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A Study of Betweenness Centrality

on Biological Networks

Shivaram Narayanan

(ABSTRACT)

In the last few years, large-scale experiments have generated genome-wide protein in-
teraction networks for many organisms including Saccharomyces cerevisiae (baker’s
yeast), Caenorhabditis elegans (worm) and Drosophila melanogaster (fruit fly). In this
thesis, we examine the vertex and edge betweenness centrality measures of these
graphs. These measures capture how “central” a vertex or an edge is in the graph
by considering the fraction of shortest paths that pass through that vertex or edge.
Our primary observation is that the distribution of the vertex betweenness centrality
follows a power law, but the distribution of the edge betweenness centrality has a
“Poisson-like” distribution with a very sharp spike. To investigate this phenomenon,
we generated random networks with degree distribution identical to those of the pro-
tein interaction networks. To our surprise, we found out that the random networks
and the protein interaction networks had almost identical distribution of edge be-
tweenness. We conjecture that the “Poisson-like” distribution of the edge betweenness

centrality is the property of any graph whose degree distribution satisfies power law.
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Chapter 1

Introduction

1.1 Motivation

Rapid advances in high-throughput and large scale experiments in biology are pro-
viding us with breathtaking new insights into cellular machinery and processes. The
public availability of protein-protein interaction networks containing thousands of
interactions for a number of species is a highlight of these advances. Studying the
properties of protein interaction networks promises to yield predictions of protein
functions,' shed new light on the evolution of biological networks® and also improve
our understanding of the structure of these networks.”-8

It is natural to represent a protein interaction network as an undirected graph, where

each vertex corresponds to a protein and each edge represents an interaction between
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the two connected proteins. This representation allows us to examine the network
from the point of view of graph theory. One of the first observed properties of pro-
tein interaction networks was that their degree distribution follows a power law,%”
i.e., the fraction of vertices with degree k is proportional to k=7, for some v > 0. A
number of models have been proposed to explain how protein interaction networks
may have evolved to have this property.®? Recently, a few papers have questioned
whether this property is an artifact of biases that are inherently present in the exper-
imental screens that are performed to detect the protein interactions. Researchers
have also showed that protein interaction networks have the small world property,’
i.e., the average distance between any two vertices in the graph is small. A number
of graph-theoretic properties of protein interaction networks that have been studied
so far, focus on the local properties of the graph, e.g., degree distribution, Centroid
value, excentricity,'? clustering coefficient!! and average distance!! between any two
vertices in the network.

In this thesis, we examine the betweenness centrality of protein interaction networks.
The vertex betweenness centrality of a given vertex is the fraction of shortest paths,
counted over all pairs of vertices, that pass through that vertex. Edge betweenness
centrality is similarly defined for an edge. Since these measures consider both the

local and the global structure of the graph, we believe they may be more appropriate

for studying biological networks, in particular, and complex networks in general.
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1.2 Contributions Of This Thesis

In this thesis we apply the graph-theoretic concept of betweenness centrality to the
protein interaction networks of three organisms. These networks contain both phys-
ical and genetic interactions. We observe that the vertex betweenness distribution
follows a power law for all the networks. We also observe that the distribution of the
edge betweenness centrality has a Poisson-like distribution with a very sharp spike
for all three networks. We further analyse this behavior by constructing random
graphs with the same degree distribution as the protein interaction networks of the
three organisms, and computing the edge betweenness distribution of the random
graphs. We observe that the edge betweenness distribution for the random graphs
also possess a Poisson-like distribution with a very sharp spike.

We also construct random graphs of different sizes and whose degree distribution fol-
lows a power law with different values of the power law exponent. We observe that
the edge betweenness distribution for these random graphs also possess a Poisson-
like distribution with a very sharp spike. We conjecture at the end of our experiments
that graphs whose degree distribution follows a power law have an edge betweenness

distribution similar to the ones we observe for protein interaction networks.



Shivaram Narayanan Chapter 1. Introduction 4

1.3 Readers Guide

The rest of the thesis is organised as follows. Chapter 2 describes the experiments
used to generate the protein interaction data, the interaction datasets currently avail-
able, and previous results on the properties of biological networks. Chapter 3 de-
scribes different graph models used to generate complex networks such as protein in-
teraction networks. Chapter 4 defines betweenness centrality and the applications of
betweenness centrality and chapter 5 describes the algorithms we have implemented
for computing the vertex betweenness of all the vertices and the edge betweenness of
all the edges in a graph. Chapter 6 shows the results observed from the experiments.
Chapter 7 gives the conclusion of the study and discusses future research directions

in this area.



Chapter 2

Properties Of Biological Networks

Biological networks have been mainly constructed from experiments or from scien-
tific literature. These networks contain interactions between proteins, DNA, RNA,
metabolites, etc. There are many publicly available databases of these interaction
data. Many properties of these networks have already been studied and these studies
have yielded many important results. In the following sections, we describe the dif-
ferent experiments that generate the protein interaction network data, the biological
datasets that are available and the previous results on the properties of biological

networks.



Shivaram Narayanan Chapter 2. Properties Of Biological Networks 6

2.1 Biological Experiments

In this section, we describe the biological experiments used to generate protein-protein
interactions and other types of interactions. Two of the experiments, the two-hybrid
system and affinity precipitation, produce physical interaction data. In a physical
interaction between two protein, the proteins actually interact in the cell. Synthetic
lethality experiments produce genetic interaction data. In genetic interactions, the

proteins do not physically interact with each other in the cell.

