

and independently in a region B with area |B|. The number of events N(A), A ⊆ B,

follows a Poisson distribution with mean λ|A|, where λ is the average number of events

per unit area. Further, given n events si ∈ A, the si are independent realizations from

a uniform distribution on A. Figure 1.3.2c is a CSR process with n = 200. Note that

conditioning on n yields a Binomial process.

The importance of the CSR process lies in the fact that it is often used as a null hy-

pothesis for testing a spatial point pattern. Under CSR, a spatial point pattern has no

structure and thus failing to reject such a hypothesis warrants no further examination

of the data [Diggle, 1983]. Thus, concluding a spatial point pattern is CSR implies

uniformity of events (E[N(A)] = λ|A|) as well as independence (cov[N(A), N(B)] = 0

if A∩B = ∅). It follows then that a test for CSR acts as a dividing hypothesis between

regular and aggregated processes.

Virginia Polytechnic Institute and State University Department of Statistics
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1.4 Spatiotemporal Point Processes

Spatiotemporal point processes will be considered as a hybrid of spatial and temporal com-

ponents. Extending the definition of Z(s) in (1.3.1) to include time, we obtain the following

definition of a spatiotemporal point process:

{Z(s, t) : s ∈ D(t) ⊂ <2, t ∈ T}, (1.4.1)

where D(t) is the spatial index at time t. Notice that a spatiotemporal process is not a

three-dimensional processes, e.g. {Z(s) : s ∈ D ⊂ R3}, but a composite of a spatial and

temporal process. This distinction is critical, since time flows unidirectionally, whereas space

is not directed.

Spatiotemporal point processes have been studied thoroughly in the context of earthquake

data. Ogata (1999) wrote a summary paper of parametric, maximum likelihood techniques.

Choi and Hall (1999, 2000) added nonparametric estimators of the intensity function us-

ing a kernel estimator approach and discuss asymptotic theory for many of the parametric

estimators.

Rathbun and Cressie (1994) discuss spatiotemporal point processes in the context of tree

growth. In their paper, they present methods of parametric estimation by splitting the

process into three components: a spatial birth process, a spatial growth process, and a

space-time survival process.

There also exists literature on spatiotemporal processes for lattice and geostatistical data.

See, for example, Kooperberg and O’Sullivan (1996) and Haas (1995). Haas (1995) develops

the idea of a spatiotemporal covariance function through the construction of spatiotemporal

cylinders for use in prediction of wet sulfate deposition (a geostatistical process). Essentially,

Haas creates a cylinder centered at location s0 = (x0, y0) with length mT = tU − tL for a

user-defined time interval (tL, tU). He then uses nc, the number of points located inside the

cylinder, to make a prediction of wet sulfate deposition at the location s0. We will take a
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similar three-dimensional approach for construction of a spatiotemporal intensity measure.

Unfortunately, the literature lacks a more general approach to the analysis of the process

(1.4.1). In this dissertation we propose exploratory tools through modifications of the first-

and second-order intensity functions. An extension to Ripley’s K-function will also be given.

Finally, we will provide tools to model the spectra of the temporal and spatial components

through an extension of Bartlett’s auto-covariance function.

1.4.1 Types of Spatiotemporal Point Processes

Before analyzing a spatiotemporal data set we must classify the process that created the data.

We have separated these processes into four distinct scenarios: the earthquake process, the

explosion process, the birth-death process, and point patterns sampled in time (Figure 1.4.1).

All four occur in nature, but to date no generic methods that incorporate the behaviors of

each have been suggested.

1. Earthquake Processes

The type of data that would be observed from an earthquake process corresponds to

the location s where an event occurred at time t. Characteristic for this process is that

it is orderly in both space and time: only one event can occur at a particular location

and time. Analysis of earthquake processes are discussed extensively in the geophysical

literature [Rathbun 1996; Ogata 1999; Choi and Hall 1999]. Depending on whether we

record “when and where” an earthquake occurred or also its magnitude, the process is

simple or marked.

Cressie (1993, p. 720) refers to this type of space-time process as a space-time shock

process because events occur simultaneously over time and space. The realization of

such a process consists of locations si ∈ D∗ at times ti ∈ T ∗, i = 1, 2, . . . , where

D∗ and T ∗ are realizations of a particular point pattern. Integration of events over a

time interval [0, t] results in a spatial point pattern that can be analyzed by standard
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Figure 1.2: Examples of Spatiotemporal Point Patterns.

methods for such data.

Cressie (1993) suggests that this type of space-time process can be viewed as a marked

spatial point process with mark space T ∗. This in turn suggests a simple method for

simulating such processes.

2. Explosion Processes

The basic explosion process combines a point process in space with a point process

in time. Realizations of such a process consist of locations si1, . . . , sini
∈ D∗ at times

ti ∈ T ∗. The name relates to the type of data that might be observed from this process.

At each time t a scatter of points with intensity λ(s) is observed. Furthermore, the

explosions occur as a point process with intensity λ(t). In other words, a temporal

event triggers the generation of a spatial point pattern. One example of such a process

is when temporal events occur completely at random and Z(si, ti ∈ T ∗) is a sequential
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inhibition process.

3. Birth-Death Processes

This process is typically used to model objects that are born at some random location

and live for a random time. Cressie (1993, p. 720) refers to these as space-time

survival point processes. See, for example, Rathbun and Cressie’s (1994) analysis of

longleaf pines in Southern Georgia. Realizations of birth-death processes often consist

of locations of events at fixed points in time t1, . . . , tn. Key to these processes is that

events remain at the same location during their lifetime, in contrast to, e.g., a Brownian

motion where particles move through a volume.

4. Point Patterns Sampled in Time

This process consists of T spatial point patterns observed at equally or unequally spaced

time intervals. In contrast to the explosion process where ti ∈ T ∗ represent a complete

“mapping” of the time points at which temporal events occurred, the sample times in a

sequence of sampled point patterns are fixed by a probability or non-stochastic sample

design. At each time point the spatial locations of events are completely recorded in

the domain of interest, i.e., the spatial point pattern is mapped.

A sampled point pattern can be indistinguishable from a birth-death process with

fixed points in time. Whereas birth-death processes are excellent models to describe

the survival of stationary objects, a sampled point pattern can also be thought of as

recording the locations of non-stationary objects that move through space and time. If

an event is observed at locations s∗ at time ti−1 but not at ti could be due to the death

of a stationary object that lived at s∗ at ti−1 or the displacement of a non-stationary

object that occupies a different location at ti. Combinations of these processes are

obvious. In the study of animals, for example, individuals are born between ti−1 and

ti, their locations are observed at times ti, ti+1, . . . , tj−1, die between times tj−1 and tj

and are no longer recorded at sample times t ≥ tj.

The inference of interest in sampled point patterns depends on the nature of the process
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as pure birth-death, continuous motion, or a mixture thereof. Regardless of the genesis,

however, studying the inter-relationship among point patterns over time is common to

all sampled point patterns.

An extension of the CSR model to include time will be known as the Complete Spatiotem-

poral Randomness (CSTR) model. As with CSR, the underlying process is void of structure

in space as well as time [Cressie, 1993]. The methods we put forth to analyze spatiotemporal

point patterns use the CSTR model as a reference in hypothesis testing. Any of these four

types of spatiotemporal point patterns described above can be formulated as realizations of

suitably chosen CSTR models.

1.4.2 Previous Work in Spatiotemporal Point Processes

Rathbun (1996) gives an expression for what he calls the complete intensity function for

use in the analysis of earthquake data which depends on the locations and times of all past

events in (−∞, t). Rathbun further defines a conditional intensity by restricting the intensity

measure to include past events occurring in the time interval (0, t).

The intensity measures defined by Rathbun (1996), and also found in Choi and Hall (1999)

and Ogata (1999), require the process to be orderly in space and time (e.g. earthquake

processes, see Section 1.4.1). As will be shown in Chapter 3, our spatiotemporal intensity

measures are similar to those of Rathbun (1996) but apply to a broader class of processes. We

further define several spatiotemporal intensities, including different definitions of conditional

spatiotemporal intensity.

Choi and Hall (2000) introduce a kernel estimator for spatiotemporal intensity for earthquake

data given by

λ̂bt,bs(s, t) =
1

btb2
s

n∑
i=1

κt

(
t− ti

bt

)
κs

(
s− si

bs

)
, (1.4.2)

where bs and bt are bandwidths, not necessarily identical, and the kernel functions κs(·) and
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κt(·) are user-specified, and again, are not necessarily the same for the spatial and temporal

component. Choi and Hall do not account for edge effects in their estimator as Cressie (1993)

and Diggle (1983) suggest.

Mugglestone and Renshaw (1996a) incorporate a time component into a spatial periodogram

through computation of the amplitude, phase, coherency, and gain spectra between two

spatial patterns. This approach seem reasonable for two patterns, but is not easily extendable

to a series of point patterns. Their subsequent analysis of the co-spectrum related the two

point patterns but made no inference about the role of time in the process.

1.5 An Example - The Red-cockaded woodpecker

Figure 1.3: The Red-cockaded Woodpecker.

The methods described in this dissertation will be applied to data collected by the De-

partment of Biology at Virginia Tech. The data collected are on the nesting habits of the

red-cockaded woodpecker, an endangered species found in the longleaf pine forests of the

southeastern United States (Figure 1.5). The red-cockaded woodpecker is atypical of most

woodpeckers in that they build nesting cavities in living pine trees; a process that can take
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as many as three years for one cavity. Furthermore, they are known as cooperative breeders

because of their tendency to remain in clusters for several years and through several mating

seasons [Walters et al., 1998].

Figure 1.4: Location of birds from FB002 from the Red-cockaded woodpecker data from
December 1994 (9412) to October 1996 (9610).

Thirty clusters (families) of birds were followed in the Fort Bragg area of North Carolina over

a 23-month period (December 1994 to October 1996) [Figure 1.5, upper left]. For seventeen

of the twenty-three months, one bird from each cluster was selected and observed for a day.

For six of the months, no data were collected. The location of the identified bird from each

cluster was recorded at eight-minute intervals [Figure 1.5, bottom]. This was done in an

effort to obtain an estimate of the homerange of the cluster, the area in which an animal

Virginia Polytechnic Institute and State University Department of Statistics



Sundardas S. Dorai-Raj CHAPTER 1. INTRODUCTION 20

performs its normal activities [Burt, 1943]. Figure 1.5 (upper right) shows the locations at

which cluster FB002 was observed integrated over the entire twenty-three month period. In

all, 675 events in FB002 were recorded over a 23 month period on an area 3826 × 4706 ft2

in size. However, prior to any analysis the width of the bounding box was extended so that

analysis was performed on a 4706 × 4706 ft2 square rather than the latter rectangle. This

was done so that a clustering radius could be determined in the final analysis without any

concerns for scaling. Comparison of the analyses based on a bounding rectangle versus a

bounding square revealed no qualitative differences in the outcomes.

In Chapter 2, we will analyze the FB002 cluster entirely in a spatial context. We will in-

troduce current methods used to explore the first- and second-order properties of a spatial

point process using the FB002 cluster as an example. Furthermore, we will build upon these

methods to extract more information about isotropic processes. As with most current anal-

yses of this data set, the inherent temporal component will be ignored for the time being in

order to highlight some of the methods of analyzing spatial point patterns. After introducing

some of the mathematical properties of spatiotemporal point processes in Chapter 3, we will

return to the woodpecker data and conduct inferences in both space and time.

Virginia Polytechnic Institute and State University Department of Statistics



Chapter 2

Spatial Point Patterns

This chapter presents some of the theory and methodology of inference for spatial point

patterns. Much of the analysis of point patterns found in the literature and texts on spatial

statistics places emphasis on the analysis of point patterns in the spatial domain. We in-

troduce this popular approach as well as the less utilized approach of spectral analysis and

discuss the comparative merits and demerits. Analysis of first-order properties commonly

uses intensity estimators. Second-order analysis of point patterns is explored in both the

spatial domain and frequency domains.

2.1 Intensity Measures of Spatial Point Patterns

Analysis of spatial data is covered extensively in the literature. For geostatistical and lattice

data where D is fixed, first-order (mean) properties are modeled by E[Z(s)] = µ(s). Here,

estimates of µ(s) are obtained for example through random field models for geostatistical data

or median polishing for lattice data and predictions of Z(s) through kriging methods. For

more details on mean estimation or trend analysis of geostatistical and lattice spatial data see

Cressie (1993). Second-order (covariance) properties of geostatistical are modeled through
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the covariogram function c(si − sj) = cov[Z(si), Z(sj)] or the semivariogram γ(si − sj) =

1
2
var[Z(si) − Z(sj)]. For a weakly stationary spatial process a simple relationship converts

c(si − sj) to γ(si − sj), namely,

γ(si − sj) = c(0)− c(si − sj).

For lattice data, spatial dependency is modeled through the conditional and simultaneous

autoregressive schemes closely related to autoregressive structures in time series.

For point patterns, the first and second-order intensities are used to determine the mean and

dependency structure of the data. The intensity of a spatial point process is defined as the

expected number of points per unit area,

λ(s) = lim
|ds|→0

{
E[N(ds)]

|ds|

}
. (2.1.1)

Here ds is an infinitesimal region containing the site s, N(ds) represents the number of points

located in ds, and |ds| is the area (volume) of the region ds. Throughout, the notation | · |

will represent the Lesbesgue measure on the spatial region D. The second-order intensity

λ2(si, sj) contains information about the stochastic dependence between events in two re-

gions. Although λ2() is akin to c() defined previously, it is not a covariance function. The

second-order intensity function is also defined as a limit,

λ2(si, sj) = lim
|dsi|,|dsj |→0

{
E[N(dsi)N(dsj)]

|dsi||dsj|

}
. (2.1.2)

The notation in (2.1.1) and (2.1.2) is due to Diggle (1983).

2.1.1 Second-Order (Weak) Stationarity

Stationarity of a stochastic process in space implies that the joint probability distribution of

a collection of events {Z(s) : s ∈ D} is invariant under translation. That is, the distribution
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function

FN(s) ≡ FN(s− u)

of the counting measure N on a collection of events in A will involve s only through the

differences s − u. As in time series, this type of stationarity requirement is too strict for

most analyses. Instead, in order to make progress with inferences we will only require

second-order (or weak) stationarity. Second-order stationarity requires only that the joint

probability distributions for any collection of events be identical only up to the first two

moments. Thus, stationarity implies second-order stationarity, but not vice versa. (Note:

Throughout this dissertation use of the term “stationary” implies “second-order stationary.”)

A spatial point process is second-order stationary if λ(s) ≡ λ and λ2(si, sj) ≡ λ2(si − sj) =

λ2(hij) [Cressie, 1993]. This is analogous to the definition of second-order stationarity in

the time series context in that the mean is constant and the covariance function is invariant

under translation. If the covariance function is invariant under rotation as well as translation,

then the second-order intensity can be written as λ2(hij) where hij is the Euclidean distance

between events si and sj. If the latter is true the process is said to be isotropic, a concept

foreign to time series analysis.

A second-order intensity function is said to exhibit geometric anisotropy if

λ2(h) = λ0
2 (‖Qh‖) , (2.1.3)

where λ0
2 is an isotropic second-order intensity function and Q is a positive definite ma-

trix [Vecchia, 1985]. A more precise definition of (2.1.3) is given in Section 2.3. This is

analogous to a transformation of an isotropic semi-variogram for continuous spatial data

[Chilès and Delfiner, 1999].
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2.1.2 Reduced Second-Order Intensity

The second-order intensity function does not have any physical interpretation as it relates to

data. Ripley (1976) offers an interpretable measure for the dependence in isotropic stationary

point processes by way of the K-function which is defined by

λK(h) = E[number of extra events within a

distance h of an arbitrary event]. (2.1.4)

Cressie (1993) also refers to a more general K-function as the reduced second-order measure.

If we assume the process is completely random then the extra number of events within a

distance h will be uniform on a disc. From this we see that

λK(h) =

∫ 2π

0

∫ h

0

{λ2(x)/λ}xdxdθ

=
2π

λ

∫ h

0

λ2(x)xdx, (2.1.5)

and as a result,

λ2(h) =
λ2

2πh

∂K(h)

∂h
. (2.1.6)

The K-function has many appealing features not shared by λ2(h), such as its invariance

to random thinning, physical interpretation, and simple estimation [Cressie, 1993]. Several

approaches for estimation and interpretation of the K-function are given by Cressie (1993)

and Diggle (1983). However, it must be noted that K(h) is not unique for similar reasons

that disallow identification of a distribution from only the first two moments. Different point

processes can produce identical K-functions [Baddeley and Silverman, 1984]. Furthermore,

though the K-function is used to analyze second-order properties of a spatial point pattern,

it cannot distinguish between deviations from CSR due to lack of uniformity or lack of inde-

pendence of events. However, since K(h) is defined only for first-order stationary processes,
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uniformity is a requirement of K-function analysis.

Under CSR, λ2(h) ≡ λ2, thus (2.1.5) reduces to

K(h)
CSR
= πh2. (2.1.7)

Testing a point pattern for CSR can be accomplished by comparing the empirical K-function

to πh2. Quite often, inference is based on the L-function defined by

L(h) =
√

K(h)/π
CSR
= h, (2.1.8)

and a plot of L(h)− h versus h is obtained.

Because the probability distribution of the K-function (or the L-function) is intractable,

inference about a process is based on simulated K-functions. An envelope is constructed by

simulating the hypothesized point process B times and constructing the K-function for a

set of distances h. For every simulation (Kmin(h), Kmax(h)) is stored. The upper and lower

envelopes are then overlaid on the observed K-function K̂(h).

Inference can be obtained by comparing the observed K-function to the simulated envelope.

If K̂(h) > Ksim(h) then the number of events within a distance h of an arbitrary event is

greater than expected under the hypothesized process. If the hypothesized process is CSR

then this would imply an aggregated process if h is small or a regular process if h is large.

Conversely, if K̂(h) < Ksim(h) then the number of events within a distance h of an arbitrary

event is less than expected under the hypothesized process. Reversing our conclusion we

would infer that the observed process is regular if h is small or aggregated if h is large.

If K̂(h0) > Kmax(h0) or K̂(h0) < Kmin(h0), the hypothesis is rejected for that particular

distance.

Alternatively, empirical p-values can be obtained by ranking the statistics calculated from the

observed K-function against the B simulations through the Cramér-von Mises-type statistic.
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Specifically, if we would like to compare our observed point pattern to CSR we compute

kobs ≡
∫ hmax

0

{√
K̂(h)−

√
K0(h)

}2

dh, (2.1.9)

where K̂ is the estimated K-function of the observed pattern, K0(h) = πh2 is the K-function

under the hypothesis of CSR, and hmax is the maximum distance for which K̂(h) is computed

[Cressie, 1993]. Thus the statistic kobs leads to a two-sided hypothesis for which large values

would be the observed for point pattern exhibiting either regularity or clustering. Similarly,

we would compute (2.1.9) for all B simulated processes

ki ≡
∫ hmax

0

{√
K̂MC

i (h)−
√

K0(h)

}2

dh i = 1, 2, . . . , B,

where K̂MC
i (h) is the estimated K-function for the ith simulated process. The observed

process deviates from CSR for large values of (2.1.9). An empirical p-value pemp is obtained

by ranking kobs with all the ki and determining the percentage of ki’s larger than kobs.

Namely, if rk = rank(kobs) then

pemp =
B + 1− rk

B
. (2.1.10)

Thus, we would reject the hypothesis of CSR if (2.1.10) is less than some significance level

α [Cressie, 1993]. An example of L-function analysis on the point processes shown in Figure

1.3.2 as well as the FB002 cluster from the woodpecker data is given in Section 2.1.3.

2.1.3 Estimation of Intensities

The three most common techniques for estimating the first-order intensity λ(s) are: 1) the

Basic estimator, which assumes λ(s) ≡ λ for some constant λ; 2) the Binning estimator,

which is simply a smoothed two-dimensional histogram; and 3) the Kernel estimator, that

employs methods from kernel density estimation to obtain an estimate of λ(s). Estimators
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of intensity over a study region A are given by:

Basic : λ̂ =
n

|A|
(2.1.11)

Binning : λ̂(s) =

# bins∑
j=1

κ

(
s− sj

b

) n∑
i=1

I(si ∈ dsj)

|dsj|
(2.1.12)

Kernel : λ̂b(s) =
1

pb(s)

n∑
i=1

κ

(
s− si

b

)
(2.1.13)

In (2.1.12), I(·) is an indicator function, |dsj| the size of the bin centered at sj, κ(·) is a kernel

function, and b is an bandwidth. In (2.1.13), κ(·) is a kernel function satisfying standard

conditions [Scott, 1992], b is a bandwidth, and pb is an edge-correction factor given by

pb(s) =

∫
A

κ

(
s− u

b

)
du s ∈ A.

Cressie (1993) and Scott (1992) provide details on the choice of κ(·) and suggestions for

selecting the bandwidth b.

Cressie (1993) offers five different estimators for the reduced second-order measure, or the

K-function, given by (2.1.5). All the estimators are presented with edge-corrections. The

version included in the S+SpatialStats module is the K-function estimate first proposed

by Ripley (1976) [Kaluzny et al. 1998]:

K̂(h) = λ̂−1

n∑
i=1

n∑
j=1
i6=j

w−1
ij I (‖si − sj‖ < h) /n. (2.1.14)

Here, I(·) is an indicator function, λ̂ is obtained by (2.1.11), and wij is an edge-correction

weight defined by the proportion of the circumference of a circle centered at si, passing

through sj, that is inside the study region. Ripley (1981) showed that (2.1.14) is approxi-

mately unbiased if n and K̂ are independent, which is true if h is small. Ripley (1981) further

suggests making hmax one-half the circumradius of the bounding box so that approximate
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unbiasedness is obtained. The latter rule-of-thumb is the default in the S+SpatialStats

module.

Figure 2.1: Intensity estimates and L̂-analysis for spatial point patterns for three simu-
lated processes (a-c) and cluster FB002 from the woodpecker data (d).

