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New Methods for Finding Non-Left-Orderable and Unique Product
Groups

Steven M. Hair

Abstract

In this paper, we present techniques for proving a group to be non-left-orderable
or a unique product group. These methods involve the existence of a mapping
from the group to R which obeys a left-multiplication criterion. By determining
the existence or non-existence of such a mapping, the desired information about
the group can be concluded. As examples, we apply this technique to groups of
transformations in hyperbolic 2- and 3- space, and Fibonacci groups.
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CHAPTER 1

Introduction

The immediate goals for this paper are to find new examples of unique prod-
uct groups and non-left-orderable groups — namely, groups of transformations in
hyperbolic space and Fibonacci groups. In addition, there are two larger questions
which hope to be addressed using the techniques outlined here. The first is to
determine whether there exists a unique product group which is not left-orderable;
the second is to find new examples of torsion-free groups which are not unique
product groups. Recall that G is a unique product group if, given nonempty sub-
sets X,Y C G, there exists a g € G which can be uniquely expressed in the form
xy with £ € X and y € Y. Also recall a group G is left-orderable if there exists
a total ordering < on G such that a < b <= ca < ¢b for all a,b,c € G. It is
known that left-orderable groups are unique product groups; however, the existence
of a non-left-orderable unique product group is still an open problem. Examples
of torsion-free groups which are not unique product groups are known — one such
group is given by David Promislow [7] — but these examples are few. Besides the
two goals listed above, another use for our methods is to prove that a group is in
fact a unique product group. By Thomas Delzant’s paper [2] we have the following
result:

PROPOSITION 1.1. Let G be a residually finite hyperbolic group. Then G has a
subgroup H of finite index such that H is a unique product group.

In the context of Delzant’s paper, “hyperbolic” means word hyperbolic in the
Gromov sense. This proposition provides motivation for finding hyperbolic groups
which are also unique product groups. One method for doing so arises when the
group acts on a metric space. In this case, the following criterion can be used:

PROPOSITION 1.2. Let X be a metric space with metric d, and let G be a group
acting on X. If, for all p,q € X and all non-identity g € G,

d(gp,q) > d(p,q) or d(g”'p,q) > d(p,q),

then G is a unique product group.

This proposition is implicit from [2] though it is not explicitly stated. It can be
easily shown by choosing a point p € X. Then there exists an element g € G such
that d(gp,p) is maximal; the unique product property must apply to g. Showing
that the criterion of this proposition applies for a given group — for example,
a torsion-free group of transformations in hyperbolic n-space — tells us that the
unique product property also applies. One motivation for finding unique product
groups lies in the area of group rings. By [6] and [8], we see that if k is an
uncountable field and G is a unique product group, then the group algebra k[G] is
a domain.
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Another problem addressed in this paper is whether a given group is non-left-
orderable. A second criterion can be applied which allows us to determine such
groups:

PROPOSITION 1.3. Let H be a countable left-orderable group. Then there exists
a mapping 6 : H — R such that

0(gh) > 0(h) or (g~ *h) > 0(h)
for all g,h € H, where g # 1.

By [5, Lemma 2.4, Proposition 2.5] and [9, Lemma 2.2], we can assume a
countable left-orderable group H is a subgroup of Aut(R) and that for all non-
identity g,h € H, ¢g(0) # 0 and g # h = ¢(0) # h(0). Then, defining 6 by
0(g) = g(0) for all g € H, the condition follows.

By proving that such a mapping 6 cannot exist for certain torsion-free groups,
we can show that these groups are not left-orderable. In other words, these groups
cannot act on the real line (or the circle) by orientation-preserving homeomor-
phisms.

The above two conditions can be generalized by the statement: Let G be a
group. G is left orderable implies there is a map #: G— R such that fgx > 0z or
Og~'x > Ox for all g,z € G with g # 1 implies G is a unique product group.



CHAPTER 2

Unique product property of Fuchsian groups

Using 1.2 we can determine that certain groups acting on hyperbolic n-space
obey the unique product property. The first such group is a torsion-free Fuchsian
group; i.e. a torsion-free discrete group of Mobius transformations acting on the
hyperbolic 2-space H?. Recall that a group is discrete when its associated topology
is discrete.

