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B.1.  INTRODUCTION

7KH� SXUSRVH� RI� WKLV� DSSHQGL[� LV� WR� GHVFULEH� WKH� LPSOHPHQWDWLRQ� RI� FRXSOHG

FRQVROLGDWLRQ� LQWR� WKH� ILQLWH� HOHPHQW� SURJUDP� 6$*(�� � )LUVW�� VRPH� IHDWXUHV� RI

6$*(�DUH�GHVFULEHG�LQ�RUGHU�WR�SURYLGH�D�EDFNJURXQG�IRU�XQGHUVWDQGLQJ�VRPH�RI

WKH�LPSOHPHQWDWLRQ�LVVXHV�RI�WKH�FKDQJHV�WR�6$*(���1H[W��WKH�JHQHUDO�IHDWXUHV�RI

WKH� LPSOHPHQWDWLRQ� RI� FRXSOHG� FRQVROLGDWLRQ� LQ� 6$*(� DUH� GHVFULEHG�� � ,Q� WKH

LQWHUHVW�RI�EUHYLW\�PDQ\�RI�WKH�PLQRU�GHWDLOV�DUH�OHIW�RXW�

B.2.  SAGE

7KH� SXUSRVH� RI� WKLV� VHFWLRQ� LV� WR� GHVFULEH� WZR� WKLQJV�� � 7KH� ILUVW� LV� WKH� EDVLF

VWUXFWXUH�RI�6$*(���7KH�VHFRQG�LV�WKH�XVH�RI�GHJUHH�RI�IUHHGRP�PDSSLQJ�DUUD\V

LQ� 6$*(�� � $� EDVLF� NQRZOHGJH� RI� WKHVH� WZR� WKLQJV� LV� UHTXLUHG� LQ� RUGHU� WR

XQGHUVWDQG�WKH�LPSOHPHQWDWLRQ�RI�WKH�FKDQJHV�GHVFULEHG�LQ�WKLV�DSSHQGL[�

STRUCTURE OF SAGE

6$*(�LV�ZULWWHQ�LQ�)2575$1����LQ�D�YHU\�VWUXFWXUHG�SURJUDP�VW\OH���7KH�NH\

IHDWXUHV�RI�WKH�SURJUDPPLQJ�RI�6$*(�DUH�WKDW�VXEURXWLQHV�DUH�XVHG�WR�SHUIRUP

LQGLYLGXDO�WDVNV�DQG�FRPPRQ�EORFNV�DUH�QRW�XVHG��L�H��DOO�DUUD\V�DQG�YDULDEOHV�DUH

SDVVHG� IURP� VXEURXWLQH� WR� VXEURXWLQH� WKURXJK� DUJXPHQW� OLVWV��� � 7KHVH� IHDWXUHV

PDNH� WKH�6$*(�FRGH�HDVLHU� WR�GRFXPHQW��PDLQWDLQ�� DQG�PRGLI\�� �7KLV� VHFWLRQ

GHVFULEHV�LPSRUWDQW�HOHPHQWV�RI�KRZ�6$*(�SHUIRUPV�DQ�DQDO\VLV�
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6$*(� LV� GHVLJQHG� WR� SHUIRUP� LQFUHPHQWDO� DQDO\VHV�� � 7KH� ORDG� KLVWRU\� RI� HDFK