Figure 2.1.3 shows the analysis of the three simulated processes introduced in Figure 1.3.2

as well as the FB002 cluster of the woodpecker data shown in Figure 1.5. The top row are

intensity estimates based on the kernel estimator given by (2.1.13) using

κ(ux, uy) = 0.75(1− u2
x)(1− u2

y)I(|ux| ≤ 1 ∩ |uy| ≤ 1),

the bivariate Epanechnikov kernel [Scott, 1992], and bandwidth b = 0.15. The bottom row

is the L-analysis for each of the point patterns with simulated envelopes based on B = 100

CSR point patterns. The empirical p-value based on Cramér-von Mises criteria given in

(2.1.9) for testing the hypothesis of CSR for each of the patterns is in Table 2.1. For this

analysis, the maximum distance used for estimating the K-function was
√

2/2 ≈ 0.6 for

the simulated processes and
√

47062 + 47062/2 ≈ 3327 ft for the FB002 cluster. Using a

significance level of α = 0.05 we see the only pattern that fails to reject the hypothesis of

CSR is the CSR process itself. Though the p-value for the CSR process is smaller than

would typically expected, this can most likely be attributed to the seed chosen to generate

the observed pattern. However, other factors that may arise from use of this statistic are
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the choice of hmax or the bias of the K-function due to edge effects.

Process Value B rk pemp

Cluster 0.00215 100 101 0.00
Inhibition 0.00023 100 100 0.01

CSR 0.00008 100 88 0.13
FB002 0.00811 100 101 0.00

Table 2.1: Results of L̂-analysis for simulated and real point patterns in Figure 2.1.3.

2.1.4 Auto-covariance of an Orderly Spatial Point Process

Bartlett (1964) approached the problem of finding the auto-covariance function of an orderly

spatial point process in the following manner. Consider the counting measure N(A) in a

spatial point process, where N(A) is the number of points in the region A. For a process to

be orderly, in which only one event can occur at any arbitrary location, we require (1.3.3).

Thus, for a second-order stationary spatial point process (see Section 2.1.1) we have

lim
|ds|→0

E{[N(ds)]2}
|ds|

= lim
|ds|→0

E{N(ds)}
|ds|

= λ, (2.1.15)

for some constant intensity λ.

Given the first- and second-order intensities in (2.1.1) and (2.1.2), respectively, and the as-

sumption of second-order stationarity, the complete covariance density function for N(ds)/|ds|

is

lim
|dsi|,|dsi|→0

cov[N(dsi), N(dsj)]

|dsi||dsj|
= v(si − sj) + λδ(si − sj), (2.1.16)

where v(si − sj) is the auto-covariance density function defined by

v(si − sj) = lim
|dsi|,|dsj |→0

E[N(dsi)N(dsj)]

|dsi||dsj|
−
[

lim
|dsi|→0

E[N(dsi)]

|dsi|

] [
lim

|dsj |→0

E[N(dsj)]

|dsj|

]
= λ2(si − sj)− λ2 (2.1.17)
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and δ(x− x′) is the (two-dimensional) Dirac delta-function defined by

δ(x− x′) =

∞ x = x′

0 x 6= x′
. (2.1.18)

The complete covariance density given by (2.1.16) is derived from the following

lim
|dsi|,|dsj |→0

cov[N(dsi), N(dsj)]

|dsi||dsj|
=



lim
|dsi|,|dsj |→0

E[N(dsi)N(dsj)]

|dsi||dsj |

−
[

lim
|dsi|→0

E[N(dsi)]
|dsi|

] [
lim

|dsj |→0

E[N(dsj)]

|dsj |

]
for si 6= sj

lim
|dsi|→0

E[N(dsi)
2]

|dsi|2 −
[

lim
|dsi|→0

E[N(dsi)]
|dsi|

]2

for si = sj

=


v(si − sj) for si 6= sj

lim
|dsi|→0

λ
|dsi| − λ2 for si = sj

. (2.1.19)

Taking the limit in (2.1.19) yields an infinite variance for N(ds)/|ds| which is the reason

behind the Dirac delta notation in (2.1.16).

2.2 Spectral Representation and Spatial Periodogram

Analysis

A spectral representation of spatial data similar to (1.1.3) is also used to identify frequencies

of occurrences in all three types of spatial data. The relative merits for analyzing spatial

data in the frequency domain are similar to those of the frequency domain analysis in time

series. One further note is that defining a valid covariogram is not needed, making spectral

analysis less parametric.

For second-order stationary spatial process, the spectral representation of the auto-covariance
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function, c(h), can be written as

c(h) =

∫ ∞

−∞
eiω′hG(dω), (2.2.1)

where h = si − sj is the absolute distance between si and sj, ω′h = ωxhx + ωyhy, and G(ω)

is the spectral distribution function [Cressie, 1993]. If G(dω) = g(ω)dω then we can define

g(ω) as the spectral density of the auto-covariance function. Note the similarities to (1.1.3)

and (1.2.3).

Much of the theory developed for spectral analysis of time series can be used to study the

spectrum of a spatial process. However, most of the literature defines the spectral density

of a spatial process for lattice or geostatistical data. The literature is sparse for spectral

analysis of point patterns.

Given a stationary spatial point process, the inverse Fourier transform of (2.1.16) is given

by

v(h) + λδ(h) =

∫ ∞

−∞
eiω′hG(dω), (2.2.2)

where G(dω) is given by (2.2.1). We can define the Fourier transform of (2.1.16) by

g(ω) =
1

(2π)2

[∫ ∞

−∞
e−iω′h[v(h) + λδ(h)]dh

]
=

1

(2π)2

[∫ ∞

−∞
e−iω′hv(h)dh + λ

∫ ∞

−∞
e−iω′hδ(h)dh

]
=

1

(2π)2

[∫ ∞

−∞
e−iω′hv(h)dh + λ

]
, (2.2.3)

where
∫

is a two-dimensional integral and ω′h ≡ ωxhx + ωyhy. This corresponds to the

expression given by (1.2.4).

Estimation of the spectral density is obtained through the periodogram. From (2.2.3) the
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periodogram can be obtained by I(ωpq) = J(ωpq)J(ωpq), where

J(ωpq) =
1

2π

n∑
j=1

Z(sj) exp
{
iω′

pqL
−1sj

}
, (2.2.4)

J(ωpq) is the complex conjugate of J(ωpq), ω′
pq = [2πp 2πq] for p = 0, 1, 2, . . . and q =

0,±1,±2, . . . , sk is an arbitrary location, Z(sk) is given by (1.3.1), and L is a scaling matrix

given by

L =

Lx 0

0 Ly

 , (2.2.5)

where A = LxLy for a rectangular region A [Renshaw and Ford, 1983]. Note that the L−1sk

effectively scales the region A to the unit square, thus the estimate of λ under the second-

order stationarity assumption is n. Thus the periodogram is given by

I(ωpq) = J(ωpq)J(ωpq)

=
1

(2π)2

(
n∑

k=1

exp
{
iω′

pqL
−1sk

})( n∑
j=1

exp
{
iω′

pqL
−1sj

})

=
1

(2π)2

n∑
j=1

n∑
k=1

exp
{
−iω′

pqL
−1(sj − sk)

}
=

1

(2π)2

n∑
j=1

n∑
k=1

exp
{
−iω′

pqL
−1hjk

}
, (2.2.6)

where hjk = sj − sk. The spatial periodogram given in (2.2.6) is asymptotically unbiased for

(2.2.3) as n →∞ [Mugglestone and Renshaw, 1996a].

Analysis of point patterns in the frequency domain requires the study region A to be rect-

angular. Though this may not be a valid assumption no feasible alternative has ever been

suggested. In practice, the study region A is assumed to be the smallest bounding box that

contains all observed events.

Because no maximum (Nyquist) frequency exists for unequally spaced data, the choices of
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p and q are left to the user. Mugglestone and Renshaw (1996b) suggest that I(ωpq) need

only be computed for p = 0, . . . , 16 and q = −15, . . . , 16 for n < 100, which will give details

of 1/16 units in the x- and y-directions. Note that I(ωn−p,q) = I(ωp,n−q), thus (2.2.6) need

only be evaluated for p > 0 [Renshaw and Ford, 1983].

2.2.1 Distribution of the Spatial Periodogram

Theorem 2.1 (Distribution of the Spatial Periodogram)

Let Z(s) be an orderly, second-order stationary spatial point process with probability distri-

bution F and first two moments given by (2.1.15) and (2.1.16). Furthermore, let Z(s) have a

continuous spectral density g(ω) given by (2.2.3). Then, as n →∞, the periodogram (2.2.6)

has a distribution given by

2
I(ωpq)

g(ω)

d→ χ2
2 if ωpq 6= 0 (2.2.7)

and

2
I(ωpq)− λ

(2π)2

g(0)

d→ χ2
1 if ωpq = 0, (2.2.8)

where
d→ represents convergence in distribution. Furthermore, as n →∞,

cov[2I(ωpq), 2I(ωp′q′)] =

g2(ω) if ωpq = ωp′q′

0 if ωpq 6= ωp′q′

.

Proof of Theorem 2.1

Brillinger (1972) provides a proof of Theorem 2.1 for a point process in one-dimension.

Mugglestone and Renshaw (1996b) extend the proof to two dimensions. The proof of (2.2.7)

and (2.2.8) requires n →∞. Q.E.D.
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Corollary 2.1 (Distribution of the CSR Periodogram)

If Z(s) is a CSR point pattern then as n →∞,

E[I(ωpq)]
A
=

 3
8π2 λ for ωpq = 0

1
4π2 λ for ωpq 6= 0

and

var[I(ωpq)]
A
=

 1
16π4 λ

2 for ωpq = 0

1
32π4 λ

2 for ωpq 6= 0
,

where
A
= represents asymptotic equality.

Proof of Corollary 2.1

If we assume the observed events are distributed as Poisson with intensity λ then λ(s) = λ

and λ2(si − sj) = λ2. Thus the complete covariance density given by (2.1.16) is

v(si − sj) + λδ(si − sj) = λ2(si − sj)︸ ︷︷ ︸
=λ2

−λ2 + λδ(si − sj) = λδ(si − sj).

This implies the covariance between two events distance h 6= 0 apart is 0. This reduces the

spectral density g(ω) to

g(ω) =
1

(2π)2

∫ ∞

−∞
[λ2(h)− λ2︸ ︷︷ ︸

=0

+λδ(h)]e−iω′hdh

 ≡ λ

(2π)2
.

Therefore from Theorem 2.1, for ωpq 6= 0, we have

E[I(ωpq)]
A
=

1

2
g(ω) · E[χ2

2] =
1

2

λ

(2π)2
· 2 =

1

4π2
λ

and

var[I(ωpq)]
A
=

1

4
g2(ω) · var[χ2

2] =
1

4

[
λ

(2π)2

]2

· 4 =
1

16π4
λ2.
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For ωpq = 0, we have

E[I(ω00)]
A
=

1

2
g(0) · E[χ2

1] +
λ

(2π)2
=

1

2

λ

(2π)2
· 1 +

λ

(2π)2
=

3

8π2
λ

and

var[I(ω00)]
A
=

1

4
g2(0) · var[χ2

1] =
1

4

[
λ

(2π)2

]2

· 2 =
1

32π4
λ2.

Q.E.D.

From Corollary 2.1 we can construct a hypothesis test for CSR using the spatial periodogram.

Specifically, for an α-level test we would reject the hypothesis that a point pattern is CSR if

2
I(ωpq)

λ̂/(2π)2
/∈
(
χ2

2,α/2, χ
2
2,1−α/2

)
for (pq) 6= 0,

where λ̂ = n is the basic estimator of intensity given by (2.1.11) for analysis on the unit

square. Bartlett (1978) used the asymptotic independence and distribution of the peri-

odogram ordinates to construct a goodness-of-fit test. Namely, under CSR,

2

λ̂/(2π)2

∑
(p,q) 6=(0,0)

I(ωpq)
CSR∼ χ2

2ν , (2.2.9)

where ν is the number of ordinates included in the sum.

In the case of an isotropic spatial point process, the covariance density in (2.1.16) is a

function of the Euclidean distance h between two events. Specifically, if h′ = [hx hy],

then the spectral density in (2.2.3) can be converted to polar coordinates by setting h′ =
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[r cos θ r sin θ]. From this we obtain

g(ω) =
1

(2π)2

{∫ ∞

−∞

∫ ∞

−∞
e−i(ωxhx+ωyhy)v (‖h‖) dhxdhy + λ

}
=

1

(2π)2

{∫ 2π

0

∫ ∞

0

e−ih(ωx cos θ+ωy sin θ)v(h)hdhdθ + λ

}
=

1

2π

{∫ ∞

0

J0(ωh)v(h)hdh + λ

}
, (2.2.10)

where J0(x) is the (unmodified) Bessel function of the first kind of order zero and ω = ‖ω‖

[Bartlett, 1978].

If isotropy exists then the periodogram is obtained by averaging over (random) angles θ for

frequency ω and distance h. An estimate of the spectral density under these conditions is

given by

I(ωp) =
n

2π
+

1

2π

n∑
j=1

n∑
k=1
k 6=j

J0(ωp‖sj − sk‖). (2.2.11)

Renshaw and Ford (1983) note that computation of (2.2.11) is no simpler than that of (2.2.4)

and that it is a biased estimator of g(ω).

Because the fast Fourier transform cannot be employed for obtaining exact values of (2.2.4),

Renshaw and Ford (1983) and Rigas (1991) suggest an approximation to improve computing

time. Their approach places a fine regular grid on the study area. The transform is then

calculated on the number of events found in each cell of the lattice.

From Theorem 2.1, we see that the spatial periodogram is an unbiased estimate for g(ω).

However, as with the temporal periodogram, the variance of the spatial periodogram does

not depend on n and therefore it is not consistent. The problem of consistency is reduced

by smoothing I(ωpq). The estimate of the spectral density is obtained by smoothing the

periodogram using weights W (·):

ĝ(ω) =
∑

p

∑
q

W (ω − ωpq)I(ωpq), (2.2.12)
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where ω = [ωx ωy]
′ and ωpq = [ωp ωq]

′. Alternatively, one can simply average periodogram

ordinates corresponding to ranges of p, q (or ρ, θ), which is the approach suggested below.

2.2.2 Polar Representation of the Spatial Periodogram

The three-dimensional periodogram described above is difficult to interpret graphically. Ren-

shaw and Ford(1983) give a polar representation of the periodogram using

I(ωpq) ≡ P (ωρθ),

where ρ =
√

p2 + q2 and θ = tan−1(q/p). The R-spectrum plot is constructed by averaging

over periodogram ordinates with similar values of ρ:

fR(ρ) =
1

nρ

∑
ρ′

∑
θ

P (ωρ′ , ωθ) ρ = 1, 2, . . . , (2.2.13)

where nρ are the number of ordinates for which ρ− 1 < ρ′ ≤ ρ.

The Θ-spectrum plot is constructed by averaging over periodogram ordinates with similar

values of θ:

fΘ(θ) =
1

nθ

∑
ρ

∑
θ′

P (ωρ, ωθ′) θ = −85◦,−75◦, . . . , 85◦, (2.2.14)

where nθ are the number of ordinates for which θ − 5◦ < θ′ ≤ θ + 5◦. The ordinate for

the (0,0) frequency is not included in either spectrum estimate. Figure 2.2.2 is a graphical

representation of how the polar periodograms are obtained.

Under CSR the R- and Θ-spectra have asymptotic distributions

fR(ρ)

λ/(2π)2

d→ (2nρ)
−1χ2

2nρ
, ρ = 1, 2, . . . (2.2.15)
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Figure 2.2: Construction of the Polar Spectra from the Spatial Periodogram.

and
fΘ(θ)

λ/(2π)2

d→ (2nθ)
−1χ2

2nθ
, θ = −85◦,−75◦, . . . , 85◦, (2.2.16)

where nρ and nθ are defined above [Mugglestone and Renshaw, 1996b]. Thus, values of

fR(ρ)

λ̂/(2π)2
outside the (1− α)× 100% confidence bounds given by (2nρ)

−1
(
χ2

2nρ,α/2, χ
2
2nρ,1−α/2

)
suggest nonuniformity or stochastic dependence among events (e.g. clustering or regular-

ity). In addition, values of fΘ(θ)

λ̂/(2π)2
outside the (1 − α) × 100% confidence bounds given by

(2nθ)
−1
(
χ2

2nθ,α/2, χ
2
2nθ,1−α/2

)
suggest a possible anisotropy of the auto-covariance function.

The estimate of λ is given by (2.1.11) if second-order stationarity is assumed. Moreover,

since periodogram analysis scales the data to the unit square, then λ̂ = n for |A| = 1.

2.2.3 Inference based on the R- and Θ-Spectrum

The polar spectra offer additional inference options not available by direct inspection of

the spatial periodogram. As mentioned in the previous section, the R-spectrum reveals

the uniformity of events in the spatial point process, while the Θ-spectrum gives insight

into the isotropy of the covariance. One can also combine the R- and Θ-spectra to obtain
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a complete polar periodogram which may indicate clustering or regularity in a particular

direction. The R-Θ-spectrum is calculated by averaging the spatial periodogram ordinates

in the intersection of an arc of radius ρ and a ray of angle θ. The R-Θ-spectrum offers finer

detail of the second-order properties of the spatial process. See Figure 2.2.2 for construction

of the R-spectrum, Θ-spectrum, and R-Θ-spectrum.

a. Cluster Process b. Sequential Inhibition Process

c. Complete Spatial Randomness Process d. FB002 Cluster

Figure 2.3: Spectral analysis of spatial point patterns for three different processes (a-c)
and cluster FB002 from the woodpecker data (d). The intensity estimates are
the same as those in Figure 2.1.3. See page 41 for definition of Θ-spectrum
ratios.
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Hypothesis Tests for Spatial Uniformity and/or Independence

The R-spectrum serves as the frequency domain analog to the K-function described in

Section 2.1.3. As with the K-function analysis, use of the R-spectrum does not allow dis-

tinguishing between spatial nonuniformity and dependence of events, unless the process is

second-order stationary in which case λ(s) = λ and derivations for CSR pattern indicate

interaction (dependence) of events.

Interpretation of the R-spectrum is identical to that of the K-function: large values of fR(ρ)

for small ρ imply clustering of events while small values of fR(ρ) for small ρ imply regularity

of events. However, the advantage of using the R-spectrum is that simulated inference is not

required. Because of the asymptotic distribution of the periodogram ordinates conclusions

with respect to the R-spectrum (as well as the Θ-spectrum discussed below) can be based

on (1− α)× 100% confidence bands from a scaled χ2 distribution.

Figure 2.2.3 shows the spectral analysis of the three simulated point patterns introduced

in Chapter 1 (Figure 1.3.2) as well as the FB002 cluster from the woodpecker data (Figure

1.5). The R-spectrum for the clustered pattern (Figure 2.2.3a) shows a higher than expected

frequency of events under the null hypothesis of CSR for small ρ. Specifically, the large value

of fR(1) captures the clustering radius of each parent cluster. For ρ = 2 the spectrum takes

a dip before rising again for ρ = 3. This phenomenon can be explained by the space between

the parent events. Since the data were generated on the unit square, the clustering radius can

be easily converted to a distance h in the original units by letting h = ρ/16. This assumes

we are using p = 0, 1, . . . , 16 and q = −15, . . . , 16 as suggested in Section 2.2. Comparisons

of the analyses of the data in Figures 2.2.3 and 2.1.3 can be found in Chapter 4.

Hypothesis Tests for Anisotropy

A key advantage of analyzing spatial point patterns in the frequency domain is that the

assumption of isotropy in not required. The Θ-spectrum indeed allows for investigation
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of anisotropy in the spatial point pattern by searching the spatial periodogram for large

ordinates in a particular direction θ. While the R-spectrum serves as the frequency domain

version of the K-function, there is no analog to the Θ-spectrum in the spatial domain.

However, the Θ-spectrum can be difficult to interpret if either clustering or regularity exist.

In Figure 2.2.3, the Θ-spectrum is constructed for the spatial point patterns in Figure 1.3.2.

For the cluster process, the Θ-spectrum has ordinates that exceed the 95% confidence bounds

for θ = −90◦,−60◦,−50◦,−40◦,−30◦, 0◦, 10◦, 20◦, 30◦, 40◦, 60◦, 90◦. But this does not imply

that the process is anisotropic in all those directions. The large ordinates in the Θ-spectrum

are an artifact of the construction of the spectrum and are present due to the high clustering.

Specifically, in a clustered process large ordinates appear for small frequencies, which in turn

get averaged over different values of θ in the Θ-spectrum. Thus, the effect of the clustering

is clouding any possible anisotropy in the process. A similar phenomenon can be observed

in regular spatial processes and possibly even CSR processes (Figure 2.2.3).

For this reason, a ratio of the Θ-spectrum ordinates is used. If a spatial point pattern is

isotropic then we would expect

fΘ(θ) = fΘ(−θ), (2.2.17)

which implies that the process is invariant under rotation. Because fΘ(θ) and fΘ(−θ) are

asymptotically independent scaled χ2 distributions, the ratio of the ordinates in (2.2.17) is

an F distribution given by

fΘ(θ)

fΘ(−θ)

d→
(2nθ)

−1χ2
2nθ

(2n−θ)−1χ2
2n−θ

= F2nθ,2n−θ
(2.2.18)

whose expected value under the assumption of (2.2.17) is

E

[
fΘ(θ)

fΘ(−θ)

]
A
= E

[
F2nθ,2n−θ

]
=

2n−θ

2n−θ − 2
. (2.2.19)

From (2.2.18) we can construct (1−α)×100% confidence bounds based on the F -distribution.
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Specifically, if no anisotropy exists then

fΘ(θ)

fΘ(−θ)
∈
(
F2nθ,2n−θ,α/2, F2nθ,2n−θ,1−α/2

)
.

However, if anisotropy exists in direction θ, then we should see

fΘ(θ)

fΘ(−θ)
> F2nθ,2n−θ,1−α/2.

Conversely, if anisotropy exists in direction −θ, then we should see

fΘ(θ)

fΘ(−θ)
< F2nθ,2n−θ,α/2.

The ratio plots of the Θ-spectrum along with 95% confidence bounds and the value of (2.2.19)

for each simulated process in Figure 1.3.2 and the FB002 cluster in Figure 1.5 are shown

in Figure 2.2.3. As expected, examination of the Θ-spectrum ratio plots for each of the

simulated processes reveal no apparent anisotropic. However, the FB002 cluster appears to

be oriented along the −60◦ angle.

2.3 Geometric Anisotropy for Spatial Point Patterns

From the previous section we saw that the Θ-spectrum can be used to diagnose anisotropy

in a spatial point pattern. In this section we explore the properties of the periodogram if

the covariance function displays a geometric anisotropy.

