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&KDSWHU�����,QWURGXFWLRQ

��� $Q 2SWLPDO &RQWURO 3UREOHP

$ FRQWURO V\VWHP FDQ EH UHSUHVHQWHG E\ WKH GLIIHUHQWLDO HTXDWLRQ

( )� , ,x F t x u= � �������

ZKHUH ( )F t x u, , LV FRQWLQXRXVO\ GLIIHUHQWLDEOH ZLWK UHVSHFW WR x Rn∈ DQG u Rm∈ � DQG

SLHFHZLVH FRQWLQXRXV ZLWK UHVSHFW WR .t 7KRXJK LQ VRPH FDVHV� WKH GRPDLQ RI F PD\

EH IXUWKHU UHVWULFWHG� KHUH ZH ZLOO QRW FRQVLGHU WKDW FDVH� 7KH FRQWURO V\VWHP LV

FDOOHG DXWRQRPRXV V\VWHP� LI t LQ ������� LV LPSOLFLW� L�H�� WKH IXQFWLRQ ( )F t x u, , WDNHV

WKH IRUP RI ( )F x u, �

8VXDOO\ FRQWURO V\VWHPV DUH FDWHJRUL]HG LQWR OLQHDU DQG QRQOLQHDU V\VWHPV� $

OLQHDU FRQWURO V\VWHP FDQ EH REWDLQHG E\ OLQHDUL]LQJ ( )F t x u, , LQWR WKH IRUP RI

�������� WKDW LV WDNLQJ SDUWLDO GHULYDWLYHV ZLWK UHVSHFW WR x DQG u UHVSHFWLYHO\� DQG

RQO\ NHHSLQJ WKH OLQHDU WHUPV�

( ) ( )�x A t x B t u= + � �������

ZKHUH ( )A t DQG ( )B t DUH Q × Q DQG Q × P PDWULFHV� DQG WKH\ DUH FRQWLQXRXV ZLWK UH�

VSHFW WR t�

,Q RUGHU WR GHILQH DQ RSWLPDO FRQWURO SUREOHP� ZH ILUVW DVVXPH WKDW V\VWHP SHU�

IRUPDQFH FDQ EH GHVFULEHG LQ WHUPV RI QRQ�QHJDWLYH FRVW IXQFWLRQV ( )G t x u, , DQG
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( )G x1 � :H VXSSRVH WKH FRVW IXQFWLRQ� ( )G t x u, , � LV FRQWLQXRXVO\ GLIIHUHQWLDEOH ZLWK

UHVSHFW WR x DQG u� DQG SLHFHZLVH FRQWLQXRXV ZLWK UHVSHFW WR t� DQG ZH OHW ( )G x1 EH

FRQWLQXRXVO\ GLIIHUHQWLDEOH ZLWK UHVSHFW WR x� 7KH RSWLPDO FRQWURO SUREOHP LV WR

PLQLPL]H WKH FRVW IXQFWLRQDO

( ) ( )( ) ( )( )G t x t u t dt G x t
t

t

, , +∫ 1 1
0

1

� �������

IRU IL[HG t1 > t0� DVVXPLQJ DQ LQLWLDO VWDWH ( )x x Rn0 0= ∈ � E\ DSSURSULDWH FKRLFH RI WKH

FRQWURO IXQFWLRQ ( )u t RQ [ ]t t0 1, � 7KH UHODWHG FRQFHSWV RQ REVHUYDELOLW\� VWDELOLW\� DQG

FRQWUROODELOLW\ IRU ERWK OLQHDU DQG QRQOLQHDU FRQWURO V\VWHPV PD\ EH IRXQG LQ >5XV�

VHOO@ DQG >/HH 	 0DUNXV@�

$V IRU WKH DXWRQRPRXV OLQHDU TXDGUDWLF SUREOHP� WKH GLIIHUHQWLDO HTXDWLRQ ZLOO EH

DV IROORZV

( )� ,x F x u Ax Bu= = + � �������

ZKHUH
( )

A
F

x
=

∂
∂
0 0,

DQG
( )

B
F

u
=

∂
∂
0 0,

DUH UHDO PDWULFHV� 7KH FRUUHVSRQGLQJ FRVW IXQF�

WLRQ LV

( ) ( )G x u x u
W R

R U

x

u
, =














∗ ∗

∗ � �������

ZKHUH W� U� DQG R DUH UHDO PDWULFHV� DQG
W R

R U∗






 LV D UHDO V\PPHWULF SRVLWLYH

GHILQLWH PDWUL[� 6LQFH W LV LPSOLFLW LQ ������� DQG �������� ( )F x u, DQG ( )G x u, DUH OLQ�

HDU DQG TXDGUDWLF WHUPV RI x DQG u UHVSHFWLYHO\� WKH FRQWURO SUREOHP LV FDOOHG DQ

DXWRQRPRXV OLQHDU TXDGUDWLF SUREOHP� 7KH GHWDLOV RQ ILQGLQJ WKH OLQHDU RSWLPDO

FRQWURO u �DQDO\WLFDOO\ DQG QXPHULFDOO\� DUH LQ >5XVVHOO@�
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7KH SUREOHP EHLQJ VWXGLHG KHUH LV DQ H[WHQVLRQ RI WKH DXWRQRPRXV OLQHDU TXDG�

UDWLF SUREOHP� L�H�� DXWRQRPRXV QRQOLQHDU QRQTXDGUDWLF SUREOHP �EULHIO\ GHVFULEHG

E\ WKH DFURQ\P 1/14�� 7KH GLIIHUHQWLDO HTXDWLRQ LV

( ) ( )� , ,x F x u Ax Bu f x u= = + + � �������

ZKHUH ( )f x u, FRQVLVWV RI KLJKHU RUGHU �≥ �� UHPDLQGHU WHUPV LQ x DQG u� ZLWK

( )f 0 0 0, = �
( )∂
∂

f

x

0 0
0

,
= � DQG

( )∂
∂

f

u

0 0
0

,
= � 7KH FRUUHVSRQGLQJ FRVW IXQFWLRQ LV

( ) ( ) ( )G x u x u
W R

R U

x

u
g x u, ,=














 +∗ ∗

∗ � �������

ZKHUH ( )g x u, FRQVLVWV RI KLJKHU RUGHU �≥ �� UHPDLQGHU WHUPV LQ x DQG u� ZLWK

( )g 0 0 0, = �
( )∂
∂

g

x

0 0
0

,
= �

( )∂
∂

g

u

0 0
0

,
= �

( )∂
∂

2

2

0 0
0

g

x

,
= � DQG

( )∂
∂

2

2

0 0
0

g

u

,
= � 7KH PDWULFHV A

DQG B DUH DVVXPHG WR EH D VWDELOL]DEOH SDLU� WKDW LV� WKHUH H[LVWV D UHDO PDWUL[ K IRU

ZKLFK A + BK LV D VWDELOLW\ PDWUL[ ZKRVH HLJHQYDOXHV DOO KDYH QHJDWLYH UHDO SDUWV�

��� 7KH 1HFHVVDU\ &RQGLWLRQV IRU WKH 2SWLPDO &RQWURO 3UREOHP

:H EHJLQ E\ UHYLHZLQJ WKH QHFHVVDU\ FRQGLWLRQV �FI� >/HH 	 0DUNXV@� >/XNHV@�� FRU�

UHVSRQGLQJ WR WKH ´0D[LPXP 3ULQFLSOHµ �WKH GHWDLOV DERXW ´0D[LPXP 3ULQFLSOHµ DUH

LQ >3RQWU\DJLQ@� >/HH 	 0DUNXV@�� ZKLFK PXVW EH VDWLVILHG E\ WKH RSWLPDO FRQWURO �u �

:H XVH ( )�u t WR GHQRWH DQ DVVXPHG RSWLPDO FRQWURO DQG ( )�x t WR GHQRWH WKH FRUUH�

VSRQGLQJ RSWLPDO WUDMHFWRU\� ,Q RUGHU WR GHYHORS QHFHVVDU\ FRQGLWLRQV FKDUDFWHUL]�

LQJ WKH RSWLPDO FRQWURO ( )�u t DQG WKH FRUUHVSRQGLQJ UHVSRQVH ( )�x t � ZH QHHG WR DV�

VXPH WKDW WKH FRQWURO ( )�u t LV SLHFHZLVH FRQWLQXRXV ZLWK UHVSHFW WR W� )XUWKHU� ZH

QHHG WR FRQVWUXFW D PRGLILHG FRQWURO ( )~u t E\ VHOHFWLQJ δ > � DQG VXSSRVLQJ t0 < τ < τ �
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δ < t1 ZKHUH ERWK τ � δ DQG τ DUH SRLQWV RI FRQWLQXLW\ RI ( )�u t �VHH )LJXUH ��� 6SHFLIL�

FDOO\� ZH OHW

( )
( ) [ ) ( ]

( ) [ ]
~

� , ,

� ,

u t

u t t t t

u t t

=
∈ +

+ ∈ +









           for 

     for  

0 1τ τ δ

µ τ τ δ

�

�������

ZKHUH µ LV DQ DUELWUDU\ FRQVWDQW YHFWRU LQ Rm
� 7KH VFDODU FDVH LV LOOXVWUDWHG LQ

)LJXUH ��

t0

t1

( )�u t

( )�u t

u(t)

τ δ+τ

( )�u t + µ

)LJXUH �����:  The optimal control ( )�u t  is piecewise continuous with respect to ,t  and

both τ + δ  and τ are points of continuity of ( )�u t .

/HW WKH FRUUHVSRQGLQJ UHVSRQVH WR ( )~u t EH ( )~x t � WKXV

( ) ( )( )~
� , ~ , ~x F t x t u t= � ( )~x x Rn0 0= ∈ � �������

DQG VHW ( ) ( )~
�x x t t= + ξ ZLWK ( )ξ τ = 0 DQG ( )ξ t ≡ 0, 0≤ ≤t τ �VHH )LJXUH ���

t0 t1

( )~
�x x t≡

( ) ( )~
�x x t t= + ξ

t

x(t)

( )�x t

( )ξ t

τ τ δ+

)LJXUH ������ 7KH WUDMHFWRULHV RI ( )�x t DQG ( )~x t IRU [ ]10,ttt ∈ �
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ZH KDYH

( ) ( )~
�

�

� �x x t t= + ξ � �������

DQG KHQFH E\ �������� IRU W LQ [ ]τ τ δ, + �

( ) ( ) ( ) ( ) ( )� ~
�

�

� , � , � , �, �ξ ξ µt x t x t F t x u F t x u= − = + + −

( ) ( ) ( ) ( )     = + + − + + + −F t x u F t x u F t x u F t x u, � , � , �, � , �, � , �, �ξ µ µ µ

( ) ( ) ( ) ( ) ( )     =
+

+








 + + −

∂ µ
∂

ξ δ µ
F t x u

x
t O F t x u F t x u

, �, �

, �, � , �, �

( ) ( ) ( ) ( )[ ] ( )    = + + − +A t u t F t x u F t x u O, � , �, � , �, �ξ µ δ � �������

ZKHUH 2 ( )δ UHSUHVHQWV WKH KLJKHU RUGHU WHUPV IRU x� ( ) ( )
A t u

F t x u

x
, �

, �, �

=
+∂ µ

∂
� DQG

( )Φ t s u, , � LV WKH IXQGDPHQWDO VROXWLRQ PDWUL[ RI WKH GLIIHUHQWLDO HTXDWLRQ

( ) ( ) ( )∂Φ
∂
t s u

t
A t u t s u

, , �

, � , , �= Φ � �������

VXFK WKDW WKH IXQGDPHQWDO VROXWLRQ ( )Φ s s u I, , � = �

7KXV� VLQFH ( )ξ τ = 0� WKH VROXWLRQ IRU ������� LV JLYHQ E\

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )[ ]ξ µ δ
τ

t t s u F s x s u s F s x s u s O ds
t

= + − +∫ Φ , , � , � , � , � , �

( ) ( ) ( )( ) ( ) ( )( )[ ] ( )    = − + − +t F x u F x u Oτ τ τ τ µ τ τ τ δ, � , � , � , � �������

LQ τ ≤ t ≤ τ + δ� ZKHUH 2 ( )δ UHSUHVHQWV KLJKHU RUGHU WHUPV IRU x� DQG WKXV

( ) ( ) ( )( ) ( ) ( )( )[ ] ( )ξ τ δ δ τ τ τ µ τ τ τ δ+ = + − +F x u F x u O, � , � , � , � � �������

)RU τ + δ ≤ t ≤ t1 ZH KDYH

( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( )

� , � , � , ,

,

ξ ξ

ξ

t F t x t t u F t x t u t

A t u t O h

= + −

= +
�������
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IRU [ ]t t∈ +τ δ, 1 � ZLWK WKH LQLWLDO GDWD DW τ + δ JLYHQ E\ ��������

%\ ������� DQG �������� WKH VROXWLRQ IRU ������� RQ [ ]t t∈ +τ δ, 1 LV

( ) ( ) ( ) ( )ξ τ δ ξ τ δ δt t O= + + +Φ ,

( ) ( ) ( )( ) ( ) ( )( )[ ] ( ){ } ( )     = + + − + +Φ t F x u F x u O O, , � , � , � , �τ δ δ τ τ τ µ τ τ τ δ δ

( ) ( )[ ] ( ) ( )( ) ( ) ( )( )[ ] ( ){ } ( )     = + + − + +Φ t O F x u F x u O O, , � , � , � , �τ δ δ τ τ τ µ τ τ τ δ δ

( ) ( ) ( )( ) ( ) ( )( )[ ] ( )    = + − +δΦ τ τ τ τ µ τ τ τ δt F x u F x u O, , � , � , � , � � �������

,I ZH VHW t0  τ� WKHQ IURP ( )�u t WR ( ) ( )~
�u t u t= + µ DQG IURP ( )�x t WR ( ) ( ) ( )~

�x t x t t= + ξ � WKH

FKDQJH LQ WKH FRVW LV

( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )∆ = +





− +



∫ ∫G t x t u t dt G x t G t x t u t dt G x t

t t

, ~ , ~ ~ , � , � �1 1 1 1

1 1

τ τ

( ) ( )( ) ( ) ( )( )[ ] ( )( ) ( )( )  = − + −∫ G t x t u t G t x t u t dt G x t G x t
t

, ~ , ~ , � , �

~
�

τ

1

1 1 1 1

( ) ( ) ( )( ) ( ) ( )( )[ ] ( ) ( )( ) ( )( )   .= + + − + + −∫ G t x t t u t G t x t u t dt G x t t G x t
t