2.1.1 The Two Hybrid System

The two hybrid system is used to detect if one protein (prey) physically interacts with
another (bait). This system detects the interaction between the bait and prey by us-
ing a transcription factor (usually GAL4) to promote the transcription of a reporter
gene.'? Transcription factors such as GAL4 have distinct structural and functional
units called domains. The GAL4 protein has a DNA Binding Domain (DBD) as well
as an Activation Domain (AD). When GAL4 binds to its cognate binding site, the ac-
tivation domain is brought close to the promoter, allowing the activation domain to
interact with the transcriptional machinery and resulting in activation of transcrip-

tion. A reporter gene is used to detect the activation of transcription.

The above machinery is used in the two hybrid system as follows:



Shivaram Narayanan Chapter 2. Properties Of Biological Networks 7

e DBD Hybrid: This hybrid contains the DBD fused to the bait. This fusion
protein can bind to the DNA, but cannot activate transcription because the bait

does not contain an activation function.

e AD Hybrid: This hybrid contains the AD fused to the prey. Usually, a
recombinant DNA “library” is prepared in which genes for many different
proteins are fused to the AD. Then both hybrid proteins are expressed in the
same cell. Those AD hybrids expressing the reporter gene are identified and

purified for further characterization.

Typically, libraries containing large numbers of different proteins are screened
against one bait and all the proteins (prey) expressing the reporter gene, are the few
proteins that can interact with the bait.'®1* The two hybrid system has been used to
generate protein-protein interaction data for the following organisms, baker’s

yeast,!314 fruit fly'® and worm.'6

2.1.2 Affinity Precipitation

Affinity precipitation is another method used to find interacting proteins. Here the
interacting proteins are found by analysing all the proteins that are bound to the
bait protein. The bait protein is first tagged with an antibody binding tag. To
separate the bait protein from the rest of the proteins in the cell, an antibody is

added which binds itself to the antibody binding tag. Another protein (the antigen)
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that binds to the antibody is then used to extract the antibody, the antibody tag, bait
protein and any the proteins bound to the bait protein. The complex obtained is
separated by gel electrophoresis and further analysed using mass spectroscopy to
identify the interacting proteins. This method has been used to detect a large
number of protein complexes in Yeast and thus has aided in the formation of protein

interaction networks.1”-18

2.1.3 Synthetic Lethality

There exists a synthetically lethal interaction between two genes if the mutation in
each gene by itself is not lethal to the cell, but the combination of both mutations
causes cell death. These type of interactions have been found between two genes in
the same biochemical pathway as well as between two genes in different biochemical
pathways. Genes involved in many cellular processes have also been identified using
synthetic lethal screens. Tong et al. have developed the Synthetic Genetic Array
(SGA) analysis to do multiple screens and detect a large number of synthetic lethal

interactions.®

2.2 Biological Datasets

In this section we describe the various protein interaction datasets that are

currently available.
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2.2.1 BIND: Biomolecular Interaction Network Database

The Biomolecular Interaction Network Database (BIND)? is a collection of records
documenting molecular interactions. BIND contains interaction data for a variety of
organisms like mouse, yeast, HIV virus etc. The interaction data has been obtained
from high-throughput data submissions and hand curated information from

scientific literature.

2.2.2 DIP: Database of Interacting Proteins

The DIP database?! contains experimentally determined interactions between
proteins for a large number of organisms like human, yeast, mouse, worm etc. The
interactions in the DIP database have been generated by combining the information
from a variety of sources. The data stored was curated manually as well as using

computational approaches.

2.2.3 GRID: The General Repository for Interaction Datasets

The GRID datasets?? are available for yeast, fly and worm. GRID contains physical,
genetic and functional interactions between proteins. The data has been generated
from biological experiments such as the two hybrid system, affinity precipitation,
and synthetic lethality. Yeast network has 4920 vertices and 17816 edges. Fly

network has 7940 vertices and 25665 edges. Worm network has 2803 vertices and
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4371 edges.

2.3 Previous Results

One of the first observed properties of biological networks has been that the degree
distribution of biological networks follows a power law. It has been observed that in
metabolic networks, there are few metabolites such as pyruvate and coenzymeA,
which participate in a number of reactions and function as hubs.” The scale free
behaviour and the presence of hubs are also seen in the protein interaction network
of yeast.'®1* The small world property is another feature of biological networks.?
Different properties of the interaction data have been used for functional annotation
of proteins and genes.!™® The structure of protein interaction data has been used for
predicting new interactions between existing proteins.?® The clustering coefficient of
a vertex measures how connected the neighbours of that vertex are to each other.
The average clustering coefficient of a graph is the average of the clustering
coefficient measure of all the vertices in the graph. The average clustering coefficient
measures the overall tendancy of vertices in the graph to form clusters. The average
clustering coefficient of biological networks is observed to be high.2* Motifs are
certain subgraphs that are over represented in the real graph, when compared to a
randomized version of the same network. The high degree of evolutionary

conservation of motif constituents with in the yeast protein interaction network
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indicates that motifs are of direct biological relevance.?



Chapter 3

Graph Generation Models

A biological network such as a protein-protein interaction or a synthetic lethal
interaction network can be represented as an undirected graph G = (V| E), where V'
is the set of vertices and F is the set of edges. Vertices in such a graph represent
proteins while edges represent interactions between the proteins. Let G have n
vertices and m edges. Let N, be the set of neighbours of a vertex v. Let d, = |N,| be
the degree of vertex v. Researchers have observed that networks such as the
Internet, citation patterns in scientific papers and some biological networks are scale
free.® A network is scale-free, if its degree distribution follows a power law i.e., the
probability P(k) that a vertex in the network has degree k is proportional to £~ for
some v > 0. A graph generation model is an algorithm or certain steps to follow, so
that we may generate graphs with certain properties. The different graph

generation models suggested for complex networks such as biological networks that

12
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show the scale-free property have been described in the following sections.