Let Z(s) be a stationary, geometrically anisotropic point pattern in <2 with second-order

intensity λ2(h). Then we can impose a rotation (by φ) and scaling (by σ) of the data to
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remove the effect of anisotropy by the following nonlinear transformation:

s0 =

cos φ − sin φ

sin φ cos φ

1 0

0 σ−1


︸ ︷︷ ︸

=Q

s, (2.3.1)

or 1 0

0 σ

 cos φ sin φ

− sin φ cos φ


︸ ︷︷ ︸

=Q−1

s0 = s, (2.3.2)

where s0 is an event in the isotropic space, s is an event in the anisotropic space, σ is a

scale factor in (0, 1], and φ is the direction of anisotropy. Scale factors larger than one can

be mapped to the (0, 1] interval by choosing an appropriate value of φ. From (2.3.1), we see

that distance between two arbitrary events s0
i and s0

j in the isotropic space becomes

s0
i − s0

j =

cos φ − sin φ

sin φ cos φ

1 0

0 σ−1

 [si − sj]︸ ︷︷ ︸
=h

= Qhij. (2.3.3)

It follows then that the second-order intensity between events s0
i and s0

j is given by

λ0
2(h) = λ0

2(‖Qh‖), (2.3.4)

where λ0
2 is an isotropic second-order intensity function determined only by the Euclidean

distance h between events s0
i and s0

j in the isotropic space. In terms of the anisotropic events,

in which the second-order intensity is a function of h but is not rotation-invariant, (2.3.4)

can be written as

λ2(h) = λ0
2(‖Qh‖), (2.3.5)

where λ2 is an anisotropic second-order intensity (Figure 2.3).
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Figure 2.4: Transformation of a geometrically anisotropic second-order intensity function
to an isotropic second-order intensity function.

2.3.1 Properties of the Spatial Periodogram Under Geometric

Anisotropy

If geometric anisotropy is ignored, this is equivalent to analyzing the transformed events

Q−1s0
j on the incorrect bounding box A0 rather than a scaled and rotated bounding box

Q−1A0. The periodogram of the transformed events would be constructed in the same

manner as (2.2.6) except for the incorrect scaling matrix L0. Thus, the periodogram is given

by

I(ωpq) =
1

(2π)2

n∑
j=1

n∑
k=1

exp
{
−iω′

pq(L
0)−1hjk

}
=

1

(2π)2

n∑
j=1

n∑
k=1

exp
{
−iω′

pq(L
0)−1Q−1h0

jk

}
=

1

(2π)2

n∑
j=1

n∑
k=1

exp
{
−iω′

pq(QL0)−1h0
jk

}
, (2.3.6)

where L0 is the bounding box of the anisotropic process.
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Therefore, QL0 becomes the new scaling matrix which has an inverse given by

(QL0)−1 =

cos φ − sin φ

sin φ cos φ

1 0

0 σ−1

L0
x 0

0 L0
y

−1

=

 cos φ/L0
x sin φ/L0

x

−σ sin φ/L0
y σ cos φ/L0

y

 . (2.3.7)

Expanding the matrices in (2.3.6) we obtain

I(ωpq) =
1

(2π)2

n∑
j=1

n∑
k=1

exp

−i[2πp 2πq]

 cos φ/L0
x sin φ/L0

x

−σ sin φ/L0
y σ cos φ/L0

y

h0
jkx

h0
jky


=

1

(2π)2

n∑
j=1

n∑
k=1

exp{−i[ω∗
ph

0
jkx + ω∗

qσh0
jky]}, (2.3.8)

where

ω∗
pq =

ω∗
p

ω∗
q

 =

2πp∗

2πq∗

 =

2π(pL−1
x cos φ− qL−1

y sin φ)

2π(pL−1
x sin φ + qL−1

y cos φ)

 . (2.3.9)

From (2.3.8) we see that the scale factor σ shows up in the rotated, longitudinal frequencies

ωq.

If the analysis of the point pattern is done on the correct bounding box QA, the periodogram

of the transformed events would have the following representation:

I(ωpq) =
1

(2π)2

n∑
j=1

n∑
k=1

exp{−iL−1hjk}

=
1

(2π)2

n∑
j=1

n∑
k=1

exp{−iL−1Q−1h0
jk}

=
1

(2π)2

n∑
j=1

n∑
k=1

exp{−i(QL)−1h0
jk} (2.3.10)
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where L is a scaling matrix defined on the anisotropic transformation and is given by

L =

Lx 0

0 Ly

 =

L0
x cos φ + σL0

y sin φ 0

0 −L0
x sin φ + σL0

y cos φ

 . (2.3.11)

The lengths (Lx, Ly) and (L0
x, L

0
y) in (2.3.11) are the lengths of the bounding box in the

transformed and näıve spaces, respectively (Figure 2.3.2).

In the case of an isotropic spatial point process, the covariance density is a function of the

Euclidean distance h between two events. Specifically, if h′ = [hx hy], then the spectral

density in (2.2.3) can be converted to polar coordinates by setting

h′ = [h cos φ h sin φ], (2.3.12)

where h = |h|. Combining (2.2.3) and (2.3.12) we obtain (2.2.10) [Bartlett, 1978].

Combining the transformation given by (2.3.1) with the isotropic spectral density in (2.2.10)

we see that the spectral density of a geometrically anisotropic process is given by

g(ω) =
1

2π

{∫ ∞

0

J0(ω · ‖Qh‖)
[
λ0

2(‖Qh‖)− λ2
]
d‖Qh‖+ λ

}
. (2.3.13)

Thus the periodogram is given by

I(ωp) =
1

2π

n∑
j=1

n∑
k=1

exp{−iωp|L−1Qhjk|} p = 0,±1,±2, . . . , (2.3.14)

where ωp is now a single frequency. Therefore, from (2.3.14), we see that if σ and φ are known,

then we can undo the transformation in (2.3.1) and obtain a one-dimensional periodogram.
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2.3.2 Spectral Analysis under Geometric Anisotropy

From the previous section, one major question remains: Can we use the Θ-spectrum to

detect φ and σ? One of the main benefits of spectral analysis of spatial point patterns is the

assumption of stationarity without requiring isotropy. Therefore, the periodogram analysis

can be used to diagnose and possibly remove anisotropy from the process. Specifically, the

Θ-spectrum allows us to choose the major and minor axes of alignment for a geometrically

anisotropic point pattern.

If geometric anisotropy is present there is one angle to diagnose from the Θ-spectrum: the

rotation φ of the major axis. However, for larger values of σ the angle φ′ of the minor axis,

which is perpendicular to the major axis, may also be significant. Figure 2.3.2 shows results

from two simulation studies. Two hundred Poisson (CSR) processes were generated on a

unit square centered at (0, 0). The point patterns were then rotated through the center by

angles φ = −π/10(π/5) and scaled by σ = 0.2(0.5). Thus, geometric anisotropy of covariance

density was obtained using the transformation in (2.3.3). Section 2.3.3 has simulations for

identical rotations and scalings for cluster and sequential inhibition processes.

For each point pattern in the simulation, the R- and Θ-spectra are computed on the un-

transformed bounding box A0. This is equivalent to a näıve analysis of the point pattern

that ignores the rotation and scaling. The polar spectra ordinates were then averaged over

all 200 simulations to construct the plots in Figure 2.3.2.

Examination of the Θ-spectrum on the incorrect bounding box (L0
x, L

0
y) in Figure 2.3.2 reveals

the presence of geometric anisotropy, though not where one would expect. Specifically, the

ordinates at θ = −π/4 for simulation 1 and at θ = π/4 for simulation 2 are significant

according to the rejection region defined in Section 2.2.2. If we are to use the Θ-spectrum to

diagnose a rotation we would expect the ordinates closest to −π/10 and π/5 to be significant.

However, from Figure 2.3.2 we see that the ratio of the Θ-spectrum ordinates at π/4 and

−π/4 appears to be a function of σ. Since the appearance of large ordinates at ±π/4 rather

than at φ is puzzling, the functional form relating the Θ-spectrum ordinates to φ and σ
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Simulation 1 Simulation 2
{(process, φ, σ) = (Poisson,−π/10, 0.2)} {(process, φ, σ) = (Poisson, π/5, 0.5)}

Figure 2.5: Results from two simulations of a rotated Poisson Process. Top figures show
rotation and scaling of the bounding box for a Poisson process on the unit
square. (Lx, Ly) and (L0

x, L0
y) denote the lengths of the sides of the bound-

ing box for the transformed point pattern and a näıve analysis, respectively.
Bottom four plots are the R- (second row) and Θ-spectra (third row) for the
transformed point patterns, averaged over the 200 simulated point patterns.

remains unknown at this time. However, one speculation is that the Θ-spectrum is most

stable at ±π/4 because the most ordinates are being averaged at this angle. At ±φ, fewer

ordinates are being averaged and the Θ-spectrum ordinates may be too erratic to stabilize

fΘ(φ)/fΘ(−φ).

To see the relationship between the Θ-spectrum ordinates and the value of σ another sim-

ulation was performed for σ ∈ (0.01, 0.1, 0.2, . . . , 1.0). As before, for each simulation, 200

anisotropic point patterns were obtained for φ = −π/2 + kπ/10 for k = 0, . . . , 10. Once the

Θ-spectrum was constructed from the 200 simulations, the ratio of the Θ-spectrum ordinate
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at angle θ to the ratio of the Θ-spectra ordinate at θ′ was computed. Figure 2.3.2a is a 3-d

plot of the latter ratio for each value of σ and φ. Figure 2.3.2c is a profile plot of the ratio

versus σ for each value of φ and Figure 2.3.2d is profile plot of the ratio versus φ for each

value of σ. The diagonal line in Figure 2.3.2c is the line y = x and is used only as a reference.

Figure 2.3.2b shows the results of using the ratio of the periodogram ordinates from φ and

−φ. No apparent structure is seen in this plot.

a. 3-d plot of fΘ(π/4)/fΘ(−π/4) vs. φ and σ c. Cross-sections of ratio vs. σ for different values of φ.

b. 3-d plot of fΘ(φ)/fΘ(−φ) vs. φ and σ d. Cross-sections of ratio vs. φ for different values of σ.

Figure 2.6: (a,c,d). Ratio of the Θ-spectrum ordinates for θ′ = −π/4 and θ = π/4,
versus the true values of φ and σ. The angles of rotation are φ =
−π/2,−3π/8, . . . , π/2 and the scales are σ = 0.1, 0.2, . . . , 1.0. The diagonal
is the line y = x which is used as a reference. (b). Ratio of the Θ-spectrum
ordinates for φ and −φ, versus the true values of φ and σ.
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2.3.3 Simulations for Clustered and Regular Processes

Two more simulations were completed to study the effects of geometric anisotropy for differ-

ent spatial processes. The Poisson process was studied in Figure 2.3.2 for 200 Monte Carlo

point patterns with φ = −π/10(π/5) and σ = 0.2(0.5). Without changing the values of

φ and σ a Poisson Cluster process (defined in Section 1.3.2) was generated for 200 point

patterns with µp = 10 and a dispersion radius of 0.07. Figure 2.3.3 shows the results for

(φ, σ) = (−π/10, 0.2) and (φ, σ) = (π/5, 0.5). Similarly, a simulation was run for a sequen-

tial spatial inhibition process (defined in Section 1.3.2) for identical values of φ and σ. The

results of the simulation can be viewed in Figure 2.3.3.

Simulation 1 Simulation 2
{(process, φ, σ) = (Cluster,−π/10, 0.2)} {(process, φ, σ) = (Cluster, π/5, 0.5)}

Figure 2.7: Results from two simulations of a rotated Clustered Process where the num-
ber of parents are Poisson(10) and the radius of dispersion is 0.07. Top figures
show rotation and scaling of the bounding box for a Cluster process on the
unit square. Bottom figures are the R- (second row) and Θ-spectra (third
row) averaged over the 200 simulated point patterns.
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Simulation 1 Simulation 2
{(process, φ, σ) = (SSI,−π/10, 0.2)} {(process, φ, σ) = (SSI, π/5, 0.5)}

Figure 2.8: Results from two simulations of a rotated Sequential Spatial Inhibition Pro-
cess where the radius of inhibition is 0.05. Top figures show rotation and
scaling of the bounding box for a SSI process on the unit square. Bottom
figures are the R- (second row) and Θ-spectra (third row) averaged over the
200 simulated point patterns.

For the Θ-spectrum of the clustered process, the scale parameter seems more apparent.

Specifically, the Θ-spectrum reveals some type of scaled symmetry of the ordinates about

θ = 0. Moreover, ordinates for θ < 0 appear to be symmetric about −π/4 and ordinates for

θ > 0 appear to be symmetric about π/4. As with the previous analysis of the CSR processes

in the previous section, the angle ±π/4 appears to be playing a large but unknown role in the

Θ-spectrum if geometric anisotropy is present. The Θ-spectrum for the SSI process has less

apparent structure. However, the prominence of the ordinates at θ = ±π/4 is still present.
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Chapter 3

Spatiotemporal Point Patterns

Stochastic processes with spatial and temporal components should not be considered as

processes in <3 by simply adding a further dimension to a spatial process in <2. Instead, we

define a spatiotemporal point process as

{Z(s, t) : s ∈ D(t) ⊂ <2, t ∈ T}. (3.0.1)

As with spatial point patterns the spatial index set D(t) is random but the temporal index

set T may or may not be deterministic. We will consider the process in (3.0.1) as a hybrid

of the spatial point process and the time series, possibly governed by dependent probability

measures.

3.1 Intensity Measures of Spatiotemporal Point Pro-
cesses

The goal is to express the relationship of points not only by distance but by time lag. Our

initial concern is to modify the first- and second-order intensity functions to incorporate

temporal and spatial dimensions.
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3.1.1 First-Order Intensities

The intensity function λ(·) can be modified to include a time component as

λ(s, t) = lim
|ds|,|dt|→0

E[N(ds, dt)]

|ds||dt|
, (3.1.1)

where N(A) represents the number of events in volume A, ds is an infinitesimal disc contain-

ing the location s, and dt is an infinitesimal interval containing time t. Following Haas (1995)

we consider A as a cylinder with face ds and height dt. Note that this is an obvious extension

of the first-order intensity in a spatial point process which considers the expected number

of points in a disc ds. Thus, N(ds, dt) represents the number of points in the cylinder. The

limit in (3.1.1) shrinks the cylinder around the point (s, t).

Define the marginal spatial intensity as

λ(s, ·) =

∫
T

λ(s, t)dt, (3.1.2)

where
∫

T
represents integration over all time T . Similarly, the marginal temporal intensity

is defined as

λ(·, t) =

∫
A

λ(s, t)ds, (3.1.3)

where
∫

A
represents integration over the region A. The marginal intensities allow us to view

one component, either spatial or temporal, while ignoring the other component. Further-

more, as we will see in Section 3.1.3, if λ(s, t) is equal to either or both of the marginal

intensities then the process is said to be first-order stationary in time, space, or both.

Conditioning on either location or time allows us to isolate either component in a spatiotem-

poral process. Conditioning on t reduces the spatiotemporal intensity defined in (3.1.1) to

conditional spatial intensity

λ(s|t = t∗) = lim
|ds|→0

E[N(ds, t∗)]

|ds|
. (3.1.4)
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Similarly, conditioning on s leads to

λ(t|s = s∗) = lim
|dt|→0

E[N(s∗, dt)]

|dt|
, (3.1.5)

the conditional temporal intensity.

We also define the average spatial intensity

λ(s, dt) = lim
|ds|→0

E[N(ds, dt)]

|ds||dt|
(3.1.6)

and the average temporal intensity

λ(ds, t) = lim
|dt|→0

E[N(ds, dt)]

|ds||dt|
. (3.1.7)

(3.1.6) represents the average intensity over the interval dt at location s and (3.1.7) represents

the average intensity over the space |ds| at time t. This notation will allow us to collapse

(3.1.1) one component at a time: spatially or temporally. Also note that

λ(s, t) = lim
|dt|→0

λ(s, dt) = lim
|ds|→0

λ(ds, t).

Combining the notation of (3.1.4) and (3.1.5) with the notation of (3.1.6) and (3.1.7), similar

expressions for the average conditional spatial intensity, λ(ds|t), and the average conditional

temporal intensity, λ(dt|s), are obtained as

λ(ds|t = t∗) =
E[N(ds, t∗)]

|ds|
(3.1.8)

and

λ(dt|s = s∗) =
E[N(s∗, dt)]

|dt|
. (3.1.9)

These definitions of the different first-order intensity functions are recalled in Table 3.1.

The first-order intensities defined in this section may not be appropriate for all spatiotem-

poral point patterns. For the earthquake process which is both orderly in space and time

the concept of a conditional intensity at time t or location s has no meaning. However,

conditional intensities for earthquake processes can be constructed on intervals in time or

regions in space [Rathbun, 1996]. The conditional intensities on intervals in space and/or
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Table 3.1: First-Order Intensity Measures.
Notation Description Equation No.

λ(s, t) General spatiotemporal intensity 3.1.1
λ(s, ·) Marginal spatial intensity 3.1.2
λ(·, t) Marginal temporal intensity 3.1.3
λ(s|t) Conditional spatial intensity 3.1.4
λ(t|s) Conditional temporal intensity 3.1.5
λ(s, dt) Average spatial intensity 3.1.6
λ(ds, t) Average temporal intensity 3.1.7
λ(ds|t) Average conditional spatial intensity 3.1.8
λ(dt|s) Average conditional temporal intensity 3.1.9

time are denoted above by the average conditional intensities.

For the other spatiotemporal point processes shown in Figure 1.4.1, all the intensities given in

this section can be explicitly defined and utilized in subsequent analyses. For the woodpecker

data introduced in Chapter 1, we will exploit the marginal spatial intensity to conduct a

strictly spatial analysis disregarding to the temporal component. As a comparison to what

may be lost in the spatial analysis we will first incorporate the conditional spatial intensity

which will give rise to the full spatiotemporal intensity. However, as we will see in Section

3.1.3, we will require first-order stationarity to make this comparison.

The average spatial and temporal intensities discussed in this section enable focusing on

smaller details of a given process. If, for example, we do not have stationarity we can limit

our analyses to smaller regions in time and/or space. This is done quite often in spatial

and temporal analyses when the process of interest is globally nonstationary but locally

stationary.
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3.1.2 Second-Order Intensities

The extension of λ(·) to include a temporal component leads, by analogy, to the general

definition of the second-order spatiotemporal intensity λ2(·) as

λ2(si1, sj2, t1, t2) = lim
|Ai1|,|Aj2|→0

E[N(Ai1)N(Aj2)]

|Ai1||Aj2|
, (3.1.10)

where Ai1 = dsi1 × dt1 is an infinitesimal cylinder containing the point (si1, t1) and Aj2 =

dsj2 × dt2 is an infinitesimal cylinder containing the point (sj2, t2). Second-order spatiotem-

poral intensities will be defined to correspond to the first-order intensities given in Table

3.1.

The marginal second-order intensity removes either the spatial or temporal component by

integrating over the spatial or temporal space. The marginal second-order spatial intensity

is defined by

λ2(si∗, sj∗, ·, ·) =

∫
T

∫
T

λ2(sik, sjl, t1, t2)dt1dt2, (3.1.11)

where
∫

T
represents integration over all time. The marginal second-order temporal intensity

is defined by

λ2(·, ·, t1, t2) =

∫
A1

∫
A2

λ2(s1, s2, t1, t2)ds1ds2, (3.1.12)

where
∫

At
represents integration over the region A at time t.

Conditioning on time in (3.1.10) gives us the conditional second-order spatial intensity defined

by

λ2(si∗, sj∗|t = t∗) = lim
|dsi∗|,|dsj∗|→0

E[N(dsi∗, t
∗)N(dsj∗, t

∗)]

|dsi∗||dsj∗|
. (3.1.13)

Similarly, conditioning on location in (3.1.10) yields the conditional second-order temporal

intensity defined by

λ2(t1, t2|s = s∗) = lim
|dt1||dt2|→0

E[N(s∗, dt1)N(s∗, dt2)]

|dt1||dt2|
. (3.1.14)
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As with the first-order conditional intensities, the second-order conditional intensities allow

examination of one component, either spatial or temporal, while holding the other component

fixed.

Using notation similar to (3.1.6) and (3.1.7) we define the average second-order spatial in-

tensity as

λ2(si1, sj2, dt1, dt2) = lim
|dsi1|,|dsj2|→0

E[N(dsi1, dt1)N(dsj2, dt2)]

|dsi1||dsj2||dt1||dt2|
(3.1.15)

and the average second-order temporal intensity as

λ2(dsi1, dsj2, t1, t2) = lim
|dt1|,|dt2|→0

E[N(dsi1, dt1)N(dsj2, dt2)]

|dsi1||dsj2||dt1||dt2|
(3.1.16)

Combining the definitions in (3.1.13) and (3.1.15) an expression for average conditional

second-order spatial intensity is given by

λ2(dsi∗, dsj∗|t = t∗) =
E[N(dsi∗, t

∗)N(dsj∗, t
∗)]

|dsi∗||dsj∗|
(3.1.17)

and an expression for average conditional second-order temporal intensity is given by

λ2(dt1, dt2|s = s∗) =
E[N(s∗, dt1)N(s∗, dt2)]

|dt1||dt2|
(3.1.18)

Definitions for the second-order intensities are listed in Table 3.2.

As with the first-order spatiotemporal intensities, certain second-order spatiotemporal in-

tensities may not be appropriate for all spatiotemporal point processes. We will use similar

judgement noted in Section 3.1.1 to determine which second-order intensity should be em-

phasized for a particular process.
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Table 3.2: Second-Order Intensity Measures.
Notation Description Equation No.

λ2(si1, sj2, t1, t2) General spatiotemporal 2nd-order intensity 3.1.10
λ2(si, sj, ·, ·) Marginal 2nd-order spatial intensity 3.1.11
λ2(·, ·, t1, t2) Marginal 2nd-order temporal intensity 3.1.12
λ2(si∗, sj∗|t) Conditional 2nd-order spatial intensity 3.1.13
λ2(t1, t2|s) Conditional 2nd-order temporal intensity 3.1.14
λ2(si1, sj2, dt1, dt2) Average 2nd-order spatial intensity 3.1.15
λ2(dsi1, dsj2, t1, t2) Average 2nd-order temporal intensity 3.1.16
λ2(dsi∗, dsj∗|t) Average conditional 2nd-order spatial intensity 3.1.17
λ2(dt1, dt2|s) Average conditional 2nd-order temporal intensity 3.1.18

Figure 3.1: Intensities for a spatiotemporal process that is first-order stationary in space
{λ(t|s) ≡ λ(t)} and time {λ(s|t) ≡ λ(s)}. If λ(t) = λ(s) ≡ λ (constant), then
the spatiotemporal process is first-order stationary in both space and time.

3.1.3 Second-Order (Weak) Stationarity

In this section we extend Cressie’s (1993) definition of second-order stationarity to a spa-

tiotemporal point pattern.
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First-Order Stationarity

Definition 3.1 (First-Order Stationarity in Space)

A spatiotemporal point pattern Z(s, t) is first-order stationary in space if (3.1.5) reduces to

λ(t|s) ≡ λ(t). (3.1.19)

Definition 3.1 implies the conditional temporal intensity does not depend on location.