, � , � , � , � � �ξ µ ξ
τ

1

1 1 1 1 1 ��������

6LQFH LQ �������� WKH LQWHJUDO WHUP LV

( ) ( ) ( )( ) ( ) ( )( )[ ]G t x t t u t G t x t u t dt
t

, � , � , � , �+ + −∫ ξ µ
τ

1

( ) ( ) ( )( ) ( ) ( )( )[ ] ( ) ( ) ( )( ) ( ) ( )( )[ ]= + + − + + + −
+

+∫ ∫G t x t t u t G t x t u t dt G t x t t u t G t x t u t dt
t

, � , � , � , � , � , � , � , �ξ µ ξ µ
τ

τ δ

τ δ

1

( ) ( ) ( )( ) ( ) ( )( )[ ]= + + −δ ξ µG t x t t u t G t x t u t, � , � , � , �

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )[ ] ( )+ + − +∫δ
∂

∂
τ τ τ τ µ δ

τ

G t x t u t

x
t u F x u F t x t u t dt O

t , � , �

, , , � , � , � , �Φ1

��������

DQG WKH QRQ�LQWHJUDO� ILQDO VWDWH� WHUP LV

( ) ( )( ) ( )( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )[ ] ( )G x t t G x t
G x t

x
t F x u F t x t u t O h1 1 1 1 1

1 1
1� �

�

, , � , � , � , �+ − = + − +ξ δ
∂

∂
τ τ τ τ µΦ �

��������
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WKHQ E\ ��������� ��������� DQG ��������� WKH FKDQJH RI FRVW WR WKH ILUVW RUGHU DFFXUDF\

LQ δ LV

( ) ( ) ( )( ) ( ) ( )( )[ ]{∆ = + + −δ ξ µG t x t t u t G t x t u t, � , � , � , �

( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )[ ]}+ +












+ −∫
∂

∂
τ

∂
∂

τ τ τ µ
τ

G t x t u t

x
t u dt

G x t

x
t u F x u F t x t u t

t , � , �

, ,
�

, , � , � , � , �Φ Φ1 1 1
1 �

��������

,I ZH GHILQH WKH DGMRLQW YDULDEOH DV

( ) ( ) ( )( ) ( ) ( )( ) ( )Λ Φ Φτ
∂

∂
τ

∂
∂

τ
τ

∗ = +∫
G t x t u t

x
t u dt

G x t

x
t

t , � , �

, ,
�

,
1 1 1

1 � ��������

WKHQ �������� FDQ EH FKDQJHG LQWR

( ) ( ) ( )( ) ( ) ( )( )[ ] ( ) ( ) ( )( ) ( ) ( )( )[ ]{ }∆ Λ= + + − + + −∗δ ξ µ τ τ τ τ µG t x t t u t G t x t u t F x u F t x t u t, � , � , � , � , � , � , � , �

( ) ( ) ( )( ) ( ) ( ) ( )( )[ ] ( ) ( ) ( )( ) ( ) ( )( )[ ]{ }  = + + + + − +∗ ∗δ ξ µ τ τ τ τ µ τG t x t t u t F x u F t x t u t G t x t u t, � , � , � , � , � , � , � , �Λ Λ �

��������

,I ZH IXUWKHU GHILQH WKH +DPLOWRQLDQ IXQFWLRQ DV

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )H t x t u t t t F t x t u t G t x t u t, , , , , , ,Λ Λ= +∗
� ��������

WKHQ �������� WDNHV WKH IRUP

( ) ( ) ( )( ) ( ) ( ) ( )( )∆ Λ Λ= + −H x u H x uτ τ τ µ τ τ τ τ τ, � , � , , � , � , � ��������

%HFDXVH RI WKH DVVXPSWLRQ WKDW WKH RSWLPDO FRQWURO ( )�u t WKDW PLQLPL]HV WKH FRVW� WKH

FKDQJHV RI WKH FRVW VKRXOG EH DOZD\V QRQ�QHJDWLYH� L�H� ∆ ≥ �� WKDW LV IRU DQ\ FRQWURO

( )u t ZH DOZD\V KDYH

( ) ( ) ( )( ) ( ) ( ) ( )( )H t x t u t t H t x t u t t, � , , , � , � ,Λ Λ≥ � ��������

+HQFH WKH QHFHVVDU\ FRQGLWLRQ IRU RSWLPDO FRQWURO SUREOHP ������� FDQ EH VWDWHG DV

( ) ( ) ( )( )min , � , ,
u

H t x t u t tΛ ��������

ZKHUH WKH DGMRLQW IXQFWLRQ ( )Λ t LQ �������� FDQ EH UH�LQWHUSUHWHG DV WKH VROXWLRQ

VDWLVI\LQJ WKH DGMRLQW GLIIHUHQWLDO HTXDWLRQ
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( ) ( ) ( ) ( )( ) ( ) ( )( )d t

dt
t

F x t u t

x

G x t u t

x

Λ
Λ

∗
∗= − −

∂
∂

∂
∂

� , � � , �

��������

ZLWK WKH WHUPLQDO ERXQGDU\ FRQGLWLRQ ( ) ( )( )
Λ t

G x t

x1

1 1∗ =
∂

∂

�

�

,Q 6HFWLRQ ��� ZH ZLOO VHH WKDW WKH QHFHVVDU\ FRQGLWLRQ �������� DQG �������� DUH

DOVR VXIILFLHQW FRQGLWLRQV IRU DQ RSWLPDO FRQWURO DQG IXUWKHU� �������� DFWXDOO\ FDQ EH

UHVWDWHG DV

( ) ( ) ( )( )min , � , ,
u

H t x t u t tΛ = 0 � ��������

��� /LQHDU 4XDGUDWLF 2SWLPDO &RQWURO

,I WKH FRQWURO V\VWHP KDV WKH DXWRQRPRXV IRUP

( ) ( )( ) ( )� , ,x F x t u t x x Rn= = ∈  0 0 � �������

DQG LI x = 0� u = 0 LV DQ HTXLOLEULXP SRLQW� L�H�� ( ) 00,0 =F � WKHQ ZLWK RXU GLIIHUHQWL�

DELOLW\ DVVXPSWLRQ� ZH FDQ OLQHDUL]H ( ) ( )( )F x t u t, E\ XVH RI WKH 7D\ORU H[SDQVLRQ WR

WKH ILUVW RUGHU DFFXUDF\ ZLWK UHVSHFW WR .x :H KDYH WKH IRUP

�x Ax Bu= + � ( )x x Rn0 0= ∈ �������

ZKLFK LV FDOOHG D OLQHDU FRQWURO V\VWHP� :H WDNH WKH FODVVLFDO UHJXODWRU SUREOHP DV

DQ H[DPSOH ZKLFK LQYROYHV WKH TXDGUDWLF FRVW IXQFWLRQ �FI� >5XVVHOO@� >/HH 	 0DU�

NXV@�

( ) ( )( ) ( ) 















= ∗

∗∗

u

x

UR

RW
uxtutxG

2

1
, � �������

ZKHUH WKH PDWUL[ 







∗ UR

RW
LV DVVXPHG WR EH D V\PPHWULF SRVLWLYH GHILQLWH PDWUL[�

7KH UHODWHG RSWLPDO FRQWURO SUREOHP LV WKHQ
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( ) ( ) ( )min
1
2 0

1

1 1 1x u
W R

R U

x

u
dt x t W x t

t

t ∗ ∗
∗

∗












 +









∫ � �������

IRU ZKLFK E\ ��������� ������� DQG �������� WKH QHFHVVDU\ FRQGLWLRQ LV

( ) ( ) ( )[ ] ( ) ( ){ }UuuRuxRxutWxtxtButAxt ∗∗∗∗∗ +++++Λmin � �������

+HUH WKH PLQLPXP LV REWDLQHG E\ VHWWLQJ
( ) ( ) ( )( )∂H x t u t t

du

, , Λ
= 0 � IURP ZKLFK ZH RE�

WDLQ WKH RSWLPDO FRQWURO ( )tû

( ) ( ) ( )B t R x t Uu t∗ ∗+ + =Λ � 0 � �������

ZKLFK \LHOGV

( ) ( ) ( )[ ]�u t U B t R x t= − +− ∗ ∗1 Λ � �������

6XEVWLWXWLQJ ������� LQWR ������� ZH KDYH

( ) ( ) ( )�

�

�x A BU R x t BU B t= − −− ∗ − ∗1 1 Λ � ( )�x x Rn0 0= ∈ �������

%\ ��������� ZH FDQ KDYH WKH DGMRLQW HTXDWLRQ

( ) ( ) ( ) ∗∗∗
∗

−−Λ−=Λ
RuWtxAt

dt

td
�������

ZLWK WKH ERXQGDU\ FRQGLWLRQ ( ) ( )Λ t W x t1 1 1= �

,Q RUGHU WR VROYH WKH HTXDWLRQ ������� DQG �������� ZH OHW ( ) ( ) ( )Λ t Q t x t= DQG VXEVWL�

WXWH LW LQWR ������� DQG ������� WR REWDLQ WKH VR�FDOOHG 5LFFDWL HTXDWLRQ

( ) ( ) ( ) ( )[ ] ( )[ ]�Q t A Q t Q t A W Q t B R U B Q t R+ + + − + + =∗ − ∗ ∗1 0 ��������

ZLWK ERXQGDU\ YDOXH ( )Q t W1 1= � %\ VROYLQJ �������� DQG �������� ZH REWDLQ WKH UH�

ODWHG RSWLPDO FRQWURO

( ) ( ) ( )�

�

�u t K t x t= � ZKHUH ( ) ( )[ ]�K t U B Q t R= − +− ∗ ∗1 � ��������

7KHUH DUH IRXU LPSRUWDQW UHVXOWV IRU WKH FRQVWDQW FRHIILFLHQW OLQHDU TXDGUDWLF FRQ�

WURO SUREOHP >5XVVHOO@ DQG >$QGHUVRQ 	 0RRUH@�
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�� )RU FRQVWDQW FRHIILFLHQWV A� B� W� R� DQG U� DQG FRVW GHILQHG RQ )[0,∞ � ZH FDQ WDNH

( )Q t Q≡ WKH XQLTXH V\PPHWULF SRVLWLYH GHILQLWH VROXWLRQ RI WKH PDWUL[ TXDGUDWLF

HTXDWLRQ

 [ ] [ ]A Q QA W QB R U B Q R∗ − ∗ ∗+ + − + + =1 0 � ��������

�� 7KH FRQWURO ( ) [ ] ( ) ( )� �

�

�u t U B Q R x t Kx t= − + =− ∗ ∗1 LV WKH XQLTXH RSWLPDO FRQWURO IRU WKH

OLQHDU TXDGUDWLF V\VWHP� [ ]�K U B Q R= − +− ∗ ∗1 EHLQJ WKH FRQVWDQW IHHGEDFN PDWUL[

DQG Q WKH XQLTXH V\PPHWULF SRVLWLYH GHILQLWH VROXWLRQ RI ���������

�� ( )x Qx G x u dt0 0 0

∗ ∞
= ∫ , � LV WKH RSWLPDO FRVW�

�� ( ) ( )�

�Λ t Qx t= �

��� 1RQOLQHDU�1RQTXDGUDWLF &RQWURO 6\VWHP

7KH SUREOHP RI H[WHQGLQJ WKH OLQHDU TXDGUDWLF FRQWURO WKHRU\ WR QRQOLQHDU V\VWHPV

DQG QRQTXDGUDWLF FRVWV� ZKLFK PD\ EH DEEUHYLDWHG DV WKH 1/14 SUREOHP� ZDV

VWXGLHG E\ >/XNHV@� 7KH QRQOLQHDU�QRQTXDGUDWLF RSWLPDO FRQWURO SUREOHP DSSOLHV

������� ZKHQ WKH V\VWHP WDNHV WKH IRUP

( ) ( )( ) ( ) ( ) ( ) ( )( )� , ,x F x t u t Ax t Bu t f x t u t= = + + �������

ZLWK LQLWLDO FRQGLWLRQV ( )x x Rn0 0= ∈ � ( )f 0 0 0, = �
( )∂
∂

f

x

0 0
0

,
= � DQG

( )∂
∂

f

u

0 0
0

,
= � DQG

ZKHUH $ DQG % DUH FRQVWDQW� 7KH FRUUHVSRQGLQJ FRVW IXQFWLRQDO LV GHILQHG E\ OHWWLQJ

t1 → ∞ � L�H�

( ) ( )( ) ( ) ( )( )V x t u t G x t u t dt, ,=
∞

∫0

( ) ( ) ( )( )     = 












 +









∗ ∗
∗

∞

∫ x u
W R

R U

x

u
g x t u t dt,

0
� �������
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ZKHUH Ax Bu+ DQG ( )x u
W R

R U

x

u
∗ ∗

∗













 DUH OLQHDU DQG TXDGUDWLF OHDGLQJ WHUPV RI

( ) ( )( )F x t u t, DQG ( ) ( )( )G x t u t, UHVSHFWLYHO\� ( )f x u, DQG ( )g x u, DUH WKHLU KLJKHU RUGHU

WHUPV VDWLVI\LQJ ( )f 0 0 0, = �
( )∂
∂

f

x

0 0
0

,
= � DQG

( )∂
∂

f

u

0 0
0

,
= � $V LQ WKH OLQHDU FRQVWDQW

FRHIILFLHQW FDVH� WKH FRVW IXQFWLRQ ( )( )G x t1 1 LV UHSODFHG E\ � KHUH�

7KH DGPLWWHG IHHGEDFN FRQWUROV IRU WKH QRQOLQHDU�QRQTXDGUDWLF V\VWHP PD\ EH

GHFRPSRVHG LQWR OLQHDU DQG QRQOLQHDU SDUWV� EXW ZH ZLOO QRW VHSDUDWH WKHVH WZR

SDUWV XQWLO &KDSWHU � ZKHQ ZH SURYH WKH FRQYHUJHQFH� 7KH FRQWURO FDQ EH ZULWWHQ

DV

( ) ( ) ( )( )u t K x t t= ,Λ � �������

,Q >/XNHV@ WKHUH LV D WKHRUHP DQG D OHPPD ZKLFK GHVFULEH WKH H[LVWHQFH DQG

XQLTXHQHVV UHVXOWV IRU WKH RSWLPDO FRQWURO DQG D UHODWHG IXQFWLRQDO HTXDWLRQ LQ WKH

QRQOLQHDU�QRQTXDGUDWLF FRQWURO SUREOHP� 7KH WKHRUHP DQG OHPPD DUH

7KHRUHP �� )RU WKH VWDELOL]DEOH FRQWURO SURFHVV LQ Rn
�

( )� ,x Ax Bu f x u= + +

ZLWK WKH LQLWLDO FRQGLWLRQ ( )x x0 0= QHDU WKH RULJLQ LQ Rn
DQG ZLWK WKH FRVW IXQFWLRQDO

( ) ( )( ) ( ) ( )( )V x t u t G x t u t dt, ,=
∞

∫0

WKHUH H[LVWV D XQLTXH RSWLPDO VWDELOL]LQJ IHHGEDFN FRQWURO �u ZKLFK XQLTXHO\ VROYHV

WKH IXQFWLRQDO HTXDWLRQ

( ) ( ) ( )∂
∂

∂
∂

∂
∂

V x

x

F x u

u

G x u

u

, ,
+ = 0 �������

QHDU WKH RULJLQ�
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/HPPD �� )RU HDFK VWDELOL]LQJ FRQWURO ( )u x WKHUH H[LVWV D SRVLWLYH LQYDULDQW QHLJK�

ERUKRRG Nu RI WKH RULJLQ LQ Rn VSDFH ZKHUHLQ WKH FRVW IXQFWLRQ ( ) ( )V x x Qx v x= +∗

ZLWK WKH LQLWLDO FRQGLWLRQ x0 DQG ZKHUH ( )v x LV WKH KLJKHU RUGHU WHUP DQG 4 LV JLYHQ

E\ ��������� ,Q Nu WKH IXQFWLRQDO HTXDWLRQ

( ) ( ) ( )∂
∂
V x

x
F x u G x u, ,+ = 0 �������

REWDLQV�

(TXDWLRQV ������� DQG ������� WRJHWKHU DUH XVXDOO\ FDOOHG WKH +DPLOWRQ�-DFREL�

%HOOPDQ HTXDWLRQV� ,Q WKH QRQOLQHDU FDVH� ZH PD\ UHSUHVHQW WKH DGMRLQW YDULDEOH LQ

WKH IRUP ( ) ( ) ( )ttQxt λ+=Λ 2 DQG WKH FRVW IXQFWLRQDO LQ WKH IRUP ( ) ( )V x x Qx v x= +∗ �

ZKHUH ( )λ t DQG ( )v x DUH WKH KLJKHU RUGHU WHUPV� WKHUHIRUH ZH FDQ KDYH
( )

Λ =
∂

∂
V x

x
�

,I ZH VXEVWLWXWH
( )∂

∂
V x

x
LQ ������� IRU Λ� WKHQ WKH UHVXOWLQJ +DPLOWRQLDQ IXQFWLRQ LV

HTXDO WR ]HUR� ZKLFK LV WKH QHFHVVDU\ FRQGLWLRQ �������� IRU WKH RSWLPDO FRQWURO� %\

7KHRUHP �� ZH FDQ DOVR VHH WKDW �������� LV DOVR WKH VXIILFLHQW FRQGLWLRQ IRU WKH RSWL�

PDO FRQWURO�

,Q VHFWLRQ ��� ZH ZLOO PDNH XVH RI ������� DQG ������� WR H[WHQG WKH .OHLQPDQ�

1HZWRQ PHWKRG WR WKH QRQOLQHDU�QRQTXDGUDWLF SUREOHP�

��� .OHLQPDQ�1HZWRQ 0HWKRG IRU /LQHDU 4XDGUDWLF 3UREOHP

7KH RULJLQDO .OHLQPDQ�1HZWRQ PHWKRG UHIHUHQFH LV D QXPHULFDO PHWKRG WR FRPSXWH

WKH RSWLPDO FRQWURO LQ OLQHDU V\VWHPV ZLWK TXDGUDWLF FRVW� :H EULHIO\ GHVFULEH WKH

PHWKRG LQ WKLV VHFWLRQ DQG WKHQ LQ WKH QH[W VHFWLRQ ZH ZLOO GHVFULEH DQ H[WHQVLRQ RI

WKLV PHWKRG WR VROYH QRQOLQHDU�QRQTXDGUDWLF SUREOHPV�
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)ROORZLQJ HTXDWLRQV ������� DQG ��������� ZH KDYH

( ) ( )A BK Q Q A BK W+ + + + =∗
0 � �������

,Q >.OHLQPDQ@ �VHH DOVR >5XVVHOO@�� .OHLQPDQ VKRZV WKDW E\ LWHUDWLQJ ������� DQG

������� DOWHUQDWLYHO\� RU UDWKHU E\ LWHUDWLQJ ������� EHORZ� VWDUWLQJ ZLWK DQ\ VWDEL�

OL]LQJ IHHGEDFN FRQWURO K0 �

( )

( ) ( )

K U B Q R

A BK Q Q A BK W

i i

i i i i

+
− ∗ ∗

+
∗

+ + +

= − +

+ + + + =










1
1

1 1 1 1 0

�������

ZKHUH WKH XQLTXH SRVLWLYH GHILQLWH V\PPHWULF VROXWLRQ 4 RI ������� LV IRXQG E\ VROY�

LQJ ( ) ( ) 0=++++ ∗ WBKAQQBKA iiii XVLQJ 6PLWK·V PHWKRG WKDW PD\ EH IRXQG LQ

>5XVVHOO@� IRU H[DPSOH� IRU i = 0,  1,  2,  ...... :H REWDLQ VHTXHQFHV RI Qi DQG Ki FRQ�

YHUJLQJ TXDGUDWLFDOO\ WR Q DQG �K DV i → ∞�

7KH LQGLYLGXDO VWHSV RI ������� FDQ EH FDUULHG RXW XVLQJ 6PLWK·V PHWKRG IRU PDWUL[

/LDSRXQRY HTXDWLRQV RU E\ 3RWWHU·V HLJHQYDOXH HTXDWLRQ PHWKRG >3RWWHU@� ,Q EULHI�

6PLWK·V PHWKRG PD\ EH GHVFULEHG DV IROORZV�

)RU DQ\ WZR VWDELOLW\ PDWULFHV �L�H� PDWULFHV HLJHQYDOXHV KDYH QHJDWLYH UHDO SDUWV�

Am m× DQG Bn n× � WKH HTXDWLRQ

AX XB C+ = �������

FDQ EH UHZULWWHQ LQWR

( ) ( ) ( ) ( )rI A X rI B rI A X rI B rCm n m n− − − + + = −2 � �������

ZKHUH U < �� 6LQFH WKH HLJHQYDOXHV RI $ DQG % DOO KDYH QHJDWLYH UHDO SDUWV� ERWK rI m

+ A DQG rI n + B DUH QRQVLQJXODU� 0XOWLSO\LQJ ������� E\ ( )rI Am + −1
DQG ( )rI Bn + −1

UH�

VSHFWLYHO\� ZH KDYH
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( ) ( ) ( )( ) ( ) ( )X rI A rI A X rI B rI B r rI A C rI Bm m n n m n= + − − + + + +− − − −1 1 1 1
2 � �������

/HW

( ) ( )U rI A rI Am m= + −−1
� �������

( )( )V rI B rI Bn n= − + −1
� �������

( ) ( )Y r rI A C rI Bm n= + +− −
2

1 1
� �������

DQG E\ SXWWLQJ WKHP LQWR �������� ZH FDQ REWDLQ WKH �IL[HG SRLQW� IRUP

X UXV Y= + �������

ZKLFK LV DSSUR[LPDWHO\ VROYHG E\ WKH LWHUDWLRQ SURFHGXUH

X UX V Yj j+ = +1 � ��������

ZKHUH j  �� �� �� ���

:H FDQ VXPPDUL]H WKH PDLQ SRLQWV RI .OHLQPDQ·V PHWKRG DV IROORZV�

�� (DFK iQ LV SRVLWLYH GHILQLWH V\PPHWULF PDWUL[� DQG HDFK Ki LV D VWDELOL]LQJ IHHG�

EDFN PDWUL[ IRU WKH OLQHDU TXDGUDWLF V\VWHP ��������

�� lim
i

iQ Q
→∞

= � DQG lim �

i
iK K

→∞
= �

�� 7KH FRQYHUJHQFH LV TXDGUDWLF�

��� ([WHQVLRQ RI WKH .OHLQPDQ�1HZWRQ 0HWKRG WR WKH 1RQOLQHDU

1RQTXDGUDWLF &DVH

)ROORZLQJ HTXDWLRQ ��������� ZH ZLOO HVWDEOLVK WZR HTXDWLRQV ZKLFK PD\ EH FRQVLG�

HUHG WR IRUP WKH EDVLV IRU WKH LWHUDWLRQ HTXDWLRQV ZH SURSRVH WR XVH LQ VROYLQJ QRQ�

OLQHDU�QRQTXDGUDWLF SUREOHPV� 7KHVH HTXDWLRQV DUH H[SUHVVHG LQ WHUPV RI WKH

+DPLOWRQLDQ ���������
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( ) ( ) ( )( )

( ) ( ) ( )( )

H t x t u t t

H t x t u t t

u

, � , ,

, � , � ,

Λ

Λ

=

=














0

0
∂

∂
 .

�������

)URP �������� WKHVH HTXDWLRQV� LQ PRUH GHWDLO� DUH

( ) ( )

( ) ( )

Λ

Λ

∗

∗

+ =

+ =













F x u G x u

F x u

u

G x u

u

�, �,

�, � �, �

0

0
∂

∂
∂

∂
 .

�������

7KH DGMRLQW YDULDEOH Λ VDWLVILHV WKH GLIIHUHQWLDO HTXDWLRQ

( ) ( )d

dt

F x u

x

G x u

x

Λ Λ
∗

∗= − −
∂

∂
∂

∂
�, � �, �

�������

ZLWK ERXQGDU\ FRQGLWLRQ ( )lim
t

t
→∞

=Λ 0� ,W LV FOHDU WKDW IRU [ RI GLPHQVLRQ PRUH WKDQ

RQH� WKH GLIIHUHQWLDO HTXDWLRQ ������� LV PD\ EH FRPSOLFDWHG� SDUWLFXODUO\ VLQFH LW LV

FRXSOHG WR WKH QRQOLQHDU VWDWH HTXDWLRQ �������� %\ WKH SUHYLRXV DVVXPSWLRQ WKH

DGMRLQW YDULDEOH ( )Λ t KDV WKH IRUP ( ) ( )ttQx λ+2 DQG WKH FRVW IXQFWLRQ ( )V x WKH IRUP

( )� �,u K x= Λ � ZKHUH ( )λ t DQG ( )v x DUH WKH KLJKHU RUGHU QRQOLQHDU WHUPV� DQG

( )
Λ =

∂
∂
V x

x
� 6XEVWLWXWLQJ Λ LQ ������� IRU

( )∂
∂
V x

x
� ZH REWDLQ WKH HTXDWLRQV LQ WKH VDPH

IRUP DV WKRVH LQ 7KHRUHP � DQG /HPPD � RI 6HFWLRQ ����

)RU WKH QRQOLQHDU�QRQTXDGUDWLF V\VWHP� 7KHRUHP � RI 6HFWLRQ ��� JLYHV WKH QHFHV�

VDU\ DQG VXIILFLHQW FRQGLWLRQ IRU WKH RSWLPDO FRQWURO SUREOHP� /HPPD � LQ 6HFWLRQ

��� JLYHV WKH UHODWLRQV DPRQJ V� ( )F x u, � DQG ( )G x u, � 7KHUHIRUH� E\ SXWWLQJ WRJHWKHU

�������� �������� DQG �������� ZH FRQVWUXFW DQ LWHUDWLRQ UHODWLRQ IRU QXPHULFDOO\ VROYLQJ

WKH RSWLPDO FRQWURO SUREOHP LQ QRQOLQHDU�QRQTXDGUDWLF FDVH
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( )

( ) ( ) ( )

( ) ( ) ( )

















=
∂

∂
+

∂
∂

∂
∂

=+
∂

∂

=

+

+

+

+ .0
,,

;0,,

;,

1

1

1

1

j

jj

j

jj

j

j

jjjj
j

jjj

u

uxG

u

uxF

x

xV

uxGuxF
x

xV

uxFx�

�������

:H ZLOO UHIHU WR ������� DV WKH .OHLQPDQ�1HZWRQ PHWKRG LQ WKH QRQOLQHDU�

QRQTXDGUDWLF FDVH�

*LYHQ DQ\ VWDELOL]LQJ IHHGEDFN FRQWURO ( ) ( )( )u t K x t0 0= ZLWK WKH LQLWLDO FRQGLWLRQ

( )x Rn0 ∈ � ZH VROYH ( )� ,x F x u= IRU [ LQ VWHS �� DQG WKHQ VXEVWLWXWH WKH VROXWLRQ [ LQWR

( ) ( ) ( )∂
∂
V x

x
F x u G x u, ,+ = 0 WR VROYH IRU .0V )LQDOO\ ZH VXEVWLWXWH WKH VROXWLRQ [ DQG 9�

ZLWK WKH FRQWURO ( ) ( )( )u t K x t0 0= LQWR
( ) ( ) ( )∂

∂
∂

∂
∂

∂
V x

x

F x u

u

G x u

u

, ,
+ = 0 WR VROYH IRU

( ) ( )( )u t K x t1 1= � ,Q VXFK DQ LWHUDWLRQ� DV WKH VWHS LQGH[ j JRHV WR LQILQLW\� ( )V xj DQG

( )u xj PD\ EH VKRZQ WR FRQYHUJH UHVSHFWLYHO\ WR ( )�V x DQG ( )�u x \LHOGLQJ WKH ORZHVW

FRVW UHODWLYH WR ��������
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&KDSWHU�����7KH�3URRI�RI�&RQYHUJHQFH�RI

WKH�.OHLQPDQ�1HZWRQ�0HWKRG

,Q WKLV FKDSWHU ZH ILUVW RI DOO VKRZ DQ HTXDWLRQ HTXLYDOHQW WR �������� DQG WKHQ

VWDUWLQJ ZLWK WKH OLQHDU TXDGUDWLF FDVH� ZH ILQDOO\ XVH WKH FRQWUDFWLRQ PDSSLQJ

PHWKRG WR DFFRPSOLVK WKH SURRI�

��� 7KH ,WHUDWLRQ )RUPXOD RI WKH .OHLQPDQ�1HZWRQ 0HWKRG

7KH LWHUDWLRQ LV GHVFULEHG LQ HTXDWLRQ ������� IRU j  �� �� �� ��� 6WDUWLQJ ZLWK D VWDEL�

OL]LQJ FRQWURO u0� WKH LWHUDWLRQ LV FDUULHG RXW LQ WKUHH VWHSV LQ WKH IROORZLQJ RUGHU�

( )

