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Optimal Block Designs with Limited Resources

Bo Jin

Abstract

In this dissertation we present new results regarding optimality of block designs with limited
resources. The dissertation is organized as follows. The first chapter outlines the theory of
optimal block design. The second chapter shows new work in optimal minimally connected
block designs with spatial correlation structure. The third chapter details the discovery
of the optimal incomplete designs with two blocks. The fourth chapter does the same for
the optimal binary incomplete designs with three blocks. The fifth chapter summarizes the

techniques used and new results found and lists possible future research topics.
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Chapter 1

Theory of Optimal Block Design

1.1 Summary

In this chapter we present an overview of the theory of optimal block design. Section 1.2
contains the linear model set-up for block designs. In section 1.3 we discuss several optimality
criteria that are commonly used. In section 1.4 we present a general procedure for finding

optimal block designs.

1.2 The Linear Model

In this section we consider the linear model set-up for block designs.

Definition 1.1. Suppose there are v treatments to be compared using n experimental units.
The units are partitioned into b groups (blocks) of k units each (n = bk). A block design
is an assignment of the v treatments to the bk units. Denote the class of all possible such

assignments as D(v,b, k).

Usually we will assume the observation-vector Y, ., for a design d € D(v,b, k) follows a



standard linear model,

Yju = I+ Tajju) + B + €ju (1.1)
where ¥, is the yield of unit u in block j, p is the overall mean, 74, is the effect of the
treatment assigned to unit u in block j by design d, §; is block effect, and e;, is the error

term assumed to have mean zero and positive definite variance matrix.

Written in matrix form, with the observation vector ordered Y = (y11, y12, - - -, Y1k, Y21, Y22,
o Y2k - - Ypi) > the model in 1.1 becomes
Y = pl+Asc+ LB +e (1.2)
Cov(e) = X (1.3)

where ¥ is a positive definite n x n matrix (usually ¢21,) and L = [, ® 1,. In any row of A4
(n x v) there is exactly one 1 and the rest are 0’s. If the row corresponds to plot u in block

J, then the 1 lies in the column ¢ € {1,2,..., v} if and only if 74, = 4.

Suppose Cov(g) = 0%I,. Then the reduced normal equations for T are

Car = Q (1.4)
where
i ]_ ! I
Co = AjA;— EAdLL Ay (1.5)
’ 1 /
Q = A,(I- ELL Y. (1.6)
Denote
Ny = A,L. (1.7)

Ny (v x b) is called the incidence matrix of the design d € D(v, b, k) and its (7, j)th element,
denoted as ng;j, is the number of times that treatment ¢ is used in block j. In addition, we

have the (7,7 ) element, where 7,7 € {1,2,---v}, of NyN,, is
b
(NaNg)y = anijndi'j' (1.8)

j=1



(NgN}),» is the concurrence of treatments i and i under the design d, denoted by ;..

Write ,
Tdi = Z”dij- (1.9)
j=1

Then ry; is the replicate number of treatment ¢. It can be seen that

AL Ay = D(rg) (1.10)

where D(ry;) is a diagonal matrix with r4 on the diagonal.

By (1.5), (1.7) and (1.10), the matrix Cy is

Cy= D(rg) — %NdN(;. (1.11)
Cy is called the information matriz of design d. One reason Cy is important is that a linear
combination of treatment effects with coefficient vector p is estimable if and only if p belongs
to its row space. Since Cyl, = 0,, only the linear functions 1_9'1 with coefficient vector p
satisfying E/lv = 0, can be estimated. Such linear functions are referred to as treatment
contrasts. It is known that rank(Cy) = v — 1 if and only if all treatment contrasts are
estimable, and in that case, the underlying design is said to be connected. In this dissertation,

we will be exclusively dealing with connected designs.

1.3 Choice of Optimality Criteria

1.3.1 Basic Consideration

We address the problem of suggesting a suitable class of optimality criteria for comparison of
experiments involving linear models in (1.2). Specifically, denote by €2 the class of available

Cy matrices in a given experimental set up D(v,b, k). Denote by ® the class of optimality



functions ¢ defined on the members in 2. The optimality functionals may be aimed at
providing symmetric measures of the lack of information contained in the C; matrices. Shah
and Sinha (1989) brought up four requirements to be satisfied by the optimality function ¢,

which are laid down as follows:
Definition 1.2. (Shah and Sinha (1989))
A function ¢ is an optimality function if it satisfies the following four conditions:

1. ¢(Cy) = ¢(Cay), where Cyy = G'ngGg, g is any member of the symmetric group of per-
mutations, and G, denote the corresponding permutation matrix, i.e., the matrix obtained
by applying ¢g to the columns of the identity matrix. The condition says that the informa-
tion contained in Cy is invariant to the symmetric group of permutations on the treatment

symbols.

2. If Cyp = Cgo, then ¢(Cyq1) < ¢(Cy2). By Cy1 = Cyo, we mean that Cy — Cyy is a

non-negative definite matrix.

3. If ¢(Cy1) > ¢(Ca), then ¢p(tCy1) > ¢(tCy2) and vice versa for any integer ¢ > 1. The
condition says that Cy, is ¢ better than Cy; if and only if so are ¢ copies of the former design

compared to the ¢ copies of the latter.

4. o> t,Cag) < O((D_ty)Cy) for any integer numbers ¢, > 1. This condition means a
combination of various forms of d under permutations g would be no worse than an exclusive

use of d itself.

In particular, (4) implies,

4" ¢(>" Cay) < ¢(v!Cy) by taking all possible permutation of v treatment symbols and ¢, = 1.
We may say that a design is optimal in a very general sense if the underlying Cy; matrix
minimizes each optimality functional ¢ satisfying conditions 1 — 4.

As pointed out by Shah and Sinha (1989), the requirement 4’ is the symmetry requirement

on the optimality functionals ¢; the requirement 4 is in fact the property of weak convezity;



the requirements of 1 and 3 together with convexity condition implies 4; and 4 is satisfied by
all functions of the form ¢(Cy) = 7(f(Cy)) where 7 is monotone increasing, and f is convex

satisfying 1 and 3.

1.3.2 Universal Optimality

Kiefer’s version. Kiefer (1975) introduced the notion of Universal Optimality in the fol-

lowing manner. Consider optimality functionals ¢ satisfying the following conditions:

i) ¢(Cq) = ¢(Cyy) (same as requirement 1 in last section.)
i1) ¢(tCy) is non-increasing in ¢ where ¢ > 0. (1.12)
i11) ¢(0CqH + (1 — 0)Ca2) < 0p(Cyr) + (1 — 0)p(Cye) for 0 < 6 < 1.

If a design is optimal with respect to all such optimal functionals ¢, it is said to be universally

optimal.

As pointed out by Shah and Sinha (1989), the condition of convexity (1.12)(i7i) imposed on
the optimality functionals implies weak convexity 4 and hence the symmetry condition 4 .
However, the usual convexity does not appear to have any statistical interpretation while
4 (or even 4 of which 4’ is a special case) is appealing in a reasonable statistical sense.
Furthermore, 4 (or 4') relates only to a set of feasible Cy matrices while the usual convexity
may not relate to feasible ones when considering arbitrary convex combinations. Therefore,

Shah and Sinha (1989) set forth a definition of extended universal optimality.

Extended Universal Optimality A design is said to be universally optimal in an extended
sense in a given design class if the underlying C; matrix minimizes every optimality function

¢ satisfying the requirements of 1,2,3 and 4" among all possible C;; matrices in that class.

The theorem below (Shah and Sinha (1989)) is a modified version of the universal optimality
theorem by Kiefer (1975) in terms of extended universal optimality. For the detailed proof
one may refer to Shah and Sinha (1989).

Theorem 1.1. If there is a feasible C); matrix which is completely symmetric and has



maximum trace, then the underlying design is universally optimal in the extended sense of

minimizing ¢ simultaneously for all functionals ¢ satisfying 1,2,3,and 4 .

Now we will present some known universal optimal designs.

Definition 1.3. A design d € D(v,b, k) is said to be binary if ng;; € {0,1} V 4, j; is said to
be generally binary if ng; € {|%], 5] +1} V 4, .

Definition 1.4. A design d € D(v, b, k) is said to be combinatorially balanced if it is equally

replicated (rg = %) and A, are constant (g = %) for any i # 1 .

Definition 1.5. BIBD. A design d € D(v,b,k) with k& < v is called a balanced incomplete
block design (BIBD) if it satisfies:

1) d is binary, i.e., ng;; € {0,1}, and
2) d is combinatorially balanced.

Definition 1.6. BBD. A design d € D(v, b, k) is said to be a bottom-stratum balanced design
(BBD) if

1) d is generally binary, and

2) d is combinatorially balanced.

Below is a modified version of a theorem given by Kiefer (1975).

Theorem 1.2. If there exists a design d* € D(v, b, k) which is a BIBD or BBD, then d* is
a universally optimal design in D(v, b, k).
1.3.3 Specific Optimality Criteria

The values of (v, b, k) for which usually the universally optimal designs exist are fairly rare.

In this section we discuss different specific optimality criteria currently in use. We first



present the Type I-criteria introduced by Cheng (1978). Then we will specialize to the

specific criteria, namely the A-, D- and E-optimality functions.

Type I-optimality. Following Cheng (1978), let us consider a class of optimality functions

(to be minimized) of the form
v—1
61(Ca) = f(za) (1.13)
i=1

where f is a non-increasing and convex real valued function and z4’s are v — 1 positive
eigenvalues of Cy. Without loss of generality let 0 < 251 < 2zg2 < -+ < zg,-1. A design is

said to be ¢s-optimal in D(v, b, k) provided ¢;(Cy) is minimal over all designs in D(v, b, k).

Definition 1.7. The function ¢ of (1.13) is called a Type I-optimality criterion if f satisfies
the following conditions:

"

(1) f is continuously differentiable on (0, max4ep(wpr)tr(Cq)), and f<0,f">0,f" <0on

(0, maz e p(vpreytr(Cq))-

(2) f is continuous at 0 and lim,_of(z) = f(0) = occ.

Two of the most widely used criteria, called A- and D-, are Type I-criteria, corresponding
to f(za;) = % and f(zq;) = —log(za;) respectively. Specifically, they are defined as follows:

v—1
Definition 1.8. A-optimality. A design d* € D(v, b, k) is A-optimal if it minimizes > %
i=1""

over all possible designs in D(v, b, k).

Definition 1.9. D-optimality. A design d* € D(v,b, k) is D-optimal if it minimizes

v—1 v—1

> (—log(z4)) (or equivalently minimizes [] %) over all possible designs in D(v, b, k).
i=1""

i=1
There is another commonly used criterion which is not of Type I-.

Definition 1.10. E-optimality. A design d* € D(v, b, k) is E-optimal design if it minimizes

i (maximizes z41) over all possible designs in D(v, b, k).



A-, D- and E-optimality criteria were widely used well before the Type I-class was introduced.
These arise quite naturally in various statistical inference problems. We explain the statistical

meanings of the three criteria for block designs next.

The idea of E-optimality arises in the following situations: Suppose we want to estimate all
(normalized) linear contrasts of the treatment effects 7. Then the maximum variance of such
a contrast is the inverse of the smallest positive eigenvalue of Cy, i.e, z4;. The E-optimal

design is the one that minimizes this maximum variance among all possible designs.

Next suppose we are interested in the 100(1 — «) percent confidence ellipsoid for a complete
orthonormal set of treatment contrasts, assuming normality of the linear model (1.2). It is
known that the volume of this ellipsoid is proportional to the square root of the inverse of
the product of positive eigenvalues of Cy. This inverse is called the generalized variance.

The D-optimal design is the one that minimizes the generalized variance.

For A-optimality, the idea is to minimize the average variance for any orthonormal set
of treatment contrasts. It turns out that this average is just the sum of the inverses of the
positive eigenvalues of C'y. Furthermore, this sum is also proportional to the average variance
of all (;’) pairwise elementary treatment contrasts, so A-optimal designs also minimize the

average variance.

It is important to study relationships among various criteria, because if optimality criteria
are included in a larger class, a design which is optimal with respect to each criterion in the
larger class is optimal with respect to each criterion in the smaller class. For instance, if we
are able to use a general technique to prove optimality with respect to all Type I-criteria,

we get specific optimality of interest, such as A- and D-.

From the previous discussion, the extended universal optimality criteria form the largest
class. Progressively smaller, are the universal optimality criteria class and Type I-criteria
class, and finally the A- and D-criteria. The E- criterion is not covered by the Type I-
criteria class, but is by universal optimality and extended universal optimality. In fact, the

E- criterion is the point-wise limit of a sequence of Type I- criteria (see Shah and Sinha



(1989, page 9) ).

1.4 General Procedure for Finding Optimal Block De-

signs

The following are several facts based on the current state of research for optimal block

designs.

1) Extended universal (or universal) optimal block designs are usually non-achievable. The
conditions on (v,b, k) under which BBD or BIBD designs exist are very strict. In other

settings, there may be different optimal designs with respect to different criteria.

2) A design may be known to be optimal in many senses in D(v, b, k), but current theory

does not allow universal optimality to be established.
3) There are many settings (v, b, k) for which optimal designs are still not known.
In light of these facts, we employ this general procedure for finding optimal block designs:

1) Propose a design as potentially optimal with respect to some criterion. Usually the

proposed design is binary, as combinatorially balanced as possible.

2) Compare the proposed design with other designs using known inequalities and theorems.
In the following chapters, we will discuss these inequalities and theorems in detail. Sometimes

we also need to use combinatorial arguments.

3) If some other design is discovered to be better than the proposed design, then set this
design as the proposed optimal design and repeat 1) and 2). Continue this procedure until
we cannot find a better design than the proposed design. Hopefully, the proposed design

will be found to be optimal in D(v,b, k) with respect to some criterion.

There are some known results with respect to different criteria including those for BIBDs

and BBDs detailed above. These typically require binarity, equal replication, and close
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approximation to combinatorial balance. One may refer to Shah and Sinha (1989) for a
more extensive summary. However, as is already mentioned, in many situations optimal
designs remain unknown. Even for a specific criterion, there is no denying the fact that a
satisfactory study of optimality aspects of designs is quite difficult using currently known
inequalities and theorems and available results are not extensive. Additional difficulty is
found in the fact that for a specific optimality problem, combinatorial structure study is

sometimes very tough.

In the chapters that follow we will work on problems where experimental resources are
limited. When experimental resources are limited, we are usually unable to attain any
reasonable degree of “closeness” to combinatorial balance in our choice of design. In such
situations the intuition engendered by work on BIBDs or other nearly balanced designs can
fail. Indeed, in some cases, optimality will require nonbinarity, and in others, replication

numbers that are not as equal as possible.

Three specific problems are attacked in chapters 2 through chapter 4. Chapter 2 presents
new work on optimal minimally connected block designs with spatial correlation structure.
Chapter 3 details the discovery of the optimal incomplete designs with two blocks. Chapter

4 does the same for the optimal binary incomplete designs with three blocks.



Chapter 2

Optimal Minimally Connected

Designs For Correlated Observations

2.1 Summary

A- and MV-optimal block designs are identified in the class of minimally connected designs
when the observations within blocks are spatially correlated. A sufficient condition for E-

optimal designs is presented.

2.2 The Problem

Consider the situation where an experimenter is planning a block design experiment d for
comparing the relative effectiveness of v treatments. It is well known that all treatment
contrasts are estimable under d if and only if d is connected. If n denotes the total number
of experimental units in d, then a necessary condition for d to be connected is that n >

b+U—1:ng.

Several papers have appeared in the literature which discuss optimality of connected block

11



12

designs when the number of experimental units is minimal, or equivalently, n = ng. Let
D(v,b, k) denote the class of all connected block designs having v treatments, b blocks and

constant block size k > 2 satisfying
bk=b+v—1 (2.1)

It is known that there is an uniquely A-, MV-, and E-optimal design d € D when observations
within blocks are uncorrelated (Bapat and Dey (1991), Mandal, Shah and Sinha (1991)).

In this chapter, the A- , MV- and E-optimality of block designs are studied in the class
D(v,b, k) when observations within blocks are spatially correlated. Let the experimental
units be sequentially ordered w = 1,2,...,k in j block and as usual let y;, denote the

observation for the u'" experimental unit in the j* block. Consider the spatial correlation

structure
o? if j =4 u=1u
Cov(Yju, Yj') = 0 if j %5 (2.2)
p|u—u'|0-2 lf]:j/7u7éul
where

I>p12pe=2p3>...2 pp—12>0. (2.3)

In addition we assume that the corresponding variance-covariance matrix ¥ for observations
y is positive definite, i.e.

a'Ya > 0 for any a # 0 (2.4)

The chapter proceeds as follows. Section 2.3 discusses the basic properties of minimally
connected designs. In section 2.4 we identify A-optimal designs in the class D(v,b, k) under
the conditions (2.1), (2.2), (2.3) and (2.4). It turns out that the A-optimal designs are also
the MV-optimal designs, as shown in section 2.5. In section 2.6 we study E-optimal designs

in D(v,b, k).
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2.3 Properties of Minimally Connected Designs

In this section we first present three results on the structure of designs in the class D(v,b,k)
under condition (3.1). Proofs for the first two lemmas were given by Bapat and Dey (1991).
All three lemmas also hold for the spatial correlation structure, since estimability depends

only on first-order moments.

Lemma 2.1. Under (2.1) any connected design d € D is necessarily binary.

Let the blocks of d € D be numbered as Bj, Bs, B3, ..., B, in such a manner that By N
By #0,BsN (BiUBy) #0,...,(ByN (B UByU...U DBy 1) # 0, where ) is the empty
set. This is clearly possible because design d is assumed to be connected. Define S; =
BiUByU...UBj 1,5 = 2,...,b, and let S5 be the complement of S; with respect to the
set of treatment symbols, Q@ = {1,2,...,v}. Let

vj=[{n:m € (B;NS;)} (2.5)

where j =2,3,...,b;1=1,2, ..., v; and |.| denotes the number of elements in a set. It can
be seen that z; is the number of treatments in block j not occurring in the previous j — 1

blocks.
Lemma 2.2. Under (2.1) for any design d € D, z; = k — 1.

Corollary 2.1. Under (2.1) for any connected design d € D, no pair of blocks have more

than one treatment in common, that is, no pair of treatments occurs in more than one block.

Lemma 2.3. Under (2.1) for any connected design d € D, there is only one unbiased
estimate for any treatment contrast ZL thus the ordinary least squares estimate (OLSE)

and the general least squares estimate (GLSE) for ' are the same.

Proof. Suppose there are two unbiased estimates lllg and L;g (I, # ) for I'r. Then E(l, —

! /

Il)g =0 and Var(l, — L;)g = (I, — [1)3(l, — ;) > 0 since ¥ is positive definite. Therefore,

’

(I, — L;)g provides a degree of freedom for estimating o2. However, for a minimally connected

design there is no degree of freedom for estimating o2, a contradiction. O]
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Definition 2.1. A chain in a block design is a sequence of experimental units such that

two consecutive units either share the same treatment or the same block, but not both.

Corollary 2.2. Under (2.1) any two blocks are connected by exactly one chain.

We define the elementary treatment contrast for the I and m' treatments as 7 — 7,
where [ # m. For later use we need to clarify two kinds of elementary treatment contrasts
in minimally connected designs. If two treatments appear in the same block then their
elementary contrast estimate is the difference between the corresponding observations for
the two treatments. We call this a within-block elementary contrast and its corresponding
estimate a within-block elementary contrast estimate. If two treatments never appear in the
same block then their elementary contrast is estimated by the unique chain of observations
connecting them. We call this a between-blocks elementary contrast and its corresponding

estimate a between-blocks elementary contrast estimate.

Example 2.3.1. Consider a design d € D(7,3,3):

Bi:1 2 3
By: 4 1 5
Bs: 5 6 7
Ty — T3 = Y12 — Y13 IS a within-block elementary treatment contrast estimate. T, — T7 =

(Y21 — y23) — (Y33 — ys1) is a between-blocks elementary treatment contrast estimate.

2.4 A-optimal Designs

Now consider a design d* € D

By 1 2 [—-1 l [+1 oo k=1 k
By : kE+1 k+2 o k+1-1 1 kE+1 oo 2k=2 2k—-1

By: v—k+2 v—-k+3 ... v—k+I0l [l v—k+Il+1 ... v—1 v
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where treatment [ = |%!] is placed on experiment unit u = [#8| in every block. If the
block size k is odd then treatment [ is at the the middle unit in each block; and if the block
size k is even then treatment [ could be at either of the middle two units in each block,

though for clarity we choose unit v = £.

[\

Theorem 2.1. Under condition (2.1)-(2.4) design d* is A-optimal in D(v, b, k).

Proof. Recall that A-optimal designs minimize the average variance of all elementary treat-
ment contrasts, i.e., the A-value is proportional to > > w, which can be split into
two parts. One part is due to within-block elementlawjy< Ztreatrnent contrast, which will be
the same for any design d € D(v,b, k), denoted as A;. The other part is due to between-
blocks elementary treatment contrast, denoted as As. We will compute A, for d*, as well as
competing designs, then show that d* minimizes As. In the following we first show that d*

minimizes As when there are only two blocks. Then we prove that d* minimizes A, for any

b> 2.

Step 1. Prove the result for b = 2. By Lemma 2.1 and 2.2 any minimally connected
design d € D with b = 2 is binary, and there is only one common treatment, say [, in the two
blocks. Lemma 2.2 implies that all other treatments have only one replicate each. Denote the
replicate of treatment [ in block 1 as [y, which is at the s unit of block 1, and the replicate
of treatment [ in block 2 as I, which is at " unit in block 2. WLOG let s < t < [%J

Then any minimally connected design d with b = 2 is of the following pattern:

B : 1 2 ..o s—1 l[s] s+1 ... ... k-1 k
By: k+1 k+2 ... ... k+t—1 Iy k+t ... 2%—2 2%k—1

(2.6)

By Lemma 2.3 there is only one unbiased estimate for any between-blocks treatment contrast,

which must be of the form
(ylul - yls) - <y2u2 - y2t) (27)

where

u € {1,2,....k}/{s} and us € {k+ 1,k +2,...,2k}/{t}
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Define 22:1 prn = 0. Then we have
Ay =4k —1)* - 2(k - 1)A, (2.8)

where
s—1 k—s t—1 k—t
Ap:ZPh+ZPh+ZPh+ZPh (2.9)
h=1 h=1 h=1 h=1
So A, is minimized by maximizing the value of A,. It can be seen that A, consists of 2(k—1)

terms and no pj can appear more than four times in A,. Now consider two cases.

Case I: k is an odd number, i.e., K = 2m + 1 for some integer m > 1. A, is maximized

2(k—1)
1

when it is the sum of the = m largest p;’s occurring four times each in A,, which is

achieved by d*. Denoting A, and A, for d* as A and Aj respectively, we have

maz(A,) = Ay =4 i Ph
h=1 ” (2.10)
min(Ay) = A5 =4(k—1)>—-8(k—1) > pn

Case II: k is an even number, i.e., k = 2m where m > 0 is an integer. If m = 1, there are no

competing designs for d* since d* is the only connected design in D(v,b, k). So we only need
consider m > 1. Now Q(kT_l) is not an integer. A, is maximized when it is the sum of the
m — 1 largest pp’s occurring four times each in A, and p,, occurring twice, which is achieved

by d*.
m—1
Ph+ 2pm
h=1 1 (2.11)
min(As) = A5 =4k =12 =8k =1) S pp— 4(k — Dpm
h=1

maz(A,) = Ay =4

Step 2. Prove the result for b > 2. When b > 2, Ay value can be decomposed into (g)

pieces, i.e.,

Ay = Z Ao, (2.12)

where Ag; is the Ay value for two from b blocks. Since A; contains exactly w

elementary
contrasts for every design in D(v, b, k), A must contain exactly ”(”; L _ bk(];l) elementary
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v(v—=1) bk(k—1)
contrasts. In fact, A,; contains exactly 21)(17——1)/22) = (k — 1)? elementary contrasts, and

as will be seen later, these elementary contrasts are between the treatments in one block and

the treatments in the other excluding two linking treatments.

For the design d*, we have
b(b—1)

A= A (2.13)
i=1
where A5, can be expressed exactly as the same as in (2.10) and (2.11) for £ = 2m + 1 and

k = 2m separately. We now show that
Ag > A3, (2.14)
for any other design d € D(v,b, k).

Let’s choose two blocks, say By and By out of the b blocks. If these two blocks share one
treatment in common (by lemma 2.2 they will have at most one treatment in common),
then step 1 has already shown that Ay, > AJ.. The equality sign holds when the common

treatment is at the middle unit in each of the two blocks.

If B; and By have no common treatment, then there must be a unique chain linking the two
blocks so that the between-blocks treatment contrasts can be estimated by Corollary 2.2.

This chain is of the following pattern:

Bl : e ll
le . ll e lg
B, ... 1 e 1 e
T (2.15)
ij o lw e lerl
BQ . . lw—l—l
We call Bj,, Bj,, ..., Bj, the linking blocks and treatments [y, ls, ..., l,41 the linking

treatments. The subscripts for the linking treatments are not their positions and different

subscripts are just used to indicate different treatments.
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Note that the elementary treatment contrasts involving the linking treatments are not
between-blocks treatment contrasts for B; and B, because they are either within-block
treatment contrasts, or between-blocks treatment contrasts for other pairs of blocks. For
example, the elementary contrast between [; and /5 is a within-block treatment contrast for
Bj, and the elementary contrast between [; and [3 is a between-blocks treatment contrast
for B;, and Bj,. Therefore, when we calculate the Ay; value for By and B, we should not

consider the elementary treatment contrasts involving the linking treatments.

Denote p;; as the position of the lth linking treatment in jth linking block. We have

Ay = Ay, + (k= 1)°A (2.16)
where
A=2w—2 Z R e Z<1 = PlPtjin Pl i) (2.17)
m=1 m=1

and A,, is the Ay value for the two blocks assuming they have one common treatment, which
can be expressed in the same form as (2.8). (2.16) says that As; can be divided into two
parts: one is if the two blocks had one common treatment, and the other is due to the unique

chain when we don’t have a common treatment in the two blocks.

By step 1, Ay > A3, and it is easy to see that A > 0. Therefore, Ay; > Aj; if By and
B> have no common treatment. In fact, A > 0 implies that for fixed linking positions, the

variance of any elementary contrast is increasing in number of linking blocks.

As illustration consider example 2.3.1, For By and Bs, w = 1, A = 2 — 2p; and A, =
Ak —1)? = 4(k — 1)1t pn) = 16 — 8(py + pa). Then Ay = 24 — 16p, — 8p.