Definition 3.2 (First-Order Stationarity in Time)

A spatiotemporal point pattern Z(s, t) is first-order stationary in time if (3.1.4) reduces to

λ(s|t) ≡ λ(s). (3.1.20)

Definition 3.2 implies the conditional spatial intensity does not depend on time.

Definition 3.3 (First-Order Spatiotemporal Stationarity)

A spatiotemporal point pattern Z(s, t) is first-order stationary in space and time if (3.1.1)

reduces to

λ(s, t) ≡ λ. (3.1.21)

Definition 3.3 implies that the full spatiotemporal intensity depends on neither time nor

location. Theorem 3.1 shows the relationships among the full and conditional intensities.

Corollaries 3.1 and 3.2 extends the results of the Theorem to show (3.1.19) and (3.1.20),

respectively. Figure 3.1.3 shows the relationship of (3.1.19) and (3.1.20) for a spatiotemporal

process.

Theorem 3.1 (Full and conditional first-order intensities)

The expressions for full spatiotemporal and conditional intensity given by (3.1.1) and (3.1.4),

respectively, are related through the following integral:

lim
|dt|→0

∫
dt

λ(s|v)

|dt|
dv = lim

|ds|→0

∫
ds

λ(t|u)

|ds|
du = λ(s, t).
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Proof of Theorem 3.1

We begin by proving equivalency of the first integral (conditioning on time) to the spatiotem-

poral intensity. For simplicity of notation we will use µ(·, ·) = E[N(·, ·)].

lim
|dt|→0

∫
dt

λ(s|v)

|dt|
dv = lim

|dt|→0

∫
dt

lim
|ds|→0

µ(ds, v)

|ds||dt|
dv

= lim
|ds|→0
|dt|→0

1

|ds||dt|

∫
dt

µ(ds, v)dv (3.1.22)

= lim
|ds|→0
|dt|→0

1

|ds||dt|

{
lim
k→∞

1

k

k∑
j=0

µ

(
ds, t− δ

2
+

δj

k

)}
(3.1.23)

= lim
|ds|→0
|dt|→0

µ(ds, dt)

|ds||dt|
(3.1.24)

= λ(s, t)

The integral in (3.1.22) is replaced by a sum in (3.1.23). The value of each element in the sum

represents the expected number of events in the interval
(
t− δ

2
+ δj

k
, t− δ

2
+ δ(j+1)

k

]
(Figure

3.1.3a). Because the sum of the expectations of non-overlapping intervals is the expectation

of the sum, (3.1.23) reduces to (3.1.24). The equivalency of the second integral (conditioning

on space) can be proved in a similar fashion. Q.E.D.

Corollary 3.1

For a spatiotemporal point process that is first-order stationary in time,

λ(s, t) ≡ λ(s).

Proof of Corollary 3.1

From Theorem 3.1 we have

λ(s, t) = lim
|dt|→0

∫
dt

λ(s|v)

|dt|
dv. (3.1.25)

From the Definition 3.2 we have λ(s|t) ≡ λ(s) for first-order temporal stationarity. Substi-
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Figure 3.2: Graphical representation of Theorem 3.1 and Corollary 3.1.
a. Integration of conditional intensity over dt.
b. Integration of constant conditional intensity over dt.

tuting the latter expression into (3.1.25) we get

λ(s, t) = lim
|dt|→0

∫
dt

λ(s)

|dt|
dv = λ(s) lim

|dt|→0

∫
dt

1

|dt|
dv = λ(s).

Q.E.D.

Corollary 3.2

For a spatiotemporal point process that is first-order stationary in space,

λ(s, t) ≡ λ(t).

Proof of Corollary 3.2

A similar proof is constructed as in Corollary 3.1 except replacing space with time. Q.E.D.

Corollary 3.3

For a spatiotemporal point process that is first-order stationary in time,

λ(s, ·) ≡ |T |λ(s),

where λ(s, ·) is the marginal spatial intensity given by (3.1.2).
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Proof of Corollary 3.3

Using Corollary 3.1 and Definition 3.2 we substitute λ(s, t) ≡ λ(s) into (3.1.2):

λ(s, ·) =

∫
T

λ(s)dt = λ(s)

∫
T

dt = |T |λ(s).

Q.E.D.

Corollary 3.4

For a spatiotemporal point process that is first-order stationary in space,

λ(·, t) ≡ |A|λ(t),

where λ(·, t) is the marginal temporal intensity given by (3.1.3).

Proof of Corollary 3.4

A similar proof is constructed as in Corollary 3.3 except replacing space with time. Q.E.D.

Second-Order Stationarity

Definition 3.4 (Second-Order Stationarity in Space)

A spatiotemporal point process Z(s, t) is second-order stationary in space if (3.1.19) holds

and (3.1.13) reduces to

λ2(sit, sjt|t) ≡ λ2(sit − sjt|t) = λ2(h|t), (3.1.26)

so that the second-order conditional spatial intensity depends only on the absolute differ-

ence between locations. If a spatiotemporal process is second-order stationary in space and

invariant under rotation then (3.1.26) reduces to an isotropic second-order intensity given

by

λ2(sit, sjt|t) ≡ λ2(‖sit − sjt‖|t) = λ2(h|t), (3.1.27)

where h is the Euclidean distance between any two arbitrary locations.
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Definition 3.5 (Second-Order Stationarity in Time)

A spatiotemporal point process Z(s, t) is second-order stationary in time if (3.1.20) holds

and (3.1.14) reduces to

λ2(t1, t2|s) ≡ λ2(t1 − t2|s) = λ2(k|s), (3.1.28)

so that the second-order conditional temporal intensity depends only on time lag k. Fur-

thermore, we will require λ2(k|s) = λ2(−k|s).

Definition 3.6 (Second-Order Spatiotemporal Stationarity)

A spatiotemporal process Z(s, t) is second-order stationary in both space in time if (3.1.21)

holds and (3.1.10) reduces to

λ2(si1, sj2, t1, t2) ≡ λ2(h, k), (3.1.29)

so that the full second-order spatial intensity depends only on the absolute difference be-

tween locations and the time lag. An isotropic second-order intensity of for a stationary

spatiotemporal point process is given by

λ2(h, k) ≡ λ2(h, k).

Extending Bartlett’s definition of a covariance density function defined by (2.1.16) to a

stationary orderly spatiotemporal point process we get

lim
|Ai1|,|Aj2|→0

cov[N(Ai1), N(Aj2)]

|Ai1||Aj2|
= v(h, k) + λδ(h, k), (3.1.30)

where Ai1 = dsi1 × dt1, Aj2 = dsj2 × dt2, v(h, k) = λ2(h, k) − λ2, and δ(h, k) is a multidi-

mensional Dirac delta-function defined by (2.1.18). As noted this representation assumes we
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have an orderly process in space and in time. Specifically, we require

lim
|ds||dt|→0

P [N(ds, dt) > 1] = 0

for all s and t, so that E[N(ds, dt)2] = E[N(ds, dt)] in limit.

Intensities under CSTR

The simplest spatiotemporal point process is that of CSTR in which the process is void of

spatial and temporal structure (see Section 1.4.1). Under CSTR, the underlying process is

assumed to be a Poisson process in space and time or uniform if conditioned on the number

of events n (see Diggle (1983) for the CSR analog). In either case, the first- and second-order

spatiotemporal intensities reduce to constants. The latter result is proven in Theorem 3.2.

Theorem 3.2 (Spatiotemporal Poisson Process)

Let

N(A, T ) ∼ Poisson(λ|A× T |),

where N() is a counting measure on the region A and time T and | · | is Lesbesgue measure.

Then, the first-order spatiotemporal intensity reduces to

λ(s, t) ≡ λ

and the second-order spatiotemporal intensity reduces to

λ2(si1, sj2, t1, t2) ≡ λ2. (3.1.31)

Proof of Theorem 3.2

To show the first-order intensity is constant we use the intensity measure of a Poisson process:

λ(s, t) = lim
|ds|,|dt|→0

E[N(ds, dt)]

|ds||dt|
= lim

|ds|,|dt|→0

λ|ds||dt|
|ds||dt|

= λ.
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To show the second-order intensity is constant we must show independence of events in

nonoverlapping regions. Let X = A1 × T1 and Y = A2 × T2 be two disjoint volumes in

space-time, and Z = X ∪Y be their union. Then, for p = |X|/|Z| and q = |Y |/|Z| we define

the conditional probability of N(X) + N(Y ) = n as

P [N(X) = x, N(Y ) = y|N(Z) = n] =

(
x + y

x

)
pxqy for 0 ≤ x ≤ n, y = n− x.

Thus, the unconditional probability is obtained by

P [N(X) = x, N(Y ) = y] = P [N(X) = x, N(Y ) = y|N(Z) = n] · P [N(Z) = n]

=

{(
x + y

x

)
pxqy

}{
e−λ|Z|(λ|Z|)n

n!

}
=

1

x!y!

(
|X|
|Z|

)x( |Y |
|Z|

)y

e−λ(|X|+|Y |)(λ|Z|)x(λ|Z|)y

=

{
e−λ|X|(λ|X|)x

x!

}{
e−λ|Y |(λ|Y |)y

y!

}
= P [N(X) = x] · P [N(Y ) = y].

Therefore, if we have a spatiotemporal Poisson process, N(X) and N(Y ) are independent

for X ∩Y = ∅. It follows then, for infinitesimal regions Ai1 = dsi1×dt1 and Aj2 = dsj2×dt2,

that

λ2(si1, sj2, t1, t2) = lim
|Ai1|,|Aj2|→0

E[N(Ai1)N(Aj2)]

|Ai1||Aj2|

= lim
|Ai1|,|Aj2|→0

E[N(Ai1)]

|Ai1|
E[N(Aj2)]

|Aj2|
(3.1.32)

= λ2.

Since Ai1 and Aj2 are infinitesimally small, we can assume that Ai1∩Aj2 = ∅. It follows then

that the expectation of the product becomes the product of the expectations in (3.1.32) by

independence. Q.E.D.
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Because the first- and second-order intensities are constants, it is clear that the spatiotem-

poral Poisson process meets the requirements for second-order stationarity defined in this

section. Furthermore, from (3.1.31) we see that (3.1.30) reduces to

v(h, k) + λδ(h, k) =
[
λ2(h, k)− λ2

]
+ λδ(h, k) = λδ(h, k)

so that the covariance is 0 among all the events in the process.

3.1.4 Reduced Second-Order Intensity

In this section, the K-function introduced in Section 2.1.2 is extended to incorporate both dis-

tance and time lag. We will use the second-order spatiotemporal intensities defined in Section

3.1.2 to construct conditional K-functions as well as a full spatiotemporal K-function. The

conditional K-functions will be useful when the full spatiotemporal K-function is unattain-

able due to the stationarity assumption that will be required.

We first extend Ripley’s K-function to a spatiotemporal point process through the condi-

tional second order intensities defined in Section 3.1.2. Conditioning on time we obtain the

conditional spatial K-function given by

λ(t)K(h|t) = E[number of extra events within a distance h

of an arbitrary event at time t]

=

∫ 2π

0

∫ h

0

{λ2(x|t)/λ(t)}xdxdθ

=
2π

λ(t)

∫ h

0

λ2(x|t)xdx, (3.1.33)

where λ(t) and λ2(h|t) are given in (3.1.19) and (3.1.27), respectively. As with the spatial

K-function given by (2.1.4) we require the process to be second-order stationary in space

and isotropic. (3.1.33) is identical to (2.1.4) constructed for all t ∈ T . Thus, it follows that

if the point pattern is CSR at time t, then λ(h|t) ≡ [λ(t)]2, where λ(t), and the conditional
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spatial K-function reduces to

K(h|t) =
2π

[λ(t)]2

∫ h

0

λ2(x|t)︸ ︷︷ ︸
[λ(t)]2

xdx
CSR≡ πh2.

Conditioning on space we obtain the conditional temporal K-function given by

λ(s)K(k|s) = E[number of extra events within time lag k

of an arbitrary event at location s]

=

∫ k/2

−k/2

λ2(v|s)
λ(s)

dv

=
1

λ(s)

∫ k/2

−k/2

λ2(v|s)dv, (3.1.34)

where λ(s) and λ2(k|s) are defined by (3.1.20) and (3.1.28), respectively. Similarly to the

spatial K-function, the conditional temporal K-function requires the process to be second-

order stationary in time.

The conditional temporal K-function will only be useful for cases in which the temporal

component is stochastic (e.g. earthquake or explosion processes). Calculating (3.1.34) may

also require that the location s be a region, say ds, rather than a single event. This is because

for locations s with continuous coordinates, the probability of observing an event at location

s for times t1 and t2 is zero. If such is the case the spatial intensity λ(s) can be replaced

with the average spatial intensity λ(ds).

If events occur at location s (or region ds) according to a Poisson process, then the second-

order temporal intensity reduces to the squared first-order temporal intensity: λ2(k|s) ≡

[λ(s)]2 [Daley and Vere-Jones, 1988]. Thus, it follows that the conditional temporal K-

function becomes

K(k|s) =
1

[λ(s)]2

∫ k/2

−k/2

λ2(v|s)︸ ︷︷ ︸
=[λ(s)]2

dv ≡ k.
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The extension of the estimator (2.1.14) to the general spatiotemporal K-function requires

second-order stationarity in both space and time as well an isotropic second-order intensity

function. In order to define the K-function for both time and space we require that the

process be second-order stationary and have an isotropic covariance density. We define two

types of spatiotemporal K-functions depending on the type of process being studied. We dis-

tinguish among spatiotemporal point processes which have stochastic temporal components

(earthquake and explosion processes) and deterministic temporal components (birth-death

and sampled point patterns in time). Although in nature the birth-death process has an

inherently stochastic temporal component in that events live for a random amount of time,

the sampling structure of a birth-death process imposes a deterministic quality.

1. Type I (For Earthquake Processes and Explosion Processes)

The temporal component of earthquake and explosion processes is a stochastic process.

For this reason, the spatiotemporal K-function to capture events over intervals of time

rather than at discrete points. The spatiotemporal K-function defined by (3.1.35)

counts all events in a cylinder with radius h (distance) and length k (time lag).

λKI(h, k) = E[number of extra events within a distance h

within time lag k of an arbitrary event]

=

∫ k/2

−k/2

∫ 2π

0

∫ h

0

{λ2(x, v)/λ}xdxdθdv

=
2π

λ

∫ k/2

−k/2

∫ h

0

λ2(x, v)xdxdv. (3.1.35)

2. Type II (For Birth-Death Processes and Sampled Point Patterns in

Time)

For birth-death processes and sampled point patterns in time, the temporal compo-

nent is not a stochastic process and is usually discrete. For cases in which the temporal

component is stochastic, the spatiotemporal K-function given by (3.1.35) should be

used instead of the following K-function that counts all events distance h and time lag
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k away from an arbitrary event.

λKII(h, k) = E[number of extra events within a distance h

at time lag k of an arbitrary event]

=

∫ 2π

0

∫ h

0

{λ2(x, k)/λ}xdxdθ

=
2π

λ

∫ h

0

[λ2(x, k)]xdx. (3.1.36)

The fundamental difference between KI and KII is that KI counts the number of events

within a cylinder of length k and radius h, whereas KII counts the number of events within

a radius h at a chosen time lag k from an arbitrary event. The definition of KII(h, k) is

similar in construction to the bivariate K-function given by Hanisch and Stoyan (1979) and

Lotwick and Silverman (1982). The conceptual difference between KI and KII are illustrated

in Figure 3.1.4.

Figure 3.3: Illustrations of how spatiotemporal K functions are obtained. KI(h, k) (left)
counts the number of points in a cylinder of length k and radius h. KII(h, k)
(right) counts the number of points distance h and time lag k away from an
arbitrary event.

From Theorem 3.2 we see that λ2(h, k) ≡ λ2 if the spatiotemporal process is CSTR. In this
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case we have

KI(h, k) =
2π

λ2

∫ k/2

−k/2

∫ h

0

λ2(x, v)︸ ︷︷ ︸
=λ2

xdxdv
CSTR≡ πh2k (3.1.37)

and

KII(h, k) =
2π

λ2

∫ h

0

λ2(x, k)︸ ︷︷ ︸
=λ2

xdx
CSTR≡ πh2. (3.1.38)

3.1.5 Estimation of Intensities

Extending the estimation of λ(·), λ2(·), and K(·) from the spatial to the spatiotemporal case

is a matter of taking expected values over a volume as opposed to an area. However, since

there may exist different intensities for the spatial and temporal components, estimates must

be constructed individually. Furthermore, a requirement for estimation of K(·) will be that

the process is stationary both spatially and temporally as well as spatially isotropic.

First-order Intensity

Intensity estimators for spatiotemporal point processes are extensions of the Basic estimator

(2.1.11), the Binning estimator (2.1.12), and the Kernel estimator (2.1.13, 1.4.2). The basic

estimator assumes the spatiotemporal intensity is constant for all time and space: λ(s, t) ≡ λ.

Hence,

λ̂ =
n

|A× T |
, (3.1.39)

where n =
∑

t nt, T is the length of observed time, and A is the study region. Throughout,

we assume the size of the study region A is constant for all t ∈ T . If a spatiotemporal point

process is second-order stationary in both space and time (3.1.39) is an unbiased estimate

of the first-order spatiotemporal intensity λ.
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The spatiotemporal binning estimator is a direct three-dimensional analog of the (2.1.12).

λ̂(s, t) =

# bins∑
j=1

κs

(
s− sj

bs

)
κt

(
t− tj

bt

)∑
t∗∈T

nt∑
i=1

I[(si, t
∗) ∈ (ds, dt)j]

|(ds, dt)j|
, (3.1.40)

where I(·), κ(·), and b are as before and |(ds, dt)j| is the size of the bin centered at (s, t)j.

Essentially, (3.1.40) is smoothed three-dimensional histogram.

An extension of (1.4.2) to incorporate all spatiotemporal point processes is given by

λ̂bt,bs(s, t) =
1

pbs(s)pbt(t)

∑
t∗∈T

nt∗∑
i=1

κs

(
s− sit∗

bs

)
κt

(
t− t∗

bt

)

=
1

pbt(t)

∑
t∗∈T

κt

(
t− t∗

bt

)[
1

pbs(s)

nt∗∑
i=1

κs

(
s− sit∗

bs

)]

=
1

pbt(t)

∑
t∗∈T

κt

(
t− t∗

bt

)
λ̂(s|t∗), (3.1.41)

where κ∗(·), b∗, and p∗(·) are as before. From (3.1.41) we see that an estimate of the general

spatiotemporal intensity is obtained by smoothing the smoothed conditional spatial intensity

λ(s|t). Again, note that there is no reason for either the kernel functions or the bandwidths

be the same for the temporal and spatial components.

As with any kernel-type estimator, the choice of kernel is not as important as the choice of

bandwidth [Scott, 1992]. At this time we leave these decisions to the user. Further research

is required to make bandwidth selection a less subjective matter.

Reduced Second-Order Intensity

The extension of (2.1.14) to the K-functions defined by (3.1.33) and (3.1.34) are straightfor-

ward. Specifically, the conditional spatial K-function will be estimated in the same fashion
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as (2.1.14):

K̂(h|t) = λ̂(t)−1

nt∑
i=1

nt∑
j=1
i6=j

w−1
ij

I (‖sit − sjt‖ < h)

nt

, (3.1.42)

where

λ̂(t) =
nt

|A|
,

wij are edge-correction weights defined as before, nt is the number of points observed at time

t, and A is the study region. Because (3.1.42) is identical to (2.1.14) it follows that K̂(h|t)

is approximately unbiased for K(h|t) for small h [Ripley, 1976]. The weights wij are also

explicitly defined if A is a rectangular or circular region [Diggle, 1983].

The conditional temporal K-function will be similar in its construction:

K̂(k|s) = λ̂(s)−1

T−k∑
l=1

wk

I
(
{s∗l ∈ Al} ∩ {s∗(l+k) ∈ Al+k}

)
(T − k)ns

(3.1.43)

where λ̂(s) is given by

λ̂(s) =
1

T

T∑
t=1

λ̂(s, t), (3.1.44)

ns is the number of points at location s over the interval 0 ≤ t ≤ T , and λ̂(s, t) is some

estimator of the spatiotemporal intensity (e.g. kernel). Because the estimate of λ(s) depends

on a possibly biased estimate of the spatiotemporal intensity, (3.1.43) may be biased.

0 T

q
s∗1 s∗2

q w(s∗2, k) = 1

0.5k -� 0.5k -�

0 T

q
s∗1 s∗2

q w(s∗1, k) < 1

0.5k -�dt
-�

Figure 3.4: Determining wk for the conditional temporal K-function.

The edge-correction weight is a one-dimensional analog to the weights defined by Diggle

(1983) for two-dimensional point processes. Specifically, wk = w(s, k) is defined as the
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proportion of a line of length k centered at s, with an endpoint passing through s∗k and

inside the study region (0, T ) (Figure 3.1.5). An explicit definition of wk is given by

w(s, k) =
0.5k + min(dt, 0.5k)

k
, (3.1.45)

where dt = min(t, T − t) is the distance (in time) s is away from the edge.

For both spatiotemporal K-functions given by (3.1.35) and (3.1.36), an edge-correction factor

wijlm is used. The weights need to be defined differently for each K-function, though they

are both extensions of the weights used in (2.1.14). Both estimates of the spatiotemporal K-

functions use the arguments provided by Diggle (1983) to build an approximately unbiased

estimate of the spatial K-function.

1. Type I (For Earthquake Processes and Explosion Processes)

If the process is second-order stationarity then the expected number of points in region

A × T is λ|A × T | where λ is the first-order spatiotemporal intensity. It follows then

that the expected number of ordered pairs of events at most distance h apart and k

time lag away is

λ|A× T |[λKI(h, k)] = λ2|A× T |KI(h, k). (3.1.46)

Thus, an estimate of (3.1.46) counts all the ordered pairs less than h distance apart

and within k time lags away and is given with an edge correction weight wijlm by

λ2|A× T |K̂I(h, k) =
1

|T |

T∑
l=1

∑
m∈(l±k/2)

nl∑
i=1

nm∑
j=1

w−1
ijlmI(‖sil − sjm‖ < h), (3.1.47)

where (il) 6= (jm).