( ) ( ) ( )

( ) ( ) ( )

� , ;

, , ;

, , .

x F x u

V x

x
F x u G x u

V x

x

F

u
x u

G

u
x u

j j j

j
j j j j

j

j
j j j j

=

+ =

+ =

















 + +

∂
∂

∂
∂

∂
∂

∂
∂

0

01 1

�������

7KH ODVW HTXDWLRQ WDNHV WKH IRUP VKRZQ EHFDXVH

( ) ( ) ( )( )∂
∂
V x

x
F x u

dV x t

dt
,  = �������

DQG E\ ������� DQG �������� ZH KDYH
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( )( ) ( ) ( )( )dV x t

dt
G x t u t= − , � �������

ZKHUH ( ) ( )G x u x Wx u Uu g x u, ,= + +∗ ∗1

2

1

2
� 7KHUHIRUH ZH REWDLQ

( )( ) ( ) ( )( )V x t G x s u s ds
t

=
∞

∫ , � �������

7R LQWHJUDWH ������� LV HTXLYDOHQW WR VROYLQJ
( ) ( ) ( )∂

∂
V x

x
F x u G x u, ,+ = 0 � DQG LW LV

FOHDU WKDW LW ZLOO JHQHUDOO\ EH PXFK HDVLHU WR LQWHJUDWH ������� QXPHULFDOO\ WKDQ WR

VROYH
( ) ( ) ( )∂

∂
V x

x
F x u G x u, ,+ = 0 � 7KHUHIRUH WKH LWHUDWLRQ HTXDWLRQ ������� EHFRPHV

( )

( )( ) ( )

( ) ( ) ( )

� , ;

, ;

, , ;

x F x u

V x t G x u ds

V x

x

F

u
x u

G

u
x u

j j j

j j jt

j

j
j j j j

=

=

+ =



















∞

+ +

∫

∂
∂

∂
∂

∂
∂1 1 0

�������

IRU M  �� �� �� ���

��� 7KH 5HODWHG +DPLOWRQLDQ )XQFWLRQ DQG $GMRLQW (TXDWLRQ

$V GLVFXVVHG LQ 6HFWLRQV ��� DQG ���� WR ILQG WKH RSWLPDO FRQWURO X LV WR PLQLPL]H WKH

FRVW ( )( ) ( ) ( )( )V X t G X s u s ds
t

=
∞

∫ ,  � L�H� WR PLQLPL]H WKH +DPLOWRQLDQ IXQFWLRQ

( ) ( ) ( )H x u F x u G x u, , , ,Λ Λ= +∗
�������
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ZKHUH WKH DGMRLQW VWDWH ( )Λ t VDWLVILHV
( ) ( )d

dt

F x u

x

G x u

x

Λ Λ
∗

∗= − −
∂

∂
∂

∂
�, � �, �

ZLWK ( )lim
t

t
→∞

=Λ 0

DQG ZKHUH �( )x t DQG �( )u t DUH WKH RSWLPDO WUDMHFWRU\ DQG WKH RSWLPDO FRQWURO� )RU

HDFK W� PLQLPL]DWLRQ ZLWK UHVSHFW WR X FRUUHVSRQGV WR

( ) ( ) ( )( )min � , ,
u

H x t u t tΛ = 0� �������

,I ZH DVVXPH WKDW ( )H x u, , Λ LV GLIIHUHQWLDEOH ZLWK UHVSHFW WR X� WKHQ WKH RSWLPDO

FRQWURO �( )u t FDQ EH REWDLQHG E\ VROYLQJ WKH HTXDWLRQ
( )∂

∂
H x u

u

�, �, Λ
= 0 WKDW LV

( ) ( )Λ∗ + =
∂

∂
∂

∂
F x u

u

G x u

u

�, � �, �

0 . �������

$V VKRZQ LQ >/XNHV@� WKH LPSOLFLW IXQFWLRQ WKHRUHP VKRZV IRU VPDOO YDOXHV RI x� u�

DQG Λ� WKDW ������� LV XQLTXHO\ VROYDEOH IRU u LQ WHUPV RI x DQG Λ� ( )u K x= , Λ � ,W

IROORZV WKDW WKH RSWLPDO FRQWURO FDQ EH UHSUHVHQWHG LQ WKH IRUP ( )� �,u K x= Λ �

)RU WKH FRUUHVSRQGLQJ OLQHDU TXDGUDWLF SUREOHP LQ ZKLFK WKH QRQOLQHDU WHUPV

( )f x u, DQG ( )g x u, DUH LGHQWLFDOO\ HTXDO WR ]HUR� ZH KDYH

( ) ( )txQt ˆ2=Λ �������

DQG

( )( ) ( ) ( )V x t x t Qx t= ∗
� � �������

WKDW LV

( ) ( )( )
Λ t

V x t

x
=

∂
∂

�������

ZKHUH Q LV WKH XQLTXH V\PPHWULF SRVLWLYH GHILQLWH VROXWLRQ RI WKH PDWUL[ TXDGUDWLF

HTXDWLRQ

A Q QA W QBU B Q∗ − ∗+ + − =1 0 � �������

DQG WKH RSWLPDO FRQWURO LV ( ) ( )� �u t U B Q x t= − − ∗1 �



20

)RU WKH QRQOLQHDU�QRQTXDGUDWLF FDVH� ZH ZLOO DVVXPH

( )( ) ( ) ( ) ( )( )V x t x t Q x t x t� � � �= +∗ ν � �������

DQG

( ) ( )( ) ( ) ( )ttxQ
x

txV
t λ+=

∂
∂=Λ ˆ2

ˆ
� �������

7KHUHIRUH WKH RSWLPDO FRQWURO SUREOHP ������� FDQ EH HTXLYDOHQWO\ GHVFULEHG E\

VROYLQJ WKH LWHUDWLRQ HTXDWLRQV

( ) ( )

( ) ( ) ( ) ( )

� , , ,

, , , lim .

x F x u x x

t
F

u
x u

G

u
x u t

j j j j

j j j j j
t

j

= =

+ = =











 + + →∞

    

   

0

0 0

0

1 1Λ Λ∂
∂

∂
∂

��������

%\ ������� WKH RSWLPDO FRQWURO FDQ EH ZULWWHQ DV

( ) ( )( ) ( ) ( )( ) ( ) ( )( )� �, � � � ,u K x Q x t t U B Qx t t k x t t= + = − + +− ∗λ λ λ1 � ��������

DQG WKH V\VWHP HTXDWLRQ EHFRPHV

( )�

�

�, �x F x u=

( ) ( ) ( )( )= − − + + +− ∗ − ∗A BU B Q x BU B Bk x f x k x Qx1 1
� �, �, �, �λ λ λ

( ) ( )= − +− ∗A BU B Q x x1
� �,ϕ λ � ��������

ZKHUH ( ) ( ) ( )( )ϕ λ λ λ λ�, �, �, �, �x BU B Bk x f x k x Qx= − + + +− ∗1 � DQG LV VXFK WKDW ( )ϕ 0 0 0, = �

( )∂ϕ
∂
0 0

0
,

x
= � DQG

( )∂ϕ
∂λ
0 0

0
,

= �

7KH DGMRLQW HTXDWLRQ
( ) ( )d

dt

F x u

x

G x u

x

Λ Λ
∗

∗= − −
∂

∂
∂

∂
�, � �, �

FDQ EH UHZULWWHQ DV

( ) ( )d

dt
A

f x u

x
x W

g x u

x

Λ Λ
∗

∗ ∗= − +






 − −

∂
∂

∂
∂

�, �

�

�, �

� ��������

%\ SXWWLQJ ������� LQWR �������� ZH KDYH
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( ) ( ) ( )( ) ( )( ) ( )d

dt
A BU B Q Qx

f x K x Qx

x

g x K x Qx

x
x Q

λ λ λ
∂ λ

∂
∂ λ

∂
ϕ λ

∗
∗ − ∗ ∗ ∗= − − − +

+
−

+
−1

�

�, �, � �, �, �

�,

��������

ZKLFK FDQ EH UHZULWWHQ PRUH FRQFLVHO\ LQ WKH IRUP

( ) ( )d

dt
A BU B Q x

λ λ ψ λ
∗

− ∗ ∗= − − −1
�, � ��������

ZKHUH ( ) ( ) ( )( ) ( )( ) ( )ψ λ λ
∂ λ

∂
∂ λ

∂
ϕ λ�, �

�, �, � �, �, �

�,x Qx
f x K x Qx

x

g x K x Qx

x
x Q= − +

+
−

+
−∗ ∗

DQG

ZKHUH ( )ψ λx, LV VXFK WKDW ( )ψ 0 0 0, = �
( )∂ψ
∂
0 0

0
,

x
= � DQG

( )∂ψ
∂λ
0 0

0
,

= �

&RQVHTXHQWO\ WKH LWHUDWLRQ �������� FDQ EH ZULWWHQ LQ WKH HTXLYDOHQW IRUP

( ) ( )

( ) ( )

�

�

� � , ;

�, .

x A BU B Q x x

d

dt
A BU B Q x

= − +

= − − −














− ∗

∗
− ∗ ∗

1

1

ϕ λ

λ λ ψ λ

��������

7KHQ� XVLQJ WKH ERXQGDU\ FRQGLWLRQV DW � DQG ∞ ZH FDQ LQWHJUDWH WR REWDLQ HTXLYD�

OHQW LQWHJUDO HTXDWLRQV

( ) ( )( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( )( )( )

x e x e x s x s ds

t e x s x s ds

j

A BU B Q t A BU B Q t s

j j j

t

j

A BU B Q s t

j j j
t

= +

= −











− − −

+
− −∞

− ∗ − ∗

− ∗ ∗

∫

∫

1 1

1

0 0

1

ϕ λ

λ ψ λ

, ;

, .

��������

7KH QHZ FRQWURO JHQHUDWHG DW HDFK LWHUDWLRQ VWDJH LV

( ) ( )( ) ( ) ( )( ) ( ) ( )( )u K x Q x t q x U B Qx t q t k x t q xj j j j j j+ +
− ∗

+= + = − + +1 1
1

1
�, � , � ��������

ZKHUH ( )q x LV D IXQFWLRQ ZLWK ( )q 0 0= � DQG
( )∂

∂
q

x

0
0= VXFK WKDW ( ) ( )( ) ( )λ 0 0 0= =q x q x

DQG ( ) ( )q xj j+ +=1 0 1 0λ � +HQFH ZH FDQ VHH WKDW SURYLQJ WKH FRQYHUJHQFH RI ������� LV

HTXLYDOHQW WR SURYLQJ WKH FRQYHUJHQFH RI ���������
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��� 7KH 3URRI RI WKH &RQYHUJHQFH RI ��������

)RU FRQYHQLHQFH� OHW A A BU B QQ = − − ∗1 EH WKH FRVW PDWUL[ GHULYHG IURP WKH OLQHDU�

TXDGUDWLF WKHRU\� ZKLFK LV VKRZQ E\ ������� DQG ��������� 7KHQ� �������� FDQ EH

ZULWWHQ DV

( ) ( ) ( )( )x e x e x s s ds
A t A t st

Q Q= + −∫0 0
ϕ λ, � �������

( ) ( ) ( ) ( )( )λ ψ λt e x s s ds
A s t

t

Q= −
∗ −∞

∫ , � �������

6LQFH $4 LV D VWDELOLW\ PDWUL[� WKHUH DUH SRVLWLYH QXPEHUV R DQG α VXFK WKDW� IRU

t ≥ 0�

e e R e
A t A t tQ Q= ≤

∗ −α
� �������

,Q WKH UHJLRQ RI LQWHUHVW� ZH KDYH DVVXPHG WKDW

( ) ( ) ( )

( ) ( ) ( )

ϕ
∂ϕ

∂
∂ϕ

∂λ

ψ
∂ψ

∂
∂ψ

∂λ

0 0 0
0 0

0
0 0

0 0 0
0 0

0
0 0

, ,
,

,
,

;

, ,
,

,
,

.

= =

= =














    

    

x

x

�������

KHQFH ZH FDQ IXUWKHU DVVXPH WKDW

( ) ( ) ( )( )ϕ λ ϕ λ λ λ λ λx x C x x x x1 1 2 2 1 2 1 2 1 2 1 2, ,− ≤ + + + − + − � �������

( ) ( ) ( )( )ψ λ ψ λ λ λ λ λx x C x x x x1 1 2 2 1 2 1 2 1 2 1 2, ,− ≤ + + + − + − � �������

IRU VRPH FRQVWDQW C� 6HWWLQJ x = x1� λ = λ1� x2 = 0� λ2 = 0� ZH DOVR KDYH

( ) ( )ϕ λ λx C x, ≤ +
2
� �������

( ) ( )ψ λ λx C x, ≤ +
2
� �������

)URP ������� ZH NQRZ WKDW Q DQG AQ WRJHWKHU VDWLVI\ D /\DSRXQRY PDWUL[
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HTXDWLRQ RI WKH IRUP