SUREOHP� DQDO\]HG� LV� PRGHOHG� ZLWK� D� VHULHV� RI� FRQVWUXFWLRQ� VWHSV�� � (DFK

FRQVWUXFWLRQ�VWHS�LV�XVHG�WR�PRGHO�D�GLIIHUHQW�VWDJH�LQ�WKH�KLVWRU\�RI�D�SUREOHP�

7KH�LQLWLDO�FRQGLWLRQV�IRU�HDFK�FRQVWUXFWLRQ�VWHS�DUH�WKH�UHVXOWV�RI�WKH�FDOFXODWLRQV

IRU� WKH�SUHYLRXV�FRQVWUXFWLRQ�VWHS�� �7KH� ILQLWH�HOHPHQW�PHVK�DQG� WKH�ERXQGDU\

FRQGLWLRQV�IRU�HDFK�FRQVWUXFWLRQ�VWHS�DUH�GHILQHG� LQ� WHUPV�RI�FKDQJHV�IURP�WKH

SUHYLRXV� FRQVWUXFWLRQ� VWHS�� � )RU� H[DPSOH�� H[FDYDWLRQ� LV� PRGHOHG� E\� DSSO\LQJ

ORDGV�WR�VLPXODWH�WKH�UHPRYDO�RI�PDWHULDO��DQG�E\�GHDFWLYDWLQJ�HOHPHQWV�WKDW�ZHUH

DFWLYH� LQ� WKH� SUHYLRXV� VWHS�� � 3RLQW� ORDGV�� VSHFLILHG� GLVSODFHPHQWV�� DQG� ILOOLQJ

�SODFHPHQW� RI� ��'� HOHPHQWV�� FDQ� DOVR� EH� PRGHOHG�� � 7KH� XVH� RI� LQFUHPHQWDO

DQDO\VHV�DOORZV�FRPSOH[�ORDGLQJ�KLVWRULHV�WR�EH�PRGHOHG�

(DFK�FRQVWUXFWLRQ�VWHS�LV�GLYLGHG�LQWR�VXEVWHSV��7KH�QXPEHU�RI�VXEVWHSV��Q��IRU

DQ\�FRQVWUXFWLRQ�VWHS�PXVW�EH�RQH�RU�PRUH���7KH�FKDQJHV�LQ�K\GUDXOLF�ERXQGDU\

FRQGLWLRQV�DQG�WKH�ORDG�YHFWRU�IRU�WKH�FRQVWUXFWLRQ�VWHS�DUH�GLYLGHG�LQWR�Q�HTXDO

LQFUHPHQWV� WR� REWDLQ� WKH� LQFUHPHQWDO� ERXQGDU\� FRQGLWLRQV� DQG� ORDGV� IRU� WKH

VXEVWHS�ILQLWH�HOHPHQW�DQDO\VHV���7KH�ILQLWH�HOHPHQW�HTXDWLRQV�DUH�DVVHPEOHG�DQG

VROYHG� IRU� HDFK� VXEVWHS�XVLQJ�1HZWRQ�5DSKVRQ�RU�PRGLILHG�1HZWRQ�5DSKVRQ

LWHUDWLRQ�PHWKRGV���0RUULVRQ��������GHVFULEHG�RI�WKH�LWHUDWLRQ�DOJRULWKPV�XVHG�LQ

6$*(�� �7KH� UHVXOWV�RI� HDFK� VXEVWHS� FDOFXODWLRQ� DUH� LQFUHPHQWDO� GLVSODFHPHQWV�

VWUHVVHV��DQG�IRUFHV���7KH�LQFUHPHQWDO�YDOXHV�IURP�D�VXEVWHS�FDOFXODWLRQ�DUH�DGGHG

WR�DUUD\V�WKDW�VWRUH�WKH�FXPXODWLYH�YDOXHV�RI�GLVSODFHPHQWV��VWUHVVHV��DQG�IRUFHV�

DEGREE OF FREEDOM MAPPING ARRAYS

6$*(� LV� GHVLJQHG� WR� EH� D� JHQHUDO�SXUSRVH� ILQLWH� HOHPHQW� SURJUDP� IRU� VROYLQJ

JHRWHFKQLFDO�SUREOHPV���7KH�FUHDWLRQ�RI�D�JHQHUDO�SXUSRVH�SURJUDP�UHTXLUHV�JUHDW

LQWHUQDO� IOH[LELOLW\�� �0DQ\�ERRNNHHSLQJ�DUUD\V�DUH�XVHG� LQ�6$*(�WR�SURYLGH� WKH

UHTXLUHG�IOH[LELOLW\���2QH�W\SH�RI�ERRNNHHSLQJ�DUUD\�LV�GHJUHH�RI�IUHHGRP�PDSSLQJ

DUUD\V�
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'HJUHH� RI� IUHHGRP� PDSSLQJ� DUUD\V� DUH� XVHG� LQ� 6$*(� WR� VLPSOLI\� WDVNV� OLNH

