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(ABSTRACT)

The understanding of topics such as friction, wear, lubrication, and adhesive bondsis
dependent on the ability to measure surface and interfacial energies. The surface energies
of liquids may be measured accurately using a variety of techniques; however, surface
energies of solids are much more difficult to accurately measure. In an attempt to
develop amethod that can be used to measure surface and interfacial energies of solids,
this thesis proposes the use of a€lastica. The elastica acts as an extremely flexible beam
and provides a structure that will permit measurable deformation of the solid by relatively
small surface attractions. The ends of the elastica are lifted, bent, and clamped vertically
at an equal height and specified distance apart. They are then moved downward,

allowing the strip to make contact with aflat, rigid, horizontal surface.

Two adhesion models are investigated. First, a JKR-type analysis, which examines the
effect of adhesion forces that exist within the area of contact between the elastica and the
rigid surface, is considered. Various values for the work of adhesion are examined. A
DMT-type analysis, which assumes that the adhesion forces act in the region just outside
of the contact area, is also considered. Results are obtained for linear and constant forces.
Various values for the maximum DMT force and the vertical separation between the
elastica and the rigid substrate at which the adhesion forces terminate are examined.

Results from the two types of analyses are compared.
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Chapter 1. Introduction

The measurement of surface and interfacial energiesis of significant interest in the
scientific and technical communities. A broader knowledge of these energies and their
effects on material systems may lead to advancements in the understanding of areas such
asfriction, wear, lubrication, basic material behavior, adhesive bonds, and material
durability. Additionally, industries involving bonding, coating, cleaning, and painting
would all benefit from a greater understanding of surface energies and adhesion.
Although reliable methods for measuring surface energies of liquids have been
developed, determination of interfacial energies of solids has been more difficult.

Surface energies of liquids may be measured accurately using a variety of techniques
including capillary rise experiments, the maximum bubble pressure method, and bubble
or droplet shape techniques. However, accurate surface energy measurements for solids
are much more difficult to obtain. Often, solids possess material stiffnesses that are large
enough to prevent surface tensions from altering the shape of the solid. In an attempt to
measure the surface energies of solids, yet avoid the limitations presented by the material
stiffness, several technigques have been developed. Previoudly, estimates of surface
energies for solids were made using the melted state of the material of interest and
evaluating its behavior in the liquid form. To do so, one must assume that the energies of
the liquid and solid are similar - an assumption which, upon further investigation, has
been proven to be inaccurate in many cases. A second method of measurement uses the
cleavage of brittle materials to estimate surface energies. Again, this method has limited
applicability and cannot be used to measure surface energies of most practical materials.
In addition to the techniques discussed above, various others involving limited

technology have been reviewed (Adamson, 1967).



Recently, more sophisticated methods of surface energy estimation and measurement
have been developed. In 1971, Johnson, Kendall, and Roberts published “ Surface Energy
and the Contact of Elastic Solids” which developed a mathematical model and
experimental technique for the measurement of surface energies of solids. In their model,
now referred to asthe “ JKR technique”, Johnson et al. (1971) examine two similar, solid,
homogeneous spheres with frictionless surfaces. A normal force is applied to the spheres,
bringing them into contact with one another. A flat, circular contact region between the
spheres develops as additional force is applied. Adhesive forces are present within this
contact region and are ignored outside of the region. Equilibrium conditions are then
determined by minimizing the total energy of the system. The work of adhesion can be
calculated using the values obtained from the analysis for the contact radius, the applied
load, and the known material properties of the spheres. Similar to the other methods
developed for measuring surface energies of solids, limitations also exist in the JKR
model. To perform a JKR-type analysis, one of the materials of interest is typically an
elastomer (ahighly flexible material). If neither of the materials being considered isan
elastomer, an elastomeric lens must be coated with one of the materialsin order to
perform the analysis. Although some success has been achieved with this method, not all

materials can be deposited on the lens (Mangipudi, 1996).

In an attempt to devel op a method that can be used to measure surface and interfacial
energies of solids for abroader range of material types, the use of aflexible structure has
been proposed. For the present research funded by the National Science Foundation, an
elastica, acting as an extremely flexible beam, was chosen for use in our analytical

model. The elasticais assumed to be thin, uniform, smooth, inextensible, and flexiblein
bending. Additionaly, the elastica provides a structure that will permit measurable
deformation of the solid by relatively small surface attractions. The ends of the elastica
are lifted, bent, and clamped vertically at an equal height and specified distance apart.
They are then moved downward, allowing the strip to make contact with aflat, rigid,
horizontal surface. Additional downward force is then applied to the elastica, causing it to



flatten. When the effects of surface and interfacial energies areincluded in the analysis,
the forces of attraction between the elastica and the rigid surface modify the elastica’'s
shape and cause an elongation of the contact length. The advantages of using an elastica
to measure surface and interfacial energies include the simplicity of the governing

equations and the applicability of the method to avariety of materials.

Using the analytical model discussed above, two analyses are performed. First, a JKR-
type analysisis considered. This analysis examines the effects of adhesion forces that
exist only within the area of contact between the elastica and the rigid surface.
Separation distances between the fixed ends of the elastica equal to 0.4 and 0.8 times the
length of the elastica are considered. Various values for the work of adhesion, Ay, are

used to determine the extent of the effect of adhesion.

The second analysis technique used to investigate the effect of surface and interfacial
energiesis based on aDMT- type theory. Named after the analysis method performed by
Derjaguin, Muller, and Toporov (Derjaguin et a., 1975), the DMT method assumes that
the attractive forces between materials occur in asmall region just outside the contact
area. For our analysis, we chose to examine two cases. First, alinear forceis
investigated (i.e. the forceisalinear function of the vertical separation distance), with a
maximum force of fo occurring at the point of separation of the elasticafrom therigid
surface and terminating when a specified vertical separation distance isreached. Second,
a constant force go, which occurs at the point of separation and acts until the vertical
separation distance between the el astica and the surface reaches a specified value, is
studied. Values for both fo and go are varied, as are the values for the areas outside of the
contact area over which the adhesion forces act.

Upon conclusion of the analysis, the results from the various models are compared and
the effects of the adhesion forces are examined. Additionally, the analytical results are

compared with available experimental results. The datais then discussed, conclusions



are drawn, and the need for future research is addressed. The ultimate goal of our efforts
IS to produce an aternative and possibly more precise method of determining surface
energies of solids, using the methods and results obtained through this research.

The outline for the subsequent chaptersis asfollows. A review of previous research on
the topics of a bent elastica and the surface energies of solids is presented in the
following chapter (Chapter 2). Following the literature review, Chapter 3 gives the
formulation of the analytical methods used for the present research. This chapter
describes the JKR- and DM T-type analyses, respectively, that are utilized throughout this
thesis. Chapters 4 and 5 present the results obtained through the JKR- and DM T-type
analyses respectively and propose explanations for these results. In Chapter 6, a
comparison is made between the results obtained analytically and those obtained by
others through experiments and afinite element analysis. Finally, Chapter 7 will
summarize the results and conclusions obtained from the present research and list
suggestions for future research.



Chapter 2. Literature Review

2.1 INTRODUCTION

In order to develop a method that can be used to measure surface and interfacial energies
of solids, the use of aflexible structure, or an elastica, has been proposed. Research has
been conducted on both the measurement of surface and interfacial energies of solids and
on structural applications for an elastica; however, the two have never coincided. The

following are examples of how each of the subjects have been examined individually.

2.2 SURFACE AND INTERFACIAL ENERGIESOF SOLIDS

The classical solution of the problem of two spheres brought into contact with one
another was originally proposed by Hertz in 1881. Hertz ignored the presence of both
friction and adhesion and computed the contact area and stress distribution for a
compressive load. More recently, two significant, distinctly different methods of analysis
have been developed which have included the effects of adhesion. The first method,
known as the JKR method and devel oped by Johnson et a. (1971), examines the effects
of adhesion within the contact area. The method predicts that two adhering solids that are
brought into contact will have an infinite tensile stress and a sharp discontinuity at the
edge of the contact zone. Additionally, the JKR method predicts a contact area greater
than that predicted by Hertz (Horn et al., 1987). The second method, know asthe DMT
method and developed by Derjaguin et a. (1975), suggests that the attractive forces
between two solids exist just outside of the contact zone where the surfaces are a small
distance apart. The DMT method assumes that the deformed shapes of the surfaces are
Hertzian and, like JKR, a contact area greater than that predicted by Hertz is expected
(Horn et al., 1987). A more extensive review of the work accomplished by Johnson et al.
and Derjaguin et a. isincluded in the subsequent sections.



The following authors have addressed, either analytically or experimentally, issues such
as the measurement of surface and interfacial energies and the effect of adhesion on the
contact radius. Many of the authors have chosen to compare their results to those
obtained by the Hertz theory and the JKR and DMT methods.

2.2.1 Analytical Research

In their paper, Johnson et a. (1971) investigate surface forces and their effect on the
contact equilibrium between two lightly loaded elastic solids. The theory developed by
Johnson et al. (called the JKR theory) suggests that adhesion forces are present only
within the contact region between the two solid bodies. Additionally, the theory states
that under zero load, the two elastic spheres are in contact and have a finite contact
radius, a, due to the adhesion forces. To determine the contact equilibrium between the
elastic spheres, the total energy of the system, U+, iscomputed. The total energy
consists of three components: the elastic energy, Ug, the mechanical energy, Uy, and the
surface energy, Us. The equilibrium condition is then found by adding the three

components of Ut and minimizing the total energy of the system (dUt / da= 0).

The JKR theory diverges from Hertz' s theory not only in its consideration of adhesion
forces, but also initsinclusion of tensile stresses within the contact region. According to
the JKR theory, stresses between the surfaces are tensile at the edge of the contact region
and are compressive only in the center of thisregion. This condition then requires the
sphere to meet the interface at aright angle. Johnson et a. computed values for the
contact radius and deflection by minimizing the total energy of the system. These results
were compared to those values obtained by applying Hertz' stheory. The JKR theory
produced values for both the contact radius and the negative load needed to separate the
two spheres that were greater than those predicted by Hertz (Hertz theory actually
predicts that the spheres will separate when the load has been removed, or P=0). Johnson
et a. also verified their findings with a short series of tests using gelatin and rubber



spheres. Agreement was good between the analytical results and the experimental results

for these low modulus solids.

Shanahan (1997) developed a variant on the JKR test in which a spherical membrane
under slight internal pressure is brought into contact with aflat, rigid surface. By using a
hollow membrane, as opposed to a solid sphere, alarger contact area developed between
the sphere and flat surface (when the same conditions such as material, radius, and
applied force are observed). This contact area, which was approximately 10 times larger,
allowed for easier measurement and reduced potential errors. For instance, in the JKR
method, the adhesion energy is proportional to the cube of the contact area. Therefore, a
small error in the measurement of the contact arearesultsin amagnified error in the
value for the adhesion energy. In contrast, in the method devel oped by Shanahan, the
energy of adhesion is proportional to the square of the contact area, consequently

reducing the magnitude of any propagated error in the calculation of the adhesion energy.

In addition to alarger contact area, Shanahan’s balloon test yielded other results that
differed from those predicted by JKR. First, the analysis conducted by Shanahan
produced a value for the separation force 33% larger than that predicted by JKR. Also,
once amaterial was chosen, the sphere used in the JKR test had inherent bulk and surface
properties. However, with the balloon test, only surface properties were determined by
the materia type. The mechanical properties can be modified by changing theinitial
internal pressure of the spherical membrane. It must be noted, however, that the pressure
In the sphere must remain small for the test to be advantageous.

Despite its advantages, the balloon test does present afew small problems. Initialy,
there may be difficulty in manufacturing the required spheres. Also, there may be
difficulty in clamping the spheres during testing; however, this could be remedied by
using two identical, flat plates on opposite sides of the sphere to provide stabilization.



Derjaguin et a. (1975) proposed an aternative analytical method to that derived by
Johnson, Kendall, and Roberts. This method, known as the DMT theory, also predicted
the deformed shapes, contact areas, and pull-off forces of a spherical ball in contact with
ahard surface. Intheir analysis, several assumptions were made. First, only the elastic
interaction of the ball and rigid surface was considered. Second, the modulus of elasticity
of the surface was considered to be much greater than that of the ball. However, the
modulus of elasticity of the ball should not be so small that the attractive forces present
would not be able to change the form of the ball outside of the contact zone. The
adhesion forces considered in this analysis act outside of the contact areain aring-shaped
zone. Additionally, the width of this ring-shaped zone in the radial direction decreases as
the flattening of the ball occurs. Similar to the Hertz theory, only a compressive force
was present within the contact zone, producing a contact area between the ball and the
surface which resembled, in general appearance, that predicted by Hertz. Therefore,

Derjaguin et al. predicted no discontinuities at the boundaries of the contact area.

After adetailed mathematical analysis, a series of equations that predicted values for the
contact area, adhesion forces, and adhesion forces was developed. Derjaguin et al.
concluded that the presence of van der Waal’ s forces led to an increase in the contact area
(as compared to the Hertz theory). Additionally, Derjaguin et a. discovered that the
force required to separate the surfacesis equal to the sticking force calculated for a
sphere experiencing point contact and lacking contact deformation. No experimental

work was conducted to verify the conclusions obtained by Derjaguin et al. (1975).

Muller et a. (1982) published an additional paper examining the force of sticking of an
elastic sphereto asolid surface. Two methods were developed to calculate this pull-of f
force. Thefirst method, the thermodynamic approach, required the calculation of the first
derivative of the total energy of the adhesion interaction. This approach was later proven
to beincorrect (Pashley, 1984). The second method, aforce approach, involved a

summation of the adhesive forces outside of the contact area between the sphere and the



rigid solid. Both methods produced values for the maximum adhesion force
approximately equal to the force calculated for a sphere experiencing point contact and
lacking contact deformation, as was predicted in Derjaguin et a. (1971). Additionaly,
the values obtained for the pull-off force were deemed valid whether the sphere was
being brought into contact with the rigid surface or was being pulled away from the

surface after deformation had occurred.

In an attempt to form alink between the DMT and JKR theories, Maugis (1992)
developed a genera theory using the previously mentioned methods as limiting cases. To
do so, Maugis chose to use the Dugdale model for adhesion. The Dugdale model
specifies that a constant constraining stress acts around the contact areain an annulus.
The Dugdal e zone can be simulated in actual testing by the presence of aliquid meniscus
at the edge of the contact zone. As stated previously, the JKR and DMT theories were
used as limiting cases for the general theory developed by Maugis. The JKR theory is
valid only for short-range interactions and/or soft metals. In contrast, the DMT theory is

applicable for long range interactions and/or hard materials.

Using the general theory, the limiting cases, and aliquid meniscus at the edge of the
contact area, the change in profile of two crossed cylinders under zero load was examined
asthe size of the meniscus was atered (Maugis, 1992). Under dry air conditions, the
cylinders experienced a sharp discontinuity at the edge of the contact zone, therefore
resembling a JKR profile. When awater meniscus was present, the profile of the
cylinders acted in accordance with the general theory developed by Maugis. Finaly,

when alarge meniscus was present, the cylinders acted according to the DMT method.

2.2.2 Experimental Research

Experimentsinvolving surface and interfacial energies of solids often concentrate on the
measurement of adhesion forces and the examination of the deformed shapes of the solids

in contact. Additionally, these experiments are often compared to results predicted



analytically by the DMT and JKR methods, which account for adhesion forces, and to
those predicted by the Hertz theory, which ignores adhesion.

Using two sheets of mica and affixing them to cylindrical glass lenses, Horn et al. (1987)
performed tests to measure surface forces as a function of separation between two solids.
The test specimens were prepared by gluing the two sheets of micato cylindrical glass
lenses using the epoxy adhesive Epon 1004. Before assembling the specimen, the side of
the micathat makes contact with the epoxy was coated with areflective silver film that
would act as an optical interferometer. Thissilver film then allowed the authors to take
measurements of the separation distance between the layers of film. The thickness of the
silver film and of the micalayers was subtracted from theinitial measurement to obtain
the separation distance between the outer faces of the mica. Load measurements were
obtained through the use of a double-cantilever spring attached to one of the glass lenses.
The glass cylinders were then oriented with their axes at right angles to so that their
geometry resembled that of a sphere on aflat surface. Once assembled, the testing
apparatus was filled with either a concentrated solution of KCL or an inert atmosphere,
such as N,. When the apparatus contained the KCL solution, a short range, repulsive
Interaction between the cylinders was experienced. The results obtained from this test
were then compared to results predicted by the Hertz theory. When the apparatus
contained the N gas, only van der Waals forces were present, allowing the results to be

compared to JKR theory.

Results obtained by Horn et a. were mixed. For the test involving nonadhesive contact,
good agreement with the Hertz theory was recognized. The contact radius (a) increased
with the application of load (P) according to the equation P=Ka/R (where K is a constant
and R isthe radius of the sphere being brought into contact with aflat surface). When
adhesion between the surfaces was present, the agreement between the predicted and
actual outcomes was not as favorable. During testing, a plastic deformation of the epoxy

layer occurred due to the presence of tensile stresses that exceeded the tensile capacity of
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the epoxy. Therefore, the perfectly elastic system required to test the JKR theory fully
could not be attained with the mica-epoxy-glass composite. Despite the plastic
deformation of the system during testing, several conclusions were drawn from the tests
where adhesion forces were present. First, at a given load, the contact radius is greater
when adhesion forces are present and, under zero load conditions, afinite contact area
exists. Secondly, an abrupt separation from a finite contact radius occurs as the adhering
solids are pulled apart. The contact radius obtained at pull-off agreed with the value
predicted by JKR.

Tabor (1977) chose to examine the effects of roughness and material ductility on the
adhesion of solids. Before considering the effects of roughness on solids in contact,
Tabor first analyzed two theoretical approaches for predicting adhesion forces, deformed
shapes, and contact areas. First, the theory proposed by Derjaguin et a. (DMT theory)
was examined. Tabor argued that by assuming a Hertzian shape for the deformed rubber
ball, Derjaguin et a. ignored the deformation due to the attractive forces close to the edge
of, but outside, the Hertzian circle. The author then argued that a theory that integrated
the concepts of surface forces with the principles of contact mechanics was necessary.
This second theory, which was devel oped by Johnson et al., stated that all important
attractive forces were found within the immediate contact area. When thereisno
external load, a compression region formed in the center of the contact zone while
tension existed in the outer regions. Additionally, a sharp discontinuity formed at the
edge of the contact zone.

Using the contact mechanics approach as a guide, several experiments were conducted.
First, an optically smooth rubber hemisphere and a hard, flat surface of Perspex were
brought into contact. When the Perspex surface remained smooth, the values for the pull-
off force and the contact radius agreed with the prediction made by contact mechanics.
However, when the surface was roughened, the adhesion diminished as the roughness

was increased. The main factor affecting the decrease in adhesion was the existence of a
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few high asperities that exerted alarge elastic force when penetrating the surface of the
rubber hemisphere. Therefore, the adhesion between the two surfaces was decreased due
to the presence of higher asperities that attempted to separate the surfaces and detracted

from the adhesion forces between the lower asperities and the hemisphere.

An additional series of experiments was conducted to determine the adhesion of clean
solids. Materials such as metals and other hard solids (diamond, sapphire, and TiC) were
carefully cleaned in ahigh vacuum. Crossed cylinders, similar to those used by Horn et
al. (1987), were used to conduct the experiments. Adhesion between cleaned ductile
metals was high; however, regardless of the degree of cleaning, the adhesion of the hard
solids remained low. Tabor explained this discrepancy in the following manner: “the
lack of strong adhesion is aresult of the fact that for hard elastic solids the extensibility
of an adhered junction before it failsin tension isvery small.” Therefore, when surfaces
of solids come within atomic contact, the “graininess’ of the material becomes relevant
and atom-atom interactions become avita factor. Additionally, the ductility of the
material and its ability to deform elastically contribute to the extent to which the adhesion

forces act.

Subsequent to his 1977 experiments, Tabor paired with Pashley (Pashley and Tabor,
1981) to perform additional experiments involving the contact of cleaned metal surfaces.
Testing involved the contact of a 1um radius tungsten tip with asingle nickel crystal.
The nickel and tungsten specimens were cleaned thoroughly until no traces of
contamination were present on an Auger spectrum. The two surfaces were brought into
contact and the applied load and contact resistance were recorded. The contact
resistance, measured using a four-terminal ac resistance measuring system, could then be

used to calculate the contact area.

Results were obtained for both clean metal surfaces and lightly oxidized surfaces. For
cleaned metals under higher loads, a steady rise in adhesion with the application of

12



additional load was observed. Thisindicates that adhesion was dependent on the load
and that plastic deformation of the specimens had occurred. At the higher loads, the
results were in good agreement with earlier work by Tabor and Pethica (1979). For lower
loads, adhesion was independent of the load and was affected solely by the surface
forces. Additionally, asignificant amount of scatter was experienced among data points
at these low loads. Pashley and Tabor determined that varying amounts of contamination
in the contact arearesulted in alarge scatter of the results, particularly at low loads.
Additional results obtained through tests involving cleaned metals included the
recognition that the adhesion measurements obtained from a contaminated contact were
lower than those obtained from cleaner surfaces, the contact area had a finite value at
zero load, and a ductile separation of the contacts occurred.

Next, testing was performed on alightly oxidized nickel surface in contact with a clean
tungsten tip. The values obtained for contact resistance varied considerably from areato
area over the surface of the crystal, implying uneven surface oxidation had occurred.
Despite variable data for the contact resistance, adhesion forces were consistently found

to be 2 to 3 times less than those obtained under cleaned surface conditions.

Finally, for tests concerning both the cleaned metal and lightly oxidized surfaces, the
loading-unloading curve was found to be highly irreversible. Through further study of
the experimental results, it was concluded that the surface energies themselves were
significantly larger than the bulk hardness of the nickel crystal and therefore were able to
initiate plastic deformation of the crystal.

23 ELASTICA THEORY

Even though Euler derived the solution of the elasticain 1744, the elastica theory
continues to be regenerated in avariety of new applications. Authors and researchers
have used and modified Euler’s original equations to solve problems involving the laying

of pipelinesin the ocean, peeling of adhesives, improving pole-vaulting techniques
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(Griner, 1984), and predicting the largest axial compressive force a piece of paper
passing through a copier can withstand before it will jam the machine (Vaillett et al.,
1983). Thefollowingisasummary of only aportion of the work done which has used
the elastica theory developed by Euler. Some of the authors who will be discussed in the
following paragraphs have chosen to apply previously developed elastica equations to
new applications, while the remaining authors have chosen to develop new methods of

determining solutions for elastica problems.

2.3.1 Basic Elastica Theory

Timoshenko and Gere (1961), using a slender, vertical rod that was fixed at the base and
free at the upper end, discussed large deflections of buckled bars. By considering alarge
vertical load, P, which was much greater than the critical buckling load, a large deflection
in the bar was produced. The exact curvature of this deflected rod was given by db/ds
when the distance, s, was measured from the origin, located at the free end of the bar. The
curvature of the bar was then multiplied by the flexura rigidity (El) to obtain the exact
differential equation of the deflection curve. The shape of the elastic curve, when found
using this exact differential equation, is called the elastica. Additionally, when the
equation of the deflection curveis differentiated with respect to s, the following equation
IS obtained:

El d°0 =- Psin 6 (2.1)
ds?

The differential equation of the deflection curve resembles the form of the differential
equation for the oscillations of a pendulum (Stoker, 1950).

After integrating the above equation and applying the appropriate end conditions,
Timoshenko and Gere obtained equations for the total length of the rod and expressions
for the x and y coordinates at the free end of the deformed rod. Additionally, coordinates

of intermediate points along the deflection curve can be found using elliptic integrals.
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The equations presented by Timoshenko and Gere were based on the assumption that the
slender rod was fixed at one end while alowed to remain free at the other. The results,
however, may also be used for a bar that is hinged at both ends. A series of curves,
representing possible forms of equilibrium of the rod, can be derived for the slender
fixed-free rod by substituting different values for the angle of the deflected tip into the
equations given by Timoshenko and Gere. These curves can then be combined to obtain
avariety of shapesfor the hinged rod. Valuesfor the forces necessary to produce the
bending in the hinged rod can be found by combining the pertinent results from the

analysis of the slender fixed-free rod.

Plaut et al. (1998) discussed various equilibrium shapes of an elasticain contact with a
rigid surface. The strip was assumed to be elastic and inextensible and the bending
moment was assumed to be proportional to the curvature. The weight of the strip and the
friction between the strip and the rigid surface were neglected. Additionally, therigid
surface was assumed to be flat and horizontal. The ends of the elastica were lifted, bent,
and clamped vertically at an equal height and specified distance apart. Therefore, when
no contact occurred between the bent elastic and the rigid surface, the shape of the

elasticawas symmetric.

The analysis began by examining the elastica before any contact had occurred. All
variables represented nondimensionalized quantities. The length of the elasticawas
defined as 2, the separation distance between the ends was 2c, the arc length was s, the
angle of the tangent with the horizontal was 0, and the horizontal and vertical coordinates
were x and y, respectively. A constant horizontal force, p, was present along with a
variable bending moment, m. The governing elastica equations were as follows:

dx = cos B dy=sin6

ds ds

dd=m dm=-psinB (2.2-2.5)
ds ds
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A shooting method was utilized to determine values for pand m. To use this method,
initial values of p and m(0) were guessed; then the el astica equations were numerically
integrated until s=1. Once the reactions p and m(0) had been cal culated, equilibrium

shapes were determined using equations derived for the x and y values.

The symmetric case with point contact was examined next. Equations (2.2 —2.4)
remained the same; however, equation (2.5) was transformed to

dm/ds=-psinB + g cosO (2.6)

where g was half the nondimensionalized applied vertical force. Resultsfor the reactions
at separation distances of ¢ =0, 0.2, 0.4, 0.6, and 0.8 were then determined. Additionally,
the vertical deflection was determined by solving for y (1) and subtracting this value from

theinitial height determined by the no contact case.

Also included in this analysis were results for the symmetric elasticawith line contact, a
symmetric elasticawith a buckled region, a symmetric elastica with two loops, and
various asymmetric el astica equilibrium shapes. Reactions were found for the separation
distancesc =0, 0.2, 0.4, 0.6, and 0.8 for each of the cases listed above. These additional
elastica configurations devel oped as the elastica was pushed further against the rigid
surface (for instance, when greater deflections occurred). Asymmetric configurations
occurred when the elastica was no longer stable as a symmetric structure and therefore
shifted to the left or right. Practical applications for such investigations relate to the
denting of vehicles, ships, and submarines (Kitching et al., 1975), the deformations of
tires (Mack et a., 1983), the testing of pressure on the cornea (Updike and Kalnins,
1972), and the adhesion of vesicles and red blood cells to surfaces (Evans, 1980).
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2.3.2 Applicationsof the Elastica Theory

G. M. Griner (1984), in his parametric solution to the pole-vaulting pole problem,
recognized the advantages in modeling a fiberglass pole used for pole vaulting as an
elastica having an applied concentrated force and moment at the upper end. In his
analysis, Griner obtained a parametric solution, expressed in terms of tabulated elliptic
integrals, which he believed generated an advantageous pole-vaulting technique that was

not normally utilized by coaches or athletes.