3.1 Erdos-Rényi Model

Although the Erdos-Rényi model was not initially proposed to explain the evolution
or structure of biological networks, we include it since it is a well studied model for
the generation of random graphs. An Erdos-Rényi graph G(n, p) is a graph with n

vertices such that the probability of having an edge (u, v) in G is p for any vertices u

and v in G.26

Although the Erdos-Rényi model is a well studied model, it does not fully capture the
features exhibited by biological networks. The presence of many highly connected
hubs is a feature that is observed in biological networks. An Erdos-Rényi graph is
unlikely to have such a property, since the probability of occurrence of every edge is

the same.

3.2 Barabasi Albert Model

Barab4si and Albert® conjecture that the scale free property of complex networks

arises because:

1. the network grows with the addition of more vertices and
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2. a new vertex preferentially attaches itself to vertices with high degree.

The propose a growth based model?” in which a new vertex is created at each time
step and the newly arrived vertex preferentially attaches itself to existing vertices
with higher degree. Therefore in this case vertices with higher degree have a higher
probability of connecting to the new vertex. The probability p, of creating an edge

between an existing vertex v and the newly added vertex is

po = (do + 1)/ (|E[ +[V])

where |E| and |V| are, respectively, the number of edges and vertices currently in the

network (counting neither the new vertex nor the other edges that it is incident on).

Due to preferential attachment, a vertex with a higher degree will continue to
increase its connectivity at a higher rate, this does explain the presence of hubs in

such networks.

3.3 Watts Strogatz Small World Model

The small world model is a graph generating model proposed by Watts and
Strogatz.?® Graphs which have the small world property have low characteristic path
lengths i.e., the average distance between any two vertices in the graph is small and

also high clustering coefficient. The algorithm to generate a graph takes as input a
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regular graph with n vertices with £ edges incident on each vertex and a probability
p. The algorithm chooses an edge at random with probability p, then one of the end

points of the edge is changed to another vertex, again chosen at random.

3.4 Eppstein Wang Model

Eppstein and Wang?® proposed a steady state method for generating scale-free
networks. A steady state model is not a growth based model i.e., the model does not
involve the addition of new vertices or edges. The input to the algorithm is the
number of edges m, the number of verices n and a model parameter r. The model
starts by generating a graph with n vertices and m edges, by randomly adding edges
between the vertices until there are m edges. The algorithm then modifies the initial

graph by executing the following sequence of steps r times:
1. Pick a vertex v at random. Repeat this step until d, > 0.
2. Pick an edge (u,v) € G at random.
3. Pick a vertex x at random.

4. Pick a vertex y proportional to degree of y.

5. If (z,y) is not an edge and if x is not y, then add edge (z,y) to G and remove

edge (u,v) from G.
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This is a simple model for generating scale-free networks, because it produces a
power-law graph without the addition of extra vertices and edges, by evolving the
existing graph while maintaining the same number of edges and vertices. Eppstein
and Wang simulated the model on graphs with different sizes and different
densities, where density = m/n. Each simulation was performed five times and the
model parameter r was chosen to be 10”. The degree distribution was observed to
converge to a power law distribution as the value of r increased, for many sizes and

densities of the graph.



Chapter 4

Betweenness Centrality

In this chapter, we define the graph-theoretic concept of betweenness centrality,
which is central to this thesis. This concept takes into account the global as well as
the local features of a network. We present many applications of betweenness
centrality and describe the two algorithms, one for computing the vertex
betweenness centrality and the other for computing edge betweenness centrality, for

all the vertices and edges in the graph.

4.1 Definition

In the context of social networks, Freeman?® defined a number of measures of

centrality to find out how influential a person or group is.?? In this thesis, we are

17
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concerned with a measure called betweenness centrality. The vertex betweenness
centrality BC(v) of a vertex v € V' is the sum over all pairs of vertices u,w € V, of the

fraction of shortest paths between u and w that pass through v:

BC(v)= Y T (V)

g
u,weV uw

uFEWH#V
where o0,,,(v) denotes the total number of shortest path between u and w that pass

through vertex v and o, denotes the total number of shortest paths between v and

Similarly the edge betweenness centrality BC(e) of an edge e € E is defined as the
sum over all pairs of vertices (u, w), of the fraction of shortest paths between u and w

that passes through e.

BC(e)= Y T ()

(0F
u,weV uw
uFEw

where 0, (¢) denotes the total number of shortest path between « and w that pass

through edge ¢ and o,,, denotes the total number of shortest paths between v and w.
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4.2 Applications

Since its formulation, the betweenness centrality measure has been used in a variety
of settings. Betweenness centrality measures were obtained for a disease outbreak
network to investigate a tuberculosis outbreak and methods of disease control.?!
Similarly betweenness centrality has been used in variety of settings to infer useful
information about the network. In the following sections, we describe the application

of betweenness centrality measures to classify scale free networks, measure the

susceptibility of complex networks and to find communities in networks.