DVVHPEOLQJ� WKH�JOREDO� VWLIIQHVV�PDWUL[� DQG� DSSO\LQJ�ERXQGDU\� FRQGLWLRQV� WR� WKH

DVVHPEOHG� ILQLWH� HOHPHQW� HTXDWLRQV�� � 6HYHUDO� IDFWRUV� FRPSOLFDWH� DVVHPEOLQJ� WKH

JOREDO� VWLIIQHVV� PDWUL[� DQG� DSSO\LQJ� ERXQGDU\� FRQGLWLRQV� LQ� 6$*(�� � 2QH

FRPSOLFDWLRQ�LV�WKDW�WKH�QXPEHU�RI�DFWLYH�QRGHV�DQG�HOHPHQWV�FDQ�FKDQJH�IURP

VWHS�WR�VWHS�LQ�DQ�DQDO\VLV���$�VHFRQG�FRPSOLFDWLQJ�IDFWRU�LV�WKDW�WKHUH�DUH�VHYHUDO

GLIIHUHQW� W\SHV� RI� HOHPHQWV� LQ� 6$*(�� � )RU� LQVWDQFH�� WKH� URWDWLRQ� GHJUHH� RI

IUHHGRP�DVVRFLDWHG�ZLWK� WKH�EHDP�EDU�HOHPHQW� LQ�6$*(�LV�QRW�SUHVHQW� IRU�DQ\

RWKHU�HOHPHQW

'HJUHH� RI� IUHHGRP� PDSSLQJ� DUUD\V� DUH� YHU\� VLPLODU� WR� DUUD\V� XVHG� WR� VSHFLI\

HOHPHQW� FRQQHFWLYLW\�� �$� FRQQHFWLYLW\� DUUD\�PDSV� WKH� ORFDO� QRGHV� RI� LQGLYLGXDO

HOHPHQWV� RQWR� JOREDO� QRGH� QXPEHUV�� � 'HJUHH� RI� IUHHGRP�PDSSLQJ� DUUD\V� DUH

VLPLODU� EHFDXVH� WKH\� PDS� ORFDO� GHJUHHV� RI� IUHHGRP� IRU� QRGHV� WR� GHJUHHV� RI

IUHHGRP�IRU�HOHPHQWV�RU�WKH�HQWLUH�PHVK���+HQFH��WKHUH�DUH�WZR�W\SHV�RI�GHJUHH�RI

IUHHGRP�PDSSLQJ�DUUD\V�XVHG�LQ�6$*(���2QH�W\SH�LV�D�JOREDO�GHJUHH�RI�IUHHGRP

PDSSLQJ�DUUD\���$�JOREDO�GHJUHH�RI�IUHHGRP�PDSSLQJ�DUUD\�PDSV�WKH�ORFDO�GHJUHHV

RI� IUHHGRP� IRU� LQGLYLGXDO� QRGHV� RQWR� JOREDO� GHJUHHV� RI� IUHHGRP�� �7KH� VHFRQG

W\SH�RI�DUUD\�LV�DQ�HOHPHQW�GHJUHH�RI�IUHHGRP�PDSSLQJ�DUUD\���$Q�HOHPHQW�GHJUHH

RI�IUHHGRP�PDSSLQJ�DUUD\�PDSV�WKH�GHJUHHV�RI�IUHHGRP�IRU�WKH�ORFDO�QRGHV�RI�DQ

HOHPHQW�WR�WKH�GHJUHHV�RI�IUHHGRP�IRU�WKH�HOHPHQW�

0DQ\� RI� WKH� FKDQJHV� PDGH� WR� 6$*(� GXULQJ� WKH� LPSOHPHQWDWLRQ� RI� FRXSOHG

FRQVROLGDWLRQ� ZHUH� VLPSOLILHG� E\� WKH� IOH[LELOLW\� WKDW� WKH� GHJUHH� RI� IUHHGRP

PDSSLQJ�DUUD\V�SURYLGH�

B.3.  COUPLED CONSOLIDATION

7KH�QHHG� IRU� FRXSOHG� FRQVROLGDWLRQ� LQ�6$*(� LV�GHVFULEHG� LQ�&KDSWHU� ��� � 7KLV

VHFWLRQ� GHVFULEHV� KRZ� FRXSOHG� FRQVROLGDWLRQ� LV� LPSOHPHQWHG� LQ� 6$*(�� � )LUVW�

VRPH� LPSRUWDQW� GHWDLOV� RI� WKH� ILQLWH� HOHPHQW� IRUPXODWLRQ� XVHG� DUH� GLVFXVVHG�
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1H[W�� WKH� PDQQHU� LQ� ZKLFK� HDFK� RI� WKH� W\SHV� RI� HOHPHQWV� LQ� 6$*(� ZDV

LQFRUSRUDWHG� LQWR� WKH� FRXSOHG� FRQVROLGDWLRQ� FDSDELOLW\� LV� GLVFXVVHG�� � 2QO\� WKH

PRVW�VLJQLILFDQW�GHWDLOV�RI�WKH�LPSOHPHQWDWLRQ�DUH�GLVFXVVHG�

FINITE ELEMENT FORMULATION

7KH�ILQLWH�HOHPHQW�IRUPXODWLRQ�IRU�FRXSOHG�FRQVROLGDWLRQ��RU�%LRW�FRQVROLGDWLRQ�

LV�GHULYHG�LQ�$SSHQGL[�$�DQG�GLVFXVVHG�LQ�&KDSWHU�����5HFDOO�WKDW�WKH�IRUPXODWLRQ
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2QH� WKLQJ� QRW� SUHYLRXVO\� GLVFXVVHG� DERXW� WKH� IRUPXODWLRQ� LV� WKH� SRWHQWLDO� IRU

URXQG�RII�HUURU���5RXQG�RII�HUURU�FDQ�EH�D�SUREOHP�GXULQJ�VROXWLRQ�RI�WKH�ILQLWH

HOHPHQW� HTXDWLRQV�EHFDXVH� RI�GLIIHUHQFH� LQ� WKH�PDJQLWXGHV�RI� WKH� WHUPV� LQ� WKH

>.K@�DQG�>.@�PDWULFHV���5HFDOO�WKDW
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7KH� VWUDLQ� GLVSODFHPHQW� PDWUL[�� B �� DQG� WKH� JUDGLHQW� KHDG� PDWUL[�� Bh �� DUH

FRPSRVHG�RI�WHUPV�RI�VLPLODU�PDJQLWXGHV���7KHUH�FDQ�EH�D�ODUJH�GLIIHUHQFH�LQ�WKH

WHUPV� LQ� WKH� VWUHVV�VWUDLQ� PDWUL[�� D �� DQG� WKH� SHUPHDELOLW\� PDWUL[�� κ �

GHSHQGLQJ� RQ� WKH� XQLWV� XVHG�� � 7KH� XQLWV� IRU� WKH� VWUHVV�VWUDLQ�PDWUL[� DUH� VWUHVV

�IRUFH�DUHD��DQG�WKH�XQLWV�IRU�SHUPHDELOLW\�DUH��OHQJWK�WLPH��� �7KLV�GLIIHUHQFH� LV

PHDVXUHG� LQ� RUGHUV� RI� PDJQLWXGH� DQG� FDQ� FDXVH� VHULRXV� QXPHULFDO� URXQG�RII

HUURUV�ZKHQ�*DXVVLDQ�HOLPLQDWLRQ�WHFKQLTXHV�DUH�XVHG�WR�VROYH�WKH�ILQLWH�HOHPHQW
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HTXDWLRQV�� � 2QH� ZD\� RI� GHDOLQJ� ZLWK� WKH� SUREOHP� LV� WR� XVH� XQLWV� IRU� WKH� VRLO