In hisanalysis, Griner depicted the fiberglass pole as athin elastic column. The upper
end of the pole was subject to lateral and transverse forces and a bending moment. To
retain static equilibrium, an applied transverse force was used to counteract the applied
moment. Furthermore, the Bernoulli-Euler relation for moment, a variation of the
classical elastica equation, was used in the analysis. A manipulation of the Bernoulli-
Euler moment formula produced equations for the length of the pole, thex and y
coordinates, and the inflection point in the pole. This inflection point developsin the
upper portion of the pole when a negative applied moment, activated by the pole-vaulter
in mid-vault, counteracts the bending which has already occurred.

Griner uses his results to determine the magnitudes of negative moments necessary to
cause rapid straightening of the rod under a variety of magnitudes of the compressive
force. Additionally, the possibility of snap-through buckling, which occurs when a
negative moment becomes large enough to instantaneously reverse the bending of an
elastica, was investigated. Through estimates of the maximum bending moment that a
vaulter may apply, Griner determined that while rapid rod straightening was afeasible
pole-vaulting technique, the danger of snap-through buckling was remote. Therefore, the
following pole vaulting technique was outlined by Griner: *Once maximum deflection
[of the rod] has been achieved the vaulter would benefit from a powerful straightening of
the pole such as would occur if it were suddenly much stiffer. Apparently this can be

accomplished by applying a negative moment at thistime.” A right-handed pole vaulter
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should therefore push with hisright arm, pull with hisleft arm, and invert himself with
his legs extended in order to create the maximum possible negative moment.

Severa other authors have used elastica models and elliptic integrals to solve practical
application problems. Vaillette and Adams (1983) chose an infinitely long elastic beam
contained within africtionless, rigid channel and subjected to axially compressive forces
to simulate such real world occurrences as paper feeding through a copier machine or
film passing through a movie camera. Using variations of the equations discussed above,
Vaillette and Adams investigated the maximum permissible axial force that may occur
before the beam collapses in the channel. The elastica solution to the beam confined
within a channel was then compared to the linear theory (Vaillette, 1982) which was
previously used to solve comparable problems. The elasticamodel clearly represented
the physical problem in amore redlistic light, due to the fact the linear theory did not
differentiate between the length along the curve and the horizontal |ength the deformed
beam occupied. Additionally, the linear theory allowed the length of the beam to become
zero, therefore making it possible for the beam to support an infinitely large compressive
force. Finaly, Vaillette and Adams concluded that for large values of the applied load,
the beam became unstable and folded over on itself.

The investigation of the elastica equations for a bar or beam of a given span length but
unknown arc length by Chucheepsakul et al. (1995) was motivated by recent activitiesin
offshore engineering and deep ocean mining. The elasticatheory was applied to the
following situation related to these topics: ariser or bar was used to connect a spot on the
seabed to a specified point on the sea surface. Therefore, in the design stage, the span
was predetermined whereas the arc length was unknown. The bar was hinged at one
support and was free to slide over a second, frictionless support where the reaction was
always normal to the beam. A moment was then applied at the hinged support. Using an
dliptic-integral formulation, the maximum applied moment the beam can resist was

obtained. The actual applied moment was then compared to the cal culated maximum or
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critical moment. If the applied moment was less than the critical moment, there existed
two equilibrium configurations for the beam; of these two configurations, one was stable
while the other was not. The stable configuration could be established by visual
ingpection of the two plotted configurations. Once the stable configuration was known,
the length of the arc could be determined. Note that the elliptic-integral method used by
Chucheepsakul et al. yielded exact results, whereas other methods |ed to approximate
solutions. The finite element method was also used to solve this problem and yielded

results comparabl e to those obtained in the elliptic-integral method.

Thefolding of thin elastic sheets, such as paper, sheet metal, or cloth, in the
manufacturing process was the primary focus of Wang (1981). By requiring the
thickness of the sheet to be small as compared to its minimum radius of curvature, Wang

could use the following elastica equations in his analysis:

Eld6 =-M + Fx + Gy
ds

dx=cos@ dy=sn® (2.7-2.9)
ds ds

where M, F, and G were the moment, vertical force, and horizontal force, respectively.

Additionally, three different cases of folding were defined within the paper. In Case 1
the folded elastica was compressed by two parallel approaching plates. In Case 2 the

el astica was folded between two symmetric rollers. Finaly, in Case 3 it was folded
between amoving roller and aflat plane. Instead of using the elliptic integral equations
to obtain solutions to the three cases above, simple numerical integration was used. The
results obtained were as follows: for the same force F and bending stiffness El, Case 1
had the smallest width, while Case 2 had the smallest height. Case 3 had both the largest
width and produced the largest maximum moment and was therefore the |east favorable
method for the folding manufacturing process.
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Thacker et al. (1997) used the el astica theory to determine maximum loads for structures
that experience large disturbances. First, a slender elastic column subjected to increasing
compressive end loads was discussed. At acertain critical load, the column deviated
from its straight shape and buckled. Previously, the bifurcation critical load was used as
an indicator for elastic stability. Therefore, if aforce on the column was below the
bifurcation load, it was assumed that the column would return to its undeformed state
after the removal of any sufficiently small perturbations. Additionally, a global critical
load Fy. was defined, below which the column returned to itsinitial state after any
applied disturbance (large or small). In some cases, the value of Fy. was smaller than the
bifurcation load, making the bifurcation load a poor indicator of stability. One such case
was a platform supported by two flexible columns subject to earthquake loading.

The effect of the height of the platform on the global critical load was the primary focus
of theanalysis. First, the columns were defined as slender, perfectly elastic, and with
negligible weight. The ends of the columns were fixed to the base and to the rigid solid.
The distance between the columns was defined as L, whereas the length of the columns
was defined as L. Thetotal weight of the platform, W, acted at the center of mass which,
in the undeformed state, was adistance aL + L from the base. The elastica equations
used were similar to those defined by Wang (1981) and differed only by the existence of
the two-column system specified in the paper.

By applying the appropriate geometric boundary conditions and manipulating the elastica
equations, Thacker et al. derived an equation for the vertical trandation, 9, of the center
of mass after deformation occurred. As the values for the displacement o increased, the
corresponding vertical load first increased, then decreased, then increased again,
indicating the presence of up to three equilibrium solutions. The effect of varying
parameters such as the height of the center of mass and the separation of the columns was
also examined. It was noted that an increase in the height of the center of mass greatly
magnified the nonlinear behavior, therefore drastically decreasing the value of Fy.
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However, the value of Fyincreased with increasing values of 3, but was limited by the
bifurcation load, which was independent of 3. Therefore, in the case of a platform that
experiences earthquake loading, the bifurcation load was totally erroneous in predicting
the safe load under finite disturbances and the global critical load should be utilized.

In an effort to avoid the nonlinear equations of equilibrium for plane el astica problems,
which were developed by Euler in 1744, Faulkner et al. (1991) used a segmental shooting
approach, alowing the separate segments to be loaded in various manners and solved
individually. To utilize this technique, arod with alinear elastic material behavior was
assumed to be composed of a number of segments, the ends of which undergo small
relative rotations. The small relative rotations in each segment allow the equilibrium
equations to be linearized and solved in a straightforward manner. To ensure
compatibility between adjacent segments, geometric and force compatibility conditions
were applied at the nodes. The original nonlinear problem was divided into small linear
segments that could easily be analyzed by a computer. When multiple solutions existed,
the segmental shooting technique was capable of determining all solutions and providing
insight as to which solution was the most stable. To illustrate their technique, the
procedure was applied to both a cantilever and a semi-circular arch example. Benefits
derived from this method of analysis included the ability to determine the solution for
each segment anal ytically and the elimination of the need for incremental loading as
required by finite element analysis.

2.4 CONCLUSIONS

Although much research has been performed independently on the subjects of surface
energies of solids and an elastica, none of authors discussed above have chosen to
examine surface and interfacial energies of solids using an elastica. By using aflexible
structure, instead of a flexible material as proposed by many authors, a variety of
materials may be investigated. The deformed shapes and contact areas between the bent
elasticaand arigid surface can then be examined to determine the effects of adhesion.
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Chapter 3. Formulation of Analytical Methods

3.1 INTRODUCTION

To investigate the effect of surface energies on the adhesion of solids, an elasticain
contact with aflat, rigid surface was chosen. This elasticawas assumed to be thin,
uniform, smooth, inextensible, and flexible in bending. The extremely flexible structure
of the elastica permitted measurable deformation of the solid by relatively small surface
attractions. The ends of the elastica strip were lifted, bent, and clamped vertically at an
equal height and at a specified distance apart. The ends of the elastica were then moved
downward and brought into contact with aflat, horizontal substrate (see Figure 3.1).
Additional force was then applied to the ends of the elastica, causing the strip to flatten.
Various planar equilibrium shapes were possible, including symmetric and asymmetric
shapes with single point contact, symmetric and asymmetric shapes with aflattened
region, and symmetric shapes with a buckled region. For the present research, only
symmetric shapes were considered. When the effects of adhesion were included in the
analysis, the forces of attraction between the elastica and the rigid surface modified the
elastica’ s shape and caused an elongation of the contact length. The effect of adhesion on
the contact of the elastica with the rigid surface was determined by comparing values
obtained for the contact length of elastica strips subject to surface attractions to those
values of the contact length obtained for elastica strips where no adhesion was

considered.

The dimensions of the elastica and forces acting on the system were defined as follows.
The length of the elastica strip was 2L, the width of the strip was unity, and the bending
stiffnesswas EI. Theinitially straight elasticawas bent until the ends were a distance 2C
apart at a fixed height, and the ends were clamped with vertical slopes (8 = 112). The

origin of the coordinate system for an elastica strip that has no contact or point contact
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with the substrate was placed at the bottom of the strip where the slope was equal to zero.
For an elastica strip which has a contact length, 2B, greater than zero, the origin was
placed at the point of separation of the elastica from the rigid substrate. The arc length of
the elasticawas S, the angle of the tangent with the horizontal was 8, and the horizontal
and vertical coordinateswere X and Y, respectively. Furthermore, the constant
horizontal force was P, the applied vertical force at each end was Q, the vertical
deflection due to the load was A, the bending moment at the clamped end of the elastica
was M, and the moment at the point of separation of the elastica from the rigid surface
was My,. Since only symmetric shapes were examined, this symmetry was utilized and
only one-half of the structure was considered. See Figure 3.2 for an illustration of the
orientation and location of the variables and forces for an elastica strip in contact with a

rigid surface.

In an effort to simplify the comparison between the results obtained from the present
analysis with those obtained through experiments on a variety of specimens of differing
size and material properties, al elastica dimensions, forces, moments, and energies were

nondimensionalized. Table 3.1 illustrates the nondimensionalization process used.

Table3.1: Nondimensionalized Quantities

Nondimensional Definition Nondimensional Definition
Quantity Quantity

S S/L o) AlL
X X /L p PL?/ (El)
y Y/L q QL?/ (El)
h H/L Mo ML / (EI)
b B/L My ML / (EI)
c C/L u (energy) UL / (El)
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Figure 3.1: Geometry of an elastica in contact with arigid surface

Figure 3.2: Orientation and location of variablesand forcesfor an
elastica experiencing line contact
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To solve the governing numerical equations and obtain the equilibrium shape of the
elastica, a shooting method was utilized. From geometry, the moment-curvature relation,
and equilibrium of an element, the governing equations used in the shooting method

WEere:

dx =cos6 dy=sin@

ds ds

d@=m dm=-psinB +qcosH (31-34)
ds ds

The appropriate end conditions were then applied in order to solve for the desired
parameters. For the no contact and the point-contact cases, x =y =0=0ats=0and x =
C,0 =T/ 2at s=1. When acontact area greater than zero existed, the boundary
conditionswerex =y =0 =0at s=0 and x = c-b, 8 = 11/2 a s=1-b. The governing
equations, boundary conditions, and values for defined variables (such as b and c) were
then entered into a Mathematica file and an equilibrium solution was obtained. Examples
of the Mathematica files used can be found in Appendix A.

Two types of analysis were used in order to determine the effects of adhesion on the
contact of solids. The first method investigated was a JKR-type analysis where the
adhesion forces existed only within the contact region and an energy approach was used
to obtain values for the unknown variables. To determine the equilibrium shapes and
contact areas, the total energy of the system was minimized. The second method
investigated was a DM T-type analysis where the adhesion forces existed in a small
region outside of the contact area and an equilibrium approach was used to obtain values
for unknown variables. Since the effects of adhesion were contained within the force
equations used in the shooting method, the equilibrium shapes and contact areas could be
calculated directly. A more detailed description of both analysis methods follows.
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3.2JKR-TYPE ANALYSIS

The analysis method developed by Johnson et a. (1971) was an extension of Hertzian
theory and included the effects of surface and interfacial energies. The JKR-type analysis
performed in conjunction with the present research was derived from this origina JKR
method. The elastomer or elastomeric lens required by the experimental technique
developed by JKR was replaced with an elastica, which yielded a rectangular contact area
(when anticlastic bending isignored). Additionally, the present research assumed the
deformed elastica would retain a smooth, continuous shape. This assumption differed
from the original JKR method that predicted a discontinuous slope at the point of
separation of the elastomer from the substrate.

3.2.1 Description of Adhesion Forces

The JKR-type analysis was performed using the previously discussed shooting method to
solve the governing elastica equations. The weight of the elasticawas initially assumed to
be negligible. To account for surface and interfacial energies of the materials, an
adhesion energy, acting in the region of contact between the rigid surface and the el astica,
was considered. This nondimensional adhesion energy was found by multiplying the
nondimensional work of adhesion, Ay, by the contact area. The dimensional work of
adhesion is afunction of the surface energies of both materials and, therefore, is equal to
Ay =vy1 + VY, —Vy12. Thetermy; isthe surface energy of one surface, the term vy, isthe
surface energy of the second surface, and the term yi, represents the interfacial surface

tension. Thework of adhesion was nondimensionalized using the following formula:

Work of Adhesion = Ay = (Ay)%M L? (3.5)
ET

where (Ay)pim is the dimensional quantity for the work of adhesion (usually givenin

mJm?) and T is the thickness of the elastica. A range of acceptable, realistic values of Ay
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Figure 3.3: (a) Location of moment my; (b) Stressdistribution at the point of lift-off
dueto adhesion forces

which could be used in the analysis was then chosen based on equation (3.5) and a
variety of material types. To alow the work of adhesion to deform the elastica and
elongate the contact length, amodel of the effect of adhesion was developed. At the
point of separation of the elastica from the substrate, a moment (my) was alowed to
assume a non-zero value (Figure 3.3 (a)). The value for m, was then determined in the
process of minimizing the total energy of the system. Figure 3.3 (b) shows the proposed
stress distribution due to the adhesion forces. A compressive stressislocated in the
central region of the contact length, whereas a tensile stress exists at the outer portion of

the contact zone. The tensile stress reaches its maximum value at the lift-off point.

3.2.2 Minimization of Energy

Because the effect of the surface energies on the contact of the elasticawith therigid
surface was not included in the equations used in the shooting method, it was necessary
to use another means to account for their presence. Therefore, an energy method, similar
to that employed by Johnson et al. (1971), was utilized. To find the contact equilibrium
between the elastica and the rigid solid, the total nondimensional energy of the system,
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ur, was computed. The equation for the total energy consisted of three components: ur =
Ue + Uw + Uy. Thestrain energy due to the bending of the elasica, ug, was calcul ated by
the Mathematicafile. The strain energy was one-half of the integral of the moments
squared along the free length of the elastica, or ug = [ m? ds, with use of symmetry and
the limits of integration extending from s=0 to s=1-b. The mechanical potential, uy, was
due to the vertical forces, g, moving through the distance . Therefore, uy was equal to
-200. Finally, u, was the surface or adhesion energy term. The value of u, was found by
multiplying the work of adhesion (Ay) by the contact length 2b and afactor of 12. This
factor of 12 was obtained through the nondimensionalization process when the moment
of inertiawas broken down into its components, 1=bh*12, and like termsiin the
denominator and numerator were cancelled. Therefore the value of the adhesion energy

term was uy = -24b(Ay).

Thetotal energy of the system, ur, was calculated for avariety of equilibrium shapes.
The values for c, the separation distance between the ends of the elastica, and g, the
vertical force, were held constant while the contact length, b, was varied. For each value
of b, thetotal energy was calculated. The values obtained for ur were then examined.
The point where ur was found to be at its minimum value was considered the equilibrium
solution for those particular values of g and c. Once the equilibrium solution was
obtained, the values for my, b, and the equilibrium shape were determined. This process

was then repeated for various values of g and c.

3.2.3 Cases Examined

Using the JKR-type analysis, severa different cases were examined. First, a separation
distance of c=0.4 was considered (Figure 3.4). For this separation distance, five different
values for the nondimensional work of adhesion were examined. These valuesincluded O
(indicating no adhesion forces were present), 0.16, 0.32, 0.48, and 0.64. Next, a

separation distance of ¢c=0.8 was considered (Figure 3.5). The same values of Ay were
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Figure 3.4a: Shape of elastica before contact when c=0.4

Figure 3.4b: Typical shape of elastica with line contact when c=0.4
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Figure 3.5a: Shape of elastica before contact when c=0.8
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Figure 3.5b: Typical shape of elastica with line contact when c=0.8
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examined. For each of these cases, avariety of values for the vertical force was

considered and values for my, b, and p were calculated.

After the initial examination of the equilibrium solutions for c=0.4 and ¢c=0.8, the
equations used in the shooting method were modified to include the self-weight of the
elastica. To find acceptable, realistic valuesto use for the nondimensional self-weight, n,
values for the densities of a variety of materials were chosen. The following equation was
employed to define the nondimensional self-weight (per unit length):

n=1pL°
ET?

where p isthe density of the specified material. Vaues chosen for nj included -2, -1, 0, 1,
and 2. A positive value of n indicated that the elastica was in the orientation shown in
Figure 3.1, while a negative value of n indicated that the elastica was rotated 180 degrees
and was pushed upwards onto the flat, rigid surface. Again, a separation distance of
¢=0.4 was used and n values were considered for the cases when Ay = 0 and 0.64. Note
that when the n term was included to account for the self-weight, it was necessary to add
an additional term to the total energy equation for the Ay = 0.64 case. Thisterm, ug, was
found using Mathematica and was equal to 2 n [ y(s) dswith the limits of integration

extending from s=0 to s=1-b.

3.3 DMT-TYPE ANALYSIS

The second analysis technique used to investigate the effect of surface and interfacial
energies was based on a DMT-type theory. The analysis method devel oped by Derjaguin
et a. (1975) presented an alternative analysis method to that which was proposed by
JKR. The DMT method, like the JKR method, was an extension of Hertzian theory. The
deformation predicted by the DMT method was assumed to follow the Hertzian
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prediction and the effect of the attractive forces was assumed to occur in asmall zone just
outside the contact area. The DMT-type analysis performed in conjunction with the
present research was derived from this original DMT method.

3.3.1 Description of Adhesion Forces

The DM T-type analysis was performed using the previously discussed shooting method
to solve the governing elastica equations. The weight of the elastica was considered to
have a noticeabl e effect on the outcome of the analysis and was accounted for in the
Mathematicafile used to solve the governing equations. To account for surface and
interfacial energies of the materias, an adhesion force, occurring in asmall region just
outside of the contact area, was used. Two types of DMT forces were considered: a
linear force (relative to the vertical separation) and a Dugdale, or constant, force. These
two force types will be discussed in more detail in the following sections. At the point of
separation of the elasticafrom the rigid surface, the linear force experienced its maximum
value, while the Dugdale force attained its constant value. When the separation distance
between the elastica and the rigid surface reached a value equal to some specified
distance, a, both forces were equal to zero. Values for a must be relatively small to
indicate that the DMT force acts over an extremely small gap. Unlike the JKR-type
analysis, the adhesion forces are included within the equilibrium equations, thereby
eliminating the need to minimize the total energy of the system in an effort to find the

equilibrium configuration of the elastica.

3.3.2 Linear DMT Force

As stated previoudly, two different DMT forces were examined within the analysis. Firgt,
alinear force was considered. The maximum value of the force, fo, occurred at the point
of separation of the elasticafrom therigid surface. The force varied linearly with the
vertical separation distance between the elastica and the substrate. Because the adhesion

force varied linearly with respect to y(x), the force is considered a“linear” DMT force.
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Figure3.6: Linear force applied in DM T-type analysis

When the separation distance between the el astica and the rigid surface reached avalue
equal to some specified distance, a, the force became equal to zero (Figure 3.6). As
stated previously, valuesfor a remained small to indicate that the DMT force acted over
an extremely small gap and to allow for the use of small angle theory in that region.
Vaues of ¢c=0.4 and c=0.8 were examined, as shown in Figures 3.4 and 3.5.

3.3.3 Dugdale DMT Force

The second DMT force considered was a Dugdale force. The Dugdale force was
originally used as amodel for crack tip plasticity and described the stresses in the
adhesive zone as constant and equal to the yield stress of the material (Maugis, 1992).
When applied to the present research, the Dugdale model yielded a constant force, go,
which occurred at the point of separation of the elasticafrom the rigid surface and
remained constant until the separation distance between the elastica and the substrate
reached the specified value of a. When the vertical separation distance between the two
materials was greater than a, the adhesion force was equal to zero (Figure 3.7). To alow
direct comparison of the linear and Dugdal e force analyses, the same values were used

for a (o = 0.001, and 0.0001), while values for go were obtained by multiplying fo by
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Figure 3.7: Dugdaleforce applied in DM T-type analysis

one-half. Therefore, the areas under the force curves, and consequently, the adhesion

energies, were equal.

3.4 NO CONTACT, POINT CONTACT, AND LINE CONTACT SITUATIONS

For both the JKR- and DM T-type analyses, three stages of contact between the elastica
and the substrate were examined. First, the linear contact stage was considered. Linear
contact between the elastica and the rigid surface occurred when the ends of the elastica
were pushed downward by the vertical force, g, and the value for the contact length, b,
was greater than zero. The term linear contact is therefore used to describe the
appearance of the contact zone from a two-dimensional perspective. The shooting
method, described above, was used for each combination of ¢ and g to obtain values for
the contact length, the moment at the point of separation of the elasticafrom the rigid
surface, and the horizontal force. Additionally, the deformed shape of the elastica was
obtained for each of these combinations.



Next, the point contact stage was considered. Again, the term point contact is used to
describe the appearance of the contact zone from a two-dimensional perspective. Since
the adhesion forces in the JKR-type analysis were only active within the contact area,
when the contact length, b, became equal to zero, the adhesion forces no longer existed.
Therefore, to analyze the el astica experiencing point contact, an analysis technique that
ignores adhesion forces must be used. On the contrary, the adhesion forces used in the
DMT-type analysis were independent of the contact area and were still active in the point
contact stage. Therefore, the series of deformed shapes that occurred when b equaled
zerowas investigated. To obtain values for the horizontal and vertical forces and the
deformed shape of the elastica, the Mathematica file used for the linear contact stage was
modified (see Appendix A).

Finally, the no contact, or lift-off, stage was examined. As stated previoudy, the
adhesion forces of the JKR-type analysis were active only when the contact areawas
greater than zero. Therefore, to analyze the elastica experiencing lift-off, an anaysis
technique that ignores adhesion forces must be used. Because the DMT forces were
independent of the contact area, they continued to act until the elastica was separated
from the substrate by a distance of a. When the separation distance between the solids
became greater than a, the effect of the adhesion forces vanished. To obtain values for
the (upward) vertical force required to separate the solids, the horizontal force
experienced by the elastica, and the deformed shape of the elastica, the Mathematicafile
used for the linear contact case was modified and the shooting method was used to solve
for the desired variables. The Mathematica file used in the lift-off stage can be found in
Appendix A.

35



Chapter 4. Resultsfrom the JKR-TypeAnalysis

4.1 INTRODUCTION

Severa different cases were examined using the JKR-type analysis. First, a separation
distance of ¢ = 0.4 was considered. For the case c = 0.4, five different values for the
work of adhesion were used. These valueswere 0, 0.16, 0.32, 0.48, and 0.64. For each
value of Ay, values for the horizontal force, the moment at the point of separation, the
height of the elastica, and the energy terms ug, uu, Uy, and ur were obtained using the
shooting method. When Ay = 0, no adhesion forces were present. A majority of the work
performed where adhesion forces were ignored was based on the previous analysis by
Plaut et al. (1999). A shooting method was used to solve for the specified parameters
when there was no contact between the strip and the rigid surface, when point contact
existed between the two solids, and when the strip and the rigid surface had formed aline

of contact.

When no contact existed between the elastica and the rigid surface and Ay = 0, the
governing equations 3.1-3.3 were applicable. Equation 3.4 was modified by removing
the term containing g. The boundary conditions applied werex =y =8 = 0 at s=0, and X
=c,0=12a s=1(seeFigure3.2). Vauesfor m(0) and p were guessed, the equations
were integrated numerically until s=1, and the guessed values were then varied using the
secant method or Brent’s method until the end conditions at s=1 were satisfied with
sufficient accuracy. The FindRoot command in Mathematica was used to obtain values
for the guessed variables that met the specified end conditions. The value for the
nondimensional height hy was found by evaluatingy at s= 1.

When point contact between the elastica and the rigid surface was experienced and Ay =

0, the governing equations 3.1-3.4 were applied. Additionally, the boundary conditions
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described above for the no contact situation were also applicable for the point contact
case. The same shooting method described for the no contact case was applied, with the
additional specification of g. The value of g was increased from zero until the bending
moment my, at the contact point decreased to zero, at which point the contact zone

spreads, creating a line contact situation.

When the contact length became greater than zero, line contact between the elastica and
the rigid surface formed. Since no adhesion forces were present, the moment at the point
of separation of the elastica from the rigid surface was equal to zero. Therefore, the end
conditions at s = 0 (which was located at the right, clamped end of the elastica) were x =
y =0, 6 =172, m=M (the moment at the clamped support), and the end conditions at s =
1-b werex = c-b, 8 =0, m=0 (see Figure 3.2). A scaled arc length z was introduced in
the uplifted region, and was defined by z = gt and t = 1-b. The nondimensional length t
was treated as a variable that had a constant value. The governing equations then became

dx =t cosB dy=tsin®

dz dz

db =tm dm =-tpsin 0 + tq cosO

dz dz

dt=0 (4.1-4.5)
dz

and the conditions at the upper end z= 1 becamex =c+t-1,08 =0, and m=0. The
separation parameter ¢ and vertical force q were specified and values were guessed for
Mo, P, and the free length of the elastica. The FindRoot command in Mathematicawas
then used to obtain values for mg, p, and the free length of the elastica.  The contact
length was cal culated by subtracting the free length of the elasticafrom 1 (the total length
of half of the elastica).
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When the value of Ay was greater than zero, Equations 3.1-3.4 were used as the
governing equations. For specified values of ¢, g, and b, the governing equations were
solved by using the shooting method. Values were guessed for p and my, and the
equations were numerically integrated from s= 0to s= 1-b. Boundary conditions were
then applied. At s= 0 (located at the point of separation of the elasticafrom therigid
surface, see Figure 3.2), x =y =06 =0and m=mj,. At s=1-b (located at the clamped end
of the elastica), 8 = 172 and x = c-b.

Next, the c = 0.8 case was analyzed. The governing equations and boundary conditions
for the no contact, point contact, and line contact situations described in the ¢ = 0.4 case
were used again for c = 0.8. Additionally, the same values for Ay were analyzed. Using
the shooting method and Mathematica, values for the horizontal force, the moment at the
point of separation, the height of the elastica, and the energy terms ug, uw, Uy, and ur were
obtained.