The estimator given by (3.1.47) counts the number of points within a cylinder centered

at sit with radius h and length k. Solving (3.1.47) for K̂I(h, k) and replacing λ with
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the basic spatiotemporal estimate given by (3.1.39) we get

K̂I(h, k) = n−2 |A× T |
|T |

T∑
l=1

∑
m∈(l±k/2)

nl∑
i=1

nm∑
j=1

w−1
ijlmI(‖sil − sjm‖ < h)

= λ̂−1

T∑
l=1

∑
m∈(l±k/2)

nl∑
i=1

nm∑
j=1

w−1
ijlm

I(‖sil − sjm‖ < h)

n|T |
, (3.1.48)

where n is the total sample size and wijlm are edge-correction weights.

Figure 3.5: Determining wijlm for the Type I spatiotemporal K-function.

The edge-correction weights for K̂I(h, k) are defined by the proportion of the surface

area of a cylinder centered at sil, passing through sjm, and inside the study region

A × T (Figure 1). As with the weights for the spatial K-function, the wijlm’s can

be determined explicitly when the study region A is rectangular. We will restrict

ourselves to A rectangular as this will be a requirement of the periodogram analysis of

spatiotemporal point processes introduced in Section 3.2.

For a rectangular study region A with coordinates (0, Lx)×(0, Ly), let dx = min(sx, Lx−

sx) and dy = min(sy, Ly − sy), for some event s = (sx, sy) ∈ A × T . Thus, dx and dy

are distances from s to the nearest vertical and horizontal (spatial) edges of A. We
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further define, for temporal region (0, T ), dt = min(t, T − t) as the distance in time

s is separated from the (temporal) edge. Combining the weights for the conditional

temporal K-function given by (3.1.45) and the weights for the spatial K-function given

by Diggle (1983) we define wijlm = w(s, h, k) as the weight determined for location s.

As in Diggle (1983), we consider two cases:

(a) For h2 ≤ d2
x + d2

y:

w(s, h, k) = w(s, k)
{
1− π−1[cos−1{min(dx, h)/h}+ cos−1{min(dy, h)/h}]

}
(b) For h2 > d2

x + d2
y:

w(s, h, k) = w(s, k)
{
0.75− (2π)−1{cos−1(dx/h) + cos−1(dy/h)

}
,

where w(s, k) is given by (3.1.45).

2. Type II (For Birth-Death Processes and Sampled Point Patterns in

Time)

Although the temporal sampling for the birth-death process and sampled point patterns

in time are typically deterministic, the second-order stationarity assumption allows us

to find an estimate for KII(h, k) in the same fashion as for KI(h, k). Specifically, ex-

tending Diggle’s argument for the spatial K-function we note that the expected number

of points in the space-time region A×T is still λ|A×T | where λ is the first-order spa-

tiotemporal intensity. As with KI(h, k), we expect the number of ordered pairs of

events at most distance h apart and at time lag k to be

λ|A× T |[λKII(h, k)] = λ2|A× T |KII(h, k). (3.1.49)

Thus, an estimate of (3.1.49) counts all the ordered pairs less than h distance apart
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and k time lags away and is given with an edge correction weight wijlm by

λ2|A× T |K̂II(h, k) =
T−k∑
m=1

l=m+k

nl∑
i=1

nm∑
j=1

w−1
ijlm

I(‖sil − sjm‖ < h)

(T − k)
, (3.1.50)

where (il) 6= (jm). The estimator given by (3.1.50) counts the number of points on

the face of a cylinder centered at sim with radius h and height k. Solving (3.1.50) for

K̂II(h, k) and replacing λ with the basic spatiotemporal estimate given by (3.1.39) we

get

K̂II(h, k) =
n−2

|A× T |

T−k∑
m=1

l=m+k

nl∑
i=1

nm∑
j=1

w−1
ijlm

I({‖sil − sjm‖ < h}
(T − k)

= λ̂−1

T−k∑
m=1

l=m+k

nl∑
i=1

nm∑
j=1

w−1
ijlm

I({‖sil − sjm‖ < h}
n(T − k)

, (3.1.51)

where n is the total sample size.

Figure 3.6: Determining wijlm for the Type II spatiotemporal K-function.

The edge-correction weights for K̂II(h, k) are defined by the proportion of the area of
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a disc centered at sil, passing through sjm, and inside the study region A (Figure 2).

Since we are not considering volumes for KII(h, k) but rather surface areas of discs, a

temporal edge-correction is not required. For this reason, the weights are identical to

the weights defined in Section 2.1.3.

As noted above, if the process is assumed to be first-order stationary in both space and time,

the most natural estimator for the intensity λ is the basic spatiotemporal estimator given by

(3.1.39). Furthermore, the estimates in (3.1.47) and (3.1.50) are divided by the factor |T |

and (T − k) to average over all possible lags.

K̂I and K̂II are approximately unbiased for KI and KII , respectively, for small h and k

provided KI and KII are independent of n, the total number of events in the point pattern.

Unbiasedness is shown in Theorems 3.3 and 3.4.

Theorem 3.3 (Expected Value of KI)

For some h < hmax and k < kmax, if n is independent of KI(h, k), K̂I(h, k) is an unbiased

estimator for KI(h, k). In other words, if n is independent of KI(h, k) then

E[K̂I(h, k)] = KI(h, k)

for small h and k.

Proof of Theorem 3.3

To show the approximate unbiasedness of K̂I(h, k) we extend the proof by Ripley (1976) for

spatial point patterns. Let K̂I(h, k) be defined by (3.1.47), then

E
[
K̂I(h, k)

]
= E

λ̂−1

T∑
m=1

∑
l∈(m±k/2)

nl∑
i=1

nm∑
j=1

w−1
ijlm

I(‖sil − sjm‖ < h)

n|T |


= E

[
1

nλ̂

]
E

 T∑
m=1

∑
l∈(m±k/2)

nl∑
i=1

nm∑
j=1

w−1
ijlm

I(‖sil − sjm‖ < h)

|T |


=

|A× T |
λ2|A× T |2

{λ2|A× T |KI(h, k)} by (3.1.46)

= KI(h, k).
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The requirement for h and k to be small comes from w−1
ijlm = 1 when sil and sjm are sufficiently

far from the edge of the study region A× T . However the weights w−1
ijlm are unbounded as h

and k increase. For small h and k, the unbiasedness is exact, whereas for large h and k, the

unbiasedness is approximate. Q.E.D.

Theorem 3.4 (Expected Value of KII)

For some h < hmax and k < kmax, if n is independent of KII(h, k), K̂II(h, k) is an unbiased

estimator for KI(h, k). In other words, if n is independent of KI(h, k) then

E[K̂II(h, k)] = KII(h, k)

for small h and k.

Proof of Theorem 3.4

The proof is similar to the proof of Theorem 3.3. To show the approximate unbiasedness of

K̂II(h, k) we extend the proof by Ripley (1976) for spatial point patterns. Let K̂II(h, k) be

defined by (3.1.50), then

E
[
K̂II(h, k)

]
= E

λ̂−1

T−k∑
m=1

l=m+k

nl∑
i=1

nm∑
j=1

w−1
ijlm

I({‖sil − sjm‖ < h}
n(T − k)


= E

[
1

nλ̂

]
E

 T−k∑
m=1

l=m+k

nl∑
i=1

nm∑
j=1

w−1
ijlm

I({‖sil − sjm‖ < h}
n(T − k)


=

|A× T |
λ2|A× T |2

{λ2|A× T |KII(h, k)} by (3.1.49)

= KII(h, k).

As before, the requirement for h and k to be small comes from w−1
ijlm = 1 when sil and sjm are

sufficiently far from the edge of the study region A×T . For small h and k, the unbiasedness

is exact, whereas for large h and k, the unbiasedness is approximate. Q.E.D.
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Inference based on the spatiotemporal K-function

In Theorems 3.3 and 3.4 we proved that the estimated spatiotemporal K-functions are

approximately unbiased. Therefore it follows that if the spatiotemporal point process is

CSTR then

E[K̂I(h, k)]
CSTR

= πh2k for k > 0 (3.1.52)

and

E[K̂II(h, k)]
CSTR

= πh2. (3.1.53)

Under CSTR the points are evenly distributed over time and space, without any interactions

among spatiotemporal point patterns.

From (3.1.52) and (3.1.53) two spatiotemporal L-functions are given by

L̂I(h, k) =

√
K̂I(h, k)/(πk) (3.1.54)

and

L̂II(h, k) =

√
K̂II(h, k)/π (3.1.55)

so that LI(h, k) = h and LII(h, k) = h under the hypothesis of CSTR. As with the spatial

L-function, LI and LII provide finer detail for analyzing a spatiotemporal point pattern.

To test a particular spatiotemporal pattern for CSTR using K-analysis, a simulated in-

ference approach is taken. Specifically, the observed K-function (either Type I or II) is

compared to the K-functions of B simulated CSTR patterns. Rejection of the CSTR hy-

pothesis would follow if Kobs(h0, k0) < Kmin(h0, k0) or Kobs(h0, k0) > Kmax(h0, k0), where

(Kmin(h0, k0), Kmax(h0, k0)) are the minimum and maximum obtained from the B simulated

patterns for some distance h0 and time lag k0. Generating CSTR patterns for the four types

of spatiotemporal point patterns is discussed in Chapter 4.
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3.2 Spectral Representation and Spatiotemporal Peri-

odogram Analysis

In this section we will propose a periodogram of a spatiotemporal point process as an ex-

tension of Section 2.2. The methodology developed in this section is for regularly spaced

time intervals, though extensions to irregularly spaced time (such as with earthquake and

explosion processes) are straightforward.

As with the spatial periodogram, we require that the spatiotemporal point process be second-

order stationary but not necessarily isotropic. We begin by extending the complete co-

variance function of Bartlett (1964). For λ(s, t) = λ and λ2(si1, sj2, t1, t2) = λ2(h, k) the

auto-covariance function for a spatiotemporal point process is defined by

v(h, k) = λ2(h, k)− λ2. (3.2.1)

Thus the complete covariance function is defined by

lim
|Ai1|,|Aj2|→0

cov[N(Ai1), N(Aj2)]

|Ai1||Aj2|
= v(h, k) + λδ(h, k), (3.2.2)

where Ai1 = dsi1 × dt1, Aj2 = dsj2 × dt2, and δ(h, k) is a multivariate Dirac delta function

given by

δ(h, k) =

 ∞ h = 0, k = 0

0 otherwise
.

Based on (3.2.2) the inverse Fourier transform of v(h, k) + λδ(h, k) is

λ2(h, k) + λδ(h, k) =

∫ ∞

−∞

∫ ∞

−∞
ei(ω′h+γk)G ◦ F (dω, dγ), (3.2.3)

where G◦F represents a convolution of spectral distribution functions. The Fourier transform
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of v(h, k) + λδ(h, k) is defined by

g ◦ f(ω, γ) =
1

(2π)3

{∫ ∞

−∞

∫ ∞

−∞
e−i(ω′h+γk)[v(h, k) + λδ(h, k)]dhdk

}
=

1

(2π)3

{∫ ∞

−∞

∫ ∞

−∞
e−i(ω′h+γk)v(h, k)dhdk + λ

}
, (3.2.4)

where g ◦ f represents the convolution of the spectral densities for the spatial and temporal

component, respectively.

Note that if the spatial and temporal components of the process are independent of each

other then (3.2.3) reduces to

v(h, k) + λδ(h, k) =

∫ ∞

−∞

∫ ∞

−∞
ei(ω′h+γk)G ◦ F (dω, dγ)

=

∫ ∞

−∞

∫ ∞

−∞
ei(ω′h+γk)G(dω)F (dγ)

=

∫ ∞

−∞
eiω′hG(dω)

∫ ∞

−∞
eiγkF (dγ). (3.2.5)

Definition 3.7 (Separable Processes)

If (3.2.5) holds we refer to the spatial and temporal components of the process as separable.

Spatiotemporal point processes that are separable allow for analysis of the spatial compo-

nent disregarding to the temporal component or of the temporal component disregarding

the spatial component. In such cases, the data can be analyzed in terms of the marginal

intensities given in Section 3.1.

Estimation of the spectral density is obtained through the periodogram. From (2.2.3) the

periodogram can be obtained by computing the Fourier coefficients J(ωpq, γr) where

J(ωpq, γr) =
1√

(2π)3 · T

T∑
t=1

nt∑
j=1

Z(sj, t) exp
{
i(ω′

pqL
−1sjt + γrt/T )

}
. (3.2.6)
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ωpq = [2πp 2πq] are the spatial frequencies for p = 0, 1, 2, . . . , q = 0,±1,±2, . . . , and

γr = 2πr are the temporal frequencies for r = −bT−1
2
c, . . . , bT

2
c. The matrix L is given by

(2.2.5) and is assumed to be independent of t. Furthermore, for simplicity, we also assume

that p and q do not depend on t.

Factoring out the temporal index in (3.2.6) yields

J(ωpq, γr) =
1√

T · 2π

T∑
t=1

exp{iγrt/T}

[
1

2π

nt∑
j=1

Z(sj, t) exp{iω′
pqL

−1sjt}

]

=
1√

2π · T

T∑
t=1

exp{iγrt/T}Jt(ωpq), (3.2.7)

where Jt(ωpq) is the spatial Fourier coefficient defined by (2.2.4) at time t. The formula

given by (3.2.7) suggests a computationally efficient approach using the fast Fourier trans-

form to obtain the spatiotemporal periodogram. Furthermore, (3.2.7) represents the Fourier

transform of the spatial frequencies (p, q) over time. We expect that if p or q are periodic

over time, there should be a large periodogram ordinate for some temporal frequency r.

The spatiotemporal periodogram is obtained from (3.2.6) and given by

I(ωpq, γr) = J(ωpq, γr)J(ωpq, γr)

=

[
1√

2π · T

T∑
u=1

exp{iγru/T}Ju(ωpq)

] 1√
2π · T

T∑
t=1

exp{iγrt/T}Jt(ωpq)


=

1

2π · T

T∑
t=1

T∑
u=1

J t(ωpq)Ju(ωpq) exp{−iγr(t− u)/T}

=
1

2π · T

T∑
t=1

T∑
u=1

J t(ωpq)Ju(ωpq) exp{−iγrk/T} (3.2.8)

where k = t− u is the time lag.

We conjecture that the spatiotemporal periodogram, as with the temporal and spatial peri-

odograms (1.1.5, 2.2.4), is inconsistent and requires smoothing I(ωpq, γr). Incorporating a
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smoothing factor W (·), an estimate of the spatiotemporal spectral density is given by

ĝ ◦ f(ω, γ) =

bT/2c∑
r=−b(T−1)/2c

∑
p

∑
q

W (ω − ωpq, γ − γr)I(ωpq, γr). (3.2.9)

Alternatively, we can do some simple averaging of the ordinates.

3.2.1 Distribution of the Spatiotemporal Periodogram

Theorem 3.5 (Distribution of the Spatiotemporal Periodogram)

Let N(ds, dt) be a orderly, second-order stationary spatial point process with some prob-

ability distribution F and first two moments given by (3.1.21) and (3.2.1), respectively.

Furthermore let N(ds, dt) have a continuous spectral density g ◦ f(ω, γ) defined through

(3.2.2). Then, as n →∞, the periodogram given by (3.2.8) has a distribution given by

2
I(ωpq, γr)

g ◦ f(ω, γr)

d→ χ2
2 if (ωpq, γr) 6= 0 (3.2.10)

and

2
I(ωpq, γr)− λ

g ◦ f(ω, γr)

d→ χ2
1 if (ωpq, γr) = 0, (3.2.11)

where
d→ represents convergence in distribution. Furthermore, as n →∞,

cov[2I(ωpq, γr), 2I(ωp′q′ , γr′)]
A
=

[g ◦ f(ω, γ)]2 if (ωpq, γr) = (ωp′q′ , γr′)

0 if (ωpq, γr) 6= (ωp′q′ , γr′)
,

where
A
= represents asymptotic equality.

Proof of Theorem 3.5

Brillinger (1972) provides a proof of Theorem 3.5 for a point process in one-dimension.

Mugglestone and Renshaw (1996b) extend the proof to two dimensions (see Theorem 2.1).

We now extend these results to include a third dimension in time.
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We begin by writing the spatiotemporal Fourier coefficients given by (3.2.6) as

J(ωpq, γr) = apqr + ibpqr,

where a(p, q, r) is the real part and bpqr is the imaginary part of J . Then, according to

Brillinger (1972), as n →∞,

apqr
d→ N(0, g ◦ f(ω, γ)/2)

bpqr
d→ N(0, g ◦ f(ω, γ)/2)

(3.2.12)

for (ω, γ) 6= 0. For the case when (ω, γ) = 0, as n →∞, we have

a000
d→ N(λ, g ◦ f(0, 0)/2)

and the imaginary part bpqr ≡ 0. We also have apqr, bpqr and ap′q′r′ , bp′q′r′ are asymptotically

independent for p 6= p′, q 6= q′, and/or r 6= r′.

Construction of the periodogram is given by

I(ωpq, γr) = J(ωpq, γr)J(ωpq, γr) = a2
pqr + b2

pqr.

Because the estimates of apqr and bpqr are asymptotically independent Gaussian, the peri-

odogram ordinates have asymptotic distribution

2
I(ωpq, γr)

g ◦ f(ω, γ)

d→ χ2
2 for (ω, γ) 6= 0

and

2
I(0, 0)− λ

g ◦ f(0, 0)

d→ χ2
1.

Q.E.D.
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Corollary 3.5 (Distribution of the CSTR Periodogram)

If N(ds, dt) is a CSTR point pattern then as n →∞,

(2π)3E[I(ωpq, γr)]
A
=

3λ/2 for (ωpq, γr) = 0

λ for (ωpq, γr) 6= 0

and

(2π)6var[I(ωpq, γr)]
A
=

λ2/2 for (ωpq, γr) = 0

λ2 for (ωpq, γr) 6= 0
.

Proof of Corollary 3.5

If we assume the observed events are distributed as Poisson with intensity λ then λ(s, t) = λ

and λ2(h, k) = λ2. Thus the complete covariance density given by (3.2.1) is

v(h, k) + λδ(h, k) = λ2(h, k)︸ ︷︷ ︸
=λ2

−λ2 + λδ(h, k) = λδ(h, k).

This implies the covariance between two events a distance h 6= 0 and time lag k 6= 0 apart

is 0. This reduces the spectral density to

g ◦ f(ω, γ) =
1

(2π)3

∫ ∞

−∞

∫ ∞

−∞
[λ2(h, k)− λ2︸ ︷︷ ︸

=0

]e−i(ω′h+γk)dhdk + λ

 ≡ λ

(2π)3
.

Therefore from Theorem 3.5, for (ωpq, γr) 6= 0, we have

E[I(ωpq, γr)]
A
=

1

2
[g ◦ f(ω, γ)] · E[χ2

2] =
1

2

λ

(2π)3
· 2 =

λ

(2π)3

and

var[I(ωpq, γr)]
A
=

1

4
[g ◦ f(ω, γ)]2 · var[χ2

2] =
1

4

[
λ

(2π)3

]2

· 4 =

[
λ

(2π)3

]2

.

Q.E.D.

As with the spatial periodogram, we can use Corollary 3.5 to test our spatiotemporal point
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pattern for CSTR. Specifically, for an α-level test we would reject the hypothesis that at

spatiotemporal point pattern is CSTR if

2
I(ωpq, γr)

λ̂/(2π)3
/∈
(
χ2

2,α/2, χ
2
2,1−α/2

)
for (pqr) 6= 0,

where λ̂ = n/T is the basic intensity estimator given by (3.1.39) for analysis on the unit

square (|A| = 1).

3.2.2 Polar Representation of the Spatiotemporal Periodogram

No direct graphical representation of the spatiotemporal periodogram can be given as it

would be a plot in four dimensions: {p, q, r, I(ωpq, γr)}. The R- and Θ-spectra given by

(2.2.13) and (2.2.14), respectively, can also be extended to the spatiotemporal case for in-

terpretability. Converting the spatial frequencies in (3.2.7) from rectangular (ωpq) to polar

coordinates (ωρθ) we define the Rγ-spectrum at temporal frequency γr as

fR(ρ, γr) = n−1
ρ

∑
ρ′

∑
θ

P (ωρ′θ, γr) ρ = 1, 2, . . . , (3.2.13)

where nρ are the number of spatial periodogram ordinates in the summation, P (ωρθ, γr) ≡

I(ωpq, γr), and ρ − 1 < ρ′ ≤ ρ. Similarly, the Θγ-spectrum at temporal frequency γr is

defined by

fΘ(θ, γr) = n−1
θ

∑
ρ

∑
θ′

P (ωρθ′ , γr) θ = −85◦,−80◦, . . . , 85◦ (3.2.14)

where nθ are the number of spatial periodogram ordinates in the summation and θ − 5◦ <

θ′ ≤ θ + 5◦. From Theorem 3.5, the periodogram ordinates are asymptotically independent

and converge to scaled χ2
2 distributions (for (ω, γ) 6= 0). Therefore, the asymptotic behavior

of the Rγ- and Θγ-spectra ordinates will also be scaled χ2 distributions with 2nρ and 2nθ

degrees of freedom, respectively. The latter construction would render two three-dimensional
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plots. Extending the test for CSTR from Corollary 3.5 to the Rγ- and Θγ-spectra, we have

an α-level test where the point process deviates from CSTR if

(2nρ)fR(ρ, γr)

λ̂/(2π)3
/∈
(
χ2

2nρ,α/2, χ
2
2nρ,1−α/2

)
or

(2nθ)fΘ(θ, γr)

λ̂/(2π)3
/∈
(
χ2

2nθ,α/2, χ
2
2nθ,1−α/2

)
.

Though we have not proposed any parametric models for spatiotemporal point processes,

inference can still be obtained using the polar spectra.

Inference based on the Temporal Polar spectra

From the decomposition of the spatiotemporal Fourier coefficients in (3.2.7), we see that

temporal periodicities of spatial frequencies are determined through periodogram analysis.

Conversion of the spatiotemporal periodogram into polar coordinates does not change this

relationship. Specifically, to determine whether clustering is periodic over time we would

examine fR(ρ, γ) for different values of ρ. If fR(ρ, γ) is large for temporal frequency γ, then

the periodicity of the clustering radius ρ is γ/(2π|T |). Similarly, if orientation is periodic

over time we would examine fΘ(θ, γ) for different values of θ. If fΘ(θ, γ) is large for temporal

frequency γ, then the periodicity of the orientation θ is γ/(2π|T |).
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Chapter 4

Simulation and Case Study

This chapter brings together much of the methodology described in the previous two chapters.

We will describe methods of simulating spatial and spatiotemporal point processes. The

simulations will provide supporting evidence for the Theorems presented in this dissertation.

Specifically, we will show the properties of CSR, aggregated, and regular point processes in

the spatial domain as well as in the frequency domain.