VWLIIQHVV�DQG�SHUPHDELOLW\�WKDW�UHVXOW�LQ�WKHLU�QXPHULFDO�YDOXHV�WKDW�DUH�ZLWKLQ�WKH

VDPH�RUGHU�RI�PDJQLWXGH���7KLV�LV�QRW�D�XVHU�IULHQGO\�VROXWLRQ��VLQFH�LW�PD\�UHTXLUH

XVLQJ�LQFRQYHQLHQW�XQLWV���$QRWKHU�ZD\�RI�GHDOLQJ�ZLWK�WKH�QXPHULFDO�URXQG�RII

SUREOHPV�LV�WR�XVH�WKH�IROORZLQJ�IRUPXODWLRQ�
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(TXDWLRQ�%���

7KH�SXUSRVH�RI�PXOWLSO\LQJ�WHUPV�LQ�(TXDWLRQ�%����E\�α �DQG�α 2�LV�WR�NHHS�WKH

UHVXOWLQJ� WHUPV� LQ� WKH�ILQLWH�HOHPHQW�HTXDWLRQV� LQ� WKH� VDPH�RUGHU�RI�PDJQLWXGH�

(TXDWLRQ� %���� LV� WKH� ILQLWH� HOHPHQW� IRUPXODWLRQ� XVHG� LQ� 6$*(� IRU� FRXSOHG

FRQVROLGDWLRQ�� � ,Q�6$*(� α � LV� D�XVHU�VSHFLILHG� LQSXW�SDUDPHWHU�� �8VLQJ�GRXEOH

SUHFLVLRQ� YDULDEOHV� DQG� DUUD\V� LQ� 6$*(� DOVR� KHOSV� WR� UHGXFH� URXQG�RII� HUURU

SUREOHPV��α �FDQ�EH�HVWLPDWHG�E\�WDNLQJ�WKH�VTXDUH�URRW�RI�WKH�<RXQJ·V�0RGXOXV�

(��GLYLGHG�E\�WKH�SHUPHDELOLW\��N��RI�D�PDWHULDO�� E k/ ����7KLV�YDOXH�ZLOO�YDU\�ZLWK

PDWHULDO�SURSHUWLHV�DQG�ZLWK�VWUHVV�FRQGLWLRQV�IRU�PDWHULDOV�ZLWK�VWUHVV�GHSHQGHQW

VWLIIQHVV���7KH�REMHFWLYH�LV�WR�FKRVH�D�YDOXH�RI�α �WKDW�ZLOO�VFDOH�WKH�WUDQVPLVVLYLW\

PDWUL[� WHUPV� WR�ZLWKLQ� RQH�RU� WZR�RUGHUV�RI�PDJQLWXGH�RI� WKH� VWLIIQHVV�PDWUL[

WHUPV�� � 7KH� SDUDPHWHU� $/3+$5� LQ� WKH� LQSXW� GDWD� ILOH� IRU� D� 6$*(� DQDO\VLV

FRUUHVSRQGV�WR�α �

7KH� VLPSOHVW� PDQQHU� WR� LPSOHPHQW� WKH� WLPH� VWHSSLQJ� UHTXLUHG� IRU� FRXSOHG

FRQVROLGDWLRQ�LQ�6$*(�ZDV�IRU�HDFK�VXEVWHS�WR�RFFXU�RYHU�DQ�LQFUHPHQW�RI�WLPH�

7KLV�PHDQV�WKDW�DQ\�ORDG�RU�ERXQGDU\�FRQGLWLRQV�LPSRVHG�LQ�D�FRQVWUXFWLRQ�VWHS

RFFXU�LQ�D�OLQHDU�PDQQHU�GXULQJ�WKH�WLPH�FRUUHVSRQGLQJ�WR�WKH�FRQVWUXFWLRQ�VWHS�

+HQFH�� DOO� DSSOLHG� ORDGV�DUH� UDPS� ORDGV�� �)RU� LQVWDQFH�� LI� D� IRUFH�RI� ���� OEV�� LV

VSHFLILHG� DW� D� QRGH� GXULQJ� D� VWHS� ZLWK� ��� VXEVWHSV�� ��� OEV�� LV� DSSOLHG� LQ� HDFK

VXEVWHS�� �7KHUH� LV�D�GLIIHUHQFH� LQ� WKH�DSSOLFDWLRQ�RI�GLVSODFHPHQW�DQG�K\GUDXOLF
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ERXQGDU\�FRQGLWLRQV���$�GLVSODFHPHQW�ERXQGDU\�FRQGLWLRQ�GXULQJ�D�FRQVWUXFWLRQ