Finally, the self-weight of the elasticawas considered in the analysis. For ¢ = 0.4 and Ay
=0and 0.64, n valuesof -2, -1, 0, 1, and 2 were examined. To account for the self-
weight, the governing equations and Mathematica file used previously were altered.
Equations 3.1-3.3 remained the same; however, the self-weight term was added to
Equation 3.4 to yield

dm=-psin0+[q+n(1-b) - nt] cos6 (4.6)
ds

Note that when | = 0, Equation 4.6 revertsto Equation 3.4. When the self-weight was
considered, the energy term ug was included in the analysis to account for the work of
gravity. Thevauefor ug was equal to 2 n [ y(s) dswith the limits of integration

extending froms=0tos= 1-b.
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Figure4.1: Total Energy vs. Contact Length for c=0.4, =13, and Ay=0.32
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Figure4.2: Total Energy vs. Contact Length for ¢=0.8, q=-23.5, and Ay=0.64
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To find the contact equilibrium between the elastica and the rigid surface using a JKR-
type analysis, it was necessary to find the minimum total energy of the system, ur. To
ensure that only one minimum of the total energy occurred for each combination of c, g,
and Ay, the total energy over alarge range of b values was examined. Figures4.1 and 4.2
contain the results of this examination. Figure 4.1 showsthat for ¢ = 0.4, g = 13, and Ay
= 0.32, only one minimum existed in the total energy over the large range of b values
investigated. Similarly, Figure 4.2 shows that for ¢ = 0.8, g = -23.5, and Ay = 0.64, only
one minimum existed in the total energy. Figures4.1 and 4.2 are typical of the behavior

of ur for other combinations of ¢, g, and Ay.

The following sections discuss, in detail, the results obtained from the anal yses described
above. Results were obtained for ¢ = 0.4 and ¢ = 0.8 when the self-weight was ignored
and for afew limited cases of ¢ = 0.4 when the self-weight was included. Since the JKR-
type analysis considered only the adhesion forces that acted within the contact zone,

when the contact length equaled zero, the effect of the adhesion forces vanished.

4.2 RESULTSFOR THE C=0.4 CASE (NO SELF-WEIGHT INCLUDED)

Using the shooting method, values for the horizontal force, the moment at the point of
separation, the height of the elastica, and the energy terms uUg, uw, Uy, and ur were
computed. Figures 4.3-4.16 show the results obtained from this analysis. In Figure 4.3,
which plots the contact length versus the vertical force, the effect of the adhesion forces
can be seen. Asthe value for the work of adhesion was increased, the value for the
contact length, at a constant value of q, also increased. Similarly, Figure 4.4, which plots
the contact length versus the vertical deflection, shows that as the value for the work of
adhesion increased, the value for the contact length, at a constant value of §, also
increased. The results obtained from Figures 4.3 and 4.4 indicate that the presence of
adhesion forces elongated the contact length. The elongation effect produced by the
adhesion forcesis also evident in Figure 4.11 which shows two different strips of elastica,
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both experiencing a vertical deflection of 0.150. The strip that experienced awork of
adhesion equal to 0.64 had atotal contact length of 0.430, while the strip that experienced
awork of adhesion equal to zero had atotal contact length of 0.184.

The curves plotted in Figure 4.3 represent the spreading solution where line contact exists
between the elastica and the rigid surface (b>0). However, when the elastica strip was
pushed onto the rigid surface, the elasticafirst passed through a stage of point contact
with the rigid surface (b=0) before it experienced line contact. During point contact, the
contact length was equal to zero. For the Ay=0 curve, when there was no contact between
the two solids, both b and g equaled zero. Asthe elastica came into contact with the flat
surface, the two solids experienced point contact. Point contact existed until the vertical
force, g, was sufficient to cause spreading (line contact). The region of point contact, for
Ay=0, extended from b=0, g=0 to b=0, g=12.52. The regions of no contact and point
contact can be seen more clearly in Figure 4.5, which plots the vertical deflection vs. the
vertical force. The point contact and no contact (=0, 6<0) regions are denoted on the
Ay=0 curve by adashed line.

When Ay>0, the elastica experienced the effects of the adhesion forces as long as the
contact length was greater that zero. However, once the contact area equaled zero, the
effects of the adhesion forces vanished and the elastica behavior reverted to that shown
for the Ay=0 curve. Additionally, the behavior of the elastica was dependent on two
factors. whether the elastica was being pushed onto or pulled off of the rigid surface, and
whether the vertical displacement or the vertical force was controlled. “Pulling” here
refers to reducing the downward force g until the elasticaloses contact with the substrate,
which may occur when g=0 or may require g<0, i.e., an upward force. Figures4.7-4.10
illustrate the possible scenarios. Figure 4.7 shows the path followed by the elastica
through the no contact, point contact, and line contact stages. This figure was applicable

to the case in which the Ay>0 curve did not extend to negative values of  and where the
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vertical displacement was controlled. When the elastica was pushed onto therigid
substrate (lower set of arrows), it experienced the same q and & values for the no contact
and point contact regions as an elastica that ignores adhesion forces. However, once the
el astica experienced line contact, the adhesion forces caused an additional attraction
between the surfaces, therefore causing a horizontal jump from the Ay=0 curve to the
Ay>0 curve. When the elasticawas pulled off of the rigid surface (upper set of arrows),
values for g and & were obtained from the Ay>0 curve for line contact. When the value
for the contact length approached zero and the adhesion forces vanished, a horizontal
jump from the Ay>0 curve to the Ay=0 curve occurred. Following the horizontal jump,

the values for g and & were obtained from the Ay=0 curve.

When the Ay>0 curve extended into negative values of q and 9, the path followed by the
elastica during the pulling phase varied dlightly (Figure 4.8). As the elastica was pushed
onto the rigid surface, it experienced the same g and & values as were obtained for the
Ay=0 curve in the no contact and point contact regions. Once the elastica experienced
line contact, the adhesion forces caused an additional attraction between the surfaces,
therefore causing a horizontal jump from the Ay=0 curve to the Ay>0 curve. When the
elasticawas pulled off of the rigid surface, values for g and & were obtained from the
Ay>0 curve for line contact. However, when the Ay>0 curve approached point contact
(b=0), the path jumped horizontally from the line contact curve for Ay>0 to the no contact
region of the Ay=0 curve. Therefore, the elastica never experienced a period of point

contact during pulling.

Figure 4.9 shows the path followed by the elastica through the no contact, point contact,
and line contact stages. Figure 4.9 was applicable when the Ay>0 curve did not extend to
negative values of g and when the vertical force was controlled. When the elastica was
pushed onto the rigid substrate, it experienced the same g and d values for the no contact

and point contact regions as an elastica that ignores adhesion forces. However, once the
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€l astica experienced line contact, the adhesion forces caused an additional attraction
between the surfaces, therefore causing a vertical jump from the Ay=0 curve to the Ay>0
curve. When the elasticawas pulled off of the rigid surface, values for g and & were
obtained from the Ay>0 curve for line contact. When the value for the contact length
approached zero and the adhesion forces vanished, avertical jump from the Ay>0 curve
to the Ay=0 curve occurred. Following the vertical jump, the values for g and d were

obtained from the Ay=0 curve.

When the Ay>0 curve extended into negative values of q and 9, the path followed by the
elastica during the pulling phase varied slightly from the path experienced by the elastica
in Figure 4.9 (see Figure 4.10). Asthe elasticawas pushed onto the rigid surface, it
experienced the same g and & values as were obtained for the Ay=0 curve in the no
contact and point contact regions. Once the el astica experienced line contact, the
adhesion forces caused an additional attraction between the surfaces, therefore causing a
vertical jump from the Ay=0 curve to the Ay>0 curve. When the elastica was pulled off of
the rigid surface, values for g and & were obtained from the Ay>0 curve for line contact.
However, when the Ay>0 curve approached point contact (b=0), the path jumped
horizontally from the line contact curve for Ay>0 to the no contact region of the Ay=0

curve. Therefore, the elastica never experienced a period of point contact during pulling.

Figure 4.6 labels the points of transition between the point and line contact stages that
areillustrated in Figures 4.7-4.10. Table 4.1 lists values for the contact length, the
vertical force, the vertical displacement, the horizontal force, and the moment at the point
of separation of the elastica from the substrate for points A-M. Points B, E, H, and K
have the same & value (0.0966) as point M, and points C, F, I, and L have the same q
value (12.52) as point M. Note that when Ay=0.48 and 0.64, a negative value was
obtained for the vertical force when the contact length was equal to zero (Points A and

D). A negative value for qindicates that an upward force was applied at the clamped
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ends of the elastica. This upward vertical force required to separate the elastica from the
rigid surface is defined as the pull-off force f, and is equal to —g. Therefore, the pull-off
forces required to separate the elastica from the rigid surface were f, = 2.58 and 5.85 for
Ay=0.48 and 0.64, respectively. The positive values obtained for the vertical force at
Points G and Jindicated that the situation depicted in Figures 4.7 and 4.9 was present.
Depending on whether the vertical force or vertical displacement was controlled, a
horizontal or vertical jump was made to the Ay=0 curve. After the jump to the Ay=0
curve, the values for the vertical force and contact length of the elastica could be obtained
from the Ay=0 case. Therefore, when the value of q was positive at the transition point

between point contact and line contact, the pull-off force f,=0.

Table4.1: Values Correspondingto Points A-M in Figure 4.6

Point b q o) p m

A 0.0000 | -5.85 | -0.0207 | 1.8315 | 3.9208

Ay=0.64 B 0.1556 2.22 0.0966 | 8.6423 | 3.9024
C 0.2642 | 1252 | 0.1896 | 14.8224 | 3.9166

D 0.0000 | -258 | -0.0102 | 3.1775 | 3.3979

Ay=0.48 E 0.1445 452 0.0966 | 8.9468 | 3.4000
F 0.2364 | 1252 | 0.1731 | 13.7000 | 3.3834

G 0.0000 0.96 0.0043 | 4.6694 | 2.7713

Ay=0.32 H 0.1280 7.00 0.0966 | 9.2851 | 2.7690
I 0.2004 | 1252 | 0.1537 | 125734 | 2.7576

J 0.0000 4.86 0.0255 | 6.3843 | 1.9867

Ay=0.16 K 0.1030 9.64 0.0966 | 9.7175 | 1.9544
L 0.1500 12.52 0.1307 | 11.4679 | 1.9755

Ay=0 M 0.0000 | 1252 | 0.0966 | 10.2770 | 0.0000

Figure 4.12 compares the shape of the elastica when no contact was present to the shape
of the elasticain the instant before it separated from the rigid surface for Ay=0.64. The

vertical force experienced at thisinstant was q = -5.85. Therefore, for the elastica shown



in Figure 4.12, a pull-off force f, = 5.85 was experienced. Due to the presence of
adhesion forces, the elastica at pull-off experienced a negative & value of & =-0.0179,
I.e., the height of the elastica was h=0.8075 in contrast to the height h=0.7896 for no

contact.

Another parameter whose val ues were determined by the shooting method was the
moment at the point of separation of the elasticafrom therigid surface. As stated
previously, when no adhesion forces were considered, the moment m, = 0. When Ay > 0,
mp, assumed a non-zero value to allow for the deformation of the elastica and the
elongation of the contact length. The numerical results showed that the moment at the
point of separation of the elasticafrom the rigid surface was essentially independent of
the vertical force applied to the clamped ends. The moment m;, was solely dependent on
the value of the work of adhesion. Approximate values for m, were 1.96, 2.77, 3.39, and
3.92 for Ay =0.16, 0.32, 0.48, and 0.64, respectively. Figures4.12 and 4.13 illustrate
theseresults. Additionally, Figure 4.13 shows how the value of m;, increased as the value
for the work of adhesion increased.

Figure 4.14 shows the effect of increasing values of the work of adhesion in terms of the
contact length and the applied vertical force. Each curvein Figure 4.14 represents a
constant g value. For a constant value of Ay, the value for the contact length increased
with increasing values of the vertical force. Additionally, when the vertical force was
held constant and the value for Ay was increased, the contact length also increased. The
contact length vs. work of adhesion relationship is shown in Figure 4.15. Inthisfigure,
the contact length increases as the work of adhesion increases. Figure 4.16 plots the
vertical displacement vs. the work of adhesion while the vertical forceis held constant
and displays similar results. For a constant value of Ay, the value for the vertical
displacement increased with increasing values of the vertical force. Additionally, when
the vertical force was held constant and the value for Ay was increased, the vertical

displacement also increased.
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Contact Length vs. Vertical Force
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Figure 4.3: Contact Length vs. Vertical Forcefor c=0.4
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Figure4.4: Contact L ength vs. Vertical Deflection for c=0.4

46




Vertical Deflection vs. Vertical Force
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Figure4.5: Vertical Deflection vs. Vertical Forcefor c=0.4
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Figure4.6: Vertical Deflection vs. Vertical Forcefor c=0.4 (Locations of Points A-
M: Table4.1)
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Vertical Deflection vs. Vertical Force
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Figure4.7: Vertical Force Experienced by the Elastica When it is Pushed Onto
(lower arrows) or Pulled Off (upper arrows) the Rigid Surface. Vertical Deflection
isControlled.
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Figure4.8: Vertical Force Experienced by the Elastica When it is Pushed Onto
(lower arrows) or Pulled Off (upper arrows) the Rigid Surface. Vertical Deflection
isControlled. Curvewith Adhesion Extendsto 6<0.
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Vertical Deflection vs. Vertical Force
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Figure4.9: Vertical Deflection Experienced by the Elastica When it is Pushed Onto
(lower arrows) or Pulled Off (upper arrows) theRigid Surface. Vertical Forceis
Controlled.
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Figure4.10: Vertical Deflection Experienced by the Elastica When it is Pushed
Onto (lower arrows) or Pulled Off (upper arrows) the Rigid Surface. Vertical Force
isControlled. Curvewith Adhesion Extendsto 6<0.
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Moment (my) vs. Vertical Force
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Figure 4.13: Moment vs. Vertical Forcefor Varying Values of Work of Adhesion
(c=0.4)
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Figure4.14: Work of Adhesion vs. Moment (my) for c=0.4and g =20
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Figure4.15: Contact Length vs. Work of Adhesion for c=0.4
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Figure4.16: Vertical Displacement vs. the Work of Adhesion for c=0.4
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4.3 RESULTSFOR THE C=0.8 CASE (NO SELF-WEIGHT INCLUDED)

Results obtained for the ¢ = 0.8 case, where the self-weight of the elasticawas again
ignored, resemble those obtained for the ¢c = 0.4 case. The shooting method was used to
obtain values for the horizontal force, the moment at the point of separation, the height of
the elastica, and the energy terms Ug, Uw, Uy, and ur. Figures 4.17-4.25 show the results
obtained from thisanalysis. In Figure 4.17, which plots the contact length versus the
vertical force for c=0.8, the effect of the adhesion forces can be seen. Asthe value for
the work of adhesion Ay was increased, the value for the contact length, at a constant
value of q, alsoincreased. Similarly, Figure 4.18, which plots the contact length versus
the vertical deflection, shows that as the value for the work of adhesion increased, the
value for the contact length, at a constant value of &, also increased. The results obtained
from Figures 4.17 and 4.18 indicate that the presence of adhesion forces elongated the
contact length. The elongation of the contact length caused by the presence of adhesion
forcesisalso evident in Figure 4.21 which shows two different strips of elastica, both
experiencing a vertical deflection of 0.050. The strip that experienced awork of adhesion
equal to 0.64 had atotal contact length of 0.388, while the strip that experienced a work
of adhesion equal to zero had atotal contact length of 0.150.

The curves plotted in Figure 4.17, similar to those plotted in Figure 4.3, represent the
spreading solution where line contact exists between the elastica and therigid surface. As
discussed in the c=0.4 case, when the elastica strip was pushed onto the rigid surface, the
elasticafirst passed through a stage of point contact with the rigid surface before it
experienced line contact. During point contact, the contact length was equal to zero. For
the Ay=0 curve, when there was no contact between the two solids, both b and g equaled
zero. Asthe elastica came into contact with the flat surface, the two solids experienced
point contact. Point contact existed until the vertical force, g, was sufficient enough to
cause spreading (line contact). The region of point contact, for Ay=0, extended from b=0,

g=0to b=0, g=2.49. The regions of no contact and point contact can be seen more clearly
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Figure4.17: Contact Length vs. Vertical Forcefor c=0.8
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Figure4.18: Contact Length vs. Vertical Deflection for c=0.8
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Figure4.19: Vertical Displacement vs. Vertical Forcefor c=0.8
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Figure4.20: Vertical Displacement vs. Vertical Forcefor c=0.8 (L ocations of Points
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Figure4.21: Effect of Adhesion on the Contact L ength for ¢=0.8, 6=0.050

Moment (my) vs. Vertical Force

450

4.00 A Ay =0.64

350 Ay =0.48
My 3.00

n = u u u u = s Ay=0.32

2.50 A

2.00 . V'S * TS * o Ay=0.16

150 ‘

30 25 20 15 -10 5 0 5 10 15
q

Figure4.22: Moment (mp) vs. Vertical Forcefor Various Valuesof Work of
Adhesion (c=0.8)
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Work of Adhesion vs. Moment (my)
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Figure4.23: Work of Adhesion vs. Moment (my) for c=0.8 and q=2.5
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Figure4.24: Contact Length vs. Work of Adhesion for c=0.8
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Vertical Displacement vs. Work of Adhesion
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Figure4.25: Vertical Displacement vs. the Work of Adhesion for ¢c=0.8

in Figure 4.19, which plots the vertical deflection vs. the vertical force. The point contact

and no contact regions are denoted on the Ay=0 curve by a dashed line.

When Ay>0, the elastica experienced the effects of the adhesion forces as long as the
contact length was greater that zero. However, once the contact area equaled zero, the
effects of the adhesion forces vanished and the elastica behavior reverted to that shown
for the Ay=0 curve. Additionally, the behavior of the elastica depended on two factors:
whether the elastica was being pushed onto or pulled off of the rigid surface, and whether
the vertical displacement or the vertical force was controlled. Since all the Ay curves
examined in the analysis for c=0.8 extend into aregion of negative g and d values,
Figures 4.8 and 4.10 describe the path followed by the elastica. When the elastica was

pushed onto the rigid surface (while the vertical displacement was controlled), it
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experienced the same g and 0 values as were obtained for the Ay=0 curve in the no
contact and point contact regions. Once the el astica experienced line contact, the
adhesion forces caused an additional attraction between the surfaces, therefore causing a
horizontal jump from the Ay=0 curve to the Ay>0 curve. When the elastica was pulled off
of therigid surface, values for g and o were obtained from the Ay>0 curve for line
contact. However, when the Ay>0 curve approached point contact (b=0), the path jJumped
horizontally from the line contact curve for Ay>0 to the no contact region of the Ay=0

curve. Therefore, the elastica never experienced a period of point contact during pulling.

Figure 4.10 examines the path followed by the elastica when the vertical forceis
controlled. Asthe elastica was pushed onto the rigid surface, it experienced the same q
and & values as were obtained for the Ay=0 curve in the no contact and point contact
regions. Once the elastica experienced line contact, the adhesion forces caused an
additional attraction between the surfaces, therefore causing a vertical jump from the
Ay=0 curveto the Ay>0 curve. When the elasticawas pulled off of therigid surface,
values for g and & were obtained from the Ay>0 curve for line contact. However, when
the Ay>0 curve approached point contact (b=0), the path jumped horizontally from the
line contact curve for Ay>0 to the no contact region of the Ay=0 curve. Therefore, the

elastica never experienced a period of point contact during pulling.

Figure 4.20 labels the points of transition between the point and line contact stages that
areillustrated in Figures 4.8 and 4.10. Table 4.2 lists values for the contact length, the
vertical force, the vertical displacement, the horizontal force, and the moment at the point
of separation of the elastica from the substrate for points A-M. Note that when Ay>0, a
negative value was obtained for the vertical force when the contact length was equal to
zero (Points A, D, G, and J). A negative value for q indicates that an upward force was
applied at the clamped ends of the elastica. This upward vertical force required to
separate the elastica from the rigid surface is defined as the pull-off force fyand is equal
to—g. Therefore, the pull-off forces required to separate the elastica from therigid
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surface were f, = 8.83, 15.9, 22.6, and 28.9 for Ay=0.16, 0.32, 0.48, and 0.64,
respectively.

Another parameter whose values were determined by the shooting method was the
moment at the point of separation of the elastica from therigid surface. As stated
previously, when no adhesion forces were considered, the moment m, = 0. When Ay > 0,
mp assumed a non-zero value to alow for the deformation of the elastica and the
elongation of the contact length. The results from the ¢=0.8 analysis showed that the
moment at the point of separation of the elastica from the rigid surface was not only
essentially independent of the vertical force applied to the clamped ends, but also

Table 4.2: Values Corresponding to Points A-M in Figure 4.20

Point b q 0 p my,

A 0.000 -28.90 | -0.0886 | -50.7830 | 3.9181

Ay=0.64 B 0.331 -19.79 0.0275 | -25.9103 | 3.9172
C 0.531 2.49 0.1150 8.4220 | 3.9250

D 0.000 -22.60 | -0.0817 | -41.8175 | 3.3972

Ay=0.48 E 0.317 -14.91 0.0275 | -21.4050 | 3.3973
F 0.505 2.49 0.1061 5.9809 | 3.4258

G 0.000 -15.90 | -0.0689 | -31.9523 | 2.7704

Ay=0.32 H 0.296 -9.98 0.0275 | -16.8038 | 2.7727
I 0.464 2.49 0.0932 3.0983 | 2.7776

J 0.000 -8.83 -0.0496 | -21.5327 | 1.9626

Ay=0.16 K 0.257 -4.17 0.0275 | -11.0496 | 1.9541
L 0.395 2.49 0.0746 0.0233 | 1.9647

Ay=0 M 0.000 2.49 0.0275 3.7852 | 0.0000

had the same value as for the separation distance c=0.4 between the ends of the elastica.
The moment my, was solely dependent on the value of the work of adhesion. As before,
the moment at the point of separation of the elastica from the rigid surface was equal to
1.96, 2.77, 3.39, and 3.92 for Ay = 0.16, 0.32, 0.48, and 0.64, respectively. Figures4.22
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and 4.23 illustrate these results. Additionally, Figure 4.23 shows that the value of my
increased as the value for the work of adhesion increased.

Figure 4.24 shows the effect of increasing values of the work of adhesion in terms of the
contact length and the applied vertical force. Each curvein Figure 4.23 represents a
constant g value. For a constant value of Ay, the value for the contact length increased
with increasing values of the vertical force. Additionally, when the vertical force was
held constant and the value for Ay was increased, the contact length also increased.
Figure 4.25 plots the vertical displacement vs. the work of adhesion while the vertical
forceis held constant and displays similar results. For a constant value of Ay, the value
for the vertical displacement increased with increasing values of the vertical force.
Additionally, when the vertical force was held constant and the value for Ay was

increased, the vertical displacement also increased.

44 RESULTSFOR THE C=0.4 CASE (SELF-WEIGHT INCLUDED)

The final case studied in the JKR-type analysis included the self-weight of the elasticain
the governing equations (see Equation 4.6). Vauesof n =-2,-1, 0, 1, and 2 were
considered for ¢=0.4 with Ay=0 and 0.64. Positive values of n indicate that the elastica
was oriented in the manner shown in Figure 3.1, while negative values of ) indicate that
the elastica was rotated 180 degrees and was pushed upward onto arigid plate. To
include the self-weight of the elasticain the analysis, an energy term was added to the ur
equation. Theterm ug was included in the analysis to account for the work of gravity and

was equal to 2 n [ y(s) ds with the limits of integration extending from s=0 to s=1-b.

Results from the JKR-type analysis, which included the self-weight of the elastica, can be
found in Figures 4.26-4.31. Figure 4.26 plots the contact length vs. the applied vertical
force for c=0.4 and Ay=0 (i.e., in the absence of adhesion). When positive values for

n were used, the contact length at a fixed value of qincreased. Therefore, the self-weight
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was added to the vertical force that was applied in the downward direction, creating a
larger contact area. Conversely, when negative values for n were used, the contact length
at afixed value of g decreased. Therefore, the self-weight was subtracted from the
vertical force applied in the downward direction, decreasing the value for the contact
length. Vauesfor g at points A, B, C, D, and E are 10.90, 11.73, 12.52, 13.33, and 14.13,
respectively.

When the self-weight was included in the analysis and the adhesion forces were ignored,
valuesin Figure 4.26 for the vertical force at afixed contact length shifted either to the
left or to the right. This shift depended on the sign of . However, the addition of the
self-weight to the analysis had no visible effect on the contact length vs. vertical
displacement relationship (Figure 4.27). The curve obtained in Figure 4.27 is the same as
the Ay=0 curvein Figure 4.4. The contact length vs. the vertical displacement curve
remained approximately the same regardless of the values used for n in thisanaysis.
Thisimplies that the n values used for this analysis were not large enough to create a
noticeable differencein the b vs. & curve. The value of d at the transition point between
the point contact and line contact stages (Point M) is approximately 0.0966 (asin Table
4.1).

In addition to the contact length vs. vertical force and the contact length vs. vertical
displacement plots, the vertical displacement vs. vertical force was plotted (Figure 4.28).
When the self-weight of the elastica was added to the analysis, the values for the vertical
displacement, at a constant value of q, increased with increasing values of n and
decreased with decreasing values of . The curves shown in Figure 4.28 represent the
spreading solution for c=0.4 and Ay=0only. An anaysis of the no contact condition was
performed in order to determine the initial height, hy. Vauesfor theinitia height were
0.7912, 0.7904, 0.7896, 0.7887, and 0.7878 for n=2, 1, 0, -1, and 2, respectively.
Vauesfor hy were solely dependent on the value used for . Once the value of hy was

obtained, it was used in the equation ho — h = d to find the vertical displacement of the
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elastica, where h was the height of the elastica at a specified point. No analysiswas

conducted to determine the point contact solution when the self-weight was included.

Next, an analysis was conducted which combined the effects of the addition of self-
weight and the presence of adhesion forces. Figure 4.29 illustrates the effects of the self-
weight when n=2, 0, and —2, and Ay=0.64. Valuesfor the contact length, at afixed value
of g, increased as the value of n increased, and decreased as values for n decreased. With
the addition of the adhesion forces, values for g at b=0 became negative. At points G, H,
and |, the vertical force equaled —7.5, -5.7, and —3.8, respectively.

Figure 4.30, like Figure 4.27, shows that for n=2, 0, and -2, and Ay=0.64, the contact
length vs. vertical displacement relationship is approximately the same regardless of the
value of n used. The curve obtained in Figure 4.30 is the same as the Ay=0.64 curvein
Figure 4.4. The value of & at the transition point between the point contact and line

contact stages (point J) is-0.0207.

The vertical displacement vs. vertical force curve for c=0.4 and Ay=0.64 (Figure 4.31)
shows that for a constant value of q, the vertical displacement increased with increasing
values of n and decreased with decreasing values of . Additionally, for a constant value
of 9, the value of q increased with decreasing values of n and decreased with increasing
values of . The curves shown in Figure 4.31 terminate at b=0 and only represent the

spreading solution for c=0.4 and Ay=0.64.

