4. Tracking Behavior of the APA Class of Algorithms

In certain applications like echo cancellation, noise cancellation, and equalization, the
environment in which the adaptive filter operates is often nonstationary. For satisfactory
performance under nonstationary conditions, an adaptive filtering algorithm is required to follow
the statistical variations of the environment. Tracking analysis provides insight into the ability of
an adaptive filtering algorithm to track the changes in the surrounding environment. The tracking
behavior of an algorithm is quite different from its convergence behavior. While convergence is
a transient phenomenon, tracking is a steady-state phenomenon. An algorithm with good
convergence properties does not necessarily track changes well. For example, the popular Least
Mean Squares (LMS) algorithm, which is known to exhibit very slow convergence, has better
tracking behavior than the Recursive Least Squares (RLS) algorithm, which is known to yield
fast convergence [49].

Results related to the tracking behavior of APA and NLMS are not available in the existing
literature. In this chapter, we analyze the tracking behavior of APA for a randomly time-varying
channel. The tracking analysis, as done in our convergence analysis, is based on certain
simplifying assumptions, such as the independence assumption and the discrete orientation

assumption.
4.1 Tracking Analysis of the Affine Projection Algorithm Class

In addition to Assumptions (Al)-(A3), listed in Section 3.1, we use the following assumption
on the underlying system for the tracking analysis of the APA class of algorithms.

(A4) The underlying system is modeled as an FIR filter of lerigthvith time-varying weights

w?. That is,

d =w’'x_+¢,. (4.1a)
The time variation of the weights follows a random-walk model as shown below.

Wp =W, + 00, (4.1b)
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where {oon} is a stationary sequence of independent, zero-midandjmensional vectors
with covariance matrix

E(w,w!' )=’ (4.1c)
Here, | denotes the identity matrix of appropriate dimension. Furtherrr{m@}, IS

independent of botfix, &nde, .

As in the convergence analysis, the NLMS-OCF adaptation equation is used for the tracking
analysis and is first rewritten as in (3.4)-(3.6) using (A3). To analyze the tracking behavior of the
APA adaptation equation, given in (3.4), the weight adaptation is rewritten in terms of the weight

error vectorw,, where W, =w° —w_. The first step in this process is to rewrite (4.1b) as

follows.
kD
+S w (4.2)

Using (4.1a) and (4.2), the estimation errors shown in (3.6) are rewritten in terms of the

weight error vector as

e, =Wix, +¢,, and (4.3a)

_an j 7 n— kD (43b)

Using (3.4), (3.5), and (4.3), the weight adaptation equation in error form is obtained as

X XM
|j]_ n-jD nJD nnID nID+ n Dan% - (44)
E jDZJn Xn JDXn JD |; Xp-1p Xn-ip WDZJ : n-mD [_p=1 i
where J, [1{0,12,...,M }is a set ofM +1 or fewer indiceg for which thex,_,, are orthogonal

to each other, sincg; = for j0J,. Equation (4.4) is in a form suitable for tracking analysis.

We begin the convergence analysis with the computation of the weight error vector covariance.

Using (4.4), the covariance of the weight error vegigris given by:
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_ x x' . O _ 0O H
COV(Wn+l): E - g ,UE'J—JDDNnW: |j| ; HM
j0J, Xn—jDXn—jD D ] 10J, Xn IDXn ID

0 x . x™ Qb . O pe Ox . xH
+ EH H :'JD n-jb 0> o, MY 1O w:—pD rlji—mD n-mD

nD Xn‘iDXn'JD = nE p= Dxn-mDXn-mD (45)
+ E(wnw;‘ )

H
n

XX o0 O Ox,  xM
Ry aeeta B Pt
7, Xa-pXn-jp G 8 b= X X

n

+EB; n]D X o Eliwn_l%r%_guxgmxim%

H Xn- ]D n-ip L= 8 O @ XeoXe-p

Note that the cross terms involvirgg or w, do not appear in the above expression, since these
terms vanish. This can be proved by neglecting the dependenay @n past measurement
noise, and by using that, and w, are of zero mean and that they are independent of each other
and ofx,.