The case study to which we apply the methods is that of the bird data introduced in Chapter

1. We will first study the data ignoring its temporal component. The point pattern will

analyzed using the K-function as well as the periodogram analysis discussed in Chapter 2.

Both analyses will compare the observed point pattern to the CSR model.

The spatiotemporal methods from Chapter 3 will also be applied in this chapter. Algo-

rithms for simulating CSTR patterns from the four types of spatiotemporal point patterns

introduced in Chapter 1 will be included. The spatiotemporal K-function analysis will be

applied to the latter simulation results along with the simulated envelopes to test observed

patterns for CSTR. The spatiotemporal periodogram analysis from Chapter 3 will also be

demonstrated to analyze the sampled point patterns in time simulations.

Finally, the woodpecker data will conclude the discussion. The temporal component will be
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reintroduced and the analyses will be based on the spatiotemporal intensity and periodogram

estimation discussed in Chapter 3.

4.1 Simulated and Real Spatial Point Patterns

4.1.1 Simulations

The simulated point patterns in this section are those shown in Figure 1.3.2. L̂-analysis

is shown in Figure 2.1.3a-c (p. 28) . Periodogram analysis is shown in Figure 2.2.3a-c

(p. 39). The observed patterns were generated with the S-Plus function make.pattern

[Kaluzny et al. 1998].

CSR: make.pattern(n=n,process="binomial")

Regular: make.pattern(n=n,process="SSI",radius=0.05)

Aggregated: make.pattern(n=n,process="cluster",radius=0.075,cpar=15)

Table 4.1: make.pattern calls for generating simulated data (n = 200).

The size of the point patterns was fixed for n = 200. This number was chosen to adequately

fill the region of interest. Other parameters, such as the radius of inhibition for the regu-

lar process and the parent rate parameter (cpar) for the aggregated process, were chosen

arbitrarily.

The L̂-analyses in Section 2.1.3 are shown with simulated envelopes to provide evidence

whether the spatial point pattern is CSR. Other hypotheses can be constructed from simu-

lated envelopes by generating other, non-CSR patterns with user-defined parameters. How-

ever, the Cramér-von Mises statistic becomes more complicated and is not as reliable as that

of the CSR hypothesis [Diggle, 1983]. Simulations for K-function analysis are excluded from

this dissertation due to the large amounts of literature on the subject [cf. Diggle (1983),

Ripley (1988), Cressie (1993)].

As expected, the L̂-analysis and the periodogram analysis agree for these simulated data sets
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since all events were generated with isotropic covariance functions. In particular, we notice

that the plots of L̂(h) for each of the patterns have qualitative similarities to their analogous

R-spectrum. This should always be true, regardless of whether anisotropy is present or not.

For the clustered process, the L̂(h) has two peaks corresponding to first the clustering radius

of the children to the parents and then the clustering radius of the parents to each other. This

phenomenon is also apparent in the R-spectrum with significant peaks at ρ ≤ 6 corresponding

to clustering radii of 0.375 units. Though the R-spectrum ordinate is significant for ρ = 2

when the pattern is compared to CSR, it reveals that there are two clustering radii to

diagnose: the radius of child to parent and the radius of parent to parent. For the inhibition

and CSR process, similar comparisons between the two analyses can also be made.

As noted in Chapter 2, the main advantage of periodogram analysis over the K-function

analysis is that the former does not require simulated inference. Theorem 2.1 shows that

the distribution of the periodogram is asymptotically χ2 scaled by the spectral density.

Figure 4.1 demonstrates Theorem 2.1 (or more specifically Corollary 2.1) when the point

pattern is CSR. Two-hundred point patterns each with n = 200 were generated. For each

point pattern, the spatial periodogram was constructed for frequencies p = 0, . . . , 16 and

q = −15, . . . , 16. The periodogram ordinates were then averaged over the 200 simulations

to obtain the simulated spatial periodogram (lower left). As proven in the corollary, the

averaged ordinates for all p and q are close to one when the pattern is CSR. Similar results

are seen in the polar spectra (upper right and left).

The ratio plot for the Θ-spectra (lower right) suggests a possible bias incurred. Theoretically,

the ratio of two independent χ2 distributions divided by their degrees of freedom is an

F distribution. The plot reveals that the ratio of the Θ-spectra ordinates is below the

theoretical mean of an F . This may be an artifact of the simulation in that the ordinates

are determined from the ratio of the means rather than from the mean of ratio of two χ2.

Other possible factors for the bias may include choice of n since all distributional results are

asymptotic.
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Figure 4.1: Spatial periodogram and polar spectra for simulated CSR point patterns.
200 simulated point patterns with n = 200 were generated under CSR. Under
CSR, the periodogram ordinates are asymptotically independent scaled-χ2

2

random variables (See Corollary 2.1). The horizontal dashed-lines for the
polar spectra represent the theoretical expected value and 95% confidence
limits of the polar spectra under CSR.

4.1.2 Woodpecker Data

The spatial analysis of the woodpecker data is also given in Chapter 2. Both the L̂-analysis

(Figure 2.1.3d, p. 28) and the periodogram analysis (Figure 2.2.3d, p. 39) revealed the

FB002 family of woodpeckers to be highly clustered. When compared to CSR patterns,

both analyses strongly rejected the independence hypothesis.

One benefit of periodogram analysis, and specifically, the polar spectra, is that estimation of

the clustering radius and the angle of orientation is possible. As discussed in Section 2.2.3,

the large ordinates in the R-spectrum for ρ < 5 suggests a clustering radius of 5/16 (scaled)

units. The original events were obtained on a bounding box of 4706 × 4706 feet, thus the

estimated clustering radius becomes (5/16) · 4706 = 1471 feet or about 0.28 miles. This is
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interpreted as a high frequency of events within 1471 feet from any arbitrary event in the

sample. Specifically, if a woodpecker is observed at location s, there is a high likelihood that

the same woodpecker will be observed again within 1471 feet.

Furthermore, an angle of orientation is apparent from the Θ-spectrum. The largest ordinate

is observed for θ = −60◦. Thus, if a woodpecker is observed at location s, there is a high

likelihood of observing the same woodpecker again in a southeasterly direction. The possible

anisotropy can be seen in the intensity estimate (Figure 2.2.3d, p. 39). The biological

significance for the observed anisotropy is unknown at this time.

Figure 4.2 shows how the analysis is applied to the actual data. Each concentric circle

corresponds to a value of ρ in the R-spectrum. The arrow shows the orientation obtained

from the Θ-spectrum.

Figure 4.2: Clustering radius and angle of rotation for FB002 family. From Figure 2.2.3d
we see a clustering radius of ρ < 5, which translates into 1471 feet, and an
orientation of θ = −60◦.
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4.2 Simulated and Real Spatiotemporal Point Patterns

This section will demonstrate the theory developed in Chapter 3 for analysis of spatiotem-

poral point patterns. The only parametric model considered in the simulations is that of

CSTR due to the lack of explicitly defined parametric spatiotemporal point processes.

4.2.1 Simulating Spatiotemporal Point Patterns

Before a discussion of the methodology for analyzing spatiotemporal point patterns can be

given, an outline for simulating data sets must be provided. The four types of spatiotemporal

point patterns introduced in Chapter 1 are: the Earthquake Process, the Explosion Process,

the Birth-Death Process, and Point Patterns Sampled in Time.

Of the four processes, the first three allow for a stochastic temporal component. For this

reason, the process we are attempting to generate may be affected by whether we generate

the spatial and temporal events marginally or jointly. However, as stated above, we are only

considering simulation of the CSTR model for which the spatial and temporal components

are independent. Thus, the algorithms described below for these processes will generate

spatial events followed by temporal events. Although, when the temporal component is

not stochastic, the algorithms simply generate spatial point patterns at regularly spaced

intervals.

1. Earthquake Process:

For fixed n the CSTR earthquake process is considered to be a Uniform process in

space and time, therefore generating an earthquake process will rely on much of this

theory. We will consider the case where the sample size n is fixed. Therefore the spatial

point pattern obtained is Uniform on the region A. Simulating a CSTR earthquake

process with n events is demonstrated in the following algorithm:

Algorithm I
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i. Generate n ordered pairs from a two-dimensional Uniform distribution in some

region A.

ii. Generate n events from a Uniform distribution on the interval (0, T ).

iii. Create the triplet (sx, sy, t) where (sx, sy) is obtained from Step i and t is obtained

from Step ii.

iv. Sort the n triplets in ascending order by the value t.

2. Explosion Process:

The CSTR Explosion process is obtained in a similar fashion to that of the Earthquake

process except at every time t, a sample size of nt events is generated. Again, the

underlying spatial distribution will be Uniform on A for all time t as well as Uniform

on (0, T ). Simulating a CSTR explosion process with
∑
t

nt events is demonstrated in

the following algorithm:

Algorithm II

i. Generate nt ordered pairs from a two-dimensional Uniform distribution in some

region A.

ii. Repeat Step i t times.

iii. Generate t events from a Uniform distribution on the interval (0, T ).

iv. Create the triplet (sxt, syt, t) where (sxt, syt) is obtained from Step i and t is

obtained from Step iii.

v. Sort the
∑
t

nt events in Step iv in ascending order by the value t.

3. Birth-Death Process:

The CSTR Birth-Death process has an inherent temporal component related to the life

time of each observed event. If we are to treat the birth-death process as a spatiotem-

poral point pattern in the context of this dissertation, we will ignore the survival time.

Instead the birth-death process can be thought of an explosion process if sampling
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intervals are random or as a sampled point pattern in time if the sampling intervals

are fixed. For this reason, we defer the simulation of birth-death processes to either

Algorithm II or Algorithm III.

4. Sampled Point Patterns in Time:

Since Sampled Point Patterns in Time treat time as fixed, this is perhaps the simplest

pattern to simulate. Algorithm III outlines the simulation of a sampled point pattern

in time:

Algorithm III

i. Define t = 0, 1, 2, . . . , T .

ii. For every time t, generate nt ordered pairs from a two-dimensional Uniform dis-

tribution in some region A.

4.2.2 Spatiotemporal K-analysis Simulation

The spatiotemporal K-functions have limited use until non-CSTR spatiotemporal point pat-

terns have been parametrically defined. Furthermore, large amounts of data are required to

use KI(h, k) so that temporal “white-space” is negligible. The CSTR point pattern studied

in this section utilizes KII(h, k).

The simulation generates a CSTR pattern according to Algorithm III. Each point pattern

in the simulation consists of eight time periods with 100 observations uniformly distributed

over the unit square. A simulated envelope is constructed by generating 100 CSTR patterns

with the same parameters and computing K̂II(h, k). As suggested in Section 3.1.5, the

observed K̂-function and the simulated K̂-functions were transformed to the spatiotemporal

L̂-function. Figure 4.3 shows the results of the simulation.

The simulated envelope in Figure 4.3 reveals the bias incurred for large distances h. This is

expected under the construction of the spatiotemporal K-function in Section 3.1.5. Under
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Figure 4.3: Results of simulated L̂II -functions. Left plot is the simulated CSTR pattern.
Right plot is observed L̂II with simulated envelope. The envelope is based on
100 CSTR point patterns with the same parameters as the observed pattern.

the hypothesis of CSTR the spatiotemporal L-function should be h. Clearly, for all lags k,

the spatiotemporal L-function minus h becomes more negative as h increases. However, the

simulated envelope still allows us to conclude the observed process is CSTR.

4.2.3 Spatiotemporal Periodogram Simulations

As noted in Chapter 3, the spatiotemporal periodogram analysis in this dissertation considers

only spatial point patterns regularly spaced in time. However, analysis of other types of

spatiotemporal point patterns in the frequency domain is straightforward by replacing integer

time with continuous time. Alternatively, as in the case of the earthquake process for which

data are sparse, the point pattern can be discretized in space and/or time with subsequent

analyses performed on the aggregated data.

For the purposes of the simulation, 200 CSTR processes were obtained using the Algorithm

III with the intent of verifying the results from Corollary 3.5. Each point pattern in the

simulation consists of eight time periods with 100 observations uniformly distributed over

the unit square. The spatiotemporal periodogram as well as the polar spectra were then

constructed for each pattern and averaged over the entire simulation. Since there are eight
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time periods then the temporal frequencies are γr = 2πr for r = −3,−2, . . . , 3, 4. Plots of

the polar spectra obtained from the simulation are shown in Figure 4.4. As proven in the

theorem, the ordinates for all frequencies are close to essentially one under CSTR.

Figure 4.4: Simulation to demonstrate the distributional properties of the spatiotemporal
periodogram under CSTR. 200 CSTR point patterns with n = 100 were
generated according to Algorithm III. The left and right plots are the Rγ- and
Θγ-spectra, respectively, averaged over the 200 point patterns. The upper
plots are Rγ and Θγ , while the lower plots are cross-sectional plots of the
upper plots for different values of γ. The dashed lines on the lower plots
are 95% confidence bounds from a scaled-χ2 based on the CSTR model (see
Corollary 3.5).

The deviation of the Rγ-spectrum for ρ = 1 also reveals a bias for frequencies close to

zero. This is a known problem that is usually overcome by smoothing of the periodogram

[Bartlett, 1964]. Even though the polar spectra provide some smoothing by averaging neigh-
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boring ordinates, the Rγ-spectrum suffers for small ρ since only few ordinates are close to

the zero frequency.

4.2.4 Woodpecker Data

We now complete the analysis of the woodpecker data by incorporating the temporal compo-

nent. Figure 4.5a shows the locations, a kernel intensity estimate, and the 95% homerange

contour of FB002 from December 1994 (9412) to October 1996 (9610). Data for six of the

months were not collected for unknown reasons. The estimates of intensity are for λ(s|t)

and thus incorporate time in a conditional sense. Figure 4.5b incorporates the temporal

component using the kernel estimator given by (3.1.41, p. 71). The six missing months are

estimated by interpolation.

The 95% homerange contours are also estimated using the method from Worton (1989).

Specifically, for each time period a kernel estimate of intensity is obtained. Then, a plane

is placed over the region such that approximately 95% of the intensity volume is above the

plane. The contour is obtained from where the plane intersects the intensity estimate and the

95% homerange is computed by calculating the area of the contour. As with the intensity

estimate, the calculation of the homerange is highly dependent on the bandwidth of the

kernel estimator as well the number locations s at which the intensity is estimated.

The temporal dimension, which is measured in months, was scaled to unit length with zero

being the first month and one being the last month. Figure 4.5a is an estimate of the spatial

intensity at each month using the Epanechnikov kernel with bandwidth b = 0.15 which

corresponds to about 705.9 feet. Figure 4.5b is an estimate of spatiotemporal intensity using

the Epanechnikov kernel with bandwidths bs = 0.15 and bt = 0.15 which correspond to about

705.9 feet spatially and 3.45 months temporally.

Figure 4.6 shows the area within the 95% homerange contours shown in Figure 4.5 over the

23 month period. The bottom line is the homerange estimate based on λ̂(s|t). The top line
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a. Conditional spatiotemporal intensity λ̂(s|t). b. Full spatiotemporal intensity λ̂(s, t).

Figure 4.5: Kernel estimates of intensity for cluster FB002 with 95% homerange contour
from December 1994 (9412) to October 1996 (9610). Figure (a) is the spatial
kernel estimates at each month, λ̂(s|t). Figure (b) uses the spatiotemporal
kernel estimate, λ̂(s, t). The data were scaled both spatially and temporally
to unit length for simplicity. The spatial bandwidth for each estimate is
bs = 0.15 which corresponds to about 705.9 feet. The temporal bandwidth
for the spatiotemporal estimate is bt = 0.15 which corresponds to about 3.45
months. The Epanechnikov kernel was used for both estimates.

is the homerange estimate based on λ̂(s, t). As expected, the areas based on the spatiotem-

poral intensity are greater because the temporal averages are included in the smoothing.

Furthermore, both a periodicity and a downward trend in homerange area is apparent from

the spatiotemporal intensity which is overlooked by the conditional intensity. The downward

trend is may be the reason for the red-cockaded woodpeckers listing as a federally endan-

gered species. The reduction in homerange due to either human or environmental factors

may be causing the population to decline. Because of the woodpecker’s peculiar habitation

(see Section 1.5), deforestation due to human encroachment is one possible reason for the

homerange decreasing [Walters et al., 1998].

One must note that this analysis of the spatiotemporal intensity may be an artifact of the

smoothing technique and should be analyzed with caution. As with density estimation,

intensity estimates rely heavily on bandwidth selection. Since no automatic bandwidth

selection was used to obtain the intensities, inference based on these results is limited.
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Figure 4.6: Time series of 95% homerange areas for cluster FB002 based on λ̂(s|t) and
λ̂(s, t). The lower curve is the homerange areas based on λ̂(s|t) shown in
Figure 4.5a. The upper curve is the homerange areas based on λ̂(s, t) shown
in Figure 4.5b.

The periodicity of the homerange can be explored by the spatiotemporal periodogram defined

by (3.2.8). Spatial frequencies are computed from p = 0, . . . , 16 and q = −15, . . . , 16 as

recommended by Renshaw and Ford (1983). Temporal frequencies are computed for r =

−11, . . . , 11 for the 23 months. Missing months are removed by setting J(ωpqt) = 0 if t /∈ T .

The latter construction of the periodogram is a valid estimate of the spatiotemporal spectral

density though it introduces bias [Dunsmuir and Robinson, 1983].

The spatiotemporal periodogram is converted to polar coordinates for interpretation. Figures

4.8 and 4.9 show the Θγ- and Rγ-spectra for γr = 2πr. The confidence bands on each plot

are based on the 95% quantiles from a scaled χ2 distribution (see Section 3.2.2). The Θγ-

spectrum in Figure 4.8 reveals no apparent periodic anisotropy. However, the Rγ-spectrum

in Figure 4.9 reveals an expected behavior exhibited by the birds. Figure 4.7 provides a
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better view of the Rγ-spectrum by extracting the ordinates corresponding to ρ = 2.

Figure 4.7: Rγ-spectrum for ρ = 2 for the woodpecker data. The horizontal lines are
the 95% confidence bands based on a scaled-χ2 distribution (see Corollary
3.5). The vertical lines are references for γ = −12π,−10π, 0, 2π, 10π, 12π.
The clustering radius for ρ = 2 corresponds to 588 feet and appears to have
a seasonal periodicity of approximately 6 months.

Because the spatiotemporal point pattern was observed over monthly intervals, the temporal

frequencies correspond roughly to 4-5 week dependencies. Therefore, a large periodogram

ordinate at γr = 2πr represents a temporal periodicity of r/23 months. We further see that

the clustering radius is periodic. Specifically, for ρ = 2 (or clustering radius of 588 feet),

the R-spectrum in Figure 4.9 exhibits large ordinates at temporal frequencies γ−5, γ−6, γ1,

γ5, and γ6. A cross-section of the Rγ-spectrum for ρ = 2 is shown in 4.7 and is revealing.

The large ordinates at frequencies γ1, γ5, and γ−5 suggest a monthly autoregressive nature

of the birds’ clustering. The large ordinates at frequencies γ−6 and γ6 suggest a 6-month

seasonal clustering periodicity. Thus we can conclude that the woodpecker’s clustering radius

over the year is approximately 588 feet and is periodic with period 6 months. Specifically,
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if a woodpecker is observed at location s and month t, then there is a high likelihood of

observing the same woodpecker within 588 feet of s this month (γ0), next month (γ−5, γ1, γ5),

and approximately 6 months (γ−6, γ6) from t. The biological significance of this analysis is

unknown, though some explanation can be attributed to the woodpecker’s yearly mating

season.

The second-order analysis given by the spatiotemporal periodogram reveals the clustering

periodicity, but at the cost of assuming second-order stationarity. As defined in Section 3.1.3,

the latter assumption requires the spatiotemporal intensity be constant regardless of location

and time. However, as noted in the analysis of the spatiotemporal kernel intensity estimates

(Figure 4.6), a downward trend in the homerange estimates is present. Unfortunately, the

spatiotemporal periodogram analysis does not allow us to explore this phenomenon. Pe-

riodogram analysis for nonstationary spatiotemporal point patterns will be left for future

research.

The spatiotemporal K-analysis is invalid since we determined the point pattern exhibits

anisotropy. Note that even though we concluded the anisotropy is not periodic, its presence

is still revealed by Figure 2.2.3d. The K-function is limited to processes which are spatially

isotropic, which we clearly do not have here.

4.2.5 Remarks

Until now no methods have been proposed for analyzing spatial point patterns sampled in

time such as the woodpecker data. In this dissertation, we have presented sound methods of

capturing the first- and second-order properties of stationary spatiotemporal point processes.

Furthermore, the techniques we have laid out do not require specification of a parametric

model. Through the kernel estimate of intensity we are able to gather information of the

process intensity as it changes over time; and through the spatiotemporal periodogram, we

capture the properties of the covariance function.
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Figure 4.8: Θγ-spectrum obtained from I(ωpq, γr) for the woodpecker data.
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Figure 4.9: R-spectrum obtained from I(ωpq, γr) for the woodpecker data. See Figure
4.7 for a cross-section of ρ = 2.
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Chapter 5

Conclusion and Discussion

Statistics for spatial data is a rapidly growing field. Only recently has more methodology

for analyzing spatial dependencies been proposed in the literature; and on a smaller scale,

methods for analyzing spatiotemporal dependencies are emerging. However, there is more

to be done.

In this dissertation we began by examining the current methodology for analyzing spatial

point patterns. We explored the previous research in this area, found room for improvement,

and pointed out where future research is required. Then, using the framework of the spatial

point process, explicitly defined the spatiotemporal point process and associated first- and

second-order intensity measures and further presented useful methods for analyzing different

types of spatiotemporal point processes. However, at the same time as answering our original

questions on how to analyze spatiotemporal point patterns, we have created new and open

questions in this field.

In this chapter, I recall the work originally proposed and expound on the work accomplished.

I will further summarize what has been learned about spatiotemporal point processes from

my research in this area. Finally, I will close by presenting questions that were raised as a

result of this research.
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5.1 Proposed Work

In this dissertation, new tests for analyzing spatial point patterns were proposed. Although

Renshaw and Ford (1983) first proposed the polar spectra for analyzing spatial point pat-

terns, their subsequent use for constructing and testing hypotheses was neglected. The ratio

test for anisotropy defined in Chapter 2 elaborates on the Θ-spectrum for clearly identifying

the angle of rotation.

Though not originally proposed, we also explored the effects of geometric anisotropy on

the spatial periodogram. I did not make any definitive conclusion on how rotating and

scaling a spatial point pattern can be realized through direct examination of the Θ-spectrum.