Finally, Figure 4.32 illustrates the effect of adhesion for a specific value of . The curves
shown represent Ay=0 and Ay=0.64. For constant values of n and g, values for the
contact length increased with increasing values of Ay. Thisindicates that when adhesion

forces are present (and ) is held constant), an elongation of the contact length occurs.
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Contact Length vs. Vertical Force
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Figure4.26: Contact Length vs. Vertical Forcefor c=0.4 and Ay=0
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Figure4.27: Contact Length vs. Vertical Displacement for c=0.4 and Ay=0



Vertical Displacement vs. Vertical Force
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Figure 4.28: Vertical Displacement vs. Vertical Forcefor c=0.4 and Ay=0
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Figure4.29: Contact Length vs. Vertical Forcefor c=0.4 and Ay=0.64
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Contact Length vs. Vertical Displacement
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Figure 4.30: Contact Length vs. Vertical Displacement for c=0.4 and Ay=0.64
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Figure4.31: Vertical Displacement vs. Vertical Forcefor c=0.4 and Ay=0.64
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Contact Length vs. Vertical Force
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Chapter 5. Resultsfrom the DM T-Type Analysis

5.1 INTRODUCTION

Using a DMT-type analysis, several different cases were examined. First, alinear DMT
force was used (see Figure 5.1(a)). For thelinear DMT force, the maximum value of the
force occurred at the point of separation of the elasticafrom therigid surface. Theterm
linear was used to describe this force due to the linear relationship between the adhesion
force and y(x). Several different values for the maximum force, fo, were investigated
including f;=100, 1000, and 10,000 for c=0.4, and fo=10, 100, and 1000 for c=0.8. For
each value of fo, three different values for a, the maximum separation distance between
the elastica and the substrate over which the DMT forces acted, were examined. Values
for a included a=0.01, 0.001, and 0.0001. Additionally, values of c=0.4 and c=0.8 were
considered, as were values of N=2, 0, and —2. Vauesused for a and fo, aswell asthe

combinations of n, a, and fo that were examined, can be found in Tables 5.1 and 5.2.

Table5.1: ValuesUsed for theLinear DM T Force when c=0.4

n a fo n a fo n a fo
100 100 100
2 0.01 1000 0 0.01 1000 -2 0.01 1000
10000 10000 10000
100 100 100
2 0.001 1000 0 0.001 1000 -2 0.001 1000
10000 10000 10000
100 100 100
2 0.0001 1000 0 0.0001 1000 -2 0.0001 1000
10000 10000 10000
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Table5.2: ValuesUsed for theLinear DM T Force when c=0.8

a fo a fo n a fo
10 10 10
0.01 100 0.01 100 -2 0.01 100
1000 1000 1000
10 10 10
0.001 100 0.001 100 -2 0.001 100
1000 1000 1000
10 10 10
0.0001 100 0.0001 100 -2 0.0001 100
1000 1000 1000

Since the adhesion forces were included within the equilibrium equations, the need to
minimize the total energy of the system in order to find the equilibrium configuration of
the elasticawas eliminated. The linear force DM T-type analysis used the previously
discussed shooting method to solve the governing el astica equations for three cases:
when there was no contact between the strip and the rigid surface, when point contact
existed between the two solids, and when the strip and the rigid surface had formed line
contact. The curves obtained by using the combinations of fo, o, and n described in
Table 5.1 were compared to the curves which ignored the effects of adhesion (f;=0, a=0)
that were derived for the JKR-type analysis (i.e., when Ay=0).

The horizontal length over which the DMT-type force acted, beginning at the point x=0,
y=0 (see Figure 3.2), was denoted d. Over thislength, the vertical gap between the
substrate and the elastica varied from y=0 at the |left end to y=a at the right end. It was
assumed that the slope of the elasticain this region was very small, so that alinear
analysis could be carried out, and x=s. Thisanaysisisdescribed in Appendix B. The
conditions at the right end of this region were obtained from the linear analysis, i.e., x=d,

y=a, 6=dy/dx, and m=d’y/dx?. These conditions became the initial conditions for the
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shooting method solution of the elastica equations. The end conditions were specified for
the right clamped end of the strip. Figure 5.1 (a, b, ) showsthe linear force asit varied
with y, the linear force asit varied with x, and the shape of the elastica from x=0 to x=d.

fffo, f/fo A
1 1
> >
0 a y 0 a
(@ (b)
Y A
a
i > X
0 d
(©

Figure5.1: (a) Linear forcevs.y for DMT-type analysis, (b) Typical corresponding
adhesion forcevs. x plot for linear force DM T-type analysis; (c) Typical y vs. x plot
from x=0to x=d for linear force DMT-type analysis

When no contact existed between the elastica and the rigid surface, Equations 3.1-3.3 and
Equation 4.6 were used as the governing equations. The DMT force experienced its
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maximum value at the center of the elastica (x=0), where y is denoted yo with 0<y<aq,
and acted until the vertical separation distance between the elastica and the substrate
reached avalue a (y=a). Therefore, end conditions were specified at s=d and s=1. The
values for 8 and m at s=d depended on yo,. When s=1, the end conditions were x=c and
0=1v2. Vauesfor c, d, n, fo, and a were specified and values were guessed for p and yp.

The FindRoot command in Mathematica was used to obtain values for p and yp.

When point contact between the elastica and the rigid surface was experienced, the
governing equations used in the no contact case were again applied (Equations 3.1-3.3
and Equation 4.6). The end conditions at s=1 were x=c and 6=172. Valuesfor c, d, n, fo,
and a were specified and values were guessed for p and M, where M was a constant
representing the magnitude of y(x). Here y=0 at x=0. The FindRoot command in
Mathematica was used to obtain values for the guessed variabl es that met the specified

end conditions.

When the contact length became greater than zero, line contact formed between the
elastica and the rigid surface. At the point of separation of the elastica from therigid
surface (x=0, y=0), the linear force experienced its maximum value. This force acted
until the vertical separation distance between the elastica and the substrate reached a
value of a (x=d, y=a). When the vertical separation distance between the elastica and the
substrate became greater than a, the adhesion force equaled zero. Therefore, end
conditions were specified at s=d and s=1-b. When s=1-b, the end conditions were x=c-b
and 6=172. A scaled arc length t was introduced in the uplifted region when s>d, and was
defined by t=(s-d)/u where u=1-d-b and O<t<1. The non-dimensional length u was

treated as a variable that had a constant value. The governing equations then became

dx = u cosf dy=usn®
dt dt
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do=um
dt

dm=-upsn6+uqg+n(1-b)-n(d+ut)] cosO
dt

du=0 (5.1-5.5)
ot

and the conditions at the upper end t=1 became x=c+d+u-1 and 6=1v2. The separation
parameter c, the distance d along the elastica over which the DMT force acted, the self-
weight n, the DMT force fo, and the vertical separation distance a were specified and
values were guessed for p and u. The FindRoot command in Mathematica was used to
obtain values for p and u. The contact length was then calculated using the formula b=1-
d-u.

The second DMT force considered was a Dugdale force. The Dugdale force, go, was a
constant force which began at the point of separation of the elastica from the rigid surface
and remained constant until the separation distance between the elastica and the substrate
reached the specified value of a. When the vertical separation distance between the
elastica and the rigid surface became greater than a, the adhesion forces vanished.
Therefore, the plot of the normalized Dugdale force (f/go) vs. y produced a constant value
of 1from0<y<a. Wheny > q, the Dugdale force was equal to zero. The plot of the
normalized Dugdale force (f/go) vs. x aso produced a constant value of 1 from 0 <x <

d. When x > d, the Dugdale force was equal to zero. Finally, when the x and y values of
the elasticawere plotted for 0 < x < d (or, 0 <y < a), the shape of the elastica resembled
that shown in Figure 5.1 (c).

Severa different values for the maximum force, go, were investigated including go=500
and 5000. For each value of gp, the following a values were examined: a= 0.001 and

0.0001. Additionally, values of n=2, 0, and —2 were considered, with c=0.4. Vaues used
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for a and g, as well as the combinations of ), a, and gy that were examined, can be
foundin Table 5.3.

Since the adhesion forces were included within the equilibrium equations, the need to
minimize the total energy of the system in order to find the equilibrium configuration of
the elasticawas eliminated. The Dugdale force DMT-type analysis used the previously
discussed shooting method to solve the governing elastica equations for three cases: no
contact between the strip and the rigid surface, point contact between the two solids, and

line contact formation between the strip and the rigid surface. The curves obtained by

Table5.3: ValuesUsed for the Dugdale DM T Force

n | o | g n | o | n | o | o

2 0001 —2 0 0001 —2 2 | ooor 22
5000 5000 5000

2 | 00001 2% o | oooo1 2% 2 | 00001 2%
5000 5000 5000

using the combinations of go, a, and n described in Table 5.3 were compared to the
curves which ignored the effects of adhesion (go=0, a=0) that were derived for the JKR-
type analysis (i.e., when Ay=0).

The governing equations and boundary conditions used to obtain solutions for the no
contact, point contact, and line contact stages of the Dugdale force DM T-type analysis
are the same as those used in the linear force DM T-type analysis for the no contact, point
contact, and line contact stages, respectively. The differencein the two analysesliesin
the types of forces used (linear vs. constant). Therefore, the differences between the two
analyses were reflected in the equation obtained for y(x). Although the end conditions at
s=d remained x=d, y=a, 6=dy/dx, and m=d’y/dx?, the actual values calculated for 6 and
m changed according the equation used for y(x). The linear analysis used to determine
y(x) for O<x<d is described in Appendix C for the Dugdale DMT model.
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52 RESULTSFOR THE LINEAR DMT-TYPE FORCE

Using the shooting method, and the governing equations and end conditions described for
the linear force with line contact, values for the free length u of the elastica, the vertical
force q, the horizontal force p, the height h of the elastica, and the moment my at d were
obtained. The contact length was then calculated usingb =1 - d - u, and the vertical
displacement was calculated by subtracting the height of the elasticafrom itsinitial

height when there was no contact between the elastica and the rigid surface (8 = ho — h).
For the linear force, separation distances of c=0.4 and c=0.8 between the clamped ends
were considered. Additionally, for each value of c, three n values were examined: n=2,
0, and —2. The vaues of hy corresponding to n=2, 0, and —2 were hy=0.7912, 0.7896, and
0.7878, respectively, for c=0.4, and hp=0.4408, 0.4368, and 0.4324, respectively, for
c=0.8.

5.2.1 Resultsfor c=0.4 and n=0 (Line Contact Only)

The results obtained for the line contact case when ¢=0.4 and n= 0 can be found in
Figures5.2- 5.11. Vaues of 0=0.001 and 0.0001 were examined. The original analysis
also included an examination of the a=0.01 case. However, it was later discovered that
valuesfor 0 at s=d were significantly larger than 6 values at s=d for a=0.001 and
0=0.0001. Sincealinear analysisfrom s=0 to s=d was possible due to small angle
theory, 0=0.01 was eliminated due to the larger values of 0 that were present at s=d.
Table 5.4 presents values for 6 and mgq when a=0.01, 0.001, and 0.0001 for ¢=0.4, n=0,
b=0 (approximately), and f,=100, 1000, and 10,000.

For each value of a, maximum force values fp=0, 100, 1000, and 10,000 were considered.
In Figure 5.2, which plots the contact length vs. the vertical force for a=0.001, the effect
of the adhesion forces can be seen. Asthe value for the maximum linear force fo was

increased, the value for the contact length b, at a constant value of g, also increased.
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Table5.4: Valuesfor d, 8, and myg when ¢=0.4, n=0, and b=0

f,=100 f,=1000 f,=10,000

o d 0 My d 0 My d 6 My
0.01 0.153 0.183 2.0847 0.106 0.2401 | 3.0838 0.063 | 0.38953| 7.387

0.001 0.073 | 0.0397 | 1.0163 || 0.055 | 0.0485 | 1.3708 || 0.033 | 0.0764 | 3.1374

0.0001 || 0.035 | 0.0085 | 0.4704 | 0.029 | 0.0097 | 05731 || 0.018 | 0.0142 | 1.1222

When fp=100, the values obtained through the analysis were very close to those obtained
for fo=0 (i.e. no adhesion forces present). Figure 5.3 presents results similar to those in
Figure5.2. Thisplot of contact length b vs. vertical deflection d shows that as the value
for the maximum linear force increased, the value for the contact length, at a constant
value of 9, also increased. The results obtained from Figures 5.2 and 5.3 indicate that the

presence of adhesion forces elongated the contact length.

The results of the line contact analysis (or spreading solution) can also be seen in Figure
5.4 which plotsthe vertical displacement & vs. the vertical force q. All curvesin Figure
5.4 terminated when the contact length equaled zero and the el astica reached the
transition point from line contact to point contact. Vauesof d, g, , p, and mq at the

transition point between point and line contact can be found in Table 5.5.

Table5.5: Values Corresponding to the Transition Point Between Line Contact
(b>0) and Point Contact (b=0) for c=0.4 and n=0

Curve d q 0 p My

a=0 fo=0 0.0000 12.52 0.0966 | 10.277 NA

fo =100 0.0731 12.10 0.0919 10.052 1.0163
o =0.001 | fo=21000 0.0549 9.62 0.0667 8.765 1.3708
fo=10000 | 0.0334 -0.83 0.0018 4.088 3.1374
fo =100 0.0349 12.42 0.0953 | 10.220 | 0.4704
a = 0.0001 | fo = 1000 0.0290 11.77 0.0875 9.860 0.5731
fo = 10000 0.0183 9.23 0.0608 8.510 1.1222
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Since the moment at the point of separation of the elastica from the rigid surface was
equal to zero (m,=0) for line contact, values were calculated for the moment at s=d.
Figure 5.5 plots the moment mq vs. the vertical force g for a=0.001. Asthe value of fg
increased, the moment my also increased for afixed value of g. Unlike the moment my,
which was calculated in the JKR-type analysis, the value of my is dependent on the
vertical force applied to the clamped ends. Vaues for my increased as the applied
vertical forceincreased (for afixed value of fo).

Figure 5.6 shows the relationship between the moment at s=d and the vertical
displacement for c=0.4, n=0, and 0=0.001. Asthe value of f, increased, the moment mgy
also increased for afixed value of . Additionally, as the value of my increased, the value
of the vertical displacement increased (for afixed value of fo). Valuesfor the moment
myq, the vertical force g, and the vertical displacement 6 at b=0 (i.e. at the left end of the

curves) can be found in Table 5.5.

Contact Length vs. Vertical Force
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Figure5.2: Contact Length vs. Vertical Forcefor c=0.4, n=0, and a=0.001
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Contact Length vs. Vertical Displacement
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Figure5.3: Contact Length vs. Vertical Displacement for ¢=0.4, n=0, and a=0.001

Vertical Displacement vs. Vertical Force
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Figure5.4: Vertical Displacement vs. Vertical Forcefor ¢=0.4, n=0, and a=0.001
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Moment (mg) vs. Vertical Force
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Figure5.5: Moment (mg) vs. Vertical Forcefor ¢=0.4, n=0, and a=0.001
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Figure 5.6 Moment (my) vs. Vertical Displacement for c=0.4, n=0, and a=0.001

78



Results for the linear force DM T-type analysis when ¢=0.4, n=0, and a=0.0001 can be
found in Figures 5.7-5.11. Figure 5.7 plots the contact length vs. the vertical force for
0=0.0001. Asthe value for the maximum linear force fo was increased, the value for the
contact length b, at a constant value of g, also increased. When ;=100 and f;=1000, the
values obtained through the analysis were very close to those obtained for f;=0 (i.e. no
adhesion forces present). Figure 5.8 presents results similar to thosein Figure 5.7. This
plot of contact length b vs. vertical deflection & shows that as the value for the maximum
linear force increased, the value for the contact length, at a constant value of d, also
increased. The results obtained from Figures 5.7 and 5.8 indicate that the presence of
adhesion forces elongated the contact length.

The results of the line contact analysis (or spreading solution) for c=0.4, n=0, and
0=0.0001 can aso be seen in Figure 5.9 which plots the vertical displacement d vs. the
vertical forceq. All curvesin Figure 5.9 terminated when the contact length equaled zero
and the elastica reached the transition point from line contact to point contact.
Additionally, the values obtained for the curves f;=100, 1000, and 10,000 were very close
to those obtained for f;=0 (i.e. no adhesion forces present). Values of d, g, , p, and my at

the transition point between point and line contact can be found in Table 5.5.

Since the moment at the point of separation of the elasticafrom the rigid surface was
equal to zero (m,=0), values were calculated for the moment at s=d. Figure 5.10 plotsthe
moment my vs. the vertical force g for a=0.0001. Asthe value of fy increased, the
moment my also increased for afixed value of g. Unlike the moment my, which was
calculated in the JKR-type analysis, the value of mq was dependent on the vertical force
applied to the clamped ends. Values for my increased as the applied vertical force
increased (for afixed value of fp). The curvesin Figure 5.10 for f,=100, 1000, and
10,000 terminate when the transition point from line contact to point contact has been
attained (b=0).

79



Figure 5.11 shows the relationship between the moment at s=d and the vertical
displacement for c=0.4, n=0, and 0=0.0001. Asthe value of f increased, the moment my
also increased for afixed value of . Additionally, as the value of my increased, the value
of the vertical displacement increased (for afixed value of fp). Valuesfor the moment
myq, the vertical force g, and the vertical displacement 6 at b=0 can be found in Table 5.5.
The curvesin Figure 5.11 for f,=100, 1000, and 10,000 terminate when the transition
point from line contact to point contact has been attained (b=0).

Contact Length vs. Vertical Force
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Figure5.7: Contact Length vs. Vertical Forcefor c=0.4, n=0, and a=0.0001
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Contact Length vs. Vertical Displacement
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Figure5.8: Contact Length vs. Vertical Displacement for c=0.4, n=0, and a=0.0001
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Figure5.9: Vertical Displacement vs. Vertical Forcefor ¢c=0.4, n=0, and a=0.0001
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Moment (mg) vs. Vertical Force
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Figure5.10: Moment (mg) vs. Vertical Forcefor ¢=0.4, n=0, and a=0.0001

Moment (mg) vs. Vertical Displacement
20
15 A
f;=10000
my 1.0 -
0.5 A
f0:100
0.0 ‘ ‘ ‘ ‘ ‘ ‘
0.05 0.10 015 0.20 0.25 0.30 0.35 0.40
5

Figure5.11: Moment (mg) vs. Vertical Displacement for c=0.4, n=0, and a=0.0001
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5.2.2 Resultsfor c=0.4 and n=2 (Line Contact Only)

The results obtained for the line contact case when ¢=0.4 and n=2 can be found in
Figures 5.12-5.21. Values of a=0.001 and 0.0001 were examined. For each value of q,
maximum force values of f,=0, 100, 1000, and 10,000 were considered. The results
obtained for c=0.4 and n=2 were comparabl e to those obtained when c=0.4 and n=0.

The presence of adhesion forces caused an elongation of the contact area. For increasing
values of fo, the contact length aso increased when the values of g and & were fixed (see
Figures5.12, 5.13, 5.17, and 5.18). Figures 5.14 and 5.19, for a=0.001 and 0.0001,
respectively, plot the vertical displacement d vs. the vertical forceg. All curvesin
Figures 5.14 and 5.19 terminated when the contact length equaled zero and the elastica
reached the transition point from line contact to point contact. Valuesd, g, &, p, and my at

the transition point when a=0.001 and 0.0001 can be found in Table 5.6.

Table5.6: Values Correspondingtothe Transition Point Between Line Contact
(b>0) and Point Contact (b=0) for c=0.4 and n=2

Curve d q 0 p My
a=0 fo=0 0.0000 10.90 0.0960 10.178 NA
fo =100 0.0726 10.48 0.0914 9.952 1.0273

a =0.001 | f,=1000 0.0548 7.96 0.0664 8.643 1.3862
fo = 10000 0.0334 -2.62 0.0024 3.888 3.1391
fo =100 0.0346 10.81 0.0949 10.125 0.4753
a =0.0001 | fo = 1000 0.0284 10.17 0.0874 9.767 0.5772
fo = 10000 0.0183 7.56 0.0607 8.384 1.1260

Vaues for the moment at s=d were calculated using the shooting method. These values
were then plotted against the vertical force and the vertical displacement (Figures 5.15,
5.16, 5.20, and 5.21). Asthe value of fy increased, the moment my increased when values
of g and d were fixed. Additionally, asthe value of my increased, the values of the

vertical force and the vertical displacement also increased. Unlike the moment my, which
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was calculated in the JKR-type analysis, the value of mgq was dependent on the vertical
force applied to the clamped ends, as well as the value of the maximum linear force fo.

Contact Length vs. Vertical Force
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Figure5.12: Contact Length vs. Vertical Forcefor c=0.4, n=2, and ad=0.001
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Figure5.13: Contact Length vs. Vertical Displacement for ¢=0.4, n=2, and a=0.001
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Figure5.14: Vertical Displacement vs. Vertical Forcefor c=0.4, n=2, and a=0.001
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Moment (mg) vs. Vertical Force
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Figure5.15: Moment (mq) vs. Vertical Forcefor c=0.4, n=2, and a=0.001
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Figure 5.16: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=2, and a=0.001
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Contact Length vs. Vertical Force
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Figure5.17: Contact Length vs. Vertical Forcefor c=0.4, n=2, and 0=0.0001
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Figure5.18: Contact Length vs. Vertical Displacement for c=0.4, n=2, and a=0.0001
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Vertical Displacement vs. Vertical Force
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Figure5.19: Vertical Displacement vs. Vertical Forcefor c=0.4, n=2, and 0=0.0001
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Figure 5.20: Moment (mq) vs. Vertical Forcefor c=0.4, n=2, and a=0.0001
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Moment (mg) vs. Vertical Displacement
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Figure5.21: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=2, and a=0.0001

5.2.3 Resultsfor c=0.4 and n=-2 (Line Contact Only)

The results obtained for c=0.4 and n=-2 were comparabl e to those obtained when c=0.4
and n=0. When adhesion forces were included in the analysis, an elongation of the
contact length occurred. The analysisincluded an investigation of a=0.001 and 0.0001
when f3=100, 1000, and 10,000. Valueswere obtained for d, g, , p, and mq through a
shooting analysis. The results obtained for c=0.4, n=-2, and ad=0.001 and 0.0001 can be
found in Figures 5.22-5.31. Additionally, tabular resultsfor d, g, 8, p, and my at c=0.4,
n=-2 and b=0 are located in Table 5.7.
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Table5.7: Values Corresponding to the Transition Point Between Line Contact
(b>0) and Point Contact (b=0) for c=0.4 and n=-2

Curve d q 0 p My
a=0 fo=0 0.0000 14.13 0.0972 10.375 NA
fo =100 0.0737 13.69 | 0.0921 | 10.140 | 0.9969
a = 0.001 | fo=1000 0.0551 11.26 0.0666 8.872 1.3639
fo =10000 | 0.0334 0.93 0.0006 4,253 3.1297
fo =100 0.0352 14.03 0.0958 10.316 | 0.4587

a=0.0001 || f,=1000 | 0.0287 | 13.38 | 0.0878 | 9.948 | 0.5635
f,=10000 | 0.0183 | 10.87 | 0.0606 | 8619 | 1.1175

Contact Length vs. Vertical Force
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Figure5.22: Contact Length vs. Vertical Forcefor c=0.4, n=-2, and a=0.001
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Contact Length vs. Vertical Displacement
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Figure5.23: Contact Length vs. Vertical Displacement for c=0.4, n=-2, and a=0.001

Vertical Displacement vs. Vertical Force
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Figure5.24: Vertical Displacement vs. Vertical Forcefor c=0.4, n=-2, and a=0.001
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Figure5.25: Moment (mg) vs. Vertical Forcefor ¢=0.4, n=-2, and a=0.001
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Figure5.26: Moment (mg) vs. Vertical Displacement for c=0.4, n=-2, and a=0.001
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Contact Length vs. Vertical Force

0.50

f,=10,000

0.40

0.30 A

0.20 A

0.10 A

0.00
10

Figure5.27: Contact Length vs. Vertical Forcefor c=0.4, n=-2, and a=0.0001
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Figure5.28: Contact Length vs. Vertical Displacement for c=0.4, n=-2, and
0=0.0001
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Vertical Displacement vs. Vertical Force
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Figure5.29: Vertical Displacement vs. Vertical Forcefor c=0.4, n=-2, and a=0.0001
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Figure5.30: Moment (my) vs. Vertical Forcefor ¢=0.4, n=-2, and a=0.0001
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M oment (mg) vs. Vertical Displacement
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Figure5.31: Moment (mg) vs. Vertical Displacement for c=0.4, n=-2, and a=0.0001

The effect of the self-weight term n on the DM T-type analysis can be seen in Figure

5.32. Threen values, including n=2, 0, and -2, were examined when c=0.4, a=0.001,
and f;=1000. Figure 5.32, which plots the contact length b vs. the vertical force g, shows
that when a positive value for the self-weight is added to the anaysis, the value of b
increased when the value of g was fixed. Also, when a negative value was used for n, the

contact length decreased when the value of q was fixed.
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Contact Length vs. Vertical Force
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Figure5.32: Contact Length vs. Vertical Forcefor ¢=0.4, a=0.001, and f,=1000.

5.24 Resultsfor c=0.8 and n=0 (Line Contact Only)

The results obtained for the line contact case when ¢=0.8 and n=0 can be found in
Figures 5.33-5.42. Values of a=0.001 and 0.0001 were examined. The original analysis
also included an examination of the a=0.01 case. However, it was later discovered that
valuesfor 8 at s=d when a=0.01 were significantly larger than 8 values at s=d for
0=0.001 and 0.0001. Since alinear analysis was conducted to find values for x, y, 6, and
m when 0<s<d, and the linear analysis was contingent upon the existence of small 6
valuesin thisregion, the a=0.01 case was eliminated due to the larger values of 6 that
were present at s=d. Table 5.8 presents values for 6 and myg when a=0.01, 0.001, and
0.0001 for ¢=0.8, n=0, b=0 (approximately), and f;=10, 100, and 1000.
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Table5.8: Valuesfor d, 8, and myg when ¢=0.8, n=0, and b=0

f,=10 f,=100 f,=1000
a d 6 My d 0 My d 6 My
0.01 0.261 0.1084 | 0.7413 0.192 0.1304 | 0.8814 0.114 | 0.2109 | 2.0572
0.001 0.126 0.0231 | 0.3472 0.098 0.0271 | 0.4276 0.060 0.0419 | 0.9221
0.0001 || 0.060 | 0.0049 | 0.1592 || 0.050 | 0.0055 | 0.1859 || 0.033 | 0.0079 | 0.3467

For each value of a examined in this analysis, maximum adhesion force values of fo=0,
10, 100, and 1000 were considered. Figure 5.33 plots the contact length b vs. the vertical
force q when ¢=0.8, n=0, and a=0.001. From this plot, the effect of the adhesion forces
can be seen. Asthe value for the maximum linear force fo was increased, the contact
length, at afixed value of g, aso increased. When fy=10, the values obtained from the
analysis were very close to those obtained for f;=0 (i.e. no adhesion forces present).
Figure 5.34, which plots the contact length b vs. the vertical displacement 9, also
demonstrates the effect of the adhesion forces on the contact length. Again, asthe value
of fo wasincreased, the contact length, at afixed value of 9, also increased. The results
obtained from Figures 5.33 and 5.34 indicated that the presence of adhesion forces
elongated the contact length.