Let us define the diagonal elements of the transformed covariance ndtco(w, )V as
)Tm fori=1, 2,...N. Thatis,
[VHcov(vT/n)V]“:viH coMW, v, =A,,. (4.6)
Note that this does not mean that cow, )V is a diagonal matrix.
With the above notation, the pre- and post-multiplication of (4.5ybgnd v, respectively

and neglecting the dependencywf on the past input vectors that appear in the first term of

(4.5) results in
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T O X oxt o0 o _ O
An+1,i =E iH |j] - ; [._IMEF:O WnW:‘ )lj] — HX” IDXn ID D’| H
E J IR Xn—jDXn—jD D |:| 10J, Xn IDXn ID |:| H

H
€ —jDXn—jD — €npXn-p O H
— 0y J Ry,
n Xn—jDXn—jD n Xn—IDXn—ID |:| H

O x,_ X" [
+E§’iHZng:JD n-jbD n DJE“E\ npDan anwE
JJENJ

n-ipXn-jp [ X n-mpXn-mp G E 4.7)

+E -H%—;/._l n-jD n]D n;u—‘?\ an n-mD H
E J N n]D n]DE anan H
+E ; n]D n]DE:ji % |j] glj nIDXnIDwH
n-1 n i
Dxn]D n-jD = nID nIDDH
Now, we evaluate each of the terms in the above expression starting with the first term.

The first two terms of the above expression are the same as in the expression derived during

convergence analysis. Hence, using (3.18)
T, +T,= (1_aﬁi )Xn,i + HZEOE%%%i (4.8)

Now, consider the third term of (4.7).
n ]D n- JD D DD E
T E ; DJ EZ - é DJ n p DM (4_9)
n]D nJD DananEE
Using (3.10) and (3.16), the product appearing in the expectation above vanishesunjess

for some jJ,, is parallel tov, . Furthermore, the result of the product depends on the value of
j that satisfies this condition. Hence, to evaluate the required expected value, we need to

consider all possible values ai for which x is parallel tov, . This happens fom= j, if

n-mD

joJ, jOJd, if and only if x_,, is not parallel tox for 0Osm<j,ie., X, _p isanew

n-mD
direction being used for adaptation during the current iteration. Equivalgntly, andx,_, is

parallel tov, if and only if the minimum value o for which x is parallel tov, is j.

n-mD
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Mathematically, the necessary and sufficient conditiomig{mO{04,...,M}:x, .o IV} =].

Using this result along with (A3), (4.9) can be simplified as follows.

T, =% ZD:’mln{mD{OL MYx ollvit=1]) %Z %Z % (4.10)

Now, we evaluate the probability that appears in the above expression.

P(min{mO{0...,M}: X, o 1Vi} = 1) = P(Xooip 1V; & XV, OME{OL..., j - 1)

_ (4.11)
=B (1_ pi)]
Using (A4) and (4.11), we can rewrite (4.10) as
2 i D
18 o) oo B
=10
M |:| X
=i ARRAN
o, ;Ep( p) Z E( )%'
M .
=g/ [pi i-p) ijOI}\)i (4.12a)
J=1
 p?Derp, L PJB_ (M +1)- )0
0 pi P;
=[a°Dw’y,
where
: - (1+ Mpl )BI _(M +1)pi (412b)
P
and we used the following identity in going from line 3 to line 4 of (4.12a).
N+1 N+1
Z a(l a ) (N +1)a (4.13)
£ (1-af (1-a)
Using (A4), the fourth term of (4.7) is evaluated to be
T, =EM w,w'v,)=v"Elwu! b, =’ (4.14)

Now, consider the fifth term of (4.7)
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O
0 Dcon pgmw E (4.15)

p= Dxn mpXn- mb O

-E Pé n- HIDGNHZDJ? " Dwg)a
:' Xn-ip § pDananDH

Neglecting the dependence of the current estimate for weightsn the past inputs and on the

=
il

past w,, which - especially for small values of step size - does not introduce significant errors,

D O] D O
Egﬁngz‘wﬂ_pm% %wo -W }alwzwr'j_pma
= 0 DH
—E
%V EWZ - PD (4.16)
0 mD D "
=E n-m + wn—' L] wn—

= mDa°

we can write

Invoking (4.11) and (4.16), we can simplify (4.15) further as follows.