In summary, any design d € D(v,b, k) will have Ay; > A}, for each pair of blocks so that
Ay > Aj for b > 2. O

Depending on the p;’s, d* may or may not be uniquely A-optimal. Uniqueness is guaranteed

byp1>,02>...>pk_1>0.
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Corollary 2.3. Treatment [ in d* can shift to any position in each block if p; = ps = p3 =

... = pr_1 and the resulting designs are still A-optimal.

2.5 MV-optimal Designs

Definition 2.2. The MV-value for a design is defined as

1
MVy = —mazr . Var(7 — 7;) (2.18)
o

A design d is said to be MV-optimal over D(v,b, k) if and only if its MV-value is minimum
over D(v,b, k).

Theorem 2.2. Under condition (2.1), (2.2), (2.3) and (2.4) design d* is MV-optimal in
D(v,b, k).

Proof. For d*, the largest variance for within-block elementary contrast estimates is 1 — py_1
while the largest variance for between-blocks elementary contrast estimates is 2 — 2pL§ I
Then

MVy = max{l — pp_1,2 — 2'0L§J} (2.19)

For any other design d € D(v, b, k), the largest variance for within-block elementary contrast
estimates is still 1—pg_1. If two blocks have one treatment in common, suppose this treatment
is at the s unit in block one and at the #* unit in block two, then the largest variance
for between-blocks elementary contrast estimates in these two blocks is 2 — p,, — pp, Where
p1 = maz{s—1,k—s} and py = max{t—1, k—t}. If two blocks have no treatment in common,
then consider the unique chain as in (2.15) linking the two blocks. If the linking treatment is
at the s unit in block one and at the #** unit in block two, then the the largest variance for

between-blocks elementary contrast estimates in the two blocks is 2 — p,, — pp, + A, where

A can be expressed by (2.17). So we have

MVy =maz{l — pr—1,2 — pp, — Ppo } Or max{l — px_1,2 — pp, — pp, + A} (2.20)
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It is easy to check that 2 — p,, — p,, > 2 — 2pL§J and 2 — pp, — pp, T A > 2 — 2pL%J'

So we conclude MVy < MVj. O

Corollary 2.4. Treatment [ in d* can shift to any position in each block if p; = ps = p3 =
... = pr—1 and the resulting designs are still MV-optimal.

2.6 E-optimal Designs

In this section we study the E-optimal designs in D(v, b, k). Since E-optimality problems
are concerned with the smallest eigenvalue of the information matrix Cy or equivalently the
largest eigenvalue of the Moore-Penrose inverse matrix C;, one or both of the matrices are

needed under the covariance structure of (2.2), (2.3) and (2.4) .

Lemma 2.4. For any connected block design d(v, b, k),

Ch= (1~ - J)Cou(@) (1, ~ 3 1) (2.21)

where [, is a vxwv identity matrix, J, is a vxv matrix whose elements are all one, and
Cov(7) is the variance-covariance matrix for a solution 7 to the reduced normal equation for

estimating linear functions of treatment effects.

Proof. Led Cy be the information matrix for a design d(v, b, k). By spectral decomposition

we have
v—1
Ca=D_zaisis;
i=1
where as usual the eigenvalues of Cy are 240 = 0 < zg1 < 2zg2 < ... < 2zg,-1. Let a set
of orthonomal eigenvectors of Cy be {s, = %lv,gl,gz, ..y8y_1}- Then the Moore-Penrose

. . . -1 /
inverse Matrix of Cy is Cf = 327! Lg.s

1=1 zg; 2021
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Denote any generalized inverse of Cyq by C;. We know that for any estimable contrasts, say,

! !
s 7 and m 7 where s'1 = m'l = 0,

Cov(s't,m'z) = s'Cov()m = 0?s'Cym

is invariant to the choice of C .

Write
1 1
Cg = (Iv — ;JU)CO'U(%)(]U — ;Jv)

Notice that

Sz([v - _Jv) = ,
s; ifi>0.
Then for any i,
50Chs; = 0
for any ¢ > 0,
/ 1
OPs — —
5L as; 24
and for any ¢ # 7 # 0,
§;C§§j =0.

Write

L= (§0,§17 cee 7§v—1>

and let DT (z4) be a v x v diagonal matrix whose diagonal elements are 0 and

that L is orthogonal, we have

L'CPL = D*(z24)

and

(2.22)

—. Noting

1
zdi
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’ ’ ]_ !/
P — LI'CYLL = LD" (z4)L' =Y —s;8, = CJ.
] ~di
]
Corollary 2.5. C;* for the design d* is of the form:
of _ sl V1, —11, @ Ly V(I—1 — 2Jk0)]
=
*%lb @ [(Lg—1 — %Jk—l)vlk_l] L,V — %Jb ® (Vdk—1+ Jp—1V) + U%Jb ® (Jp=1VJg=1)
(2.23)
where V' is (k-1)x (k-1) matrix,
V= C’OU(yH - yl)Lk;IJ»yu - %ﬂ%p T ’ylﬂ%J*l - y17L%J’y17L%J+1 - yl,L%J’. Ytk — yl»L%J)'
(2.24)

Proof. For d*, we can get one solution 7 to the reduced normal equation by letting the

estimator for treatment [ at the position j = [%J be zero, i.e.,

~ /\/
7=(0,7,) (2.25)
where
fo = (yll *yl,t%yylz 7y17L%J7"' 7917L%J,1 7y1,L%J’y1,L%J+1 7y1,[%ﬁ”' y Yik *yl,t%y
Ya1 = Yo, | Bt Y22 T g At o Y | o1 T Y o Yo | B g T g )t B2k T
T Yl _yb7\_%]ayb2 _yby\_%y'” ’yb:L%J—l _yb7\_%Jayb7L%J+1 _ybal%ﬁ“. ) Ybke _yb:L%J)/'
(2.26)

Note that for convenience of later discussions, in (2.25) we have put the estimator for treat-
ment [, which is zero, at the first position, while estimators for all other treatments are

otherwise listed in order.

Obviously the first row and column elements in Cov(7) are all zero and the bottom right
(v-1)x (v-1) sub-matrix is a diagonal block matrix with b diagonal blocks V' which can be
expressed by (2.24).

By substituting Cov(7) into (2.21) and after some simplification one obtains (2.23). O

The following lemma is used for the proof of the next theorem.



23

Lemma 2.5. Let A4 and Ag be the largest eigenvalue of non-negative definite matrices
A and B respectively. Also suppose AB is non-negative definite with largest eigenvalue \.
Then

A < Mg (2.27)

Proof. We use the concept of matrix 2-norm and its properties to do the proof. For this

concept and its properties, refer to Mayer (2000), page 280-282.

Denote the 2-norm of matrix A as || A ||2. It is known that if A is non-negative definite,

[ A 2= Aa. (2.28)
Also by the property of matrix 2-norm,
I AB [2<|l A ll2l| B [l (2.29)
or equivalently
A < Aadg. (2.30)
O

Theorem 2.3. The largest eigenvalue of CCL is the same as that of V' for the design d*.

Proof. Factoring |Cl. — AL, | gives |Cl. — A\I,| = =2 |V = AL 1 [" V(L1 — 8 Jpoq) — ATa ).
Thus the non-zero eigenvalues of Cg* are the eigenvalues of V' with frequency b — 1 each and
the eigenvalues of V(I — 2J,_1). Both matrices must be positive definite because le* is

a non-negative definite matrix with only one zero eigenvalue.

By Lemma 2.5, since the largest eigenvalue of I}, 1 — %Jk_l is 1,

b b
/\max(v(]k—l - ;Jk—l)) S )\max(v)/\max(lk—l - ;Jk—l) S Amax(v)a (231)

and so the largest eigenvalue of C. is the largest eigenvalue of V. O
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Theorem 2.3 gives us a tool for comparing any other design, say d, to d* in terms of the
E-criterion. If we can find a normalized treatment contrast for d with variance no less than
the largest eigenvalue of V', design d cannot be E-superior to d*. The question is how to pick

such a contrast for an arbitrary d.

In fact for any minimally connected design, we can always find two blocks with one common

treatment, say [, in the two blocks. The pattern of these two blocks is shown in (2.6).

By setting the estimator for treatment [ to zero, one partial solution to the reduced normal

equations is

T=(0,y11 = Y15, Y12 = Y1ss " 5 Y11 — Y1 Ys01 — Ylss** > Y1k — y1s,, (2.32)
Yo1 — Yous Y22 — Yat, "+ Y21 — Yar, Y2ea1 — Yottt Y2k — Yo ) -
Note that we put the estimator for treatment [ at the first position in above solution for
convenience of later discussions. Also the solution is only a partial solution in the sense that
we only explicitly write down the estimators for the treatments in the blocks B; and By. By
Lemma 2.3 these estimators are a basis for the only unbiased estimators for the contrasts of
these treatments. The reason we consider this partial solution is simply because we may be
able to write down partial expressions for the matrix Cov(7) (some sub-matrix in Cov(7))

and thus get the variances for certain treatment contrasts. We illustrate this idea in detail

below.
Suppose V; and V5 are the (k-1)x (k-1) matrices

Vi= COU(yn —Yis, Y12 — Yis, 5 Y1,s—1 — Yisy Yl,s+1 — Yis, " 5 Y1k — yls)
Vo = Cov(y21 — Yo, Y22 — Yo, 5 Y2e—1 — Yo, Y2641 — Y2, s Yok — y2t)

Then the partial expression of C'ov(7) corresponding to (2.32) is:

0 04 01 Ql(b—?)(k—l)
Conr) = | no B 23)
01 Op—1,6-1 Va

Otp—2)(k-1)
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Lemma 2.6. If )\max(vl‘g‘/?) > Amaz(V'), no design d can be E-superior to design d*.

Proof. Suppose the nomalized eigenvector corresponding to the largest eigenvalue of %

18 Z(;_1)x1, Consider a vector of the form

0
Iy = % ety (2.34)
L (k-1)x1
O(p-2)(k—1))x1
We may see that
Vara(ly) = LCovu(E)ly = Mmas( L 2) (2.35)

2

If Moo (BF2) > Apoe(V), (2.35) implies that there is an orthonormal treatment contrast
with variance no less that the largest eigenvalue of V. Therefore, design d cannot be E-

superior to d*. O

We introduce a new notation so that we can write V', Vi and V5 in a universal form. The
variance-covariance structure X,,», can be expressed as Y, x, = Ib®22X « by (3.2). Define H,
as a k x k matrix with its u’® column elements are 1’s and all other elements are 0’s, where
uw=1,2--- k. Compute (I — H,)X°(I — H,) then remove the u** row and the u** column

and name the resulting matrix I',,. It can be seen that I',, is a positive definite (k-1)x (k-1)

matrix.

Using I',’s, where v = 1,2, | k, we can write,
V=T,
Vv, =T, (2.36)
Vo =Ty

Theorem 2.4. Design d* is E-optimal if m@'n()\mm(r“l;rrw)) = )‘maw(PL%J% where the

minimum is over 1 < u; < uy < L%J
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Proof. Suppose WLOG in design d treatment [ is at the u!* unit in B; and at the ul* unit
in By where u; < uy < Lk—;lj Note that we have enumerated all distinct possibilities for
Etl|. Lemma 2.6 says that if /\mw(@) >

positions u; and us by setting u; < up < |

)\max(FL%J) then design d cannot be E-superior to d*. O

Note that the sufficient condition as stated in Theorem 2.4 is one of a family of sufficient

k+1

-]}, any member, say

conditions for d* to be E-optimal. In the set of indices {1,2,...,]|
u, can be replaced by k£ + 1 — u. Consequently, there are 2155 gets of sufficient conditions,
although some of these are identical. One of these will be employed in the proof for Corollary

2.8.

Any design d with two blocks sharing a common treatment at the middle position in each
block cannot be E-superior to d*. To see this, consider the vector in the form of (2.34). Now
Vi=Ve=T L and

1Ol = Mnaa (T 1) (2.37)
(2.37) implies that there is an orthonormal treatment contrast with variance equal to the

largest eigenvalue of V. Therefore, design d cannot be E-superior to design d*.

Theorem 2.4 provides a method for trying to show d* is E-optimal, but it requires comparing
k:

largest eigenvalues for [%J -1+ (L?IJ) matrices with that of Cy, i.e., enumerating all

possibilities for u; and uy except u; = uy = L%j It is impossible to enumerate all of these

possibilities when k£ is large. In this sense the sufficient condition in Theorem 2.4 is very

strong.

This not withstanding, Theorem 2.4 can be used to find E-optimal designs in some cases.

Below are three examples.

Corollary 2.6. Treatment [ in d* can shift to any other positions in each block if p; =

p2 = p3 = ... = pr_1 and the resulting designs are E-optimal.

Corollary 2.6 also follows from the fact that OLSE’s are the same as GLSE’s when the

observations within blocks are equally correlated, so that optimal designs for uncorrelated
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data are also optimal for equally correlated data. This same observation holds for Corollaries

2.3 and 2.4.

Corollaries 2.3, 2.4 and 2.6 apply to the model with random block effects:

Yig = p+Ti+ Byt ey (2.38)
where

B; ~ ii.d. N(0,0%)

eij ~ d.i.d. N(0,07)
For this model, p1 = po =p3 = ... = pp_1 = 2"—123

Corollary 2.7. Design d* is E-optimal when k = 3.

Corollary 2.8. Design d* is E-optimal when k£ = 4 and the covariance structure is defined

as ps = p°® where 0 < p < 1.

The detailed proofs for Corollaries 2.7 and 2.8 are given in Appendix A.

2.7 D-optimal Designs

Bapat and Dey (1991) have shown that all minimally connected designs are D-equal when the
observations are uncorrelated. Any block design d can be expressed by a unique multigraph
H,. By graph theory, when observations are uncorrelated, the D-value of a connected design
is determined by the number of spanning trees of Hy, and for any minimally connected design

H,; has exactly one spanning tree.

When the observations are correlated within each block, we cannot use graph theory to solve
the D-optimality problem. Perhaps we have to find an expression for D-value in terms of
the eigenvalues and/or elements of Cy, which appears to be a very tough task. We will not

tackle the D-optimality problem for correlated data in this dissertation.



Chapter 3

Optimal Incomplete Designs with
Two Blocks

3.1 Summary

In this chapter we study optimal incomplete block designs when there are two blocks and
their sizes are equal. It turns out that a binary design of a certain pattern is A- and D-optimal
in the class of designs D(v, 2, k) with v/2 < k < v. The same design is also E-optimal design
in D(v,2,k) when v/2 < k < 5v/6. If 5u/6 < k < v a non-binary design with a certain
pattern is E-optimal. If & = 5v/6 both the binary design and the non-binary design are
E-optimal.

3.2 Majorization Theorem and Average Matrix

In this section we will be discussing two useful techniques used in optimal block design prob-
lems. The majorization theorem is used for convex function optimality problems, therefore

applies to every Type I-criteria, including A- and D-optimality problems. The average ma-

28
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trix technique is an extended version of the majorization theorem, which can also be used

for E-optimality problems.
To begin with, we give the definition of majorization for two vectors.

Definition 3.1. let 2 = (21,29, -+ 2,,) and Y= (y1,v2, ) be two vectors with their
elements in non-decreasing order z; < x9 < --- < x, and y; < yo < -+ < 9,. Then z is

majorized by y,denoted as z < y if

l l
Z) anJrlfi < Zyn+17i fOT = 1727"' y
i=1 =1

5 n (3.1)
i) ;ch = ;yi

The following majorization theorem is well known. One may refer to Marshall and Olkin

(1979) for a proof.

Theorem 3.1. For every convex function f, i (x;) < i f(y;) where x; and y; are
elements of vectors defined as above if and only i;“zgl =y. -

For optimal simple block design problems, we consider two vectors of v — 1 eigenvalues
of two designs d; and dy in D(v,b, k). Suppose their information matrices have the same
trace, i.e., the sum of the eigenvalues are the same. If we have i Zdyw—i < i Zdy w—i for
l=1,2,---,v—1 then d; is better than d, with respect to ever;:éonvex fungilonals. We

will be giving a version of majorization theorem in terms of design information matrix Cjy.

The proof of the theorem needs the following result given by Haemers (1980).

Lemma 3.1. Let A, ., be a symmetric matrix with eigenvalues x1, zo, -+ , x,,where x; <
r9 < -+ < x,, and their corresponding eigenvectors are u,, u,, - - - ,u,,.Denote the linear span
of a set of vectors uy, uy, -+ ,u; as (Uy, Uy, - ,u;) where i =1,2,--- n . Then,
!
. u Au .
Z) X S 7u/u7 fOTQE <@iaﬂi+17”' 7Hn>7 Q#Q7 v = 1)27'” y 10

equality holds if and only if u; is an eigenvector of A for z;;

i

ZZ) xi 2 ﬂA’LLfOTQG <Q17Q27--. 7Q’i>7 Q#Q)Z’:l,Z’... 7n'

LU
uu

equality holds if and only if u; is an eigenvector of A for z;.
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Lemma 3.2 follows immediately from Lemma 3.1.

Lemma 3.2. Let A,, be a symmetric matrix with eigenvalues x1, xs, - - , x,, where x; <

9 < --- <z, and corresponding eigenvectors u,,uy, - ,u,. Then for [ =1,2,---  n,

l ’

LAL. <
max(z _l/l_ ) = an_l,_l_i, (3.2)
= i=1

i=1 i

where [l =0,V i #4 and [, = 1.

Now we are ready to give the following version of the majorization theorem in terms of

information matrices.

Theorem 3.2. Let d; and dy be two designs in D(v, b, k). Their information matrices Cy

and Cyy have the same trace. Define a new matrix as C = 0Cq + (1 — 0)Cye for some

6 € [0,1]. Then

(1) C is also an information matrix, i.e., it is still a non-negative symmetric matrix with

rank of v — 1, though it need not to correspond to any real design.

(2) if ¢p(Cy) = Zf:_ll (24i), where f is a convex function, and zg < zg < -+ < 24,1 are

positive eigenvalues of Cy then

$1(C) < 064(Car) + (1 — 0)d4(Ciaz)

Proof. Part (1) can be easily verified. For (2), since C' = 0Cy 4 (1 — 0)Cyo, we have
L'CL=0LCyL+ (1—60)L'CypL

and

tr(L'CL) = 0tr(L'Cy L) + (1 — 0)tr(L' CaoL).

Choose L so that its columns are k orthogonal eigenvectors of L corresponding to k largest
eigenvalues of C. By the property that the trace of a matrix is the sum of its eigenvalues

and lemma 3.2, we have

l l

!
sz—i <4 Z Zatw—i + (1 —0) Z Zd2,v—i
i=1

i=1 i=1
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for{=1,2,--- ,v — 1, which in fact says the vector of eigenvalues of C is majorized by the

vector

’

(Ozg11+ (1 —0)z421,02a12 + (L — 0)za22, -+, 02a1,0-1 + (1 — 0)242.0-1) -

By Theorem 3.1 and the property of convexity, we have

6:(C) = > f(@)
i—1
< Z F(0zg1 + (1 = 0)240,)
< 0 Z f(zar:) +(1-0) Z f(za2,1)

(2

= 0¢;(Car) + (1 = 0)d5(Ca)

]

The above majorization theorem is for two information matrices with the same trace. In
practice, researchers usually use an averaging technique, which is an extension of majoriza-
tion theorem, to get the bounds for optimal designs. Below we first give the definition of an

average matrix, followed by a theorem and a discussion.

Definition 3.2. Let 0; be a colletion of ¢ permutations on the symbols of 1,2, --- , v,where
1 <t < ol. Define Cy = %Z:ﬁ:l C7 ,where CJ' = PZ-C'dPiI with P; representing the v x v

matrix representation of o;. The matrix Cy is called an average matrix of Cy of order .

Theorem 3.3. Suppose Cy is the average matrix of Cy of order ¢, then,
(1) Oy is nonnegative definite with zero row sums, tr(Cy) = tr(Cy).
(2) for any convex function f, ¢¢(Cy) < ¢7(Cy) where d(Cy) = S0 f(zai)-

! !
(3) za1 < Zq1 and more generally > Z4,—; < > zq—; for any [ < v — 1.
i=1 i=1
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Proof. (1) is immediate. For (2), following the similar proof of Theorem 3.2, we have,

6/(Ca) < § 32 65(C3) = 64(C),

!

The first part of (3) follows easily after observing that zg = min,*

l?ldé subject to the com-

ponents of [ summing to zero. The second part of (3) follows a proof similar to that for

Theorem 3.2. OJ

In order to show that a design d* is optimal with respect to some ¢ criterion (e.g. A- or
D-criterion), by Theorem 3.3 it is enough to show that ¢, of some averaged version of Cy is
no smaller than of Cy; and d* is E-optimal if Z4; of some averaged version of C; does not
exceed the smallest non-zero eigenvalue z4+; of d*. The question is how we should choose
the average matrix. Let 41,19, ,7; be a subset of the treatments of 1,2,--- ,v. Taking P,
(1 =1,2,--- 1), we will have the v X v matrix representation of the symmetric group on
the symbols i1, 19, ,4; extended to be the identity on the rest of the treatments. When
averaging separately over g disjoint subsets of sizes p; of treatments of 1,2,--- v, where
1 <@ < g, we will have py!ps!---p,! permutation matrices to use in Definition 3.2. This
averaging process transforms Cj into a matrix C; which consists of completely symmetric
blocks along the diagonal and blocks with equal entries elsewhere. In many cases it is a more
tractable task to compute the eigenvalues of C; than those of Cy. By Theorem 3.3 these

eigenvalues help us relate a suspected optimal design d* to an arbitrary design d € D(v, b, k).

Example 3.2.1. Constantine (1981) The matrix C; obtained by averaging an information

matrix C, separately over varieties 1,2,--- 2 and ¢+ 1,7+ 2,--- ,v is of the form
— 1| (@a+a)l, —aJ; _BJix(v—i)
Cd = E _ _
_ﬁJ(v—i)Xi (b + 7)]1)—2' - 7‘]7.1—1‘

where @, 7, @, b are constants depending on specific designs.

Apparently, kC; has eigenvalues : @ + @ of multiplicity i — 1, b+ 7 of multiplicity v —i — 1,
v of multiplicity 1, and 0 of multiplicity of 1, where 1 < i < v — 1.
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3.3 A-optimal Designs

Write bk = vr + p where p is a non-negative integer no larger than v — 1. Then p is the
number of plots available for use in the particular design setting over and above the n — p
that would be used to replicate each treatment with equal frequency r. When b = 2 and
5 <k <wvwehave r =1 and p = 2k —wv. There is only one binary design dy of the following

pattern in this situation:

Block 1 1 2 p p+1 p+2 k

Block 2 1 2 p k+1 k+2 2k-p

Figure 3.1: Binary design dy

The information matrix Cy, for this binary design is

21, - %Jp Fpkp %Jp,k p
Cao=| —Ldhpp Iip—Ldiy Ok—yp (3.3)
_%Jk—pm Ok—p Tep — %Jk—p

where I, is a p X p identity matrix, J, (Jp,,) is a p X p (m x n) matrix in which all elements
are 1, and 0;_, is a (k — p) x (k — p) matrix in which all elements are 0. Cy, matrix in (2.1)
has positive eigenvalues 1 with frequency 2(k — p — 1), 2 with frequency (p — 1), £, and 7.
Thus

v—1

1 1 kK k
3 dk—p—1)+ 4 T4 (3.4)
1:120{0@ 2 p v

Aside from the binary design in Figure 1, there are many non-binary designs in the class
D(v,b, k). We will use an average matrix to show that any non-binary design is A-inferior

to the binary design.
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For ¥ < k < v we have r = [ 2| = 1. Therefore,we must have at least 2(k — p) treatments
with just 1 replicate. Suppose now we have 2(k — p) + m treatments with just 1 replicate
where 0 < m < p — 1. If there are k — p — s of the treatments with one replicate in block
one, where —% < s < k — p, then there must be &k — p + s + m of the treatments with one
replicate in block two. Also we need 0 < s+ m < p — 1 so that the design is connected. If
m = s = 0 we get the binary design dy. Every design in D(v,2,k) is characterized by the

integers p, s and m. In words, the integers m and s are:

m = the total excess in treatments with one replicate relative to d,.

s = the shortfall in treatments in block one with one replicate relative to d.

Note that a negative shortfall (s < 0) is actually an excess. The sign of s is not a consideration
in the A- and D-optimality problems. Later it will be seen that s < 0 need not be considered

for the E-optimality problem.

The following two lemmas are used in the proof for later theorems. The first lemma is a

well-known result in elementary algebra.

Lemma 3.3. If A\, \y,..., )\, are the n roots for an n'* order equation P(\) = 0 where
P()) is defined as
P(/\) = aﬂ)\n + an_lAn_l + ...+ CL1/\ + ag, (35)

then
MAA+ .+, = (—1)==2

Qn

A2+ AtAs o Ao dy = (—1)22222
T e = U5 (3.6)

Ada. . Ay = (—1)7%2.

Lemma 3.4. For b = 2 and § < k < v, the information matrix C obtained by averaging
an information matrix C,; over the treatments with more than one replicate for any design

d € D(v,b, k) is, for some values of ¢ and 7,
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1. if s # k — p then

Ik—p—s - %Jk—p—s Ok—p—s,k—p—i-s-‘rm - k(f)tfn) Jk—p—s,p—m

CE = Okfp+s+m,kfpfs [kfp+s+m - %kap+s+m _% k—p+s+m,p—m (37)
~ o mkvs ko Jpombprstm Clpom £ 0pm
2. if s =k — p then
2p—k—
N (e N Py R (RN -
= _ 2p—k— ( : )
k(p—m) Jp—m.2(k—p)+m Clpm +1Sp-m

In either case,

< . 3.9
<2t (3.9
Proof. 1f s # k — p then obviously the average matrix C; is of the following form:
kapfs - %kapfs Okfpfs,kprrerm N kapfs,pfm
CE = 0k—p+s+m,k—p—s ]k—p+s+m - %Jk—p—‘rs-l—m 72Jk—p+s+m,p—m (310)
71 Jp—m,k—p—s 72Jp—m,k—p+s+m CIp—m + njp—m
The row sum of €5 should be zero then,
_ +s
N= R
Yo = _;’C’(_ps_m"; (3.11)
— (ts)(k=p=s) | (p—s—m)(k—p+stm)
Gt (p—mn == k(p— nf) + k(p—ff?)

For any design d, the average matrix C; has the same trace as the original information
matrix Cy. Denote the set of treatments with more than one replicate as €2, which has p—m

treatments. We have
(p—m)(¢+n) = Zrdz——Zanw—% m——ZanU (3.12)
1€Q i€Q) j=1 € j=1

Following the notations in chapter 1, ng; is the number of occurences of the ith treatment

in the j™ block and rg; is the replicate number of the i** treatment.