We will characterize H? using the upper half-plane model, in which every point
is represented by a complex number a+bi € C; b > 0. We will also refer to the real
axis, the line b = 0, as 9H2. The hyperbolic metric d in this model is defined by

lw— 2
2Tm(w) Im(z)

For ease of calculation, we introduce a modified version of the metric, denoted
|lw — z|| and defined by

coshd(w,z) =1+

DEFINITION 2.1.
jw — z|?

o=zl = Im(w) Im(z)

Since the hyperbolic arccosine function is strictly increasing on its entire do-
main, it can be easily verified that |w — z|| > ||z — z|| = d(w, z) > d(z, z). For our
purposes, transformations in H? can be represented as matrices g € SLy(R); that
is, matrices of the form

a b
g= (c d) ;a,b,e,d € Ryad —be = 1.

Viewing z € H? as a complex number, the transformation ¢ acts on z as the
fractional linear transformation

az+b

cz+d

gz =

Every transformation of H? can be placed into one of three distinct classifications,
depending on its fixed points in H?, or alternately, the square of the trace of its
matrix representation:

DEFINITION 2.2. Let g € SL2(R) act on H?. Then
(1) g is elliptic <= tr?(g) <4 <= g fizes a single point in H>.

(2) g is hyperbolic <= tr?(g) >4 <= g fives two distinct points on OH?2.
(3) g is parabolic <= tr’(g) =4 <= g fizes a single point on OH?.

Elliptic, parabolic, and hyperbolic transformations are analogous to Euclidean
rotations, translations, and horolations, respectively. Along with fixing certain
points, these elements also keep certain geodesics in H? invariant. The figures

3
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below demonstrate the fixed points and an invariant geodesic for representative
transformations.

Ficure 1. Elliptic Transformation

FIGURE 2. Parabolic Transformation
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FicURE 3. Hyperbolic Transformation

We will require the following result:

LEMMA 2.3. A torsion-free group of Méobius transformations contains no elliptic
elements.

PROOF. Let g be an elliptic transformation and consider the group (g). From
[3, Proposition 2.1], a group of M&bius tranformations fixes a point in H? if and
only if the group is finite. Since (g) fixes a point, namely, the point fixed by g, |{g}|
is finite. Thus ¢ has finite order and so a group containing g cannot be torsion-
free. (]

We can now prove the following theorem:
THEOREM 2.4. A torsion-free Fuchsian group is a unique product group.
PROOF. Let p,q € H? be distinct and let G be a torsion-free Fuchsian group.

There exists an isometry a of H? such that a(p) =i and a(q) = £, where d(p, q) =
d(i, %) (« is essentially a shift which moves p and ¢ to the vertical axis). Also, since
Z) € Gbea
nonidentity element. The isometry a acts on ¢ as aga~!. Thus the classification of
g as elliptic, hyperbolic, or parabolic remains invariant under «, since tr(aga=t) =
tr(aa™tg) = tr(g). To show that G is a unique product group, it is now sufficient
to show that |lgi — £|| or [|g~'i — L] is greater than [|i — L

1 n—1\2
—li - = =
n n n

d(i, ) = d(i,ni), we can further assume that 0 < n < 1. Let g = “
n c
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and
1 . aitb _ i|2
7”.92 . EH _ leitd n
n n Im ai+b
ci+d
ait+bd—ci 1‘|2 |bd+ac+(ad—b6)i _ 1|2
_ lcitd d—ci n _ c24-d? n
aitb d—ci bdtact(ad—be)i
Im (ci+d dfci) Im ( c2+4d?
2 2
bd+ac + 1 1
c?2+d? c?2+d? n
- _1
c2+d?
2
2
(bd + ac) (= (¢ +d?) 1
2 + d? n c? + d?