However, I have discovered some relationship that will require further research in this area.

Also considered were new methods for analyzing spatiotemporal point patterns. Through

direct extensions of spatial point patterns analysis, tools were developed to study the first-

and second-order properties of a spatiotemporal point process. Definitions of full, marginal,

and conditional intensity measures led to an explicit definition of weak stationarity in space

and/or time. Then, based on these definitions, I provided theorems and corollaries that

related our first-order intensity measures under certain conditions.

The formulation of the intensity measures also led to extensions of Ripley’s K-function to the

general spatiotemporal K-function to include both distance h and time lag k. The definition

of the K-function and the proof of its approximate unbiasedness represents the space-time

analysis of the dissertation.

Also proposed was a frequency analysis of spatiotemporal point patterns through the spa-

tiotemporal periodogram. It revealed the intuitive construction of the periodogram as a

decomposition of the spatial Fourier frequencies over time. This allowed an obvious interpre-

tation of the spatiotemporal periodogram as a tool for simultaneously capturing dependency

structures in space and time.
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5.2 Accomplishments

The proposed work has been accomplished. Beginning with the definitions of the four types

of spatiotemporal point processes, I established encompassing methods to analyze all spa-

tiotemporal point patterns. However, during this process, I determined that some methods

would not be appropriate for all processes (e.g KI(h, k) and KII(h, k)).

I have constructed tests for diagnosing anisotropy in spatial point patterns (Section 2.2.3, p.

38). Theorems were proved relating the intensity measures defined for spatiotemporal point

patterns based on a weak stationarity assumption (Section 3.1.3). Through the results of the

theorems conditions were given under which particular intensity measures can be examined.

I also determined methods of first-order and reduced second-order intensity estimation of

spatiotemporal point patterns (Section 3.1.5, p. 70). Kernel estimators of the first-order

spatiotemporal intensity provide glimpses of intensity trends over time. Reduced second-

order analyses of spatiotemporal point patterns determine spatiotemporal dependencies. I

further showed that if the process is weakly stationary, the estimators of the spatiotemporal

K-functions are approximately unbiased (Theorems 3.3 and 3.4, p. 77-78).

I then extended the spectral analysis of spatial point patterns to that of spatiotemporal point

patterns. Furthermore, the latter extension has a clear mathematical and practical inter-

pretation (Equation 3.2.7, p. 82). Theorems were proved to show that the spatiotemporal

periodogram remained an unbiased estimator for the spatiotemporal spectral density (The-

orem 3.5, p. 83). I then showed both mathematically (Corollary 3.5, p. 84) and graphically

(Figure 4.4, p. 97) the properties of the spatiotemporal periodogram under CSTR.

I finally was able to apply our methods to a real data set and obtain clear and reasonable

results. The inferences based on the analysis of the red-cockaded woodpecker cluster FB002

revealed biologically significant answers that up to now have been unattainable. Through the

study of this data, I have further made a reasonable case that if time is an important factor in

a spatial point pattern it should not be ignored. Rather, we as statisticians should convince
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practitioners that spatiotemporal analysis will lead to more constructive and meaningful

results.

5.3 What has been learned

This dissertation contributes research to an emerging area in spatial statistics. I have shown

that if anisotropy is present, current methods of analysis are lacking. Furthermore, I have

answered the question of how to analyze weakly stationary spatiotemporal point patterns as

well as how to compare test a point pattern against the CSTR hypothesis. However, this

only scratches the surface and I leave with many open questions.

Though sound in mathematical foundation, the tools I have provided are more exploratory

than model building. Without parametric models for spatiotemporal point patterns, I offer

only a basis of the inferential tools required. However, I remain undeterred that the work

presented here is an important step. Much of the future research in this area will require

the methods put forth in this dissertation.

5.4 Future research

As noted in the previous section, my research in spatiotemporal point patterns leaves many

questions unanswered. However, I believe that future studies will lead researchers through

the questions I have raised.

The following list contains the open questions derived from this dissertation. The items

in the list are not specific to strictly spatiotemporal point patterns. In fact, most of the

questions not answered in this dissertation came about from research in the spatial domain.

The list in no particular order includes:

• Automatic bandwidth selection for kernel estimation of intensities.
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• Data tapering for periodogram analysis.

• Wavelet analysis of point patterns.

• Analysis of nonstationary point patterns.

• Construction of parametric spatiotemporal point processes.

• Temporal trend analysis of spatiotemporal point patterns.

• Determining angle of rotation and scaling factors in the presence of geometric anisotropy

through periodogram analysis.
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Appendix A

Programs

Software for analyzing spatial data has recently been added to prominent statistical software

packages such as S-Plusr and SASr. However, software for spatiotemporal analyses, and in

particular point pattern analysis, is nonexistent. For this reason, a majority of the code was

written specifically for the analyses discussed in this dissertation.

The programming language chosen was S-Plus. This choice was first based on the S+SpatialStats

module provided as an add-on package. The module has built-in functions for spatial point

pattern analysis, such as the K-function and inferential envelopes. The second reason for

choosing S-Plus is that it is very customizable. Its object-oriented design allows for creating

one function to handle many different data types. This makes code design somewhat more

complicated but at the same time more versatile in a variety of applications.

The single drawback for using S-Plus over a lower level programming language such as C or

Fortran is its poor memory management during large simulations. For this reason, many of

the Monte Carlo simulations provided in this dissertation took days to complete and required

manual memory management on the part of the user. Future simulation research in this area

would greatly benefit from code that is written in a more efficient language.

Below are the necessary S-Plus functions to perform all the analyses in this dissertation.
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A.1: anisotropy.mc()

A.2: anisotropy.pattern()

A.3: anisotropy.rotation()

A.4: hr.analysis()

A.5: kern.hr()

A.6: kern3d()

A.7: Lenv.mc()

A.8: Lhat.II()

A.9: make.stpp.pattern()

A.10: pgram.rho()

A.11: pgram.theta()

A.12: pgram.sp()

A.13: pgram.stp()

A.14: pgram.theta.htest()

A.1 anisotropy.mc()

This function is used to simulate B anisotropic point patterns for given φ and σ. The Θ-
spectrum is constructed for each pattern. The function returns the ratio of the ordinates at
φ and −φ.

anisotropy.mc <- function(phi,sigma,

spp.params=list(process="binomial",

n=200,

boundary=bbox(x=c(-0.5,0.5),y=c(-0.5,0.5))),

B=200,write.to) {

theta <- seq(-92.5,92.5,5)*pi/180

phi.j <- c(cut(phi,theta))

cphi.j <- c(cut(-phi,theta))

for(i in 1:B) {

mc.pattern <- as.matrix(do.call("make.pattern",spp.params))
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mc.ani <- anisotropic.pattern(pattern=mc.pattern,sigma=sigma,theta=phi,plot.it=F)

mc.ani$pgram <- pgram.sp(spp(mc.ani$pattern),freq=list(p=0:16,q=-16:15))

mc.ani$pgram.theta <- pgram.theta(mc.ani$pgram,theta=theta)

mc.ani$pgram.theta$ftheta <- mc.ani$pgram.theta$ftheta

if(i==1) {

mc.pgram.theta <- mc.ani$pgram.theta

# get maximum ordinate at phi

max.phi <- mc.ani$pgram.theta[phi.j,]

# get minimum ordinate at -phi

min.phi <- mc.ani$pgram.theta[cphi.j,]

}

else {

# get maximum ordinate at phi

max.phi <- rbind(max.phi,mc.ani$pgram.theta[phi.j,])

# get minimum ordinate at phi

min.phi <- rbind(min.phi,mc.ani$pgram.theta[cphi.j,])

mc.pgram.theta$ftheta <- mc.pgram.theta$ftheta + mc.ani$pgram.theta$ftheta

}

}

row.names(max.phi) <- 1:B

row.names(min.phi) <- 1:B

est.scale <- data.frame(theta=max.phi$theta,comp.

theta=min.phi$theta,

scale=min.phi$ftheta/max.phi$ftheta)

mc.pgram.theta$ftheta <- mc.pgram.theta$ftheta/B

results <- list()

results$theta <-

round(data.frame(

result=c(

mean(max.phi$theta,na.rm=T),

mean(est.scale$scale,na.rm=T),

mean(min.phi$ftheta,na.rm=T),

mean(max.phi$ftheta,na.rm=T),B),

row.names=c("theta","scale","min.phi","max.phi","B")),4)

results$max.phi<- max.phi

results$min.phi<- min.phi

results$est.scale <- est.scale

results$pgram.theta <- mc.pgram.theta

invisible(results)

}
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A.2 anisotropy.pattern()

This function takes a point pattern as its argument and returns a point pattern with geo-
metric anisotropy.

anisotropic.pattern <- function(pattern,theta=0,sigma=1) {

center <- c(0,0)

sides <- matrix(c(-1,-1,1,-1,1,1,-1,1),4,2,byrow=T)*.5

Q.inv <- anisotropy.rotation(theta,sigma)

pattern <- pattern%*%Q.inv

center <- center%*%Q.inv

sides <- sides%*%Q.inv

invisible(list(pattern=pattern,center=center,sides=sides,sigma=sigma))

}

A.3 anisotropy.rotation()

This function returns the transformation matrix for rotating and scaling a point pattern.

anisotropy.rotation <- function(theta=0,sigma=1,inverse=T) {

rotate <- matrix(c(cos(theta),-sin(theta),sin(theta),cos(theta)),2,2)

scale <- diag(c(1,sigma))

Q.inv <- scale%*%rotate

if(inverse) return(Q.inv)

solve(Q.inv)

}

A.4 hr.analysis()

This function obtains a homerange analysis for a woodpecker cluster. Image plots of kernel
intensity estimates with 95% homerange contours are obtained as well as time series plots
of 95% homerange areas.

hr.analysis <- function(cluster="FB002",

plot.it=T,

legend.par=list(x=0.7,y=0.55),

kernfun=epanechnikov,
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par.list=list(mfrow=c(4,6),mar=c(0,1,0,1))) {

oldpar <- par()

cat(paste("\nStarting HR analysis for cluster:",cluster,"\n"))

clus <- GetCluster(cluster)

clus$YMNTH.scale <- convert.date(clus$YMNTH)

boundary <- bbox(as.spp(clus[,c("X.scale","Y.scale")]))

clus.df <- data.frame(clus[,c("X.scale","Y.scale","YMNTH")])

names(clus.df) <- c("x","y","date")

clus.months <- unique(clus$YMNTH)

clus.missing <- get.missing(clus.months)

nmissing <- length(clus.missing)

nmonths <- length(clus.months)+nmissing

months <- sort(c(unique(clus.months),clus.missing))

clus.missing <- data.frame(x=rep(-1,nmissing),y=rep(-1,nmissing),date=clus.missing)

clus.df <- rbind(clus.df,clus.missing)

clus.df <- clus.df[order(clus.df$date),]

hr.list <- list()

if(length(plot.it)==1) plot.it <- rep(plot.it,3)

if(plot.it[1]) {

cat("Plotting 2d intensities...\n")

par(par.list)

for(i in 1:length(months)) {

month <- months[i]

clus.2d <- clus.df[which(clus.df$date==month),c("x","y")]

if(nrow(clus.2d)>1) {

pp <- data.frame(x=clus.2d$x,y=clus.2d$y)

lambda.s <- intensity(pp,

method="kernel",

kernfun=kernfun,

bw=0.15,nx=50,ny=50,

boundary=boundary)

if(!color) lambda.s$z <- -lambda.s$z

scaled.image(lambda.s,axes=F,ylim=c(0,1))

points(x=clus.2d[,1],y=clus.2d[,2],pch=".",col=6)

kern.hr(pp,kernfun=kernfun,bw=0.15,n=c(50,50),print.it=F)

extend <- 0.01

}

else {

scaled.plot(x=0:1,y=0:1,xlim=c(0,1),ylim=c(0,1),type="n",xlab="",ylab="",axes=F)

polygon(x=c(0,1,1,0),y=c(0,0,1,1),density=F,col=2,lwd=3)

text(x=.5,y=0.5,label="MISSING",cex=1,col=3,font=4)

extend <- 0
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}

polygon(x=c(0,1+extend,1+extend,0),y=c(1.035,1.035,1.145,1.145),col=4,lwd=3)

text(x=.5,y=1.103,label=month,cex=1,col=0,font=4)

}

cat("\n\n")

}

clus.kern3d <- kern3d(clus[,c("X.scale","Y.scale","YMNTH.scale")],

n=c(50,50,nmonths),lims=c(0,1,0,1,0,1),

bw.sp=0.15,bw.t=0.15,

kernfun.sp=kernfun,kernfun.t=kernfun)

if(plot.it[2]) {

cat("Plotting 3d intensities...\n")

par(par.list)

for(i in 1:length(months)) {

month <- months[i]

clus.2d <- clus.df[which(clus.df$date==month),c("x","y")]

lambda.s <- list(x=clus.kern3d$x,y=clus.kern3d$y,z=clus.kern3d$z[[i]])

scaled.image(lambda.s,axes=F)

kern.hr(x=lambda.s$x,y=lambda.s$y,z=lambda.s$z,print.it=F,plot.it=T)

if(nrow(clus.2d)>1) points(x=clus.2d[,1],y=clus.2d[,2],pch=".",col=6)

polygon(x=c(-0.01,1.01,1.01,-0.01),y=c(1.035,1.035,1.145,1.145),col=4)

text(x=.5,y=1.103,label=month,cex=ifelse(max(par.list$mar)>5,3,1),col=0,font=4)

}

cat("\n\n")

}

cat("Computing homeranges...\t")

hr3d <- unlist(lapply(clus.kern3d$z,

function(x,xx,yy) kern.hr(x=xx,y=yy,z=x,print.it=F,plot.it=F)$area,

xx=clus.kern3d$x,yy=clus.kern3d$y))

hr.list$hr3d <- data.frame(time=seq(0,1,length=length(hr3d)),hr3d=hr3d,row.names=NULL)

clus.kern2d <- list()

clus.time <- unique(clus$YMNTH)

hr2d <- unlist(lapply(split(clus[,c("X.scale","Y.scale")],clus[,"YMNTH"]),

function(x,K) {

kern.hr(x=x,n=c(50,50),lims=c(0,1,0,1),bw=0.15,kernfun=K,print.it=F,plot.it=F)$area

},K=kernfun))

hr.list$hr2d <- data.frame(time=names(hr2d),hr2d=hr2d,row.names=NULL)

if(plot.it[3]) {

par(mar=c(5,4,3,2)+.1,mgp=c(3,1.5,0),mfrow=c(1,1))
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cat("Plotting homeranges...\n\n")

ylim <- c(min(hr2d),max(hr3d))

plot(x=c(0,1),type="n",xlim=c(0,1),ylim=ylim,axes=F,xlab="Year/Month",ylab="Area",col=3)

box()

axis(side=2,at=seq(0.0,0.5,0.1),labels=seq(0.0,0.5,0.1),cex=0.75,crt=0,col=2,font=6)

clus.len <- length(unique(clus.df[,3]))

axis(side=1,at=seq(0,1,length=clus.len),labels=unique(clus.df[,3]),line=0,cex=1,col=2,font=6)

title(main=paste("95% Homerange for cluster",cluster),col=7,font=6)

lines(x=unique(clus$YMNTH.scale),y=hr2d,col=5,lwd=3)

lines(x=seq(0,max(clus$YMNTH.scale),length=nmonths),y=hr3d,col=6,lwd=3)

abline(v=unique(clus$YMNTH.scale),lty=2,col=2)

legend(x=legend.par$x,y=legend.par$y,legend=c("Full","Conditional"),lty=c(1,1),col=c(6,5),lwd=c(3,3))

}

cat("\n")

par(oldpar)

invisible(hr.list)

}

A.5 kern.hr()

This function calculates the (1− α)× 100% homerange for a given intensity estimate.

kern.hr <- function(x,y,z,bw,n=c(25,25),lims,alpha=0.05,

kernfun=epanechnikov,

plot.it=T,print.it=T,addmode=T,symbol=6,...) {

# check if x,y,z is the density estimate

if(!missing(z) || (is.list(x) && !is.null(x$z))) {

if(is.list(x)) {

y <- x$y

z <- x$z

x <- x$x

}

f <- list(z=z)

}

# otherwise x,y is raw data

else {

if(is.list(x) && !is.null(x$x) && !is.null(x$y)) {

y <- x$y

x <- x$x

}
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if(missing(y) && is.matrix(x)) {

y <- x[,2]

x <- x[,1]

}

if(missing(lims)) {

lims.x <- range(x)

lims.y <- range(y)

}

else if(is.list(lims)) {

lims.x <- lims[[1]]

lims.y <- lims[[2]]

}

else {

lims.x <- c(lims[1],lims[2])

lims.y <- c(lims[3],lims[4])

}

if(missing(bw)) bw <- bandwidth.sp(x,y)

# construct density estimate

f <- kern2d(x=x,y=y,bw=bw,

nx=n[1],ny=n[2],

lims=c(lims.x,lims.y),

kernfun=kernfun)

x <- f$x

y <- f$y

z <- f$z

}

lims.x <- range(x)

lims.y <- range(y)

n <- c(length(x),length(y))

# make area slightly larger so z estimate is at the

# center of each grid cell rather than on an corner

shift.x <- (lims.x[2]-lims.x[1])/(n[1]+1)

shift.y <- (lims.y[2]-lims.y[1])/(n[2]+1)

lims.shift.x <- c(lims.x[1]-0.5*shift.x,lims.x[2]+0.5*shift.x)

lims.shift.y <- c(lims.y[1]-0.5*shift.y,lims.y[2]+0.5*shift.y)

# nodes will be the center of each grid cell

nodes.x <- seq(lims.shift.x[1],lims.shift.x[2],length=n[1]+1)

nodes.y <- seq(lims.shift.y[1],lims.shift.y[2],length=n[2]+1)

# compute area of each cell

area.grid <- diff(nodes.x)%*%t(diff(nodes.y))
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# reduce area of cells on the edges or corners

area.grid[1,] <- area.grid[1,]*0.5

area.grid[,1] <- area.grid[,1]*0.5

area.grid[nrow(area.grid),] <- area.grid[nrow(area.grid),]*0.5

area.grid[,ncol(area.grid)] <- area.grid[,ncol(area.grid)]*0.5

# compute volume by multiplying area and height

volume <- area.grid*f$z

# scale volume so it sums to 1.0

volume <- volume/sum(volume)

# unwrap matrix of probabilities into a vector

# create row and column indices

unwrap <- data.frame(prob=c(volume),

row=rep(1:n[1],times=n[2]),

col=rep(1:n[2],each=n[1]))

# order grid cells by probability

unwrap.order <- unwrap[order(unwrap$prob),]

# determine mode and location of mode

mode <- unwrap.order[n[1]*n[2],"prob"]

mode.i <- unwrap.order[n[1]*n[2],c("row","col")]

mode.loc <- c(nodes.x[mode.i$row],nodes.y[mode.i$col])

# determine HRc [Home Range complement]

cumsum.index <- cumsum(unwrap.order$prob)<=alpha

# i is the number of probabilities whose sum is < alpha

i <- sum(cumsum.index,na.rm=T)

HRc <- sum(unwrap.order$prob[cumsum.index])

# determine which of the grid cells are

# in the home range using the value of i

unwrap.order$in.hull <- c(rep(0,i),rep(1,nrow(unwrap)-i))

# determine adding all the cell area inside the hull

area <- sum(c(area.grid)*unwrap.order$in.hull)

# unsort to restore row and columns

unwrap <- unwrap.order[row.names(unwrap),]

# restore vector of probabilities to matrix

wrap <- matrix(unwrap$in.hull,nrow=n[1])

# compute nodes for which to plot contour

edges.x <- seq(lims.x[1],lims.x[2],length=n[1])
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edges.y <- seq(lims.y[1],lims.y[2],length=n[2])

# plot (1-alpha)x100% Home Range contour

coords <- contour(x=edges.x,

y=edges.y,

z=wrap,

nlevels=1,

add=T,

save=T,

plotit=plot.it,

labex=0,...)$"1"

# add mode if asked

if(addmode && plot.it) points(x=mode.loc[1],y=mode.loc[2],pch=symbol,lwd=3,col=6)

# print area and alpha level achieved

if(print.it) cat(paste("\nArea =",round(area,4),"\nalpha =",round(HRc,4),"\n"))

# return coordinates of contour, area, and alpha level achieved

invisible(list(coords=coords,area=area,alpha=HRc,mode=list(mode=mode,location=mode.loc)))

}

A.6 kern3d()

This function constructs a 3-dimensional kernel intensity estimate of a spatiotemporal point
pattern.

kern3d <- function(coords,bw.sp,bw.t,

n=c(25,25,25),

at.time=(n[3]==length(unique(coords[,3]))),

lims=c(range(coords[,1]),range(coords[,2]),range(coords[,3])),

kernfun.sp=epanechnikov,kernfun.t=epanechnikov) {

x <- split(coords[,1],coords[,3])

y <- split(coords[,2],coords[,3])

time <- unique(coords[,3])

if(missing(bw.sp)) stop("Need to give a spatial bandwidth \"bw.sp\".")

if(missing(bw.t)) stop("Need to give a temporal bandwidth \"bw.t\".")

if(length(bw.sp)==1) bw.sp <- rep(bw.sp,length(time))

gx <- seq(lims[1],lims[2],length=n[1])

gy <- seq(lims[3],lims[4],length=n[2])

if(is.numeric(at.time))

gt <- at.time
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else {

if(at.time)

gt <- time

else

gt <- seq(lims[5],lims[6],length=n[3])

}

at <- outer(X=gt,Y=time,FUN="-")/bw.t

z <- list()

for(i in 1:length(time)) {

ax <- outer(X=gx,Y=x[[i]],FUN="-")/bw.sp[i]

ay <- outer(X=gy,Y=y[[i]],FUN="-")/bw.sp[i]

len <- length(x[[i]])

X <- matrix(data=kernfun.sp(ax),nrow=n[1],ncol=len)

Y <- matrix(data=kernfun.sp(ay),nrow=n[2],ncol=len)

z[[i]] <- (X%*%t(Y))/bw.sp[i]^2

}

z.st <- list()

for(tt in 1:length(gt)) {

z.st[[tt]] <- matrix(0,nrow=n[1],ncol=n[2])

for(j in 1:length(time))

z.st[[tt]] <- z.st[[tt]] + kernfun.t((gt[tt]-time[j])/bw.t)*z[[j]]/bw.t

}

invisible(list(x=gx,y=gy,t=gt,z=z.st,bw.sp=bw.sp,bw.t=bw.t))

}

A.7 Lenv.mc()

This program performs the L-analysis for a spatial point pattern. Included are computation
of the observed L̂-function, a simulated envelope, Cramér-von Mises-type statistic, and the
empirical p-value.