From (3.12) and the third equation in (3.11) one obtains

S St = k(20— m)— (p—m)(C + )

i€Q j=1
= k(2p—m)—(p—m—1)¢—(C+(p—m)n))

— k(@p—m) — (p—m — 1) - W  Cmmpglicperon)

If ¢ > 22=™ then we have

p—m’

2
—m s)(k—p—s —s—m)(k—p+s+m
5 Sy < k(=) = (p—m = 1 - G - b))

= p—m+ Bkl

One the other hand, since ) .. nai1 = p+ s and Y, o Ngio = p —m — s, we have

2
2 2 2
>, Ngij = > Mg + D0 N
i€ j=1 1€Q 1€Q)
Z (Ziegndil)Q ‘|‘ (ZienndiQ)Q

p—m p—m

2s(m-+s)+p?
p—m

which contradicts (3.15).
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(3.13)

(3.14)

(3.15)

If s = k — p then all the 2(k — p) + m treatments with just one replicate are in only one

block . Thus we must have

2p>k+m+1

in order that the design is connected. The average matrix C5 is of the following form:

[2(k—p)+m - %JQ(k—p)—i-m 7J2(k—p)+m,p—m
Cy =

7Jp—m72(kz—p)+m ij—m + 77Jp—m

Since the row sum of (7 is zero one can get:

__ 2p—k—-m
7= T kp-m)

2p—k—m)(2(k— m
¢+ (p—m)y = Etpltplimn)

(3.16)

(3.17)

(3.18)
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Following the same procedure (substitute s = k — p into (3.14) and (3.15)), we can get the

same conclusion: ¢ must be less or equal to —* when s = k — p. Il

Now we describe a technique which will be used repeatedly in the proofs for later theorems.
For an information matrix in partitioned block form, we can find some eigenvalues very
quickly by considering certain eigenvectors in the form of some treatment contrasts, after
which the remaining unknown eigenvalues are the same as that of a non-symmetric matrix

of small dimension.

We use the example of C5 in (3.7) to describe how to obtain the corresponding non-symmetric
matrix by this technique. By considering orthogonal contrast vectors of treatments corre-
sponding to the same diagonal block, one may quickly get 2(k — p) — 3 non-zero eigenvalues:
1 with frequency 2(k — p) + m — 2 and ¢ with frequency p — m — 1. Subtracting the corre-
sponding spectral pieces for these 2(k — p) — 3 eigenvalues from the Cj matrix we get the

remaining non-zero eigenvalues are the two non-zero eigenvalues of the following v X v matrix

k(k p s) Jk —p-s  Ok—p—sh—prstm M Jk—p—sp—m
p—s—m
Ok—p+s+m,k—p—s mjk—p—i-s—i—m 'VQJk—p—&—s—i—m,p—m
¢+n(p—m
’Ylt]pfm,kfpfs fYQprm,kprrs«#m p(—m )prm
Notice (3.11), this matrix becomes:
pts p+s
ka*P*S Ok—p—s,k—p+stm _ijfpfgpfm
p—s—m _ p—s—m
0k—p+s+m,k—p—s m:fk—p—f—s—&-m k:(p m) Jk —p+s+m,p—m
__pts g _p=s=m (p+s)(k—p—s)+(p—s—m)(k— p+s+m)J
k(pfm) p—m,k—p—s k(pfm) P—mvk—P+3+m k(p m)2 -

One may see that there are only two non-zero eigenvalues for the above matrix. And the

corresponding eigenvectors to the two eigenvalues must be of the form

!

/ / /
(Cllkfpfsa C2lk7p+3+m7 C3lp—m) ’
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where c1,c9,c3 satisfy the equations,

Ay = (p+]:)01 _ (p+]«:)03
Ay = (p*s;m)” — (p’s;m)c?’ (3.19)
Aeg = _ (pts)(k— p)S) _ (p=s—m)(k—pts+m)ca + (p+s) (k—p—s)+(p—s—m)(k—p+s+m))cs

k(p k(p—m) k(p—m)

and A is any one of the two eigenvalues. But the equations (3.19) simply imply that the two

eigenvalues are the non-zero eigenvalues of the following 3 x 3 matrix:

+ +
i3 0 2t
Cs= 0 pom—s —pom=s (3.20)
_ (pt+s)(k—p—s) _ (p—s—m)(k—ptst+m) (p+s)(k—p—s) + (p—s—m)(k—p+s+m)
k(p—m) k(p—m) k(p—m) k(p—m)

Now we give the main result of this section.
Theorem 3.4. The binary design dy is uniquely A-optimal in D(v, 2, k).
Proof. Suppose s # k —p. We use the average information matrix Cy in (3.7) for our proof.

From the above discussion we know that the unknown non-zero eigenvalues of (3.7) are the

two non-zero eigenvalues of the matrix (3.20).

On the other hand, the two non-zero eigenvalues A; and A, to 53 are the roots of the equation

|C5 — M| = 0. (3.21)
After some simplification we find A\; and )\, are the roots to the equation:
E*(m — p)A? — k(km — 2kp +mp + 2ms + 2s)A + (2k —p)(m —p+s)(p+5) =0 (3.22)
By Lemma 3.3 one obtains
1 1 MN+X k(km—2kp+mp+ 2ms + 2s?)

N A @k pmp i) (3.23)

and

—_

v—

1 —m—1 k(km — 2k 2 25>

p= C T gt

1

%
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Notice (3.9), then

v—1
1 (p—m—1)(p—m) k(km —2kp+ mp + 2ms + 2s%)
— >2(k—p)+m—-2+ . (3.25
25, =2k o —m G —pt)pts )
Using (3.25) — (3.4), after some simplification we have
— L _”Zl L _mp+1)  k(k=p)s+ %) +mp—3)) (3.26)
2 2 Ap—2m 2k —pplp—m—s)(p+5s)

It is easy to see that right side of (3.26) is always greater than 0 as long as s and m are not

zero simultaneously.

If s = k—p, then we use the average matrix C5 in (3.8). In fact we can simply put s =k —p

into (3.26) to get the proof. O

3.4 D-optimal Designs

Theorem 3.5. The binary design dy is uniquely D-optimal in D(v,2, k).

Proof. For the binary design dy we have

v—1

~1P(2k —p)
szoi = 2P 17. (327)
i=1
We will be still using the average matrix technique to show that all other designs are D-
inferior to dy. It s # k — p, then we use the average matrix (3.7)

M. < Gk -pCE " —m=—s)p+s)

11 < k2(2p —m)

=1

(3.28)

Note that we used fact that \;\e = (2k —p)(p —m —s)(p+ s)/(k*(p — m)) from Lemma 3.3
applied to (3.22) to get (3.28).

v—1 v—1
Letting ratio = (] 2z)/( 1] #ai), after some simplification for (3.28)/(3.27) one obtains
i=1 i=1

(=P (2(p — m = s)(p + 5))

tio < 2™ ) 3.29
ratio ~ 2p(2p — m)p ( )
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(™

Now check the factor 5— We will show it is no greater than 1 . If true then ratio <1

2(p—m—s)(p+s) __ p(2p—m)—(m+s)2—m(p—m)
p(2p—m) o p(2p—m) < 1. Let

because

W (m) = % (3.30)

Then

aw R (p — (20 — m)log (%))
dm 27(2p —m) ' (3:31)

We now show that p— (2p — m)log(Qp ) < 0. If it is true then 2 < 0 and the maximum of
W(m)is W(0) = 1 and ratio < 1. Let m = up where 0 < u < 1 thenp (2p— m)log(Qp =) =
p(l—(2— u)log(%ﬁ)). In fact,

log(1=2) = 5= = (toy(2) — 5 Z% -5 -G @)

Obviously log(2) — 5 > 0. And (1 — 5;) — (3)'*" = 7= (27! —j —2) > 0 for any j > 1.
2oy ().

So log(f:—’;) - ﬁ >0 and p — (2p — m)log(L=
Thus ratio < 1. The equality holds if and only if m = s = 0.

It s = k — p, then we use the average matrix (3.8). Simply put s = k — p into (3.29) and we

also get ratio < 1. [

3.5 E-optimal Designs

In this section we study the E-optimal incomplete block designs with 6 = 2. The class
D(v,2, k) can be partitioned into two subclasses: one is the subclass Di(v,2, k) in which all
treatments have no more than two replicates, i.e., rq; € {1,2} for i = 1,2,...,v; the other
is the subclass Dy(v,2, k) in which some treatment has more than two replicates, i.e., some

ra > 2.

Lemma 3.5. Substitute real numbers z = @ and = = b into P(z) in (4). If P(a)P(b) <0,

then there is at least one root to the equation P(z) = 0 between (a, b).
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Lemma 3.6. In the class D;(v,2,k), binary design dy is the unique E-optimal design if
s <k< %”; non-binary design d* is the unique E-optimal design if % < k < v; the non-
binary design d* and the binary design dy are both E-optimal if £ = %’ and no others designs

can be E-optimal. The design d* is of the pattern described in Figure 3.2.

2p-k+ | 2p-k+

Block 1 1 2 - 2p-k 2p-k+1 | 2p-k+1 | 2p-k+2 | 2p-k+2
oc P i (k-p) =p| (k-p) =p

Block 2 1 2 Ce 2p-k p+l p+2 p+3 p+4 .. .2kip-1 2k-p

Figure 3.2: Non-binary design d*

Proof. For the binary design we have the smallest non-zero eigenvalue as

Zag1 = - (3.33)

ESl S

For later proof convenience, we denote z4,1 = % = q.

Note that we need p > %, ie, k> 23” so that the design d* exists. The information matrix
for the design d* is
2 1 2
2[2p7k - EJprk _Ej2p—k,2(k—p) _EJprk,kfp
Cao = | —3ht—pap-t  Dp — tl2-n)  O2k-pb—p (3.34)
_%kap,prk Ok—pﬂ(k—p) 2[p—p — %kap

It is easy to get 2k — p — 3 non-zero eigenvalues of Cy« are: 1 with frequency 2(k — p) — 1
and 2 with frequency p — 2. Using the technique described in page 37 we have the left two

eigenvalues are the non-zero eigenvalues of the matrix:

4(k—p) _2(k=p) _ 2(k—p)
k k
~ 2p—k 2p—k
Cype = =k 2ok 0 (3.35)
_ 2(2p—k) 0 2(2p—k)
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The two non-zero eigenvalues A\; and Ay are the two non-zero roots of the equation:
1Cpe — A3 =0 (3.36)
i.e., they are two roots of
F(\) = B°2? — (k* + 2kp)\ — 4k + 10kp — 4p* = 0. (3.37)

Easy to check:

(3.38)

If « =2 < 2 then F(2) < 0 and there is an eigenvalue for Cg+ smaller than «, therefore the

resulted design is E-inferior to the design d.

If 2 > 2 then solving equation (3.37) one obtains

k + 2p & \/17k2 — 36kp + 20p>

M2 = 2%

(3.39)

The smallest non-zero eigenvalue of Cy- is the smaller of these two roots. Denote it by 24+

and notice £ = a where 0 < a < 1, we have

1 1
Zan =g +a— 5\/17—36oé+20042. (3.40)

When % <a <1, V17— 36a+ 2002 < 1 and zg > Zdgor- 1f % = % then zg = 241 = .

Note that £ = % is equivalent to k =

50
o

Every design in D;(v, 2, k) has the same numbers 2(k — p) and p of treatments with one and
two replicates respectively. So the combinatorial structure of any design d € Dy (v, b, k) with

b = 2 can be described as follows. In block one there are k — p — s treatments with just

one replicate, where 0 < s < k — p, and s + y non-binary treatments with two replicates



43

where y > 0. In block two there are k — p+ s treatments with one replicate and y non-binary
treatments with two replicates. The two blocks have in common p— s— 2y binary treatments

with two replicates (see Figure 3.3).

(p-s-2y)
binary trts with
two reps

s non-binary trs y non-binary trts

Block 1 (k-p-s) trts with one rep with two reps with two reps

(p-s-2y)
binary trts with
two reps

y non-binary trts

Block 2 (k-p+s) trts with one rep with two reps

Figure 3.3: General Design Structure in D (v, 2, k)

Note that s+ 2y < p so that the design is connected. If s = y = 0 we have the design dy and
the design d* is given by s = k — p and y = 0. The general form of the information matrix

Cd is:

kaers - %Jk7p+s 0k7p+s,k:7pfs Okprrs,ery _%kapqts,y _%kaers,pfszy
Okrfpfs,krfijs kapfs - %Jkrfpfs _%kapfs,sjty Okfpfs,y _%szfpfs,pfsfzg
Osty,k—p+s _%JSerJv*p*s 2Ly — %JS‘H/ Os+y,y _%J8+y,p*sf2y
_%J%k—p-&-s Oy, k—p—s Oy, s+y 21, — %Jy _% y,p—s—2y
_%Jp—s—2y7k—p+s _%Jp—s—%,k—p—s _%Jp—S—Zy,s-s-y _%Jp—s—2y7y 20y s—2y — %Jp—s—%

Note that if y = 0 or s = k — p the information matrix will collapse to fewer partitioned

components.

We can get 2k — p — 5 non-zero eigenvalues of Cy very quickly: 1 with frequency 2(k — p) — 2

and 2 with frequency p — 3. Using the same technique as on page 37 we have the remaining
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four non-zero eigenvalues are the nonzero eigenvalues of the following matrix:

—s 2 —5—2
T 0 0 % T
0 1% _ 2(sljy) 0 _ pfskay
6’d — 0 _2(k—kp—s) 9 4(5;‘11) 0 _Q(P—Z—Qy) (3.41)
2(k—p+s) 2(k—2y) 2(p—s—2y)
_ If 0 0 - Y _z«p . Y
_ k—p+s __k—p-s _ 2(sty) 2y 2(k—pts+2y)
k k k % %

The four non-zero eigenvalues are the four non-zero roots of the equation:
|Cy— M| =0 (3.42)
i.e., they are the roots of
Fa(\) = (A = 2)(k2\* — 2k(2k — s — 29) A2 + (4k> + 2kp — p* — 6ks
+2ps — 8% — 12ky + 4py) A — 2(2k — p)(p — s — 2y)) = 0. (3.43)
One root is 2 and the other three are the roots to:
Fy(N\) = k2\3 — 2k(2k — s — 29) A + (4k* + 2kp — p?
— 6ks + 2ps — s> — 12ky + 4py) A — 22k —p)(p — s — 2y) = 0 (3.44)
We need to check three cases.

Case I: 0 < s < k—p and y = 0. Then the matrix 6’,1 collapses to a 4 x 4 partitioned matrix
and Fjy(\) becomes

Fyr(\) = kE*X* — 2k(2k — s) A + (4k? 4 2kp — p* — 6ks + 2ps — s*)A — 2(2k —p)(p — 5) (3.45)

It is easy to check

Far(0) = =2(p—s)(2k—p) <0

Fyp(2) = Glopiopoe

Fy(1)=(k—p—s)(k—p+s)>0 (3.46)
Fur(%2) = 2202 < g

Fur(2) = 2s(p — s) > 0.
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So the three roots to the equation Fy;(A) = 0 are within the intervals (0, 1), (1, ?) and

(%, 2), respectively. The smallest eigenvalue z,47, is within (0,1) .

If 2 < 4 then Fyy(2) = @h=plopss o (hop®plbopls _ Bon)UE—0) >  gince s < k — p. So

We have the smallest eigenvalue zg;, < % .

If 2> %, let s =k —p—1where 0 <l < k—p. We introduce [ here just for the simpler

expression in later proof. The equation F'(A) = 0 in (3.37) has z4 as a root and

Fyr(\) = X3 — 2k(2k — s)\? + (4k* + 2kp — p? — 6ks + 2ps — s2)A — 2(2k — p)(p — )

2 8lp?
= (=1 = 2+ \)F(X) + (—12k0 +221p - Tp 4 (6kL — 12— 8Ip)A) (3.47)
Therefore,
8ip? 9
Fdl(zd*l) = —12kl + 22lp - T -+ (6]€l —* — 8lp)2d*1 (348)

Notice p = ak and 241 = % +a— %\/17 — 36 + 202 we have,

1 1
Fur(zg1) = —l(l(5 +a— 5\/17 — 36a + 20a2) — k(=3 + 4a)(3 — 4a + V17 — 36a + 20a2))
(3.49)

Now we show that

1 1
0= l(5 +a— 5\/17 — 36a + 2002) — k(=34 4a)(3 — 4o + V17 — 36a + 2002) < 0 (3.50)

i.e., Fyr(zq«1) > 0. If true then there is an eigenvalue of Cy less than z4; and the design d

is E-inferior to d*.

Noting that [ < (1 — a)k and also 1 + a — £v/17 — 36+ 2002 > 0 for § < o < 1,

1 1
O < k(l-a);+a- 5\/17 — 36 + 2002)

—k(=3 +4a)(3 — 4o + V17 — 36 + 20a2)
k

= 5(19 + 3002 — 47a — (Ta — 5)V17 — 36a + 20a2)

We now show that (19+30a? —47a) — (Ta—5)v/17 — 36a + 20a2 < 0 so that © < 0. Notice
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that (7a-—5)v/17 — 36a + 2002 > 0 when a > 2. Then © < 0 is implied by T'(a) < 0 where,

T(a) = (19 +30a* — 47a)? — ((Ta — 5)V17 — 36c + 20a2)?

= —8(a—2)(a—1)2x—1)(ba—4)

Easy to see that T'(a) < 0 for every a € (3,1) so that © < 0 and thus Fyr(zg+1) > 0. The

design d is E-inferior to d* for ? > % in the second situation under case I.

Case II: s = k —p and y > 0. Notice now 2p > k + 2y so that the design is connected.

Then the matrix Cy; collapses to a 4 x 4 partitioned matrix and Fy(\) = 0 becomes:

Fur(A) = (A — 2) (k222 — (K 4 2kp — 4ky)\ — 4k* + 10kp — 4p® — 8ky + 4py) =0 (3.51)

One root is 2, and the other two are the two roots to :

Furr(\) = E*A% — (K® + 2kp — 4ky)\ — 4k + 10kp — 4p* — 8ky + 4py = 0 (3.52)

It is easy to check:

(3.53)

So the two roots are within the intervals (0, 1) and (1, 2) respectively. The smallest eigenvalue

ZdII is within (O, 1)

If p < % then Fyr;(2) = —(k —p)(4k — 5p 4 8y) < 0. So we have the smallest eigenvalue

y4
2din < i

If p > % notice the function F(A) in (3.37), and then Fy;()) can be written
Farr(A) = F(OA) + 4y(—2k + p+ k) (3.54)

Therefore,

Fd][(zd*l) = 4y(—2]€ +p + ]i'Zd*l) (355)



47

Since zg+1 < 1, (3.55) < 0. Therefore, we must have an eigenvalue smaller than z;. The

design d is E-inferior to d* for p > % in the second situation under case II.

Case III: s <k —pand y > 0. Now Fyr(N) = Fy()) satisfies

Fd[[[(()) = —2(p — S — 2y)(2k — p) <0

Farrn(%) = 4(’“*7’)2(2*29)*1’52

Foun(l)=(k—p—s)(k—p+s)>0 (3.56)
_ p)s2

Farrr (352) BE-ps

Farrr(2) = 2s(p —s) +4py > 0

So the three roots are within interval (0, 1), (1, ?) and (%T_p, 2) respectively. The smallest

positive eigenvalue z4y, is within (0,1) .

If2 < % then Fyyr(2) = (4(k—p)2—p28+8(k—p)2y > (4(k—p)2—p(k—kp))s+8(k—p)2y ~ 0. So the smallest

eigenvalue 247, < % .

If 2 > 2 notice the function Fy;(A) in (3.45) and then,
Farrr(A) = Far(A) +4y[(2 = Ak = pl(1 = A) (3.57)

Therefore,
Farrr(zan) = 4y[(2 — zar, )k — pl(1 — zar,) (3.58)

Since zqr, < 1, Fyrrr(2zqr,) > 0. This means that we have an eigenvalue of Cyrry smaller than

zar, (so it is also smaller than z4: ) for p > %. The design d;;; is E-inferior to d* when

p > %, or equivalently, k > %”. Il
Lemma 3.7. Any design in the class D(v, 2, k) with at least kK — p + 1 treatments with one
replicate in both blocks is E-inferior to the binary design d,.

Proof. Since both blocks have at least kK — p + 1 treatments with one replicate, we can pick
k —p+ 1 treatments in block one as group 1 and k — p+ 1 treatments in block two as group
2. The contrast vector [ between the average of group 1 treatments and the average of group

2 treatments with contrast coefficients normalized gives L/Cdl = %1 <P Il



48

Lemma 3.8. (Morgan and Reck (2003)) Partition the C; matrix as

Cdll Cde
Caa1 Cao2

Cy =

where Cyp; is a t X ¢ submatrix and Cyeg is a (v — t) X (v — t) submatrix, where 1 <t < v.
This partition is valid for any ¢ treatments by permutation of rows and columns of the Cjy

matrix. Let w be any normalized vector (i.e., Www= 1), and write x = w'l. Then

< C 3.59
Zdl > v — ng d11w ( )

One may refer to Morgan and Reck (2003) for a detailed proof.

Corollary 3.1. The smallest positive eigenvalue z4 of Cy of a design d € D(v,b, k) is
bounded by

Odii + dild 20{1"/ U(Odii + Cd./ . — QCd,,/) v
Py - & i o
2 ) 2(7)—2) ,m(U—m) ZM du)
1,1 €

(3.60)

) v
zZgr < mm(v — 1Cdn’,

where C, is the (i, i/)th element of Cy; i,4' =1,2,--- ,v; 2<m < v —1is an integer; and

M 1is a subset of size m of the v treatments.

Proof. Following Lemma 3.8, taking t = 1 and w = 1, we have 2451 < 5 Cgy;; taking ¢ = 2

’ Caii+C 1 .1—2C ’
1 1 dii 11 1. ] — — 1 1
and w = (75, —75) , we have zg < = dii - taking t = 2 and w = (75,—75) , we
’U(Cdu"‘c ’i/i/ —20 “,/) . . 1 1 1 I
have z4 < 2(‘;_2) diis: taking ¢ = m and w = (\/_W\/_m?”’ 7\/_5) we have zg5; <
v
m(v—m) Zz‘,i'eM Caiit- O

M.Jacroux (1980a) first gave the results of corollary 3.1. Lemma 3.8 is an extended version

his results.

Lemma 3.9. Any design in the class D(v, 2, k) with more than k — & treatments with one

replicate in either of the blocks is E-inferior to the binary design d.
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Proof. Suppose WLOG treatments 1,2, ...,k —t have one replicate in one block in a design
d € D(v,2,k). Then by corollary 3.1,

k—t

v vt (2k — p)t
< ., = =
Zdl_(k—t)(v—k+t) '2—31 W kv —k+t) (k—p+t)k
If (é%;fg)tk < 2 then, the design d is E-inferior to the binary design dy, i.e., t < £ O]

Lemma 3.10. Any design in which some treatment has more than two replicates cannot
be E-optimal in D(v,2,k), i.e., any design in Dy(v,2,k) cannot be E-optimal design in
D(v,2,k).

A proof for this lemma is given in Appendix B. The average matrix technique, Lemma 3.5,

Lemma 3.7 and Lemma 3.9 are used in the proof.

Theorem 3.6. In the class D(v,2,k), binary design dj is the unique E-optimal design if

5 <k< %”; non-binary design d* is the unique E-optimal design if % < k < v; the non-

binary design d* and the binary design dy are both E-optimal if k = %” and no other design

can be E-optimal. The design d* is displayed in Figure 2.

Lemma 3.6 and Lemma 3.10 together imply Theorem 3.6.

Corollary 3.2. Denote the E- value (smallest positive eigenvalue of the information matrix)

of the E-optimal designs in D(v,2,k) by EV. Then

2-7 when % < %;
EV = (3.61)
g—%—%\/25—447”+22—§2 when £ > 2
Corollary 3.3. FEV is increasing in %, and for given v, it is also increasing in k.
Proof. Letting ¢ = %, we have
1 5
OFEV 5 >0 when ¢ < 2;
— = 2 6 (3.62)
L 10—11¢++/20—441425.2 k<5
12v/20— 4414252 when v =6
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when ¢ = £ > 3 'since (v/20 — 440 + 25:2)% — (10 — 110)? = 16(1 — ¢)(6. — 5) > 0, 22V > 0.

For given v,
k 5
OEV = >0 when § < g; (3.63)
ok (k100 +VIFR? —Adkv+200%) g ko 5 '
k3+/25k2 —44kv+20v2 v 6

when & > 3 since (V25k% — 44kv + 200%)? — (10v — 11k)? = 16(6k — 5v)(v — k) > 0,

IEV
LY > 0. u

We close this section with some examples of E-optimal designs.

Example 3.5.1. For v = 13 and k = 11 > 5v/6, the E-optimal design in the class D(v, 2, k)

1s:

Block 1 1 2 - 7 8 8 9 9

Block 2 1 2 e 7 10 11 12 13

The E-value of this design is FV =~ 0.835.

Example 3.5.2. For v = 9 and & = 7 < 5v/6, the E-optimal design in the class D(v, 2, k)

1s:

Block 1 1 2 e 5 6 7

Block 2 1 2 A 5 8 9

The E-value of this design is EV = 5/7 ~ 0.714.
Example 3.5.3. For v = 12 and k = 10 = 5v/6, there are two E-optimal designs:

Design 1:
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Block 1 1 2 C 6 7 7 8 8

Block 2 1 2 . 6 9 10 11 12
Design 2:

Block 1 1 2 - 6 7 8 9 10

Block 2 1 2 - 6 7 8 11 12

The common E-value of the two designs is EV =2 —6/5 = 0.8.

3.6 Further Discussion in the class D;(v,2,k)

Theorem 3.7. In the class Di(v,2,k), if £ = %, d* is the only non-binary design that
is E-equal to binary design dy and all other non-binary designs are E-inferior to dy and
. If & > %, a necessary condition for a non-binary design to be E-superior to dj is

s > L@J + 1, that is, the range of s for a non-binary design to possibly be E-superior

to do is [| =2 )2J + 1,k — p|]. Furthermore, this necessary condition is also sufficient when

p
4(k—p)*
P

y = 0. When Ak=p’ §g an integer, s =

5 , and y = 0, the corresponding designs are

E-equal to dp.

Proof. One may check k —p > L@J +1if 2> 2.
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If s < L@J, then

p (4(k — p)* — ps)s
Fa(=) = >0
a(Z) k
4(k — p)? — ps)s + 8(k — p)?
de(g) _ (AkE-p pk? (k—p)% _ |
and so designs corresponding to s < L4<k;p )2j are E- inferior to the binary design dy (see
(3.47) and (3.57)).
If @ is an integer and s = 4(]“%)2, we must have @ <k —p, or equivalently, £ > ‘—51.

Furthermore, if y > 0, the resulting designs are still E-inferior to the binary design dy by

(3.56). If y=0, we need to discuss two cases:

a)

>3

= %, then we have s = 4(k — p)?/p = k — p. This is d*.

b) £ > %, the design has smallest eigenvalue £ thus we have found conditions for E-suboptimal

non-binary designs that are E- equal to dy.