4.2.1 Classification of scale free networks

Betweenness centrality has been equated to “load”,? the amount of traffic a vertex
or edge has to handle in a network such as the Internet, when every pair of vertices
is sending and receiving packets along the shortest paths connecting the pair. Goh,
Kahng and Kim showed that the load distribution of scale free networks followed a
power law with power law exponent § ~ 2.2, for different values of ~, where ~ is the
power law exponent of the network.3? Goh et al later concluded that scale free
networks could be classified using the power law exponent of the betweenness
centrality distribution of the network?? §, where the value of § could be 2 or 2.2 for
different networks. Kim, Noh and Jeong also studied the betweenness centrality

distribution of scale free trees, and showed that scale free networks can be classified
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by the power law exponent of the betweenness centrality distribution.3*

4.2.2 Susceptibility of complex networks

Holme and Kim studied the susceptibility of complex networks like the Internet to
fragmentation, due to vertex or edge overloading.?>3¢ Load in this context has the
same definition as in the previous section. The implication of this study is on
real-world communication networks such as the Internet, which are constantly
growing and evolving. Load here is characterized by betweenness centrality. Edge or
vertex overloading occurs, when the vertex or edge has more network traffic than it
can handle or has the capacity for. For finding the effect of overloading on evolving
scale free networks, it was defined in the experiments that were conducted, that
overloading occured when the betweenness centrality of an edge or a vertex exceeded
a maximum set value. Overloading of edges and vertices in a communication
network leads to the vertex or edge being shutdown and therefore leads to
breakdown avalanches in the network.?%26 When an edge or a vertex shuts down
due to overloading, this increases the load on the other edges and vertices in the
graph, and thus may lead to overloading of more vertices and edges. This is known
as a breakdown avalanche. Breakdown avalanches lead to further fragmentation of
the network. This study was conducted on scale free networks generated using the
Barab4si Albert graph generation model.?” Holme et al also studied the different

reactions of the complex network to different attack strategies.?” In these
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experiments, instead of removing overloaded edges and vertices, certain procedures
were followed such as removing vertices with high degree, removing vertices with
high betweenness etc to observe the fragmentation in the network. The attack
strategy based on recalculated betweenness centrality was found to be the most
harmful i.e., remove the vertex with the highest value of betweenness centrality,
then recalculate the betweenness centrality measure for all the vertices in the graph
and repeat the procedure of removing the vertex with the highest value of
betweenness centrality measure. High correlation between the degree and the

betweenness centrality of vertices was also observed for complex networks.37

4.2.3 Communities in Networks

Communities in networks are groups of tightly knit vertices, which are joined by

looser connections. Girvan and Newman proposed an algorithm based on edge

betweenness for finding communities in networks.?® The algorithm works as follows:
1. Find the edge betweenness of all the edges in the network.

2. Remove the edge with the highest betweenness value from the network.

3. Recalculate the edge betweenness values for all the edges in the remaining

network.

4. Return to step 2 until the graph has no edges.
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Holme, Huss and Jeong modified the above algorithm to detect sub-networks in
biological networks (metabolic networks).?® They represented the biological network
as a bipartite graph and the reactions between the different metabolites as reaction
vertices. They defined the effective betweenness of a reaction vertex to be the vertex
betweenness divided by the indegree of the vertex. After calculating the effective
vertex betweenness of every vertex in the network, the reaction vertex with the
highest effective betweenness value was removed and the process was repeated until
there were no reaction vertices. This process broke down the biological network into
communities. Radichhi et al also modified the Girvan Newman algorithm38 to find

communities in networks.*°

Modified versions of the Girvan Newman edge betweenness clustering algorithm?3?
have also been used to find communities in gene networks.*! In these networks, two
genes are connected if they appeared together in scientific literature. It was
observed that genes in the same community had the same function, and genes in
different communities had different functions.*! Recently the edge betweenness
clustering algorithm has been applied to protein interaction networks,*? the authors

report that the algorithm yields clusters of proteins which have similar functions.

The betweenness centrality distribution of vertices in yeast protein interaction
networks have also been studied.*® Existence of vertices with high betweenness
values and low degree were observed. The vertices of high betweenness measure

were found to be essential proteins, essential protein are those which are necessary
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for proper cell functioning and the lack of which in the cell, can lead to cell death.

23



Chapter 5

Algorithms For Computing

Betweenness Centrality

5.1 Background

In this chapter, we describe the algorithm we have implemented for computing the
vertex and edge betweenness centrality measures of all the vertices and edges in a
graph. Given a graph G = (V, E) with n vertices and m edges, let w be the weight
function on the edges of the graph. Therefore, for unweighted graphs w(e) = 1, for e €
E. Define a path from s € V to ¢t € V to be a sequence of vertices such that the path
starts at s and ends at ¢, and there is an edge in G connecting each vertex in the path

to it’s successor in the path. The length of the path is the sum of the weights of the

24
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edges in the path; for an unweighted graph, the length of the path is the total
number of edges in the path. Let d;(s,t) denote the minimum length of any path
connecting s and ¢ in G. By definition, ds(s,s) = 0 and dg(s,t) = dg(t, s). A vertex v €

V lies on a shortest path between s,¢ € V, if and only if d;(s,t) = dg(s,v) + dg(v, t).

Let 0, denote the total number of shortest paths between vertices s and ¢ and o (v)
denote the total number of shortest paths between vertices s and ¢ that pass through
v, where s,t,v € V. Note that o, = 045 and 04 (v) = 045(v). Then the betweenness

centrality measure?® for a vertex v € V is

BC() =Y 05;(”> (5.1)
s,teV st
s#tF#v

A fundamental component of all the algorithms we discuss is a procedure to count
the number of shortest paths from a given vertex s € V' to all the other vertices in G.
We do so by implementing Dijkstra’s shortest path algorithm to compute the
shortest path directed acyclic graph (DAG) D, rooted at s rather than the shortest
path tree T, rooted at s. We define D, as follows: A node v is a parent of node ¢ in D,,
if v lies on a shortest path from s to . Note that we can augment the shortest path
tree T rooted at s in to D, in O(n + m) by using the following observation: let d¢(s, t)
be the length of the path between s and ¢ in 7;. For an edge e = (v,t) € E, if

da(s,t) = dg(s,v) +w(e), then v is a parent of ¢ in D,. We define P;(t) as the set of

parents of ¢ in D,.
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Pty ={v eV :(vt) € E ds(s,t) =dg(s,v)+w(v,t)}

Given D,, we can calculate o, for every node ¢t € V' as follows:

We now sketch a naive algorithm for computing the vertex betweenness centrality

for every node in GG. The algorithm has the following steps:

1. For every node s € V

(a) Compute D, and o, for every node ¢t € V.
(b) For every node v € V, v # s

i. Delete v from G. Let G’ be the resulting graph.
ii. Compute D., the shortest path DAG rooted at s in G'.
iii. For a node t € G, let ¢/, be the number of shortest paths from s to ¢ in
G’

iv. Set o4 (v) =04 — o, forall t € G'.