VWHS�VLJQLILHV�KRZ�PXFK�GLVSODFHPHQW�RFFXUV�GXULQJ�WKDW�VWHS���,Q�FRQWUDVW��ZKHQ

KHDG�LV�VSHFLILHG�IRU�D�QRGH�GXULQJ�D�FRQVWUXFWLRQ�VWHS��LW�LV�WKH�YDOXH�RI�KHDG�DW

WKH� QRGH� DW� WKH� HQG� RI� WKH� VWHS�� � )RU� LQVWDQFH�� VXSSRVH� D� KHDG� RI� ��� IHHW� LV

DVVLJQHG� GXULQJ� D� VWHS� WR� D� QRGH� WKDW� KDG� D� KHDG�RI� ��� IHHW� DW� WKH� HQG�RI� WKH

SUHYLRXV� VWHS�� � ,I� ILYH� VXEVWHSV� ZHUH� XVHG�� 6$*(� ZRXOG� LPSRVH� WKH� KHDG

ERXQGDU\�FRQGLWLRQ�VR�WKDW�WKH�KHDG�ZRXOG�EH����IHHW�DIWHU�WKH�ILUVW�VWHS�����IHHW

DIWHU�WKH�VHFRQG�VWHS��DQG�VR�RQ�

ELEMENT TYPES

7KH� YDULHW\� RI� HOHPHQW� W\SHV� DYDLODEOH� LQ� 6$*(�SUHVHQWHG� RQH� RI� WKH� JUHDWHVW

FKDOOHQJHV�GXULQJ�WKH�LPSOHPHQWDWLRQ�RI�FRXSOHG�FRQVROLGDWLRQ����7KH�PDLQ�W\SHV

RI� HOHPHQWV� LQ� 6$*(� DUH� ��'� WULDQJXODU� DQG� TXDGULODWHUDO� HOHPHQWV�� LQWHUIDFH

HOHPHQWV�� DQG�EHDP�EDU�HOHPHQWV�� �7KH�SXUSRVH�RI�KDYLQJ� DOO� RI� WKHVH� HOHPHQW

W\SHV�LV�WR�LQFUHDVH�WKH�PRGHOLQJ�FDSDELOLW\�DQG�IOH[LELOLW\�RI�6$*(�

7KH� ILQLWH� HOHPHQW� IRUPXODWLRQ� IRU� FRXSOHG� FRQVROLGDWLRQ� RQO\� DSSOLHV� WR

FRQWLQXXP�HOHPHQWV�� �+HQFH��VSHFLDO�FRQVLGHUDWLRQ�KDG� WR�EH�JLYHQ� WR� LQWHUIDFH

DQG� EHDP�EDU� HOHPHQWV�� � 7KH� IROORZLQJ� SDUDJUDSKV� GHVFULEH� KRZ� WKH

LPSOHPHQWDWLRQ�RI�FRXSOHG�FRQVROLGDWLRQ�DIIHFWHG�HDFK�JURXS�RI�HOHPHQWV�

��'�(OHPHQWV

��'�FRQWLQXXP�HOHPHQWV�DUH�XVHG�LQ�6$*(�WR�PRGHO�VRLO�DQG�VWUXFWXUDO�PDWHULDOV

VXFK�DV�FRQFUHWH�RU�VWHHO���6LQFH�VWUXFWXUDO�PDWHULDOV�GR�QRW�FRQVROLGDWH�ZKLOH�VRLO

GRHV�� WKHUH� ZDV� D� QHHG� WR� FUHDWH� FRQVROLGDWLQJ� DQG� QRQ�FRQVROLGDWLQJ� ��'

HOHPHQWV�� � 7KH� IROORZLQJ� SDUDJUDSKV� GLVFXVV� WKH� LPSOHPHQWDWLRQ� RI� WKH

FRQVROLGDWLQJ�DQG�QRQ�FRQVROLGDWLQJ���'�HOHPHQWV�LQ�6$*(�

&RQVROLGDWLQJ���'�HOHPHQWV�XVH�WKH�FRXSOHG�ILQLWH�HOHPHQW�IRUPXODWLRQ�SUHVHQWHG

SUHYLRXVO\� LQ� WKLV� DSSHQGL[�� � 7ZR� EDVLF� FKDQJHV� ZHUH� UHTXLUHG� WR� LPSOHPHQW
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FRQVROLGDWLQJ���'�HOHPHQWV�LQ�6$*(���2QH�ZDV�WR�DGG�SRUH�ZDWHU�KHDG�DV�D�QHZ