This concludes the proof. Il

Theorem 3.8. Among all non-binary designs that are E-superior to dy when 2 > %, the

design with s = L@J + 1 and y = 0 is A-best.

Proof. By (3.44) and Lemma 3.3, A-value for the general non-binary designs, denoted as

Anp, can be expressed as:

1 4k%* + 2kp — p* — 6ks + 2ps — 5% — 12ky + 4py
Ay = (20 —p)—2) x 1+ (p—2) x =

(4k? — 10kp + 8k*p + 5p? — 10kp?® + 3p® + 6ks — 8k*s — 4ps

1
- 2(2k—p)(p—s—2y)
+ 10kps — 3p*s — s* + 12ky — 16k%*y — Spy + 20kpy — 6p°y) (3.64)

Check,
0Anp 4k(k —p) + (p — s)® + 4sy
= >0
s 2(2k —p)(p — s — 2y)?
0Aw,  (2k—p—s5)2k—p+s) -0

oy  (2k—p)p—s—2y)?
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Therefore, A,; is an increasing function with respect to s and y respectively. And its smallest

value takes place at s = L@J +1and y =0. ]

Theorem 3.9. Among all non-binary designs that are E-superior to dy when 7 > %, the

design with s = L@j + 1 and y = 0 is D-best.

Proof. By (3.44) and Lemma 3.3, D-value for the general non-binary designs, denoted as

D,, can be expressed as:

1 k2
Z\p—2
b= G S s~ 2y) (3.65)
Check,
oD, 91-p};2
— >0
Js (2k —p)(p — s —2y)?
0D, 22-P?2
Tomb >0
dy (2k —p)(p — s —2y)

Therefore, D,; is an increasing function with respect to s and y respectively. And its smallest

value takes place at s = LMJ +1and y = 0. 0

Theorem 3.10. Among all non-binary designs that are E-superior to dy when £ > %, the
smallest positive eigenvalue of the information matrix is increasing with respect to s and

decreasing with respect to y.

Proof. The smallest positive eigenvalue is the smallest root to the equation F;(\) = 0. To
show it is increasing with respect to s when s € [L@J + 1,k — p], we only need to
show that the smallest root for s = x + 1 is greater than s = z, where z is an integer
in [L@j + 1,k —p—1]. Let Fiu(A) = Fg(N)|smar1, Fra(AN) = Fa(N)|s=z and Foy(N\) =
F.1(A) — Fya(N\). One may check,

Foa(N\) = 2kA% — (1 + 6k — 2p + 22)\ + 2(2k — p)
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And

de<%) — 4(k - p)Qk_ pr —Pp
_ Ak p)® = 2p(4(k —p)*/p) — p
k
Ak =p)P+p
- - . <0

Therefore, one root to F4(\) = 0, denote it as Ay, is less than £. Denote the other root as

A2. By lemma 3.3,
1+ 6k —2p+2x

A+ A=
1+ A2 ok
We have,
1+6k—2p+2x p 14+6k—4p+2x
A — == 1
2 ok k ok ”

Suppose the E-value for s = x4 1, denoted as z,; is less than that for s = z, which is denoted

p

as Zg2. By assumption of the theorem, both 2,1 and z.» are greater than 7. Then we have,

Fxl(le) =0
Fggg(le) < 0

Fmd(le) - Fm1(2m1> - FmQ(le) >0

The second expression above holds because we know that if Fo(z,1) > 0 then z,5 < 2,1 since
we know F2(0) < 0 by (3.46) and (3.56), which is against the assumption that z,; < 2.

So we must have Fy(z,1) < 0.
Then Ay must be in (%, 2,1). We know that z,; < 1. Contradiction.

To show that E- value is decreasing with respect to y, we only need to show the E- value for
y = p+ 1 is greater than that for y = p, where p is an integer in [0, [(p — s)/2] — 1]. Let
Fyi(A) = Fa(N)|y=pt1, Fy2(A) = Fy(N)]y=p and Fyq(X) = Fj1(A) — F2(A). One may check,

Fra(\) = 40\ — 1)(=2k +p + k)
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Two roots to Fyq =0 are Ay =1 and \y = (2k — p)/k > 1. And

Fla(0) = 4(2k — p) > 0

Suppose the E-value for y = p + 1, denoted as z,; is greater than that for y = p, denoted as

zy2. Then we have,
Fa(zn) = 0
Fp(zp) > 0

Fyd(zyl) = Fyl(zyl) — Fya(zy1) <0

The second expression above holds because we know that if Fi5(z,1) < 0 then z,; < 2z, since
we know Fj2(1) > 0 by (3.56), which is against the assumption that z,; > z,0. So we must

have Fis(2,1) >0

Since F,4(0) > 0, there must be a root to Fy,; = 0 be in (0, 2,1). We know that 2, < 1.

Contradiction.

The proof of Theorem 3.10 has provided a new way to show Lemma 3.6.

Example 3.6.1. In the class D(110,2,100), p = 2k —v = 90 and £ = 9/10 > %. We
know that dj is the A- and D-optimal design and d* is the E-optimal design. In the subclass
D;(110,2,100), the necessary condition for non-binary designs E-better than the binary
design dj is
6> L4(10098 90)2J L1—5

Suppose y = 0, the designs corresponding to s € {5,6,7,8,9,10}, are all E-better than d;
when s = k — p = 10 we have the E-optimal d*. Denote the designs in D;(110,2,100) with
s=2>5,6,7,8,9 as dq, dy, d3, dy and ds respectively. Also use ”>" to denote "better”. We

see that
A- and D-criteria : dy > dy > dy > d3 > dy > ds > d*

E-criterion : d* >ds >dy > ds > dy > dy > dy
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It is interesting to notice that some designs, like dy, ds, d3, dy and ds, which are neither
A-optimal nor E-optimal, are still good designs in the sense that they are E-better than the
A-optimal design dy and A- and D-better than the E-optimal design d* when p > 4k/5.

3.7 Discussion of ¢z-optimal designs in D(v,2, k)

Definition 3.3. A design is said to be ¢g-optimal in D(v, b, k) if it has the minimum value
of ¢3(Cy) among all designs in D(v, b, k), where

v—1

65(Ca) = (D _(zas) ")

i=1

w@l=

(3.66)

Note that ¢z-optimality discussed in this section is equivalent to the ¢,-optimality introduced
v—1

by Kiefer (1975), where ¢,(Cy) = (Z(%)*p)% We simply dropped the constant term in

=1

¢p to get ¢g. The reason we do not use the notation ¢, is that p has a special meaning in

this chapter.

As pointed out by Shah and Sinha (1989), ¢g-optimality is a larger optimality class than A-,
D- and E-optimality, i.e., ¢g-optimality O A-, D- and E-optimality. In fact, A-optimality =
¢1-optimality, D-optimality = ¢g-optimality and E-optimality = ¢..-optimality.

From previous sections we know that ¢,,— (or E-) optimal designs may not be binary designs.
It is a difficult task to find ¢g-optimal designs for other 3 except # = 0, 1 and oco. But we
will show that some other ¢g-optimal designs (3 < co) must lie in the non-binary class. To

see this we simply compare d* to d.

Appendix E gives a Matlab program to compare d* and dy in terms of ¢g when k/v > 5/6
and 4 < v < 100. The program gives the value of 3 above which d* is ¢g-better than
do. Note that the returned value is an approximation to (a bit greater than) the root of
0(Car) = ¢3(Cyq,). To see that, above B, d* is ¢s-better than dy, one may simply plot

¢p(Ca) and ¢(Cy,) versus . We omit the plots here. This program can also be used for
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k/v < 5/6. In fact, we did not find any examples where d* is ¢g-better than d, for any 5 in
(0,00) when k/v < 5/6.

It is interesting that the change of B over k for a given v is not monotone. Using the program

in Appendix E, we found that for v < 24, § is monotonely decreasing in k. This does not
hold for 25 < v < 100.

Example 3.7.1. With v = 100, for k/v > 5/6 we need k > 84. The following table gives
B such that d* is ¢-better than d, for 8 > B E is decreasing when 84 < k£ < 94, and then

ks | k| B |k 6 k| §
841 9.771 | 85 | 7.316 | 86 | 6.253 | 87 | 5.628
88 | 5.213 | 89 | 4.923 | 90 | 4.714 | 91 | 4.566
92 | 4.465 | 93 | 4.405 | 94 | 4.384 | 95 | 4.405
96 | 4.474 | 97 | 4.614 | 98 | 4.872 | 99 | 5.421

Table 3.1: 3 for v = 100 and 84 < k < 99

increasing when 94 < k < 99.

Example 3.7.2. With v = 24, for k/v > 5/6 we need k > 21, the following table gives 5
such that d* is ¢g-better than dy for 3 > B B is decreasing when 21 < k£ < 23.

k| g | k| 6 | k| §
21 | 5.401 | 22 | 4.494 | 23 | 4.459

Table 3.2: 3 for v = 24 and 21 < k < 23

These examples show that the binary design dy is ¢g-better than the non-binary design d*

for only a relatively small set of 3, and otherwise is inferior.



Chapter 4

Optimal Incomplete Binary Designs
with Three Blocks

4.1 Summary

In this chapter we study the optimal incomplete block designs when there are three blocks of
the same size. It turns out that a design d* is E- and Type I-optimal in the class D(v, 3, k)
when k = 2v/3. Denote the subclass of binary designs in D(v,3,k) by M(v,3,k). In
M (v,3,k), A-, D- and E-optimal designs are also identified when k # 2v/3. At the end of

this chapter we discuss optimal designs for the entire class D(v, 3, k).

4.2 Optimal Designs in D(v,3,k) when k = 2

Consider the class D(v,3,k) with k = 22, We have r = [2)] = 2 and p = bk — vr = 0. It is

obvious that the block size must be an even number. Let kK = 2m and v = 3m where m > 1.

o8
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Consider a binary design d* in which all the treatments have replication two.

B;: 1 2 ....m m+1 m+2 ... 2m
By: 1 2 ....m ?2m—+1 2m+2 ... 3m
Bs: m+1 m+2 ... 2m 2m+1 2m+2 ... 3m

The design d* is the only regular graph design in the class D(v, 3, %) It can be seen that
in d*,

where | B; N B;| denote the intersection numbers for the three blocks. The information matrix

of d* is

Cye = ) S o S (4.2)
1 1 1
e — T 2L, -1,

One can get the v — 1, i.e. 3m — 1, eigenvalues of Cy- : 2 with multiplicity 3(m — 1) and 3/2

with multiplicity 2. So the smallest eigenvalue for d*, denoted as zg+1, is 3/2.

4.2.1 M-optimal Designs in the Equal-Replicate Subclass
of D(v,3,2v/3)

For any row vector & = (1, %2,...,%,) € R", let (zq),2(2),..., () denote the increasing
reordering of z, that is, it is the vector, obtained from x by permuting co-ordinate positions,
such that z) < x@) < ... < x¢,). The next definition and theorem generalize material

presented in section 3.2.

Definition 4.1. For any two row vectors z,y € R", z is said to be weakly majorized by y

(in symbols, z <* y) if
I

l
Zl‘(i) Z Zy(i), = 1,2, .o.n. (43)
=1

=1

We shall need the following theorem. See page 109 of Marshall and Olkin (1979) for a proof.
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Theorem 4.1. x <" y if and only if

n

> f) =3 ) (1.4

for every convex decreasing function f : R" — R".

Motivated by Theorem 4.1, B. Bagchi and S. Bagchi (2001) introduced the following.

Definition 4.2. A design d; is said to be better than another design ds in the sense of

majorization (in short M- better) if

2(Ca) <" 2(Cay) (4.5)

where 2(Cyq) = (241, 242, - - -+ Zdv—1) is the vector of positive eigenvalues of the information

matrix Cj.

Definition 4.3. A design d* € D(v,b, k) is said to be optimal in the sense of majorization
(in short, d* is M- optimal in D(v, b, k)) if it is M- better than any other design in D(v, b, k).

It can be shown that if d* is M- better than d then d* is better than d with respect to all
the criteria of Type I- (B. Bagchi and S. Bagchi (2001)). In particular, M-optimality implies
optimality with respect to all the usual criteria, including E-, A- and D-optimality.

Theorem 4.2. Design d* is M- optimal in the equal-replicate subclass of D(v,3,2v/3).

Proof. For any design d in the equal-replicate subclass in D(v, 3,2v/3), each treatment must

have exactly two replicates. Consider the general combinatorial structure of such a design d.

In d, let |B; N By| = s1, |B1 N Bs| = s2, and | By N B3| = s3, where s1 + s + s3 < 3m and
S1, S92, and sz are the block intersection numbers. Also let t; = m — %, to =m — %ﬁ
and t3 = m — % The integers t1, t and t3 denote the number of treatments occurring

twice in the each of the three blocks respectively. All designs (either binary or non-binary)
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in which all treatments have exactly two replicates are determined by the six integers sq, s9,

s3, t1, to and t3. The information matrix for such a design d is

2L, — 2 Jy, 0 0 —L T s —L Tt s 0
0 21, — 2 Jy, 0 —L Ji 1 0 — L Jiy s
0 0 2L, — 2 Jy, 0 —L T s — L Ty (46)
_%Jsmﬁ _%J&,tz 0 215, — %J& _ﬁJSLSQ _ﬁJShS:s
_%JSQatl 0 _%Js2,t3 _ﬁjs%sl 2182 - %‘]82 _ﬁjsm%
0 _%Jss,tz _%Js&t?, _ﬁJS&Sl _%Jss,@ 2183 - %JSS
Its eigenvalues are 2 with multiplicity of 3(m — 1), and the two roots to the equation:
4m2z4% — 4m(sy + so + 53)2q + 3(s5152 + 5253 + 5153) =0 (4.7)
The two roots are:
s1+ 59+ 53— \/1/2[(s1 — 52)> 4 (s1 — 53)% + (52 — s3)7]
zZdl1 = B (4.8)
m
1+ 52+ 53+ 1/1/2[(s1 — 52)% + (51 — 53)% + (52 — 53)?]
2d2 = 5 (4.9)
m
Since s1 + 89 + s3 < 3m,
3m —/1/2 — 59)2 — 53)2 — 583)2 3
21 < m = /12051~ 52) 2+ (51 = 53)" + (o2 — 5a)] < 5 = d-1- (4.10)
m

Now consider two cases.

Case 1. Suppose z4o < 2. Then write the vector of eigenvalues z(Cy) with its elements in increasing

order as

&(Cd) = (Zd17zd272727"‘72)' (411)
Also write the vector of eigenvalues z(Cy+) with its elements in increasing order as

2(Cy) = (3/2,3/2,2,2,...,2). (4.12)

Since tr(Cyq) < tr(Cy+), za1 + za2 = (s1 + s2 + s3)/m < 3 and so z(Cgx) <" 2(Cy).
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Case II. Suppose z42 > 2. Then write the vector of eigenvalues z(Cy) with its elements in increasing
order as

2(Cy) = (241,2,2, ..., 2, 2g2). (4.13)

Since z41 + zg2 = (81 + s2 + s3)/m < 3, we must have z4; < 1, and thus again z(Cg+) <* z(Cy).

So d* is M- better than any other design in the equal-replicate subclass in D(v, 3,2v/3), thus is M-

optimal in this subclass. ]

In the next two subsections we will show that d* is E- and Type I-optimal in D(v, 3,2v/3).
By Theorem 4.2, we only need to show that E- and Type I-optimal designs in D(v, 3, %”)

must lie in the equal-replicate subclass.

4.2.2 E-optimal Designs
Theorem 4.3. Design d* is E-optimal in D(v, 3, 2?“)

Proof. For adesignd € D(v, 3, %”), if some treatment has just one replicate, then the smallest

eigenvalue of Cy is

3m 2m—1 6m-—3 3
Y Cu M oAmm 2 T <2 = (4.14)

zZar < = =
v—1 3m—1 2m om — 2 2

Therefore, all the treatment must have exactly two replicates for E-optimal designs in
D(v,3,2), and d* is E-optimal in D(v, 3,2v/3) by Theorem 4.2. O
4.2.3 Type I-optimal Designs

Consider the Type [-optimality problems defined in chapter 1. If f(z) satisfies the conditions

in Definition 1.7, we want to find z, x», ..., x, to minimize

> f(@), (4.15)

The following theorem is used to attack Type I-optimality problems in D(v, 3,2v/3).
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Theorem 4.4. (Kunert (1985); Jacroux (1985)) The minimum value of the function given

in (4.15) subject to constraints that

xr, > 0Ofori=1,2,...,n

n

Z%’ <

i

IN

T Cy for some Cy satisfying 0 < Cy < Cy/(n — 1)

occurs when

1'12027
(4.16)
xi:%forizl&..,n.

Theorem 4.5. Design d* is Type [-optimal in D(v, 3, %”)

Proof. Since d* is M-optimal in the equal-replicate subclass in D(v, 3, %”), it is also Type
[-optimal in the equal-replicate subclass in D(v, 3, 2—3") We only need to show that Type

[-optimal designs in D(v, 3, %”) cannot have some r; = 1.

Suppose for design d there is some treatment with just one replicate. From the proof of

Theorem 4.3, z5 < 331’22’;;1 = gfnl:g < 1. And the v — 1 eigenvalues of d satisfy the
following constraints:

(1) zg1 > 0;

(12) tr(Cq) < tr(Cye) = 3(2m — 1) = C4 (4.17)

(i11) zg1 < 22:3 =y

Consider a row (1 x (v — 1)) vector z(Cy), whose first element is C and all other elements
are (C; — Cy) /(v —2), i.e.,
6m—3  9(2m—1)? 9(2m — 1)? 9(2m — 1)?
2(Cg) = (

6m—2"23m—2)3m —1)"2(3m —2)(3m —1)" """ 2(3m —2)(3m — 1))
(4.18)

By Theorem 4.4, d (which may not be a real design) is as good as or better than d w.r.t. all

Type I-criteria. Since
l l

3m—1—2
* i — — . = > 4.].9
Z,led ’ ZZIZC“ 2Gm —2)@m—1) =" (4.19)
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where 1 <[ <v—1=3m—2, 2(Cg) < 2(Cy) and consequently

-1
Zf Zd*i SZ Zdz S

and d* is Type I-optimal in D(U, 3,2v/3). m

IIMH

Corollary 4.1. Design d* is A-optimal and D-optimal in D(v, 3, 23”)

4.3 Optimal Designs in M (v, 3, k) when k # 2v/3

4.3.1 General Combinatorial Structure in M (v,3,k) and Expres-

sions of A- and D-values

For any design d in M (v, 3, k), we must have r; € {1,2,3}. So now let |B; N By| = 51 + 1,
|B1 N Bs| = sy +t, and |By N B3| = s3 +t, where s1, s and sz are block intersection number
for just those treatments with two replicates and ¢ is the number of treatments occurring in
all three blocks. Also let the number of treatments in block one with one replicate be x, the
number of treatments in block two with one replicate be y, and the number of treatments in

block three with one replicate is z. Note that since the block size is k, we have:

(
t+r+y+z+s+S2+853=0v

t+x+s1+s2=k

(4.21)
t+ Yy + S1 + S3 = k
Kt+2+32+53:k‘
By solving (4.21), one obtains:
)
t=3k—-2v+az+y+=z
si=v—k—x—y
(4.22)

So=v—k—x—=z2

\33:U—k—y—z
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Note that x, y, 2, s1, S2, s3 and ¢ are all non-negative integers and any design in M (v, 3, k)
is determined by these seven integers. Thus by (4.22), all combinatorially distinct designs

are determined by just x, y and z. WLOG we assume = < y < z. The information matrix
of d is

3, -2, —1J -LJ —2J -2 —2J 27
Ly L-1y 0 0 —1 —2J 0
—2J 0 I, — +Jy 0 - 0 —2J
— 1 1 1
Ca = —+J 0 0 I —1J. —1J —1J
-2 -iJ —2J 0 21, — 2], —2J —1
2 1 1 1 2 1
-2J -1 0 —+J —+J 21, — 2J,, —+J
2 1 2
—2J —+J —+J —+J —+J 21, — 2,

(4.23)

We can get v — 7 positive eigenvalues of Cy quickly: 3 with frequency 3k —2v+x+y+2z—1,1
with frequency z+y+ 2z — 3, and 2 with frequency 3(v—k—1) —2(x 4+ y+ z). The remaining

six positive eigenvalues are the positive eigenvalues of the following reduced matrix:

33 _=z _y _z 25 _ 252 _2s3
k k k k k k k

—% -7 0 0 — — 0

% 0 1-F 0 - 0 -%
% 0 0 1-5 0 -3 -%
B T U S Sl
S B B S
S S B S Sl

Computing the characteristic polynomial of the above matrix, the six eigenvalues are the

roots in z4 of the equation

lo + llzd + 1223 + 1323 + 1423 + 1522 + 1622 =0 (424)
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where

lo= 2v(9k* — 6kv +v? — (22 + y* + 2° —zy — x2 — y2))

I = —9k3 — 60k%v + 39kv? — 603 + 6k — Skvx + 2v%x + 3ka? + dva? + 6k2y
—8kvy + 2v%y — 3kxy — dvxy — 2%y + 3ky? + dvy? — xy? + 6k*2 — 8kvz + 2072
—3kwz — dvrz — 2%z — 3kyz — dvyz + 6zyz — vz + 3k2? + 4vz? — x2? — y2?

ly = 33k + T2k%*v — 45kv? + 603 — 14Kz + 18kvx — 40’z — Tka? — 2ua?
—14k%*y + 18kvy — 4v?y + 3kay + dvay + 2%y — Thy? — 20y? + xy?
—14k%z + 18kvz — 402z + 3kwz + dvaz + 222 + 3kyz + 4vyz — 6zyz + Y22
—Tkz? — 2022 + 122 + y2?

Iy = —46k% — 36k%v + 21kv? — 203 + 10k%x — 12kve + 2022 + Ska? + 10k%y
—12kvy + 20y — 2vzy + 5ky? + 10k%z — 12kvz + 20%2 — 2urz — 2vy2
+2xyz + bk2?

I, = Kk(30k% + 6kv — 3v? — 2kx + 2vr — 22 — 2ky + 2vy — y* — 2kz + 2vz — 2?)

I = —9k3

lg = k3.
(4.25)
By Lemma 3.3 the product of inverses of the six eigenvalues is
lg k3
D, = — = 4.26
LA 20(9k2 — 6kv +v2 — (1/2[(x — y)2 + (x — 2)2 + (y — 2)?])) (4.26)
so the D- value of design d is
k3 1 4
Dy = (5.
2033k —2v=123(v=k=1) 92 — Gkv 4+ v2 — (1/2[(x —y)? + (x — 2)® + (y — 2)?]) '3
(4.27)
Also we can get the sum of the inverse of the six eigenvalues by Lemma 3.3 as
Agp = —% = —(—9k* — 60k*v + 39kv* — 6v® + 6k*x — 8kvz + 2v*z + 3kx? + dvx?

+6k%y — Skvy + 20y — 3kay — dvzy — 2%y + 3ky? + dvy? — 2y? + 6k
—8kvz + 202z — 3kxz — 4vrz — 2%z — 3kyz — dvyz + 6xyz — Y22 + 3k2?

+dvz? — 12?2 — y2?) [ (20(9k? — 6kv + v* — 2? + 2y — y* + 12 + Yz — 2?))
(4.28)
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so the A- value of design d is

Ag= SRt (93 — 60k + 39kv? — 60° + 6k%x — Skvz + 20w

+3ka? + dva? + 6k%y — 8kvy + 20%y — 3kay — dvay — 2%y + 3ky? + doy® — xy?
+6k%z — S8kvz + 2v%2 — 3kxz — 4vxz — 222 — 3kyz — dvyz + 6xyz — Y2z + 3k

+4v2? — x2? — yz2?) [ (20(9k* — 6kv + v* — 2? + zy — y* + 2 + yz — 27%)).
(4.29)

Note that if any of z, y, z, £, s1, s2 and s3 are zero, the matrix C; (or the corresponding
reduced matrix) will collapse to smaller dimensions. However, one may check that the

expressions for Dy and A; do not change.

4.3.2 D-optimal Designs in M(v,3, k) with k # 2v/3.

Before we discuss D- and A-optimal designs in M (v, 3, k) with k # 2v/3, we give below a

useful lemma, which will be repeatedly used in the proof of later theorems.

Lemma 4.1. The minimum of the symmetric function of non-negative integers x, y and z

9(w,y,2) = 1/2[(x —y)* + (v — 2)* + (y — 2)’]
subject to x +y 4+ 2 = ¢ and WLOG z <y < z is as follows:

1) When ¢ = 360 where 6 is a non-negative integer, (6,6, 6) is the minimum value point and

the minimum value is zero.

2) When g = 360 4+ 1 where 6 is a non-negative integer, (6,6,60 + 1) is the minimum value

point and the minimum value is one.

3) When g = 30 + 2 where 6 is a non-negative integer, (6,0 + 1,60 + 1) is the minimum value

point and the minimum value is one.

Theorem 4.6. D-optimal designs in M (v, 3, k) for k # 2v/3 fall into three cases:

i) The design with x = y = z = 0 is uniquely D-optimal in M (v, 3, k) when k > 2v/3.
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ii) When k£ = (v + 2)/3, connected designs in M (v, 3, k) are minimally connected and the

only two connected designs are D- equal;
iii) When (v +2)/3 < k < 2v/3 and

a) 2v — 3k = 30 where 0 is a positive integer, then the design with x = y = z = 6 is uniquely
D-optimal;
b) 2v — 3k = 30 4+ 1 where 6 is a non-negative integer, then the design with z = y = 6 and

z =6 + 1 is uniquely D-optimal;

c) 2v — 3k = 30 4+ 2 where 6 is a non-negative integer, then the design with x = 6 and
y =z =6+ 1 is uniquely D-optimal.