Lenv.mc <- function(object,

nsims = 100,

maxdist,

ndist = 100,

process = "binomial",

boundary = bbox(object),

add = T, col = 2, lty = 2, ...) {

object <- as.spp(object, drop = T)

npoints <- dim(object)[1]

bdy.x <- unique(boundary$x)
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bdy.y <- unique(boundary$y)

if(length(bdy.x) != 2 || length(bdy.y) != 2)

stop("boundary should be a rectangular box")

if(missing(maxdist) || is.null(maxdist))

maxdist <- 0.5 * sqrt(diff(bdy.x)^2 + diff(bdy.y)^2)

# function for computing the Cramer-von Mises statistic

# as given by Cressie (1993, p. 642)

cvm <- function(x,K) (sqrt(approx(x=K$x,y=K$y,xout=x)$y)-sqrt(pi)*x)^2

# Compute observed statistics

cat("\n\t\tComputing Observed Statistics...")

lhat.obs <- Lhat(object, maxdist = maxdist, ndist = ndist, boundary = boundary, plot = F)

hx <- lhat.obs$values[,"dist"]

lb <- hx[1]

ub <- hx[length(hx)]

k.obs <- integrate(cvm,lb,ub,K=data.frame(x=hx,y=pi*lhat.obs$values[,"Lhat"]^2))$integral

# Compute MC statistics

cat("\n\t\tCreating Data Sets...")

how.many <- rep(npoints, nsims)

sims <- lapply(how.many, make.pattern, process = process, boundary = boundary, ...)

cat("\n\t\tComputing Simulated L-functions...")

Larray <- sapply(sims, FUN = function(x, maxdist, ndist, boundary, plot)

Lhat(x,maxdist=maxdist,ndist=ndist,boundary=boundary,plot=F)$values[, "Lhat"],

maxdist=maxdist,ndist=ndist,boundary=boundary,plot=F)

hu <- apply(Larray, 1, max)

hl <- apply(Larray, 1, min)

ha <- apply(Larray, 1, sum)

cat("\n\t\tComputing Simulated Cramer-von Mises Statistics...")

k <- apply(Larray,2,

function(x,f,hx) {

lb <- hx[1]

ub <- hx[length(hx)]

integrate(f,lb,ub,K=data.frame(x=hx,y=pi*x^2))$integral

},

f=cvm,hx=hx)

p <- (nsims+1-rank(c(k,k.obs))[nsims+1])/nsims

ret.val <- list(spp = object,

dist = hx,

Lhat = lhat.obs$values[,"Lhat"],

lower = hl,
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upper = hu,

average = ha/nsims,

cvm = k,

cvm.obs = k.obs,

p = p)

if(add) {

lines(ret.val$dist, ret.val$average, col = col)

lines(ret.val$dist, ret.val$upper, lty = lty, col = col)

lines(ret.val$dist, ret.val$lower, lty = lty, col = col)

}

invisible(ret.val)

}

A.8 Lhat.II()

This program simulates a spatial point pattern sampled in time. The spatiotemporal LII-
function and simulated envelope are also obtained.

set.seed(10)

t <- 6

n <- 50

stp.pattern <- make.pattern("binomial",n=n*t)

stp.pattern$time <- rep(1:t,each=n)

for(k in 0:(t-1)) {

first <- T

for(j in 1:(t-k)) {

subset <- which(stp.pattern$time==j | stp.pattern$time==j+k)

data <- stp.pattern[subset,1:2]

if(first) Lhat.temp <- Lhat(spp(data),maxdist=0.5,ndist=100,plot.it=F)$values

else Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"] +

Lhat(spp(data),maxdist=0.5,ndist=100,plot.it=F)$values[,"Lhat"]

first <- F

}

if(k==0) Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"]/t

else Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"]/(t-k)

if(k==0) Lhat.lag <- data.frame(Lhat.temp,lag=0)

else Lhat.lag <- rbind(Lhat.lag,data.frame(Lhat.temp,lag=k))

}
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B <- 100

stp.pattern.mc <- lapply(1:B,

function(x,t,n) {

pattern <- make.pattern("binomial",n=n*t)

pattern$time <- rep(1:t,each=n)

pattern

},t=t,n=n)

Larray <- sapply(stp.pattern.mc,function(x,t) {

for(k in 0:(t-1)) {

first <- T

for(j in 1:(t-k)) {

subset <- which(x$time==j | x$time==j+k)

data <- x[subset,1:2]

if(first) Lhat.temp <- Lhat(spp(data),maxdist=0.5,ndist=100,plot.it=F)$values

else Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"] +

Lhat(spp(data),maxdist=0.5,ndist=100,plot.it=F)$values[,"Lhat"]

first <- F

}

if(k==0) Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"]/t

else Lhat.temp[,"Lhat"] <- Lhat.temp[,"Lhat"]/(t-k)

if(k==0) Lhat.lag <- data.frame(Lhat.temp,lag=0)

else Lhat.lag <- rbind(Lhat.lag,data.frame(Lhat.temp,lag=k))

}

Lhat.lag[,"Lhat"]

},t=t)

Lmax <- data.frame(dist=Lhat.lag[,"dist"],Lmax=apply(Larray,1,max),lag=Lhat.lag[,"lag"])

Lmin <- data.frame(dist=Lhat.lag[,"dist"],Lmin=apply(Larray,1,min),lag=Lhat.lag[,"lag"])

A.9 make.stpp.pattern()

This function creates one of the four types of spatiotemporal point patterns. Plots are
obtained if requested.

make.stpp.pattern <- function(spp.params=list(process="poisson",lambda=25),

t,process="earthquake",

time.func="rexp",time.params=list(rate=1),

plot.it=F,return.data=T,as.list=T) {

switch(casefold(process),
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"earthquake"=,"eq"= {

if(is.null(spp.params$boundary))

spp.params$boundary <- list(x=c(0,0,1,1),y=c(0,1,1,0))

pattern <- do.call("make.pattern",spp.params)

time.params$n <- nrow(pattern)

time <- do.call(time.func,time.params)

pattern$t <- sample(0:(nrow(pattern)-1))

pattern$sort <- order(pattern$t)

pattern <- pattern[pattern$sort,]

pattern$time <- cumsum(time)-time[1]

if(plot.it) {

boundary <- list(x=c(-0.05,-0.05,0.05,0.05)+spp.params$boundary$x,

y=c(-0.05,0.05,0.05,-0.05)+spp.params$boundary$y)

plot(pattern,type="n",xlim=range(boundary$x),ylim=range(boundary$y),axes=F,xlab="",ylab="")

text(x=pattern$x,y=pattern$y,label=pattern$t,cex=0.75,col=2)

polygon(x=boundary$x,y=boundary$y,lwd=3,col=6,density=F)

apply(cbind(pattern$time,1:nrow(pattern)),1,function(x,range.t,boundary) {

max.x <- max(boundary$x)

min.y <- min(boundary$y)

max.y <- max(boundary$y)

y <- min.y+(max.y-min.y)*(x[1]-range.t[1])/diff(range.t)

lines(x=c(max.x,max.x)+c(0.10,0.15),y=c(y,y),col=3)

if(x[2]%%5==0) text(x=max.x+0.17,y=y,labels=x[2],cex=.75)

},range.t=range(pattern$time),boundary=spp.params$boundary)

text(x=max(boundary$x)+0.08,y=max(boundary$y)+0.02,labels="TIME")

polygon(x=max(boundary$x)+c(0.02,0.02,0.15,0.15),y=boundary$y,col=2,density=F)

title(main="Earthquake Process")

spp.label <- unlist(spp.params)

spp.mtext <- spp.desc(unlist(spp.params))

mtext(text=spp.mtext,side=3,line=0.5)

}

pattern <- pattern[,c("x","y","time","t")]

},

"explosion"=,"ex"= {

time.params$n <- t

time <- do.call(time.func,time.params)

time <- cumsum(time)-time[1]

pattern <- data.frame()

if(!is.list(spp.params[[1]]))

spp.params <- list(spp.params)

for(i in 1:t) {

j <- ifelse(i%%length(spp.params)==0,length(spp.params),i%%length(spp.params))

if(is.null(spp.params[[j]]$boundary))
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spp.params[[j]]$boundary <- bbox(x=c(0,1),y=c(0,1))

pattern.i <- do.call("make.pattern",spp.params[[j]])

pattern.i$time <- rep(time[i],nrow(pattern.i))

pattern.i$order <- rep(i,nrow(pattern.i))

if(i==1) pattern <- pattern.i

else pattern <- rbind(pattern,pattern.i)

}

if(plot.it) {

boundary <- list(x=c(-0.05,-0.05,0.05,0.05)+spp.params[[1]]$boundary$x,

y=c(0.05,-0.05,-0.05,+0.05)+spp.params[[1]]$boundary$y)

plot(pattern,type="n",xlim=range(boundary$x),ylim=range(boundary$y),axes=F,xlab="",ylab="")

text(x=pattern$x,y=pattern$y,labels=pattern$order,cex=0.75,col=2)

polygon(x=boundary$x,y=boundary$y,lwd=3,col=6,density=F)

apply(pattern[,3:4],1,function(x,range.t,boundary) {

max.x <- max(boundary$x)

min.y <- min(boundary$y)

max.y <- max(boundary$y)

y <- min.y+(max.y-min.y)*(x[1]-range.t[1])/diff(range.t)

lines(x=c(max.x,max.x)+c(0.10,0.15),y=c(y,y),col=3)

if(x[2]%%5==0) text(x=max.x+0.17,y=y,labels=x[2],cex=.75)

},range.t=range(pattern$time),boundary=spp.params[[1]]$boundary)

text(x=max(boundary$x)+0.08,y=max(boundary$y)+0.02,labels="TIME")

polygon(x=max(boundary$x)+c(0.02,0.02,0.15,0.15),y=boundary$y,col=2,density=F)

title(main="Explosion Process")

}

},

"birthdeath"=,"bd"=,"sampled"= {

pattern <- list()

if(!is.list(spp.params[[1]]))

spp.params <- list(spp.params)

for(i in 1:t) {

j <- ifelse(i%%length(spp.params)==0,length(spp.params),i%%length(spp.params))

if(is.null(spp.params[[j]]$boundary))

spp.params[[j]]$boundary <- bbox(x=c(0,1),y=c(0,1))

boundary <- list(x=c(min(spp.params[[j]]$boundary$x),max(spp.params[[j]]$boundary$x)),

y=c(min(spp.params[[j]]$boundary$y),max(spp.params[[j]]$boundary$y)))

pattern[[i]] <- do.call("make.pattern",spp.params[[j]])

if(plot.it) {

spp.mtext <- spp.desc(unlist(spp.params[[j]]))

plot(pattern[[i]],pch=".",xlim=boundary$x,ylim=boundary$y)

title(main=paste("Time =",i))

mtext(text=spp.mtext,side=3,line=.8)

}
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}

},

stop(paste("Process",process,"not supported.")))

if(!as.list) {

n.pattern <- unlist(lapply(pattern,function(x) nrow(x)))

pattern.df <- data.frame()

for(i in 1:t) {

temp.df <- cbind(pattern[[i]],time=rep(i,each=n.pattern[i]))

if(i==1) pattern.df <- temp.df

else pattern.df <- rbind(pattern.df,temp.df)

}

pattern <- pattern.df

}

if(return.data) invisible(pattern)

else invisible()

}

A.10 pgram.rho()

This function takes a spatial periodogram as its argument and constructs the R-spectrum.

pgram.rho <- function(object,rho,maxrho) {

if(is.list(object) &&

!is.null(object$p) &&

!is.null(object$q) &&

!is.null(object$pgram)) {

p <- object$p

q <- object$q

pgram <- object$pgram

}

else stop("object must contain p, q, and pgram as elements.")

pq <- as.matrix(expand.grid(p,q))

data.rho <- data.frame(p=pq[,1],

q=pq[,2],

rho=sqrt(pq[,1]^2+pq[,2]^2),

pgram=c(object$pgram))

if(missing(rho)) {

if(missing(maxrho)) rho <- 0:ceiling(max(data.rho$rho))

else rho <- 0:maxrho

}

data.rho$group.rho <- as.vector(cut(data.rho$rho,breaks=rho))
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data.rho <- data.rho[order(data.rho$group.rho),]

data.rho <- data.rho[-nrow(data.rho),]

split.rho <- split(data.rho$pgram,data.rho$group.rho)

nrho <- unlist(lapply(split.rho,function(x) length(x)))

frho <- unlist(lapply(split.rho,mean))

result <- data.frame(rho=rho[-1],frho=frho)

result$lowerCI <- qchisq(0.025,2*nrho)/(2*nrho)

result$upperCI <- qchisq(0.975,2*nrho)/(2*nrho)

result$nrho <- nrho

result

}

A.11 pgram.theta()

This function takes a raw spatial periodogram as its argument and constructs the Θ-spectrum.

pgram.theta <- function(object,theta) {

if(is.list(object) && !is.null(object$p) && !is.null(object$q) && !is.null(object$pgram)) {

p <- object$p

q <- object$q

pgram <- object$pgram

}

else stop("object must contain p, q, and pgram as elements.")

pq <- expand.grid(p,-q)

data.theta <- data.frame(p=pq[,1],q=pq[,2],theta=atan(pq[,2]/pq[,1]),pgram=c(pgram))

if(missing(theta)) theta <- seq(-95,95,10)*pi/180

data.theta$group.theta <- as.vector(cut(data.theta$theta,breaks=theta))

data.theta <- data.theta[order(data.theta$theta),]

data.theta <- data.theta[-nrow(data.theta),]

split.theta <- split(data.theta$pgram,data.theta$group.theta)

ntheta <- unlist(lapply(split.theta,function(x) length(x)))

ftheta <- unlist(lapply(split.theta,mean))

dt <- min(diff(theta))

theta <- round(seq(min(theta)+dt/2,max(theta)-dt/2,dt),4)

result <- data.frame(theta=theta,ftheta=ftheta)

result$lowerCI <- qchisq(0.025,2*ntheta)/(2*ntheta)

result$upperCI <- qchisq(0.975,2*ntheta)/(2*ntheta)

result$ntheta <- ntheta

result

}
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A.12 pgram.sp()

This function takes a spatial point pattern as its argument and returns either the raw or
smoothed periodogram.

pgram.sp <- function(object,

freq,freq0.rm=T,

boundary=bbox(object),

smooth=!freq0.rm,bw=1,window,

npoints.p=25,npoints.q=2*npoints.p) {

Lx <- diff(range(boundary$x))

Ly <- diff(range(boundary$y))

L.inv <- diag(c(1/Lx,1/Ly))

n <- nrow(object)

object <- as.matrix(object)

# rescale data to unit square

object[,1:2] <- object[,1:2]%*%L.inv

# obtain frequencies

if(missing(freq)) freq <- list(p=0:16,q=-16:15)

omega <- lapply(freq,function(x) 2*pi*x)

omega <- as.matrix(expand.grid(omega$p,omega$q))

n.freq <- unlist(lapply(freq,length))

# remember location of frequency (0,0)

index0 <- which(omega[,1]==0 & omega[,2]==0)%/%max(freq$p)

# compute Fourier coefficients for all frequencies

i <- complex(real=0,imag=1)

J <- apply(omega,1,function(x,data,i) {

omega.s <- data%*%matrix(x,nrow=2)

sum(exp(-i*omega.s))

},data=object[,1:2],i=i)

# obtain spatial periodogram

pgram <- matrix(Mod(J)^2,nrow=n.freq[1],ncol=n.freq[2])

# remove frequency (0,0)

if(!is.na(index0)) {

f00 <- pgram[1,index0]

if(freq0.rm) pgram[1,index0] <- 0

}
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# smooth periodogram if requested

if(smooth) {

if(missing(window)) {

cat("\n")

warning("\n\tWindow function required to smooth periodogram.")

cat("\tReturning raw periodogram.\n")

}

else {

if(length(bw)==1) bw <- rep(bw,2)

gp <- seq(freq$p[1],freq$p[n.freq[1]],length=npoints.p)

gq <- seq(freq$q[1],freq$q[n.freq[1]],length=npoints.q)

ap <- outer(gp,freq$p,"-")/prod(bw)

aq <- outer(gq,freq$q,"-")/prod(bw)

kappa.p <- matrix(window(ap),npoints.p,n.freq[1])

kappa.q <- matrix(window(aq),npoints.q,n.freq[2])

pgram <- kappa.p%*%pgram%*%t(kappa.q)/prod(bw)

freq <- list(p=gp,q=gq)

}

}

list(p=freq$p,

q=freq$q,

pgram=pgram/n,

f00=f00/n,

smooth=smooth,

freq0.rm=freq0.rm)

}

A.13 pgram.stp()

This function takes a sampled point pattern as its argument and returns either the raw or
smoothed spatiotemporal periodogram.

pgram.stp <- function(object,freq,

smooth=F,npoints=25,bw,kernfuns=list(dnorm),

plot.it=F,plot.type=image,

rm.freq0=T,positive=F) {

# computes the Fourier coefficients for each time t

Jpq <- function(object,p,q) {

object <- as.matrix(object)

Lx <- diff(range(object[,1]))
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Ly <- diff(range(object[,2]))

n <- nrow(object)

object[,1:2] <- cbind(object[,1]/Lx,object[,2]/Ly)

omega.p <- 2*pi*p

omega.q <- 2*pi*q

omega <- as.matrix(expand.grid(omega.p,omega.q))

i <- complex(real=0,imaginary=1)

J <- apply(omega,1,

function(x,data,i) {

omega.s <- data%*%matrix(x,nrow=2)

sum(exp(i*omega.s))

},data=object[,1:2],i=i)

J

}

### begin periodogram code ###

if(missing(freq)) {

p <- 0:16

q <- -16:15

index0 <- c(1,17)

}

else {

p <- freq$p

q <- freq$q

index0 <- c(indexOf(p,0),indexOf(q,0))

if(rm.freq0 && (index0[1] < 0 || index0[2] < 0)) {

warning("Frequency 0 not computed.\n")

rm.freq0 <- F

}

}

object <- object[,1:3]

n <- nrow(object)

names(object) <- c("x","y","date")

times <- object$date

nt <- unique(times)

missing.months <- get.missing(unique(nt))

if(!is.na(sum(missing.months))) {

months <- sort(c(nt,missing.months))

nmissing <- length(missing.months)

missing.months <- data.frame(x=rep(-1,nmissing),y=rep(-1,nmissing),date=missing.months)

object <- rbind(object,missing.months)

object <- object[order(object$date),]

}
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else {

months <- nt

nmissing <- 0

}

nmonths <- length(months)

stp <- split(object[,c("x","y","date")],object[,"date"])

Jt <- lapply(stp,function(x,p,q,Jpq) {

month <- unique(x$date)

x <- x[,c("x","y")]

if(x[1,1] < 0) {

cat(paste("_",month," ",sep=""))

j <- matrix(0,length(p),length(q))

}

else {

cat(paste(month," ",sep=""))

j <- Jpq(x,p,q)

}

j

},p=p,q=q,Jpq=Jpq)

Jt <- matrix(unlist(Jt),ncol=nmonths)

Ist <- apply(Jt,1,function(x,pos,n)

length(x)*spec.fft(x,is.fourier=F,as.db=F,positive=pos)$pgram/n,

pos=positive,n=n)

ngamma <- nrow(Ist)

if(positive) r <- 1:ngamma-1

else r <- -((ngamma-1)%/%2):(ngamma%/%2)

Ist <- split(Ist,1:ngamma)

Ist <- lapply(Ist,function(x,p,q) matrix(x,length(p),length(q)),p=p,q=q)

Ist <- lapply(Ist,function(x,p,q) list(p=p,q=q,pgram=x),p=p,q=q)

for(i in 1:ngamma) Ist[[i]]$r <- r[i]

if(smooth || !missing(bw)) {

if(smooth && missing(bw)) stop("Supply bandwidth to smooth periodogram.")

if(length(npoints)==1) npoints <- rep(npoints,3)

if(length(bw)==1) bw <- rep(bw,3)

if(length(kernfuns)==1) { kernfun.sp <- kernfun.t <- kernfuns[[1]]; }

else { kernfun.sp <- kernfuns[[1]]; kernfun.t <- kernfuns[[2]]; }

Ist <- lapply(Ist,

function(x,bw,npoints,kernfun)

smooth3d(x,bw=bw,npoints=npoints,kernfun=kernfun),

bw=bw[1:2],npoints=npoints[1:2],kernfun=kernfun.sp)

Kst <- list()
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lims.t <- range(unique(nt))

gt <- seq(lims.t[1],lims.t[2],length=npoints[3])

for(tt in 1:length(gt)) {

Kst[[tt]] <- list(pgram=matrix(0,nrow=npoints[1],ncol=npoints[2]))

Kst[[tt]]$p <- Ist[[1]]$p

Kst[[tt]]$q <- Ist[[1]]$q

for(j in 1:length(nt))

Kst[[tt]]$pgram <- Kst[[tt]]$pgram +

kernfun.t((gt[tt]-nt[j])/bw[3])*Ist[[j]]$pgram/bw[3]

}

Ist <- Kst

}

if(plot.it) {

invisible(lapply(Ist,function(x,plot.type)

plot.type(x=x$p,y=x$q,z=x$pgram,xlab="p",ylab="q",zlab="I(p,q,r)"),

plot.type=plot.type))

}

list(Ist=Ist,p=p,q=q,r=r)

}

A.14 pgram.theta.htest()

This function takes a Θ-spectrum as its argument and returns the ratio test for anisotropy.

pgram.theta.htest <- function(pgtheta) {

ntheta <- pgtheta$ntheta

ftheta <- pgtheta$ftheta

theta <- pgtheta$theta

pgtheta.lower <- pgtheta[which(pgtheta$theta<=0),]

pgtheta.lower <- pgtheta.lower[nrow(pgtheta.lower):1,]

pgtheta.lower$theta <- -pgtheta.lower$theta

pgtheta.upper <- pgtheta[which(pgtheta$theta>=0),]

quotient <- data.frame(theta=pgtheta.upper$theta)

quotient$nutheta <- pgtheta.upper$ntheta

quotient$nltheta <- pgtheta.lower$ntheta

quotient$ratio <- pgtheta.upper$ftheta/pgtheta.lower$ftheta

quotient$lowerF <- qf(0.025,2*quotient$nutheta,2*quotient$nltheta)
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quotient$meanF <- quotient$nltheta/(quotient$nltheta-2)

quotient$upperF <- qf(0.975,2*quotient$nutheta,2*quotient$nltheta)

invisible(quotient)

}
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