2. For every node v € V set

Bow) = Y 2l

g
s,teVvV st
sF#tF£v
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Since this algorithm involves Dijkstra’s shortest path algorithm O(n?) times, it’s
running time is O(n?(n + m)logn). In this thesis, we use the more efficient
algorithms devised by Brandes** and Newman!!for computing the betweenness

centralities of all the vertices and of all the edges respectively, in the graph.

5.2 Brandes Vertex Betweenness Algorithm

Brandes** developed a more efficient algorithm than the one described above by
noting that it is not necessary to invoke the shortest path algorithm O(n?) times to
compute the betweenness centrality of all the vertices in G. The O(n) shortest path

DAGs rooted at each node of GG contain all the required information.

Brandes defines the pair-dependency 64 (v) = U;—(Z’), where s,t,v € V . Clearly

BC(v) = Y dq(v)

s, teVvV

Therefore given the pairwise distances and also the number of shortest paths, we

can calculate for a pair s, € VV and a vertex v € V, the pair dependency d(v).

Therefore betweenness centrality is usually calculated in two steps:

1. Compute the length and number of shortest paths between all pairs of vertices.

2. Sum all pair-dependencies.
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Brandes defines the dependency of a vertex s € V on a vertex v € V as

dse(V) = Z 05t (V)

teV

By (5.1), we have

BC(v) =) d.(v) (5.2)

seV

Brandes proves the following recursive relation on 4 (v), which is crucial to his

algorithm:

b)) = Y T (14 b)) (5.3)

g
wlve Ps(w) sw

Therefore, given D, we can calculate d4,(v) for all the vertices v € V by a traversal of

D, in topological order. We can now describe Brandes algorithm completely:

1. For every vertex s € VV

(a) Compute D, and o, for all t € V.

(b) Using (5.3) compute the dependency of s on every other vertex in the

graph.

2. Compute BC(v) for all v € V, using (5.2).
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For each node s € V, step (a) takes O((n + m)logn) time and step (b) takes O(n + m)
time. Therefore, the total time spent by the algorithm is O(n(n + m)logn). The space
used by the algorithm is O(n + m). Note that if G is unweighted, we can use Breadth
First Search instead of Dijkstra’s shortest path algorithm, reducing the running

time to O(n(n + m)).

5.3 Newman Edge Betweenness Algorithm

The notion of edge betweenness is based on the number of shortest paths that pass

through a certain edge. The edge betweenness BC'(e) for an edge e € E is given by

BC(e)= Y “;—(6) (5.4)
S’tiy st

where o, (e) is the number of shortest paths from vertex s € V to vertex t € V that

pass through edge e € E.

We describe Newman’s algorithm using the notation we have developed earlier. Lets
define pair-dependency on an edge e € F as i, (e) = "f;—s(f), where s, € V. Note that

dst(e) =0, if e is not an edge in the D,. We define a dependency of a vertex s € V on

an edge ¢ € F as
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Sse(€) =Y dule)

Clearly,

BC(e) = Y bale) (5.5)

seV

Let v and v be the vertices connected by e. Assume without loss of generality that
u € Py(v), i.e., at least one shortest path from s to v passes through u. Define the set
of predecessors of e in D,: P,(e) as the set of all edges incident on u in D,. Newman

proves the following recursive relation:

bwle) = Y T (14 Ga(w)) (5.6)

g
w|e€ Ps(w) sv

It is easy to modify the Brandes algorithm to use this recurrence relation (5.6) to
calculate BC/(e) for all edges e € E. The algorithm runs in O(n(m + n)) time for

unweighted networks.



Chapter 6

Results

In this thesis, we analysed the genetic and physical interaction networks of the
following organisms: Saccharomyces cerevisiae (yeast), Caenorhabditis elegans
(worm) and Drosophila melanogaster (fly). We obtained these data sets from the
General Repository for Interaction Datasets?? (GRID). GRID is a comprehensive
database of genetic and physical interactions in Saccharomyces cerevisiae (yeast),
Caenorhabditis elegans (worm) and Drosophila melanogaster (fly). The yeast dataset
had physical interactions from affinity precipitation and two-hybrid
experiments,'®!* and genetic interactions from synthetic lethality experiments.!®
The yeast interaction network has 4920 vertices and 17816 edges. The fly dataset
had interactions from two-hybrid experiments and genetic interactions. The fly
interaction network has 7940 vertices and 25665 edges. The worm interaction

network has 2803 vertices and 4371 edges, and has interactions detected by

31
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two-hybrid experiments.

We first computed the vertex betweenness distribution for all three networks, and
observed that it follows a power law. We also studied the vertex betweenness vs.
degree correlation for all three networks. In the edge betweenness distribution for
all the three networks, we saw a strange behaviour, i.e., presence of a large fraction
of edges with the same betweenness value. To uncover the reason behind this
behavior, we generated random graphs with the same degree distribution as the
original networks. We also generated random graphs with different densities and
whose degree distribution followed power law with different values of the power law
exponent. We plotted the average edge betweenness distribution for all these graphs

too.