Proof. From (4.27), the problem is to minimize

4 1
Dm — (Z\Ttytz
UM g oy

3
where ¢ is the function defined in Lemma 4.1. Note that we use D,, instead of D, here after

(4.30)

dropping the constant terms in Dy. It can be seen that D,, is an increasing function with
respect to each of x+y+z and g(z,y, z). If we minimize these two factors simultaneously for
some integer point (z, vy, z), then the design corresponding to that (z,y, z) is the D-optimal

design.

i) k> 23” The minimum values of x +y + 2z and g(z, y, z) are simultaneously achieved when
x =y =z = 0. No other set of (z,y,z) does this. So the design with z =y = z = 0 is
uniquely D-optimal.

ii) When 3k = v + 2, the only two connected designs are the design with x =y =2=k —1
and that with z = k — 2 and y = z = k — 1 (one may refer to chapter 2 to see why). It can
be easily verified that both have the D- value (v + 2)3/(27v).

iii) When 3k > v+ 2 and k < 2v/3, r = [22| = 1 and at least 2v — 3k treatments have

exactly one replicate for any design in M (v, 3, k), i.e., v +y+ z > 2v — 3k.
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a) 2v—3k = 30 where 0 is an positive integer. Then x+y+ 2z and g(z, y, z) are simultaneously

minimized if and only if x = y = z = 6, and the corresponding design is D-optimal.

b) 2v—3k = 3041 where 6 is a non-negative integer. If x+y+ z achieves its minimum 36+1,
there are no integer points (z,y, z) to make g(z,y, z) zero. By lemma 4.1, the minimum of
g(x,y, z) is one, occurring at the point (0,6,0 + 1). If we want to make the g(x,y,z2) to
be zero, we have to use different = + y + 2, the smallest that can do this being 36 + 3. In
this case, x = y = 2z = 6 + 1. The smallest D,, value must be for either the design with
(x,y,2) = (6,0,0 + 1) or the design with (z,y,2) = (§ + 1,0 + 1,0 + 1). Denoting the D,,
values for these two designs by D,,; and D,,s respectively, by (4.30) we have,

1 4
Dy = ———— (=) 4.31
! (3k—v)2—1(3> (4:31)
1 4 360+3
Dy = EEnp 2))2(5) - (4.32)
By (4.31)/(4.32) we have,
Dml 9(3]43 - U)Q

Dy 16[(3k —v)2 — 1]

Since 3k > v + 2,

(3k—v)2—1_1_ 1 >§
(Bk—v)2  (Bk—0v)2 " 4
we have
(3k —v)? _ 4
Bk —v)2—1 3
and thus
Dy 9(3k — v)? 3

— < -.
Do 163k —v)2—1] 4
We conclude D,,,; < D,,».
¢) 2v—3k = 3042 where 0 is a non-negative integer. If x+y+ 2 achieves its minimum 360+2,
there are no integer points (z,y, z) to make g(z,y, z) zero. By lemma 4.1, the minimum of

g(x,y, z) subject to x + y + z = 30 4 2 is one, occurring at the point (6,0 + 1,0 + 1). If we

want g(x,y, z) to be zero, we have to use different x4 y+ z, the smallest that can do so being
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30 + 3. In this case, z =y = z = 0+ 1. The smallest D,, value must be for either the design
with the (z,y,z) = (6,0 + 1,0 + 1) or the design with the (z,y,2) = (0 + 1,0+ 1,0 + 1).
Denoting the D, values corresponding to (6,60 + 1,0 + 1) by D,,3, by (4.30) we have,

(3k — i)Z —1 (g)gm' 4:39)

D3 =
By (4.33)/(4.32) we also have for 3k > v + 2,

Dys  3(3k —v)?
Do 4[(3k —v)2 — 1]

< 1.

We conclude D,,3 < D,,». O

Example 4.3.1. For M(12,3,10), k = 10 > 2v/3 = 8. By theorem 4.6 the unique D-optimal
design has x =y =2 =0. By (4.22), sy = sy =s3=v—k =2and t = 3k — 2v = 6. Then

the D-optimal design is:

Bl1:1 234567 8 9 10
B2:1 23456 7 8 11 12
B3: 1 23456 9 10 11 12

Example 4.3.2. For M(28,3,10), 3k = v + 2. By theorem 4.6 the only two connected

designs are D- equal. They are:

B1:1 2 3 4 5 6 7 8 9 10

B2: 1 11 12 13 14 15 16 17 18 19

B3: 1 20 21 22 23 24 25 26 27 28
and

B1: 1 2 3 4 5 6 7 8 9 10

B2: 1 11 12 13 14 15 16 17 18 19

B3: 11 20 21 22 23 24 25 26 27 28

Example 4.3.3. For M (16, 3,10), 2v—3k = 2. By theorem 4.6 the unique D-optimal design

haszx =0andy=2=1. By 422), s =v—k—2z—y=5ss=v—k—x—2 =25,
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ss=v—k—y—z=4andt=3k—2v+2x+y+ 2z=0. Then the D-optimal design is:

B1: 1 2 3 4 5 6 7 8 9 10
B2: 1 2 3 4 5 11 12 13 14 15
B3: 11 12 13 14 16 6 7 8 9 10

Example 4.3.4. For M(17,3,10), 2v—3k = 4. By theorem 4.6 the unique D-optimal design
hasz =y =1land 2z =2. By (422), s =v—k—2x—y =5, ss=v—k—x—2z=4,
ss=v—k—y—z=4andt=3k—2v+x+y+ 2z=0. Then the D-optimal design is:

B1: 1 2 3 4 5 6 7 8 9 10
B2: 1 2 3 4 5 11 12 13 14 15
B3: 11 12 13 14 6 7 8 9 16 17

Example 4.3.5. For M(18,3,10), 2v — 3k = 6. By theorem 4.6 the unique D-optimal
design has x =y =2 =2. By (422), s =v—k—2x—y=4, s =v—k—x—2z =4,
ss=v—k—y—z=4andt =3k —2v+x+y+ 2z=0. Then the D-optimal design is:

Bl1:1 2345 6 7 8 13 14
B2: 1 2 3 4 9 10 11 12 15 16
B3: 5 6 78 9 10 11 12 17 18

4.3.3 A-optimal Designs in M(v,3, k) with k # 2v/3.

We need the following lemma for the proof of Theorem 4.7.

Lemma 4.2. The minimum of the symmetric function of non-negative integers x, y and z
h=x2(y—2)*+ylr—2)>*+z2(z —y)?

subject to x +y + 2z = ¢ and WLOG z <y < z is as follows:

1) When ¢ = 360 where 6 is a non-negative integer, (0,0, 6) and (0, 0, 30) are the two minimum

value points of A and the minimum value is zero.
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2) When ¢ = 36+ 1 where 0 is a non-negative integer, then (0,0, 3¢+ 1) is the minimum value
point of h and the minimum value is zero. The second minimum value point is (,60,60 + 1)

and the corresponding value of A is 26.

3) When ¢ = 360 + 2 where 6 is a non-negative integer, (0,0,36 + 2) is the minimum value
point of A and the minimum value is zero. The second minimum value point is (6,6+1,0+1)

and the corresponding value of h is 2(6 + 1).
Proof. 1) ¢ = 30. Obviously, z(y — 2)*> + y(x — 2)? + z(x — y)? > 0 and the equality holds
only for the two solutions (6,6, 6) and (0, 0, 36).

2) g =30+1. Clearly z > 0+1. Let 2 = 04 1+ ¢ where € > 0 is an integer. When z = 6+ 1
(¢ =0) and z = y = 6, the value of h is 260, denoted by hy. Consider three subcases:

2a) y — x > 2. Denote the corresponding h value by ho;. It can be seen hg > z(x — y)2 >

2b) y—x =1. Theny = (20 —c+1)/2, v = (20 —¢ — 1)/2 and ¢ is odd. Denote the
corresponding h value by hos. If € > 6 then hoy > 2 =20+ 1> hy. If e < 6 — 1 then

hoy = (8 + 140 + 5e + 240 — 12 + 180> — 9¢%) /4

and

2c) y=z. We have y =2 = (20 —¢)/2 and € is even. If y = = 0 (¢ = 20), the value of h

is zero. If y = x # 0, then € < 2(6 — 1). Denote the corresponding value of h by hyz. Then
h23 = (29 — 8)(38 + 2)2/4

and

hoz — hy = e(—4 + 12(20 — &) + 92%(20 — ¢))/4 > 0.

3) g =30+2. Clearly z > 0+1. Let z = 04 1+¢ where € > 0 is an integer. When z =6+ 1
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(e=0), 2 =0+ 1 and y = 0, and the value of h is 2(6 + 1), denoted by hs. Now consider

three subcases:

3a) y — x > 2. Denote the corresponding h value by hs;. It can be seen hz > z(x — y)* >

3b) y—x = 1. Then y = (20 — e+ 2)/2, © = (20 — ¢)/2 and ¢ is even. Denote the
corresponding h value by hgy. If € > 0+ 1 then hgy > 2 =2(0 + 1) = hy. If ¢ < 6 then

hyy = (8 + 80 + 14s + 120 + 3e® + 180 — 9¢°) /4

and

hay — hg = (14 + 120 + 3¢ + 0(20 — €)) /4 > 0.

3c)y=x. Theny=2=(20+1—-¢)/2and ecisodd. If y =2 =0 (¢ = 20 4 1), the value
of h is zero. If y = x # 0, then we have ¢ < 20 — 1. Denote the corresponding value of h by
hs3. Then

h33 = (]. + 20 — 8)(38 + 1)2/4
and

hsz — hs = (g + 1)(=7 — 60 + 12¢ + 1820 — 9¢?) /4.

If 1 <e <6, then hgy — hy = (e + 1)(=7+60(c — 1) + 12¢ + 32(46 — 3¢))/4 > 0. If
20—1>e>0,hgo—h3=(e+1)(—74+6(2e—0)+9¢(20 —¢))/4 > (e + 1)(=7+9¢)/4 > 0.
So hzs > hs for y = x # 0.

Theorem 4.7. A-optimal designs in M (v, 3, k) for k # 2v/3 fall into two cases:
i) The design with z = y = z = 0 is uniquely A-optimal if k& > 2v/3.
ii) If £ < 2v/3 and

a) 2v — 3k = 360 where 0 is a positive integer, the design with x = y = z = 6 is uniquely

A-optimal;
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b) 2v — 3k = 30 4+ 1 where 0 is a nonnegative integer, consider a judging polynomial

Ay = =9k — 9k* +54k> + Tv + 18kv — 90k*v — 54k v — v + 42kv® + 54k%0° — 6v° — 18kv® + 20

(4.34)
If Ay > 0 then the design with + = y = 2z = 6 + 1 is uniquely A-optimal; if A; < 0 then
the design with z =y = 6 and z = 6 + 1 is uniquely A-optimal; and if A; = 0 both of these

designs are A-optimal.

¢) 2v — 3k = 30 4 2 where 6 is a nonnegative integer, consider a judging polynomial
Ay = —9k* + 27k* + 20 + 15kv — 45k%v — 27k + 21kv? + 27k*0® — 30° — 9kv® +v* (4.35)

If Ay > 0 then the design with + = y = 2 = 6 + 1 is uniquely A-optimal; if Ay < 0 then
the design with z = 0 and y = z = # 4+ 1 is uniquely A-optimal; and if Ay = 0 both of these

designs are A-optimal.

Proof. Rewrite the expression (4.29) as

A, — PPy (z +y + 2)(pa1 — P2ag) n P4
=
6v(ps — 9) 6v(ps — g) 6v(ps — 9)

(4.36)
where

pu = (3k —0)(9k* — 24kv — 9K%v + 110 + 18kv* — 5v°)
pr2 = 9k — 17v — 3kv + 50°

po1 = 2(3k —v)(3v — 3k + 3kv — v?)

Poa = 20

ps = (3k— U)2

pi = 3la(y—2)" +yle—2)" +2(z —y)*] = 3h

g = 12z —y)’+ (@ —2)*+(y— 2)°]

First we show that both (p1; — p12g9)/(ps — g) and (pa1 — p2ag)/(ps — g) are increasing

function with respect to g. Since d((p11 — p129)/(p3 — 9))= (P11 — p12p3)/(p3s — g)* and
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I((pa1 — p229)/ (p3 — 9))= (P21 — p22p3)/(ps — g)?, we only indeed to show that pi; — piops > 0
and po; — poops > 0. In fact,

pi1 — Paps = 6(3k —v)(6kv — 3k* — v?) = 6(3k — v)(2vk + (3k —v)(v — k)) > 0

Po1 —DP2ps = 6(v—Fk)(Bk—v)>0

Therefore, Ay is an increasing function with respect to each of g, h and z + y + 2. If
we minimize these three factors simultaneously for some integer point (x,y, z), then the

corresponding design is A-optimal.

i) k> 23” The minimum values of x + y + 2, g and h, which are all zero, are achieved simul-
taneously by © = y = z = 0. No other (z,y, z) cannot make the three factors simultaneously

zero. So the design with = y = z = 0 is uniquely A-optimal.

ii) k < %. Then r = L%J = 1 and at least 2v — 3k treatments have exactly one replicate,

ie., r+y+ 2> 2v— 3k We need to discuss three subcases:

a) 2v—3k = 360, where 6 is a positive integer. The smallest value of x+y+ z, which is 2v—3k,
and the smallest values of g and h, which are both zero, are achieved by x =y = z = 6.

Therefore, the uniquely A-optimal design has z =y =2z = 6.

b) 2v — 3k = 36 + 1, where 6 is a non-negative integer. If z =y = 0 and z = 6 + 1 then
g =1 and h = 26. This choice minimizes x 4+ y + z while g and h each attain their second
smallest value. Relative to this choice, A, is possibly smaller only if g or A attains its lower
bound, in which case z 4+ y + z is larger than 36 + 1. Now g = 0 requires x = y = z, so the
best candidate with smallest g is x =y = 2 = 6§ + 1, a choice which also makes h = 0. The
lower bound for A is otherwise attained only if x = y = 0; subject to this constraint, both
x+y+ z and g are minimized by z = 360 + 1. Thus there are three competitor designs to be

compared as shown here:
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Situation x Y z T+y+z g h
1 0 0 0+1 30+ 1 1 20
2 0+1 60+1 0+1 30 +3 0 0
3 0 0 30+1  30+1  (30+1)2 0

Now we discuss A, values for the three competitors.

bl) x =y =6 and z = 6 + 1. The corresponding A,, denoted as Ag; is

Agii = (=2 — 15k + 81k% + 21v + 9kv — 189Ky — 81k3v — 9v? + 123kv?

(4.37)
+135k*0% — 23v% — 63kv® + 9v*) /(6v(3k — v +1)(3k — v — 1))
b2) x =y =z =0+ 1. The corresponding Ay, denoted as Ay is
—12k + 27k? + 120 — 42kv — 27k*v + 1902 + 36kv? — 903
Ad12 = (438)

6v(3k — v)

b3) =y =0 and z = 30 + 1. Note that in this situation z = 30 + 1 = 2v — 3k < k and

thus 2k > v. The corresponding A,, denoted as Agy3 is

(v —k)(—8k + 5v + 6kv — 3v?)
A — 4.

d13 20(2k —v) (4.39)

First we show that Agi3 > Ag11. Calculate,

(2v — 3k —1)An
Aps — Agi1 = 4.4
AT 0Bk — v+ 1)(3k — v — 1)(2k — v) (4.40)
where

Aoy = —2k + 3k% — 9k3 4+ v + 2kv — 0% + Tkv? — 203 (4.41)

If 2v — 3k =1, Agy3 and Agq are identical. Consider 2v — 3k > 1. To show Agi3 > Agiy, it

is sufficient to show that Ay, > 0.

Since A1 /0v =1+ 2k + 2v(k — 1) 4+ 6v(2k — v) > 0 and v > 3k/2,

k(15k — 2)

>0
4

Ay > A01|v:3k/2 =
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It remains to compare A1 and Ags.

Ay

A — Agra =
AR T 33k — v+ 1)(3k — v — 1)(3k — v)

(4.42)

where A is as defined in (4.34).

It can be seen that if Al > ( then Adll > Adlg; if Al < 0 then Adll < Adlg; and if Al =0
then Adll = Adlg.

c) 2v — 3k = 30 + 2, where 0 is a non-negtive integer. We give a similar discussion as in b).
Ifr=60and y=2=60+1then g =1 and L = 26. This choice minimizes x + y + 2z while g
and h each attain their second smallest value. Relative to this choice, Ay is possibly smaller
only if g or h attains its lower bound, in which case x + y + z is larger than 30 + 2. Now
g = 0 requires x = y = z, so the best candidate with smallest g is x =y = 2 = 0+ 1, a choice
which also makes h = 0. The lower bound for A is otherwise attained only if x = y = 0;
subject to this constraint, both = + y + z and g are minimized by z = 36 + 2. Thus there

are three competitor designs to be compared as shown here:

Situation | Y z r+y+z g h
1 g 0+1 0+1 30+2 1 20+1)
2 0+1 0+1 0+1 30+ 3 0 0
3 0 0 30+2 30+2 (30+2)> 0

Now we discuss Ay values for the three competitors.

cl) z =0 and y = z = 6 + 1. The corresponding A,, denoted as Ago; is

Agor = (2 — 15k + 81k3 + 21v + 9kv — 189k?v — 81k3v — 9v? + 123kv?

(4.43)
+135k2v% — 2303 — 63kv® + 9v*) /(6v(3k — v + 1)(3k — v — 1)).
c2) x =y =z =0+ 1. The corresponding A4, denoted as Ao is
v—k)(2 =9k + Tv+ kv — 30?
Az = ( i ) (4.44)

20(3k — )
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c3) x =y = 0 and z = 36 + 2. Note that in this situation (2v — 2)/3 > k > v/2. The

corresponding Ay, denoted as Aoz, has the same expression as given in the RHS of (4.39).

First we show that Ages > Agq. Calculate

(2'0 — 3k + 1)A02

Agoy — Agp =
@8 LT 3Bk — v+ 1)(3k — v — 1)(2k — v)

where

Ago = —2k — 3k? — 9k3 + v — 2kv + v? + Tko® — 203,

To show Agoz > Ago1, it is sufficient to show that Agy > 0.

Since 0Ag2/0v =1+ 2(v — k) + 6v(2k — v) + 2kv > 0 and v > 3k/2 + 1,

3k(5k — 2)

> 0.
4

Aoy > Aoalp=sk/2+1 =

Then we only need to compare Ago; and Ago. Calculate

A,

Agor — Agpo =
R S (B3k — v+ D)3k — v — 1)(3k — v)

where A, is given in (4.35).

(4.45)

(4.46)

(4.47)

It can be seen that if Ay > 0 then Ag > Agoa; if Ay < 0 then Agy < Ages; and if Ay =0

then Adgl = Adgg.

]

Example 4.3.6. For M(12,3,10), k = 10 > 2v/3 = 8. By Theorem 4.7 the uniquely A-

optimal design has z =y =2 =0. By (4.22), sy =ss =s3=v—k =2and t = 3k — 2v = 6.

The A-optimal design is:

Bl1: 1234567 8 9 10
B2:1 23456 7 8 11 12
B3: 123456 9 10 11 12

Example 4.3.7. For M(17,3,10), k < 2v/3 and 2v —3k =4 = 3 x 1 + 1. Check A; =
—9k — 9k* 4 54k3 + Tv + 18kv — 90k?v — 54k3v — v? + 42kv? + 54k*0? — 603 — 18kv? + 20v* =
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—79896 < 0. By Theorem 4.7 the uniquely A-optimal design has z = y = 1 and 2z = 2.
By (422), sy =v—k—x—y=5ss=v—k—x—2=4,s3=v—k—y—2z=4and
t=3k—2v+x+y+2=0. The A-optimal design is:

B1: 1 2 3 4 5 6 7 8 9 10
B2: 1 2 3 4 5 11 12 13 14 15
B3: 11 12 13 14 6 7 8 9 16 17

Example 4.3.8. For M(116,3,40), k < 2v/3 and 2v — 3k = 112 = 3 x 37 + 1. Check
Ay = =9k —9k%+ 54k + Tv+ 18kv — 90k?v — 54k3v — v +42kv? 4+ 54k v? — 6v° — 18kv® + 20 =
33972 > 0. By Theorem 4.7 the uniquely A-optimal design has =y = z = 38. By (4.22),
s1=8y=53=0andt =3k —2v+x+y+ 2z=2. The A-optimal design is:

Bl1: 12 3 4 ... 39 40
B2: 1 2 41 42 ... 77 78
B3: 1 2 79 8 ... 115 116

Example 4.3.8 shows that A-optimal design may not be as equally replicated as possible, at

least in the binary class.

Example 4.3.9. For minimally connected design in M (3k—2,3,k), k < 2v/3 and 2v—3k =
3(k — 2) + 2. Check Ay = —9k* + 27k3 + 2v + 15kv — 45k*v — 27k3v + 21kv? + 27k*v? —
3v3 — 9kv3 + v* = 4(v — 1) > 0. By Theorem 4.7 the uniquely A-optimal design has
r =y =2z=k—24+1 =k —1. Therefore, sy = 59 = s3 =v—-—k—ax—y =0,
t=3k—2v+x+y+ 2 =1 and the A-optimal design is:

Bl: 1 2 3 oo k=1 k
B2: 1 k+1 k+2 ... 2k—2 2k—1
B3: 1 2t 2k+1 ... 3k—3 3k—-2

The result shown in Example 4.3.9 is consistent with the known results for A-optimal mini-

mally connected designs given by Mandal, Shah and Sinha (1991).
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Example 4.3.10. For nearly minimally connected design in M (3k — 3,3, k), k < 2v/3 and
2v — 3k = 3(k — 2). By Theorem 4.7 the uniquely A-optimal design has t =y =2z =k — 2.
Therefore, sy =sy=s3=v—k—z—y=1,t=3k—2v+zx+y+ 2z =0 and the A-optimal

design is:
Bl1: 1 2 4 ) k k+1
B2: 1 3 k+2 k+3 ... 2k 2k — 1
B3: 2 3 2t 2k+1 ... 3k—4 3k-—3

The result shown in Example 4.3.10 is consistent with the known results for A-optimal nearly

minimally connected designs given by Krafft and Schaefer (1997).

4.3.4 Discussion of A; and A,

In the previous section we found two judging polynomials involving k£ and v for A-optimal
binary designs. In this section we discuss how A; and A, change in k for a given v. Studying
this will give us some intuition about how A-optimal designs go from more to less combina-

torial symmetry in terms of k.

The polynomials are useful only if £ < 2v/3 and we need k > (v + 2)/3 for the design to
be connected. When v = 3, no feasible integer exists for k satisfying k € [(v + 2)/3,2v/3).
When v = 4, there is only one feasible k, i.e., k = 2, and thus no need to discuss trends of A,
and A,. Therefore, the feasible k’s in the two polynomials we will discuss are the integers

within [(v + 2)/3,2v/3) where v > 5.

Theorem 4.8. Both A; and A, are decreasing functions with respect to k£ and there is at

most one integer root for each of the polynomials, where k € [(v+2)/3,2v/3) and v > 5.

Proof. First we show that both A; and A, are decreasing functions with respect to k. In

fact, by (4.34) and (4.35),

0A,

5 = —3(6(3k — v)*v + 2(Tv — 9k)(3k —v) — 6(v — k) + 3)

< =3(6v+2(7Tv — 9k)(3k —v) — 6(v — k) + 3) < 0.
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and

% = —3(3(3k — v)%v + (Tv — 9K)(3k — v) + 6k — 5v)
< =3(3v+ (Tv — 9k)(3k — v) + 6k — bv)

= =3((Tv —9k)(3k —v) +2(3k —v)) < 0.

Next we show that there is a root with respect to k for given v for each of the two polynomials.
Note that the root may not be an integer.
In fact,
Atfjoeze = 2(20* =100 +3) >0
A1|k:%u = —v(20° +20° -~ Tv—1) <0
Dpljv = 4(v - 1)?2>0
Ailj_z = —v(v® +0v* —6v—2) <0

]

For v < 2000, computer-based search found no feasible integer k to make A; = 0 when
2v —3k = 30 + 1, or Ay = 0 when 2v — 3k = 360 + 2 where  is a non-negative integer.
Consequently, we have not found two distinct, A-optimal designs.

4.3.5 E-optimal Designs in M (v, 3, k) with k # 2v/3.

Theorem 4.9. E-optimal designs have x =y = 2z =0 in M (v, 3, k) when k > %

Proof. When x =y =2 =0, we have s; = s = s3 = v—k and t = 3k — 2v. The information

matrix for this design is

3 2 2 2
3[31672’0 - EJSIC72U _EJ3k72U,U7k _Ej3k72v,vfk _EJ3k72v,vfk
2 2 1 1
— rJv—k,3k—2v 2Iv—k - _Jv—k __Jv—k __Jv—k
k k k k
2 1 2 1
—rYv—k,3k—2v __Jv—k 2]1}—]{: - _Jv—k __Jv—k
k k k k

2 1 2
— % Jo—k3k—20 —zJok —%Jok 20k — £k
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The positive eigenvalues are: 3 with frequency of 3k —2v—1, 2 with frequency of 3(v—k—1),
3 —v/k with frequency 2, and 2v/k with frequency 1. Therefore, the smallest eigenvalues of

the information matrix is 3 — v/k.

For any design d in which there is at least one treatment, say treatment 1, with only one

replicate, by Lemma 3.8 the smallest positive eigenvalue of C, satisfies

v v 1
Zd1l < v — 1Cd11 = v — 1(1 — E) (448)
Since
v (1_1)_(3_2) _ 3k—2v—2kv+0v* 3k —2v+4v(-2k+0)
v—1 k kS k(v —1) B k(v —1)
_ 3k — 20 + v(—2k + %) _ 3k — 20+ v(—%)
k(v —1) k(v—1)
< 3k —3v <0
— k(v—=1) ’
we have 241 < 3 — 7. O

The E-optimality problem in M (v, 3, k) with & < 2v/3 is a tough one due to the difficulty
(perhaps impossibility) of finding an analytical expression for the smallest positive eigenvalue
of the information matrix in (4.23). From above we know that this eigenvalue is the smallest
root to the polynomial equation of order six given in (4.24). Therefore, we have used a
computer program to find the E-optimal binary designs. In Appendix C, we give a MATLAB
program for searching E-optimal designs in M (v, 3, k) when k < 2v/3. Here we only list the
results (see Table 4.1) of E-optimal binary designs for 4 < v < 15. They illustrate the

following points:

1) In general, there is no consistent pattern for E-optimal designs in M (v, 3, k) when k <

2v/3. E-optimal designs can have all r; € {1,2}, or some r; € {1,2,3}, or some r; € {1, 3}.

2) For minimally connected designs (3k = v+ 2), E-optimal designs have t =y =z =k — 1,
which is consistent with the known results for minimally connected designs given by Bapat

and Dey (1991).
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3) E-optimal designs in M (v, 3, k) when k < 2v/3 may not be unique. For example, we have

two E-optimal designs in M (5,3, 3).

v k x y z s1 EP) s3 t
4 2 1 1 1 0 0 0 1
5 3 1 0 0 1 1 2 0
1 1 1 0 0 0 2

6 3 1 1 1 1 1 1 0
7 3 2 2 2 0 0 0 1
4 1 1 1 1 1 1 1

8 4 2 2 2 0 0 0 2
5 1 0 0 2 2 3 0

9 4 2 2 2 1 1 1 0
5 1 1 1 2 2 2 0

10 4 3 3 3 0 0 0 1
5 2 2 2 1 1 1 1

6 1 1 1 2 2 2 1

11 5 3 3 3 0 0 0 2
6 2 2 2 1 1 1 2

7 1 0 0 3 3 4 0

12 5 3 3 3 1 1 1 0
6 2 2 2 2 2 2 0

7 1 1 1 3 3 3 0

13 5 4 4 4 0 0 0 1
6 3 3 3 1 1 1 1

7 2 2 2 2 2 2 1

8 1 1 1 3 3 3 1

14 6 4 4 4 0 0 0 2
7 3 3 3 1 1 1 2

8 2 2 2 2 2 2 2

9 1 0 0 4 4 5 0

15 6 4 4 4 1 1 1 0
7 3 3 3 2 2 2 0

8 2 2 2 3 3 3 0

9 1 1 1 4 4 4 0

Table 4.1: E-optimal designs in M (v, 3, k) with k£ < 2v/3 and v < 15

4.4 Discussion of the Optimality Problems in D(v, 3, k)

In previous sections we focused on the optimal designs in the class D(v, 3, k) with k = 2v/3
and in the binary class M (v, 3, k) with k # 2v/3. In this section we give some discussion of

optimal designs in the whole class D(v, 3, k) with k # 2v/3.