QRGDO�GHJUHH�RI�IUHHGRP�DQG�FKRRVH�VKDSH�IXQFWLRQV�IRU�SRUH�ZDWHU�KHDG���7KH

VHFRQG�ZDV� WR�JHQHUDWH� WKH�HOHPHQW� VWLIIQHVV�PDWULFHV� UHTXLUHG� IRU� WKH� FRXSOHG

FRQVROLGDWLRQ�IRUPXODWLRQ���2QFH�WKH�VKDSH�IXQFWLRQV�IRU�SRUH�ZDWHU�KHDG�ZHUH

FKRVH��JHQHUDWLRQ�RI�WKH�VWLIIQHVV�PDWULFHV�UHTXLUHG�IRU�FRXSOHG�FRQVROLGDWLRQ�ZDV

DFFRPSOLVKHG�E\�DGGLQJ�QHZ� VXEURXWLQHV�DQG�PRGLI\LQJ� VRPH�ROG� VXEURXWLQHV�

7KH�IROORZLQJ�SDUDJUDSK�GHVFULEHV�KRZ�WKH�VKDSH�IXQFWLRQV�IRU�QRGDO�KHDG�ZHUH

FKRVHQ�

7KH�SUHYLRXV�YHUVLRQ�RI�6$*(�FRQWDLQHG���DQG���QRGH�WULDQJXODU�HOHPHQWV�DQG���

��� DQG� �� QRGH� TXDGULODWHUDO� HOHPHQWV�� � ,Q� FRXSOHG� FRQVROLGDWLRQ�� GLVSODFHPHQWV

DQG�QRGDO�SRUH�ZDWHU�KHDG�DUH�LQWHUSRODWHG�RYHU�HOHPHQWV��1RGDO�KHDG�LV�GLUHFWO\

UHODWHG� WR� SRUH� ZDWHU� SUHVVXUH�� ZKLFK� LV� D� VWUHVV�� DQG� WKH� GHULYDWLYHV� RI� QRGDO

GLVSODFHPHQW� DUH� VWUDLQ�� ZKLFK� LV� UHODWHG� WR� HIIHFWLYH� VWUHVV� WKURXJK� WKH� VWUHVV�

VWUDLQ�PDWUL[�� �&KRRVLQJ� D� VKDSH� IXQFWLRQ� IRU� QRGDO� KHDG�RI� RQH� GHJUHH� ORZHU

WKDQ� WKH� VKDSH� IXQFWLRQ� IRU� GLVSODFHPHQW� HQVXUHV� WKDW� SRUH� SUHVVXUHV� DUH

LQWHUSRODWHG�RYHU� WKH�HOHPHQW� LQ� WKH� VDPH�PDQQHU�DV� WKH�HIIHFWLYH� VWUHVV� LQ� WKH

VRLO� VNHOHWRQ� �6DQGKX� DQG�:LOVRQ�� ������� � ,Q� RWKHU� ZRUGV�� LI� TXDGUDWLF� VKDSH

IXQFWLRQV�DUH�XVHG�IRU�GLVSODFHPHQWV�� OLQHDU�VKDSH�IXQFWLRQV�VKRXOG�EH�XVHG� IRU

QRGDO�SRUH�ZDWHU�KHDG���7KHUHIRUH��FRXSOHG�FRQVROLGDWLRQ�ZDV�LPSOHPHQWHG�RQO\

IRU�WKH���QRGH�WULDQJXODU�DQG���DQG���QRGH�TXDGULODWHUDO�HOHPHQWV���1RGDO�KHDG�LV

DQ� DFWLYH� GHJUHH� RI� IUHHGRP� RQO\� DW� WKH� YHUWH[� QRGHV� RI� WKH� WULDQJXODU� DQG

TXDGULODWHUDO� HOHPHQWV�� � )LJXUH� %��� VKRZV� WKH� FRQVROLGDWLRQ� HOHPHQWV

LPSOHPHQWHG�LQWR�6$*(�

1RQ�FRQVROLGDWLQJ���'�HOHPHQWV�GR�QRW�DOORZ�SRUH�ZDWHU�IORZ���7KLV�PHDQV�WKDW

RQO\� WKH� IRUPXODWLRQ� IRU� HTXLOLEULXP� QHHGV� WR� EH� VDWLVILHG� IRU� WKHVH� HOHPHQWV�

+HQFH��WKH�HOHPHQW�VWLIIQHVV�PDWULFHV� Kv �� Kv

T
��DQG� Kh �DUH�LGHQWLFDOO\�]HUR

DQG�QRGDO�KHDG�LV�QRW�DQ�DFWLYH�GHJUHH�RI�IUHHGRP�DW�DQ\�QRGH�LQ�QRQ�
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)LJXUH�%��� ��'�FRQVROLGDWLRQ�HOHPHQWV�LQ�6$*(

6 node tr iangular 2-D
element

8 node quadr i lateral  2-D element 9 node quadr i lateral  2-D element

node wi th nodal  pore water head degree of
f reedom

node wi th d isplacement degrees of  f reedom
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FRQVROLGDWLQJ�HOHPHQWV���7KHVH�FKDUDFWHULVWLFV�RI�QRQ�FRQVROLGDWLQJ���'�HOHPHQWV