. E(l_ P, )B. _ (M +1)(1_ 'Bi)D (4.17)

= H(l_ H)Dwoyi
SinceT; is just the Hermitian transpose of the real-valued quaftityve conclude that, =T;.
Adding the six individual terms reduced above and invoking the defimtigm(z - H), we get

Mai =@-aB ), +1 EEB—EE A°Dw’y, +w’ +2a(l-m)Dw’,
(4.18)

=(-aB W, +0% EB—Q? +w’(1+aDy,)
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As we showed while analyzing convergence in Section 3.I DI(O,Z), then the recursive

equation for/Tm shown in (4.18) is stable. Assuming that the stability condition is met, from

(4.18), the steady-state value,-f}‘fi is given by
limA, _—5 EB—&L;DV') (4.19)
n-oo a i

We use the above result to calculate the steady-state mean-squared output estimation error as
follows. From (3.21), the mean-squared error is given by

N
E =E°+S A A, (4.20)

Using (4.19) and (4.20), the steady-state error is given by
£, =limé, =¢&° ﬁ “ EH—Hr Z (Z;O’DV') (4.21)

The above steady-state error consists of two distinct (decoupled) parts, namely the fluctuation

error &/, caused by the measurement noise, and the lag Ertoraused by variations in the

environment, defined as follows

& =E°a+ H g ﬁHr(R)S (4.22a)
0 0 0
I i WA (i;aDy‘) (4.22b)

The lag error characterizes the tracking property of the algorithm. A large lag error indicates that

the algorithm is slow in tracking the variations in the environment and a small lag error indicates
that the algorithm is able to track the changes. In the next section, we list the tracking properties
of the APA class of algorithms.

4.2 Tracking Properties of the APA Class of Algorithms

In this section, we discuss the dependence of the tracking rate and the total mean-squared

error on each of the user-selectable parameters of APA, namely the stgp #eeinput vector
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delay D, and the number of orthogonal correction factbts assuming that the rest are kept

constant.

1. Dependence on Step size:
We begin by computing the derivative of the two components of the steady-state error,
shown in (4.22), with respect to step size.

da
dz

&l :ﬁEOE%%@r(RPO DE0(0,2) (4.23a)

i [ __2(1_17) oN i 7
dﬁfm == w Z%Eso Dm 0(04] (4.23b)

i | __2(1_l_l) 0% i 7
d,UE“’_ 2w Z%%o Or0(1,2) (4.23c)

From (4.23a), we can conclude that the steady-state fluctuation error due to measurement

noise increases as the step sjzes increased. We deduce from (4.23b) and (4.23c) that the
steady-state lag error due to variations in the environment decreasgsissncreased if
f0(04] and it increases g8 is increased if7 0(1,2).

It is evident from (4.22b) that the lag error dependgxcmﬂ(z—ﬂ), and hence on the step

size. More importantly, the lag error depends on step size only thmmugince none of the

variables other than, appearing on the right hand side of (4.22b) depeng oNecause of the
symmetry ofa about fi =1, for any value offi, say fi , there is the valugi =2-f1 that
results in the same lag error @is= I . However, the fluctuation error keeps increasing as the
step size is increased in the rar(@eﬂ). Hence, we do not gain by using any step size in the

range(lz) and it would be judicious to restrict step size((l,dz]. For this restricted range of step

size, a larger value of step size results in better tracking, as well as in higher fluctuations due to
measurement noise.
Since the total steady-state mean-squared error is the sum of two components--one increasing

and the other decreasing, @5 is increased--there is an optimum choicefof say [, , for
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which the total error is minimized. This is illustrated in Figure 4.1. It is also possible to minimize

a convex combination of the fluctuation and lag errors, if desired.

0 02 04 06 08 1
Step Size

Figure 4.1 Mean-Squared Error for Different Step Sizes:
(a) Fluctuation Error, (b) Lag Error, and (c) Total Error.

Now, we proceed to compute the optimum valuetgfwhich results in minimum steady-
state error. The optimum value @f can be evaluated by setting the derivative of the steady-

state erroré_, with respect to step sizg to zero. The optimum value thus obtained is shown

below.
B \JC:+4cc, —C
Mo = V2 2°1 i (4.24a)
G
where
1
- et H (R 4.24b
c ErZD() (4.24b)

¢, =S =h (4.240)
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2. Dependence on Delay.