(n— (2 +d%)"
n? (¢ + d?)
We may further assume that ¢? + d? > 1: since g must be hyperbolic or parabolic,
(a +d)? > 4, which implies a® + ¢ > 1 or ¢> +d? > 1. If a® + ¢® > 1, we achieve
the result by substituting ¢g—! for g in the proof. The final case, a? = d?> = 1 and
c? = 0, will be covered later in the proof. So n? < ¢ 4 d?, which implies:

n? (1 — (02 + dz)) > (02 + d2) (1 — (02 + dz))
=n’+(+ d2)2 > (¢ +d?) +n? (2 +d?)
n2—2n (2 +d?) + (&2 + d?)° - n? (2 +d*) — 2n (c* + d?) + (¢* + d?)

- n? n?
N (n— (c;—i— d2))2 - (02+d2732(n— 1)?

(= (E+d)>  [n-1)\2

- (2 4+ d?)n? >< n )

1, . 4 1.
= —llgi——lI>—lli ——|
n n n n
o= > 1=
Also, if a® = d? = 1 and ¢? = 0, then b? # 0 since g is a nonidentity element. Then
2
(bd+ac)2+ n— (¢ +d?) 1 T n—1 2> n—1\°
4+ d? n 2 +d2 n n
Therefore d(gi, %) > d(i, %), so d(gp, q) > d(p, q) and the result follows from 1.2. O




CHAPTER 3

Unique product property of Kleinian groups

The next step logically is to develop an analogue of 2.4 for torsion-free Kleinian
groups; that is, torsion-free discrete groups of Mdébius transformations in the hy-
perbolic 3-space H3. While it may be possible to refine the results below to in-
clude further torsion-free Kleinian groups, it can at least be shown that some such
groups, most notably torsion-free subgroups of Picard’s group and Bianchi groups,
are unique product groups.

The models and calculations used here are similar to those used in the previous
section. We will represent H® using the upper half-space model, in which every
point can be represented by a quaternion a+bi+cj € H, ¢ > 0. The complex plane
¢ = 0 will be called OH?. The metric d on H?, for w = a + bi + ¢j, z = q + 7i + 57,
is defined by

2
coshd(w,z) =1+ M
2cs

As in the previous section, we will use a simplified version of this metric, |jw — 2|,
defined by:

lw=z=|
cs

DEFINITION 3.1. |lw —z| =

It can again be easily verified that ||w — z|| > ||z — z|| = d(w,z) > d(z, z) in
H3. For our purposes, we may view transformations in H® as matrices in SLo(C),
i.e. matrices of the form

a b
g= (c d) sa,b,e,d € Coad —be=1.

For a transformation ¢ represented as above and for z = s +tj € H?,s € C, g acts
on z as the fractional linear transformation defined in the previous section. This
action may also be written in an alternate form, called the Poincaré extension:

(as+b) (cs+d) +aEt2+|ad—bc\tj

DEFINITION 3.2 (Poincaré extension). gz = v L

This is the preferred formulation for our calculations in H?. A transformation
in hyperbolic 3-space can again be classified as elliptic, hyperbolic, and parabolic
according to the square of the trace of its matrix representation or, alternately,
the points it fixes; replacing all instances of H? with H® (and H? with OH?) in
Definition 2.2 gives the analogous definitions. In addition, the fact that our matrices
have complex entries brings rise to a fourth classification:

DEFINITION 3.3. Let g € SL2(C) act on H3. Then g is strictly loxodromic
<= tr?(g) ¢ [0, +00).

We will now prove the following theorem, a 3-dimensional analogue to 2.4:

7
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THEOREM 3.4. A torsion-free Kleinian group G is a unique product group pro-
vided
lal, |e|, or |d] = 1
for all strictly lozodromic g = <Z Z) eG.

PROOF. Let p,q € H3 be distinct and let G be a torsion-free Kleinian group.

The following lemma, from [1], implies that there again can be no elliptic elements
in G:
LEMMA 3.5. A subgroup G of M, the group of Mébius transformations, such

that G acts on H3, is discrete <= for every compact K CH3, g(K)NK = for
all but finitely many g € G.

If there exists an elliptic g € G' with fixed point € H?, g*({x}) = {z} for all
k. Since G is torsion-free, there are infinitely many such ¢¥; thus G cannot be a
discrete group and so is not a Kleinian group.