A Q QA WQ Q
∗ + + = 0� �������

IRU VRPH SRVLWLYH GHILQLWH V\PPHWULF PDWUL[ .W :H NQRZ WKDW WKH HOOLSVRLGV LQ Rn

JLYHQ E\

{ }E x x Qx rr = ≤∗ 2 ��������

DUH LQYDULDQW XQGHU WKH OLQHDU V\VWHP �x A xQ= � EHFDXVH

( )d x Qx

dt
x Qx x Qx x A Qx x QAx x Wx

∗
∗ ∗ ∗ ∗ ∗ ∗= + = + = − ≤� � 0� ��������

6LQFH Q LV D SRVLWLYH GHILQLWH V\PPHWULF PDWUL[� OHWWLQJ Λ EH LWV GLDJRQDO HLJHQYDOXH

PDWUL[� ZH KDYH Qx = P*ΛPx� ZKHUH 3 LV DQ RUWKRJRQDO PDWUL[� 0DNLQJ WKLV VXEVWL�

WXWLRQ LQ �������� ZH KDYH ( )x Q x Px Px r∗ ∗= ≤Λ 2 � /HWWLQJ q2 EH WKH UHFLSURFDO RI WKH

VPDOOHVW HLJHQYDOXH RI Q� �L�H�� WKH VPDOOHVW GLDJRQDO HQWU\ RI Λ−1� ZH KDYH

x Px qr= ≤ � [ ∈ (U� ��������

2XU REMHFW LV WR VKRZ WKH H[LVWHQFH RI D IXQFWLRQ ( )λ x VXFK WKDW HTXDWLRQ �������

DQG ������� DUH VDWLVILHG DQG WR VKRZ WKDW ( )λ x LV REWDLQHG DV WKH OLPLW RI WKH LWHUD�

WLRQ SURFHVV GHVFULEHG DERYH� 7R WKLV HQG ZH IL[ D SRVLWLYH YDOXH M DQG FRQVLGHU WKH

PHWULF VSDFH0U�0 FRQVLVWLQJ RI IXQFWLRQ ( )λ x GHILQHG RQ Er ZLWK WKH SURSHUWLHV

( )λ 0 0= � ( ) ( )λ λx y m x y− ≤ − � x� y ∈ Er� ��������

IRU VRPH SRVLWLYH QXPEHU .Mm ≤ :H GHILQH λ
m
WR EH WKH JUHDWHVW ORZHU ERXQG RI

WKH VHW RI P IRU ZKLFK �������� KROGV� ,W LV HDV\ WR YHULI\ WKDW λ
m
� DV MXVW GHILQHG� LV

D QRUP DQG WKDW� ZLWK WKH FRUUHVSRQGLQJ GLVWDQFH IXQFWLRQ� 0U�0 LV D FRPSOHWH PHW�

ULF VSDFH� &RPELQLQJ WKH WZR SDUWV RI �������� ZLWK WKLV GHILQLWLRQ ZH KDYH

( ) ( )λ λ λx y x y
m

− ≤ − � ( )λ λx x
m

≤ � x� y ∈ Er� ��������
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)XUWKHU� IRU M DV MXVW IL[HG� D VWDQGDUG DUJXPHQW XVLQJ x Q x∗ DV D /\DSRXQRY

IXQFWLRQ VKRZV WKDW WKHUH LV D SRVLWLYH QXPEHU rM VXFK WKDW WKH HOOLSVRLG Er UHPDLQV

LQYDULDQW XQGHU WKH QRQOLQHDU V\VWHP

( )( )� ,x A x x xQ= + ϕ λ � ��������

IRU r ≤ rM� 7KH DUJXPHQW FDQ EH VLPSO\ VWDWHG DV

( )d x Qx

dt
x Qx x Qx

∗
∗ ∗= +� �

= + + +∗ ∗ ∗ ∗ ∗x A Qx x QAx Qx x Qϕ ϕ

= − + + ≤∗ ∗ ∗x Wx Qx x Qϕ ϕ 0� ��������

ZKHQ rM LV VXIILFLHQWO\ VPDOO� ϕ ϕ∗ ∗ ∗+ ≤Qx x Q x Wx IRU x ∈ Er� :H DVVXPH KHQFH�

IRUWK WKDW U LV UHVWULFWHG LQ WKLV ZD\� DQG VR WKDW �������� KROGV LQ WKH QRQOLQHDU

FDVH�

)RU D JLYHQ IXQFWLRQ ( )λ x ∈ 0U�0 ZH FRQVWUXFW WUDMHFWRULHV ( )x t O\LQJ LQ Er YLD

�������� WKHVH DUH VROXWLRQV RI �������� KDYLQJ WKH SURSHUW\ ( )lim
t

x t
→∞

= 0 � :H HPSOR\

WKH VWDQGDUG FRQWUDFWLRQ IL[HG SRLQW DSSURDFK WR HVWDEOLVK WKH H[LVWHQFH RI ( )λ x

VXFK WKDW ������� DQG ������� DUH VDWLVILHG� 7KXV IRU JLYHQ ( )λ x ZH FRQVWUXFW WUDMHF�

WRULHV ( )x t IURP �������� WKHQ ZH GHWHUPLQH D QHZ IXQFWLRQ ( )~
λ x E\ VHWWLQJ �FI�

��������

( )( ) ( ) ( ) ( )( )( )~
,λ ψ λx t e x s x s ds

A s t

t

Q= −
∗ −∞

∫ � ��������

7KLV SURYLGHV D PDSSLQJ IURP WKH IXQFWLRQ ( )λ x WR WKH IXQFWLRQ ( )~
λ x � :H QHHG WR

VKRZ WKDW WKLV PDSSLQJ OHDYHV 0U�0 LQYDULDQW� L�H�� FDUULHV WKDW VSDFH LQWR LWVHOI� DQG

WKDW WKH PDSSLQJ LV D FRQWUDFWLRQ� )RU WKLV ZH ZLOO QHHG D VHULHV RI HVWLPDWHV ZKLFK

QRZ IROORZ�
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)LUVW RI DOO ZH REWDLQ DQ HVWLPDWH RQ WKH WUDMHFWRULHV� :H VXSSRVH WKDW ( )x t DQG

( )y t DUH ERWK VROXWLRQV RI �������� IRU WKH VDPH ( )λ x ∈ 0U�0� FRUUHVSRQGLQJ WR LQLWLDO

SRLQWV x0 DQG y0 LQ Er� UHVSHFWLYHO\� &OHDUO\ ZH KDYH

( ) ( ) ( ) ( ) ( ) ( )( )( ) ( ) ( )( )( )[ ]x t y t e x y e x s x s x s x s ds
A t A t st

Q Q− = − + −−∫0 0 0
ϕ λ ϕ λ, , � ��������

)URP ������� ZH KDYH

( )e x y Re x yA t tQ

0 0 0 0− = −−α � W ≥ �� ��������

2Q WKH RWKHU KDQG� XVLQJ ������� DJDLQ WRJHWKHU ZLWK �������� �������� DQG ���������

ZH VHH WKDW WKH QRUP RI WKH LQWHJUDO LV ERXQGHG E\

( ) ( ) ( ) ( )( ) ( )( )[ ] ( ) ( ) ( )( ) ( )( )[ ]Re C x s y s x s y s x s y s x s y s dst st − − + + + − + −∫ α λ λ λ λ
0

( ) ( ) ( ) ( )( ) ( ) ( )≤ + + −− −∫ Re C M x s y s x s y s dst st α 1
2

0
� ��������

6LQFH WKH H[LVWHQFH RI D XQLTXH VROXWLRQ RI ������� KDV EHHQ SURYHG E\ >&URQLQ@ E\

WDNLQJ D FRQYHUJHQW VHTXHQFH DULVLQJ RXW RI WKH IL[HG SRLQW SURFHGXUH� ZH FDQ DV�

VXPH DQ HVWLPDWH RI WKH IRUP

( ) ( )x t y t e x yt− ≤ −−ρ α
0 0 � W ≥ �� ��������

KROGV� DQG ZH QRWH WKDW WKLV LQFOXGHV

( )x t e xt≤ −ρ α
0 � W ≥ �� ��������

DV D FRQVHTXHQFH RI VHWWLQJ y0 = 0 �KHQFH ( )y t ≡ 0 �� WKHQ WKLV HVWLPDWH UHPDLQV YDOLG

XVLQJ ��������� ��������� DQG �������� XQGHU �������� SURYLGHG WKDW

( ) ( ) ( )ρ ρα α α αe x y Re x y R e C M e x y x y dst t t s s
t− − − − −− ≥ − + + + −∫0 0 0 0

2 2 2
0 0 0 00

1 �

��������

%\ IXUWKHU UHVWULFWLQJ U LI QHFHVVDU\� DQG E\ ��������� ZH FDQ HQVXUH
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( ) ( )
1

1

2
1 1 4 2

1

2

4 12 2

0

2 2

≥ + +





= +
+−∫ e C M R qr ds

C M R qrs
t α

α
� ��������

DQG WKHQ �������� KROGV IRU WKH YDOXH ρ = 2R� 6R QRZ ZH DVVXPH

( ) ( )x t y t R e x yt− ≤ −−2 0 0
α � t ≥ 0 � ��������

7KH QH[W VWHS LV WR HVWLPDWH ( ) ( )x s x sλ µ− LQ WHUPV RI λ µ−
m
IRU WUDMHFWRULHV ( )x tλ �

( )x tµ FRUUHVSRQGLQJ WR ( )λ x � ( )µ x � UHVSHFWLYHO\� LQ0U�0� DQG FRUUHVSRQGLQJ WR WKH

VDPH LQLWLDO SRLQW .0 rEx ∈ ,Q WKLV FDVH ZH KDYH

( ) ( ) ( ) ( ) ( )( )( ) ( ) ( )( )( )[ ]x t x t e x s x s x s x s ds
A t st

Q

λ µ λ λ µ µϕ λ ϕ µ− = −−∫ , ,
0

� ��������

$JDLQ� WKH QRUP RI WKH ULJKW KDQG LV ERXQGHG E\

( ) ( ) ( ) ( )( ) ( )( )[ ] ( ) ( ) ( )( ) ( )( )[ ]Re C x s x s x s x s x s x s x s x s dst st − − + + + − + −∫ α
λ µ λ µ λ µ λ µλ µ λ µ

0
�

8VLQJ ��������� ��������� ��������� DQG E\ WDNLQJ ρ = 2R� ZH KDYH

( ) ( ) ( )( ) ( )( ) ( )x s x s x s x s M Re xs
λ µ λ µ

αλ µ+ + + ≤ + −4 1 0 � ��������

DQG

( ) ( ) ( )( ) ( )( )x s x s x s x sλ µ λ µλ µ− + −

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )= − + − + −x s x s x s x s x s x sλ µ λ µ µ µλ λ λ µ

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )≤ − + − + −x s x s x s x s x s x sλ µ λ µ µ µλ λ λ µ

( ) ( ) ( ) ( ) ( )≤ − + − + −x s x s x s x s x s
m mλ µ λ µ µλ λ µ

( ) ( ) ( ) ( )= + − + −1 λ λ µλ µ µm m
x s x s x s

( ) ( ) ( )≤ + − + − −1 2 0M x s x s R e x
m

s
λ µ

αλ µ � ��������

WKHQ E\ �������� DQG ��������� WKH ULJKW KDQG RI �������� LV ERXQGHG E\

( ) ( ) ( ) ( )[ ]e CR M x M x s x s Re x dst

m

s− −∞
+ + − + −∫α

λ µ
αλ µ4 1 1 22

0 00
� ��������
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6LPLODU WR ��������� ZH DQWLFLSDWH DQ HVWLPDWH RI WKH IRUP

( ) ( )x t x t Ne xt

mλ µ
α λ µ− ≤ −−

0 � ��������

DQG VXEVWLWXWH LW LQWR WKH H[SUHVVLRQ RI �������� WR REWDLQ

( ) ( )[ ]e CR M x e M N R dst

m

s− −∞
− + + +∫α αλ µ 4 1 1 22

0

2

0
� ��������

$FFHSW 1 = 5 DQG ZH VHH WKDW ZH QHHG

( ) ( )e CR M x e M Rds Re xt

m

s t

m
− − −∞

− + + ≤ −∫α α αλ µ λ µ4 1 32
0

2

00
� ��������

ZKLFK� VLQFH x qr0 ≤ � LV VDWLVILHG LI

( )( )4 1 3
1

2CR M M qr+ +
≤

α
� ��������

6LQFH ZH FDQ DVVXUH N = R E\ IXUWKHU UHVWULFWLQJ 5 LI QHFHVVDU\� ZH PD\ QRZ DV�

VXPH WKDW �������� LV YDOLG ZLWK N = R� L�H��

( ) ( )x t x t Re xt

mλ µ
α λ µ− ≤ −−

0 � ��������

7KH ILQDO VWHS LV WR VWDUW ZLWK WZR IXQFWLRQV ( )λ x � ( )µ x LQ .Mr,0 8QGHU WKH PDS�

SLQJ �������� ZH WKHQ REWDLQ WZR QHZ IXQFWLRQV ( )~
λ x � ( )~µ x � UHVSHFWLYHO\� DQG ZH

KDYH� VHWWLQJ t = 0�

( ) ( ) ( )( ) ( )( ) ( ) ( )( )( ) ( ) ( )( )( )[ ]~ ~ ~ ~ , ,λ µ λ µ ψ λ ψ µλ µ λ λ µ µx x x x e x s x s x s x s ds
A sQ

0 0 0
0 0− = − = − −

∗∞

∫ �

��������

8VLQJ �������� DQG ��������� ZH FDQ ERXQG WKH LQWHJUDO KHUH E\

( ) ( ) ( )( ) ( )( )[ ] ( ) ( ) ( )( ) ( )( )[ ]R e C x s x s x s x s x s x s x s x ss−∞
+ + + − − −∫ α

λ µ λ µ λ µ λ µλ µ λ µ
0

( ) ( ) ( ) ( ) ( )[ ]≤ + + − − −−∞

∫ R e C M x M x s x s x s dss2 2
00

4 1 1α
λ µ µλ µ � ��������
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7KHQ XVLQJ �������� DQG �������� ZLWK WKH VHOHFWHG YDOXH ρ = 2R DQG ,0 qrx ≤ ZH

KDYH

( ) ( ) ( )( )~ ~λ µ λ µ αx x x R e C M M qr ds
m

s
0 0 0

3 3

0
4 1 3− ≤ − − + +−∞

∫ � ��������

DQG LW LV FOHDU WKDW� JLYHQ γ ZLWK � < γ < �� E\ IXUWKHU UHVWULFWLQJ U� LI QHFHVVDU\� ZH

FDQ REWDLQ

( ) ( )~ ~λ µ γ λ µx x x
m0 0 0− ≤ − � ��������

6LQFH WKLV LV WUXH IRU DOO x0 ∈ Er� ZH KDYH

~ ~λ µ γ λ µ− ≤ −
m m

� ��������

$Q HQWLUHO\ VLPLODU DUJXPHQW� LQYROYLQJ MXVW ( )λ x0 LQVWHDG RI WKH GLIIHUHQFH

( ) ( )λ µx x0 0− DOVR VKRZV WKDW ZLWK U VXLWDEO\ UHVWULFWHG ZH KDYH

,
~

M
mm

≤λ≤λ ��������

IRU λ ∈ .Mr,0 &RPELQLQJ �������� DQG �������� ZH VHH WKDW WKH PDS �������� OHDYHV

0U�0 LQYDULDQW DQG LV D FRQWUDFWLRQ ZLWK UHVSHFW WR WKH GLVWDQFH IXQFWLRQ λ µ−
m
� ,W

WKHQ IROORZV IURP WKH FRQWUDFWLRQ IL[HG SRLQW WKHRUHP WKDW WKHUH LV D XQLTXH IXQF�

WLRQ λ ∈0U�0 VXFK WKDW WKH HTXDWLRQ ������� DQG ������� KROG�

+RZHYHU� WKH H[LVWHQFH RI ( )λ x LV VRPHWKLQJ NQRZQ DOUHDG\� IURP WKH SDSHU RI

/XNHV� H�J� � 7KH VLJQLILFDQFH RI WKH SUHVHQW UHVXOW OLHV LQ WKH IDFW WKDW WKH LWHUDWLRQ

SURFHGXUH ZKLFK FRUUHVSRQGV WR DSSOLFDWLRQ RI WKH &RQWUDFWLRQ )L[HG 3RLQW 7KHRUHP

LQ WKH SUHVHQW LQVWDQFH FRLQFLGHV ZLWK WR WKH .OHLQPDQ�1HZWRQ LWHUDWLRQ VFKHPH�

7KDW LV� JLYHQ DQ LQLWLDO IXQFWLRQ ( )λ1 x LQ 0U�0� RQH ILUVW GHILQHV WKH VROXWLRQ ( )x t1

ZLWK LQLWLDO VWDWH [�� DV WKH XQLTXH VROXWLRQ RI WKH LQWHJUDO HTXDWLRQ
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( ) ( ) ( )( )( )x e x e x s x s ds
A t A t st

