APPENDIX A
DERIVATION OF JOINT FAILURE DENSITIES

In this Appendix, we present the derivation of the example failure models as shown in
Chapter 3. Assume that the time and use to failure are related by the function u = g(t) and
the stochastic nature of this relationship can be represented by treating one or two of the

parameters of g(t) as random variables. We consider the following four example forms:

(i) ot)=at+b,

(i) g(t)=at®*+bt+g,

(iii) g(t) = at", and

iv) g®) = (€ - 1)/[e* +b).

In each case, we introduce randomness into the function by treating the parameter a as a

random variable having distribution p, (. Using p, () and the transformation of

variables, we construct the marginal probability distribution on usage. That is,

da ()

. P= @), (A1)

fy(u)= fg(t) (u)=

Once the margina distribution on usage is obtained, we then construct the joint failure

density using the conditioning relation, i.e.,

fro (tU) = F, O, (U). (A-2)
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In Eg. (A.2), the conditional density fT‘U (t) is obtained by using the well-known

relationship between a density and its hazard function:

o =20, OB}, Gery (9= 22, OB 32,9 "3

We assume that the conditional bivariate hazard function on age given usage may be
stated as:

Z1y (tu) =1 (©) +h(u) (A.4)

so that the definitions of the functions| (t), h(u), and g(t) determine the conditional hazard
and ultimately the bivariate life distribution. In here, in order to focus on the functions
g(t), we assume that | (t) and h(u) are simple linear functions, i.e, | (t) =t and h(u) =

hu. Thus, we assume
Zys (tu)=1t+hu. (A.5)

Under this modeling format, we may obtain the bivariate life distributions corresponding

to forms (i), (ii), (iii), and (iv), respectively, as follows:

[t+hu _§ h(u+b), | i a-bo
fr,(t,u) = exp[- ———=t- —t’yp, 6—+, A.6) (Eq. (3.7
ru (t,U) " Pl > nggtg (A.6) (Eq. (3.7))
_lt+hu _j h(u+2g), 3 +hb ,( au-bt-go
fr,(tu) = expj - t- tw.c———+, (A.7) (Eq. (3.8
ru (t,U) e Pl 3 5 %pg 7 g (A.7) (Eq. (3.8)

173



lt+hu 3 hu . | L0 aud
fo,(tu)= exp) - ——t- —t3yp, c—=, A.8) (Eq. (3.9
ru (t,U) T Gl L %p s (A.8) (Eq. (3.9))
and
) geh b +1 ou
fo(tu)= (A+b)(l t+hu) expll h e b In 1 _tl (i')é- n1+ bUO
o t@- u)l+bu) b 2 Gpltbu 1-uZi &t l-ug
f & 1-u op

(A.9) (Eq. (3.10))

A.1 Derivation of Eq. (A.6)
For case (i), g(t) = at + b, solving for a yields:

a(u)=u_tb and da(u):}

du t’
SO:
1 a-bo
fo(U)==p,¢———= (A.10)
t et
The conditiona bivariate hazard function on age given usage can be constructed as:
2, (¥ = A+b2 (A1)
@

Substituting Eq. (A.11) into Eq.(A.3), we obtain

fr () = (It+hu)exp| Q@Ix+hge —x+b4jdxg
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(A.12)

Substituting Egs. (A.10) and (A.12) into Eqg. (A.2), we derive

It+huexp|1_ h(u+b)t_ I_tzu aam- bgl
1 2 2 et g

fry(tu)=

A.2 Derivation of Eq. (A.7)
For case (i), g(t) = at® + bt +g, solving for a yields:

_u-bzt-g and da(u):iz’
t du t

1 - 3}
fo(U)==5p.¢c———= (A.13)
t e
The conditional bivariate hazard function on age given usage can be constructed as:

+ bx+g— (A.14)

b 902
ﬂ 7]

Zyy (X) =1 X+h§e

Substituting Eq. (A.14) into Eq.(A.3), we obtain
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902
fr ()= (It+hu)exp| Q@Ix+hge > +bx+g_udng

= (I t+hu)exp‘%l- h(u;Zg)t_ 3 ;hb t2Y (A.15)

Substituting Egs. (A.13) and (A.15) into Eqg. (A.2), we derive

It+hu i h(u+29) 3 +hb L0 a8l- bt- 99
t,u) = expj - t =
TU( ) p,:\ 3 %pag tz ﬂ

A.3 Derivation of Eqg. (3.9)

For case (i), g(t) = at", solving for a yidds:
a(u):_ dm:in,
du t
So:
fu (u)— g—— (A.16)

The conditional bivariate hazard function on age given usage can be constructed as:
aal 0 n0

Zry x) =1 x+h§e——x (A.17)

Substituting Eq. (A.17) into Eq.(A.3), we obtain
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i
fru () = (1 t+hu) exp) - g +hB G Ui
7 e el g U E
= t+hu)exp| Jhu Lol
n+l 2

Substituting Egs. (A.16) and (A.18) into Eqg. (A.2), we derive

It+hu hu | U o
fro(tu) = e><|o%l 2}

A.4 Derivation of EqQ. (3.10)

For case (iv), g(t) = (eat - 1)/ (eat + b), solving for a yields:

1, ad+bug  da(u) 1+b
a(u)==In and = ,
O = 0 o™ Tau Tt u)iebu)
SO
1 b aa, ad+bugd
f (u) = In .
o ()= 1+ bu pa gt 81 20

The conditiona bivariate hazard function on age given usage can be constructed as:

gexpgxlaé_l:;u§
2y (0= xrh§—S 2

9
éexpex aé bu9+b :
Q-

el-ug Qg

Substituting Eg. (A.20) into Eq.(A.3), we obtain
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|
I
fu®=( t+hu)exp_:'_- d

a@ D DrLD> D D
X
+
>0
vO)
@
@
1
;) E;C!\ 8:,
H
Bk e
E e

-I-
I
|

i 6 PR
i 6 cetbus % i
_ i e G&1ug T
= (I t +hu)expi - Qd x+hg D ixy
e ¢+ buot 0
I é gg = +b_T[j |
t e el-ug @ b
--}
Let x :8&+bug then
el-ug

Pogé -1
f.o @) =(t+hu)expi- §d x+h Xy
T\U() ( ) p+ Qg xx+bm"ud%

N

= (1 t +hu)expi L2 1x_h(L+b)ink* +b)u
|

| u
2 b b Inx o E

~

CD:CD? [0}

0

:(| t+hu)exp}- I—t2 +m_ h(1+ b)|l‘1(xt +b)+ (h +bh)|n(1+ b)l;l
T 2
|

b b Inx b Inx
! e ab +10 6
[ h th . L o
= (I t+hu)expi - —t?+:1t- & APy 1)
i b In(i:aé+ bug 1-u_f
i é él-ug P

(A.21)

Substituting Egs. (A.21) and (A.19) into Eqg. (A.2), we derive
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i gehb+1 ou
@+b)(t+hu) 1 1 b 1 21 s 1+bug
fo,(tu)= ex -6 In In z
ro (LY) t(1- u)(1+ bu) p-:- 2 b an 1+bu  1-u* yp & 1-u g
i & b
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APPENDIX B
THE BIVARIATE DIRAC DELTA FUNCTION

In this Appendix, we introduce the bivariate Dirac Delta function that is used in Chapter 6
to model the longevity of the single-unit system in the PM cycle of the ARPM model. We
begin with the discussion of the univariate Dirac Delta function and its properties. Then,
we extend the univariate function to two dimensions and present the results for the

bivarite Dirac Ddlta function.

B.1 Univariate Dirac Delta Function

Consider the following function:

ille, TEtET +e,e>0,

F.(t) =i

, (B.2)
10, otherwise.

Figure B.1.1 shows the plot of F,(t). Geometrically, ase® O, F,(t)=1/e® ¥. Then,

we have the following integral:
Q, F(hdt =1 (B.2)

Let d (t) be the limiting function of F,(t), ase® O. d(t) is caled univariate Dirac Delta

(or Unit Impulse) function for F,(t) (see Spiegel [1965]).
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Fe (1)

l/e

FigureB.1.1 Plot of F_(t).

We designate the univariate Dirac Delta function as d(t- T) that has the following

properties:
() d‘d(t- T)dt =1, (B.3)
(ii) Q¥ d(t- T¥ (t)dt =f (T) , for any continuous function f (t). (B.4)

Note that d (t - T) has a singularity of infinite value at t = T and is equa to zero at al
other values of t. Property (i) gives the Dirac Delta function the characteristic of a
probability density function. Property (ii) helps in taking Laplace transform of the Dirac
Delta function. The Laplace transform of d (t - T) isgiven by
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¥
\

L fd(t- Th=qd(t- T)e*dt=¢ (B.5)

B.2 Bivariate Dirac Delta Function

We now construct the bivariate Dirac Delta function with analogical properties as

in univariate case. Consider the following function:

_1lYe, TEtET+e,UELUEU +e,e>0,

i
F, (t,u) = _ B.6
(L) %O, otherwise. (8.6

Figure B.2.1 shows the plot of F,(t,u). Geometricaly, ase ® 0, F, (t,u)= /e ® ¥.

Then, we have the following integral:

¥ ¥

q Q F, (t,u)dtdu =1. (B.7)

Let d (t,u) be the limiting function of F_(t,u), ase® 0. d(t,u) is caled bivariate Dirac
Delta (or Unit Impulse) function for F,(t,u). We designate the univariate Dirac Delta

functionasd (t - T) that has the following properties:
The bivariate Dirac Delta function for this PM cycle, d(t- T,u- U), has the

following properties:

()  Qdlt- T.u- U)dtdu=1 (B.9)

(ii) Q¥ (‘S‘d(t - T,u- U (t,u)dtdu =f (T,U) for any continuous function f O(t,u). (B.9)
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F (t,u)

l/e

l/e

FigureB.2.1 Potof F_(t,u).

Property (i) gives the bivariate Dirac Delta function the characteristic of a bivariate
probability density function. Property (ii) helps in taking Laplace transform of the bivariate
Dirac Delta function. The Laplace transform of d(t- T,u- U) is

¥ ¥

L fdt- Tu- U= gdlt- Tu-U)e*“ddu=e" . (B.10)
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