PDWFK� WKH� FKDUDFWHULVWLFV� RI� WKH� ��'� HOHPHQWV� LPSOHPHQWHG� LQ� WKH� SUHYLRXV

YHUVLRQ� RI� 6$*(�� � 7KHUHIRUH�� QR� VLJQLILFDQW� ZRUN�ZDV� UHTXLUHG� WR� LPSOHPHQW

QRQ�FRQVROLGDWLQJ���'�HOHPHQWV���7KH�RQO\�UHTXLUHPHQW�ZDV�WR�GLVWLQJXLVK�QRQ�

FRQVROLGDWLQJ� ��'� HOHPHQWV� IURP� FRQVROLGDWLQJ� ��'� HOHPHQWV�� � 8VLQJ� GLIIHUHQW

HOHPHQW�W\SH�QXPEHUV�IRU�QRQ�FRQVROLGDWLQJ�DQG�FRQVROLGDWLQJ���'�HOHPHQWV� LQ

6$*(�DFFRPSOLVKHG�WKLV�

,QWHUIDFH�(OHPHQWV

=HUR�WKLFNQHVV�LQWHUIDFH�HOHPHQWV�DUH�XVHG�LQ�6$*(�WR�PRGHO�LQWHUIDFHV�EHWZHHQ

GLVVLPLODU�PDWHULDOV�� �%HFDXVH� WKHVH� LQWHUIDFH�HOHPHQWV�KDYH�]HUR� WKLFNQHVV�� WKH\

FDQ�QRW�FRQVROLGDWH��RU�FKDQJH�YROXPH���7KH�LVVXH�RI�KRZ�LQWHUIDFH�HOHPHQWV�GHDO

ZLWK� SRUH� ZDWHU� IORZ� KDV� WZR� ORJLFDO� DOWHUQDWLYHV�� 7KH� WZR� DOWHUQDWLYHV� ZHUH

LPSOHPHQWHG�LQ�6$*(�DV�VHSDUDWH�W\SHV�RI�LQWHUIDFH�HOHPHQWV���7KHVH�DOWHUQDWLYHV

DQG�WKHLU�LPSOHPHQWDWLRQV�DUH�GLVFXVVHG�EHORZ�

,Q� WKH� ILUVW� DOWHUQDWLYH�� SHUPHDEOH� LQWHUIDFH� HOHPHQWV�� KDYH� QR� HIIHFW� RQ� SRUH

ZDWHU� IORZ�� � 7KLV� LV� FRQVLVWHQW� ZLWK� WKH� ]HUR� WKLFNQHVV� DVVXPSWLRQ�� � $� ]HUR

WKLFNQHVV� LQWHUIDFH�HOHPHQW�FDQQRW�FRQVROLGDWH�EHFDXVH� LW� KDV�QR� WKLFNQHVV�� DQG

WKHUHIRUH� FDQQRW� FKDQJH� YROXPH�� � 7KH� ]HUR� WKLFNQHVV� LQWHUIDFH� HOHPHQW� RQO\

UHSUHVHQWV�D�GLVFRQWLQXLW\�IRU�GLVSODFHPHQWV��L�H��VOLGLQJ�LV�DOORZHG��DQG�WKHUHIRUH

SRUH�ZDWHU�LV�FRQWLQXRXV�DFURVV�DQ�LQWHUIDFH�

$Q�LQWHUIDFH�HOHPHQW�ZLWK�QRGDO�KHDG�DV�DQ�DFWLYH�GHJUHH�RI�IUHHGRP�ZDV�FUHDWHG

WR�LPSOHPHQW�WKLV�ILUVW�DOWHUQDWLYH��RU�SHUPHDEOH�LQWHUIDFH���7KH�GHJUHH�RI�IUHHGRP

PDSSLQJ�DUUD\V�XVHG�LQ�6$*(�DOORZ�WKH�GHJUHHV�RI�IUHHGRP�IRU�QRGDO�KHDG�WR�EH

LGHQWLFDO�IRU�DGMDFHQW�QRGHV���$GMDFHQW�QRGHV�DUH�WZR�QRGHV�WKDW�DUH�RQ�RSSRVLWH

VLGHV�RI�WKH�LQWHUIDFH��EXW�RFFXS\�WKH�VDPH�SRLQW�LQ�VSDFH���7KLV�PHDQV�WKDW�WKH

SRUH�ZDWHU� KHDG� LV� LGHQWLFDO� IRU� DGMDFHQW� QRGHV�RQ� WKH� LQWHUIDFH� HOHPHQW�� �7KLV

FRQQHFWLRQ�RI� DGMDFHQW�QRGHV� VDWLVILHV� WKH� FRQWLQXLW\� HTXDWLRQV� DQG�PHDQV� WKDW
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Kv � DQG� Kh � PDWULFHV� DUH� ]HUR� IRU� WKH� HOHPHQW�� � )LJXUH� %��� LOOXVWUDWHV� KRZ