Q Q

1 0 1 10
= + −∫ ϕ λ, � ��������

7KLV JLYHV D IDPLO\ RI WUDMHFWRULHV FRYHULQJ WKH ZKROH HOOLSVRLGDO QHLJKERUKRRG Er RI

WKH RULJLQ LQ Rn
� 7KHQ RQH GHILQHV D QHZ IXQFWLRQ ( )λ2 x E\ LQWHJUDWLQJ RYHU HDFK RI

WKH WUDMHFWRULHV GHILQHG E\ ���������

( )( ) ( ) ( ) ( )( )( )λ ψ λ2 1 1 1 1x t e x s x s ds
A s t

t

Q= −
∗ −∞

∫ , � ��������

7KLV FRUUHVSRQGV� LQ IDFW� WR LQWHJUDWLQJ WKH FRVW IXQFWLRQ FRUUHVSRQGLQJ WR WKH FRQ�

WURO GHWHUPLQHG E\ ( )λ1 x RYHU WKH WUDMHFWRULHV ( )x t1 WR REWDLQ WKH QHZ FRVW IXQFWLRQ

( )V x2 � ZKRVH JUDGLHQW LV WKHQ WKH YHFWRU IXQFWLRQ ( )2 2Qx x+ λ � /DWHU VWHSV� RI FRXUVH�

WDNH WKH IRUP RI ��������� L�H��

( ) ( )( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( )( )( )

x e x e x s x s ds

t e x s x s ds

j

A BU B Q t A BU B Q t s

j j j

t

j

A BU B Q s t

j j j
t

= +

= −













− − −

+
− −∞

− ∗ − ∗

− ∗ ∗

∫

∫

1 1

1

0 0

1

ϕ λ

λ ψ λ

, ;

, .

��������

,Q HDFK LWHUDWLRQ VWHS� WKH JUDGLHQW RI WKH QHZ FRVW IXQFWLRQ ( )V xj +1 LV WKH YHFWRU

IXQFWLRQ ( )2 1Qx xj+ +λ �
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&KDSWHU�����8VLQJ�WKH�.OHLQPDQ�1HZWRQ

0HWKRG�WR�&RPSXWH�WKH�2SWLPDO�&RQWURO

,Q WKLV FKDSWHU ZH ZLOO GHVFULEH LQ GHWDLO WKH QXPHULFDO DOJRULWKP ZH KDYH GHYLVHG

IRU LPSOHPHQWLQJ WKH .OHLQPDQ�1HZWRQ PHWKRG� $ WZR GLPHQVLRQDO FRQWURO V\VWHP

LV XVHG WR GHPRQVWUDWH WKH VXFFHVV RI WKH PHWKRG� 7KH FRQYHUJHQFH UDWH RI WKH

PHWKRG VHHPV WR EH TXDGUDWLF� 6RPH QRWDWLRQV DQG LQGLFHV PD\ EH GLIIHUHQW IURP

WKH ILUVW WZR FKDSWHUV� WKH\ ZLOO EH FOHDUO\ GHILQHG LQ WKH WH[W WR IROORZ�

��� $VVXPSWLRQV

7KH V\VWHP LV JLYHQ DV

( )� ,x F x u= � ZLWK ( )x x Rn0 0= ∈ DQG ( )u K x Rm
0 0= ∈ � �������

ZKHUH ( ) ( ) ( )( ) ( )F x u Ax t Bu x t f x u, ,= + + � x Rn∈ � u Rm∈ � x0 LV WKH LQLWLDO FRQGLWLRQ� DQG

u0 LV WKH LQLWLDO FRQWURO ZKLFK LV FKRVHQ WR PDNH WKH V\VWHP DV\PSWRWLFDOO\ VWDEOH�

6LQFH WKH PHWKRG ZRUNV RQO\ ZLWKLQ D ORFDO DUHD DURXQG RULJLQ� x0 KDV WR EH UH�

VWULFWHG LQ D GRPDLQ D Rn⊂ LQ ZKLFK D FRUUHVSRQGLQJ LQLWLDO VWDELOL]LQJ FRQWURO u0

FDQ EH IRXQG� 0RUHRYHU� ZH ZLOO OHW YHFWRU ( )α α α1 2 � n

T
GHQRWH x�

( )µ µ µ1 2 � m

T
GHQRWH FRQWURO X� DQG ( )f f fn

T

1 2 � GHQRWH IXQFWLRQ ( )F x u, �
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$V ZH KDYH GLVFXVVHG LQ &KDSWHU � DQG 6HFWLRQ ���� ZH ZLOO XVH WKH IROORZLQJ LW�

HUDWLRQ HTXDWLRQV PRGLILHG IURP ������� LQ VWHDG RI GLUHFWO\ XVLQJ WKH +DPLOWRQ�

-DFREL�%HOOPDQ HTXDWLRQV �������

( )

( )( ) ( ) ( )( )( )

( ) ( )

















=
∂

∂
+

∂
∂

∂
∂

=

=

+

+

+

+

∞

∫

.0
,,

;,

;,

1

1

1

1

j

jj

j

jj

j

j

t jjj

jjj

u

uxG

u

uxF

x

V

dssxusxGtxV

uxFx�

�������

ZKHUH WKH FRVW IXQFWLRQ ( )G x u,  FDQ EH GHILQHG LQ VHYHUDO ZD\V� )RU H[DPSOH� DV LQ

WKH FDVH DW WKH FDVH RI SHQGXOXP� ( )G x u,  FDQ EH GHILQHG DV

( )G x u
i j

i

n

j

m

, = +
= =
∑ ∑α µ2

1

2

1

� �������

ZLWKRXW KLJKHU RUGHU WHUPV� ,Q WKLV FKDSWHU� ZH ZLOO XVH ( )G x u,  LQ WKLV IRUP� 7KXV

WKH FRVW LV TXDGUDWLF EXW WKH V\VWHP LV QRQOLQHDU�

%\ �������� ZH KDYH

( ) ( )∂
∂

∂
∂µ

∂
∂µ

∂
∂µ

µ µ µ
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7KHUH DUH � FUXFLDO SRLQWV ZH QHHG WR SD\ DWWHQWLRQ WR�

�� 6LQFH WKH .OHLQPDQ�1HZWRQ PHWKRG LV D QXPHULFDO PHWKRG� ZH PXVW ILUVW GHILQH

D IL[HG GRPDLQ ' IRU [ DQG WKHQ SDUWLWLRQ GRPDLQ ' LQWR D ILQLWH QXPEHU RI HOH�

PHQWV ZKRVH YHUWLFHV DUH FDOOHG JULG SRLQWV DW ZKLFK WKH QXPHULFDO YDOXHV RI X

DQG 9 ZLOO EH IRXQG �LQ WZR GLPHQVLRQDO VSDFH WKH HOHPHQW FDQ EH D VTXDUH RU

UHFWDQJOH� DQG LQ WKUHH GLPHQVLRQDO VSDFH� D FXELF� HWF���

�� %HFDXVH WKH IHHGEDFN FRQWURO X LV D IXQFWLRQ RI [� EHIRUH WKH QXPHULFDO LWHUDWLRQV

LQ VROYLQJ �������� WKH YDOXHV RI X DW DOO WKH JULG SRLQWV PXVW EH IRXQG LQ WKH GR�

PDLQ '� DQG LQ VROYLQJ WKH YDOXH RI WUDMHFWRU\ ( )x t LQ HDFK LWHUDWLRQ VWHS

• ,I WKH WUDMHFWRU\ ( )x t KDSSHQV WR EH DW D JULG SRLQW� WKHQ WKH FRUUHVSRQGLQJ

FRQWURO YDOXH ( )u x DW WKLV JULG SRLQW PXVW EH IRXQG RXW IURP D GDWDEDVH

ZKLFK VWRUHV WKH YDOXHV RI ( )u x DW DOO WKH JULG SRLQWV�

• ,I WKH WUDMHFWRU\ ( )x t KDSSHQ WR EH LQVLGH RI D ILQLWH HOHPHQW� WKH FRUUH�

VSRQGLQJ FRQWURO YDOXH ( )u x PXVW EH FDOFXODWHG E\ XVLQJ LQWHUSRODWLRQ

PHWKRG �FXELW VSOLQH PHWKRG LV UHFRPPHQGHG��

�� :H NQRZ WKDW [ LV D IXQFWLRQ RI W� X LV D IXQFWLRQ RI [ DQG DW ODVW WKH IXQFWLRQ RI W

WRR� DQG WUDMHFWRU\ [ ZLOO EHFRPH DV\PSWRWLFDOO\ VWDEOH DW RULJLQ� VR WKDW HDFK

YDOXH RI 9 FDQ EH IRXQG E\ LQWHJUDWLQJ ( )G x u,  EDFNZDUGV ZLWK UHVSHFW WR W �VHH

)LJXUH �����
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trajectory of x(t)

( )V α α1 2,

( )α1 t

( )α 2 t

( )( )V x t0

( )x t0

)LJXUH ������ (DFK YDOXH RI ( )( )V x ti LV IRXQG E\ LQWHJUDWLQJ EDFNZDUGV DORQJ

WKH WUDMHFWRU\ ( )x t ZLWK WKH LQLWLDO YDOXH ( )x ti �

�� 6LQFH 9 LV D IXQFWLRQ RI [ LQ WKH GRPDLQ '� LQ RUGHU WR ILQG
∂
∂
V

x
LQ VROYLQJ ��������

WKH YDOXHV RI 9 DW DOO WKH JULG SRLQWV PXVW EH IRXQG E\ LQWHJUDWLQJ EDFNZDUGV

DORQJ WKH WUDMHFWRU\ ( )x t �

�� ,Q GRPDLQ '� WKH YDOXHV RI [ DW DOO WKH JULG SRLQWV ZLOO EH XVHG DV DQ LQLWLDO YDOXH

LQ RUGHU WR ILQG DOO WKH QHFHVVDU\ YDOXHV RI 9 E\ LQWHJUDWLRQ �VHH )LJXUH ����� DQG

WKHVH LQLWLDO YDOXHV UHPDLQ WKH VDPH LQ LWHUDWLRQV�

�� 7KH YDOXHV RI X� 9� *� DQG ) DUH DOO QXPHULFDOO\ GLVFUHWH� ZH ZLOO XVH ILQLWH VHWV

UDWKHU WKDQ FRQWLQXRXV IXQFWLRQV WR UHSUHVHQW WKHP�

��� &RPSXWDWLRQDO $OJRULWKP IRU WKH .OHLQPDQ�1HZWRQ 0HWKRG

$OJRULWKP 6WHS ,� 3DUWLWLRQ WKH 'RPDLQ ' LQWR )LQLWH 1XPEHU RI (OHPHQWV

:H SDUWLWLRQ WKH GRPDLQ ' LQWR ILQLWH QXPEHU RI HTXDO VL]HG HOHPHQWV ZKLFK DUH

HDVLHU WR SURJUDP WKDQ QRQ�HTXDO VL]HG HOHPHQWV� :H GHILQH

( ) [ ]{ }D d d d d l l i n l R i n Nn

T

i i i i= ∈ − ≤ ≤ ∈ ∈+
1 2 1� : , , , ,  ,     � �������



34

6LQFH WKH ILQLWH HOHPHQWV DUH RI WKH VDPH VL]H� OHW hEH WKH JULG OHQJWK DQG OHW
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WRWDOO\ M = ( )
i

n
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+
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7KHVH JULG SRLQWV DUH XVHG DV LQLWLDO YDOXHV LQ WKH FRPSXWDWLRQ� :H GHQRWH WKHVH