The fluctuation error shown in (4.22a) is independent of the delaidence, APA has the
same fluctuation error (by our analysis, the same fluctuation error as NLMS) irrespective of the
choice of D (assuming that the rest of the parameters is fixed). However, the lag error increases
as D is increased (since the derivative of (4.22b) with respecDtas strictly positive).
Consequently, in the non-stationary case, the total mean-squared error incred3ess as
increased.

In Chapter 5, it will be shown that largdd results in faster convergence under most
stationary circumstances. On the other hand, the tracking property of the algorithm diminishes as
D increases. Thus, for any choice Of, there is a trade-off between convergence rate (transient

behavior) and tracking error (steady-state behavior).

3. Dependence on M

The fluctuation error of APA is independent of the number of orthogonal correction factors
as well. In fact, by our analysis, the fluctuation error of APA (withrmgnd M ) is the same as
the fluctuation error of NLMS. In Chapter 3, we showed that this property of APA can be
exploited to accelerate the convergence of adaptive filters without compromising on the steady-
state error under stationary conditions. In this subsection, we show that the same holds for
nonstationary conditions as well.

The steady-state lag error, shown in (4.22b), is a functiorMofthrough B, and vy:..

Unfortunately, there is no simple closed form expression for the optimal choidd fosay

M, for which the lag-error is minimized. The optimal vaMe,,, which has to be an integer,

opt ?
depends on parameters includimy and 7. By setting the number of orthogonal correction

factors to M the lag error (and hence the total steady-state error) can be minimized. In

opt ?
Chapter 3, we showed that the convergence rate improvéd as increased. Hence, APA
provides a way to improve convergence rate, while simultaneously reducing the steady-state

error (equivalently, improving the tracking performance).
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4.3 Tracking Properties of the NLMS Algorithm

Since NLMS is a special case of NLMS-OCF with =0, the steady-state fluctuation and
lag errors of NLMS can be obtained by settidg=0 in (4.22). WhenM =0, we havey, = 0

and B, = p,. Hence,

=

o o_ml 0
s =803+ - EEL R)D (4.25a)
0 2- 0O O

=
(]

Ne°tr (R
:o,NLMS = T() (4-25b)

The steady-state mean-squared error and tracking performance of NLMS depend on the step size
in the same way as for APA. NLMS also has an optimal choice of step size that minimizes the

steady-state mean-squared error. The optimal step size can be obtained by subtitu@ing

(4.24). WhenM =0, using (3.3b)
i%gz N tr(R) (4.26)

Hence,
B \C5 +4cc, —C
Hoptnims = 2 2, 2= (4.27a)
where
1
c = EOEB—ZE (4.27D)
o°C
c, = N’ (4.27¢)

4.4 Simulation Results

In this section, we provide simulation results to corroborate the properties derived
analytically in earlier sections and to also discuss limitations introduced by the assumptions used

in the analysis. The system to be identified has a 32-point long impulse response that varies in

time according to the random-walk model shown in (4.1b). The variasicef the weight
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incrementew,; is assumed to b#0™. The delay line of the adaptive filter is initialized with true
data values (soft initialization) in all simulations. The measurement noise is assumed to be
absent,&° = Q since we are mainly interested in the tracking behavior. In all simulations, the

steady-state mean-squared error is computed by time averaging of the instantaneous squared
error over 8000 iterations.

Figure 4.2 compares the steady-state lag error computed based on our analytical result and
the result from simulation for APA with two OCFM(= ) and a 32-point delayl{ = 32). We
observe that the two results agree reasonably well. A similar result corresponding to unit delay
(D =1) is shown in Figure 4.3. We see that there is a larger deviation between the theoretical
prediction and the simulation result wh&1 than wheD =32. This is explained by the
independence assumption that we used in the analysis. The input vectors used for a particular
weight update are truly independent wiier 32, while this is not true whdh = 1.