The relationship between the vertical displacement and the vertical force for c=0.8, =0,
and 0=0.001 is plotted in Figure 5.35. The curvesin this figure represent the result from
the spreading solution only (the point contact and no contact analyses will be presented in
alater section). Figure5.35 verifiesthat as the vertical force at the clamped ends was
increased, the vertical displacement experienced by the elastica aso increased.
Additionally, as the value of the maximum linear force fo was increased, the vertical
displacement, at afixed value of q, also increased. All curvesin Figure 5.35 terminated
when the contact length equaled zero and the elastica experienced the transition from line
contact to point contact. Vaues of d, g, 8, p, and my at the transition point can be found
in Table 5.9.
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Table5.9: Values Corresponding to the Transition Point Between Line Contact
(b>0) and Point Contact (b=0) for c=0.8 and n=0

Curve d q 0 p my
a=0 fo=0 0.0000 2.49 0.0275 -3.785 NA
fo =10 0.1257 2.29 0.0253 -4.110 0.3472

a=0.001 |f,=100 0.0982 1.38 0.0155 -5.620 0.4276
fo=1000 | 0.0603 -2.27 -0.0150 | -11.424 | 0.9221
f,=10 0.0600 2.46 0.0271 -3.847 0.1592
a = 0.0001 | f,=100 0.0503 2.21 0.0240 | -4.265 0.1859
fo=1000 | 0.0327 1.23 0.0129 -5.895 0.3467

Figures 5.36 and 5.37 plot the moment my vs. the vertical force g and the vertical
displacement 9, respectively. Various values of fo were examined, including f;=10, 100,
and 1000. Figure 5.36 shows that as the value of f, increased, the moment my aso
increased when q remained constant. Additionally, at a constant value of fo, the moment
myq increased with increasing values of q. The relationship between the moment at s=d
and the vertical displacement & for c=0.8, N=0, and 0=0.001 is presented in Figure 5.37.
In thisfigure, as the value of fyincreased, the moment my increased for afixed value of .
Also, as the value of my increased, the value of the vertical displacement increased (for a
fixed value of fg). Therefore, unlike the moment my, which was calculated in the JKR-
type analysis, the moment at s=d was not independent of the applied vertical force or the
separation distance between the clamped ends of the elastica.
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Contact Length vs. Vertical Force
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Figure5.33: Contact Length vs. Vertical Forcefor ¢=0.8, n=0, and a=0.001
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Figure5.34: Contact Length vs. Vertical Displacement for ¢=0.8, n=0, and a=0.001
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Vertical Displacement vs. Vertical Force
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Figure5.35: Vertical Displacement vs. Vertical Forcefor ¢=0.8, n=0, and a=0.001
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Figure5.36: Moment (mg) vs. Vertical Forcefor ¢=0.8, n=0, and a=0.001
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Moment (my) vs. Vertical Displacement
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Figure5.37: Moment (mg) vs. Vertical Displacement for c=0.8, n=0, and a=0.001

Theresults for the linear force DM T-type analysis when ¢=0.8, n=0, and a=0.0001 can
be found in Figures 5.38-5.42. Values used for the maximum adhesion force were f;=0,
10, 100, and 1000. Figure 5.38 isaplot of the contact length b vs. the vertical force g.
Asthe value of the maximum force fo increased, the contact length also increased (for a
fixed value of g). When f;=10, the values obtained through the DM T-type analysisfor b
and q were very close to those obtained for f,=0 when adhesion forces were ignored.
Therefore, relative to f;=100 and f;=1000, f;=10 was a small adhesion force.

Figure 5.39 yielded results similar to those obtained from Figure 5.38. Thisfigure
(which plots the contact length vs. the vertical displacement) shows that as the value for
the maximum linear force increased, the value for the contact length, at a constant value
of 9, asoincreased. Again, when f;=10, the values obtained through the DM T-type
analysisfor b and d were very close to those obtained for f,=0 when adhesion forces were

ignored. Therefore, the adhesion force f=10 produced minimal additional deformation
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in the shape of the elastica. The results obtained from Figures 5.38 and 5.39 indicated that

the presence of adhesion forces elongated the contact length.

The relationship between the vertical displacement and the vertical force can be located
in Figure 5.40. All curvesin Figure 5.40 represented the line contact solution only and
terminated when the contact length became zero. As the contact length approached zero,
the elastica experienced atransition from line contact to point contact. Values of d, g, 9,
p, and my at this transition point are located in Table 5.9. When the vertical force was
held constant, the vertical displacement increased with increasing values of fo.
Additionally, the values obtained for 4 and g when fy=10, 100, and 1000 were very close
to those obtained when fy=0, especially when q was greater than 8.

Using the shooting method, values were obtained for the moment at s=d. A plot of the
moment my vs. the vertical force g when ¢=0.8, n=0, and a=0.0001 shows that for a
constant value of g, the moment my increased with increasing values of fo. Furthermore,
as valuesfor the vertical force q increased, the moment my also increased (when fo was
held constant), as seen in Figure 5.41. The moment my was also plotted against the
vertical displacement d. Figure 5.42 shows that for a constant value of d, my increased
with increasing values of fo. Vaues for the moment my, the vertical force g, and the

vertical displacement  at b=0 can be found in Table 5.9.
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Contact Length vs. Vertical Force
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Figure5.38: Contact Length vs. Vertical Forcefor c=0.8, n=0, and a=0.0001
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Figure5.39: Contact Length vs. Vertical Displacement for ¢=0.8, n=0, and a=0.0001
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Vertical Displacement vs. Vertical Force

0.12

0.09 ~

d 0.06 1

0.03

0.00

Figure5.40: Vertical Displacement vs. Vertical Forcefor ¢c=0.8, n=0, and a=0.0001
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Figure5.41: Moment (mg) vs. Vertical Forcefor ¢=0.8, n=0, and a=0.0001
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Moment (my) vs. Vertical Displacement
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Figure5.42: Moment (mg) vs. Vertical Displacement for ¢=0.8, n=0, and a=0.0001

5.25 Resultsfor c=0.8 and n=2 (Line Contact Only)

The results obtained for the line contact case when ¢=0.8 and n=2 can be found in
Figures 5.43-5.52. Values of a=0.001 and 0.0001 were examined. Similar to the cases
discussed previously which involved a DMT-type analysis, the original analysis also
included an examination of the a=0.01 case. Since the values for 0 at s=d when a=0.01
were significantly larger than 6 values at s=d for a=0.001 and 0.0001, this portion of the

analysis has been omitted.

For each value of a examined, maximum force values of f,=0, 100, 1000, and 10,000
were considered. The results obtained for c=0.8 and n=2 were comparable to those
obtained when ¢c=0.8 and n=0. Figure 5.43 isaplot of the contact length vs. the vertical

force for c=0.8, N=2, and 0=0.001. In general, when the vertical force was held constant,
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increasing values of foproduced an increase in the contact length. However, when g was
equal to 2.5 (approximately), the f;=0 curve crossed the f;=10 curve. Therefore, when
0>2.5, alarger contact length existed when f;=0 than when f,=10 for afixed value of q.
Additionally, at approximately g=11, the fo=0 curve crossed the f;=100 curve. Therefore,
when g>11, alarger contact length existed when f,=0 than when f;=100. Although the b
vs. g plot for c=0.8, n=2, and a=0.001varied from the trend seen in al the previous
contact length vs. vertical force plots, the relationship between the contact length and the
vertical displacement for fo=0, 10, 100, and 1000 remained consistent with the previous b
vs. d plots (see Figure 5.44). Asthe value of fpincreased, the value of the contact length,
at afixed value of , also increased.

The results of the line contact analysis can also be seen in Figure 5.45, which plots the
vertical displacement d vs. the vertical force q. For afixed value of g, the fo=0 curve,
which lies above the fo=10 throughout its entirety, produced larger vertical displacements
than the f;=10 curve. Furthermore, when gq=3 (approximately), the f,=0 curve crossed
the fo=100 curve. Therefore, for g>3, the f;=0 curve produced larger vertical
displacements than the fp=100 curve. Finaly, the fo=0 curve approached the f,=1000
curve; however, for the values of g examined, it did not cross the f;=1000 curve. All
curves in Figure 5.45 terminated when the elastica approached point contact (b=0). The
values of d, g, , p, and mq at the transition from point contact to line contact can be
found in Table 5.10.

The moment my vs. the vertical force g and the moment my vs. the vertical displacement
relationships found in Figures 5.46 and 5.47 resemble those when ¢c=0.8 and n=0. For a
fixed value of g, my increased with increasing values of fo. Additionally, for afixed
value of §, my also increased with increasing values of fo. Finally, for afixed value of fo,
the moment at s=d increased with increasing values of g and 6. Vauesfor mqy, g, and

0 when ¢=0.8, n=2, and b=0 can be found in Table 5.10.
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Table5.10: Values Corresponding to the Transition Point Between Line Contact

(b>0) and Point Contact (b=0) for c=0.8 and n=2.

Curve d q 0 p My

a=0 |[fo=0 0.0000 0.81 0.0287 -5.017 NA
fo=10 0.1223 0.60 0.0266 | -5.345 0.3629
a=0.001 | f,=100 0.0970 -0.34 0.0171 -6.865 0.4419
fo=1000 | 0.0602 -4.09 -0.0126 | -12.776 | 0.9294
f, =10 0.0582 0.75 0.0281 -5.105 0.1684
o =0.0001 | fo =100 0.0494 0.51 0.0254 | -5.501 0.1946
fo=1000 | 0.0325 -0.49 0.0146 -7.149 0.3525

Contact Length vs. Vertical Force
0.5

Figure5.43: Contact Length vs. Vertical Forcefor ¢=0.8, n=2, and a=0.001
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Contact Length vs. Vertical Displacement
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Figure5.44: Contact Length vs. Vertical Displacement for ¢=0.8, n=2, and a=0.001
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Figure5.45: Vertical Displacement vs. Vertical Forcefor ¢=0.8, n=2, and a=0.001
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M oment (mq) vs. Vertical Force
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Figure5.46: Moment (mg) vs. Vertical Forcefor ¢=0.8, n=2, and a=0.001
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Figure5.47: Moment (mg) vs. Vertical Displacement for ¢=0.8, n=2, and a=0.001
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The results for the linear force DM T-type analysis when ¢=0.8, n=2, and 0=0.0001 can
be found in Figures 5.48-5.52. Vaues used for the maximum adhesion force were fy=0,
10, 100, and 1000. Figure5.48 isaplot of the contact length b vs. the vertical force g.
For fo>0, as the value of the maximum force f, increased, the contact length also
increased (for afixed value of g). However, the fo=0 curve produced b values greater
than those obtained through the DM T-type analysis when f,=10 for the entire range of g
values examined in thisanalysis. Additionally, the f;=0 curve crossed the f;=100 curve
at approximately g=2.5. Therefore, when g>2.5, the contact length was longer when fo=0
than when f,=100. The fy=0 curve approached the f;=1000 curve but did not cross it for

the values of g which were examined in this analysis.

The relationship between the contact length and the vertical displacement for fo=0, 10,
100, and 1000 remained consistent with the previous b vs. d plots (see Figure 5.49). As
the value of fyincreased, the value of the contact length, at afixed value of , also
increased. When f3=10, the values obtained through the DM T-type analysisfor b and &
were very close to those obtained for fo=0 when adhesion forces were ignored.
Therefore, the adhesion force fo=10 produced minimal additional deformation in the
shape of the elastica. Asvalues of d grew larger, the fo=100 curve also yielded values
close to those obtained when fo=0. The results obtained from Figure 5.49 indicated that

the presence of adhesion forces elongated the contact length.

The relationship between the vertical displacement and the vertical force can be located
in Figure 5.50. All curvesin Figure 5.50 represented the line contact solution only and
terminated when the contact length became zero. As the contact length approached zero,
the elastica experienced atransition from line contact to point contact. Values of d, g, 9,
p, and my at this transition point are located in Table 5.11. For fp>0, when the vertical
force was held constant, the vertical displacement increased dlightly with increasing

values of fo. However, the fo=0 curve produced larger vertical displacements aongits
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entirety than those produced by the fo=10 and f;=100 curves at corresponding q values.
The fp=0 curve aso crossed the f,=1000 curve at approximately g=3. Therefore, when
>3, the vertical displacements when f;=0 were larger than the vertical displacements

when f;=1000 for the same value of q.

Using the shooting method, values were obtained for the moment at s=d. A plot of the
moment my vs. the vertical force g when ¢=0.8, n=2, and a=0.0001 shows that for a
constant value of g, the moment my increased with increasing values of fo. Furthermore,
as valuesfor the vertical force q increased, the moment my also increased (when fo was
held constant) as seen in Figure 5.51. The moment my was also plotted against the
vertical displacement d. Figure 5.52 shows that for a constant value of d, my increased
with increasing values of fo. Vaues for the moment mq, the vertical force g, and the

vertical displacement  at b=0 can be found in Table 5.10.

Contact Length vs. Vertical Force
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Figure5.48: Contact Length vs. Vertical Forcefor ¢c=0.8, n=2, and 0=0.0001
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Contact Length vs. Vertical Displacement
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Figure5.49: Contact Length vs. Vertical Displacement for c=0.8, n=2, and a=0.0001
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Figure 5.50: Vertical Displacement vs. Vertical Forcefor c=0.8, n=2, and a=0.0001
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M oment (my) vs. Vertical Force
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Figure5.51: Moment (my) vs. Vertical Forcefor ¢c=0.8, n=2, and a=0.0001
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Figure 5.52: Moment (my) vs. Vertical Displacement for ¢=0.8, n=2, and a=0.0001

113



5.2.6 Resultsfor c=0.8 and n=-2 (Line Contact Only)

The results obtained for the line contact case when ¢=0.8 and n=-2 can befound in
Figures 5.53-5.62. Vaues of a=0.001 and 0.0001 were examined. Similar to the cases
discussed previously which involved a DMT-type analysis, the original analysis also
included an examination of the a=0.01 case. Since the valuesfor 0 at s=d when a=0.01
were significantly larger than 8 values at s=d for 0=0.001 and 0.0001, this portion of the

analysis has been omitted.

For each value of o examined, maximum force values of f;=0, 100, 1000, and 10,000
were considered. The trends observed in the plots for a=0.001 and a=0.0001 when
¢=0.8 and n=-2 were the same as the general trends discussed in previous sections. For
the contact length vs. vertical force plots, the contact length increased with increasing
values of fo (when qwasfixed). Similarly, when the contact length was plotted against
the vertical displacement, the contact length increased with increasing values of fo (when
o was fixed).

The trends observed in previous sections for the relationship between the vertical
displacement & and the vertical force q aso remained the same for the DM T-type analysis
when ¢=0.8, n=-2, and a=0.001 and 0.0001. All curvesin the vertical displacement vs.
vertical force plots represented the line contact solution only and terminated when the
transition from line contact to point contact was reached. Valuesfor d, g, 8, p, and mgfor
¢=0.8, n=-2, and b=0 can be located in Table 5.11.

Plots were also obtained for the moment mgy vs. the vertical force and the moment my vs.
the vertical displacement. When g and o were fixed, the value of the moment my
increased with increasing values of fo. Also, my increased with increasing values of g and
0. Unlike the moment my, which was calculated for the JKR-type anaysis, the moment
mg was not independent of the vertical force applied at the clamped ends of the elastica,

nor was it independent of the separation distance ¢ between the clamped ends. All results
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of the linear force DM T-type analysis when ¢=0.8 and n=-2 can be found in Figures
5.53-5.62.

Table5.11: Values Corresponding to the Transition Point Between Line Contact
(b>0) and Point Contact (b=0) for c=0.8 and n=-2.

Curve d q ) p my
a=0 |[fo=0 0.0000 4.17 0.0260 -2.557 NA
f,=10 0.1296 3.97 0.0237 -2.883 0.3310

a=0.001 || fo=100 0.0994 3.07 0.0134 -4.391 0.4125
fo = 1000 0.0604 -0.45 -0.0178 | -10.070 0.9147
fo=10 0.0623 4.13 0.0254 -2.628 0.1488
a =0.0001 | fo =100 0.0512 3.88 0.0222 -3.054 0.1763
fo = 1000 0.0328 294 0.0108 -4.639 0.3407

Contact Length vs. Vertical Force
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Figure5.53: Contact Length vs. Vertical Forcefor ¢c=0.8, n=-2, and a=0.001
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Contact Length vs. Vertical Displacement
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Figure5.54: Contact Length vs. Vertical Displacement for ¢=0.8, n=-2, and a=0.001
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Figure5.55: Vertical Displacement vs. Vertical Forcefor ¢=0.8, n=-2, and a=0.001
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M oment (mq) vs. Vertical Force
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Figure5.56: Moment (mg) vs. Vertical Forcefor ¢=0.8, n=-2, and a=0.001
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Figure5.57: Moment (mg) vs. Vertical Displacement for ¢c=0.8, n=-2, and a=0.001
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Contact Length vs. Vertical Force
05

f,=1000
0.4 1

0.3

0.2

0.1

0.0

Figure5.58: Contact Length vs. Vertical Forcefor ¢=0.8, n=-2, and a=0.0001

Contact Length vs. Vertical Displacement
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Figure5.59: Contact Length vs. Vertical Displacement for ¢=0.8, n=-2, and
0=0.0001
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Vertical Displacement vs. Vertical Force
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Figure 5.60: Vertical Displacement vs. Vertical Forcefor ¢=0.8, n=-2, and a=0.0001
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Figure5.61: Moment (mq) vs. Vertical Forcefor ¢=0.8, n=-2, and a=0.0001
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M oment (mg) vs. Vertical Displacement
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Figure 5.62: Moment (mq) vs. Vertical Displacement for ¢=0.8, n=-2, and a=0.0001

5.3 RESULTSFOR THE DUGDALE DMT-TYPE FORCE

Using the shooting method and the governing equations discussed in Section 5.1 of this
chapter, values for the free length u of the elastica, the vertical force g, the horizontal
force p, the height of the elastica h, and the moment my at s=d were obtained for the line
contact case. The contact length was then calculated usingb =1 - d - u, and the vertical
displacement was calculated by subtracting the height of the elasticafrom itsinitial
height when there was no contact between the elastica and the rigid surface (0 = hg - h).
For the Dugdale force, a separation distance of c=0.4 between the clamped ends of the
elasticawas considered. Additionally, three n values were examined: n=2, 0, and 2.
The values of hy corresponding to n=2, 0, and —2 were hy=0.7912, 0.7896, and 0.7878

when c=0.4.
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53.1 Resaultsfor c=0.4 and n=0 (Line Contact Only)

The results obtained for the line contact case when ¢=0.4 and =0 can be found in
Figures 5.63-5.72. Values of a=0.001 and 0.0001 were examined. For each value of q,
Dugdale force values of go=500 and go=5000 were considered. The effect of the
adhesion forces can be seen in Figure 5.63, which plots the contact length vs. the vertical
force when a=0.001. For afixed value of g, asthe adhesion force gy increased, the
contact length b also increased. Figure 5.64 presents similar results. The contact length
vs. vertical displacement relationship presented in Figure 5.64 shows that as the value of
the adhesion force go increased, the contact length aso increased (for afixed value of d).
The results obtained in Figures 5.63 and 5.64 indicate that the presence of adhesion
forces elongated the contact length.

Figure 5.65 represents the line contact solution for ¢c=0.4, n=0, and a=0.001. All curves
contained in Figure 5.65 terminated when the el astica experienced the transition from
point contact (b=0) to line contact (b>0). Valuesof d, g, §, p, and my at thistransition
point can be found in Table 5.12. Figure 5.65 shows the relationship between the vertical
displacement and the vertical force. For afixed value of g, the vertical displacement

0 increased with increasing values of the adhesion force go. Additionally, asthe vertical
force increased, the vertical displacement also increased.

Table5.12: Values Corresponding to the Transition Point From Line Contact (b>0)
to Point Contact (b=0) for c=0.4 and n=0 (Dugdale For ce)

Curve d q 0 p my
a=0 9 =0 0.0000 12.52 0.0966 10.277 NA
o = 0.001 0o = 500 0.0578 9.75 0.0687 8.854 1.3753

9o =5000 | 0.0356 -0.73 0.0037 4.178 3.1376

0o = 500 0.0297 11.83 0.0884 9.895 0.5694
0o =5000 [ 0.0194 9.27 0.0614 8.535 1.1202

a =0.0001
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Using the shooting method, the governing equations, and the end conditions specified for
the Dugdale force line contact case, values were obtained for the moment at s=d. The
values for this moment were then plotted against the vertical force and the vertical
displacement. Figure 5.66 plots the moment my vs. the vertical force g for c=0.4, n=0,
0=0.001, and go=500 and 5000. As g increased, the contact length also increased when
gwasfixed. Additionally, when the vertical force increased, the contact length increased
(when go was held constant). Figure 5.67 plots the moment mq vs. the vertical
displacement & for c=0.4, n=0, a=0.001, and go=500 and 5000. As g increased, the
contact length also increased when & was fixed. Furthermore, when the vertical

displacement increased, the contact length increased (when go was held constant).

The results obtained for the Dugdale force DM T-type analysis when ¢=0.4, n=0, and
0=0.0001 were comparable to those obtained when a=0.001. Additionally, the trends
experienced in plots for 0=0.0001 were identical to those experienced in the
corresponding plots for a=0.001. Results from the Dugdale force anaysisfor a=0.0001
can be found in Figures 5.68-5.72.
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Contact Length vs. Vertical Force
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Figure5.63: Contact Length vs. Vertical Forcefor c=0.4, n=0, and a=0.001
(Dugdale Force)
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Figure5.64: Contact Length vs. Vertical Displacement for ¢=0.4, n=0, and a=0.001
(Dugdale Force)
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Vertical Displacement vs. Vertical Force
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Figure5.65: Vertical Displacement vs. Vertical Forcefor c=0.4, n=0, and a=0.001
(Dugdale Force)
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Figure 5.66: Moment (mq) vs. Vertical Forcefor ¢c=0.4, n=0, and a=0.001
(Dugdale Force)
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M oment (my) vs. Vertical Displacement
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Figure5.67: Moment (my) vs. Vertical Displacement for ¢=0.4, n=0, and a=0.001
(Dugdale Force)
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Figure5.68: Contact Length vs. Vertical Forcefor c=0.4, n=0, and a=0.0001
(Dugdale Force)
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Contact Length vs. Vertical Displacement
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Figure5.69: Contact Length vs. Vertical Displacement for ¢=0.4, n=0, and a=0.0001
(Dugdale Force)
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Figure 5.70: Vertical Displacement vs. Vertical Forcefor c=0.4, n=0, and a=0.0001
(Dugdale Force)
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M oment (mg) vs. Vertical Force
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Figure5.71: Moment (mq) vs. Vertical Forcefor c=0.4, n=0, and a=0.0001
(Dugdale Force)
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Figure 5.72: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=0, and a=0.0001
(Dugdale Force)
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5.3.2 Resultsfor c=0.4 and n=2 (Line Contact Only)

The results obtained for the Dugdal e force, line contact case when ¢=0.4 and n=2 can be
found in Figures 5.73-5.82. Values of a=0.001 and 0.0001 were examined. For each
value of a examined, maximum force values of go=0, 500, and 5000 were considered.
The trends observed in the plots for 0=0.001 and a=0.0001 when c=0.4 and n=2 were
the same as the general trends discussed in Section 5.3.1 (c=0.4 and n=0). For the
contact length vs. vertical force plots, the contact length increased with increasing values
of go (when qwasfixed). Similarly, when the contact length was plotted against the
vertical displacement, the contact length increased with increasing values of go (Wwhen

o was fixed).

The trends observed in Section 3.5.1 for the relationship between the vertical
displacement & and the vertical force q aso remained the same for the DM T-type analysis
when ¢=0.4, n=2, and a=0.001 and 0.0001. All curvesin the vertical displacement vs.
vertical force plots represented the line contact solution only and terminated when the
transition from line contact to point contact was reached. Vauesfor d, g, 8, p, and mq for
¢=0.4, n=2, and b=0 can be located in Table 5.13.

Table5.13: Values Corresponding to the Transition Point From Line Contact (b>0)
to Point Contact (b=0) for c=0.4 and n=2 (Dugdale For ce)

Curve | d | q | 0 | p | My
a=0 [[%=0 | 00000 | 1090 | 00960 | 10178 | NA
g%=500 | 00577 | 812 | 00688 | 8748 | 1.3867
g=5000 | 00356 | -250 | 00045 | 3995 | 3.1423
9%=500 | 00296 | 1020 | 00879 | 9787 | 05759
g=5000 | 00194 | 762 | 00616 | 8426 | 1.1244
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Plots were also obtained for the moment mgy vs. the vertical force and the moment my vs.
the vertical displacement. When g and d were fixed, the value of the moment my
increased with increasing values of go. Also, my increased with increasing values of g
and . Unlike the moment my,, which was calculated for the JKR-type analysis, the
moment mywas not independent of the vertical force applied at the clamped ends of the
elastica, nor was it independent of the separation distance ¢ between clamped ends. All
results of the Dugdale force DM T-type analysis when ¢=0.4 and n=2 can be found in
Figures 5.73-5.82.