The values of edge betweenness for the edges in a graph were normalised by dividing
it by the total number of edges in the graph. This was done so that we may compare
graphs with different sizes, i.e., compare graphs with different number of nodes and

edges.

6.1 Vertex Betweenness

Since vertex betweenness took into account the fraction of the number of shortest
paths that pass through a vertex over all pair of vertices, we initially wanted to

check if the vertex betweenness value for a vertex in a biological network, would
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allow us to predict how lethal a gene is or if the protein was essential etc. We

calculated the vertex betweenness values using the Brandes algorithm.

6.1.1 Vertex Betweenness Distribution

We applied the Brandes Algorithm** to find the vertex betweenness values for all
three networks. We wanted to view the vertex betweenness distribution as well as

the correlation of betweenness centrality of a vertex with its degree.

Vertex Betweenness Distribution
20 T T T T T T T T

Number of Nodes (log)

| | | | |
-7 -6.5 -6 -5.5 -5 -4.5 -4 -3.5 -3 -2.5
Vertex Betweenness (log)

-5 1 1 1

Figure 6.1: Vertex betweenness distribution for yeast, fly and worm interaction data.
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Figure 6.1 shows that there are large number of vertices with vertex betweenness in
a certain range or nearly same value. Figure 6.1 shows the log-log plot of vertex
betweenness distribution for all the the three networks. The value for x-intercept is
-3.5, the y-intercept is -15 and the slope is -4.2 for the power law fit for the fly
network. The value for x-intercept is -3.7, the y-intercept is -9 and the slope is -2.4
for the power law fit for the yeast network. The value for x-intercept is -2.5, the

y-intercept is -11 and the slope is -4.4 for the power law fit for the worm network.

From the results in figure 6.1 it is clear that the vertex betweenness distribution

exhibits a power law for the three networks.

6.1.2 Vertex Betweenness vs. Degree Correlation

Each point in the plots in Figure 6.2 and Figure 6.3 represents the betweenness

centrality and the degree of a single vertex.

To create the plot in figure 6.4, we binned the vertices of each network by degree.
Bin i, 7 > 0, contained all the vertices with degree between i and i — 10. For each bin
1, we plot the degree and the mean of the betweenness centrality values of the

vertices in that bin.

From the figures, figure 6.2, figure 6.3 and figure 6.4, it is clear that vertex
betweenness values have high correlation with degree of a vertex i.e. higher the

degree of the a vertex, higher its vertex betweenness value will be.
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Vertex betweenness vs. Degree (Fly)
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(a) The fly network

Vertex betweenness vs. Degree (Yeast)
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(b) The yeast network

Figure 6.2: Vertex betweenness value vs. Degree for each vertex.
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Vertex betweenness vs. Degree (Worm)
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Figure 6.3: Vertex betweenness value vs. Degree for each vertex of the worm network.
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Figure 6.4: Mean and standard deviation of vertex betweenness values of vertices

having degrees in a certain range vs The maximum degree of the range.
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6.2 Edge Betweenness

Edge betweenness takes into account the fraction of shortest paths between two
vertices that pass through an edge, over all pair of vertices. We expected the edge
betweenness distribution for all three networks to follow power law, but we were
surprised to discover that, not only did it not follow a power law, but it had a very

strange shape.

6.2.1 Edge Betweenness Distribution

We computed the edge betweenness values for all the edges in the network using the
Newman algorithm!! for all the three interaction networks. The edge betweenness
distribution is given in figure 6.5 and 6.6 for all the three interaction networks: In
these plots, for each range of edge betwenness values (we used a thousand bins), we

plot the fraction of edges with edge betweenness value in that range.

From figures 6.5, 6.6 and 6.7, it is very interesting to see a sudden increase in the
number of edges with a certain edge betweennes value in the edge betweenness
distribution of all three of the datasets. The larger spike is also followed by a smaller
one in all three figures. The spike signifies the fact that there are a large number of
edges with nearly the same edge betweenness value. In figure 6.7, we
simultaneously plot the individual distributions displayed in figures 6.5 and 6.6. It

is also interesting to see that, when the edge betweenness distribution is normalized
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Edge Betweenness Distribution for the Fly Network.
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Figure 6.5: Edge betweenness distribution for the fly network. We divide each edge
betweenness value by the total number of edges in the graph.
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Edge Betweenness Distribution for the Yeast Network.

Fraction of Edges

Widly,
! A SO ¥

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Edge Betweenness / Total Number of Edges in Graph

(a) Yeast

Edge Betweeness Distribution for the Worm Network.
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Figure 6.6: Edge betweenness distribution for the yeast and worm networks. We
divide each edge betweenness value by the total number of edges in the graph.
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Edge Betweenness Distribution for all the three networks.
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Figure 6.7: Edge betweenness distribution for all the three networks. We divide each
edge betweenness value by the total number of edges in the graph.
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by dividing by the total number of edges in the graph, the spikes occurs very close to
each other, for the yeast and fly network (Figure 6.7). We had not anticipated that
the edge betweenness distribution would have this shape. The rest of this chapter
describes our attempts to explain why the edge betweenness distribution of

biological networks has the observed properties.