Are the A- (or the D-) optimal designs in M (v, 3, k) also the A- (or the D-) optimal ones in
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D(v,3,k)? It is a conjecture that all A- and D-optimal designs must be binary. However, the
proof of this conjecture, even in D(v, 3, k), remains a mystery. The techniques we know so
far, like the theorems about Type I-optimality and the average matrix technique, seems not
workable for proving that A- and D-optimal designs must be binary in D(v,3,k). Among

the reasons are:

i) Some A- (or D-)optimal designs in M(v,3,k) are not regular graph designs or nearly
balanced block designs, which means we can not always use theorems about Type I-optimality
(see Jacroux (1985) and Morgan and Scrivastav (2001)). In fact we can use those theorems
to make the searching range of A- (or D-) optimal designs smaller for only a few cases in
D(v,3,k) but still fail to give any optimality results. Therefore, those theorems are not

effective.

ii) The average matrix technique is not workable for A- and D-optimality problems in
D(v,3,k), either. It is hard to choose suitable average matrices and it is impossible to
use only one average matrix. Also in the optimality study with two blocks, we were able to
find an upper bound for an eigenvalue of the average matrix. It will be hard to find such an
upper bound for average matrices in D(v, 3, k) due to the increased number of parameters

required.

For the E-optimality problem in D(v, 3, k), we still need to discuss two cases: k > 2v/3 and
k < 2v/3. When k > 2v/3, by theorem 4.9 E-optimal designs must have all ; > 2 therefore
have at least 3(v — k) treatments with exactly two replicates each. Suppose the number of
non-binary treatments with two replicates in three blocks are s4, s5 and sg respectively. We

have s; + o + 83+ 54 + S5 + S6 > 3(v — k), where sy, sy and s3 are as in previous sections.

For k > 2v/3 we propose to use an average matrix, which averages all other treatments
except 3(v — k) treatments with exactly two replicates each, to attach the E-optimality

problem relating to the known best in M (v, 3, k). The average matrix is:
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wizg—20 + Y J3_20 &d &2J &sJ §ad &J 6/
&J 2L, — 2J,, —2J —zJ —-2J 0 0
&J —zJ 21, — 2J, —zJ 0 -2J 0
&J —3J —3J 2I,, — 2J,, 0 0 -27J
&J -2J 0 0 2L, — +Js, 0 0
&J 0 —2J 0 0 2L, — 2 0
&6 J 0 0 -2J 0 0 2L, — £ s

where s1 + 53 + 83 + 84+ 85 + 56 = 3(v — k), w + V(Bk — 2v), &, &, &, &4, & and &g
are parameters that make the above matrix an information matrix, i.e., make the row and

column sums of the matrix zero.

Using the technique described on page 38, one obtains the reduced average matrix

ai1 a2 a3 a4 ais 16 aiy
e T
A T
an - =% 2-%Z 0 — 2% (4.49)
asy  —H* 0 0 2-2% 9 0
agr 0 —22 0 0 2-% 0
arr 0 0 —2s 0 0 2 %=
where

ag = =2+ HL 4+ 2+ P+ 2 arp = S5
a31:%_2+2%+%+2% algzﬁ
an =F+F -2+ + 40 ayy = s
a51:2%_2+4% a15:%
a61:2%—2+4% a16:%
(171:2%—2—%4% a17:%
ann = —(a12 + a13 + 14 + a15 + a1 + ai7)

We know that the smallest positive eigenvalue of the information matrix of the E-optimal

binary design with x = y = z = 0 is 3 — v/k. If the smallest eigenvalue of (4.49) for any
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S1 + Sg + 83+ S4+ S5+ s¢ = 3(v — k) is no greater than 3 — v/k, we may conclude that the
E-optimal binary design is also E-optimal in D(v, 3, k).

The work is hard to carry on theoretically because the smallest positive eigenvalue of (4.49)
is a root to a polynomial equation of sixth order. And it is apparently impossible to get an
analytical expression for this eigenvalue. We resort to computer programming. We checked
the smallest positive eigenvalue of the average matrices for 4 < v < 100 and k > 2v/3 using
a Matlab program (see Appendix D). Our results show that the average matrix technique
can numerically show that the E-optimal binary designs are also E-optimal for v < 9.
When v > 10, there are still some (but not all) settings that the average matrix technique
can numerically show that the E-optimal binary designs are also E-optimal. We give two

examples here. Readers may use the program in the Appendix D to get all results.

Example 4.4.1. The average matrix technique fails for D(10,3,9) when s; = s, =0, s3 =3

and sy = s5 = sg = 0.

Example 4.4.2. The average matrix technique fails for D(35,3,32) when s; = s3 = 0,

s3 =8, 84 =S5 =0 and sg = 1.

We have not found any non-binary design that is E-better than the E-best binary design
when k£ > 2v/3.

The E-optimality problem in D(v,3,k) when k < 2v/3 is even harder. E-optimal binary
designs seem not to have a consistent pattern and have not yet been identified theoretically.
The difficulty again arises from the impossibility of finding an analytical expression for the

smallest positive eigenvalue of the information matrices.

Not surprisingly, we have computationally found that many non-binary designs are E- better
than (or E- equal to) E-optimal binary designs when k < 2v/3. Below are some examples.
Note that we have not shown any particular non-binary design to be E-optimal. The point

is that E-optimal designs for some D(v, 3, k) when k < 2v/3 must be non-binary.

Example 4.4.3. Consider D(19, 3,12). Using the MATLAB program we find the E-optimal



design in M (19, 3,12),

B1:1 234 5 6 7 8 9 10 11 17
B2: 1 234 5 6 12 13 14 15 16 18
B3: 1 7 8 9 10 11 12 13 14 15 16 19

The smallest positive eigenvalue of its information matrix is 0.86812.

Now consider the non-binary design:

Bl1:'1 2345 6 7 8 16 16 17 17
B2: 1 23 49 10 11 12 13 14 15 18
B3: 56 78 9 10 11 12 13 14 15 19

The smallest positive eigenvalue of its information matrix is 0.86987.

Therefore, the non-binary design is E- better than the E-best binary design.
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Example 4.4.4. Consider D(29, 3,19). Using the MATLAB program we find the E-optimal

design in M (29, 3,19),

B1: 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18 29
B2: 1 2 3 4 5 6 7 8 9 19 20 21 22 23 24 25 206 27 28
B3: 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

The smallest positive eigenvalue of its information matrix is 0.94737.

Now consider the non-binary design:

B1:1 2 3 4 5 6 7 8 9 10 11 12 13 24 24 25 25 26 26
B2:1 2 3 4 5 6 7 8§ 14 15 16 17 18 19 20 21 22 23 29
B3: 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 27 27 28 28

The smallest positive eigenvalue of its information matrix is 0.95227.

Therefore, the non-binary design is E- better than the E-best binary design.
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Example 4.4.5. Consider D(8,3,5). Using the MATLAB program we may get the E-
optimal design in M(8,3,5),

Bl1: 1 2 3 4 8

B2: 1 2567

B3: 3 4567

The smallest positive eigenvalue of its information matrix is 0.8.

Now consider the non-binary design:

Bl1: 1 2 3 4 8
B2: 1 2 5 6 6
B3: 3 45 77

The smallest positive eigenvalue of its information matrix is 0.8.

Therefore, the non-binary design is E- equal to the E-best binary design.



Chapter 5

Summary and Future Research

5.1 Summary

The goal of this research has been to discover optimal blocks designs within certain con-
strained, but important classes. Specifically, we have been working on problems where the
amount of experimental material is limited. A paucity of blocks is not uncommon in prac-
tice, so we have studied the optimality problems for b = 2 and b = 3. For a given b, the
minimal number of experimental units is provided by minimally connected designs, which
we explored in chapter 1. Minimally connected designs are the block design analogue of

saturated designs in the fractional factorial context.
We summarize our work in terms of techniques used and new results.

Techniques used for E-optimality problems and new results. Lemma 3.8 (Morgan
and Reck 2003) gives a general method for bounding the smallest positive eigenvalue of an
information matrix. This result may be taken as a projection theorem for the E-optimality
problem. The word “projection” comes from the fact that any normalized treatment contrast
is orthogonal to the overall mean treatment effect and any normalized treatment contrast

variance can be used to bound the smallest positive eigenvalue of an information matrix.

89
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When Lemma 3.8 and its corollaries (see chapter 3) cannot give a satisfying bound for
smallest positive eigenvalue of an information matrix, we may use the average matrix and
bound the smallest positive eigenvalue after deriving the characteristic polynomial of the
averaged information matrix. In the study of optimal incomplete designs with two blocks,

we successfully identified the E-optimal non-binary class using this technique.

Techniques used for A- and D-optimality problems and new results . We employed
Theorem 4.4 (Kunert (1985) and Jacroux (1985)) to solve the type I optimality problem in
D(v,3,k) when k = 2v/3. However, traditional results and theorems on type I optimality
(see Cheng (1978), Jacroux (1985) and Morgan and Scrivastav (2001)) are not suitable for
type I optimality problems when k # 2v/3. After deriving the general expression of the
characteristic polynomial of information matrix and the general expressions of A- and D-
values of any design in M (v, 3, k), we successfully identified the A- and D-optimal designs
in M(v,3,k) when k # 2v/3.

Average matrix is also a powerful technique for A- and D-optimality problems, as illustrated

by our successful proof that binary designs must be A- and D-optimal incomplete designs in

D(v,2,k).

A-optimal designs are those that minimize the average variance of elementary treatment
contrasts. In some cases, we may use this fact to solve A-optimality problems. For minimally
connect designs, there is only one unbiased estimate for any treatment contrast, no matter
what is the variance structure of the observations. By comparing the average variance of
elementary treatment contrasts, we successfully identified A-optimal, and also MV-optimal

minimally connected block designs for spatially correlated data.

5.2 A Remark Regarding Two Famous Conjectures

In embarking on this dissertation we had entertained thoughts of debunking conjectures from

Shah and Sinha (1989, p.60). We quote two of the conjectures here and give some discussion
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in view of our new results.
(1) “Binary (or generalized binary) designs form an essentially complete class.”

In our study of optimal incomplete designs with two blocks, we found that E-optimality
of binary designs in fact depends on the magnitude of k/v. When k/v > 5/6, E-optimal
designs must lie in the non-binary class. In our study of optimal designs with three blocks,
we also found that in some cases E-optimal designs must be non-binary when k < 2v/3.
Therefore, the statement (1) is not correct, at least for E-optimal designs. As yet unknown
is whether (1) is correct with respect to criteria that focus less on extreme behavior, such as
A- and D-optimality, though we have determined many cases where binary designs are not
¢p-optimal for moderate 3 (see section 3.7). In our study, we have not found any non-binary
designs to be A- and/or D-optimal. However, since we did find that A-optimal designs need
not as balanced as possible and/or as equally replicated as possible in the binary class, we
are now fairly convinced that combinatorial symmetry of designs need not be the deciding
factor for the designs to be optimal or not. There might be non-binary designs that are

A-optimal under certain circumstances, a question deserving further investigation.
(2) “When k > 3, an optimal design is necessarily (M,S)- optimal.”

To understand this statement we need the definition of (M,S)-optimality.

Definition 5.1. A design d in M (v,b, k) is (M,S)-optimal if its information matrix has
v—1

minimum value of _ 22, among all possible designs in M (v, b, k).
i=1

So the statement in fact says in binary classes, any optimal design should be one that
v—1

minimizes Y z2. But is it true?
i=1

Morgan and Srivastav (2001) derived the expression of t7(C3) as follows. Since tr(C3) =
v—1

Z Zc2li7

i=1

v

kE—1 2
Zﬁi = tr(C’j) = (T)Q 27}21@‘ + 72 Z Z )‘?lij' (5.1)

i=1 =1 1<J
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2

It can be seen that a binary design is an (M,S)- optimal if it can minimize ) 77 and 37 Y7 A%

i=1 i<j
simultaneously, and a (M,S)- optimal design should be as balanced as possible and as equally

replicated as possible.

But combinatorial symmetry need not to be the deciding factor for a design to be A-optimal.
A-optimal minimally connected designs have one treatment with b replicates and all other
treatments have only one replicate each. In the study of A-optimal designs in M (v, 3, k) we
found that A-optimal designs need not be as balanced as possible nor as equally replicated

as possible under some circumstances.

Therefore, A-optimal designs need not be (M,S)- optimal. Statement (2) is not generally

true. Here are two examples.

Example 5.2.1. A-optimal design d* in D(7,3,3) is not (M,S)- optimal, where d* is given

by
Bi: 1 2 3
By,: 1 45
B,: 16 7

6
It can be calculated that A-value of the design is 9.43 and by (5.1) that Y 22., = tr(C3%.) is
i=1
8.67.

Consider a competing design d.

Bli 1 23
Bll: 2 4 5
B,: 4 6 7

6
It can be calculated that A-value of the design is 10.57 and by (5.1) that Y 22, = tr(C3) is
i=1

7
7.78. In fact, d is (M,S)- optimal since it can minimize ) 77 and Y~ >~ A7, simultaneously.
i=1 i<y
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Example 5.2.2. For Example 4.3.8, we know in M (116, 3,40) A-optimal design d* is:

Bl1: 12 3 4 ... 39 40
B2: 1 2 41 42 ... 77 78
B3: 1 2 79 8 ... 115 116

115
It can be calculated that A-value of the design is 151.85 and by (5.1) that Y 23., = ¢tr(C%.)

=1
is 128.415.

Now consider a competing design d

B1: 12 3 5 ... 40 41
B2: 1 4 3 42 ... 77 78
B3: 4 2 79 8 ... 115 116
115
It can be calculated that A-value of the design is 153.31 and by (5.1) that >_ 22, = tr(C3)
i=1
115
is 124.608. In fact, d is (M,S)- optimal since it can minimize ) 77 and Y Y AZ; simulta-
i=1 i<y

neously.

5.3 Future Research

There are numerous open problems in the area of optimal block designs. In our research we
have brought up new open problems in chapters two through four. They are not yet solved

(or not fully solved) and thus stand as future research topics.

1. Is d* the E-optimal design under all error structures considered in the class of minimally
connected designs? We only give a sufficient condition for d* to be E-optimal. The difficulty
for the general structure (even for an AR model) is that we don’t have an exact expression
for the E-value, which at this time seems impossible because it requires finding roots to high

order equations.
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2. What are the binary E-optimal incomplete block designs in D(v,3,k)? How about the
optimality problems for the entire class D(v,3,k)?

3. We successfully identified optimal incomplete block designs with two blocks. How about

optimal designs with two blocks when k£ > v?

4. We have found that many E-optimal designs must be non-binary when r = 1. So are

there any regular patterns for E-optimal designs for » = 17

5. We have not found any A- and/or D-optimal designs to be non-binary. So is it true
that “Binary (or generalized binary) designs form an essentially complete class for A- and

D-optimality problems”?
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Appendix A

Proofs for Corollaries 2.7 and 2.8

2

For simplicity of expressions, we will not include the term ¢“ in any variance-covariance

matrix below since it does not affect the optimality comparisons. But we should keep in

mind that the true variance-covariance matrices are those below times a factor 2.
Corollary 2.7 Design d* is E-optimal when k& = 3.
Proof. When k = 3, X0 is:

I p1 p2
20: P1 1 P1 (A]‘)

p2 p1 1

Compute (I — Hy)X°(I — H,) and delete its second row and second column. We have:

2—2 1—2p +
T, = P prp (A.2)
1 —=2p1 +p2 2-2p

The eigenvalues of I'; are 1 — py and 3 —4p; + po and these two eigenvalues should be positive

since I'y is positive definite.
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Compute (I — H,)X°(I — H;) and delete its first row and column. We have

2—2 1-—
T, = P P2 (A.3)

L—pa 2—2py

The largest non-zero eigenvalue of I'y is 2 — p; — ps + \/1 + p? — 2py — 2p1p2 + 2p3.
For the matrix @, We have:

T r 2—-2 1—
1—5 2 _ P1 P1 (A4)

L—=p1 2—=p1—p2

INETR 4—3p1 —pa+/4—8p1+5p3—2p1 pa+p3
5 )

The largest non-zero eigenvalue of 5

First show % has smaller largest eigenvalue than I';.

Compute

4 —=3p1 — pa+ /4 —8p1 + 507 — 2p1p2 + p3
2

— (2—p1—,02+\/1+p§—2p2—2p1p2+2p§)
_ WAO = p)? + (o= p2)” = VAQ = p2)* + (01 = p2)) — (1 = p2) _
2

0

Then we show I'y has smaller largest eigenvalue than %

4—3p1 —pa+/4—8p1+5p3—2p1 pa+p3
5 )

If 1 — po is the largest eigenvalue of I's then compare 1— py with

Compute

4 —=3p1 — p2 + /4 — 8p1 +5pt — 2p1p2 + p3
2
—243p1 = p2 — /4(1 = p1)? + (p1 — pa)?
2

—2+3p1 — p2— (p1 — p2)
- 2

=—(1=p1) <0

If 3 —4p; + po > 0 is the largest eigenvalue of I'; then compare 3 — 4p; + po with
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4-3p1 *P2+\/4*8P1 +507 —2p1p2+p3
3 .

Compute

4=3p1 — pa+ /4= 8p1 +5pi = 2p1ps + P}
2

2 —5p1 = 3p1) — A1 = p1)? + (p1 — p2)?
2

3—4p1 + p2 —

2 —5p1 +3p2 — 2(1 — p1) :_3(P1—P2 <0

- 2 2

]

Corollary 2.8 Design d* is E-optimal when & = 4 and the covariance structure is defined

as ps = p® where 0 < p < 1 and s > 1 is an integer.

Proof. X0 is:
L p p p
1 2
so— |7 por (A.5)
P> p 1 p
P> p*op 1
First consider I';.
Compute (I — H,)X°(I — H;) then delete its first row and column. We have:
2-2p 1—p? 1L—p+p*=p’
I = 1—p? 2 —2p? (1—=p)(L+p)? (A.6)

L—p+p*=p> (1=p)(1+p) 2 —2p°

Three eigenvalues of T'y are the three non-zero roots to the equation |I'y — AI| = 0, i.e., the

three roots to the equation:

Gi(A) = —2(2—p) (1= p)*(1+p)2 = (1= p)2(1+ p)(=9 — p — 20° + 29°) A
+2(=1+p) B3+ 20+ pH)AN2+ X =0

(A7)
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Check:
Gi1(0) ==22-p)(1—p)*(1+p)* <0
Gi(l—p) =(1=p)°p*(1+20—2p°) >0 (A8)
G1(2—-2p%) ==2(1—=pPA+p)*(1+20+2p*+2p%) <0

G1(4) =2p(3+3p+18p* +2p> + 11p* — 5p°) > 0
So the three roots are within (0,1 — p), (1 — p,2 — 2p?) and (2 — 2p?%,4) respectively. The

largest eigenvalue of 'y, say Zmae1, is within (2 — 2p?, 4).

Secondly, consider I's. Compute (I — H3)X°(I — Hy) and delete its third row and column.

we have:
2 —2p? 1—p* (1-p)>1+p)
I's = 1—p? 2—2p (1—p)? (A.9)
(1=p?*(1+p) (1-p)? 2-2p

Three non-zero eigenvalues of I's are the three non-zero roots to the equation |I's — A\I| =0,

i.e., the three roots to the equation:

Ga(A= —22—-p)(1=p’(L+p)? =1 —=p>*(1L+p)(=9+p—p*+p°)A (A.10)
H2(=1+p)(B+ A2+ A =0 '
Check:
G3(0) =-22-p)(1 =p)*(1+p)* <0
Gs(1—p) =(2-p)1—-p)°p*>0 (A11)

) =
)
G3(2—20%) =-2(1—p)’(1+p)*(L = p*+p°) <0
G3(4) =2p(15+5p+ 10p* — 2p3 + Tp* — 3p°) > 0

So the three roots are within (0,1 — p), (1 — p,2 — 2p?) and (2 — 2p?,4) respectively. The
largest eigenvalue of T' is within (2 — 2p?, 4).

Thirdly, Consider % We have
2—p—p* 1-=p° 1—p
Fl + F3 3
L—p 3 2—p—p
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Three non-zero eigenvalues of % are the three non-zero roots to the equation \% -

M| =0, i.e., the three roots to the equation:

G\ = —(=1+p)*(1+p)(=16 = 8p — 60> +3p* + p*) — (1 — p)*(—36 — 36p — 19p°
—6p° + PN+ 4(=1+p)(6+3p+ p)A2+4X3 =0
(A.13)
Check:
G(0 —(=1+p)*(1+p)(=16 — 8p — 6p> + 3p> + p*) < 0
—1+p)*(1+p)°p* >0
G(l—p) =—( p)*(1+p)°p (A14)

) =
) =

G(2—-2p") =(=1+p>°(1+p)(8+16p+p°+p*) <0
) =

G(4 p(72 + 70p + 63p* + 19p° + 26p* + 8p° — p® — p7) > 0

So the three roots are within (0,1 — p), (1 — p,2 — 2p?) and (2 — 2p?,4) respectively. The
largest eigenvalue of 1“145_1“3’ SAY, Zmaz, 18 Within (2 — 2p?,4) too.

Furthermore, one may check:

Gy(\) = G1(N) + o1 = p*)(2X = (2= p)(1 = p)(1+ p))
Gy(A) = R 4 224N (14 p) — (1= p)*(1 + p)p(—14 + p(3 + p)) (A.15)
=M1 = p)*(4 + p(19 +3p(2 + p)))]

For Zpmae1 € (2 — 2p2,4), check:

G3(zmaa‘1) =Gy (Zmaxl) + Zmawlp(l - p2)(2zmax1 - (2 - ,0)(1 - p)(l + ,0))
> Znan P(1 = p?)(2(2 = 20%) — (2= p)(1 = p)(1 + p)) (A.16)
= Zimaa1p(1 = p?)(1 = p)(1 + p)(2+ p) >0

So the largest eigenvalue of I's is within (2 — 2p?%, 2;h4z1). The largest eigenvalue of I'z is
smaller than that of I'y.
And for 2,4, € (2 —2p?,4), check:

G<Zmax)
4

G3(Zmax) = + R(Zmaac) (A17)
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where

R(2mas) = 220422, (14 p) — (1= p)2 (1 + p)p(—14 + p(3 + p))

(A.18)
~Zmaz(1 = p)*(4+ p(19 + 3p(2 + p)))].

Differentiate R(2q.) With respect to z,... We have:

OR(Zmax)

0Zmazx

[—82maz(—1+ p%) = (=1 + p)*(4 4+ p(19 + 3p(2 + p)))]
[=8(2 = 2p)(—=1+p?) — (=14 p)*(4 + p(19 + 3p(2 + p)))] (A.19)
(1= p)2p(12 + 13p+10p% — 3p3) > 0

e Lo SN RS TSN R

S0 R(Zmae) is an increasing function with respect to znae When 2zp,.. > 2 — 2p?. Check its

value at 2 — 2p*:

1
R(2 —2p%) = 1(1 —p)?p(8 4 16p + 9p* — 6p° — Tp*) > 0 (A.20)

Therefore, G3(2maz) > 0 for zpee > 2 — 2p?

So the largest eigenvalue of T's is within (2 — 2p%, z;me2) and the largest eigenvalue of T's is

smaller than that of % O



Appendix B

A proof for Lemma 3.10

Lemma 3.10 Any design in which some treatment has more than two replicates cannot be

E- optimal in D(v,2, k) with v > k.

Proof. Following the previous notations, this lemma says that E optimal designs cannot have
m > 1. We resort to the average matrix technique to get the proof. Lemma 3.9 tells us
m+s < g and Lemma 3.7 tells us s > 0. For a design d in which some treatment has more
than two replicates, we must have at least p — 2m treatments with exactly two replicates.
Suppose the number of these which occur only in block ¢ is ¢;, © = 1,2. Then the number
of the treatments with two replicates and occurring in both block in the design is at least
t3 =p—2m —t; — t,. Now we consider averaging over the other m treatments, all of those
except a set of p—2m treatments with exactly two replicates and the 2(k —p)+m treatments

with exactly one replicate (see Figure B.1).

Then the average matrix becomes,
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(p-2m-t -t,) t, non-binary
Block 1 (k-p-s) trts with one rep binary trts trts with two m trs
with two reps reps
(p-2m-t -t,) t, non-binary
Block 2 (k-p+s+m) trts with one rep binary trts trts with two mtrts
with two reps reps

Figure B.1: Averaging Structure in D(v,2, k)

wly, +¢Jdm &J §oJ &3 §aJ &
&J 2, -2,  —2J —2 ~Lly Y
&J —-2J 2L, — 2y, 0 -2J 0
&J —-2J 0 2L, — 2T, 0 -2J
&1 _Lly —2g 0 Ioopos— LTk ps 0
& J —2J 0 -2 0 Ii—ptstm — +Jo—ptstm

where 0’s are the matrices in which all elements are 0 with suitable dimensions and J’s
are the matrices in which all elements are 1 with suitable dimensions. &;, &, &3, &4, & and
w—+ma) are parameters decided by the fact the row and column sums of the above matrix are
all zero. We will see later from the reduced average matrix that for E-optimality problem we
do not need to know the values of w and v individually. All that will be needed is w + ma,

which is —(p — s — m)/k as will be seen.

2k — p — 6 non-zero eigenvalues of the average matrix can be gotten immediately: 1 with
frequency 2(k —p) +m — 2, 2 with frequency p — 2m — 3, and w with frequency m — 1. Using
the technique described on page 37, one can get the remaining eigenvalues of the average

matrix are those of the following reduced average matrix:
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a _3ts  _ 2tiun_ 2wots _ wi(k—p—s)  wa(k—p+st+m)
k km km km km
_3m  2(k—t3) 2 _ 2ty _k—p—s _ k—ptstm
k k k k k
_ 2w 2t 2k—dy 0 __2(k—p—s) 0
6(1 reduced — F F F k (Bl)
’ _ 2ws _ 2t3 0 2k—4ty 0 _ 2(k—p+s+m)
k k k
_w _ 13 _ 2t pts
k k k 0 k 0
w2 _ 13 _ 2ty p—s—m
k k 0 k 0 k
3km—5m2—2 to—t1)—2(s+ta—t1)>
where ¢ = =221 m(erkfn 1)=2(st+ty 1),w1=s+2m+t2—t1andwzzm—s—tz-l-h.