Contact Length vs. Vertical Force
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Figure5.73: Contact Length vs. Vertical Forcefor c=0.4, n=2, and a=0.001
(Dugdale Force)
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Contact Length vs. Vertical Displacement
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Figure5.74: Contact Length vs. Vertical Displacement for c=0.4, n=2, and a=0.001
(Dugdale Force)
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Figure5.75: Vertical Displacement vs. Vertical Forcefor c=0.4, n=2, and a=0.001
(Dugdale Force)
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M oment (my) vs. Vertical Force
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Figure5.76: Moment (mq) vs. Vertical Forcefor c=0.4, n=2, and a=0.001
(Dugdale Force)
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Figure5.77: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=2, and a=0.001
(Dugdale Force)
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Contact Length vs. Vertical Force - M YD Analysis
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Figure5.78: Contact Length vs. Vertical Forcefor c=0.4, n=2, and a=0.0001
(Dugdale Force)
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Figure5.79: Contact L ength vs. Vertical Displacement for c=0.4, n=2, and a=0.0001
(Dugdale Force)
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Vertical Displacement vs. Vertical Force
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Figure 5.80: Vertical Displacement vs. Vertical Forcefor c=0.4, n=2, and a=0.0001
(Dugdale Force)
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Figure 5.81: Moment (mq) vs. Vertical Forcefor c=0.4, n=2, and a=0.0001
(Dugdale Force)
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M oment (mq) vs. Vertical Displacement
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Figure 5.82: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=2, and a=0.0001
(Dugdale Force)

5.3.3 Reaultsfor c=0.4 and n=-2 (Line Contact Only)

The results obtained for the Dugdal e force, line contact solution when c=0.4 and n=-2
can be found in Figures 5.83-5.92. Again, a=0.001 and a=0.0001 were investigated, and
for each a considered, adhesion force values of go=500 and go=5000 were examined.
Thetrends observedinbvs. g, bvs. 8, d vs. g, mg vs. g, and mq vs. d plots for c=0.4, n=
-2 were the same as those observed when ¢=0.4, n=0 and c=0.4, n=2 (Sections 5.3.1 and
5.3.2). The contact length b vs. vertical force q plots showed that for afixed value of g,
the contact length increased with increasing values for the adhesion force. The contact
length b vs. vertical displacement & plots showed that for afixed value of 9, the contact
length also increased with increasing values for the adhesion force. Additionaly, the
vertical displacement was plotted against the vertical force for the Dugdale force DMT-
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type analysis. All curvesin thed vs. q plot represented the line contact solution only and
terminated when the el astica experienced the transition from line contact (b>0) to point
contact (b=0). Vauesford, p, 8, g, and my at the transition point (b=0) are located in
Table5.14

Table5.14: Values Corresponding to the Transition Point From Line Contact (b>0)
to Point Contact (b=0) for c=0.4 and n=-2 (Dugdale For ce)

Curve d q o) p My
a=0 %=0 0.0000 14.13 0.0972 10.375 NA
0o =500 0.0580 11.37 0.0684 8.949 1.3633
go = 5000 0.0357 1.01 0.0022 4.333 3.1323

Jo = 500 0.0299 13.44 0.0887 9.990 0.5625
Qo = 5000 0.0194 10.93 0.0616 8.657 1.1161

The moment at s=d was plotted against both the vertical force and the vertical
displacement for c=0.4, n=-2, and a=0.001 and 0.0001. When g was held constant, the
moment my increased with increasing values of go. Additionally, the moment at s=d
increased with increasing values of q for a constant value of go. Similarly, when d was
held constant, the moment my increased with increasing values of go. The moment my

also increased with increasing values of & (for a constant go).
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Contact Length vs. Vertical Force

Figure 5.83: Contact Length vs. Vertical Forcefor c=0.4, n=-2, and a=0.001
(Dugdale Force)
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Figure 5.84: Contact L ength vs. Vertical Displacement for c=0.4, n=-2, and a=0.001
(Dugdale Force)
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Vertical Displacement vs. Vertical Force
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Figure 5.85: Vertical Displacement vs. Vertical Forcefor c=0.4, n=-2, and a=0.001
(Dugdale Force)
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Figure 5.86: Moment (mq) vs. Vertical Forcefor c=0.4, n=-2, and a=0.001
(Dugdale Force)
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M oment (mgy) vs. Vertical Displacement
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Figure 5.87: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=-2, and a=0.001
(Dugdale Force)
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Figure 5.88: Contact L ength vs. Vertical Forcefor c=0.4, n=-2, and a=0.0001
(Dugdale Force)
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Contact Length vs. Vertical Displacement
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Figure 5.89: Contact Length vs. Vertical Displacement for ¢c=0.4, n=-2, and
0=0.0001 (Dugdale Force)
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Figure5.90: Vertical Displacement vs. Vertical Forcefor c=0.4, n=-2, and a=0.0001
(Dugdale Force)
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M oment (mq) vs. Vertical Force
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Figure5.91: Moment (mq) vs. Vertical Forcefor c=0.4, n=-2, and a=0.0001 (Dugdale
Force)
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Figure 5.92: Moment (mq) vs. Vertical Displacement for ¢=0.4, n=-2, and a=0.0001
(Dugdale Force)
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54 RESULTSFOR THE NO CONTACT AND POINT CONTACT CASES

The vertical displacement vs. vertical force graphs contained in Sections 5.2 and 5.3
show only the line contact solutions and neglect the curves obtained when the point
contact and no contact cases were considered. Figure 5.93, however, displays atypical
plot (when thereis no self-weight n) of the vertical displacement vs. the vertical force
including the point contact and no contact solutions. The solid blue linein Figure 5.93
between Points A and B represents the point contact solution. The solid curves are
associated with stable equilibrium states (at which the total energy has alocal minimum
with respect to admissible changesin displacement). Point contact (b=0) begins where
the line contact (b>0) ends. The transition point which separates the line contact and the
point contact regions is denoted Point A, while the transition point between the point
contact and no contact curvesis denoted Point B. Point B was calculated using Equations
3.1-3.3 and Equation 4.6 as the governing equations. At s=1, the end conditions were
defined as x=c and 6=172. The clear vertical distance between the center of the elastica
and therigid surface, denoted as y, in Section 5.1 for the no contact case, was set equal to
zero. Vauesfor c, n, fo (or go for the Dugdale force analysis), and a were specified and
values were guessed for p and d. The FindRoot command in Mathematica was used to
obtain values for p and d at the transition point B. Valuesfor d, g, p, 8, and mq at this
transition point are given in Tables 5.15-5.17.

The no contact curve, when 0<y<aq, is denoted by the dashed line from Points B to C in
Figure 5.93. On thiscurve, the central region of the elastica feels the adhesion force even
though no contact is present between the two surfaces. The no contact curve intersects the
point contact curve at the transition point B described above and ends when & = - a and
g=-n (Point C, Figure 5.93). When the self-weight is excluded from the analysis (n=0),
Point C will occur at d = - a, g=0. Because the no contact curve from B to C represents

unstable equilibrium states, the elastica will jump through the region where O<yp<a.
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Figures 5.94 and 5.95 illustrate the path followed by the elastica through the point contact
and no contact regions when n=0. The behavior of the elastica was dependent on two
factors: whether the elastica was pushed onto or pulled off the rigid surface, and whether
the vertical displacement or the vertical force was controlled. Note that “pulling” here
refers to reducing the downward force g until the elastica loses contact with the substrate,
which may occur when g=0 or may require <0, i.e., an upward force. Whenq> 0 at
Point B, no upward force is required to separate the elastica from the substrate. The
elasticawill simply separate itself from the substrate when the force reaches the specified
value of q. The upward vertical force (q < 0) required to pull the elastica apart from the
substrate is the “pull-off force” f,=-q (although —2q is the total upward force).

Figure 5.94 illustrates the case in which the vertical displacement was controlled. When
the elastica was pushed onto the rigid substrate (blue arrows), it first experienced a period
of no contact with no adhesion forces acting. Once Point C was reached, a horizontal
jump from the point = - a, g=0 to the point contact curve occurred. That is, as soon as
the center of the elasticafelt the adhesion force, it jumped onto the substrate. Asthe
€lastica continued to experience pushing against the rigid surface, values for q and & were
obtained from the point contact and then line contact curves. When the elastica
experienced line contact and was gradually pulled off of the rigid surface (black arrows),
valuesfor g and o were obtained initially from the line contact curve. Asthe pulling
action continued, the contact length approached zero and the point contact curve was
encountered. Valuesfor g and & were obtained from the point contact curve until Point B
was reached. At Point B, ahorizontal jump occurred from the point contact curve to the
no contact region with no adhesion forces acting (yo > a). Therefore, the center of the
elasticajumped off the substrate and past the region in which the adhesion forces were

active (0 < yp < a). Following the horizontal jump, the value for g was zero and d<-a.

The vertical displacement experienced by the elasticawhen the vertical force was

controlled can be seen in Figure 5.95. When the elastica was pushed onto therigid
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substrate (blue arrows), it initially experienced a period of no contact with no adhesion
forces acting. Once Point C was reached, avertical jump from the point 8 = - a, g=-n to
the point contact curve occurred. As the elastica continued to experience pushing against
the rigid surface, values for q and & were obtained from the point contact and then line
contact curves. When the elastica experienced line contact and was gradually pulled off
of therigid surface (black arrows), values for g and d were obtained from the line contact
curve. Asthe pulling action continued, the contact length approached zero and the point
contact curve was encountered. Valuesfor g and & were obtained from the point contact
curve until Point B was reached. At Point B, the center of the elastica jumps dynamically
off the substrate and travels through and past the region of attraction created by the

adhesive forces.

When the self-weight n was added to the analysis, Tables 5.15-5.17 indicate that the
guantities d, o, p, and my only change slightly, and that the pull-off forceis
approximately changed by n. Thisis expected, since the values of n used here do not
significantly alter the overall shape of the elastica, and the weight of half of the stripisn.

By vertical equilibrium, at the instant of pull-off, the pull-off force f, is given by the total
attractive force of adhesion plus the self-weight n on one-half of the elastica. For the
linear force, an approximate expression for this total force at the moment of pull-off is
given in Appendix B. It utilizes the approximate function y(x) for 0 < x <d, and requires
knowledge of the values of fo, a, and d. The values obtained for f, when c=0.4
correspond to the first six rows of Table 5.15 and are 1.31, 13.48, 95.11, 0.43, 4.78, and
35.34. For Table 5.16, when ¢=0.8, they are 0.53, 3.07, 19.5, 0.19, 1.12, and 7.36. For
the Dugdal e force, the approximate pull-off forceis god + n. The vaues corresponding
to the pull-off force in the first four rows of Table 5.17 are f,=10.62, 75.84, 3.68, and
27.95. Valuesfor the approximate pull-off force f, and the pull-off force f, obtained by
using the shooting method can be found in Appendices B and C.
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Vertical Displacement vs. Vertical Force
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Figure5.93: Typical Vertical Displacement vs. Vertical Force Plot for DMT-Type
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Figure5.94: Vertical Force Experienced by the Elastica When it is Pushed Onto
(Blue Arrows on Right Side) or Pulled Off (Black Arrows on Left Side) the Rigid
Surface. Vertical Displacement is Controlled.
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Vertical Displacement vs. Vertical Force
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Figure5.95: Vertical Displacement Experienced by the Elastica When it is Pushed
Onto (Blue Arrowson Right Side) or Pulled Off (Black Arrowson Left Side) the
Rigid Surface. Vertical Forceis Controlled.
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Table5.15: Values corresponding to thetransition point B between point contact
and no contact for thelinear force DM T-type analysiswhen c=0.4

Curve d q o p My
fy =100 0.0246 -1.31 | -0.0153 | 4.097 | 3.2855
a=0.001 | f,=1000 0.0201 | -1348 | -0.0462 | 0561 | 4.8349
_ fo=10000 | 0.0134 | -9511 | -0.0930 | -32.068 | 10.4607
1= fo=100 0.0081 043 | -0.0052 [ 4.194 | 3.0688
a = 0.0001 || f, = 1000 0.0073 -478 | -0.0205 | 2423 | 3.7617
fo=10000 | 0.0052 | -3534 | -0.0667 | -9.616 | 7.1747
fo =100 0.0245 -3.32 -0.0150 | 3.853 3.3235
a=0.001 | f,=1000 0.0200 | -1548 | -0.0450 | -0.829 | 4.8507
s fo=10000 | 0.0134 | -97.18 | -0.0913 | -32.434 | 10.4565
= fo =100 0.0080 -244 | -00051 | 3.928 | 3.1079
a = 0.0001 || fo = 1000 0.0072 -6.77 | -0.0198 | 2155 | 3.7881
fo=10000 | 0.0052 | -37.35 | -0.0651 | -9.936 | 7.1752
f, =100 0.0247 0.70 -0.0155 | 4.338 | 3.2461
a=0.001 | f,=1000 0.0201 | -11.47 | -0.0458 | -0.294 | 4.8186
_ fo=10000 | 00134 | -93.04 | -0.0948 | -31.701 | 10.4650
n=2 fy=100 0.0081 1.57 -0.0053 | 4.458 | 3.0280
a =0.0001 || fo=1000 0.0073 -279 | -00212 | 2689 | 3.7345
fo=10000 | 0.0052 | -33.33 | -0.0685 | -9.296 | 7.1741
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Table5.16: Values corresponding to thetransition point B between point contact
and no contact for the linear force DM T-type analysis when ¢=0.8

Curve d q 0 p My
fo =10 0.0461 -0.53 -0.0726 | -5.202 | 0.9333
a=0.001 | f,=100 0.0391 -3.07 -0.0796 | -9.091 | 1.2579
_ f, = 1000 0.0255 -1950 | -0.1130 | -32.484 | 2.8596
L f,=10 0.0169 -0.19 -0.0281 | -6.745 | 0.6994
a =0.0001 | f,=100 0.0152 -1.12 -0.0331 | -8.286 | 0.8555
fo = 1000 0.0105 -7.36 -0.0606 | -17.959 | 1.7604
fo =10 0.0452 -2.60 -0.0706 | -6.678 | 0.9709
a=0.001 | f,=100 0.0387 -5.12 -0.0773 | -10537 | 1.2834
_ f, = 1000 0.0255 -21.63 | -0.1093 | -34.005 | 2.8555
n=2 f,=10 0.0164 221 -0.0271 | -8.347 | 0.7395
a =0.0001 | f,=100 0.0149 -3.13 -0.0317 | -9.849 | 0.8876
fo = 1000 0.0105 -9.38 -0.0577 | -19.485 | 1.7670
f, =10 0.0472 1.53 -0.0749 | -3.723 | 0.8928
a=0001 | f,=100 0.0395 -1.02 -0.0823 | -7.644 | 1.2304
_ f, = 1000 0.0255 | -17.38 | -0.1171 | -30.959 | 2.8639
= f,=10 0.0175 1.82 -0.0295 | -5.129 | 0.6553
a =0.0001 | f,=100 0.0155 0.88 -0.0347 | -6.717 | 0.8206
fo =1000 0.0106 -5.35 -0.0639 | -16.430 | 1.7532
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Table5.17: Values corresponding to thetransition point B between point contact
and no contact for the Dugdale force DM T-type analysiswhen c=0.4

Curve d q o) p My

0o = 500 0.0211 -10.62 -0.0327 -0.095 4.3872
a =0.001

- go =5000 0.0143 -75.84 -0.0830 | -26.234 | 9.3586

U= go=500 | 0.0075 -3.68 -0.0140 2.724 | 35507
o =0.0001

go =5000 0.0055 -27.95 -0.0582 -7.014 6.4638

0o =500 0.0211 -12.63 -0.0316 -0.389 44053
o =0.001

- 0o =5000 0.0143 -77.90 -0.0813 | -26.612 | 9.3548

U= 0o =500 0.0075 -5.67 -0.0134 2.446 3.5793
o = 0.0001

o =5000 0.0055 -29.95 -0.0567 -7.332 6.4666

0o =500 0.0212 -8.61 -0.0338 0.198 4.3685
o =0.001

. o =5000 0.0143 -73.77 -0.0848 | -25.856 | 9.3625

= 0o =500 0.0075 -1.68 -0.0146 3.000 3.5210
o =0.0001

0o =5000 0.0055 -25.94 -0.0599 -6.697 6.4609
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Chapter 6. Comparison of Experimental, Finite Element, and

Analytical Results

6.1 INTRODUCTION

In conjunction with the analytical work that was conducted for thisthesis, afinite
element analysis and experimental work were also performed. JiaQi, aPh.D. student
working with Dr. David Dillard of the Engineering Science and Mechanics Department at
Virginia Polytechnic Institute and State University, has conducted a series of JKR-type
testsinvolving thin, flexible strips of PDM S (polydimethylsiloxane). The commercial
brand of PDM S used for these experiments was SY LGARD 184 manufactured by Dow
Corning. The ends of the PDMS strips were lifted, bent, and fixed vertically at a known
distance apart. The angle of the PDMS strip at the fixed end was 8=1v2. The width,
thickness, and length of the PDM S were measured and recorded. Samples of the PDM S
were tested in tension to obtain a stress-strain curve, from which the modulus of elasticity
(E) was calculated. The value of the moment of inertiawas found using | = bh*12.

To conduct the experiments, it was necessary to orient the sample such that it was rotated
180 degrees from that shown in Figure 3.1. For tests 4 and 5, before the specimen was
tested, it was blown with a volume static eliminator in an attempt to eliminate the effects
of static electricity. The fixed ends of the sample were then moved upward and the strip
made contact with the flat, rigid, horizontal substrate which was also coated with the
PDMS. Since the two solids in contact were of the same material, the equation for the
work of adhesion, Ay =y; + V: - Y12, was reduced to Ay = 2y;. In order to measure the
contact length using the microscope, it was necessary to use a clear substrate such as
glass. The upward movement of the sample was controlled by a manual crank which

measured the vertical position (and ultimately, the vertical displacement) of the sample.
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Figure 6.1 Set-Up Used for Experimental Tests (Courtesy of Jia Qi)

Values of the applied vertical force were measured using the balance. Thetest set-up can

be seenin Figure 6.1.

In order to compare the experimental data with the analytical data, it was necessary to
nondimensionalize the dimensions of the elastica, the work of adhesion, and the
measured test parameters (i.e., the vertical force, contact length, and vertical
displacement). Thiswas accomplished by using the formulasin Table 3.1 and Equation
3.5. Once the vaues of the nondimensionalized separation distance between the clamped
ends and the work of adhesion were calculated, the corresponding JKR-type anal ytical
curve could be identified and compared to the experimental results. The self-weight of
the test specimen was originally assumed to be zero (n=0); however, the self-weight term

was later calculated and included in the JKR-type analysis for Test 4.
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In addition to conducting experimental tests that could be compared to the JKR-type
analysis performed for thisthesis, Jia Qi also developed afinite element model.
Dimensional values for the length, width, thickness, separation distance between the
clamped ends, modulus of elasticity, and moment of inertia of the PDMS strip were
specified. ABAQUS was then used to determine values for the applied vertical force and
the contact area. The contact area was divided by the width of the strip to obtain avalue
for the contact length. Thisfinite element model did not account for adhesion forces;
therefore, the results obtained from the finite element analysis (FEA) were compared to
those obtained analytically by Plaut et al. (1999) which also ignored the presence of
adhesion forces. Additionally, the self-weight of the strip was assumed to be zero in the
analytical solution.

In order to compare the results of the FEA to the analytical results obtained by Plaut et al.
It was necessary to nondimensionalize the separation distance between the clamped ends,
the contact length, and the vertical applied force using the equations supplied in Table

3.1. Once the nondimensionalized separation distance ¢ was determined, the appropriate

analytical curve was chosen and compared to the results of the FEA.

6.2 COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS

The experimental results obtained through the testing procedure described in Section 6.1
were compared to the analytical results obtained for the corresponding ¢ and Ay val ues.
The dimensions and material properties of the test specimens used in Tests 1-5 can be
found in Tables 6.1-6.5. Additionally, the contact length vs. vertical force relationships
for Tests 1-5 and the contact length vs. vertical displacement relationships for Tests 4 and
5 (a b, and c) can be found in Figures 6.2-6.12. Figures 6.13-6.15 respectively plot the
contact length vs. the vertical force, the contact length vs. the vertical displacement, and

the vertical displacement vs. the vertical force for Test 4 when the self-weight of the
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PDMS strip was included in the JKR-type analysis. The experimental datain these plots
remained the same as that shown in Figures 6.5 and 6.6.

The dimensions and material properties of the test specimen used in Test 1 can be found
in Table 6.1. The values obtained for the nondimensionalized work of adhesion Ay and
separation distance ¢ between the clamped ends were 0.0812 and 0.4001, respectively.
The analytical curve of the contact length vs. vertical force for line contact when c=0.4
and Ay=0.0812 was derived using the governing equations and end conditions described
in Chapter 4, Section 1 for a JKR-type analysis when Ay>0 and line contact was
experienced. Additionally, the analytical curve for contact length vs. vertical force when
¢=0.4 and Ay=0, which was originally obtained for the JKR-type analysis, was plotted
along with the experimental and analytical curves for c=0.4 and Ay=0.0812 (see Figure
6.2). The experimental data, which is represented by the individual data points on the plot
of the contact length vs. the vertical force, shows both the loading and unloading curves.
The loading curve starts at g= 6.60 and b=0.015 (point A) and the vertical forceis
increased until g=14.21 and b=0.105. The loading is then steadily decreased until g=0.
Note that the points on the unloading curve exhibit larger values for the contact length
than the points on the loading curve (at afixed value of g). Sincethe elasticawas still in
contact with the substrate when the vertical load equaled zero, a negative or upward force
was applied to pull the elastica off of the surface of the substrate. The last vertical force
and contact length measurements taken before the elastica separated from the substrate
were g=-2.43 and b=0.0032. The self-weight n was assumed to be zero for both curves
obtained analytically.
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Table6.1: Test Specimen Datafor Test 1

TEST 1

Modulus of Elasticity: 2.25 MPa

Moment of Inertia: 1.14x 10 m*

Work of Adhesiong,y:  43.6 m¥m? Work of Adhesion: 0.0812
Actual Dimensions (for Half of the Specimen) || Nondimensionalized Values

Width (W) 0.876 mm 0.1082

Length (L) 8.0934 mm 1.0000
Thickness (T) 0.25mm 0.0309
Separation Distance (C) 3.238 mm 0.4001

Contact Length vs. Vertical Force
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Figure6.2: Contact Length vs. Vertical Forcefor c=0.4 (Test 1)
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Table 6.2 contains the dimensions, material properties, and nondimensionalized
parameters for the specimen used in Test 2. The calculated values of the
nondimensionalized work of adhesion Ay and separation distance ¢ between the clamped
ends of the elasticawere 0.2064 and 0.2509, respectively. Since the contact length and
vertical force were the only two parameters that were measured during testing, the only
relationship that could be plotted was the contact length vs. the vertical force (Figure
6.3). Theanalytical curve for line contact when ¢=0.2509 and Ay=0.2064 was derived
using the governing equations and end conditions described in Chapter 4, Section 1 for a
JKR-type analysis when Ay>0 and line contact was experienced. Additionally, the
analytical curve for c=0.2509 and Ay=0 was found by using the governing equations and
end conditions described in Chapter 4, Section 1 for a JKR-type analysis when line
contact was experienced and Ay=0. The experimental data, which is represented by the
individual data points on the plot of the contact length vs. the vertical force, shows both
the loading and unloading curves and denotes them with arrows. The loading curve starts
at g= 22.22 and b=0.013 (point A) and the vertical forceisincreased until g=39.39 and
b=0.096. Theloading isthen steadily decreased until g=0. Note that the points on the
unloading curve exhibit larger values for the contact length b than the points on the
loading curve (at afixed value of g). Sincethe elasticawas still in contact with the
substrate when the vertical load equaled zero, a negative or upward force was applied to
pull the elastica off of the surface of the substrate. The last vertical force and contact
length measurements taken before the elastica separated from the substrate were g=-4.49
and b=0.0032. The self-weight n was assumed to be zero for both curves obtained
analyticaly.

The dimensions, material properties, and nondimensionalized parameters of the test
specimen used for Test 3 can be found in Table 6.3. Additionally, Figure 6.4 plots the
contact length vs. the vertical force relationship for the analytical and experimental data
when ¢=0.3515 and Ay=0.1052, and for the analytical data when c=0.3515 and Ay=0. The
values for the analytical curve when ¢=0.3515 and Ay=0.1052 were obtained using the
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governing equations and end conditions described in Chapter 4, Section 1 for a JKR-type
analysis when Ay>0 and line contact was experienced. The values for the analytical curve
when ¢=0.2509 and Ay=0 were found by using the governing equations and end
conditions described in Chapter 4, Section 1 for a JKR-type analysis when line contact
was experienced and Ay=0. Asin Tests 1 and 2, the experimental data seen in Figure 6.4
shows both aloading and an unloading curve. The loading curve begins when g=13.55
and b=0.017 (point A) and continues until g=25.22 and b=0.113. At this point, the
loading is decreased. The unloading curve terminates when g=1.34 and b=0.007.
Therefore, no pull-off force was required to separate the elastica from the rigid surface.

The self-weight n was assumed to be zero for both curves obtained anal ytically.

Table6.2: Test Specimen Datafor Test 2

TEST 2

Modulus of Elasticity: 2.25 MPa

Moment of Inertia: 1.75x 10 m*

Work of Adhesiong,,:  43.6 mi/m’ Work of Adhesion: 0.2064
Actual Dimensions (for Half of the Specimen) || Nondimensionalized Values

Width (W) 1.341 mm 0.1039

Length (L) 12.903 mm 1.0000

Thickness (T) 0.25 mm 0.0194
Separation Distance (C) 3.238 mm 0.2509
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Contact Length vs. Vertical Force
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Figure6.3: Contact Length vs. Vertical Forcefor c=0.2509 (Test 2)

Table6.3: Test Specimen Data for Test 3

TEST 3

Modulus of Elasticity: 2.25 MPa

Moment of Inertia: 1.39x 10° m*

Work of Adhesiong,y:  43.6 m¥m’ Work of Adhesion; 0.1052
Actua Dimensions (for Half of the Specimen) || Nondimensionalized Vaues

Width (W) 1.066 mm 0.1157

Length (L) 9.212 mm 1.0000

Thickness (T) 0.25 mm 0.0271
Separation Distance (C) 3.238 mm 0.3515
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Figure 6.4. Contact Length vs. Vertical Forcefor c=0.3515 (Test 3)

Table 6.4 contains the dimensions, material properties, and nondimensionalized
parameters for the specimen used in Test 4. The calculated values of the
nondimensionalized work of adhesion Ay and separation distance ¢ between the clamped
ends of the elasticawere 0.4186 and 0.5348, respectively. For Test 4, the contact length,
vertical force, and vertical displacement were measured. The contact length vs. vertical
force relationship can be found in Figure 6.5, while the contact length vs. vertical
displacement relationship is located in Figure 6.6. The values for the analytical curve
when ¢=0.5348 and Ay=0.4186 were obtained using the governing equations and end
conditions described in Chapter 4, Section 1 for a JKR-type anaysis when Ay>0 and line
contact was experienced. The values for the analytical curve when c=0.5348 and Ay=0

were found by using the governing equations and end conditions described in Chapter 4,
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Section 1 for a JKR-type analysis when line contact was experienced and Ay=0. The raw
data from the experimental tests was converted to a nondimensional form using the
formulas b=B/L, qg=QL?/(El), and 5=A/L . The experimental datais shown asindividual
data points on the contact length vs. vertical force plot. Both the loading and unloading
curves are shown in Figures 6.5 and 6.6. The loading curve begins when g=10.72, =0,
and b=0.049 (point A). The vertical loading and vertical displacement increased until
g=27.78, 6=0.137, and b=0.167. At this point, the vertical displacement (and therefore the
vertical force q) was decreased. The last vertical force, vertical displacement, and contact
length measurements taken before the elastica separated from the substrate were q =
-13.36, &= -0.130, and b=0.010. Note that the loading and unloading curves in the contact
length vs. vertical force plot for Test 4 cross at approximately g=15. Therefore, when
g<15, the loading curve exhibits larger values for the contact length than the unloading
curve (for afixed value of g). When g>15, the unloading curve exhibits larger values for
the contact length than the loading curve (for afixed value of g). The loading and
unloading curves in the contact length vs. vertical displacement plot do not cross and the
unloading curve always produces larger values for the contact length (at afixed value of

0). The self-weight n was assumed to be zero for both curves obtained analytically.

Table6.4: Test Specimen Datafor Test 4

TEST 4

Modulus of Elasticity: 2.25 MPa

Moment of Inertia: 1.39x 10 m*

Work of Adhesionpy: 43.6 mym’ Work of Adhesion: 0.4186
Actua Dimensions (for Half of the Specimen) || Nondimensionalized Vaues

Width (W) 0.579 mm 0.0945

Length (L) 6.124 mm 1.0000
Thickness (T) 0.25 mm 0.0408
Separation Distance (C) 3.275 mm 0.5348
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Figure6.5: Contact Length vs. Vertical Forcefor c=0.5348 (Test 4)
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Figure 6.6: Contact Length vs. Vertical Displacement for c=0.5348 (Test 4)
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The dimensions, material properties, and nondimensionalized parameters of the test
specimen used for Tests 5 a, b, and ¢ can be found in Table 6.5. The values for the work
of adhesion Ay and separation distance ¢ between the clamped ends of the elasticafor this
test were Ay=1.223 and c=0.4305. For Test 5, adlightly different approach was taken.
The specimen used in Test 5 wasfirst tested using a 5 minutes/step |oading protocol with
atotal of 15 steps and a 10 minutes/step unloading protocol with atotal of 22 steps. This
allowed for the measurement of the contact length, vertical force, and vertical
displacement of the elastica after it had achieved a static, stable state for each step. After
approximately 24 hours had passed, the same test specimen was loaded and unloaded
again (Test 5b). The same loading and unloading protocols and number of steps were
used asin Test 5a. Vaues were obtained for the contact length, vertical force, and
vertical displacement. Finally, approximately 24 hours after Test 5b was completed, Test
5c was conducted. Thistime, a5 minutes/step loading procedure with atotal of 8 steps
was used and a 10 minute/step unloading procedure with atotal of 11 steps was used.
Vauesfor the vertical force, vertical displacement, and contact length at the beginning of
each loading curve (point A), at the point of largest vertical displacement, and at the
conclusion of each test can be found in Table 6.6. Note that the loading and unloading
curves cross in the contact length vs. vertical force plot for Test 5a. The loading and
unloading curves in the contact length vs. vertical displacement plot for Tests 5a, b, and ¢
do not cross and the unloading curve produces alarger value for the contact length (at a
fixed value of ). Figures6.7-6.12 show the contact length vs. vertical force and contact
length vs. vertical displacement relationships for the experimental results obtained from
Tests5 a, b, and c. These experimental results were plotted in conjunction with the
analytical results for c=0.4305 and Ay=1.223, and ¢=0.4305 and Ay=0. The values of b,
g, and & used in the analytical curves were obtained by using the shooting method along
with the appropriate governing equations and boundary conditions described in Chapter
4. The self-weight n was assumed to be zero for this test.
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Table6.5: Test Specimen Datafor Test 5 (a, b, and c)

TEST 5(a, b, ¢
Modulus of Elasticity: 2.25 MPa
Moment of Inertia 1.39x 10 m*
Work of Adhesiong,: ~ 43.6 mIm’ Work of Adhesion: 1.223
Actua Dimensions (for Half of the Specimen) || Nondimensionalized Values
Width (W) 0.921 mm 0.1229
Length (L) 7.491 mm 1.0000
Thickness (T) 0.100 mm 0.0133
Separation Distance (C) 3.225 mm 0.4305
Table 6.6: Experimental Valuesfor b, g, and &
Test Time b q [
Start of Test 0.028 25.44 0
Test 5a Point of Largest & 0.108 60.19 0.126
Conclusion of Test 0.009 -40.49 -0.134
Start of Test 0.028 28.30 0.000
Test 5b Point of Largest & 0.109 62.17 0.126
Conclusion of Test 0.009 * -0.134
Start of Test 0.030 22.02 0.000
Test 5¢ Point of Largest & 0.113 60.37 0.126
Conclusion of Test 0.010 -50.70 -0.134
* Dueto an error which occurred during testing, the value of g at this
point is not available
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Figure6.7: Contact Length vs. Vertical Forcefor c=0.4305 (Test 5a, Day 1)
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Figure 6.8: Contact Length vs. Vertical Displacement for c=0.4305 (Test 5a, Day 1)
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Contact Length vs. Vertical Force
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Figure 6.9: Contact Length vs. Vertical Forcefor c=0.4305 (Test 5b, Day 2)
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Figure 6.10: Contact Length vs. Vertical Displacement for c=0.4305 (Test 5b, Day 2)

163




Contact Length vs. Vertical Force
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Figure6.11: Contact Length vs. Vertical Forcefor c=0.4305 (Test 5¢, Day 3)
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Figure 6.12: Contact Length vs. Vertical Displacement for c=0.4305 (Test 5¢, Day 3)
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To examine the effect of the self-weight on the JKR-type analysis, and to investigate
whether better agreement between the experimental and analytical results could be
attained by considering the self-weight of the elastica, the specific gravity of the PDMS
was obtained from the product information guide (s.g.=1.05 at 25 degrees C). The
specific gravity was used to calculate the density of the material. The density was then
nondimensionalized to obtain avalue for . For a specific gravity of 1.05, the self-
weight of the elasticawas—0.91. The anaytical valuesfor b, g, and d when c=0.5348,
n=-0.91, and Ay=0.4186 were obtained using the governing equations and end conditions
described in Chapter 4, Section 1 for a JKR-type analysis when Ay>0, line contact was
experienced, and the self-weight of the elasticawasincluded. Similarly, the analytical
valuesfor b, g, and & when ¢=0.5348, n=-0.91, and Ay=0 were obtained using the
governing equations and end conditions described in Chapter 4 Section 1 for a JKR-type
analysis when Ay=0, line contact was experienced, and the self-weight of the elasticawas
included. The experimental data plotted in the contact length vs. vertical force, contact
length vs. vertical displacement, and vertical displacement vs. vertical force plots was the
same as the experimental data seen in Figures 6.5 and 6.6. Both analytical curvesin

Figure 6.15 represented line contact solutions only (b>0) and terminated when b=0.
The experimental testing conducted by Jia Qi isongoing. New testing equipment is

being used in the hopes of increasing the accuracy of the data obtained. A more detailed

account of testing precedures and results will beincluded in JiaQi’s M.S. thesis.
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Figure 6.13: Contact Length vs. Vertical Forcefor c=0.5348, n=-0.91 (Test 4)
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Figure 6.14: Contact Length vs.Vertical Displacement for c=0.5348, n=-0.91 (Test 4)
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Vertical Displacement vs. Vertical Force
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Figure 6.15: Vertical Displacement vs. Vertical Forcefor c=0.5348, n=-0.91 (Test 4)

6.3 COMPARISON OF THE FINITE ELEMENT AND ANALYTICAL RESULTS

In addition to conducting a series of JKR-type experiments, Jia Qi also developed afinite
element model. Vaues for the dimensional width, length, thickness, and modulus of
elasticity of the test strip were specified and ABAQUS was used to solve for the contact
length at various values of the vertical force. The values obtained through the finite
element analysis (FEA) were then nondimensionalized using the equationsin Table 3.1 in
order to compare the FEA results to the analytical results. Since the FEA did not include
adhesion forces, the values obtained from the FEA were compared to the values
calculated by Plaut et al. (1999) for the contact length. Note also that the self-weight of
the elasticawas ignored. Once the nondimensionalized separation distance ¢ between the
clamped ends of the elastica was determined for the FEA, the analytical curve for the
corresponding c value could be identified and compared to the curve obtained by the
FEA. Thedimensions and material properties of the test strips can be found in Tables
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6.7-6.9. Additionally, plots of the contact length vs. vertical force for FEA 1-3 can be
found in Figures 6.16-6.18.

Although the finite element model did not include the effect of adhesion forces, it did
take into account the anticlastic bending of the strip. Asthe strip is pushed down onto the
surface, initial contact occurs at the edges of the strip (at midlength between its ends) due
to anticlastic curvature. Then the contact zone spreads across the width of the strip and
propagates towards its ends, with curved fronts. The values obtained for the contact
length in tests FEA 1-3 were obtained by determining the last node in the FEA mesh that
experienced contact pressure. This node was then considered to be the edge of the
contact zone and the distance from the center of the elastica to the node was cal culated

and denoted as the contact length.

The separation distance ¢ between the clamped ends of the elasticawas ¢=0.4 for FEA 1.
Vaues specified for the vertical force and obtained for the contact length through the
FEA were nondimensionalized and plotted against the analytical data. To obtain the
value for the nondimensional vertical force g, the equation g=17.45Q was used. This
equation was derived from Table 3.1. Figure 6.16 shows the comparison of the analytical
and FEA results. In Figure 6.16, the analytical curve began at b=0, g=0 (before which
there was no applied vertical force and the strip was not in contact with the substrate). At
b=0, g=0, point contact between the elastica and the substrate was established. Point
contact continued for the analytical curve until approximately g=12.5. When g>12.5, the
elastica spread, causing the contact length b to become greater than zero. The finite
element results have the same form as the anal ytical results but predict alarger contact

length at a given value of the force.
Figures 6.17 and 6.18 yielded results similar to those obtained in Figure 6.16. Figure

6.17 shows the finite element and analytical results when c=0.6. The analytical curve

began at b=0, q=0 (before which there was no applied vertical force and the strip was not
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in contact with the substrate). At b=0, g=0, point contact between the elastica and the
substrate was established. Point contact continued for the analytical curve until
approximately g=7.6. When g>7.6, the elastica spread, causing the contact length b to
become greater than zero. Values obtained analytically and through the finite element
analysis had good agreement, although the finite element results yielded dightly higher

values for the contact length at a specified value for the vertical force.

Figure 6.18 shows the finite element and analytical results when ¢=0.8. The analytical
curve began at b=0, g=0 (before which there was no applied vertical force and the strip
was not in contact with the substrate). At b=0, g=0, point contact between the elastica
and the substrate was established. Point contact continued for the analytical curve until
approximately g=2.5. When g>2.5, the elastica spread, causing the contact length b to
become greater than zero. Values obtained analytically and through the finite element
analysis for the contact length and the vertical force had fair agreement, although the
finite element curve produced dlightly larger values for the contact length at specified

values of q.

The values obtained for the contact length in tests FEA 1-3 were obtained by determining
the last node in the FEA mesh that experienced contact pressure. This node was then
considered to be the edge of the contact zone and the distance from the center of the

€elastica to the node was cal culated and denoted as the contact length.
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Table6.7: Test Specimen Data for FEA 1

FEA 1
Modulus of Elasticity:  2.20 MPa
Moment of Inertia: 1.30x 10° mm*
Work of Adhesiongy: 0 md/m’ Work of Adhesion: 0
Actual Dimensions (for Half of the Specimen)|| Nondimensionalized Values
Width (W) 1.000 mm 0.100
Length (L) 10.000 mm 1.000
Thickness (T) 0.250 mm 0.025
Separation Distance (C) 4.000 mm 0.400

Contact Length vs. Vertical Force

0.25
0.20 - c=04 .
015 T [ ]
b .
c=04
0.10 A Analytical
0.05 A
0.00 F——m— ‘ ‘
0 5 10 15 20 25

Figure6.16: Contact Length vs. Vertical Forcefor c=0.4 (FEA 1)
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Table6.8: Test Specimen Data for FEA 2

FEA 2
Modulus of Elagticity: 2.20 MPa
Moment of Inertia 1.30x 10° mm?*
Work of Adhesiony,: 0 mI¥m’ Work of Adhesion: 0
Actual Dimensions (for Half of the Specimen)|[ Nondimensionalized Values
Width (W) 1.000 mm 0.100
Length (L) 10.000 mm 1.000
Thickness (T) 0.250 mm 0.025
Separation Distance (C) 6.000 Mm 0.600
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Figure6.17: Contact Length vs. Vertical Forcefor c=0.6 (FEA 2)
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Table6.9: Test Specimen Datafor FEA 3

FEA 3
Modulus of Elasticity: 2.20 MPa
Moment of Inertia: 1.30x 10° mm*
Work of Adhesionpy: 0 mJ/m? Work of Adhesion: 0
Actua Dimensions (for Half of the Specimen) || Nondimensionalized Values
Width (W) 1.000 mm 0.100
Length (L) 10.000 mm 1.000
Thickness (T) 0.250 mm 0.025
Separation Distance (C) 8.000 mm 0.800
Contact Length vs. Vertical Force

0.6

05

04
b 03

0.2

0.1

00+

0
q

Figure 6.18: Contact Length vs. Vertical Forcefor c=0.8 (FEA 3)

172



Chapter 7: Conclusionsand Recommendations for Future Research

7.1 INTRODUCTION

For thisthesis, two different adhesion models were used to investigate the effects of
adhesion on the contact of an elasticawith arigid surface. Thisanalysiswas carried out
in terms of nondimensional quantities. First a JKR-type model was considered.
Separation distances of c=0.4 and c=0.8 between the clamped ends of the elastica were
examined and values of Ay=0.16, 0.32, 0.48, and 0.64 were used for each c value. The
self-weight n of the elasticawas also included in the analysis for c=0.4, Ay=0 and 0.64,
andn=2,1,0, -1, and —2. Next aDMT-type model was considered. Withinthe DMT-
type analysis, two types of force were examined: alinear DMT force and a Dugdale

DMT force. For the linear force DM T-type analysis, separation distances of c=0.4 and
¢=0.8 were considered, while for the Dugdale force DM T-type analysis, only ¢c=0.4 was
considered. These DMT forces model an attraction between the elastica and the
substrate, which is active from the lift-off point s=0 until s=d when the vertical distancey
between the solids reaches a specified value of a. Both DMT-type analyses used a
variety of values for the distance a and for the maximum DMT force (fo or go).
Additionally, the self-weight of the elastica, N=2, 0, and -2, was included in the DMT-
type analysis. The following sections contain conclusions drawn from these JKR- and
DMT-type analyses. Recommendations for future research are included in the final

section.

7.2 JKR-TYPE ANALYSIS

The results from the JKR-type analysis for both c=0.4 and c=0.8 indicated that as the
work of adhesion was increased, the contact length (for fixed values of the vertical force
g or the vertical displacement &) also increased. Therefore, the existence of adhesion

forces within the contact area further distorted the shape of the elastica and caused an
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elongation of the contact length. Additionally, the results from the JKR-type analysis
indicated that the moment at the lift-off point from the substrate was independent of the
separation distance ¢ between the clamped ends of the el astica and was independent of
the vertical forceq. The moment at s=b was solely dependent on the value for the work

of adhesion.

The vertical forces and vertical displacements experienced by the elastica asit traveled
through the no contact, point contact, and line contact regions were dependent upon two
factors: whether the elastica was being pushed onto or pulled off of the substrate, and
whether the vertical displacement or the vertical force was being controlled. Figures 4.6-
4.10 illustrate the paths experienced by the elastica from no contact to line contact or vice
versa. When the vertical force was controlled, the vertical displacement experienced a
sudden jump in value. When the vertical displacement was controlled, the vertical force
experienced a sudden jump in value. Tables4.1 and 4.2 supply the values for the contact
length, vertical force, vertical displacement, horizontal force, and moment at s=d at points
A-M labeled in plots 4.6 through 4.10 for c=0.4 and c=0.8, respectively. When the value
for g was negative at the transition point between point contact and no contact (i.e.,
Points A and D in Figure 4.6, and Points A, D, G, and Jin Figure 4.20), it represented the
pull-off force f, necessary to separate the elastica from the substrate. The pull-off forceis

equal to —q and is designated as fp.

Next, the self-weight of the elastica was added to the JKR-type analysis for c=0.4 and
Ay=0 and 0.64. The addition of the self-weight caused the curves in the contact length vs.
vertical force and contact length vs. vertical displacement plots to shift toward larger
values of b when n>0 and caused them to shift to lower values of b for n<0. The
addition of the self-weight values considered here, for a specified value of Ay and c,
created a noticeable change in the contact length.
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7.3 DMT-TYPE ANALYSIS

7.3.1 Linear Force DMT-Type Analysis

The results obtained from the linear force DM T-type analysis for both c=0.4 and c=0.8
when n=2, 0, and —2 showed that as the value of the maximum linear adhesion force, fo,
was increased, the contact length also increased (for fixed values of a and q or d).
Additionally, the contact length increased with increasing values for the area under the
adhesion force vs. y curve (in other words, for increasing values of the product 0.5fya).
Therefore, the existence of adhesion forces in the region just outside of the contact area
further distorted the shape of the elastica and caused an elongation of the contact length.
Asthe value of the vertical distance a between the elastica and the substrate at s=d was
increased to a=0.01, the value for the angle at s=d was too large for the small-angle
theory (used here for O<s<d) to be valid. Therefore, in the DMT-type analysis, results
obtained for a=0.01 were considered invalid. Unlike the moment at lift-off, my,
calculated in the JKR-type analysis, the moment my at s=d is not independent of the
separation distance ¢ between the clamped ends of the elastica, nor isit independent of
the vertical applied forceq. The moment at s=d increases with increasing values of g and

with increasing values of the vertical displacement 9.

Again, the vertical forces and vertical displacements experienced by the elasticaasiit
traveled through the no contact, point contact, and line contact regions were dependent
upon two factors: whether the elastica was being pushed onto or pulled off of the
substrate, and whether the vertical displacement or the vertical force was being
controlled. Figures5.93-5.95 illustrate this idea and show that sudden jumpsin the
values of the vertical force or vertical displacement curves may occur. Tables5.15 and
5.16 for the linear force DM T-type analysis supply the values for the contact length,
vertical force, vertical displacement, horizontal force, and moment at s=d at the transition
point between point contact and no contact when ¢=0.4 and ¢=0.8, respectively. The

negative value for q at the transition point between point contact and no contact
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represents the pull-off f,, force necessary to separate the el astica from the substrate.
Positive values for g at the transition from point contact to no contact indicate that no
pull-off force was required to separate the elastica from the substrate. Positive values for
g at the transition point only existed when n# 0. The equilibrium states for which the
center of the elasticais less than the distance a from the substrate are unstable, and hence
the center jumps through this region (whether the elasticais being pushed onto the
substrate or pulled off of it).

7.3.2 Dugdale Force DMT-Type Analysis

The results obtained from the Dugdale force DM T-type analysis for c=0.4 when n=2, 0,
and —2 showed that as the value of the constant Dugdal e adhesion force go was increased,
the contact length also increased (for fixed values of a and q or §). Additionaly, the
contact length increased with increasing values for the area under the adhesion forcevs. y
curve (in other words, for increasing values of the product goa). Therefore, the existence
of adhesion forces in the region just outside of the contact area further distorted the shape
of the elastica and caused an elongation of the contact length. The moment my at s=d is
not independent of the separation distance ¢ between the clamped ends of the elastica nor
Isit independent of the vertical applied force . The moment at s=d increases with

increasing values of g and with increasing values of d.

Again, the vertical forces and vertical displacements experienced by the elasticaasiit
traveled through the no contact, point contact, and line contact regions were dependent
upon two factors: whether the elastica was being pushed onto or pulled off of the
substrate, and whether the vertical displacement or the vertical force was being
controlled. Figures5.93-5.95 illustrate this idea and show that sudden jumps from one
curve to another are possible. Table 5.17 for the Dugdale force DMT-type analysis
supplies the values for the contact length, vertical force, vertical displacement, horizontal
force, and moment at s=d at the transition point between point contact and no contact
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when ¢c=0.4. The negative value for q at the transition point between point contact and no
contact represents the pull-off force f, necessary to separate the elastica from the
substrate. The same jump of the center of the elastica through the region O<y<a occurs,

asfor the linear force.

7.3.3 Comparison on the Linear Force and Dugdale Force DM T-Type Analyses

Vaues were specifically chosen for the maximum DMT forces and the separation
distances a between the elastica and the substrate at s=d to allow for direct comparison of
the linear force and Dugdale force DM T-type analyses when ¢=0.4. Linear force and
Dugdale force DM T-type anal yses can be compared directly when the areas under the
adhesion force vs. y plots are equal (see Figures 3.6 and 3.7). Additionally, the results
from different combinations of the maximum adhesion force and the separation distance
a, within either the linear force or the Dugdale force analysis, that yield the same value
for the area under the adhesion force vs. y plot can be compared. For instance, Figure 7.1
isaplot of the contact length vs. the vertical force for alinear force DM T-type analysis
when ¢=0.4 and n=0. The curve generated by the linear force anaysis when f;=100 and
0=0.001 (areaunder curve = 0.05) isvirtually identical to the curve generated by the
linear force analysis when f;=1000 and a=0.0001 (area under curve = 0.05). The contact
length vs. the vertical displacement plot (Figure 7.2) for the identical linear force

analyses yields the same conclusions.

Figure 7.3 isaplot of the contact length vs. the vertical force for c=0.4 and n=0. One
curve was obtained by alinear force DM T-type analysis using fo=10,000 and a=0.001.
The other curve was generated by a Dugdale force DM T-type analysis using go=5000 and
0=0.001. The area under both adhesion forcevs. y plotsisequal to 5 (goa = 5 and

0.5fpa = 5). The curves obtained from the Dugdale force and linear force analyses

produce virtually the same values for the contact length at afixed value of g. Figure 7.4
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isaplot of the contact length vs. the vertical displacement for these same cases. The
curves obtained from the Dugdal e force and linear force analyses produce virtually the

same values for the contact length at afixed value of d.

Contact Length vs. Vertical Force

0.6

05 4

04 4

0.2

0.1

0.0

Figure7.1: Contact Length vs. Vertical Forcefor c=0.4 and n=0 (Linear Force
DMT-Type Analysis)
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Contact Length vs. Vertical Displacement
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Figure7.2: Contact Length vs. Vertical Displacement for c=0.4 and n=0 (Linear
Force DM T-Type Analysis)
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Figure7.3: Contact Length vs. Vertical Forcefor c=0.4 and n=0 (Linear and
Dugdale Force DM T-Type Analyses)
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Contact Length vs. Vertical Displacement
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Figure 7.4: Contact Length vs. Vertical Displacement for c=0.4 and n=0 (Linear
and Dugdale Force DM T-Type Analyses)

7.4 COMPARISON OF THE JKR- AND DMT-TYPE ANALYSISRESULTS

By examining the pull-off forces obtained for similar adhesion forces, a comparison of
the results obtained through the JKR-type analysis and the DMT-type analysisis
possible. Thework of adhesion Ay, acting in the region of contact in the JKR-type
analysis was nondimensionalized using Equation 3.5. The work of adhesion can also be
nondimensionalized using the formula Ay = (Ay)oimL%/El where I=bh*12. The
nondimensionalization process used in Equation 3.5 eliminated the factor of 12 generated
by the substitution | = b h®/ 12. This factor of 12 could be ignored in the JK R-type
analysis because the value of the work of adhesion was only used in determining the
relative total energy of a particular equilibrium configuration of the elastica. Therefore,
all the uy terms did not include a factor of 12 and its deletion had no bearing on the

minimum total energy. However, in order to compare the JKR-type analysis with the
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DMT-type analysis, it was necessary to include the factor of 12. Therefore, the values for
the contact length, vertical force, vertical displacement, horizontal force, the moment at
s=d, and the pull-off forces for Ay can be compared to those values obtained when the
area under the adhesion force vs. y plot for the DM T-type analysis (0.5fpa or got) is
divided by 12 and is equal to Ay.

Figure 7.5 isaplot of the vertical force g vs. the work of adhesion Ay for c=0.4 and n=0
at the transition between line contact and point contact. Using the vertical forces
obtained for Ay=0, 0.16, 0.32, 0.48, and 0.64 at the transition point from line contact to
point contact, a curve was fitted to the data to create a continuous plot for the JKR-type
analysis. Vauesfor g at Ay=0, 0.16, 0.32, 0.48, and 0.64 were g=12.52, 4.86, 0.96,

-2.58, and —5.85, respectively. Alsoincluded in Figure 7.5 are Points 1 and 2 from the
DMT-type analysis. Point 1 marks the vertical force for the DM T-type analysis when
0=0.001 and f3=10,000 or when a=0.001 and gy=5,000 (both combinations have an area
of 5 under the adhesion force vs. y curve and have almost identical values for the force:
-0.83in Table 5.5 and —0.73 in Table 5.12). Similarly, Point 2 marks the vertical force
for the DM T-type analysis when a=0.0001 and f;=10,000 or when a=0.0001 and
00=5,000 (both combinations have an area of 0.5 under the adhesion force vs. y curve and
have almost identical values for the force: 9.23in Table 5.5 and 9.27 in Table 5.12).
Good agreement exists between the values obtained by the DM T-type analysis and the
curve generated for the JKR-type analysis. Note that the negative values obtained for g in
the JKR-type analysis for the transition point from point contact to line contact also

correspond to the pull-off force f,, for those particular values of Ay.

Figure 7.6 isaplot of the vertical force vs. the work of adhesion for c=0.8 and n=0.
Using the vertical forces obtained for Ay=0, 0.16, 0.32, 0.48, and 0.64 at the transition
point from line contact to point contact, a curve was fitted to the data to create a
continuous plot for the JKR-type analysis. Vaues for g at Ay=0, 0.16, 0.32, 0.48, and
0.64 were q=2.49, -8.83, -15.90, -22.60, and —28.90, respectively. Alsoincludedin
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Figure 7.6 is adata point from the DM T-type analysis. This point marks the vertical
force when a=0.001 and f,=1000 (which yields an area of 5 under the adhesion force vs.
y curve). The vertical force g=-2.27 at this point (see Table 5.9). Good agreement exists
between the value obtained by the DM T-type analysis and the curve generated for the
JKR-type analysis for the values of q and Ay at the transition point between point contact
and line contact. Note that the negative values obtained for q in the JKR-type analysis for
the transition point from point contact to line contact also correspond to the pull-off force

fo for those particular values of Ay.

The relationship between the pull-off forces f, and the work of adhesion Ay for the JKR-
and DM T-type analyses when ¢=0.4 and n=0 can be seen in Figure 7.7. Using the pull-
off forces obtained for Ay=0, 0.16, 0.32, 0.48, and 0.64, a curve was fitted to the data to
create a continuous plot for the JKR-type analysis. Note that when Ay isless than
approximately 0.36, the pull-off force f,=0. When Ay<0.36 and f,=0, the JKR curves are
comparable to those shown in Figures 4.7 and 4.9. Also plotted in Figure 7.7 are Points
1, 2, and 3 obtained from the linear force DM T-type analysis. Point 1 represents the pull-
off force for f,=10,000 and a=0.0001 (which yields an area of 0.5 under the adhesion
forcevs. y curve). The pull-off force obtained for Point 1 was 35.34. Point 2 represents
the pull-off force for f,=1000 and a=0.001 (which also yields an area of 0.5 under the
adhesion force vs. y curve). The pull-off force obtained for Point 2 was 13.48. Finadly,
Point 3 represents the pull-off force for f,=100 and a=0.001 (which yields an area of 0.05
under the adhesion force vs. y curve). The pull-off force obtained for Point 2 was 1.31.
The pull-off forces obtained through the DM T-type analysis are significantly larger than
those obtained through the JKR-type analysis. It isimportant to note, however, that once
the elastica enters the point contact stage in the JKR-type analysis, the adhesion forces
vanish and the values for the contact length, the vertical force, and the vertical
displacement can be obtained from the Ay=0 curve. Conversely, the adhesion forces act

throughout the line contact, point contact, and no contact stages of the DM T-type
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Vertical Force vs. Work of Adhesion

15 T
J DMT-Type
Anaysis |
101 Point 2 |
oy |
@ l
(&) I
5 5 ! DMT-Type
L |
El |
g O+-——-"""""""""—————— = >~
> l
-5 1 l
| JKR-Type
! Anaysis
'10 T T T . T T T
0 0.1 0.2 0.3 0.4 05 06 0.7

Work of Adhesion, Ay

Figure7.5: Vertical Forcevs. Work of Adhesion for the Transition Point Between
Point Contact and Line Contact when c=0.4 and n=0
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Figure7.6: Vertical Forcevs. Work of Adhesion for the Transition Point Between
Point Contact and Line Contact when ¢c=0.8 and n=0
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Pull-Off Force vs. Work of Adhesion
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Figure7.7: Pull-Off Forcevs. Work of Adhesion for c=0.4 and n=0

analysis and cease to act only when the separation between the center of the elastica and

the substrate is greater than a.

7.5 RECOMMENDATIONS FOR FUTURE RESEARCH

Although the results obtained from this thesis have provided insight into the effect of
adhesion forces on the contact of a bent elasticawith arigid substrate, further research is
necessary to obtain a more in-depth understanding of their effect and magnitude. First,
an investigation of additiona values for the separation distance ¢ between the clamped
ends of the elasticawould be valuable. For instance, Plaut et al. (1999) examined values
of c=0, 0.2, 0.4, 0.6, and 0.8 for a bent elastica that experienced no adhesion forces.
Future research should also consider a nonlinear relationship between the moment and
the curvature and should incorporate this nonlinear relationship into the governing

equations given in Chapter 3. Anticlastic curvature, which is observed in actual
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experiments, should also be accounted for in future analyses. In terms of the DMT-type
analysis, anonlinear analysisin the region where the adhesion forces are active should be
considered. Additionally, the effects of surface roughness on the analysis could be
investigated. A broader range of fo, go, 0, and ) values should also be used. Finally,
additional experimental work should be performed to provide a mechanism for the

evaluation of the accuracy of the analytical model.