6.2.2 Edge Betweenness of Synthetically Lethal Interactions

We conjectured that the spike in the yeast and fly network may be caused by
interactions in the graph which were synthetically lethal i.e., genetic interactions.
Synthetically lethal interactions often occur between proteins participating in
different pathways. Therefore, it is possible that these interactions acting as bridges
in the physical network, leading them to have high edge betweenness values. Hence,
we decided to compute the edge betweenness distribution for the graph induced by
synthetically lethal interactions and the graph induced by the physical interactions
separately, for the yeast and fly network. We also plotted the edge betweenness
distribution for the graph induced by synthetically lethal interactions and the graph
induced by the physical interactions using the edge betweenness values from the

computation of edge betweenness for the original yeast and fly network.

From figure 6.8 and 6.9, it is clear that although there is a large number of

synthetically lethal interactions in the spike, removal of those edges does not affect
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(a) Edge Betweenness Distribution of all sub-networks in Fly.
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Figure 6.8: (a)Edge betweenness distribution for all three networks in Fly considering
the edge betweenness value from the original network.(b)Edge betweenness distribu-
tion for all three networks in Yeast considering the edge betweenness value from the
original network.
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Edge Betweenness Distribution for all sub-networks of Fly.
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Figure 6.9: (a)Edge betweenness distribution for all three networks in Fly.(b)Edge
betweenness distribution for all three networks in Yeast.
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the shape of the distribution. In fact from figure 6.9, we can clearly see that after the
removal of the synthetic lethal interaction edges from the graph, the edge
betweenness distribution still has the spike, but the value of edge betweenness at

which the spike occurs is greater. Thus our conjecture was incorrect.

6.3 Randomized Analysis

We decided to investigate whether the observed edge betweenness distribution were
a property solely of the biological networks analysed or whether graph generation
models (such as those described in Chapter 3) could yield graphs with similar edge
betweenness disitribution. We used the JUNG* framework to generate many types
of random graphs. All the random graphs that we generated had the same number

of vertices and edges as the yeast network i.e., 4920 vertices and 17816 edges.

6.3.1 Simple Random Graphs

The input to the simple random graph generator was the number of vertices n = 4920
and the number of edges m = 17816. The method first creates n vertices and then
constructs the edges uniformly at random from the set of all edges. We generated a
hundred simple random graphs and computed the edge betweenness values for all

the edges in these graphs.
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Figure 6.10: (a)Edge Betweenness Distribution of 100 Simple Random Graphs. We
divide each edge betweenness value by total number of edges in the graph.(b)Average
Edge Betweenness Distribution for 100 Simple Random Graphs.We divide each edge

betweenness value by total number of edges in the graph
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From figure 6.10, it is clear that the edge betweenness distribution of biological

networks is very different from the edge betweenness distribution of simple random

graphs.

6.3.2 Eppstein Wang Power Law Random Graphs

In the Eppstein Wang?® random graph generator, the input is the number of vertices
n, the number of edges m and the model parameter r, which is the number of times
the algorithm is run. The larger this parameter, the better the resulting graph’s
degree distribution approximates a power law. We generated a hundred random
graphs with 4920 vertices, 17816 edges and with the value of  set to 10”. The edge

betweenness values for all the edges were calculated, for all the hundred graphs.

In figure 6.11, we can see that there is a spike in the edge betweenness distribution,
this spike was also noticed at in figure 6.6, edge betweenness distribution of the
yeast network. On closer inspection, it can also be seen that the edge betweenness
value at which the spikes occurs is quite close for both the figures. Although the
value of edge betweenness is very close, the height of the spike is different in both

figures.
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Figure 6.11: (a)Edge Betweenness Distribution of 100 Eppstein Wang Power law Ran-
dom Graphs.(b)Average Edge Betweenness Distribution for 100 Eppstein Wang Power
law Random Graphs. We divide each edge betweenness value by total number of edges

in the graph.
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6.4 Random Graphs with Similar Degree

Distribution as the Biological Networks

In the previous section, we observed that the edge betweenness distribution of the
yeast network and the edge betweenness distribution of the scale-free network
generated by the Eppstein Wang model were similar. This observation motivated us
to check whether the peculiar properties of the edge betweenness distribution that
we had observed held true for any network with the same degree distribution as the
biological networks. To this end, we constructed hundred random graphs each with
the same degree distribution as the yeast, worm and fly interaction networks. The
procedure we followed to construct the random graphs is as follows: We first created
n nodes and assigned to each node a degree based on the degree distribution given.
Next, for each node, we created a number of stubs equal to the degree of the node.
Finally, we randomly paired stubs with each other and connected the two nodes
corresponding to each pair of stubs as an edge. This process created self loops and
multiple edges between the same pair of nodes. We deleted the self loops and kept

only one copy of each multiple edge.

Remarkably, from figures 6.12, 6.13 and 6.14, it is clear that the random graphs
generated with the same degree distribution also have an edge betweenness
distribution very similar to the original network. In this case, the position of the

spike for figures 6.12, 6.13 and 6.14, is at nearly the same value of edge
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Figure 6.12: Edge betweenness distribution of the fly network and the average edge
betweenness distribution of 100 random networks with the same degree distribution

as the fly network.
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Figure 6.13: Edge betweenness distribution of the yeast network and the average
edge betweenness distribution of 100 random networks with the same degree distri-
bution as the yeast network.



Shivaram Narayanan

Chapter 6. Results

0.3 |

0.2 |

Fraction of Edges

0.1 |

I e e 1 | s Vi

A\Ilerage Edge éetweennesleistribution c|>f 100 Randorln Graphs I

Edge Betweenness Distribution of Worm Network

0.4 0.6 0.8 1 1.2 1.4
Edge Betweenness / Total Number of Edges in Graph

51

Figure 6.14: Edge betweenness distribution of the worm network and the average
edge betweenness distribution of 100 random networks with the same degree distri-

bution as the worm network.
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betweenness at which the large spike occurs in the edge betweenness distribution of
the original networks. Since the shape of the distribution is same for both the
biological graphs and the random graphs, we have empirically demonstrated that
the edge betweenness distribution that we are seeing is a property of the degree

distribution of the graph, atleast when the degree distribution follows a power law.