LQLWLDO YDOXHV DV { }x x x x xj M
0 0

1
0
2

0 0= ,  ,   ,  ,   ,  � � ZKHUH 0 ≤ j ≤ M DQG M = ( )
i

n

im
=

+
1

1Π � 7KH

YDOXHV RI FRQWURO X DW DOO WKH JULG SRLQWV ZLOO EH GHQRWHG DV

( ) { }u x u u u uk k k k
j

k
M= 1 2,  ,   ,  ,   ,  � � � ZKHUH WKH VXEVFULSW k UHSUHVHQWV WKH LWHUDWLRQ VWHS

QXPEHU� 6LPLODUO\ WKH YDOXHV RI V DW DOO WKH JULG SRLQWV ZLOO DOVR EH GHQRWHG DV

( ) { }V x V V V Vk k k k
j

k
M= 1 2,  ,   ,  ,   ,  � � �

$OJRULWKP 6WHS ,,� ,QLWLDO 6WDELOL]LQJ &RQWURO

(DFK LQLWLDO YDOXH { }x x x xj M
0 0

1
0
2

0∈ ,  ,    ,  � FRUUHVSRQGV WR D VWDELOL]LQJ FRQWURO YDOXH

u j
0 � VR WKDW 0 VXFK FRQWUROV { }u u u uj M

0
1

0
2

0 0,  ,   ,  ,   ,  � � PXVW EH IRXQG DW WKH EHJLQQLQJ�



35

7KH VXEVFULSW � RI x j
0 UHIHUV WR LQLWLDO FRQGLWLRQ DQG LW UHPDLQV XQFKDQJHG� ZKHUHDV

WKH VXEVFULSW � RI u j
0 UHIHUV WR LWHUDWLRQ VWHS � DQG LW ZLOO FKDQJH WR �� �� �� « XQWLO

LWHUDWLRQ LV ILQLVKHG� 7KH VXSHUVFULSW RI ERWK x j
0 DQG u j

0 LQGLFDWHV WKH ORFDWLRQ RI WKH

LQLWLDO YDOXH LQ GRPDLQ '� 7KHUH DUH VHYHUDO ZD\V WR ILQG WKHVH LQLWLDO VWDELOL]LQJ

FRQWUROV� 2QH FRPPRQ ZD\ LV E\ JXHVVLQJ� $ PRUH V\VWHPDWLF ZD\ WKDW ZH UHFRP�

PHQG KHUH LV DV IROORZV�

�� /LQHDUL]H ( )� ,x F x u= WR EH �x Ax Bu= + �

�� &KRRVH WZR SRVLWLYH QXPEHUV U DQG λ VXFK WKDW ( )− +A Iλ LV D VWDELOLW\ PDWUL[

ZKLFK PHDQV DOO RI LWV HLJHQYDOXHV KDYH QHJDWLYH UHDO SDUW� DQG λ ≥ r �

�� 8VH 6PLWK·V PHWKRG LQWURGXFHG LQ &KDSWHU � VHFWLRQ ��� WR VROYH WKH HTXDWLRQ

������� IRU WKH XQLTXH SRVLWLYH GHILQLWH PDWUL[ =�

( ) ( )− + − + + =∗ ∗A I Z Z A I BBλ λ 0 �������

�� 7KH GHVLUHG LQLWLDO FRQWURO LV ( )u x Kx B Z x0
1= = − ∗ −
�

1RWH� 7KH LQLWLDO FRQWURO LV JXDUDQWHHG WR ZRUN RQO\ LQ WKH GRPDLQ '� DQG IURP QH[W

LWHUDWLRQ RQ� WKH FRQWURO ZLOO EH JHQHUDWHG E\ .OHLQPDQ�1HZWRQ PHWKRG �������

UDWKHU E\ ��������

$OJRULWKP 6WHS ,,,� 6WDUW WKH ,WHUDWLRQ

)RU JUHDWHU JHQHUDOLW\� ZH VWDUW ZLWK LWHUDWLRQ VWHS k ≥ 0 � :LWK HDFK LQLWLDO YDOXH

{ }x x x x xi j M
0 0

1
0
2

0 0∈ ,  ,   ,  ,   ,  � � DQG WKH FRUUHVSRQGLQJ FRQWURO ( )u xk ZKHUH N LV WKH LW�

HUDWLRQ VWHS QXPEHU VWDUWLQJ IURP �� ZH VROYH IRU ( )� ,x F x u= QXPHULFDOO\ �E\ 5XQJH

.XWWD PHWKRG IRU LQVWDQFH� WR REWDLQ 0 GLIIHUHQW WUDMHFWRULHV RI [ IURP WKHVH 0 LQL�

WLDO YDOXHV WRZDUGV RULJLQ�
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:H LQWHJUDWH ( ) ( ) ( )( )( )V x G x s u x s dsk
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t f

0 = ∫ , ZLWK LQLWLDO YDOXH x j
0 DORQJ WKH FRUUH�

VSRQGLQJ WUDMHFWRU\ DQG ZLWK t f ODUJH HQRXJK WR DSSUR[LPDWH ∞ � VR WKDW ZH FDQ

KDYH 0 YDOXHV RI { }V V V V Vk
i

k k k
j

k
M∈ 1 2

� � � $JDLQ� WKH VXEVFULSW RI Vk
j UHIHUV

WR LWHUDWLRQ VWHS N VWDUW IURP � DQG LW LV FRQVLVWHQW ZLWK WKH VXEVFULSW RI FRQWURO uk �

DQG WKH VXSHUVFULSW RI Vk
j GHQRWHV ORFDWLRQ LQ GRPDLQ '�

$W LWHUDWLRQ VWHS N� RQFH ZH KDYH DOO WKH YDOXHV RI { }V V V Vk k k
j

k
M1 2

� � DW

DOO WKH JULG SRLQWV� E\ ILQLWH GLIIHUHQFH PHWKRG ZH FDQ FDOFXODWH RQH E\ RQH HDFK

FRPSRQHQW
∂
∂α
Vk

l

RI
∂
∂
V

x
k ZKHUH ( )x l n

T= α α α α1 2, , , , ,� � � 1≤ j ≤ M� DQG 1 ≤ l ≤ n�

6LPLODUO\� ZH DUH DOVR DEOH WR FRPSXWH WKH YDOXHV RI ( ) ( )F x u f f fn
T

, = 1 2 � DW DOO

WKH JULG SRLQWV DQG XVH ILQLWH GLIIHUHQFH PHWKRG WR FDOFXODWH HDFK FRPSRQHQW
∂
∂µ

fi

l
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( )∂
∂

F x u

u

,
� ZKHUH ( )u l m

T= µ µ µ µ1 2, , , , ,� � � 1≤ i ≤ n DQG 1≤ l ≤ m� )LQDOO\ E\ ������� ZH

JHQHUDWH DOO WKH YDOXHV RI FRQWURO uk IRU WKH LWHUDWLRQ VWHS k� :H GHQRWH DOO WKH YDO�

XHV RI uk E\ { }u u u uk k k
j

k
M1 2,  ,   ,  ,   ,  � � �

$OJRULWKP 6WHS ,9� &RQFOXVLRQ RI WKH ,WHUDWLRQ

:LWK WKH YDOXHV RI { }u u u uk k k
j

k
M1 2,  ,   ,  ,   ,  � � DQG WKH LQLWLDO YDO�

XHV{ }x x x xj M
0
1

0
2

0 0,  ,   ,  ,   ,  � � � ZH VWDUW LWHUDWLRQ VWHS k + �� %\ UHSHDWLQJ DOJRULWKP

VWHS ,,, DQG ,9� ZH ZLOO KDYH DOO WKH FRQWURO YDOXHV WKDW FRQYHUJH WR RSWLPDO FRQWURO

YDOXHV ( ) { }� � � � �u x u u u uj M= 1 2,  ,   ,  ,   ,  � � � DQG KDYH DOO WKH YDOXHV RI 9 WKDW FRQYHUJH WR

WKH PLQLPXP RQHV ( ) { }� � � � �V x V V V Vj M= 1 2,  ,   ,  ,   ,  � � �
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��� &RPSXWDWLRQDO ([DPSOHV

����� 3HQGXOXP 6\VWHP

:H ZLOO WU\ D WZR GLPHQVLRQDO V\VWHP E\ WKH .OHLQPDQ�1HZWRQ PHWKRG� $ SHQGX�

OXP V\VWHP FDQ EH PRGHOHG DV D VHFRQG RUGHU GLIIHUHQWLDO HTXDWLRQ
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����� $SSOLFDWLRQ RI .OHLQPDQ�1HZWRQ 0HWKRG

:H FKRRVH D VWDELOL]LQJ FRQWURO E\ JXHVVLQJ
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)LJXUH ������ $OO WKH JULG SRLQWV LQ WKH FKRVHQ GRPDLQ '�

:LWK WKHVH 0 LQLWLDO FRQGLWLRQV DQG WKH LQLWLDO FRQWUROV� ZH XVH VHFRQG RUGHU

5XQJH .XWWD PHWKRG WR VROYH ������� IRU 0 WUDMHFWRULHV� 7KH LWHUDWLRQ RI 5XQJH

.XWWD PHWKRG ZLOO EH QHVWOHG LQVLGH WKH LWHUDWLRQ RI .OHLQPDQ�1HZWRQ PHWKRG�
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7KH LWHUDWLRQ RI 5XQJH .XWWD PHWKRG LV GHVFULEHG LQ ��������� /HW
( )
( )

α
α

1

2

n

n







 EH WKH

GLVFUHWL]HG VROXWLRQ �WUDMHFWRU\� ZLWK n N= 0, 1, 2, ...,  � VR WKDW
( )
( )

α
α

1

2

0

0







 LV WKH LQLWLDO

YDOXH IROORZLQJ WKH SDWWHUQ LQ )LJXUH ���� 6LQFH WKH VWDUWLQJ WLPH LV � DQG ILQDO

WLPH LV ��� LI ZH OHW WKH VWHS VL]H EH ���� WKH VDPH DV WKH JULG OHQJWK� WKHQ WKH QXP�

EHU RI GLVFUHWL]HG VROXWLRQ LV N =
−

+ =
15 0

0 05
1 301

.
�

( ) ( )[ ]

( ) ( ) ( )

( )
( )

( )
( )



















+







α
α

=







+α
+α





















µ+




 α+α−

α−µ+α

=

.
1

1

;

2
sin

sin
2

2

1

2

1

2
1

12

hS
n

n

n

n

n
nh

na

nan
h

S

��������

ZKHUH WKH LWHUDWLRQ QXPEHU Q  �� �� �� �� ���� ���� VWHS VL]H K  ����� DQG 6 LV D SD�

UDPHWHU�

1RWH� :H KDYH 0 = ���� VXFK WUDMHFWRULHV EHFDXVH RI WKH SDWWHUQ LQ )LJXUH ����

ZKLFK PHDQV ZH ZLOO KDYH WR VROYH HTXDWLRQ �������� ���� WLPHV� DQG GXULQJ HDFK

WLPH WKHUH DUH 1 = ��� LWHUDWLRQV RI 5XQJH .XWWD PHWKRG QHVWOHG�

����� ,WHUDWLRQ RI .OHLQPDQ�1HZWRQ 0HWKRG

�� 6WDUW ZLWK ���� LQLWLDO YDOXHV LQ )LJXUH ���� E\ LWHUDWLQJ �������� WR JHW ����

WUDMHFWRULHV� XVLQJ LQLWLDO FRQWURO ������� LQ WKH ILUVW LWHUDWLRQ DQG XVLQJ WKH JHQ�

HUDWHG FRQWURO YDOXHV E\ ������� IURP WKH VHFRQG LWHUDWLRQ RQ�
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�� ,QWHJUDWH ������� DORQJ WKRVH ���� WUDMHFWRULHV E\ 6LPSVRQ·V UXOH RU WKH *DXVVLDQ

TXDGUDWXUH PHWKRG WR JHW ���� YDOXHV RI 9 �VHH )LJXUH �����

�� 8VH ILQLWH GLIIHUHQFH PHWKRG �������� WR GLIIHUHQWLDWH 9 ZLWK UHVSHFW WR α2 WR JHW

���� YDOXHV RI FRQWURO µ WR IRUP u =








0

µ
E\ ��������

 ( )µ ∂
∂α

i k
i

k
i

k
iV

h
V V= −







 = − −− +1

2

1
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1 1 � ��������

 ZKHUH N LV WKH QXPEHU RI LWHUDWLRQ RI .OHLQPDQ�1HZWRQ PHWKRG� DQG L ≤ ���� LV

WKH ORFDWLRQ RQ WKH SDWWHUQ LQ )LJXUH ����

 1RWH� %\ �������� ZH VHH WKDW ZH FDQ QRW FDOFXODWH WKH ERXQGDU\ YDOXHV RI µL� VR

WKDW ZH MXVW VLPSO\ OHW WKH ERXQGDU\ YDOXHV RI µL HTXDO WR WKH FRQWURO YDOXHV ULJKW

QH[W WR WKHP�

�� *R WR �� WR VWDUW QH[W LWHUDWLRQ ZLWK LQLWLDO YDOXHV LQ )LJXUH ��� DQG ZLWK WKH

QHZO\ JHQHUDWHG FRQWURO YDOXHV E\ ��������

�� 6WRS ZKHQ WKH LWHUDWLRQ QXPEHU DFFXPXODWHV WR WKH VSHFLILHG WKUHVKROG �XVXDOO\

� LV ODUJH HQRXJK� EXW ZH LPSOHPHQWHG � LWHUDWLRQV IRU WKH VDNH RI UHVHDUFK��

....

....

....

....

-1  1

2

4

2

-2
....

Vk
3241Vk

82
Vk

1

Vk
2 Vk

83

Vk
81 Vk

162

Vk
3242

Vk
3321

α 1

α 2

....

....

....

....

)LJXUH ������ 7KH SDWWHUQ RI WKH YDOXHV RI 9 DW LWHUDWLRQ VWHS N�
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����� ,QWHUSRODWLRQ RI &RQWURO 9DOXHV

:KHQ VROYLQJ �������� E\ 5XQJH .XWWD PHWKRG� HYHU\ VROXWLRQ YDOXH ( ) ( )
( )x n
n

n
=









α
α

1

2

QHHGV D FRUUHVSRQGLQJ FRQWURO YDOXH ( ) ( )u n
n

=








0

µ
� ,I D VROXWLRQ YDOXH ( )x n LV QRW DW

JULG SRLQW� WKHUH ZLOO EH � YDOXHV RI WKH FRQWURO X VXUURXQGLQJ ( )x n �VHH )LJXUH �����

0

trajectory

a b

c

d

α1

α2

µc µd

µbµa

*( )x n

)LJXUH ������ 7KHUH DUH � FRQWURO YDOXHV VXUURXQGLQJ D VROXWLRQ YDOXH ( )x n �

,Q RUGHU WR NHHS KLJK DFFXUDF\ RI FRPSXWDWLRQ� QRQH RI WKH � FRQWURO YDOXHV ZLOO

EH XVHG GLUHFWO\� EXW LQVWHDG WKH FRUUHVSRQGLQJ FRQWURO YDOXH ( )µ n ZLOO EH IRXQG E\

OLQHDU LQWHUSRODWLRQ DFFRUGLQJ HTXDWLRQ ���������



42

( )

.  