The parameters w; and ws are the numbers of plots taken by m treatments in block 1 and

2 respectively. They must be nonnegative and cannot be zero simultaneously. That is,

w1:s+2m+t2—t120
We=m—85—1y+t; >0

w1+w27é0

The average matrix will collapse to smaller dimensions if any of t1, t3, p — 2m — t; — to,
k — p — s are zero; all designs considered have m > 1. In the following, we first show that

G(0) > 0 and there is always a positive eigenvalue less than one for the reduced average

matrix. To do this we break the investigation into two cases, s < k —p and s = k — p.

Case 1. s < k—p. The smallest eigenvalue of the average matrix is one root to the equation
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G(\) =0, where

G(\) = —8km?+ 12kmp + 4m?p — 6mp* — 4kmt, + 2mpt, — Skts + 4pt*
—8kms + 4mps + 16kt s — 8ptys — 8ks* + 4ps® — 20kmty + 10mpt,
+16kt ty — Sptity — 16ksty + 8psty — Skts + 4pts — 12k*mA
+12km* X\ — 10kmpA — 2m*pA + 5mp* X + 6kmt A — 2m>t A
—2mpti X + 16ktIA — mti\ — 6pta X + 16kms\ + 4m?s\
+12pt1 A + 16ks® X + 4ms® X — 6ps>\ + 38kmita\ — 2m>to )

—6mpsA — 32kt1sA — 1dmptod — 32kt ta\ + 2mit ta A + 12ptita X
+32ksto\ — 12psta\ + 16kt3\ — mtz\ — 6ptal + 16k*mA\>

—8km2A\? + 2kmpA? — mp? A2 — 2kmt A2 + 2mPt A2 — 10kt3N?
+mtIA? + 2pt2N? — 10kmsA? — 2m2sA? + 2mpsA? + 20kt s\
—22kmitaA? 4 2mPto A2 + dmpta\? + 20kt taN? — 2mit i — dptita N’
—Apt1sA% — 10ks* A% — 2ms® A% + 2ps® A2 — 20ksta\? 4 dpsta )\’
—10kt3N? + mts A2 + 2ptaA? — TE*mA® + 2km2\3 + 2kt30* + 2kms\

—4kt1sN3 + 2k NP+ Akmita\® — Akt o N3 + 4ksto N3 + 2k13N® 4+ EPmA?

is the characteristic polynomial of (B.1) after removing factors A and A — 2. Now check:

G(0) = 2(2k —p)(—2m? + 3mp — mt, — 22 — 2ms + 4tys — 25 — bty
1

4t ty — 4sty — 2t3)

If p=2m +t; + t5, then wywy > 0, for otherwise, the design is disconnected. Substitute p =
2m-+t1+ts into the third term of G(0) to get G(0) = 4(2k—p)(m+t;—s—to)(2m—t1+s+ty) =
42k —p)wiwy > 0. If p > 2m—+1t,+to, then G(0) > 4(2k—p)(m+t1—s—ta)(2m—t1+s+t2) =
4(2k — p)wywe > 0. Therefore, we will always have G(0) > 0.

Also check:

G(1) = 2mk—p—s)k—p+m+s)<0
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So there is a root of G(A) = 0 between (0, 1).

Case 1I. s=k-p. The reduced average matrix collapses into a 5 X 5 matrix.

a 3t _ 2tiwi 2wats w2(2(k—p)+m)
k km km km
_3m  2(k—t3) 2ty 2ty _ 2(k—p)+m
k k k k k
_ 2wy _ 2t3 2k—4ty
k k k 0 0
_ 2wy 2 0 2k—dty  _ 2Q2(k—p)+m)
k k k k
w2 _ i3 0 _2 Zp—k—m
k k k k

Two eigenvalues of this matrix are zero and 2. The smallest positive eigenvalue is the smallest

root of the equation Q(\) = 0, where

Q) = —8Kk* —8k*m — 8km? + 20k*p + 24kmp + 4m*p — 16kp? — 10mp?
+4p* + 16k*t, — dkmt, — 24kpt, + 2mpt, + 8p*t, — Skt? + 4pt*
—16k%*ty — 20kmtsy + 24kpts + 10mpty — 8p*ts + 16kt ts — Sptits
—8kt2 + 4Apts 4 SEPX + 8km2\ — 18k*pA\ — 16kmpA — 2m?*pA
F12kp* X + 5mp?\ — 20PN — 16k* 1\ + 2kmiti A — 2m>t A + 20kpty A
— APt N + SKtIA — miTA — 2ptiN + 16kt \ + 18kmita A — 2mPto )
—20kpto\ — AmptoX + Ap*ta X — 16kt to) + 2mitito) + Aptita)
+8ktaN — mita\ — 2pta\ — 2k3 N2 + 4k*mA? — 2km\? 4 4k p\?
+2kmpA? — 2kp® N2 + 4kP N2 — dkpt N2 — 2kt3NE — 4Kt N>

—4kmity\? + dkpto\? + 4kt ta N — 2kt3N7 — KPmA3.

Check
Q0) = =2(2k — p)Q1

where

Q1 = 2K* 4 2km +2m?* — 4kp — 5mp + 2p® — 4kt + mity + dpt, + 27 + 4kt

+5mity — dpty — dtity + 2t5
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and

Ql)=—2k—2p+m)(k—p—t1 +t2)> +2(k —p+t, +t2)m) < 0.

Now we show that Q(0) > 0, i.e., @1 < 0. @ is a quadratic function with respect to p and
the coefficient of p? is 2 > 0. If we can show that at two ending positions p = 2m +t; + t,

and p = k + 2m — t1 + t5 its values are less than zero, we get the proof.

Check

Qilp=2mrtr 44, = 2(k —2t1)(k —3m — 2t;)

Q1|p:k+2m7t1+t2 = —3m(/€ — 2t1) < 0

Note that when p =2m +t; + 1ty and s = k — p, k — 3m — 2t; = —ws < 0. Therefore, there

must be an eigenvalue in (0, 1).

In fact,

GN)]s=t—p = (1 = NQ(N) (B.2)

Therefore, for any A < 1, G(A)|s=x—, and Q(X) must be of the same sign.

Having established G(0) > 0 and existence of a root in (0,1), we will proceed as follows.
First we will show that G(zqy1) < 0 when p < %, where z4,; = 2. If this is true then there
is an eigenvalue for the average matrix less than z4; when p < 4k/5. Then we will show

that G(zg1) < 0 when p > 4k/5 where zg = £+ 1 — %\/171];—2 — 362 +20. If this is true

then there is an eigenvalue for the average matrix less than zg; when p > 4k/5. Due to
the discussion in previous paragraph, we use s < k — p instead of separating s < k — p and

s =k —p. By (B.2), Q(z4p1) < 01if G(z491)|s=k—p < 0 and Q(z4+1) < 0 if G241

5:k-p> < O

As will be seen below, the expression of G(zg,1) or G(zg+1) can be taken as a quadratic
function of ¢; and t,. The function will be shown to be concave and having no solutions to
the equations 0G/0t; = 0 and 0G /0ty = 0. Therefore, its maximum value will be on the

boundaries, i.e., on the linest; = 0,1, = 0, t1+ts = p—2m, to—t; =m—sort;—ty = s+2m
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Figure B.2: Range for ¢; and ¢

(see Figure B.2). We will show that the values on the five lines are all smaller than zero.

The fairly extensive technical details for this straightforward idea follow.

First check G(p/k). One may use Mathematica to get the expression of G(p/k), which is
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omitted here. Considered as a quadratic function of ¢; and ¢, check,

*G(p/k) _ P*G(p/k)

o 0B
_2(k—p)(4(k — p)(2k — p) + mp)
k?
_PG(p/k) _ PG(p/k)
8t18t2 N atQatl

Clearly the Hessian matrix is non-positive definite for every pair of ¢; and ¢ and the func-
tion is concave with respect to t; and to. If there is a solution (t1,%2) to the equations
0G(p/k)/0t; = 0 and OG(p/k)/0ts = 0, the the solution is the maximum value point; if we

cannot find such a solution, the maximum value of G(p/k) must be on the boundaries.
Now we show that the solution does not exist.

Solve 0G(p/k)/0t; = 0 and get a solution of ¢y, call it 10,

tio = (—2k*m + 2kmp — m*p + 8k*s — 12kps + 4p°s + 8k*t,

— 12kpt + mpt + 4p*t) /(8k* — 12kp + mp + 4p*). (B.3)

Also solve 0G(p/k)/0ts = 0 and get another expression for ¢y,

t1o = (10k*m — 14kmp + m*p + 4mp? + 8k?*s — 12kps + 4p?s + 8k*t,
— 12kpty + mpty + 4p°ty) /(8K* — 12kp + mp + 4p*). (B.4)
Setting the difference of (B.3) and (B.4) to zero gives

2m[(2(k — p)(3k — p) + mp] = 0.

Obviously, this is impossible since k& > p. Therefore, there are no solutions to the equations

0G(p/k)/0t; = 0 and 0G(p/k)/Ot; = 0. The maximum value must be on the boundaries.

Now check the values of G(p/k) on the boundary lines. This requires a bit of effort.
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la). t; = 0. Denote the value of G(p/k) on it by G.

Gr = Glp/Mlumo = —5((k = p)(&(k — p)(2k = p) + )t
+2(k — p)(2m(5k — 2p)(k — p) + 4s(k — p)(2k — p) +m’p)ts
+2(2k — p)((2k* — 3kp + p* — ps)m® + s(2k* — 4kp + 2p°

—ps)m + 2(k — p)’s”))

G is a decreasing function with respect to ¢, because the coefficient of 3 and the coefficient
of t5 are both less than zero. Therefore,

2(2k — p)
=
+5(2k* — 4kp + 2p* — ps)m + 2(k — p)*s?)

Gy < Giliy—o ((2k* = 3kp + p* — ps)m®

Since s < k — p (keep in mind we relax the condition of s from s < k —ptos < k—1p
here) , 2k* — 3kp +p* — ps < 2(k —p)? > 0. If 2k* — 4kp + 2p* — ps > 0 , then G; < 0. If
2k? — 4kp + 2p* — ps < 0, notice that when t; = 0, wy = m — s —t5 > 0 and thus m > s, so

k
forpg%

(2k? — 3kp + p* — ps)m? + s(2k* — 4kp + 2p* — ps)m

= m((2k* — 3kp + p* — ps)m + s(2k* — 4kp + 2p* — ps))
> m((2k* — 3kp + p* — ps)s + s(2k> — dkp + 2p* — ps))
= ms(4k® — Tkp + 3p* — 2ps)

> ms(4k — 5p)(k —p) > 0

The last expression can be zero only if s =k —por s =0. hen s = k —p, 2(k — p)*s®> > 0.

When s = 0, m > s. Therefore, we always have G; < G1|i,—0 < 0 when p < 4k/5.
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1b). to = 0. Denote the value of G(p/k) on it by Gs.

1
Gy = —ﬁ(2(4k3 — 8k*p + 5kp® — p® + (k — p)pty — 2kps + p*s)m?
+(4k(k — p)*t3 + (k — p)pt1 + 8k*s — 20k?ps + 16kp*s
—4pPs — 4kps® + 2p*s*)m + 4(k — p)*(2k — p)(t; — 5)?)
m
k2
4k(k — p)*t] + (k — p)pt1 + 8k*s — 20k?*ps + 16kp°s

IA

(2(4k° — 8K2p + 5kp® — p* + (k — p)pty — 2kps + p>s)m

—4pPs — 4kps? + 2p*s?) = Gay

For Goy, if m > s, then w; = m — s+ t; > 0 places no lower bound on t; and the achievable
minimum value of ¢; is zero. We have

m
k2
+8k3s — 20k*ps 4 16kp®s — 4p3s — 4kps® + 2p*s?)

G21 S G21|t1:0 = (2(4k3 — 8/~1}2p + 5]%']92 — p3 — 2k:p8 +p25)m

since s < k —p
4k — 8K*p + 5kp* — p* — 2kps + p?s > 2(k — p)*(2k — p) > 0
and

m
Gotly=0 < _ﬁ<2(4k3 — 8k*p + 5kp* — p* — 2kps + p*s)s

+8ks — 20k*ps + 16kp*s — 4p*s — 4kps® + 2p*s?)

2m(2k — p)s
= —%(4162 — Tkp + 3p* — 2ps)
<~ _2m(2k —p)s(4k —5p)(k — p)
J— kr2 .

It can be seen that G < 0 if p < 4k/5 and m > s. And Gy = Gy only if t; = s. However,
when ¢, = s = 0, from la) Gy < 0 for p < 4k/5.
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If m < s, then w; > 0 does restrict ¢; and the smallest achievable value of ¢; is s — m.

m
k2
+4k(k —p)*(s —m) + (k — p)p(s — m) + 8k*s — 20k*ps + 16kp*s

Gy < (2(4163 — 8k2p + E)kp2 — p3 + (k —p)p(s — m) — 2kps + pQS)m

—4p*s — 4kps® + 2p*s?)
= —%(m(—(k — p)pm + 2(2k* — 4k*p + 3kp* — p* — 2kps + p*s))

+(3k — p)s(4(k — p)* — ps)).

Since m < p/2 — s by lemma (3.9), we have

G < _%(m(—(k —p)p(p/2 — 5) + 2(2k% — 4k%p + 3kp? — p° — 2kps + p’s))
+(3k — p)s(4(k — p)* — ps))
_ _E(@(8k3—16k2 + 11kp? — 3p® — 6kps + 2p*s)
= (5 p p*> —3p ps + 2p°s

+(3k — p)s(4(k — p)* — ps))

< —%(%(81«3 —16k%p + 11kp? — 3p° — 6kp(k — p) + 2p2(k — p))
+(3k — p)(k — p)(4(k — p)* — p(k — p))

= —z(5 2k =p)(k —p)(4k = 5p) + (3k — p)(k — p)*(4k — 5p)).

It can be seen that if m < s and p < 4k/5, Go1 < 0. When m < s, Gy < Go9; < 0. In

summary, GG will always be less than zero.

1c). t1+t2 = p—2m. Denote the value of G(p/k) on this line by G3. Substitute t, = p—2m—t;

to get an expression for G3 as a quadratic function with respect to ¢;. That is,

1
Gy = _E(CO + ity + CQt%)
where

2 = 4(k — p)(4(k — p)(2k — p) + mp) > 0.

Letting the solution of
0G3 _0
oty
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be tlla then

tin = (—12K*m + 8k*p + 18kmp — 2m?p — 12kp® — 5mp* + 4p® + 8k?s

—12kps + 4p®s) /(2(4(k — p)(2k — p) + mp)).

Since ¢y > 0,

G3 S G?)‘tl:tll

2m(2(k — p)(3k —p) + mp)L
k2[4(k — p)(2k — p) + mp]

where

—12k3m + 8k3p + 32k mp — 2km*p — 20k*p? — 26kmp? + 2m*p?

+16kp® + 6mp® — 4p* — 2kmps + mp?s — 2kps? + p*s>.

Need to show that L > 0 for p < 4k/5. It can be seen that L is a quadratic function with

respect to m and its second order coefficient is —2(k — p)p < 0. So also check the values of
Latm=0and m=p/2—s.

Lim= = (2k—p)p(2k —2p—35)(2k —2p+5) >0
1
Llm=pjo—s = 5(4k3p — 8k*p? 4 5kp?® — p* + 24k3s — 64k*ps + 5dkp*s — 15p°s

—4kps® + 4p°s?)

L|im=p/2—s is a quadratic function with respect to s and its second order coefficient is —4p(k —

p) < 0. Therefore, to show it is greater than zero, we need to show that it is greater than
zero at s =0 and s = k — p. In fact,

1
L|m=p/278,s:0 = §(k —p)(2k‘ _p)2p >0

L|m:p/2—s,s:k—p = (k - p>2(12k2 - QOkp + 9p2> - 3(4k - 3]3)(]{3 _p> + kp >0
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1d). ts = m — s + t1. Denote the value of G(p/k) on this line by Gj.

m
k2
+62kmp® — 3m2p* — 14mp® — 12k3s + 28k*ps — 8kmps — 20kp>s + 6mp?s

Gy = (4(k — p)(6k* — 8kp + mp + 2p*)t; + 36k>m — 84k*mp + 3km*p

+4p*s — 3kps® + p?s?).

It can be seen that G4 is an decreasing function with respect to ¢;. If m > s then the smallest
value of ¢; is zero and we have shown in la) that G(p/k) < 0 when t; = 0. If m < s then
the smallest value of ¢; is s — m and t;, = 0 when ¢t; = s — m. We also have shown that

G(p/k) < 0 when ty = 0. Therefore, G4 < 0.

le). t; = 2m + s + t3. Denote the value of G(p/k) on this line by Gs.

m

G5 - k2

(lotg + l1m2 + lgm + lg)
where

lo = (4(k—p)(6k> — 8kp+ 2p® +mp) > 0

li = 8k—pp>0

lh = 2((k—p)(24k? — 32kp + 9p*) + (k — 2p)ps)

Is = (3k—p)s(4(k —p)* —ps) > (3k — p)s(4k — 5p)(k — p) > 0.
If k > 2p then I, > 0 because 24k* — 32kp+ 9p? = 3(8k —3p)(k —p) +kp > 0 when p < 2. If

k < 2p then ly > 2((k — p)(24k* — 32kp+ 9p*) + (k — 2p)p(k — p)) = 2(24k — Tp)(k — p)* > 0.

Thus G5 < 0 when p < %.

Secondly, we check G(zg1). One may use Mathematica to get the expression of G(zg.).

To make the expression simpler, we define § = \/ 17 — 36% + 202’—3 and it can be seen that
0 <d<1ford/b < p/k < 1. Consider G(z4.1) as a quadratic function of ¢; and ¢, and
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check,
62G<Zd*1) . 82G(Zd*1)
oz 0
(k — 2p + 20)(9k* — 18kp + 8p* + 2mp + km(1 — &) + 6ké(k — p) + k*6?)

2k2
_ 8ZG(zd*1) _ 62G<Zd*1)
8t18t2 at2at1

To evaluate this expression we need to show k& — 2p + kd > 0. The technique used to do this

will be used repeatedly employed later to establish various inequalities involving k, p and 6.

Substituting 0 = \/17 — 367 + 20% into k — 2p+ ko and setting p = ak gives k —2p+ kd =

k(1 —2a+ /17 — 36 + 20a2). Plotting 1 — 2a+ /17 — 36c + 2002 shows that it is always

greater than zero for o € (4/5,1). Tt can be similarly shown that 9k? — 18kp + 8p? + 6k (k —
p) + k*6% > 0 for p > 4/5k.

Therefore, the Hessian matrix with respect to ¢; and ty for G(z4) is non-positive definite.
Thus the function of G(z4+1) is concave with respect to ¢; and t,. If there is a solution (¢1, )
to the equations 0G(z4+1)/0t; = 0 and 0G(z4+1) /0ty = 0, then the solution is the maximum
value point; if we cannot find such a solution, the maximum value of G(z4+) must be on the

boundaries. Now we show that the solution does not exist.

Solve 0G(z4+1)/0t; = 0 and get a solution, call it t3,,

try = (=3k*m — km? + 4kmp — 2m?p + 9k*s — 18kps + 8p°s + 9Kty + kmt,
—18kpty + 2mpty + 8p*ty — k*md + km?S + 6k*sd — 6kpsé + 6k*ty8
—kmityd — 6kptod + k*s6” + k*t56%) /(9K + km — 18kp + 2mp + 8p* + 6k*9

—kmé — 6kpd + k*6?).
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Also solve 0G/0t; = 0 and get another expression for ¢,

tio = (12k*m + km?* — 22kmp + 2m?p + 8mp* + 9k*s — 18kps + 8p*s + 9k’ty
+kmty — 18kpty + 2mpts + 8p*ty + Tk*mé — km26 — 6kmpd + 6k*s8 — 6kpsd
+6k%ty8 — kmtyd — 6kptad + k*md® + k*s6” + k*t26%) /(9K* + km — 18kp

+2mp + 8p + 6k*6 — kmd — 6kpd + k>6%).

Setting the numerators of the above equal, one gets

m(15k% — 26kp + 8p? + k*6% + 2k6(4k — 3p) + 4mp + 2km(1 — §)) = 0.

One may verify using the technique described on the page 118 that 15k® — 26kp + 8p* +
k25% + 2k6(4k — 3p) > 0 for p > 4k/5. So the above equality is impossible and there are
no solutions to the equations 0G(z4+1)/0t; = 0 and 0G(zg+1)/0ts = 0. The maximum value

must be on the boundaries.
Now the truly tedious part begins. Check the values of G/(z4+1) on the boundary lines.

2a). t; = 0. Denote the value of G(z4+1) on it by G7.

1
Gl = —qgm@k—2+ kd6)(9Kk* + km — 18kp + 2mp + 8p® + 6k*5 — kmd

—6kpd + k?0%)t2 + 8(k — 2p + ko) ((k + 2p — kd)m? + (3k — 4p

+k0)(4k — 2p+ ko)m + s(3k — 4p + k0)(3k — 2p + kd))to
+(3k —2p+ kS)L)

where

LY = 4(5k* — 8kp + 4p* — 2ks — 4ps + 2k*0 — 4kpd + 2ksd + k*6*)m?
+4ms(3k* — 10kp + 8p* — 2ks — 4ps + 4k*5 — 6kpd + 2ksd + k*6?)
+45*(3k — 4p + k) (k — 2p + kS) + km(1 — §)(3k — 4p
+k0)(5k — 2p + ko).
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One may verify that 3k — 4p + kd > 0 for p > 4k/5 using the technique described on page
118. Therefore, the coefficient of ¢3 (shown in the Hessian matrix) and the coefficient of ¢,

in the expression of G5 are both less than zero. Thus we only need to show that L} > 0.
Bound the coefficients of m? and m in the expression of L} by setting s = k — p as follows:

5k? — 8kp + 4p* — 2ks — 4dps + 2k*0 — 4kpd + 2ksS + k26°

> Bk —4p+ko)(k —2p+ ko)

and
3k* — 10kp + 8p* — 2ks — 4ps + 4k*5 — 6kpd + 2ksé + k*6°
> —2(4p — 3k)(3k — 4p + k6)
= —2(k —2p+ k6)(3k — 4p + k6) — 2(—4k + 6p — kd)(3k — 4p + ko).
Therefore,

L: > 4(k—2p+k6)(3k — 4p + kd)(m — s)* — 8ms(—4k + 6p

—k6)(3k —4dp+ ko) + km(1 — 0)(3k — 4p + ko) (5k — 2p + k0).

If —4k +6p — k6 < 0, L* > 0. If —4k + 6p — k6 > 0,

L > m(=8(k — p)(—4k + 6p — k6)(3k — 4p + k)

+k(1 —0)(3k — 4p + k&) (5k — 2p + k9))

= 2m(3k — 4p + ko) (10k* — 23kp + 14p> + (2k — 3p)kd).

Note that to get the last line above, one must replace k262 by 17k% — 36kp + 20p?. One may
verify that 10k% — 23kp + 14p® + (2k — 3p)kd > 0 using the technique described on page 118.
Therefore, LF > 0 and G} < 0 for p > 4k/5.
2b). ty = 0. Denote the value of G(z41) on this line as Gf.
* 1 * 42 * *
Gy = —W(Cltl + 3ty + ¢3)
¢ = 4(k —2p+ ko) (9k* — 18kp + 8p® + 6(k — p)kd + km(1 — &) + 2mp + k*§*) > 0.
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The maximum value of G3 is at some t; = ¢}, if there is a solution t; = ¢}, to 0G5/0t; =0
when 0 <t; <p—2m and m — s +t; > 0. Otherwise, the maximum value of G} is on the
boundary line t{ = 0, t; = p —2m, t; = s —m or t; = s + 2m. Because sometimes, but
not always, there is a proper solution ¢; to the equation 0G3/0t; = 0, we will consider all of

these cases.

We have shown that if the maximum value is on the boundary line ¢; = 0, it must be less

than zero. For t; = p — 2m, we will show this later in case 2c.

For t; = s — m, we have m < s since we have already disposed of t; = 0. We show the
corresponding G5 < 0 next. Check

m

" 16k2

G;|t1:sfm =

G;1
where
Gy = A=k —2p+kS)(k —2p+ kd)m* +8m((—k — 2p + kd)(3k — 2p + kd)s
+9K3 — 25K%*p + 28kp* — 12p° + 9k36 — 24k*pd + 16kp®6 + 5k>52
—Tk*p6* + k*6%) + (5k — 2p + k&) (4(—k — 2p + ké)s® + 4(3k — 4p
+kd)(k —2p+ kd)s + k(1 — 0)(3k — 4p + ko) (3k — 2p + ko).

We need to show Gj; > 0 for m € (0,s). It can be seen that it is a quadratic function with

respect to m and the coefficient of m? is 4(—k — 2p + kd)(k — 2p + kd) < 0. If G5, > 0 at

m =0 and m = s, then G35, > 0 for m € (0, s).
G1lm=0 = (5k — 2p + kd) G5y
where
Gy, = 4(—k—2p+kd)s® +4(3k —4p + kd)(k — 2p + k)s

k(1 — 6)(3k — 4p + k6)(3k — 2p + ko).

Next we show that G3%,; > 0, which is a quadratic function with respect to s and the

coefficient of s? is 4(—k —2p+kd) < 0. So we need to check whether G3,, > 0 holds at s = 0
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and s =k — p.

Giplsmo = k(1 —=0)(3k —4p+ ké)(3k — 2p + k&) > 0

Gilsmhp = (k—2p+kd)(17k* — 36kp + 20p* — k*6*) = 0
This implies G3%;;, > 0. Therefore, G}, |m=0 > 0.

When m = s, t; = 0. We have shown that in 2a) that the corresponding G} < 0.

For t; = s + 2m, we show the corresponding G5 < 0 as below. Check

* m *
G2|t1:s+2m = _WGQQ

where

Giy = 4(—k —2p — kd)(5k — 2p + kd)s® + 4(15k* — 56k*p — 8kmp + 60kp* — 16mp*
—16p® + 2335 + 4k*md — 48k*ps + 16kmpd + 20kp?S + 9352
—4k*md® — 8k*pd® + k*5%)s + 32(k + 2p — k&) (k — 2p + k&)m?
+4(63k> — 218Kk*p + 236kp® — T2p* + 8TKk>6 — 192k*pd + 92kp?s
+37k%6° — 38k*p6® + 5k 5% )m + k(1 — 6)(3k — 4p + k&) (3k — 2p
+k6)(5k — 2p + k6).

Next we show that G%, > 0. And it can be seen that G3, is a quadratic function with respect
to s and the coefficient of s* is 4(—k — 2p — kd)(5k — 2p + kd) < 0. So we only need to show
that G3y|s—0 > 0 and G%,y|s—r—p, > 0. Check

Giols=o = 32(k+2p — kd)(k — 2p + k&)m* + 4(63k> — 218k*p + 236kp°
—72p° + 8736 — 192k%pd + 92kpS + 37k36% — 38k>ps? + 5k36%)m
+k(1 —96)(3k —4p + kd)(3k — 2p + kd)(Bk —2p + ko) > 0
Giglemkp = (k—2p+kd)(32(k + 2p — kd)m? + 4(63k* — 100kp + 28p? + 28k>5 — 24kpd

+5k%6%)m + (5k — 2p + k&) (17k* — 36kp + 20p* — k*6?)) > 0
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Note that for the above deduction, we used the facts 17k% — 36kp + 20p? — k252 = 0 and
63k — 218k2p + 236kp? — T2p® + 87k36 — 192k2pd 4+ 92kp?d + 37k36° — 38Kk2pd? + 5k36% > 0,
and 63k — 100kp + 28p* + 28k?6 — 24kpd + 5k26% > 0, when p > 4k/5.

Case 2b) is completed if we can show that G5 < 0 when there is a solution t; = t3; to

0G5 /0ty = 0, satisfying 0 < t; < p—2m and m — s+ t; > 0.

Setting 0G%/0t; = 0 to get a solution t; w.r.t. ty,

tr, = (=3k*m — km? + 4mp — 2m*p + 9k*s — 18kps + 8p®s — k*mé + km?6 + 6k*s0

—6kpsd + k*s6%)/(9k* — 18kp + 8p° + 6(k — p)ké + km(1 — ) + 2mp + k*6%).

It can be seen that ¢]; may be negative. For t7; > 0, we need

3k2m + km? — 4kmp + 2m?p + k*md — km?26

"= 70K — 18kp + Sp® + 6k20 — 6kpo + k202

Substituting t7; into G35, we have

G < Gl

/(9k? — 18kp + 8p* + 6(k — p)ké + km(1 — &) + 2mp + k?6?)

L} = 27k* +33k>m — 2k*m? — 72k3p — 84k*mp + 60k*p? + 84kmp® + 8m?p?
—16kp® — 32mp® + 36k%s — 12k*ms — 144k*ps — 16kmps + 176kp*s
+16mp?s — 64p>s — 12k2s? — 16kps® + 16p°s* + 29k>mé + 24k>pd
—T72k*mpd — 8km*ps — 40k*p*S + 44kmp?s + 16kps + 60k>sd + 8k*msd
+80kp*s — 144k*psé — 16kmpsd + 80kp?sd + 8k*s%5 — 16kps?0 — 18k16>
+15k3mo? + 2k*m?26? + 40k3ps? — 20k>mpd? — 20k*p?0% + 28k3 62 + 4k*msd?

—32k?ps6? + 4k?s%6% — 8k16% + 3k3mo® + 8k3pd® + 4k3s0® — k16,



124

Since the other factors above, other than —m/(16k?), are positive, the problem now becomes

to show that L} > 0 given the conditions:

3k*m + km? — 4kmp + 2m>p + k*md — km?6

> _
s =z fm) 9k? — 18kp + 8p? + 6k25 — 6kpd + k262
p
< =
m+s < 5
s < k—p
m > 0

We note that f(m) > 0 for p/k € (4/5,1). The Figures B.3 and B.7 illustrated two possible
situations. The range of s and m is defined by the area whose four vertices are (0, 0), (0, k—p),
(my,k — p) or (mg, k — p), and (mg, s3). Here m; is the solution to k —p = p/2 — m, i.e.,
my = 3p/2 — k; my is the solution to f(m) = k — p; ms is the solution to f(m) = p/2 — m;
and s3 = f(ms). The two possibilities for the third coordinate correspond to mg > my and

ms < my, respectively (see Figure B.3 and B.7). Since f(m) > 0, mg cannot exceed p/2.

S A

s=f(m)

ke e
©kp) \ L lp) (m'\j/

s=k-p

0,0) m

Figure B.3: Range of s and m under situation 1 for G
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Situation 1: ms > m;. One can obtain
ms = (((24k* — 44kp + 16p* + 14k*6 — 12kpd + 2k%6%)? — 4(2k + 4p — 2k0)(—9k?p
+18kp? — 8p> — 6k2pd + 6kp?6 — k2*pd?))Y? — 24k? + 44kp — 16p® — 14k%5

+12kps — 2k%6%) /(2(2k + 4p — 2k9)).

We need to find the appropriate range for k& and p to satisfy mg > m;. Let a = p/k,
substitute it into mg3 and m;, then use Mathematica to solve the inequality of mz > my
in a € (4/5,1). We get o € (4/5,0.8276) approximately (the true right endpoint is a bit

smaller).

Now take L; as a quadratic function with respect to s and its second order term coefficient is
A(—k—2p+£ko)(3k—2p+ké) < 0. To show L; > 0, we only need to verify that L;|s—,_, > 0

for 0 <m < my, Lj|s—p/2—m > 0 for m; <m < mg and Lf|s—p@m) > 0 for 0 < m < ma.
First check Lj|s—g—p,
Li|s=k—p = (k — 2p + k6) Ly
where
Ly = m2(—k—2p+kd)m+ (3k — 4p + ko) (Tk — 6p + 3k9))
> m(2(—k —2p+ kd)my + (3k — 4p + k6)(Tk — 6p + 3k0)).

Substitute m; = 3/2p — k into the above expression and let a = p/k , one may verify that
2(—k — 2p + ké)my + (3k — 4p + k6)(Tk — 6p + 3kd) = k*f1(«) > 0 for a € (4/5,0.8276),
where fi(a) = 74 — 153a + 7802 + (14 — 15a)v/17 — 36a + 2002 > 0, if a € (4/5,0.8276).
Figure B4 is a plot for fi(a) showing a = (109 + v/89)/132 is the only root of fi(a) for
a € (4/5,1). Next check Lj|s=p/a—m,

Li|smpjo-m = 2(k —2p+kd)(—k — 2p+ kd)m* + (—3k> + 66k*p — 84kp® + 24p°
—31k35 4 68k*pd — 28kp?S§ — 13k35% + 10k*pé* — k*0%)m — (3k — 2p
+k6)(—9K® 4+ 12k*p + 13kp? — 14p® + 3k>6 — 20k%*pd + 19kp?d + 5k*6*

—8k2ps? + k35°).
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Figure B.4: Plot of fi(«)

This is a quadratic function with respect to m, so check its value at the two end points

* 1 *
Lt |s:p/2—m,m:3p/2—k = i(k - 2]7 + ké)LtQ
L, = 56k% — 125k + 93kp® — 26p° + 6k35 — 5kp®S — 12k35>

+13k%ps? — 2k36°

Substituting p = ak into L}, yields L}, = k? fo(a) > 0 if o € (4/5,0.8276).

At m = mg the expression of Ly|s—p/2_n is messy so is omitted. It can be verified that
L} |s—pj2—mm=ms = k*(3k—2p+kd) f3(c)/(2(k+2p—kd)), where f3(a) > 0if o € (4/5,0.8276).
We omit the expression of f3(a) since it is too long to write. The plot of this function
is in Figure B.5, showing that o ~ 0.8368 is an approximate, single root of f3(«) when
o € (4/5,1). At last we check Lj|s—(m)-

L (9K — 18kp + 8p* + k26% 4+ km(1 — 6) + 6k(k — p)d + 2mp) L;;
Bla=fm) = (3k — 4p + k6)2(3k — 2p + ko)
L, = mLi +k(1—6)(3k — 4p + k6)*(3k — 2p + ké)?

L, = —4(k+2p—k6)*m? — 8k(3k — 4p + k) (k + 2p — k§)m + 2(3k — 4p

+k8)(Tk* — 12kp + 4p* + 6k*5 — 4kpé + k*62).

We need to show that Lj; > 0 for 0 < m < m3 and o € (4/5,0.8276). If L}, > 0, then
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| al pha

f3(al pha) —
-1

Figure B.5: Plot of f3(«)
Ly > 0. If Ly, <0, then

Ly > pLi/2+ k(1 —6)(3k — 4p + k6)*(3k — 2p + kd)?
= —2p(k+2p — kb)*m?® — 4kp(3k — 4p + kd)(k + 2p — k§)m + p(3k — 4p
+k0)A(Th? — 12kp + 4p* 4 6k%6 — 4kpd + k*0%) + k(1 — 6)(3k — 4p

+k6)*(3k — 2p + ké)?.

The last expression is a quadratic function of m and the coefficient of m? is less than zero.
To show this expression is always greater than zero, we only need to verify that it is greater

than zero at m = 0 and m = mgs. It is easy to see that at m = 0, its value is

p(3k — 4p + k6)*(Tk* — 12kp + 4p* + 6K°6 — 4kpd + k%)
+k(1 —6)(3k — 4dp + k6)*(3k — 2p + kd)?

= p(3k —4p + kd0)*(24(k — p)* + 2k6(3k — 2p)) + k(1 — &) (3k — 4p
+k6)*(3k — 2p + k) > 0.

(B.5)

For m = mg, the expression becomes messy. One may check that its value can be expressed
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as (3k — 4p + k0) f1(a), though we omit the expression for fy(«). The easiest way to verify
fa(e) is greater than zero for a € (4/5,0.8276) is to plot over a € (4/5,1). It can be seen in
Figure B.6 that approximately a ~ 0.8314 is the single root of fy(a) when a € (4/5,1).

f4(al pha)

Figure B.6: Plot of fy(«)

Situation 2: mg < m;. From the discussion in situation 1, we investigate a € (0.8275,1).

0,p/2)

(m , k-p)

s=k-p
(mk-p) \—

(0,0) (p/2,0) m

Figure B.7: Range of s and m under Situation 2 for G

One can obtain

my = (((—3k*+4kp — k%6)* + 4(k + 2p — ko) (9k> — 27k*p + 26kp® — 8p® + 6Kk36
—12k%p0 + 6kp?S + k367 — k*po?))Y? — (3k% — dkp + k26))/(2(k + 2p — ko).
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Now taking L; as a quadratic function with respect to s, its second order coefficient is
4(—k —2p + k0)(3k — 2p + kd) < 0. To show Ly > 0, we only need verify that L}|s—r—, >0
and Lf|s—f(m) > 0 for 0 < m < my. Following the similar discussion in situation 1, we only

need to verify that L;; > 0 to show that L |s_;_, > 0.

Ly, = m(2(=k—2p+ ko)m + (3k — 4p + kd)(Tk — 6p + 3k6))

> m(2(—=k —2p+ kd)ms + (3k — 4p + k0)(Tk — 6p + 3k0)).

Substituting the expression mq and p = ak into 2(—k — 2p + kd)ms + (3k — 4p + k6)(Tk —
6p + 3kd), one gets a function k?f5(c). We omit the expression of f5(«) here since it is too

long to write. The plot in Figure B.8 shows that it is greater than zero for any a € (4/5,1).

3

2.
2

f5(al phaf
1

0.

0=y T T T T T
0.8 0.84 0.88 0.92 0.96

al pha

Figure B.8: Plot of f5(«)

To show Lj|s=f(m) > 0, we need to verify that Lj; > 0 for 0 < m < my and a € (0.8275,1).
If L¥, > 0, then L} > 0. If L7, < 0, then

Ly > moLl, + k(1 —6)(3k — 4p + k&)*(3k — 2p + kd)?
= mo(—4(k + 2p — k6)*m® — 8k(3k — 4p + kd)(k + 2p — kd)m + 2(3k — 4p
+k6)2(Tk* — 12kp + 4p® + 6K%6 — 4kpd + k26%)) + k(1 — 0)(3k — 4p
+k6)*(3k — 2p + ké)>.
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The last expression is a quadratic function of m and the coefficient of m? is less than zero.
To show this expression is always greater than zero, we only need to verify that it is greater
than zero at m = 0 and m = my. It is easy to see that at m = 0, its value is greater than
zero as shown in (B.5). For m = ms, the expression becomes messy. One may check that
it can be expressed as 32(1 — «)?k® fs() /(k + 2p — kd) for another messy function of fg(c).
It can be seen that fg(a) > 0 for a € (4/5,1) in Figure B.9. The only root of fs(«) in this

interval is at o = 1.
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Figure B.9: Plot of fs(«)

2¢) t; + ty = p — 2m. Simply substitute to = p — 2m — t; into G(z4+1) and denote it as G3.

G; = Clt% + Cgtl + Cg)

S
16k2
where

¢ = 16(k — 2p + k0)[9K* + km — 18kp + 2mp + 8p® + 620 — kmd

—6kpd + k?6%) > 0.
Solve the equation 0G%/0t; = 0 and get solution t},,

tr, = (—27k*m — 4km? 4 18k*p + 56kmp — 8m?p — 36kp* — 20mp* + 16p?
+18k%s — 36kps + 16p*s — 18k>*mé + 4km?6 + 12k*pd + 16kmpd
—12kp*6 + 12k%s0 — 12kpss — 3k*mé* + 2k*ps? + 2k%s0?)

/(4(9k2 + km — 18kp + 2mp + 8p® 4 6k25 — kmd — 6kpd + k*6%)).



131

Substituting ¢}, into G5 and get a lower bound,

G (m(15k* + 2km — 26kp + 4mp + 8p* + 8k*0 — 2kmd — 6kpd

<
= 16k2
+K*6%)L2)) /(9K + km — 18kp + 2mp + 8p* + 6k>5 — kmd — 6kpé + k*6)

where

Ly = 8(k+2p— kd)(k —2p + kd)m® + 2(21k* — 112k>p + 148kp* — 48p°
+6k?s + 8kps — 8p*s + 8kpsd + 49k>6 — 120k?pd + 60kp>s — 4k?*s6
+23K%6% — 24k*p6* — 2k?s6% + 3K°6°)m — (k + 2p — k&) (3k — 2p

+kd)(3k — 4p — 25 + kd)(3k — 4p + 2s + k).

Need to show that L; < 0. Since it is a quadratic function with respect to m and the
coefficient of the second order term is greater than zero, we only need to check the values of

Ly at m = 0 and m = p/2 — s. If the values at the two endpoints are both less than zero,

then L; < 0. Check

Lilm=o = —(k+2p—kd)(3k —2p + k) (3k — 4p — 25 + kd)(3k — 4p + 25 + k)
< —(k+2p—ko)(Bk —2p+ ko) (k — 2p+ kd)(5k — 6p+ kd) < 0

and

LYimepjo—s = 8(k+2p—kb)(k —2p+kd)s> — 2(21k° — 111k*p + 144kp?
—60p® 4 49K30 — 118k>pd + T2kp* + 23k30° — 27k*pd* + 3k36%)s
—(3k — 2p + k6)(9K> — 13K%*p + 4p® — 3k35 4 14k*pS — 12kp?s§
—5k36% + TK*pd® — K°6°).

Since this is a quadratic function with respect to s and its second order coefficient is positive,
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we can show it is less than zero if it is less than zero at s = 0 and s = k — p. Check

LY |imepj2—ss—0 = —(3k —2p+ kd0)(9k® — 13k?p + 4p® — 3k + 14k°ps — 12kp?s
—5k36% + Tk*pd? — K*6%) < 0
LY imep/2—ss=h—p = —(k—2p+kd)(61k> — 183k°p + 194kp® — 72p” + 3Tk>6 — T4k>ps

+38kp25 — K362 + k2po® — k36%) < 0.

One may use the technique described on page 118 to verify that for p > 4k /5, 9k* — 13k?p +
4p3 — 3k36 + 14Kk2pd — 12kp?5 — 5k362 + Tk*pd? — k262 > 0, and 61k — 183k%p + 194kp? —
72p3 4 3Tk36 — T4k2pd + 38kp*5 — k362 + k*pd? — k362 > 0 .

2d) m —s—ty+1t; = 0. The value of G(z4+1) on this boundary, call it G}, is a linear function
with respect to t1, and the coefficient of ¢1 is — 2% (k — 2p + k6)(15k% + 2km — 26kp + 4mp +
8p? + 8k%5 — 2kmd — 6kpd + k26%) < 0. Therefore, G is a decreasing function with respect
to t1. If m > s, Its maximum value is at ¢; = 0 and we have already shown that for t; = 0,
G(za1) < 0. If m < s, its maximum value is at t; = s — m (i.e. to = 0) and we have shown

that for to = 0, G(241) < 0.

2e) Now check the value on s+ 2m +ty —t; = 0, i.e., t; = s+ 2m + t. One can get that
this value of G(z4+1), call it G%, is a linear function with respect to t. Because the linear
coefficient is the same as that of ¢; in 2d), G is decreasing in o, so its maximum value is
at to = 0. And we have already shown that the value of G(z4+1) at t5 = 0 is always greater

than zero. [



Appendix C

A Matlab Program for Searching
E-optimal Block Designs in M (v, 3, k)
when £ < 2v/3

% This is a program for Searching E-optimal Block Designs
% in $M(v,3,k)$ when $k<2v/3$;
% for given v, k is an integer between (v+2)/3 and 2v/3;
fid=fopen(’b3sup.doc’,’w’); for v=4:100;
for k=ceil ((v+2)/3) :ceil(2*xv/3)-1;

fprintf (fid,’v is %5d, k is %5d\n’,v,k);

number=0;

Eopt=10"-12;

Aopt=1076;

dopt=1076;

error=10"-12;

Avalue=[];

dvalue=[];
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Evalue=[];

ta=[];

sal=[];

sa2=[];

sa3=[];

xa=[];

ya=[];

za=[];

i=0;

for t=0:floor((3*k-v)/2);

for s1=0:floor ((3*xk-v-2*t)/3);
for s2=sl:floor((3xk-v-2xt-s1)/2);
s3=3%k-v-2*t-sl-s82;
x=k-t-sl1-s2;
y=k-t-s1-83;
z=k-t-s2-83;
% some judgements whether a design is connected or not;
if (x<0 | y<0 [z<0 )
continue;
end;
if (x==k | y==k |z==k)
continue;

end;
i=i+1;
number=number+1;
ta(i)=t;
sal(i)=s1;

sa2(i)=s2;
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sa3(i)=s3;
xa(i)=x;
ya(i)=y;
za(i)=z;
% reduced information matrix;
cd=[3-3%t/k -2*sl/k -2%s2/k -2*s3/k -x/k -y/k -z/k;
-2xt/k 2-2*xs1/k -s2/k -s3/k -x/k -y/k 0;
-2*%t/k -s1/k 2-2*s2/k -s3/k -x/k 0 -z/k;
-2xt/k -s1/k -s2/k 2-2*s3/k 0 -y/k -z/k;
-t/k -s1/k -s2/k 0 1-x/k 0 O;
-t/k -s1/k 0 -s3/k 0 1-y/k O;
-t/k 0 -s2/k -s3/k 0 0 1-z/k];
tn=t-1;
snl=sl1-1;
sn2=s2-1;
sn3=s3-1;
xn=x-1;
yn=y-1;
zn=z-1;
if (t==0)
tn=0;
end;
if (s1==0)
snl1=0;
end;
if (s2==0)
sn2=0;

end;



%find positive eigenvalues of reduced information matrix;

end;

end;

fprintf (fid,’the number of designs compared is %5d\n’,number);

end;

if (s3==0)
sn3=0;

end;

if (x==0)
xn=0;

end;

if (y==0)
yn=0;

end;

if (z==0)
zn=0;

end;

cdeig=eig(cd);
cdeig=cdeig(find(cdeig>error));
Evalue(i)=min(cdeig);

if (Evalue(i)-Eopt)>error

Eopt=Evalue(i);

end;

%»find E-optimal designs;

num3=0;

for j=1:number;
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temp=Evalue(j);
if (abs(temp-Eopt)<error)
num3=num3+1;

fprintf (fid, ’Eopt value is %12.5f\n’, temp);

fprintf (fid, ’te = %3d,sel= %3d, se2 = %3d,se3 = %3d,

xe = %3d,ye= %3d, ze = %3d\n\n’,...
ta(j), sal(j),sa2(j),sa3(j),
xa(j),ya(j),za(j));
end;
end;
if (num3>1)
fprintf(fid, ’total number of E-optimal design ...
is %5d\n\n’, num3);
end;
end;

end; fclose(fid); fprintf(’calculations completed’);
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Appendix D

A Matlab Program for E-optimality
Problem in D(v,3, k) when k > 2v/3
Using Average Matrix Technique

%» This is a program for E-optimality Problem
% in $D(v,3,k)$ when $k>2v/3$ Using Average Matrix Technique;
% for given v, k is an integer between 2v/3 and v-1;
fid=fopen(’averageresult.doc’,’w’); for v=4:80;
for k=(floor(2xv/3)+1):(v-1);
eopt=3-v/k; p=3*(v-k); num=0; error=10"-8; for s1=0:p;
for s2=0:(p-sl);
for s3=0:(p-s1-s2);
for s4=0:(p-s1-s2-s3);
for s5=0:(p-s1-s2-s3-s4);
s6=p-sl-s2-s3-s4-sb;
wl=k-s1-s2-2%s4;
w2=k-s1-s3-2%*s5;
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w3=k-s2-s3-2%*s6;
% some judgements whether a design is connected or not;

if ((s1+s2+2xs4>k) | (s1+s3+2*s5>k) | (s2+s3+2%s6>k) )
continue;

end;

if (2*s4==k|2xsb==k|2*s6==k)
continue;

end;

if (s1==k|s2==k|s3==k)
continue;

end;

if (w1==0) & (w2==0) & (s1+2xs4==k) & (s1+2xsb==k)
continue;

end;

if (w1==0) & (w3==0) & (s2+2*s4==k) & (s2+2*s6==k)
continue;

end;

if (w2==0) & (w3==0) & (83+2*sb5==k) & (83+2*s6==k)
continue;

end;

% get the reduced average matrix;
cd17=-(2-2*s1/k-s2/k-s3/k-2*s4/k-2*s5/k) ;
cd71=cd17*xs1/(3%k-2%v) ;
cd27=-(2-2*s2/k-s1/k-s3/k-2*s4/k-2%s6/k) ;
cd72=cd27*s2/ (3*k-2*Vv) ;
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cd37=-(2-2*s3/k-s1/k-s2/k-2*s5/k-2*s6/k) ;
cd73=cd37*s3/ (3%k-2%v) ;
cd47=-(2-4xs4/k-2*s1/k-2*s2/Kk) ;
cd74=cd47*s4/ (3xk-2*v) ;
cd57=-(2-4*s5/k-2*s1/k-2*s3/Kk) ;
cd75=cdb7*xs5/ (3%xk-2%v) ;
cd67=-(2-4xs6/k-2*s2/k-2*s3/Kk) ;
cd76=cd67*s6/ (3*xk-2%*V) ;
cd77=-(cd71+cd72+cd73+cd74+cd75+cd76) ;
if (cd17>01cd27>0]cd37>0|cd47>0|cd57>0|cd67>0|cd77<0)
continue;
end;
cd=[2-2*¥s1/k -s2/k -s3/k -2*s4/k -2*s5/k 0 cdl7;
-s1/k 2-2%s2/k -s3/k -2*s4/k 0 -2*s6/k cd27;
-s1/k -s2/k 2-2%s3/k 0 -2*sb5/k -2xs6/k cd37;
-2*s1/k -2%s2/k 0 2-4xs4/k 0 0 cd47;
-2*s1/k 0 -2*s3/k 0 2-4*s5/k 0 cd57;
0 -2*s2/k -2%s3/k 0 0 2-4*s6/k cd67;
cd71 cd72 cd73 cd74 cd75 cd76 cd77];
% get the positive eigenvalues of reduced average matrix
% and the smallest one;
cdeig=eig(cd);
cdeig=cdeig(find(cdeig>error));
evalue=min(cdeig) ;
% check whether the average matrix technique works or not;
if (evalue-eopt)>error
num=num+1 ;

fprintf (fid, ’v=)5d, k=%5d,
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average technique failed\n’, v, k);

fprintf (fid,’evalue=),12.5f,

eopt=%12.5f\n’ ,evalue,eopt);

fprintf (fid, ’s1=)3d,s2=%3d,s3=%3d,
s4=%3d,s5=%3d,s6=%3d\n’,s1,s2,s3,s4,s85,86) ;

end;
end;
end;
end;

end;
end;
if (num==0)

fprintf (fid, ’v=Yid, k=%5d, average technique eliminated

all other designs\n’, v, k);
end;
end; end;

fclose(fid); fprintf(’calculations completed’);



Appendix E

A Matlab Program Comparing d* to

dy in Terms of ¢s-criterion for

k/v>5/6in D(v,2, k)

% This is a program to compare design d* and design dO in terms of phi_p;

% for given v, the range of k is from 5v/6 to v-1;

fid=fopen(’phi.doc’,’W’); for v=4:100;
for k=floor(5*v/6)+1:v-1;
% find root such that \phi_p(C_{d*})=\phi_p(C_{d0});
x=fzero(@phpd, 10) ;
fprintf (fid, ’%5.0f %5.0f %10.5f \n’, v, k, x);
end;

end;

fclose(fid); fprintf(’calculation completed’);
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%Define a function y=\phi_p(C_{d*})-\phi_p(C_{d0});

function y=phpd(x) v=evalin(’base’,’v’); k=evalin(’base’,’k’);
y1=(2%k-2+2. " (=x) . * (2%k-v-1) =2. % (2*%k-v) + ((2%¥k-v) /k) .~ (-x) . ..
+(v/k) .~ (-x)) .~ (1./%);

y2=(2%k-1+2. 7 (-x) . * (2%k-v-2) -2% (2+%k-v) +2. "x . * ((k-sqrt (17*k~2. ..
-36xk* (2kk-v) +20% (2xk-v) "2) +2% (2%k-v) ) /k) .~ (-x)+2. "x. *((k. ..

+sqrt (17*k~2-36%k* (2xk-v) +20% (2%¥k-v) “2) +2% (2¥k-v) ) /k) . " (-x)) ~(1./x);

y=yl-y2;



Appendix F

Vita

The author, Bo Jin, was born on March 26, 1973 in Tianjin, P. R. China. He received his
B.S. degree and M.S. degree in Naval Architecture and Ocean Engineering, in 1994 from
Huazhong University of Science and Technology and in 1997 from Shanghai Jiao Tong Uni-
versity respectively. From 1997 and 1999 he worked in China State Shipbuilding Corporation
as an engineering technician. In 2000 he began his studies in statistics in the Department of
Statistics of Virginia Tech, where he received his M.S. degree in 2001 and Ph.D. degree in
2004.

144