185



References

Adamson, A.W. (1967). Physical Chemistry of Surfaces, Interscience Publishers, New
York.

Barthel, E. (1999). “Modelling the Adhesion of Spheres: When the Form of the
Interaction is Complex,” Colloids and Surfaces A, Vol. 149, pp. 99-105.

Bhushan, B. (1999). Principles and Applications of Tribology, John Wiley & Sons, Inc.,
New York, pp. 302-339.

Chucheepsakul, S., Buncharoen, S., and Huan, T. (1995). “Elastica of Simple Variable-
Arc Length Beam Subjected to End Moment,” Journal of Engineering Mechanics,
Vol. 121, No. 7, p.767-772.

Derjaguin, B. V., Muller, V. M., and Toporov, Yu. P. (1975). “Effect of Contact
Deformations on the Adhesion of Particles,” Journal of Colloid and Interface
Science, Vol. 53, No. 2, pp. 314-326.

Evans, E. A. (1980). “Analysisof Adhesion of Large Vesiclesto Surfaces,” Biophysical
Journal, Vol. 31, pp. 425-432.

Faulkner, M. G., Lipsett, A. W. and Tam, V. (1993). “On the Use of a Segmenta
Shooting Technique for Multiple Solutions of Planar Elastica Problems,”
Computer Methods in Applied Mechanics and Engineering, Vol. 110, pp. 221-
236.

Griner, G. M. (1984). “A Parametric Solution to the Elastic Pole-Vaulting Pole Problem,”
Journal of Applied Mechanics, Vol. 51, pp. 409-414.

186



Refer ences, Continued

Horn, R. G, Israelachvili, J. N., and Pribac, F. (1987). “Measurement of the
Deformation and Adhesion of Solidsin Contact,” Journal of Colloid and
Interface Science, Vol. 115, No. 2, pp. 480-492.

Johnson, K. L., Kendal, K., and Roberts, A.D. (1971). “Surface Energy and the Contact
of Elastic Solids,” Proceedings of the Royal Society of London A, Vol. 324, pp.
301-313.

Kendall, K. (1994). “Adhesion: Moleculesand Mechanics,” Science, Vol. 263, pp.
1720-1725.

Kitching, R., Houlston, R., and Johnson, W. (1975). “A Theoretical and Experimental
Study of Hemispherical Shells Subjected to Axial Loads Between Flat Plates,”
International Journal of Mechanical Sciences, Vol. 17, pp. 693-703.

Mack, M. J., Jr., Gassman, P. M., and Baumgarten, J. R. (1983). “Analysisof a Thin-
Walled Pressurized Torusin Contact with aPlane,” AAIA Journal, Vol. 21, pp.
1162-1167.

Mangipudi, V. S., Huang, E., Tirrell, M., and Pocius, A. V. (1996). “Measurement of
Interfacial Adhesion Between Glassy Polymers Using the JKR Method,”

Macromolecular Symposia, Vol. 102, pp. 131-143.

Maugis, D. (1992). “Adhesion of Spheres. The JKR-DMT Transition Using the Dugdale
Model,” Journal of Colloid and Interface Science, Vol. 150, No. 1, pp. 243-269.

187



Refer ences, Continued

Muller, V. M., Derjaguin, B. V., and Toporov, Yu. P. (1983). “On Two Methods of
Calculation of the Force of Sticking of an Elastic Sphereto aRigid Plane,”
Colloids and Surfaces, Vol. 7, pp. 251-259.

Muller, V. M., Yushchenko, V. S., and Derjaguin, B. V. (1980). “On the Influence of
Molecular Forces on the Deformation of an Elastic Sphere and Its Sticking to a
Rigid Plane,” Journal of Colloid and Interface Science, Vol. 77, No. 1, pp. 91-
101.

Pashley, M. D. (1984). “Further Consideration of the DMT Model for Elastic Contact,”
Colloids and Surfaces, Vol. 12, pp. 69-77.

Pashley, M. D. and Tabor, D. (1981). “Adhesion and Deformation Properties of Clean
and Characterized Metal Micro-Contacts,” Vacuum, Vol. 31, Nos. 10-12, pp. 619-
623.

Plaut, R. H., Suherman, S,, Dillard, D. A., Williams, B. E., and Watson, L. T. (1998).
“Deflections and Buckling of a Bent Elasticain Contact with a Flat Surface,”

International Journal of Solids and Structures, Vol. 36, pp. 1209-1229.

Shanahan, M. E. R. (1997). “A Novd Test for the Appraisal of Solid / Solid Interfacial
Interactions,” Journal of Adhesion, Vol. 63, pp. 15-29.

Stoker, J. J. (1950). Nonlinear Vibrations, Interscience Publishers, New Y ork.

188



Refer ences, Continued

Tabor, D. (1977). “Surface Forces and Surface Interactions,” Journal of Colloid and
Interface Science, Vol. 58, No. 1, p 2-13.

Thacker, W. I., Wang, C. Y. and Watson, L. T. (1997). “Global Stability of a Thick Solid
Supported by Elastica Columns,” Journal of Engineering Mechanics, Vol. 123,
No. 3, pp. 287-289.

Timoshenko, S. P. and Gere, J. M. (1961). Theory of Elastic Stability, 2™ ed., McGraw-
Hill Book Company, Inc., New Y ork, pp. 76-82.

Updike, D. P. and Kalnins, A. (1972). “Contact Pressure Between an Elastic Spherical
Shell and aRigid Plate,” Journal of Applied Mechanics, Vol. 39, pp. 1110-1114.

Vaillette, D. P. (1982). “ Stability of aBeam in aRigid Channel,” M.S. Thesis,
Northeastern University, Boston, Mass.

Vaillette, D. P. and Adams, G. G. (1983). “An Elastic Beam Contained in a Frictionless
Channel,” Journal of Applied Mechanics, Vol. 50, pp. 693-694.

Wang, C. Y. (1981). “Folding of Elastica- Similarity Solutions,” Journal of Applied
Mechanics, Vol. 48, pp. 199-200.

189



Appendix A

Mathematica Files

Shooting M ethod to determine variables p (horizontal force) and my
(moment at s=hb).

Thisfile can be used to determine values for p, my, Ug, and h for a JKR-type analysis
when point contact exists. The values used for ¢, g, b, gP, and gMB below are for
illustrative purposes only.

Definition of variables:

C= separation distance between ends of elastica

g= vertical force applied at fixed end of elastica (one side only)

gP=initial guess for parameter P, horizontal force applied at fixed end of elastica
gMB= initial guess for parameter M B, moment existing at center of bent elastica
b= contact length (one half of elastica)

Shooting Method

Variables:

.4

o WwWo

C
q
b
pi = N[x)

Unknown Variables:

gP=5
gMB=1.97

Derivatives of the 5 Characteristic Equations:

dery3, y4_, P1:=(yl [t] ==Cos[y3[t]], Y2’ [t]==S8 n[y3[t]],
y3' [t]==Yy4[t], y4 [t] ==-PSn[y3[t]] +qQos[y3[t]1]1}

viy3, P1:=qQsry3[t]]1 -PSnry3[t1]

niy3, P1:=-qSn[y3[t]] - PQs(y3[t]]

Left Boundary Conditions:

left BCIMB ] : = {y1[0] == 0, y2[0] == 0, y3[0] == 0, y4[0] == MB}
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Solving for y1-y5

sol n: = ND&ol ve[H atten[Appenddery3, y4, P;, leftBCIMB] 11,
yl, y2, y3, y43, {t, 0, 1- by, MxSeps - 2200]
endpt [P, MB 1:={yl[t], y2[t], y3[t], y4[t1y /.
H rst [NDsol ve[H atten[Append[de[y3, y4, P], | eft BCIMB] 11,
{ylrt1, y21t1, y3rti, yartiy, t, 0, 1-by,
MaxS eps » 220017 7. t -> 1-b;
endpt [
gP,
gMB]
dear [P, MB 7
rts: = H ndRoot [{endpt [P, MB][3] == % endpt [P, MB][1] ==c - b},

{P, {gP, 0.99gP}}, {MB {gMB 0.99gMB}},
Accuracy@al - 4, Mxlterations - 200]

rts
endpt [P/. rts, MB/. rts]

P=P/. rts
MB= MB/. rts

P/. solny/. rts
Print [P/. soln/. rts]
Print [MB/. soln/. rts]
a ear [yy]
yyrt _1:=qylrti, y2rt1, y3rti, y4rtiy /. Frstsol n
d ear [UE]
LE[P, MB]:=
Nntegrate[Bval uater(yyrtirr4il) ™21, t, 0, 1-by
LE[P/. rts, MB/. rts]
Li st [ylrl- by, y2r1- by, y3[.7771, y4[l-bj1/. solny/. rts
nuner s = Tabl eFormTabl e [{b, P=P/. rts, MB= MB/. rts,
UE[P, MB], Part [endpt [P, MB], 21}, {b, 0.55, .5, .005}],
Tabl eHeadi ngs » {None, {"b", "P', "MB', "LE', "h"}}]
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Shooting M ethod used to Determine variables p,d, and €.

A linear force DM T-type analysis was used, with the maximum force being fo. Values for
g, € b, p, and h are for line contact only.

Definition of variables:

C= separation distance between ends of the elastica

d= distance from lift-off point to end of DMT force zone (along )

n= term used to account for the weight of the elastica

fo=theinitial DMT force experienced at the lift-off point (s=0)

o= the height when fy=0 (s=d)

gP-=theinitial guess for parameter p, horizontal force applied at fixed end of
elastica

ge=theinitial guessfor parameter €, the value for u (u=1-b-d) at t=0

Shooting Method

Variables:
c=0.4

d=.005

n=(0)

fo =100

a=0.0001

pi = N[x]

B= (foray*

Yps=a (L+n/fo)

D - (a+0.5xyps (Qosh[Bxd] + s[Bxd] - 2))
S nhiBxd] - S n[Bxd]

$Recur si onLi mt = 2000
Unknown Variables:
gp = (-25)

ge=.9

Derivatives of the 5 Characteristic Equations
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dery3 ,v4 ,y5, p]:=
{yl' t1==y51t1 Qsry3[t11,
y2' [t]==y5[t139n[y3[t1],
y3' [t1==y5[t]y4[t],
y4' [t1==-y5[t] pIn[y3[t]]+
ySIt]
((1/Qos[BD (Gsh[Bxd] - Gs[B«d]) -
0.5%Bxyps (S nh[Bxd] -Sn[Bxd])] *
(B® Dy (Qosh[Bxd] +s[Bxd)) -
0.5+ B’ yps (S nh[Bxd] + S n[Bx«d]) +
px*Sn[BD (Qsh[Bxd] - Gos[Bxd]) -
0.5%Bxyps (S nh[B«d] -Sn[Bxd])1))-y5[t1n (1))
Qs[y3[t]1,
y5' [t] == 0}

Left Boundary Conditions

leftBCle_1:=

{y1101 ==d,

y2[0] == a,

y3[0] == BDy (Gosh[Bxd] - Gs[Bxd]) -
0.5 Bxyps (S nh[Bxd] -S n[Bxd]),

y410] == B Dy (S nhiB«d] +3 n[Bxd]) -
0.5+ B'yps (Qsh[Bxd] - Qs[Bxd]),

y5[0] == €}

Solving for y1-y5

sol n: = NCBol ve[H atten[Append[dery3, v4, Y5, p1, | eftBClel]1,
tyl, y2, y3, y4, y53, {t, 0, 1}, MixS eps ->3000]

endpt [p_, € 1:
{ylrt1, y2rt1, y3it1, y4rti, ysitiy /.
H rst [NDSol ve[H atten[Append[dery3, y4, y5, p], | eftBClel1],
{ylrty, y2rti, y3[ty, yart, ysit1y, t, 0, 13,
MaxS eps -» 300077 7. t -> 1,

endpt [gp, Qel
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dear[p, €]

pi
71
endpt [p, el[l1 ==Cc-1+d+e}, {p, {gp, 0.990p}},
{e, {Qe, 0.99ge}}, AccuracyGal -7, Mxlterations - 500]
rts

rts: = F ndRoot [{endpt [p, e][3] ==

endpt [p/. rts, e/. rts]
p=p/.rts
e=€e/. I'ts

d ear [yy]
yyrt_1:=(ylit1, y2rt1, y3rti1, y4rti, ySrti1y /. Frst[sol n

Valuesfor yy[t], b, and g

yyrlicrlil
yyrliri2]
yy[1iri3ii
yy10111311
yyro1ii411
yy[1111511]
yy101 11511
b: l—d—e
q:
1/@s[BD (GshBxd] - Gs[Bxd]) -
0.5%Bxyps (S nh[Bxd] -Sn[Bxd])] *
(B®Dy (Qsh[Bx«d] +Gos[Bxd]) -0.5% B®yps (S nh[B«d] +S n(Bxd]) +
pxSnBD (Gsh[Bxd] - Gs[Bxd]) -
0.5%Bxyps (S nh[Bxd] -Sn[B+d])]) -n=*e

Plotting the Shape of the Elastica

Paranetri cH ot [Bval uate[{yl[t], y2[t]y /. solns. rtsy, {t, 0, 13,
P otRange-» All, Aspect Rati o- Autonatic]
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Shooting Method used to Deter mine variablesp,d, and &.

A Dugdale force DM T-type analysis was used, with the constant adhesion force being go.
Vauesfor q, €, b, p, and h are for line contact only.

Definition of variables:

¢ = separation distance between the clamped ends of the elastica

d = distance from the lift-off point to end of DMT force zone (along )

N = eta; term used to account for the weight of the elastica

0o = theinitial DMT force experienced at the lift-off point (s=0)

o = the height when go=0 (s=d)

gP=theinitial guess for parameter p, horizontal force applied at fixed end of
elastica

ge=theinitial guessfor parameter €, the value for u (u=1-b-d) at t=0

Shooting Method

Variables:

c=0.4
d=.0193

n=(0)

do = 5000

a=0.0001
pi = Ni7]

_a  (n+go) *d
e

$Recur si onLi mt = 2000

Unknown Variables:

gp= (15
ge=.8

Derivatives of the 5 Characteristic Equations
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dery3 ,v4 ,vy5, p:=
{yl' t1==y51t1 Qsry3[t11,
y2' [t]==y5[t]1Sn[y3[t]],
y3' [t1==y5[t]1Yy4[t],
y4 [t] ==
-y5[t1 pSnry3[ti] +
yS[t1]

( 6xAy - (n+dJo) *d+ p*S n[3*A4*d2- %)*ds]

@s[3% Ay #d? - %G)*d?’]

n*y5[t1] +y5[t1n (1—t)] Qosry3[t1],

y5' [t]==0}

Left Boundary Conditions

| eft m[e_] -
{y1[01 ==d,
y2[0] == a,
3
y310] ==3*A4*d2_wy
2
y410] ==6*A4*d_w,

y5[01 == €}
Solving for y1-y5

soln: =
N>ol ve[H at t enfAppend[dery3, y4, y5, p1, | eftBClel11],
tyl, y2, y3, y4, y5}, {t, 0, 13, MaxS eps ->3000]

endpt [p, e ]:=
(ylrt1, y2rt1, y3rt1, yarti, ysitiy /.
FHrstp
NS0l ve[H atten[Append(de[y3, v4, Y5, pl,
leftBCle111, {ylrti1, y2[t1, y3[t1, y4[ti,
y5[t13, {t, 0, 13, MixSeps »30001] /. t ->1;

endpt [gp, Qe]
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dear[p, €]

P
2 1
endpt [p, e][l]1==C-1+d+€},
{P, {gp, 0.999gp}}, {e, {Qe, 0.99Qe}},
AccuracyGal -» 7, Maxlterations - 500]
rts

rts:=H ndRoot [{endpt [p, €] [3] ==

endpt [p/. rts, e/. rts]
p=p/. rts
e=e/. I'ts

a ear [yy]

yy[t_1:={ylrty, y2rti, y3rti, yarti, ysti /.
H rst [sol n

Valuesfor yy[t], b, and g

yyrliriln
yy1r1iri21i
yyr1iri311
yy1011i311
yy0111411
yy[liris1i

yy101 11511
b=1-d-e
6%xA1- (n+Qo) »d+p*3 n[3*A4*d2-%f*d3]
q= i
®5[3*A4*d2_ %)*d?’]
n*yS[t]

Plotting the Shape of the Elastica

Paranetri cH ot [Bval uate[{yl[t1, y2[t1} /. soln/. rtsj,
{t, 0, 13, HotRange - A l, Aspect Rati 0 - Autonati c]
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Appendix B
Linear Analysisfor Linear Force DM T-Type Analysis

The linear formulation in Appendices B and C was derived by Professor R. H. Plaut and
verified by the author. It applies from x=0 to x=d, the region where the DMT-type
adhesion forces act on the right side of the elastica.
For the linear force f = fo — (fo/a)y and self-weight n, the equilibrium equation for y(x) is
y' = (fa)y=-n-fo
The general solution has the form
y(x) = A1 cosBx + Ao sin Bx + Az cosh Bx + Az sSinh Bx + Y,
where B = (f/a)* and y, = a + (an/fo).
The rotation 6(x), bending moment m(x), and shear force v(x) can be approximated by
e:yr m:yrl V:yrlr
Theinitial conditions at s=d for the subsequent elastica equations are obtained from
continuity of x, y, 6, and m. Continuity of shear at s=d furnishes a condition in which

v(d) is set equal to the formula dm/ds at s=d obtained from the elastica equations, and this

condition is solved for the vertical force g at the clamped ends.
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No Contact

The elasticais assumed to be above the substrate with its central region within a
vertical distance a from therigid surface. The value of y(0) is denoted yo, with

O<yp<a. Coefficients A1, Ay, Az, and A, are obtained using the conditions

y(0) = Yo
y'(0)=0
y(0)=0
y(d) =a

This gives:
y(x) = Az(cos Bx — cosh Bx) + (Yo — Yp) COSh BX +Yp

where: Ar=0a+ (Yp—Yo) coshBd-yp
(cos 3d — cosh 3d)

B(x) = -A1p (sin Bx + sinh Bx) + B (yo —yp) sinh Bx
m(x) = -A1p*(cos Bx + cosh Bx) + B (o —¥p) cosh Bx

From the condition of continuous shear force at x=d:

= A4B°(sin Bd —sinh Bd) + 3% (Yo —yp) sinh Bd + psin (d) +n (d-1)
cos 0(d)

Point Contact

If the elastica only contacts the substrate at x=0, the boundary conditions are

y(0)=0
y'(0)=0
y(d) =a
This gives:
y(X) = Az (sinh Bx —sin Bx) + Yy, (1 —cosh Bx) + A1 (cos Bx — cosh 3x)
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where: Az =a + Aj(cosh Bd —cos 3d) + y, (cosh 3d 1)
(sinh Bd —sin 3d)

A1 = constant representing magnitude of y(x)

B(x) = A4P (cosh Bx —cos Bx) —A1f (sin Bx + sinh BX) — y,f3 sinh Bx
m(x) = A4B% (sinh Bx + sin Bx) — A13? (cos Bx + cosh Bx) — y,B° cosh Bx

0 = A4B° (cosh d + cos Bd) — A;3° (-sin Bd + sinh B3d) — y,B° sinh Bd + p sin 8(d)
cos 0(d)

+n(d-1)

II. Line Contact

When the el astica contacts the substrate for length b on the right of the center, the
boundary conditions for y(x) are

y(0)=0
y'(0)=0
y'(0)=0
y(d)=a
where x=0 at the end of the contact region. This gives

y(X) = As(sinh Bx —sin x) — 0.5y, (cosh Bx + cos Bx —2)

where: Az =0+ 0.5y, (cosh 3d + cos Bd —2)
(sinh Bd —sin 3d)

B(x) = A4P (cosh Bx—cos x) — 0.5ypB (sinh Bx —sin Bx)

m(x) = A48 (sinh Bx + sin Bx) — 0.5y,B? (cosh Bx — cos Bx)

q = A4B> (cosh Bd + cos Bd) —O.5v9[33 (snhBd +sin3d) + psin 6(d) - n (1-b-d)
cos 0(d)
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Pull-Off

Conditions at the instant of pull-off of the elastica can be obtained by putting yo=0
in the no contact solution, or putting y"' (0) = 0 in the point contact solution (i.e.

no shear force at the center of the elastica) which leadsto A, = 0.

For the case n=0, one obtains

y(x) = a —a (cos 3d cosh Bx — cosh 3d cos [3x)
(cos 3d — cosh (3d)

An approximate value f, for the pull-off force f, = —q at one support is given by

fa = [ f dx
With the above deflection, integration yields

|fa = fo(cos 3d sinh 3d — cosh 3d sin 3d)
B3 (cos 3d — cosh 3d)

If n #0, one gets

fa=(1-d)n +fo [& (sSin Bd —sinh 3d) + @ (cos 3d sinh 3d —
sin 3d cosh 3d) + ¢3d (cosh Bd —cos 3d)] / [B (cos Bd — cosh 3d)]

where: & =nlfy
@=1+¢
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Comparison of the Approximate Pull-off Force f, and the Pull-off Force f, Calculated by

the Shooting Method for a Linear Force DM T-Type Analysis when c=0.4

n a fo d B (0} & fa fo
100 0.0246 17.78 1.0000 | 0.0000 | 1.6395 131
0.001 1000 0.0201 31.62 1.0000 | 0.0000 | 13.3835 | 13.48
0 10000 0.0134 56.23 1.0000 | 0.0000 | 89.1164 | 95.11
100 0.0081 31.62 1.0000 | 0.0000 | 0.5400 0.43
0.0001 1000 0.0073 56.23 1.0000 | 0.0000 | 4.8656 4.78
10000 0.0052 | 100.00 | 1.0000 [ 0.0000 | 34.6476 | 35.34
100 0.0245 17.78 1.0200 | 0.0200 | 3.5839 3.32
0.001 1000 0.0200 31.62 1.0020 | 0.0020 | 15.2772 | 15.48
5 10000 0.0134 56.23 1.0002 | 0.0002 | 91.0895 | 97.18
100 0.0080 31.62 1.0200 | 0.0200 | 2.5173 2.44
0.0001 1000 0.0072 56.23 1.0020 | 0.0020 | 6.7846 6.77
10000 0.0052 | 100.00 | 1.0002 | 0.0002 | 36.6372 | 37.35
100 0.0247 17.78 0.9800 | -0.0200 | -0.3044 | -0.70
0.001 1000 0.0201 31.62 0.9980 | -0.0020 | 11.4238 | 11.47
5 10000 0.0134 56.23 0.9998 | -0.0002 | 87.1432 | 93.04
100 0.0081 31.62 0.9800 | -0.0200 | -1.4438 | -1.57
0.0001 1000 0.0073 56.23 0.9980 | -0.0020 | 2.8802 2.79
10000 0.0052 | 100.00 | 0.9998 | -0.0002 | 32.6580 [ 33.33

Comparison of the Approximate Pull-off Force f, and the Pull-off Force f, Calculated by

the Shooting Method for a Linear Force DM T-Type Analysis when ¢=0.8

n a fo d B 0 ¢ fa fo
10 0.0461 | 10.00 | 1.0000 | 0.0000 | 0.3072 | 053

0.001 100 0.0391 | 17.78 | 1.0000 | 0.0000 | 2.6021 | 3.07

1000 | 0.0255 | 31.62 | 1.0000 | 0.0000 | 16.9459 | 19.50

0 10 00169 | 17.78 | 1.0000 | 0.0000 | 0.1127 | 0.19
0.0001 100 0.0152 | 31.62 | 1.0000 | 00000 | 1.0129 | 1.12

1000 | 0.0105 | 56.23 | 1.0000 | 0.0000 | 6.9936 | 7.36

10 00452 [ 10.00 | 1.2000 | 0.2000 | 22108 | 2.60

0.001 100 0.0378 | 17.78 | 1.0200 | 0.0200 | 4.4404 | 512

) 1000 | 0.0255 | 3162 | 1.0020 | 0.0020 | 18.8948 | 21.63
10 00164 | 17.78 | 1.2000 | 0.2000 | 2.0765 | 221

0.0001 100 00149 | 3162 | 1.0200 | 00200 | 29632 | 3.13

1000 | 0.0105 | 56.23 | 1.0020 | 0.0020 | 8.9726 | 9.38

10 0.0472 | 10.00 | 0.8000 | -0.2000 | -1.5910 | -1.53

0.001 100 0.0395 | 17.78 | 0.9800 | -0.0200 | 0.7076 | 1.02

) 1000 | 0.0255 | 3162 | 0.9980 | -0.0020 | 14.9970 | 17.38
10 00175 | 17.78 | 0.8000 | -0.2000 | -1.8483 | -1.82

0.0001 100 0.0155 | 31.62 | 0.9800 | -0.0200 | -0.9361 | -0.88

1000 | 0.0106 | 56.23 | 0.9980 | -0.0020 | 5.0812 | 535
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Appendix C
Linear Analysisfor Dugdale Force DM T-Type Analysis

For the constant force f=g, and self-weight n, the equilibrium equation is

where j=n +go.
The genera solution has the form

y(X) = A1+ Aox + Asx® + Ax® — (jx*/24)

I. No Contact

The solution is

y(X) = Yo + X?Az — (jx* | 24)

where: As=(a—yg) + jd
o 24
j=n+9

Yo = vertical distance between elastica and substrate
O<yp<a

B(x) = 2xA3 — (jx°/ 6)
m(x) = 2A; — (jx*/ 2)

q=psin6(d) —jd-n (1-d)
cos 0(d)
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Point Contact
The solutionis

y(X) = Asx® + Ax®— (jx* | 24)

where: As=a+ (jd*/ 24) — Al
d

A4 = constant representing magnitude of y(x)
B(x) = 2Asx + 3Ax%—(jx31 6)
m(x) = 2A3 + 6AX — (jx?/ 2)

q= 6A,—jd+psinB(d) +n (d-1)
cos 6(d)

Line Contact
The solutioniis
y(x) = A — (jx*24)

where: As=a+jd
d® 24

B(x) = 3Ax% —(jx°/6)
m(x) = 6AX — (jx°/2)

g=6A,—jd+psnB(d) -n(l-b-d)
cos 6(d)
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V. Pull-Off

At the instant of pull-off, yo = 0 and the no contact solution gives

y(x) =| a +jd® [x* - jx*
&> 24 24

By equilibrium of vertical forces, an approximate value of the pull-off forceis

(fa (Fgod +

Comparison of the Approximate Pull-off Force f, and the Pull-off Force f, Calculated by
the Shooting Method for a Dugdale Force DMT-Type Anaysis when ¢c=0.4

n a % d fa f,
0.001 500 0.0211 10.56 10.62
5000 0.0143 71.49 75.84
0 0.0001 500 0.0075 3.75 3.68
5000 0.0055 27.68 27.95
0.001 500 0.0211 12.54 12.63
5000 0.0143 71.50 77.90
2 0.0001 500 0.0075 3.73 5.67
5000 0.0055 27.67 290.95
0.001 500 0.0212 8.59 8.61
5000 0.0143 71.47 73.77
2 0.0001 500 0.0075 3.76 1.68
5000 0.0055 27.68 25.94
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