1  

1

11

21

21

12

21








−
−

−
α








−
−

−
αµ








−
−

−
α








−
α−

−
+µ









−
−

−
α









−
α−

−
+µ+








−
α−

−
+







−
α−

−
+µ=µ

cd

c

cdab

a

ab
+

cd

c

cdabab

a
+

ab

a

abcdcd

c
  

cdcd

c

abab

a
n

d

c

b

a

��������

����� $ %ULHI 'HVFULSWLRQ RI 'DWD 6WUXFWXUH

7KHUH DUH VHYHUDO WHFKQLFDO SUREOHPV QHHG WR EH VROYHG�

�� +RZ WR NHHS WKH YDOXHV RI [� 9� DQG X�

�� +RZ WR ORFDWH ZKHUH WKH WUDMHFWRU\ JRHV LQ α1 �α2 SKDVH SODQH LQ RUGHU WR NQRZ

ZKLFK � FRQWURO YDOXHV DUH QHHGHG IRU WKH LQWHUSRODWLRQ�

�� +RZ WR SUHYHQW WKH WUDMHFWRU\ IURP JRLQJ EH\RQG WKH GRPDLQ ' LQ α1 �α2 SKDVH

SODQH�

�� 6LQFH WKH ILQLWH GLIIHUHQFH PHWKRG �������� ZKLFK LV XVHG WR WDNH GHULYDWLYH ZLWK

UHVSHFW WR α2 GRHV QRW GHDO ZLWK FRQWURO YDOXHV RQ WKH ERXQGDU\� ZKDW VKRXOG ZH

GR ZLWK WKHVH ERXQGDU\ FRQWURO YDOXHV�

7KH ILUVW SUREOHP LV VROYHG E\ XVLQJ ´OLQNHG PHVKµ WHFKQLTXH WR PDLQWDLQ WKH

ZKROH GDWD VWUXFWXUH �VHH )LJXUH ����� (DFK QRGH FRQWDLQV LQIRUPDWLRQ RI WUDMHFWRU\

YDOXH [ DQG FRQWURO YDOXH X� EXW QRW LQWHJUDWHG YDOXH RI 9 EHFDXVH LW LV QRW XVHG

GXULQJ FRPSXWDWLRQV�
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layer k + 1

layer k

α1

α2

( )µ α α1 2,

)LJXUH ������ 7ZR OD\HUV RI WKH ZKROH GDWD VWUXFWXUH� WKH QRGH LV OLQNHG

ZLWK RQH DQRWKHU ZLWKLQ WKH VDPH OD\HU� DQG HDFK OD\HU LV OLQNHG ZLWK RQH

DQRWKHU E\ WKH FRUQHU QRGH�

:LWK WKLV ´OLQNHG PHVKµ WHFKQLTXH� DV ZH LWHUDWH ��������� ZH ILUVW PDNH WKH

SRLQWHU VHDUFK DORQJ ( )µ α α1 2, IRU ZKLFK OD\HU WKH WUDMHFWRU\ KDV UHDFKHG DFFRUGLQJ

WR WKH FRQWURO YDOXH ( )µ n � DQG WKHQ OHW WKH SRLQWHU VHDUFK ZLWKLQ WKH VDPH OD\HU DF�

FRUGLQJ WR WKH WUDMHFWRU\ YDOXH ( )x n IRU ZKLFK � QRGHV DUH QHHGHG IRU LQWHUSRODWLRQ�

1RZ SUREOHP � LV VROYHG�

6LQFH RXWVLGH WKH GRPDLQ '� WKHUH ZLOO EH QR FRQWURO YDOXHV VWRUHG LQ WKH GDWD

VWUXFWXUH QRGHV� KHQFH DW WKLV WLPH �������� FDQ QRW EH VROYHG� ,Q RUGHU WR SUHYHQW

WKH WUDMHFWRU\ IURP JRLQJ EH\RQG WKH GRPDLQ ' LQ α1 �α2 SKDVH SODQH� ZH VKULQN WKH

ERXQGDU\ RI GRPDLQ ' E\ RQH RU WZR JULG VL]H DIWHU HDFK .OHLQPDQ�1HZWRQ LWHUD�

WLRQ� $IWHU WKLV VKULQNLQJ� LI WKH WUDMHFWRU\ VWLOO JRHV EH\RQG GRPDLQ '� LW ZLOO QRW JR

WRR IDU� VR WKDW ZH ZLOO XVH � QRGHV WKDW DUH FORVHVW WR WKH FXUUHQW WUDMHFWRU\ ORFDWLRQ

( )x n IRU WKH LQWHUSRODWLRQ RI WKH FRUUHVSRQGLQJ FRQWURO YDOXH ( )µ n � 7KH UHVXOWLQJ HU�

URU LV VWLOO WROHUDEOH�
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$V IRU SUREOHP �� ZH MXVW VLPSO\ OHW HDFK ERXQGDU\ FRQWURO YDOXH HTXDO WR WKH RQH

VWRUHG LQ WKH QH[W LQQHU QRGH ZLWKLQ WKH VDPH OD\HU�

����� &RPSXWDWLRQ 5HVXOW

$IWHU DERXW � LWHUDWLRQV� DOO WKH FRQWUROV ZLOO FRQYHUJH WR { }� , � , �u u uM1 2   ,  � ZKLFK

KDYH WKH RSWLPDO FRVW� )LJXUH ��� �D�� �E�� �F�� �G�� �H�� �I�� �J�� DQG �K� DUH WKH RXWSXW

RI ( )V x IURP LWHUDWLRQ � WR � UHVSHFWLYHO\� )LJXUH ��� �D�� �E�� �F�� �G�� �H�� �I�� �J�� DQG

�K� DUH WKH RXWSXW RI ( )µ x IURP LWHUDWLRQ � WR � UHVSHFWLYHO\� :H FDQ FOHDUO\ VHH WKH

FRQYHUJHQFH RI ( )V x DQG ( )µ x �



45

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

10

20

30

40

50

60

α1α2

V
(x

)

)LJXUH ������ 2XWSXW RI ( )V x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

5

10

15

20

25

α1α2

V
(x

)

)LJXUH ������ 2XWSXW RI ( )V x LQ LWHUDWLRQ ��



46

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

5

10

15

20

α1α2

V
(x

)

)LJXUH ������ 2XWSXW RI ( )V x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

5

10

15

α1α2

V
(x

)

)LJXUH ������ 2XWSXW RI ( )V x LQ LWHUDWLRQ ��



47

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

5

10

15

α1α2

V
(x

)

)LJXUH ������ 2XWSXW RI ( )V x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

2

4

6

8

10

12

α1α2

V
(x

)

)LJXUH ������� 2XWSXW RI ( )V x LQ LWHUDWLRQ ��



48

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
0

2

4

6

8

10

12

α1α2

V
(x

)

)LJXUH ������� 2XWSXW RI ( )V x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

−4
−2

0
2

4
0

2

4

6

8

10

12

α1α2

V
(x

)

)LJXUH ������� 2XWSXW RI ( )V x LQ LWHUDWLRQ ��



49

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−50

0

50

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−10

−5

0

5

10

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��



50

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−5

0

5

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−4

−2

0

2

4

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��



51

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−4

−2

0

2

4

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−4

−2

0

2

4

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��



52

−1.5
−1

−0.5
0

0.5
1

1.5

−4
−2

0
2

4
−3

−2

−1

0

1

2

3

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��

−1.5
−1

−0.5
0

0.5
1

−4
−2

0
2

4
−3

−2

−1

0

1

2

3

α1α2

co
nt

ro
l u

(x
)

)LJXUH ������� 2XWSXW RI ( )µ x LQ LWHUDWLRQ ��



53

,Q RUGHU WR VWXG\ D FHUWDLQ LQGLYLGXDO WUDMHFWRU\� ZH KDYH UHFRUGHG WKH UHVXOWV RI

IRXU GLIIHUHQW LQLWLDO FRQGLWLRQV ZKLFK DUH LQ � GLIIHUHQW TXDGUDQWV� ( )1,5.0 −− �

( )3.1,5.0 � ( )2.1,5.0− � ( )1.1,5.0 − � )LJXUH ��� �D� DQG �E� DUH WKH α1 �α2 SKDVH SODQH

ZKLFK VKRZ WKH VLWXDWLRQ RI FRQYHUJHQFH RI WKH IRXU WUDMHFWRULHV VWDUWLQJ IURP WKRVH

IRXU LQLWLDO YDOXHV� )LJXUH ��� �D�� �E�� �F�� DQG �G� VKRZ WKH FRUUHVSRQGLQJ FRQWURO

( )( )µ x t ZLWK UHVSHFW WLPH W� DQG XQGHU WKRVH � GLIIHUHQW VLWXDWLRQV� WKH FRQWUROV LQ

HDFK LWHUDWLRQ FRQYHUJH WR WKH RSWLPDO RQH�
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)XUWKHU PRUH� IURP WDEOH ���� ZH FDQ VHH WKH FRVW GURSV WR WKH PLQLPXP RQH DQG

EHFRPH VWDEOH� WDEOH ��� VKRZV WKH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FRVW DQG WKH

QXPHULFDO FRVW� 7KH WKHRUHWLFDO FRVW LV FRPSXWHG E\ WKH 5LFRWWD HTXDWLRQ GHVFULEHG

LQ &KDSWHU � VHFWLRQ ���� DQG WKH QXPHULFDO FRVW LV FRPSXWHG E\ 6LPSVRQ LQWHJUD�

WLRQ UXOH IROORZLQJ WKH HTXDWLRQ ��������

7DEOH ������ 7KH FRVW RI WKH IRXU WUDMHFWRULHV FDOFXODWHG DFFRUGLQJ WR WKH

GHILQLWLRQ ��������

/RRS 1R�? ( )x 0 ( )1,5.0 −− ( )3.1,5.0 ( )2.1,5.0− ( )1.1,5.0 −

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

� ������ ������ ������ ������

7KH WKHRUHWLFDO FRVWV FRPSXWHG E\ 5LFDWWL HTXDWLRQ DQG WKH QXPHULFDO FRVWV DUH DV

IROORZLQJV�

7DEOH ������ 7KH FRPSDULVRQ EHWZHHQ WKH IRXU UHVXOWHG WKHRUHWLFDO FRVW

DQG QXPHULFDO FRVW�

( )x 0 ? &RVW 1XPHULFDO 7KHRUHWLFDO $EVROXWH (UURU 5HODWLYH (UURU

( )1,5.0 −− �������� �������� ������� ������

( )3.1,5.0 �������� �������� ������ ������

( )2.1,5.0− �������� �������� ������� ������

( )1.1,5.0 − �������� �������� ������� ������
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7KH DEVROXWH HUURU LV GHILQHG DV WKH DEVROXWH YDOXH RI WKH GLIIHUHQFH EHWZHHQ WKHR�

UHWLFDO FRVW DQG QXPHULFDO FRVW� DQG WKH UHODWLYH HUURU LV GHILQHG DV
Relative Error

Theoretical Cost
�

��� &RQFOXVLRQ

7KH .OHLQPDQ�1HZWRQ PHWKRG KDV FRPH RXW RI OLQHDU TXDGUDWLF FDVH WR WKH VWDJH RI

QRQOLQHDU�QRQTXDGUDWLF VLWXDWLRQ� ,W FDQ EH DSSOLHG WR DQ\ GLPHQVLRQDO VSDFH� 7KH

FRQYHUJHQFH UDWH VHHPV WR EH TXDGUDWLF� EXW LW QHHGV PRUH UHVHDUFK ZRUN� :KHWKHU

WKH GRPDLQ ' FDQ EH H[WHQGHG WR WKH JOREDO GRPDLQ DOVR QHHGV IXUWKHU H[SORUDWLRQ�

7KH QXPHULFDO UHVXOWV PDWFK YHU\ ZHOO WKH FRUUHVSRQGLQJ WKHRUHWLFDO UHVXOWV�
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5HIHUHQFH

>�@ %� '� 2� $QGHUVRQ DQG -� %� 0RRU� ´/LQHDU 2SWLPDO &RQWURO�µ 3UHQWLFH +DOO ,QF��

(QJOHZRRG &OLII� 1� -�� �����

>�@ &URQLQ� -DQH� ´'LIIHUHQWLDO (TXDWLRQV�µ 0DUFHO 'HNNHU� ,QF�� �����

>�@ /HH� %� (� DQG 0DUNXV� /�� ´)RXQGDWLRQV RI 2SWLPDO &RQWURO 7KHRU\�µ -RKQ :LOH\

	 6RQV� ,QF� �����

>�@ .OHLQPDQ� '� /�� ´2Q DQ ,WHUDWLYH 7HFKQLTXH IRU 5LFFDWL (TXDWLRQ &RPSXWD�

WLRQV�µ ,((( 7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO� )HEUXDU\ �����

>�@ /XNHV� '� /�� ´2SWLPDO 5HJXODWLRQ RI 1RQOLQHDU '\QDPLFDO 6\VWHPV�µ 6,$0 -�

&RQWURO� 9RO� �� 1R� �� )HEUXDU\ �����

>�@ 3RQWU\DJLQ� 9� *� %ROW\DQVNLL� 5� 9� *DPNUHOLG]H� DQG (� )� 0LVKFKHQNR� ´7KH

0DWKHPDWLFDO 7KHRU\ RI 2SWLPDO 3URFHVV�µ -RKQ :LOH\ 	 6RQV� ,QF� �����

>�@ -� (� 3RWWHUV� �0DWUL[ TXDGUDWLF VROXWLRQV�� -� 6,$0� 0DWKHPDWLFV� $SULO ���

�����

>�@ 5XVVHOO� '� /�� ´0DWKHPDWLFV RI )LQLWH�'LPHQVLRQDO &RQWURO 6\VWHPV�µ 0DUFHO

'HNNHU� ,QF�� �����

>�@ =KDQJ� ;LDRKRQJ� ´2SWLPDO )HHGEDFN &RQWURO IRU 1RQOLQHDU 'LVFUHWH 6\VWHPV

DQG $SSOLFDWLRQV WR 2SWLPDO &RQWURO RI 1RQOLQHDU 3HULRGLF 2UGLQDU\ 'LIIHUHQWLDO

6\VWHPV�µ 3K�'� 'LVVHUWDWLRQ LQ 0DWKHPDWLFV� 'HSDUWPHQW RI 0DWKHPDWLFV� 9LUJLQLD

7HFK� )HEUXDU\ �����

>��@ =KX� -LQJKDR� ´6RPH 5HVXOWV RQ 1RQOLQHDU 2SWLPDO &RQWUROµ� 3K�'� 'LVVHUWD�

WLRQ LQ 0DWKHPDWLFV� 'HSDUWPHQW RI 0DWKHPDWLFV� 9LUJLQLD 7HFK� �����
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-LQJKRQJ .DQJ ZDV ERUQ RQ 'HFHPEHU ��� ���� LQ %HLMLQJ� &KLQD� +H JUDGXDWHG

IURP %HLMLQJ 8QLYHUVLW\ RI 6FLHQFH DQG 7HFKQRORJ\ LQ ���� ZLWK D %DFKHORU RI (QJL�

QHHULQJ LQ 0HWDO 3K\VLFV� +H HQWHUHG (DVWHUQ ,OOLQRLV 8QLYHUVLW\ LQ ����� DQG JRW

KLV 0DVWHU RI $UWV LQ 0DWKHPDWLFV LQ 0D\ ����� +H HQWHUHG 9LUJLQLD 3RO\WHFKQLF

,QVWLWXWH DQG 6WDWH 8QLYHUVLW\ LQ $XJXVW ����� DQG VLQFH WKHQ KH KDV EHHQ ZRUNLQJ

ZLWK 'U� 'DYLG 5XVVHOO WRZDUGV KLV 3K�'� GHJUHH LQ 0DWKHPDWLFV�


