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(Abstract)

This thesis deals with non-linear non-quadratic optimal control problems in an
autonomous system and a related iterative numerical method, the Kleinman-
Newton method, for solving the problem. The thesis proves the local convergence of
Kleinman-Newton method using the contraction mapping theorem and then de-
scribes how this Kleinman-Newton method may be used to numerically solve for the
optimal control and the corresponding solution. In order to show the proof and the
related numerical work, it is necessary to review some of earlier work in the begin-
ning of Chapter 1 [Zhang], and to introduce the Kleinman-Newton method at the
end of the chapter. In Chapter 2 we will demonstrate the proof. In Chapter 3 we

will show the related numerical work and results.
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Chapter 1. Introduction

1.1 An Optimal Control Problem
A control system can be represented by the differential equation

x=F(t, x, ), (1.1.1)
where F(t,x, u) is continuously differentiable with respect to XxOR" and uOR"™, and

piecewise continuous with respect to t. Though in some cases, the domain of F may
be further restricted, here we will not consider that case. The control system is

called autonomous system, if t in (1.1.1) is implicit, i.e., the function F(t, X, u) takes

the form of F(X, u).

Usually control systems are categorized into linear and nonlinear systems. A
linear control system can be obtained by linearizing F(t, X, u) into the form of

(1.1.2), that 1s taking partial derivatives with respect to X and u respectively, and
only keeping the linear terms.

x= At)x+ B()u, (1.1.2)
where A(t) and B(t) are n X n and n X m matrices, and they are continuous with re-

spect to t.

In order to define an optimal control problem, we first assume that system per-

formance can be described in terms of non-negative cost functions G(t,x, u) and



Gl(x). We suppose the cost function, G(t, X, u), is continuously differentiable with
respect to X and u, and piecewise continuous with respect to t, and we let Gl(x) be

continuously differentiable with respect to x. The optimal control problem is to

minimize the cost functional
[ro(t (1), () dt+ G £ 1)), (1.1.3)
for fixed t; > t;, assuming an initial state X(O) =X, OR", by appropriate choice of the

control function u(t) on [to, tl]. The related concepts on observability, stability, and

controllability for both linear and nonlinear control systems may be found in [Rus-

sell] and [Lee & Markus].

As for the autonomous linear quadratic problem, the differential equation will be

as follows
x=F(x u)= Ax+ Bu (1.1.4)
where A= w and B= %30) are real matrices. The corresponding cost func-
tion is
3 W ROXJ
G(x u)= ( X LF)ERD Y EHJH (1.1.5)
RC

where W, U, and R are real matrices, and ERD U E is a real symmetric positive

definite matrix. Since ¢ is implicit in (1.1.4) and (1.1.5), F(X, u) and G(x, u) are lin-

ear and quadratic terms of x and u respectively, the control problem is called an
autonomous linear quadratic problem. The details on finding the linear optimal

control u (analytically and numerically) are in [Russell].



The problem being studied here is an extension of the autonomous linear quad-
ratic problem, i.e., autonomous nonlinear nonquadratic problem (briefly described
by the acronym NLNQ). The differential equation is

x=F(x u) = Ax+ Bu- { x 1§, (1.1.6)

where f(x, u) consists of higher order (= 2) remainder terms in X and u, with

f (0, O) =0, % =0, and # =0. The corresponding cost function is
3 OV ROXO
G(x, u) -(>%j LF)ERD y EHJH+ a(x u), (1.1.7)

where g(x, u) consists of higher order (= 3) remainder terms in X and u, with

"9(010):0, "9(010):0, azg(o,o)zo, nd 0°g(0,0) _

> >—=0. The matrices A
104 ou oX u

9(0,0)= 0,

and B are assumed to be a stabilizable pair, that is, there exists a real matrix K for

which A + BKis a stability matrix whose eigenvalues all have negative real parts.

1.2 The Necessary Conditions for the Optimal Control Problem

We begin by reviewing the necessary conditions (cf. [Lee & Markus], [Lukes]), cor-
responding to the “Maximum Principle” (the details about “Maximum Principle” are

in [Pontryagin], [Lee & Markus]), which must be satisfied by the optimal control 0.

We use G(t) to denote an assumed optimal control and >A<(t) to denote the corre-

sponding optimal trajectory. In order to develop necessary conditions characteriz-

ing the optimal control G(t) and the corresponding response R(t), we need to as-
sume that the control G(t) 1s piecewise continuous with respect to . Further, we

need to construct a modified control G(t) by selecting d >0 and supposing to<T<T+



0 < t; where both T + 8 and 1 are points of continuity of O(t) (see Figure 1). Specifi-

cally, we let
[1i(t) fort Ot,, T)U(T +8, t]
a(t) = 5 (1.2.1)
Hi(®)+p fortO[t, T+
where | is an arbitrary constant vector in R™. The scalar case is illustrated in

Figure 1.

u(t)

|
|
l
[ I
t, T T+0

A~

Figure 1.2.1: The optimal control u(t) is piecewise continuous with respect tg and
both t + & and r are points of continuity of G(t) :

Let the corresponding response to U(t) be )?(t) ; thus
x = F(t, X(1), u(Y)), x(0)=xOR", (1.2.2)
and set X = f((t) + E(t) with E(T) =0 and E(t) =0, 0<t <71 (see Figure 2),
X(t)

A

Figure 1.2.2: The trajectories of X(t) and X(t) for tO[t,.t,].



we have

and hence by (1.2.3), for ¢ in [T, T +6] ,
E(t)=X(t)- x(t) = F(t Xx+& t+p)- Ht % Y
=F(t, x+& 0+p)- F(t % Urp)+ Ft % wp)- Hi%Y

- (PR % B ”*“)z(t)+o(5)§+ F(t % D)~ (L% U

] 0X
[A(t (1) + F(t % u+p)- Ht X 1)]+ @), (1.2.4)
: . _aF(t, )?,G+p)
where 0(6) represents the higher order terms for X, A(t, u) S wa— and
qD(t, S, fJ) is the fundamental solution matrix of the differential equation
22059 - it ot s 1, (1.2.5)
such that the fundamental solution qD(s, S t) = 1.
Thus, since E(T) =0, the solution for (1.2.4) is given by
&)= o0 s O (s X3 (pn)- EsKs"Wp @] ds
= (t—T)[F(T, (1), G(T)+u)— F(T, A1), t(T))]+ as) (1.2.6)
InT<t<1+ 9, where 0(6) represents higher order terms for x, and thus
§(t1+9)= 6[F(T, (1), O(t) + u) - F(T, 1), t(T))] + ). (1.2.7)
Fort+d<t<t; we have
&(t) = F(t x(t) + &(1). ) - F(t (9. (D)
(1.2.8)



for t D[T +9, tl], with the initial data at T + d given by (1.2.7).

By (1.2.5) and (1.2.7), the solution for (1.2.8) on t D[T +9, tl] 1S
§(t) = ®(t, T+8)E(T +8)+0O(d)

= ot T+ Y[ F(r, %(x), (1) +1) - F(x, X(T )]+ qB)} + q
=[o(t, 1) + O@)fe[ F(r. Kx), tx) + 1) - Fr, Xx), Y))] + C(é}

—6CDtT[FTXT)UT)+u) F(T K1), Yr) ] as). (1.2.9)
If we set to =1, then from u(t) to (t) u(t)+u and from X() to X() ()+E() the

change in the cost is

a=5"6(t X(0). @ dt+ca>(;ﬂtg q1%)0)) o d kg
= ["[o(t %0, 6(9)- ot %) )] ot k)~ )
= [[olt )+ &), W) +w)- Qe X3 )] o kd+E(Y)- k). 210

Since in (1.2.10) the integral term 1is

[ o(e 3+ &0, 1) +1) - ot 39, ()] o

= [ [e(t 30+ &0 0+ w)- () ) e [ [ 1 p+E0 0xen)- 606 @)] o
=5[G(t 59 +&(1). o9 +u)- &t 3. )

+€SJ’T aG(t X() L(t)) Pt T,U)[F(T, (1), C(T)+u)— F(t, X9, I(b)] dt+ o) (1.2.11)

and the non-integral, final state, term is

6,(5(0)+£(0) - 6(39) = 5228 e, 16), 1)+ ) - #1509+

(1.2.12)




then by (1.2.10), (1.2.11), and (1.2.12), the change of cost to the first order accuracy
in 01s

a=8{[6(t () +&(0), t()+w)- ot X3 ()]
¢ 20 o e S0, yife(, 50 i)~ 750 )

T 0X 0X
(1.2.13)
If we define the adjoint variable as
/\(T)D :J,Ttl aG(L );():)’ l’(t)) (D(t, T, U)dt'l'wcp(tl, T), (1214)

then (1.2.13) can be changed into
A= 6{[G(t, 0+ €00, W) +1)- ¢ X O +AQT Hr %) @) +1) - K1) G )')]}
= 6t 10+ £(9, 4+ )+ A F(x, 30, 1) + )| - [AGY {133, 0) + k) 6N}

(1.2.15)
If we further define the Hamiltonian function as
M8 X0 o), A) = AF(E . (3) = 1 4D ). (1.2.16)
then (1.2.15) takes the form
A=H(t, %(1), 0(t) +p, A(T)) - H(T, K1), Y1), A1) (1.2.17)

Because of the assumption that the optimal control O(t) that minimizes the cost, the

changes of the cost should be always non-negative, i.e. A = 0, that is for any control

u(t) we always have

H(t, %(), u(®), A() = H(t X0, YD, A(D). (1.2.18)
Hence the necessary condition for optimal control problem (1.1.2) can be stated as
minH (t, X(t). u(t), A(1) (1.2.19)

where the adjoint function /\(t) in (1.2.14) can be re-interpreted as the solution

satisfying the adjoint differential equation



dA(t)’ A(t)aaF(*(t) (1) _ a6(%(9). «(1) (1.2.20)

dt oX X
0G, | X(t
with the terminal boundary condition /\(tl)D = 15;;( 1))

In Section 1.4 we will see that the necessary condition (1.2.19) and (1.2.20) are
also sufficient conditions for an optimal control and further, (1.2.18) actually can be
restated as

minH (t, X(t). (1), A() = 0. (1.2.21)

1.3 Linear Quadratic Optimal Control
If the control system has the autonomous form

x=F(x(1), WY), 0)= %0 R, (1.3.1)
and if x=0, u=0 is an equilibrium point, i.e., F(O, 0) =0, then with our differenti-
ability assumption, we can linearize F(X(t), u(t)) by use of the Taylor expansion to

the first order accuracy with respect to x. We have the form
x=Ax+ Bu, x(0)=x, OR' (1.3.2)

which 1s called a linear control system. We take the classical regulator problem as

an example which involves the quadratic cost function (cf. [Russell], [Lee & Mar-

kus])
G(dhut) =2 (¢ um)% 5%@ (1.3.3)

where the matrix @/D U %w assumed to be a symmetric positive definite matrix.

The related optimal control problem is then



min%ﬁ(xD ) . UHELEdHX V\p(; (1.3.4)

for which by (1.2.21), (1.3.2) and (1.3.3), the necessary condition is

minfA @) TAX() + Bu(t)]+ x(t) Wxt) + uRx+ xRu+uUu}. (1.3.5)
Here the minimum is obtained by setting oH (X(t)’dt(t)’ A(t)) =0; from which we ob-
tain the optimal control 0(t)
BA(t)+ R )+ uy)=0, (1.3.6)
which yields
6(t) =-U [ BA() + R'X(J). (1.3.7)
Substituting (1.3.7) into (1.3.2) we have
x=(A-BUTR)X)- BU' BA(}). %(0)=x% OR (1.3.8)
By (1.2.20), we can have the adjoint equation
(|
N A pa-xE)W - uR’ (13.9)

dt
with the boundary condition A(t,)=W,x(t,).

In order to solve the equation (1.3.8) and (1.3.9), we let A(t)=Q(t)x(t) and substi-
tute it into (1.3.8) and (1.3.9) to obtain the so-called Riccati equation

Q)+ AQ)+ Q) A+ W-[ @) B- RU[ B Q) H=0 (1.3.10)

with boundary value Q(t,)=W,. By solving (1.3.10) and (1.3.8), we obtain the re-

lated optimal control

6(t) = K()X(t), where K(t)=-U"[B"Q(t)+ R. (1.3.11)

There are four important results for the constant coefficient linear quadratic con-

trol problem [Russell] and [Anderson & Moore]:



1) For constant coefficients A, B, W, R, and U, and cost defined on [0,00), we can take
Q(t) = Q the unique symmetric positive definite solution of the matrix quadratic
equation

A"Q+ QA+ W-[ QB+ R Ul[ B Qo Ea]:o. (1.3.12)

2) The control G(t)=-U" [BDQ+ F\Q] E k)() is the unique optimal control for the

linear quadratic system, K = -U _1[ BQ+ Rj] being the constant feedback matrix

and Q the unique symmetric positive definite solution of (1.3.12).

3) X, Qx, :J': q % U dtis the optimal cost.

4 At)=0xy).

1.4 Nonlinear-Nonquadratic Control System

The problem of extending the linear quadratic control theory to nonlinear systems
and nonquadratic costs, which may be abbreviated as the NLNQ problem, was
studied by [Lukes]. The nonlinear-nonquadratic optimal control problem applies

(1.1.1) when the system takes the form

= F((). «(0)= A3+ B+ (). ¢) 141

af(o,o)zo, nd of (0,0)

with initial conditions X(O) =x, OR", f(O, O) =0, o 30

=0, and

where A and B are constant. The corresponding cost functional is defined by letting

t, > o, 1e.

V() W)= 1, XY () ot

:Ig @,;VD S@ﬁw( ()oet (1.4.2)

U

10



W  RIXO ) ) )
where Ax+ Bu and (x" U are linear and quadratic leading terms of
¢ e JHA a :

F(X(t), u(t)) and G(x(t), L(t)) respectively, f(x, u) and g(x u) are their higher order

terms satisfying f(O, 0) =0, M =0, and of (0’ O)
ox du

=0. As in the linear constant

coefficient case, the cost function Gl(x(tl)) is replaced by 0 here.

The admitted feedback controls for the nonlinear-nonquadratic system may be
decomposed into linear and nonlinear parts, but we will not separate these two
parts until Chapter 2 when we prove the convergence. The control can be written

as

u(t) = K(x(2),A(1)). (1.4.3)

In [Lukes] there is a theorem and a lemma which describe the existence and
uniqueness results for the optimal control and a related functional equation in the
nonlinear-nonquadratic control problem. The theorem and lemma are
Theorem 1. For the stabilizable control process in R",

x= Ax+ Bu+ f( %0

with the initial condition X(O) = x,near the origin in R" and with the cost functional

V({0 )= [ A )
there exists a unique optimal stabilizing feedback control U which uniquely solves
the functional equation

0V (x) 9F (x, u)  9G(x u) _

0 144
0x ou ou ( )

near the origin.

11



Lemma 1. For each stabilizing control u(x) there exists a positive tnvariant neigh-
borhood N, of the origin in R" space wherein the cost function V(x)= X" Qx+ \( ))
with the initial condition Xy and where v(x) 1s the higher order term and @ is given
by (1.3.11). In N, the functional equation

MO e, )+ o(x =0 (1.45)

obtains.

Equations (1.4.4) and (1.4.5) together are usually called the Hamilton-Jacobi-
Bellman equations. In the nonlinear case, we may represent the adjoint variable in
the form A(t)=2Qx(t)+A(t) and the cost functional in the form V(x)= x"Qx+ { J,
oV(x)

where )\(t) and v(x) are the higher order terms, therefore we can have A= 3
X

oV (x
If we substitute 6( ) in (1.4.5) for A, then the resulting Hamiltonian function is
X

equal to zero, which is the necessary condition (1.2.21) for the optimal control. By
Theorem 1, we can also see that (1.2.21) is also the sufficient condition for the opti-

mal control.

In section 1.5 we will make use of (1.4.4) and (1.4.5) to extend the Kleinman-

Newton method to the nonlinear-nonquadratic problem.

1.5 Kleinman-Newton Method for Linear Quadratic Problem

The original Kleinman-Newton method reference is a numerical method to compute
the optimal control in linear systems with quadratic cost. We briefly describe the
method in this section and then in the next section we will describe an extension of

this method to solve nonlinear-nonquadratic problems.

12



Following equations (1.3.9) and (1.3.10), we have
(A+BK)'Q+ A+ BR+ W=0. (1.5.1)

In [Kleinman] (see also [Russell]), Kleinman shows that by iterating (1.3.9) and
(1.5.1) alternatively, or rather by iterating (1.5.2) below, starting with any stabi-
lizing feedback control K,

K.a=-U7(6'Q +R)
0 (1.5.2)
A+ BK..)' Q.. + Qu( A+ BK.)+ W=0

where the unique positive definite symmetric solution @ of (1.5.1) is found by solv-

ing (A+BK )Q +Q (A+BK,)+W =0 using Smith’s method that may be found in

[Russell], for example, for i =0, 1, 2, ...... We obtain sequences of Q and K; con-

verging quadratically to Q and K asi - .

The individual steps of (1.5.2) can be carried out using Smith’s method for matrix
Liapounov equations or by Potter’s eigenvalue equation method [Potter]. In brief,

Smith’s method may be described as follows.

For any two stability matrices (i.e. matrices eigenvalues have negative real parts)

A..and B, the equation

AX+ XB= C (1.5.3)

can be rewritten into
(rl,—A)X(r1,-B)- (1 ,+A)X (1l ,+B)=-2C . (1.5.4)
where r < 0. Since the eigenvalues of A and B all have negative real parts, both rl,
+ A and rl, + B are nonsingular. Multiplying (1.5.4) by (1l , +A)_1 and (rl, + B)_1 re-

spectively, we have
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X =(rl, +A) (M~ A)X(r ,-B)(rl ,+B) " +2r (1 +A)C [ +B)". (1.5.5)
Let
U=(r,+A) (1 ,—A), (1.5.6)
vV =(rl,-B)rl,+B)", (1.5.7)
Y =2r(rl, +A)"C(rl,,+B) ", (1.5.8)

and by putting them into (1.5.5), we can obtain the "fixed point" form
X =UXV+Y (1.5.9)
which 1s approximately solved by the iteration procedure

Xj = UXV+Y, (1.5.10)

wherej=1, 2, 3, ...

We can summarize the main points of Kleinman’s method as follows:
1) Each Q is positive definite symmetric matrix, and each K; is a stabilizing feed-
back matrix for the linear quadratic system (1.3.2).

2) imQ =Q, and limK, =K.

[

3) The convergence is quadratic.

1.6 Extension of the Kleinman-Newton Method to the Nonlinear
Nonquadratic Case

Following equation (2.2.21), we will establish two equations which may be consid-
ered to form the basis for the iteration equations we propose to use in solving non-

linear-nonquadratic problems. These equations are expressed in terms of the

Hamiltonian (1.2.16):
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% (1.6.1)
[l ~ ~
cOH (6 %(t). 00 A(Y) 0
= ou '
From (1.2.16) these equations, in more detail, are
0
NP )+ o Y =0
0 (1.6.2)
DoOF (0 06(% 8 _
O ou ou
The adjoint variable A satisfies the differential equation
. SN o
dA” _ _ADaF(x, () oG(x, U) (1.6.3)

dt 0x 0x

with boundary condition lim /\(t) =0. It is clear that for x of dimension more than

too0
one, the differential equation (1.6.3) is may be complicated, particularly since it is
coupled to the nonlinear state equation (1.4.1). By the previous assumption the

adjoint variable A(t) has the form 2Qx(t)+\(t) and the cost function V(x) the form
a= K(f(, /\), where )\(t) and v(x) are the higher order nonlinear terms, and

_ov(x)
X

N

oV (x
. Substituting A in (1.6.2) for 6( ) , we obtain the equations in the same
X

form as those in Theorem 1 and Lemma 1 of Section 1.4.

For the nonlinear-nonquadratic system, Theorem 1 of Section 1.4 gives the neces-
sary and sufficient condition for the optimal control problem. Lemma 1 in Section
1.4 gives the relations among V, F(X, u), and G(x, u) . Therefore, by putting together
(1.4.1), (1.4.4), and (1.4.5), we construct an iteration relation for numerically solving

the optimal control problem in nonlinear-nonquadratic case

15



D‘iF(xj,uj)+G(xj,uj):0; (1.6.4)

V; (x) aF(Xj ’uj+1) N aG(Xj ’uj+1)

0X; ou;.,, ou;.,,

=0.

minjwimle

We will refer to (1.6.4) as the Kleinman-Newton method in the nonlinear-

nonquadratic case.

Given any stabilizing feedback control ug(t)= Ko(x(t)) with the initial condition

X(O) OR", we solve x= F(x, u) for x in step 0, and then substitute the solution x into

V
6_()() F(x, u)+ G[ x U=0 to solve for V,. Finally we substitute the solution x and Vo
0X 0

oV (x) oF (x, u) .\ 0G(x, )

=0 to solve for
0Xx ou ou

with the control u,(t)= Ko(x(t)) into

u(t)= Kl(x(t)). In such an iteration, as the step index j goes to infinity, V,(x) and

u; (x) may be shown to converge respectively to \7(x) and O(X) yielding the lowest

cost relative to (1.4.2).
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Chapter 2. The Proof of Convergence of
the Kleinman-Newton Method

In this chapter we first of all show an equation equivalent to (1.4.5), and then
starting with the linear quadratic case, we finally use the contraction mapping

method to accomplish the proof.

2.1 The Iteration Formula of the Kleinman-Newton Method

The iteration is described in equation (2.1.1) for j = 1, 2, 3, ... Starting with a stabi-

lizing control uo, the iteration is carried out in three steps in the following order:

0
%'(,- = F(Xi , Q)’
0
ov,(¥
Dmiajx F(xj,uj)+ G()g,Lil)zo; (2.1.1)
0
0
oV (x) oF oG _
PO () s )0
The last equation takes the form shown because
dv( Xt
aV—(X)F(x, u)=M (2.1.2)
0X dt

and by (2.1.1) and (2.1.2), we have
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dv(x(9) _ ~6(x(9), (). 2.1.3)

dt

where G(x, u) =% )FWX+% d Uu ﬁ X )1 Therefore we obtain

V(())=[ (X3 {3 ds (2.1.4)

. . ) oV (x .,
To integrate (2.1.4) is equivalent to solving %F(X, u)+ G(x, L)=0, and 1t 1s
X
clear that it will generally be much easier to integrate (2.1.4) numerically than to

V
solve VX a(X) F(x, u)+ G(x U=0. Therefore the iteration equation (2.1.1) becomes
X

0
%ﬂ' = F(Xi , q)

E/j(x(t):ﬁmG()?’H') ds 2.1.5)
0

O X

EZ'X(,-)Z—F(X 4o)+ 5o 05 4) =0

forj=1,2,3, ..

2.2 The Related Hamiltonian Function and Adjoint Equation
As discussed in Sections 1.1 and 1.6, to find the optimal control u is to minimize the

cost V(X(t)) = J'tm G( X( Q l( §;) dsi.e. to minimize the Hamiltonian function

H(x, u A)=ANF(x, U+ q % | (2.2.1)

18



. A A
where the adjoint state /\(t) satisfies N =N’ oF (X’ u) - aG(X’ u)

e pw with 'Jf'l A(t)=0

and where X(t) and G(t) are the optimal trajectory and the optimal control. For
each ¢, minimization with respect to u corresponds to

min H (%(t), u(9), A(9) = 0. (2.2.2)
If we assume that H(X, u, /\) is differentiable with respect to u, then the optimal

oH (%, 0, A)
ou

control U(t) can be obtained by solving the equation =0 thatis

ADaF(R, 0) , 9G(% 0) _

0. 2.2.3
ou ou ( )

As shown in [Lukes], the implicit function theorem shows for small values of X, u,

and A, that (2.2.3) is uniquely solvable for uin terms of x and A: u=K(x, A). It

follows that the optimal control can be represented in the form (= K(f(, /\).

For the corresponding linear quadratic problem in which the nonlinear terms

f(x, u) and g(x, u) are identically equal to zero, we have

A(t) = 2Qx(t) (2.2.4)

and

v(x(1) = (1) X} (2.2.5)

that is

/\(t) = o (2.2.6)

where Q is the unique symmetric positive definite solution of the matrix quadratic
equation
A"Q+ QA+ W- QBU* B &0, 2.2.7)

and the optimal control 1s O(t) =-U"B"Q 3( t) )
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For the nonlinear-nonquadratic case, we will assume

V(1) = () X Y+ v(%)). (2.2.8)

and

RO

o 2Q%(t) + A (t). (2.2.9)

Therefore the optimal control problem (2.1.5) can be equivalently described by

solving the iteration equations

j:F(Xle)’ %(0)= %,

OO

(2.2.10)

I:Igl:ll:l

limA,()=0.

to oo

oF 0G B
J'(t)%(xi 1‘%1)"'%(%‘ Y +1) =0,
By (2.2.9) the optimal control can be written as

0= K(x @3 +A(8) == U B(OF) +A())+ KHEN(). @211

and the system equation becomes

A-BU™ BDQ)AX+¢(A>;)\), (2.2.12)
where ¢(%A)=-BUBA+ BKXA)+ % K'x Q#1)), and is such that ¢(0,0)=0,

000.9 _ 4 .4 09(0,0) _

, 0.
0Xx oA

can be rewritten as

] A& oA A A
The adjoint equation dn_ -\ oF (X’ u) - aG();’ )

dt oX
; - -
N AP R OB gy 990 ) 2.2.13)
a0 ox O ox

By putting (2.2.9) into (2.2.13) we have
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N _ ] S0f (R, K(% QX +A) ag(X K(XxQR+A) .\
= N(A-BUTBQ-(Qe)) - - - -9(%A) Q
(2.2.14)
which can be rewritten more concisely in the form
d)\D
e ~(A-BUTB'QN - (X \), (2.2.15)
where  B(k \) = —(Qx+A) of (%, K(;(X QY +A) ag(%, K(a)j( QY +A) ok AfQ  and
where lp(x, )\) is such that l]J(O, O) = aw(o’ O) =0, and aw(o’ O) =0.
oX OA
Consequently the iteration (2.2.10) can be written in the equivalent form
0
k=(A- BUB'Qx+ (%A);
= Qo+ 4(XA)
0 (2.2.16)

U \C
giTt =~(A-BUTB'QN - y(XA).

Then, using the boundary conditions at 0 and © we can integrate to obtain equiva-

lent integral equations

= e T R (K ) s

]

E (2.2.17)

o) =& T Ny (90 (5(3) o

The new control generated at each iteration stage is
U= Kia(% QX+ g(3)=- U B( ok k+ d )+ ki € ) @218

where q(x) is a function with g(0)=0, and 6(;5(0) =0 such that A(0) = ( X( )) a%)

and q j+1(XO) =)\j+1(0). Hence we can see that proving the convergence of (2.1.5) is

equivalent to proving the convergence of (2.2.17).
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2.3 The Proof of the Convergence of (2.2.17)
For convenience, let A, = A- BU™ B’Q be the cost matrix derived from the linear-

quadratic theory, which is shown by (2.2.7) and (2.2.11). Then, (2.2.17) can be

written as
x= &%+ [ € X FA(Y ds 2.3.1)
A1) == e ((9.M(3) ds 2.3.2)
Since A is a stability matrix, there are positive numbers R and a such that, for
t>0,
e =¥ < re™. 2.3.3)

In the region of interest, we have assumed that

O _ . 000 __ 4(0,0),
éq)(o, 9=0 =0 70 T
0 (2.3.4)
O 0.0=0 ay(0,0) o ow(0,0)
%“ ’ ©ox T

hence we can further assume that

o0 As) - 00 A )] o+l I+ J) %= xh+h -2 ). @35)
00 n) = w0 A ) < o+ Dl +h J+ N o+ h 2 D). @36

for some constant C. Setting X=X3, A = A1, X2 =0, A, =0, we also have

[6(x )= {14+ )’ 2.3.7)
Jw(x )= (A +[M])°- 2.3.8)

From (2.2.7) we know that Q and Ag together satisfy a Lyapounov matrix
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equation of the form

A, Q+ QA+ W=0, (2.3.9)
for some positive definite symmetric matrix W. We know that the ellipsoids in R"
given by
E ={X x'Qx= ¢} (2.3.10)
are invariant under the linear system X = A, X, because
@ =x"Qx+ X Qx= X AQx X% QAx — "x WxO. (2.3.11)

Since Q is a positive definite symmetric matrix, letting A be its diagonal eigenvalue

matrix, we have Qx = P'APx, where P is an orthogonal matrix. Making this substi-
tution in (2.3.10) we have x"Qx= ( P>§D/\ Px< f. Letting g be the reciprocal of the

smallest eigenvalue of Q, (i.e., the smallest diagonal entry of A™) we have

IX|=[PX< ar, xOE. 2.3.12)

Our object is to show the existence of a function )\(X) such that equation (2.3.1)
and (2.3.2) are satisfied and to show that )\(X) is obtained as the limit of the itera-

tion process described above. To this end we fix a positive value M and consider the

metric space % consisting of function A(x) defined on E: with the properties
A(0)=0, ||)\(x)—)\(y)||s nx- ¥, x, yOE, (2.3.13)

for some positive number m<M. We define |||  to be the greatest lower bound of

the set of m for which (2.3.13) holds. It is easy to verify that |A| , as just defined, is

a norm and that, with the corresponding distance function, 7% 1 is a complete met-

ric space. Combining the two parts of (2.3.13) with this definition we have

M)A <R o BI<LIY, xyOE. 2.3.19)
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Further, for M as just fixed, a standard argument using x"Qxas a Lyapounov
function shows that there is a positive number ry such that the ellipsoid E; remains
invariant under the nonlinear system

x= Agx+d(%A(%), (2.3.15)
for r <ry. The argument can be simply stated as
d(xDQx)
dt
=x"A'Qx+ X' QA% " Q- X @

= X"Qx+ X' QX

=-x"Wx+¢"Qx+ X @ <0, (2.3.16)
when r is sufficiently small, H(I)DQX+ )FQbHSH X W# for x 0 E.. We assume hence-

forth that r is restricted in this way, and so that (2.3.12) holds in the nonlinear

case.

For a given function )\(X)D 7 we construct trajectories X(t) lying in E; via
(2.3.1); these are solutions of (2.3.15) having the property !'To ||x(t)|| =0. We employ
the standard contraction fixed point approach to establish the existence of )\(X)
such that (2.3.1) and (2.3.2) are satisfied. Thus for given )\(X) we construct trajec-

tories X(t) from (2.3.1), then we determine a new function X(X) by setting (cf.

2.3.2))
A(x(Q) =~ & y(((9.A( £ 3) ds 2.3.17)

This provides a mapping from the function )\(X) to the function A (X) We need to
show that this mapping leaves 7% invariant, i.e., carries that space into itself, and

that the mapping is a contraction. For this we will need a series of estimates which

now follow.
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First of all we obtain an estimate on the trajectories. We suppose that x(t) and
y(t) are both solutions of (2.3.1), for the same A(x)0 %, corresponding to initial
points X and Y, in E;, respectively. Clearly we have

x(1) - y(f) = €%'( % - 36)+I; é*Q“‘S)[q)( A G- o (\( (>§)§] ds  (2.3.18)
From (2.3.3) we have
(% - w)| = Re"| 3= . 120. (2.3.19)

On the other hand, using (2.3.3) again together with (2.3.5), (2.3.7), and (2.3.14),

we see that the norm of the integral is bounded by

R+ O+ 0Kl s (A (Bsr( (Wfs s
<[ReCIdqe MY+ (R k) () s 2.3.20)

Since the existence of a unique solution of (2.3.1) has been proved by [Cronin] by
taking a convergent sequence arising out of the fixed point procedure, we can as-

sume an estimate of the form

[x(1) - (D) <pe™| %~ ¥, t=0, (2.3.21)
holds, and we note that this includes
(D) <pe|%], =0, (2.3.22)

as a consequence of setting y, = 0 (hence y(t) =0), then this estimate remains valid

using (2.3.14), (2.3.21), and (2.3.22) under (2.3.18) provided that
_a t -q(t-s -29s
pe 3 - w2 R&"| y= o+ [ RE @+ Mo E(| || M ox Jy ds

(2.3.23)

By further restricting r if necessary, and by (2.3.12), we can ensure
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1 4C(1+ M)’ qur

1+ M) 4R 2 2.3.24
%+J’ e 1+ M)’ qr d% ” ( )

and then (2.3.23) holds for the value p = 2R. So now we assume
[x()- v(t)|<2Re&*| ¥~ ¥, t=0. (2.3.25)

The next step is to estimate [, ()~ % (9] in terms of |\ -y, for trajectories x,(t),
x,(t) corresponding to A(X), p(x), respectively, in 7, and corresponding to the
same initial point x, JE,. In this case we have

x(0)-x.(9= [, € S[¢ (x(¥)-o( 20sn( X ))9] d52.3.26)
Again, the norm of the right hand is bounded by

LRI DY+ O+ ORS00 =) sul W) -as
Using (2.3.14), (2.3.21), (2.3.22), and by taking p = 2R, we have
P+ e AOxCH] + [l OB 4e W RE K @327

and

IMQm%WA M&%
(93 + POx(H-ACHR A0 A B-u( R
<o (9= %(3|+[M( x( ( KO+ (A B u( O
%(9= %9+, || X(3= OB+ =ul] X

- (1+||A||m)||xA 9- % s)||+||A ~Hl.| %(¥

<@+ M) (9= % (9 + A -1|,2 RE[ &, (2.3.28)
then by (2.3.27) and (2.3.28), the right hand of (2.3.26) is bounded by

e[ acr(1+ M| x[(+ M x(3- xR+ -ul,2 RE| f ds (2329
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Similar to (2.3.21), we anticipate an estimate of the form
b (9, 9] Nl ¥ 2:3.50)
and substitute it into the expression of (2.3.29) to obtain

A -ul,f, 4CR(1+ M x| e(1+ M) N« 2R ds (2.3.31)
Accept N = R and we see that we need
e n-ul, [, 4CR(1+ M| e*(3+ M) Rds REA-u| |k (2332

which, since |x || < ar, is satisfied if

ACR(1+ M)(3+ M)ar

<1. (2.3.33)

Since we can assure N = R by further restricting R if necessary, we may now as-

sume that (2.3.30) is valid with N=R 1.e.,
(9~ (9= R&“IA -l ] @330

The final step is to start with two functions A(x), p(x) in 7,,,. Under the map-

ping (2.3.17) we then obtain two new functions X(X), ﬁ(x), respectively, and we

have, setting t = 0,

()~ 106)= (% 0) - A(05(0) = &w( 3108 -0( HOm( 4OB] o

(2.3.35)
Using (2.3.27) and (2.3.28), we can bound the integral here by

£, Re gl O PCOY ORI s wels ) su( L O
< IO“’ R e*4ad1+ M) >6||[(1+ M| x( 3= 2 B-IA-u| X )H ds (2.3.36)
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Then using (2.3.34) and (2.3.35) with the selected value p = 2R and |x,|<qr, we

have

M) - H06)| < —h -wlIxf, R €4 @+ M(3+ M) ards (2.3.37)

and it is clear that, given y with 0 <y < 1, by further restricting r, if necessary, we

can obtain

M) =) < VIA ~ w1 ] ) - (2.3.38)

Since this is true for all x, O E;, we have

=] <vix -, (2.3.39)

An entirely similar argument, involving just )\(XO) instead of the difference

A(%,) = H(x,) also shows that with r suitably restricted we have
N <, =M, (2.3.40)
for A 0 7,,,. Combining (2.3.39) and (2.3.40) we see that the map (2.3.17) leaves

.. invariant and is a contraction with respect to the distance function |\ —p| . It

then follows from the contraction fixed point theorem that there is a unique func-

tion A 00 7. such that the equation (2.3.1) and (2.3.2) hold.

However, the existence of )\(X) is something known already, from the paper of

Lukes, e.g. . The significance of the present result lies in the fact that the iteration
procedure which corresponds to application of the Contraction Fixed Point Theorem
in the present instance coincides with to the Kleinman-Newton iteration scheme.

That is, given an initial function Al(x) in %, one first defines the solution xl(t)

with initial state xo, as the unique solution of the integral equation
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x =g+ [ &I PA( { §) s 2.3.41)
This gives a family of trajectories covering the whole ellipsoidal neighborhood E; of
the origin in R". Then one defines a new function )\Z(X) by integrating over each of
the trajectories defined by (2.3.41):

M(x(0) == € x(.04 A 3) ds (2.3.42)
This corresponds, in fact, to integrating the cost function corresponding to the con-
trol determined by Al(x) over the trajectories xl(t) to obtain the new cost function

Vz(x) , whose gradient is then the vector function 2Qx+ )\z(x). Later steps, of course,

take the form of (2.2.17), i.e.,

%(j _ e(A—Bu’lsDQ)t)S +J,0t éA— BUL B (¢ $¢( )J(( #1)\1( P‘( )9) ds

(2.3.43)

OO

P a(t)= _Irw drerdte I)qJ(Xi(g’)‘i (x( #)) ds

In each iteration step, the gradient of the new cost function Vj+1(x) is the vector

function 2Qx+A j+1( X) .
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Chapter 3. Using the Kleinman-Newton
Method to Compute the Optimal Control

In this chapter we will describe in detail the numerical algorithm we have devised
for implementing the Kleinman-Newton method. A two dimensional control system
is used to demonstrate the success of the method. The convergence rate of the
method seems to be quadratic. Some notations and indices may be different from

the first two chapters; they will be clearly defined in the text to follow.

3.1 Assumptions
The system is given as

x=F(x u), with x(0)=x, OR" and u, = Ko(x)OR", (3.1.1)
where F(x,u)= A+ B x})+ f{ x ), xOR', udR", X, is the initial condition, and
U, is the initial control which is chosen to make the system asymptotically stable.
Since the method works only within a local area around origin, X, has to be re-
stricted in a domain D OR" in which a corresponding initial stabilizing control u,

can be found. Moreover, we will let vector (a, a, - O(n)T denote X,

(M, M, - M,) denotecontrolu,and (f, f, - f,) denotefunction F(x, u).
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As we have discussed in Chapter 2 and Section 2.1, we will use the following it-
eration equations modified from (2.1.5) in stead of directly using the Hamilton-

Jacobi-Bellman equations (2.1.1)
P~ F(Xj U )?

i (X(t)) = ﬁm G(X,- (S),u i (x(s)))ds; 3.1.2)

I:II:I@:I]:II:I@J_:ID

EPVJ' oF (Xj ’Uj+1)+ aG(Xj ,um) -0
FOx,  Ou, ou,., '

where the cost function G(x, u) can be defined in several ways. For example, as in

the case at the case of pendulum, G(x, u) can be defined as
G(xu=%a’+yp, (3.1.3)

without higher order terms. In this chapter, we will use G(x, u) in this form. Thus

the cost is quadratic but the system is nonlinear.

By (3.1.3), we have

0G(x U) _00G aG 0G0
= =92 : 314
ou Elaul o, aumE (e e o). (3.1.4)
hence by %_\;GF((; u) + aGg): u) =0 we have
10V oF (X,
(TRETS BE _1ovoF(xy)

20x Ou
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D

2)

3)

SN N

[P, OW, OHy O

1Hov oV oV : ;O
_ __E e NV _ 3.1.5
2pa, o0q, da : R S ( )
of, of, of,
M, OH, oM, [

There are 5 crucial points we need to pay attention to:

Since the Kleinman-Newton method is a numerical method, we must first define
a fixed domain D for x and then partition domain D into a finite number of ele-
ments whose vertices are called grid points at which the numerical values of u
and V will be found (in two dimensional space the element can be a square or
rectangle, and in three dimensional space, a cubic, etc.).

Because the feedback control v is a function of x, before the numerical iterations
in solving (3.1.1), the values of u at all the grid points must be found in the do-

main D; and in solving the value of trajectory X(t) in each iteration step
o If the trajectory X(t) happens to be at a grid point, then the corresponding
control value u(x) at this grid point must be found out from a database
which stores the values of u(x) at all the grid points.
e If the trajectory X(t) happen to be inside of a finite element, the corre-
sponding control value u(x) must be calculated by using interpolation

method (cubit spline method is recommended).
We know that x is a function of ¢, u is a function of x and at last the function of ¢
too, and trajectory x will become asymptotically stable at origin, so that each

value of V can be found by integrating G(x, u) backwards with respect to ¢ (see

Figure 3.1).

32



V(a,,a,)

trajectory ofx(t)

o (t)

Figure 3.1.1: Each value of V(X(I;)) is found by integrating backwards along
the trajectory X(t) with the initial value X(ti).

3) Since Vis a function of x in the domain D, in order to find %—V in solving (3.1.2),
X

the values of V at all the grid points must be found by integrating backwards
along the trajectory X(t).

4) In domain D, the values of x at all the grid points will be used as an initial value
in order to find all the necessary values of V by integration (see Figure 3.1), and
these initial values remain the same in iterations.

5) The values of u, V, GG, and F are all numerically discrete, we will use finite sets

rather than continuous functions to represent them.

3.2 Computational Algorithm for the Kleinman-Newton Method

Algorithm Step 1. Partition the Domain D into Finite Number of Elements

We partition the domain D into finite number of equal sized elements which are

easier to program than non-equal sized elements. We define

D:{(dl d, - d):d0-], |].1<i<n, | OR, in0 N}. (3.2.1)
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Since the finite elements are of the same size, let hbe the grid length and let

m = 2—:]‘, then there are m; + 1 grid points along each axis. Therefore there will be

totally M = [7] (m + 1) grid points in the domain D which is also the number of initial

i=1

values of x for the equation (3.1.2), and they are

D_|1|:| D_|1+h|] D_|1+mlh:|1|:| U _ll g g _ll L U _ll U
o o o U U U U 0 O U U g
D_|2D 0 —|2 0 0 —|2 0 D_|2+hD D_|2+2h|] D—I2+m2h—I2D
o:o o0 : oo o0 : OO o O oo
o o o [l [l [l [l 0 O [l [l [l
-0 O-1 O o -1, O 0oO-,oo0-1,c O -1, 0O
nLbool, o o C

o'oo oo 0 o1, +mh= |

U0 0 %2 0O 0 2 0 1

O: o0 : D770 : o Where [ _2, ,with i=1, 2, 3, .n.

0 o o [l [l U En h

O-1.0 O+, +hC -1, +mh=1LC

]

These grid points are used as initial values in the computation. We denote these

initial values as x0={ X, %,y R, )QA} where 0<j<M and M = ﬁ(m +1). The

i=1
values of control w©w at all the grid points will be denoted as

uk(x) ={ g, &, g, L,f"}, where the subscript k represents the iteration step

number. Similarly the values of V at all the grid points will also be denoted as

Vk(x)={Vk1, V2 e M e W}

Algorithm Step II. Initial Stabilizing Control

Each initial value x/ D{ X, X, )@A} corresponds to a stabilizing control value

U}, so that M such controls { U, B, o g, L@A} must be found at the beginning.
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The subscript 0 of x} refers to initial condition and it remains unchanged, whereas

the subscript 0 of u({ refers to iteration step 0 and it will change to 1, 2, 3, ... until

iteration is finished. The superscript of both x/ and u} indicates the location of the

initial value in domain D. There are several ways to find these initial stabilizing

controls. One common way is by guessing. A more systematic way that we recom-

mend here is as follows:

1) Linearize X = F(x, u) to be x= Ax+ Bu.

2) Choose two positive numbers r and A such that —(A+Al) is a stability matrix
which means all of its eigenvalues have negative real part, and A >r .

3) Use Smith’s method introduced in Chapter 1 section 1.5 to solve the equation
(3.2.2) for the unique positive definite matrix Z.

—(A+A1)Z-Z(A+A )"+ BB’=0 (3.2.2)

4) The desired initial control is uo(x) = Kx=-B'Z'x

Note: The initial control is guaranteed to work only in the domain D, and from next
iteration on, the control will be generated by Kleinman-Newton method (3.1.2)

rather by (3.2.2).

Algorithm Step III. Start the Iteration

For greater generality, we start with iteration step k=0. With each initial value
Xy D{ X, X, R )@"} and the corresponding control u (x) where & is the it-
eration step number starting from 0, we solve for x = F(x u) numerically (by Runge

Kutta method for instance) to obtain M different trajectories of x from these M ini-

tial values towards origin.
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i tf . . o . i
We integrate Vk(x(’,) =J' G()(Q I,J( ()%) dswith initial value x; along the corre-
sponding trajectory and with t; large enough to approximate oo, so that we can

have M values of V, D{Vk1 (VTR V/ \(M} . Again, the subscript of V, refers

to iteration step %k start from 0 and it is consistent with the subscript of control u,,

and the superscript of V, denotes location in domain D.

At iteration step k, once we have all the values of {Vk1 VZ o Vo VkM} at

all the grid points, by finite difference method we can calculate one by one each

component Ve of aai where X=(0(1,0(2,---,0(,,---,an)T, I<j<M,and 1 <1 <n.
a, X
Similarly, we are also able to compute the values of F(x,u)=(f f, -~ f) atall

the grid points and use finite difference method to calculate each component o of
M

oF (x, u)

3 , Where u:(ul, Mo,y 1 ,---,um)T, I<i<nand 1<| <m. Finally by (3.1.5) we
u

generate all the values of control u, for the iteration step k. We denote all the val-

ues of U, by{uﬁ, U2, e, U, e ,L;(M} .

Algorithm Step IV. Conclusion of the Iteration

With the values of {uﬁ U2, e, U e ,LJ(M} and the initial val-

2

ues{ Xoy Xy ooy X, e >{;A} , we start iteration step k + 1. By repeating algorithm

step III and IV, we will have all the control values that converge to optimal control

values O(X) ={ i, W, U, ,ﬂ"} , and have all the values of V that converge to

the minimum ones \7(x):{\71, V2, o e VV'}
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3.3 Computational Examples

3.3.1 Pendulum System

We will try a two dimensional system by the Kleinman-Newton method. A pendu-

Ium system can be modeled as a second order differential equation

m,0 0o a, L[
EdZH_B—asinal+pE’ (3.3.1)

6.1799 (o, 0

, X= ECXZH’ and u= gﬁ, so that

where the constant a=

Fix = @—3.09;;a1+p@ (3.3.2)
By (3.1.3), the cost function is
G(x, u):af +al+p?, (3.3.3)
so that
V(X( )=‘I (a%(9+a2(9+u?(3) ds (3.3.4)
nd by a_vaF(x, u) aG(x, u) _ 0. we have
ox OJu ou

ov a_v%%m:o, (3.3.5)
a, oad,

and hence the control can be computed as

100V U
=- 3.3.6
=550 (3.3.6)

uzg%ﬁ) —% 6;’2%. (3.3.7)

or rather
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3.3.2 Application of Kleitnman-Newton Method

We choose a stabilizing control by guessing

u(x)=a, - 20, = (1 —2)%% (3.3.8)

2

as the initial control, and chose the subspace
D :{(xl, x,): % 0[-1, 1, % 0[-2, q} (3.3.9)
The grid length h=0.05, and the starting and final time are t; =0 and t; =15 re-

[(P—-(-2 0 -(- 0
spectively. Therefore there will be M :B%HHXB%”H: 3321 initial

conditions or rather grid points which are the vertices of finite elements. They are

listed in Figure 3.1 and denoted by { X, X, e, XOM} :

(-1, -2, (-095 -2, -, (L-2

(-1, -1.99, (-095 -1.95 -, (L- 19

(-1, 2), (-0952, -, (12

Figure 3.3.1: All the grid points in the chosen domain D.

With these M initial conditions and the initial controls, we use second order
Runge Kutta method to solve (3.3.1) for M trajectories. The iteration of Runge

Kutta method will be nestled inside the iteration of Kleinman-Newton method.
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(o, (n)d
The iteration of Runge Kutta method is described in (3.3.10). Let [ 1( )D be the

o, (n)0

) ) ) ) ) (0. (0)0 . .
discretized solution (trajectory) with n=0, 1, 2, ...,N, so that 0 1( )D 1s the initial

o, (0)0

value following the pattern in Figure 3.1. Since the starting time is 0 and final

time is 15, if we let the step size be 0.05 the same as the grid length, then the num-

ber of discretized solution is N = lg) ;50+1= 301
0 o+ u)-asine, ()] H
=0 o
o o hat, (n) 0
0 asintt, (n) + 222\ Hy L (n)D
= 1 2
5 O 0 a ad (3.3.10)
U
U
U

where the iteration number n =0, 1, 2, 3, ..., 300, step size h = 0.05, and S is a pa-

rameter.

Note: We have M = 3321 such trajectories because of the pattern in Figure 3.1,
which means we will have to solve equation (3.3.10) 3321 times, and during each

time there are N = 301 iterations of Runge Kutta method nestled.

3.3.3 Iteration of Kletnman-Newton Method

1) Start with 3321 initial values in Figure 3.1, by iterating (3.3.10) to get 3321
trajectories, using initial control (3.3.8) in the first iteration and using the gen-

erated control values by (3.3.7) from the second iteration on.
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2)

3)

4)

5)

Integrate (3.3.4) along those 3321 trajectories by Simpson’s rule or the Gaussian
quadrature method to get 3321 values of V (see Figure 3.2).
Use finite difference method (3.3.11) to differentiate V with respect to a, to get

3321 values of control p to form u= gﬁ by (3.3.7).

LAV O L i
=== X ]=—— \VARREVA R 3.3.11
2[60(2% 4h( oK ) ( )

where & is the number of iteration of Kleinman-Newton method, and ¢ <3321 is
the location on the pattern in Figure 3.2.

Note: By (3.3.11) we see that we can not calculate the boundary values of [, so
that we just simply let the boundary values of W' equal to the control values right
next to them.

Go to 1) to start next iteration with initial values in Figure 3.1 and with the
newly generated control values by (3.3.7).

Stop when the iteration number accumulates to the specified threshold (usually

4 is large enough, but we implemented 8 iterations for the sake of research).

82
1 \% 3241
Vo k R Vo

. :
2 83 ! ' 3242
V, V8L V,

_____________________

_____________________

______________________

81 162 3321
V8V, e Vy

-1 1

> O,

Figure 3.3.2: The pattern of the values of V at iteration step k.
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3.3.4 Interpolation of Control Values

When solving (3.3.10) by Runge Kutta method, every solution value x(n)=

o0 Qg ) )
needs a corresponding control value u(n) = E“ (H)E If a solution value x(n) is not at

grid point, there will be 4 values of the control u surrounding x(n) (see Figure 3.3).

&
‘(g.
y ®
&
2,
oA

l‘lc l‘ld

Figure 3.3.3: There are 4 control values surrounding a solution value x(n).

In order to keep high accuracy of computation, none of the 4 control values will

be used directly, but instead the corresponding control value p(n) will be found by

linear interpolation according equation (3.3.12).
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3.3.5 A Brief Description of Data Structure

There are several technical problems need to be solved:

D
2)

3)

4)

How to keep the values of x, V, and u.

which 4 control values are needed for the interpolation.

do with these boundary control values.

3.3.12)

How to locate where the trajectory goes in a,-0, phase plane in order to know

How to prevent the trajectory from going beyond the domain D in a,-a, phase

Since the finite difference method (3.3.11) which is used to take derivative with

respect to a, does not deal with control values on the boundary, what should we

The first problem is solved by using “linked mesh” technique to maintain the

whole data structure (see Figure 3.4). Each node contains information of trajectory

value x and control value u, but not integrated value of V because it is not used

during computations.
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Iayerk Y
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Figure 3.3.4: Two layers of the whole data structure: the node is linked
with one another within the same layer, and each layer is linked with one
another by the corner node.

With this “linked mesh” technique, as we iterate (3.3.10), we first make the
pointer search along u(al,az) for which layer the trajectory has reached according
to the control value p(n), and then let the pointer search within the same layer ac-

cording to the trajectory value x(n) for which 4 nodes are needed for interpolation.

Now problem 2 is solved.

Since outside the domain D, there will be no control values stored in the data
structure nodes, hence at this time (3.3.10) can not be solved. In order to prevent

the trajectory from going beyond the domain D in a,-0a, phase plane, we shrink the

boundary of domain D by one or two grid size after each Kleinman-Newton itera-
tion. After this shrinking, if the trajectory still goes beyond domain D, it will not go
too far, so that we will use 4 nodes that are closest to the current trajectory location

x(n) for the interpolation of the corresponding control value p(n). The resulting er-

ror 1s still tolerable.
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As for problem 4, we just simply let each boundary control value equal to the one

stored in the next inner node within the same layer.

3.3.6 Computation Result
After about 8 iterations, all the controls will converge to {01, o, -, UM} which

have the optimal cost. Figure 3.6 (a), (b), (¢), (d), (e), (f), (g), and (h) are the output
of V(X) from iteration 0 to 7 respectively. Figure 3.7 (a), (b), (¢), (D), (e), (©), (g), and

(h) are the output of p(x) from iteration 0 to 7 respectively. We can clearly see the

convergence of V(x) and u(x).
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Figure 3.3.5: Output of V(X) in iteration 0.

Figure 3.3.6: Output of V(X) in iteration 1.
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a2 -4 15

Figure 3.3.7: Output of V(X) in iteration 2.

a2 -4 15

Figure 3.3.8: Output of V(X) in iteration 3.
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Figure 3.3.9: Output of V(X) in iteration 4.

104

V(x)

» O N » (o] [ee]
i L L ] L

Figure 3.3.10: Output of V(x) in iteration 5.
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V(x)

O N N O ®
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V(x)
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10\

Figure 3.3.11: Output of V(x) in iteration 6.

12

104

Figure 3.3.12: Output of V(x) in iteration 7.
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control u(x)

control u(x)
o
L

a2 -4 -15

Figure 3.3.15: Output of p(x) in iteration 2.

Figure 3.3.16: Output of p(x) in iteration 3.
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control u(x)

control u(x)
o
L

Figure 3.3.17: Output of p(x) in iteration 4.

Figure 3.3.18: Output of p(x) in iteration 5.
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control u(x)

control u(x)

Figure 3.3.19: Output of p(x) in iteration 6.

a2 -4 -15

Figure 3.3.20: Output of p(x) in iteration 7.
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In order to study a certain individual trajectory, we have recorded the results of
four different initial conditions which are in 4 different quadrants: (-0.5-1),
(0.5,1.3), (— 0.5,1.2), (0.5,—1.1). Figure 3.8 (a) and (b) are the a,-a, phase plane
which show the situation of convergence of the four trajectories starting from those
four initial values. Figure 3.9 (a), (b), (c), and (d) show the corresponding control

u(x(t)) with respect time ¢, and under those 4 different situations, the controls in

each iteration converge to the optimal one.
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15

Figure 3.3.21: The phase plane with initial values of (-05,-1) and (0.5,1.3).

15

.5I 1 1 1 1 1 1 1 1 1 1
-05 -04 -03 -02 -01 0 01 02 03 04 05

Figure 3.3.22: The phase plane with initial values of (-0.51.2) and (0.5,-1.1).
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Figure 3.3.23: Control u(x(t)) corresponds to the initial value of (— 0.5,—1).
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-0.5H

-1.5
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Figure 3.3.24: Control u(x(t)) corresponds to the initial value of (0.5,1.3).
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Figure 3.3.26: Control u(x(t)) corresponds to the initial value of (0.5,—1.1).
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Further more, from table 3.1, we can see the cost drops to the minimum one and
become stable. table 3.2 shows the comparison between the theoretical cost and the
numerical cost. The theoretical cost is computed by the Ricotta equation described
in Chapter 1 section 1.3, and the numerical cost is computed by Simpson integra-

tion rule following the equation (3.3.4).

Table 3.3.1: The cost of the four trajectories calculated according to the
definition (3.3.4).

Loop No.\ x(0) | (-05-1) (0.5,1.3) (-05,1.2) (05,-1.1)
0 3.5386 4.7625 2.0400 2.7498
1 2.3272 3.2277 2.4364 2.1805
2 2.2357 3.0873 2.3705 2.1234
3 2.2347 3.0857 2.3694 2.1224
4 2.2347 3.0857 2.3694 2.1224
5 2.2347 3.0857 2.3694 2.1224
6 2.2347 3.0857 2.3694 2.1224
7 2.2347 3.0857 2.3694 2.1224

The theoretical costs computed by Ricatti equation and the numerical costs are as

followings:

Table 3.3.2: The comparison between the four resulted theoretical cost
and numerical cost.

X(O) \ Cost Numerical Theoretical | Absolute Error | Relative Error
(-05,-1) 2.234736 2.236646 0.00191 0.085%
(0.5,1.3) 3.085725 3.074801 0.0109 0.335%
(-05,1.2) 2.369434 2.393589 0.02461 1.009%
(05-1.1) 2.122434 2.145561 0.02313 1.078%
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The absolute error is defined as the absolute value of the difference between theo-

Relative Error
Theoretical Cost

retical cost and numerical cost, and the relative error is defined as

3.4 Conclusion

The Kleinman-Newton method has come out of linear quadratic case to the stage of
nonlinear-nonquadratic situation. It can be applied to any dimensional space. The
convergence rate seems to be quadratic, but it needs more research work. Whether
the domain D can be extended to the global domain also needs further exploration.

The numerical results match very well the corresponding theoretical results.
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