Even though there is a deviation between the theoretical and the simulation results when the
assumptions are not satisfied (as seen in Figure 4.3), this deviation is not very large.
Furthermore, the general trend of the result predicted by theory (sharp fall followed by a slow

reduction) matches the trend of the simulation result. Hence, the analytical result is still useful.
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Figure 4.2 Theoretical (solid) and Simulated (0) Steady-State Lag Error for Different Step
Sizes with Input “Close” to Assumptions.

(White Input with N =32, M =2, D =32, and w° =10™")
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Figure 4.3 Theoretical (solid) and Simulated (0) Steady-State Lag Error for Different Step
Sizes with Input Not Matching Assumptions.

(White Inputwith N=32, M =2, D=1, and w° =10™)

Now, we show the effect of varying the number of orthogonal correction factors, while
keeping the delay and step size fixed at 1 and 0.1, respectively. Figure 4.4 shows the steady-state
lag error as computed from the theoretical result and as determined from simulation. Firstly, we
observe that there is good agreement between theory and simulation in the results shown in
Figure 4.4. Secondly, it is evident from Figure 4.4 that there is an optimum valMe fafr
which the lag error is minimized. While the theoretically predicted optimum value is 19, the
optimum value found on the basis of the simulation results is 20. (Note that the simulation result
is based on the lag-error estimates from a finite number of trials and hence has some error due to
the variance of the estimator.) This also suggests that there is a reasonable match between theory
and simulation.

Figure 4.5 shows results similar to the result shown in Figure 4.4, buDwitB. Here also
we observe that the theoretical results and simulation results agree well. The theoretically
predicted optimum value foM in this case is 6, while the optimum value obtained from

simulations is 7.
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Figure 4.4 Theoretical (solid) and Simulated (o) Steady-State Lag Errors for Different
Number of OCFs with Short Delay.

(White Inputwith N=32, D=1, 1 =0.1, and w° =10™)
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Figure 4.5 Theoretical (solid) and Simulated (o) Steady-State Lag Error for Different
Number of OCFs with Long Delay.

(White Input with N =32, D=8, 1 =0.1, and w’ =10™)

Figure 4.6 illustrates the dependence of the steady-state lag error on the delay used for OCF
generation. We observe that the steady-state lag error, in theory, increases linearly as the delay is
increased. It is evident from Figure 7 that the simulation results also indicate a linear dependence

of the steady-state lag error on the input delay used. While the slope of the theoretical steady-

55



state lag error vs. delay curve is 0.0031, the corresponding simulated result has a slope of 0.0024.

This difference is due to the approximations made in the tracking analysis.
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Figure 4.6 Theoretical (solid) and Simulated (o) Steady-State Lag Error
for Different Delays.

(White Input with N =32, M =2, g =0.1, and w° =107")

Figure 4.7 shows the effect of varying the step size on the tracking performance of NLMS.
We observe a very good match between the theoretical results and the simulation results shown
in Figure 4.7 We also see that as the step size is increased, the tracking property of NLMS
improves. Observe that the theoretical and simulated lag errors agree better for NLMS than for
NLMS-OCF (shown in Figures 4.2 and 4.3). This is due to certain approximations, such as
neglecting a few terms, made while deriving the expression for lag error. Some of these
neglected terms truly vanish whévh =0. This eliminates the error due to approximation in the

case of NLMS.
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Figure 4.7 Theoretical (solid) and Simulated (0) NLMS Steady-State Lag Error for
Different Step Sizes.

(White Input with N =32 and w° =107)

4.5 Conclusion

The tracking behavior of the APA class of algorithms for a randomly time-varying system is
analyzed under certain simplifying assumptions on the data. An expression for the steady-state
mean-squared error is derived. The steady-state error consists of two parts, namely a lag error
caused by variations in the environment and a fluctuation error caused by measurement noise.
The dependence of the steady-state error and of the tracking properties on the user-selectable
parameters of APA is discussed. While the lag error depends on all of the parameters (namely
i, D, and M), the fluctuation error depends only on the step gizencreasingD always
results in a linear increase in the lag error and hence a corresponding linearly increasing
component of the total steady state mean-squared error. There is an optimum chgicantbr
M that minimizes the total mean-squared error. Simulation results support our theoretical

conclusions.
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