Let g = <i Z) € G be a nonidentity element. As in the proof of 2.4, we assert
the existence of an isometry a of H?® such that a(p) = j and a(q) = %,
d(p,q) = d(j,2) and 0 < n < 1. It is again sufficient to show that |[gj—Z|| > [|7—2|

n

where

or lg=1j — 2] > [lj - ]| We know

1, n—1\°
EHJ—ZHZ n

And, using the Poincaré extension for gj:

bd+ac J J
1, a1 v " w
Ligi— )= 1
ERESrE
2
n= (e’ + )

n (lef* + |al*)
(o= (s aP))
T2 (|c|2 + |d|2) '

For g hyperbolic or parabolic, the proof that [|gj — 2| > ||j — L] or lg~%j — || >

bd + ac
lel” + 1d)?

= (1ef? +14*)

|7 — £|| is now identical to the one used for 2.4. For g strictly loxodromic,

TS (n= (1 + 14)) N (n_1)2

n (e 1) n

1, .
elorld] > 1= - [lgj -

and

(n= (e +10))" <n_1>2_

) .
B e e e —
" n (e + ) "
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Groups which satisfy the condition of the above theorem include torsion-free
subgroups of Picard’s group, the group of matrices whose entries are Gaussian
integers, and Bianchi groups in general. A Bianchi group is a discrete group of
matrices whose entries lie in the ring of integers (9@( v=a) of the extension Q (v—d),

where d is a squarefree positive integer. It is known that OQ( V=) = Z |w], where

V—d, if —d=2,3 mod 4
w =
y=d if ~d=1 mod 4.

For —d = 2,3 mod 4, each matrix entry is of the form a + bv/—d;a,b € Z (assume
b # 0). Since |a + bv/—d| = y/a? +b2|d] > /1 > 1, these Bianchi groups meet

the unique product criterion. For —d = 1 mod 4, we may assume |d| > 3. Each

matrix entry is of the form a + b (@) ;a,b € Z (again, assume b # 0). Then
o+ b ()P = (a+8)” + S For b # 20, (a+3)° 2 4 since T >
3. it follows that |a + b(%ﬂ)ﬁ >1=la+ b(“'iﬁy > 1. If b = —2q,

a+b (H'T‘/Td) = av/—d; obviously |av/—d| > 1. Note that we may ignore the cases

in which the matrix entries are equal to 0; since the determinant must equal 1, at
least one of the lower triangular entries is nonzero.



CHAPTER 4

F(n —1,n) is not left-orderable

In the next two sections, we will prove that certain groups are non-left-orderable
by demonstrating that a function as described in 1.3 cannot act on them. The first
such group is the Fibonacci group F(n — 1,n). This group is presented by

Fn—1,n)={(x1,22,...,%n | T1T2 -+ Tp_1 = Tpy...,Tp®1 " Tp_2 = Tp_1),
where the product of n — 1 consecutive generators gives the next one modulo n.
In [4], it is shown that this group is not left-orderable by other means. However,

[4] also provides motivation for finding other non-left-orderable 3-manifold groups,
which can be accomplished using this method. We state the following:

THEOREM 4.1. There exists no mapping 0 : F(n — 1,n) — R which satisfies
6(gh) > 6(h) or 6(g~'h) > 0(h)
for all g,h € F(n—1,n). Therefore F(n —1,n) is not left-orderable.
PROOF. Suppose there exists a 6 : Fi(n — 1,n) — R which satisfies this con-

dition. Then, by defining ¢y = z,, and x,, 11 = x1, the following lemmas apply to
F(n—1,n):

LEMMA 4.2. Let 1 <i<n. Then 0(z;11) > 0(x;) or 0(z; ") > 0(z;).
PROOF. Because of the left-multiplication condition satisfied by 6, one of the
following cases apply:
Case 1. 0(wiy1) = O(wigoTizs - 2i) > O(wigs - w5) > - > 0(x;).
Case 2. For some k < n,
Oz wprn @) = (a1 ty ) > O(apn - wi) > - > O().
Then
Oy ailyoaly) > 0l 2ty o)
or
O(zrayty x;rll) = 0(Tpt1Tpt2 - Ti) > O(Thp1Tp42 - Ti),
a contradiction. Therefore
0wy "oty o) > 0wty oty o aih).
Applying this argument inductively for k + 1,k + 2,... i gives
O(z; ') = 0(a; Ly ly - afl) > - > 0 gty - a)) > - > 0(w),

the desired result.

An analogue of this lemma exists for 6(x;'):

10
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LEMMA 4.3. Let 1 <i <n. Then 0(z; ")) > 0(z; ") or 0(x;) > 0(x;").
PROOF. Again, two cases apply here:
Case 1. H(x:_ll) = G(xi__llxi__z2 . zl_l) > 0(3:;_22 . xz_l) > > G(Ii_l).
Case 2. For some k < n,
H(zkxlz_ll e xl_l) = 0(Tp1Thao - Timg) > H(x,;_ll ) > > H(mi_l).
Then
O(Tppyr - wio1) > O(Thgp 1Tt Tio1)
or
Oy, wprr e wioy) = 0w Ly ly oy ) > 02y ),
a contradiction. Thus
O(xpThq1 - Tim1) > O(Xpp1Tpq2 - Tiz1).
Applying this argument inductively for k + 1,k + 2,...,7 gives
O(x;) = 0(xip1Tiya - wio1) > -+ > O(Tpp1Tpy2 - Ti1) > 9(55;1),

the desired result.
O

2n + 1 applications of the results of 4.2 and 4.3, starting with 6(z), gives a
chain of strict inequalities:

O(xq1) > G(xfll) S>> 9(x62n+1)7

12n41
where i; < n and €¢; = £1. Since no more than 2n such z§* in this chain can be
distinct, the pigeonhole principle indicates 9(3:;-] ) > 0(x3") for some j in the chain.
The resulting contradiction completes the proof. (I



CHAPTER 5

F(2,2n) is not left-orderable

A somewhat more interesting application of 1.3 is proving the non-left-orderability
of the Fibonacci group F(2,2n), presented by
F(2,2n) = (x1,x9,...,%op | T122 = T3,...,TopnT1 = Ta),

where the product of two consecutive generators gives the next generator modulo
2n.

THEOREM 5.1. There exists no mapping 0 : F(2,2n) — R which satisfies
0(gh) > 0(h) or (g~ *h) > 0(h)
for all g,h € F(2,2n). Therefore F(2,2n) is not left-orderable.
PROOF. Again, assume such a 6 exists. We first prove the following lemma:

LEMMA 5.2. For all 1 < i < 2n, the following hold:
(1) O(wira) > O(x:) or O(a; ) > O(:)
(2) O(xim1) > O(a; ) or O(az)y) > 0(z)
Where we define xon+1 = 1, Tonta = T2, and To = Ty,

PRrOOF.
(1) From the properties of 6, we know O(x;x;—12;) = 6(x;42) > 6(z;) or
O((ziwi1) " a;) = 0(x; 1)) > 0(x3).
(2) Similarly, O(z;412; ") = 0(xi—1) > 0(z; ") or O(x; ;') = 0(x ) >
O(a; ).

]

4n + 1 applications of the result of 5.2, starting with 6(x), gives a chain of
inequalities:
0(x1) > 0(z5) > - > O ),

Tdn41
where i; < 2n and €; = £1. Since the number of such distinct «;* is no more than
4n, the pigeonhole principle indicates 6(z§’) > 6(2}’) for some j in this chain. The
resulting contradiction completes the proof. O

The argument above can also be illustrated by using a directed graph, like
the one below for F(2,8). An edge directed from a vertex A to vertex B means
0(B) > 6(A). Thus any cycle containing A indicates the contradiction 8(A) > 6(A).
Since the properties of 6 require us to always trace an edge outward from a vertex
if one exists, a quick inspection shows us that a cycle will be encountered along
any path. For 2n > 8, F(2,2n) is an infinite torsion-free group; thus our result
provides new examples of non-left-orderable infinite torsion-free groups.

12
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