6.5 Further Analysis on Random Graphs

To investigate this property further, we created graphs of different sizes and
densities. The degree distribution of these graphs followed a power law with
different values for the power law exponent. We wanted to check if the edge
betweenness distribution of these graphs had a shape similar to the one we were
observing. We wanted to know if there was a relation between the position and size

of the spike to the power law exponent or the density of the graph.

The size of the graph is defined as the number of nodes present in the graph. The

density of a graph is defined as the ratio of the number of edges m to the number of
nodes n in the graph. We created the degree distribution of the graphs that followed
a power law by setting the value of the size, the power law exponent and the density
of the graphs. The procedure used to create the degree distribution is as follows: We
first calculated the maximum possible degree of a node in the graph using the value

of density m and power law exponent ~ that are given, and the following relation:
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maxdegree 1y

mnz Y — 6.1)
=1

We did not create the degree distribution, if the maximum degree that we calculated
exceeded the size of the graph. Once we had the maximum possible degree of a node
in the graph using the relation (6.1), we assigned the number of nodes £’ with a

certain degree k using the following relation:

K =k (6.2)

We created 124 degree distributions of graphs, with power law exponent ranging
from 1 to 2.4 with increments of 0.2, with density ranging from 1 to 4.6 with
increments of 0.4 and sizes, 1000 and 3000. Twenty random graphs were generated
for each of the 124 degree distribution using the procedure we described in the

previous section.

From figures 6.15, 6.16, 6.17, 6.18, 6.19 and 6.20, we observe that the edge
betweenness distribution for graphs whose degree distribution follows power law do
have a shape similar to the one we have seen earlier. We can see from figures 6.15,
6.16 and 6.17, that the position of the spike seems to be converging at a point as the
density increases for all values of power law exponent, and as the density increases

the position of the spike occurs at lower values of edge betweenness.
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Figure 6.15: Each sub figure shows the average edge betweenness distribution for
graphs with size 1000 and same density, but different values for the power law expo-
nent.
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Size = 1000 and Density 2.6
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Figure 6.16: Each sub figure shows the average edge betweenness distribution for
graphs with size 1000 and same density, but different values for the power law expo-
nent.
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Size = 1000 and Density 3.8
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Figure 6.17: Each sub figure shows the average edge betweenness distribution for
graphs with size 1000 and same density, but different values for the power law expo-
nent.
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Size = 3000 and Density 1.4
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Figure 6.18: Each sub figure shows the average edge betweenness distribution for
graphs with size 3000 and same density, but different values for the power law expo-
nent.
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Size = 3000 and Density 2.6
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Figure 6.19: Each sub figure shows the average edge betweenness distribution for
graphs with size 3000 and same density, but different values for the power law expo-
nent.
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Size = 3000 and Density 3.8
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Figure 6.20: Each sub figure shows the average edge betweenness distribution for
graphs with size 3000 and same density, but different values for the power law expo-
nent.
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Figure 6.21: Each sub figure shows the average edge betweenness distribution for
graphs with size 1000 and same power law exponent, but different values for the
density.
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Figure 6.22: Each sub figure shows the average edge betweenness distribution for
graphs with size 3000 and same power law exponent, but different values for the

density.
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From figures 6.21 and 6.22, we observe that the value at which the spike occurs
remains nearly the same for graphs with different densities, even as the power law

exponent is increasing.
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Figure 6.23: Power law exponent vs. Position of Spike, for different values of Density
for graph with size 1000.
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Figure 6.24: Density vs. Position of Spike, for different values of Power law exponent
for graph with size 1000.

From figure 6.23, we observe that the value of edge betweenness, at which the spike
occurs, remains nearly the same across all values of the power law exponent, for
different densities of the graph. From figure 6.24, it is clear that value of edge
betweenness, at which the spike occurs decreases as the density increases, for all

values of the power law exponent.



Chapter 7

Conclusions

We applied the graph theoretic property of betweenness centrality on biological

networks.

We first computed the vertex betweenness properties for all the biological networks.
We observed that the vertex betweenness distribution follows a power law for all the
three networks, with exponents 4.4, 2.4 and 4.2. We also noted that vertex

betweenness and vertex degree are highly correlated.

We saw some interesting properties in the edge betweenness distribution for all the
biological networks. Each network has a large fraction of edges with nearly the same

edge betweenness value.

We generated random graphs with the same degree distribution as the original

biological networks. To our great surprise, we observed that the edge betweenness
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distribution of all random graphs had the same shape as the edge betweenness
distribution of the original biological networks. We also observed that the value at
which the spike occurs in the average edge betweenness distribution of the random
graphs is nearly the same value at which the spike occurs in the edge betweenness

distribution of the original network.

We also generated random graphs with different sizes, densities and, whose degree
distribution followed a power law, with different values of the power law exponent.
The edge betweenness distribution of these graphs have also exhibited the shape we
have been observing so far. We observed that the value of edge betweenness at which
the spike occured remained nearly the same for increasing power law exponent, for
all values of densities of the graph. We also observed that the value of edge
betweenness at which the spike occured decreased for increasing density of the

graph, for all values of the power law exponent.

From these analysis and results, we conjecture that graphs whose degree
distribution follows a power law, will have an edge betweenness distribution with a
large fraction of edges with nearly the same edge betweenness. We leave a formal

proof of conjecture as an open problem.
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