SHUPHDEOH� LQWHUIDFH� HOHPHQWV� IXQFWLRQ� LQ� D� FRXSOHG� DQDO\VLV�� �1RWH� WKDW� WKH� ��

QRGH� SHUPHDEOH� LQWHUIDFH� HOHPHQW� LV� FRPSDWLEOH� ZLWK� WKH� ��'� FRQVROLGDWLRQ

HOHPHQWV�� �7KH�HTXLOLEULXP�HTXDWLRQV� IRU� WKH�SHUPHDEOH� LQWHUIDFH� HOHPHQW�ZHUH

FKDQJHG�WR�LQFOXGH�WKH�IRUFH�GXH�WR�SRUH�ZDWHU�SUHVVXUH���7KLV�ZDV�DFFRPSOLVKHG

E\�FUHDWLQJ�D� Kv

T
�PDWUL[�IRU�WKH�SHUPHDEOH�LQWHUIDFH�HOHPHQW���1RWH�WKDW�IRUFHV

GXH�WR�SRUH�ZDWHU�SUHVVXUH�DUH�VLPSO\�WUDQVPLWWHG�WKURXJK�WKH�LQWHUIDFH��VLQFH�WKH

SRUH� ZDWHU� KHDG� LV� LGHQWLFDO� IRU� RSSRVLWH� QRGHV� RI� WKH� SHUPHDEOH� LQWHUIDFH

HOHPHQW�� � 7KLV� PHDQV� WKDW� WKH� IRUFHV� GXH� WR� GLVSODFHPHQWV� LQ� WKH� SHUPHDEOH

LQWHUIDFH�HOHPHQW�DUH�GXH�WR�HIIHFWLYH�VWUHVVHV�DQG�QRW�WRWDO�VWUHVVHV���,I�WKH� Kv

T

PDWUL[�ZHUH�RPLWWHG�IURP�WKH�IRUPXODWLRQ� IRU� WKH�SHUPHDEOH� LQWHUIDFH�HOHPHQW�

WKH�VWUHVVHV�LQ�WKH�HOHPHQW�ZRXOG�EH�WRWDO�VWUHVVHV�

7KH� VHFRQG� DOWHUQDWLYH�� LPSHUPHDEOH� LQWHUIDFH� HOHPHQWV�� LV� QHHGHG� IRU

FRPSDWLELOLW\�LI�DQ�LQWHUIDFH�EHWZHHQ�QRQ�FRQVROLGDWLQJ���'�HOHPHQWV�LV�PRGHOHG�

7KLV�DOWHUQDWLYH�GLG�QRW� UHTXLUH�PXFK�ZRUN��VLQFH� WKH� LQWHUIDFH�HOHPHQW� W\SH�RI

WKH�SUHYLRXV�6$*(�IXQFWLRQV�OLNH�DQ�LPSHUPHDEOH�HOHPHQW�ZLWKRXW�DQ\�FKDQJHV�

(OHPHQW�W\SH�QXPEHUV�DUH�XVHG�LQ�6$*(�WR�GLVWLQJXLVK�EHWZHHQ�SHUPHDEOH�DQG

LPSHUPHDEOH�LQWHUIDFH�HOHPHQWV�

%HDP�EDU�HOHPHQWV

%HDP�EDU�HOHPHQWV�DUH���'�ILQLWH�HOHPHQWV�XVHG�LQ�6$*(�WR�PRGHO�VKHHW�SLOHV�

VWUXWV�� DQG� DQFKRU� WHQGRQV�� � 1RQH� RI� WKHVH� FRQVROLGDWH�� � ,W� LV� LPSRUWDQW� WR

UHPHPEHU�WKDW�EHDP�EDU�HOHPHQWV�DUH���'�HOHPHQWV��ZKLFK�FDQ�EH�XVHG�ZLWKLQ�D

PHVK� RI� ��'� HOHPHQWV�� � ,Q� RQH� VHQVH�� EHDP�EDU� HOHPHQWV� DUH� VLPSO\

VXSHULPSRVHG�RQ� WRS�RI� WKH���'�PHVK�� �%HDP�EDU�HOHPHQWV�RQO\�FRQWULEXWH� WR

WKH� K �SRUWLRQ�RI�WKH�JOREDO�VWLIIQHVV�PDWUL[�
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)LJXUH�%��� 3HUPHDEOH�]HUR�WKLFNQHVV�LQWHUIDFH�HOHPHQW

6 node permeable zero- th ickness
inter face element

node wi th nodal  pore water head degree of
f reedom

node wi th d isplacement degrees of  f reedom

Permeable in ter face
between two 2-D
consol idat ion elements in
a coupled analysis

Connect iv i ty for
d isp lacements

Connect iv i ty for pore
water f low
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/HDYLQJ�WKH�EHDP�EDU�HOHPHQWV�LPSOHPHQWHG�DV�LQ�WKH�SUHYLRXV�YHUVLRQ�RI�6$*(

ZRXOG�PHDQ�WKDW�EHDP�EDU�HOHPHQWV�ZRXOG�QRW�KDYH�DQ\�HIIHFW�RQ�SRUH�IOXLG�IORZ

�WKH\�ZRXOG�DOZD\V�EH�SHUPHDEOH����)RU�VRPH�PRGHOLQJ�VLWXDWLRQV��WKLV�SHUPHDEOH

EHDP�EDU�HOHPHQW�LV�SHUIHFWO\�DFFHSWDEOH���)RU�H[DPSOH��DQ�DQFKRU�WHQGRQ�KDV�QR

HIIHFW� RQ� SRUH� IOXLG� IORZ�� � ,Q� RWKHU� FDVHV�� IRU� H[DPSOH�� VKHHWSLOH� ZDOOV�� LW� LV

GHVLUDEOH�WR�KDYH�WKH�VWUXFWXUDO�HOHPHQW�PRGHOHG�ZLWK�WKH�EHDP�EDU�HOHPHQW�DFW

DV� D� EDUULHU� WR� SRUH� IOXLG� IORZ�� � 7KLV� GLFWDWHG� WKH� QHHG� WR� FUHDWH� D� EHDP�EDU

HOHPHQW�WKDW�ZRXOG�EH�D�EDUULHU�WR�SRUH�ZDWHU�IORZ��L�H��DQ�LPSHUPHDEOH�EHDP�EDU

HOHPHQW��

%RWK�LPSHUPHDEOH�DQG�SHUPHDEOH�EHDP�EDU�HOHPHQW�W\SHV�ZHUH�LPSOHPHQWHG�LQ

6$*(���1R�VLJQLILFDQW�ZRUN�ZDV�UHTXLUHG�WR�LPSOHPHQW�WKH�SHUPHDEOH�EHDP�EDU

HOHPHQW���7KH�ILUVW�VWHS�LQ�LPSOHPHQWLQJ�WKH�LPSHUPHDEOH�EHDP�EDU�HOHPHQW�ZDV

WR� JLYH� LW� D� GLVWLQFW� HOHPHQW� W\SH� QXPEHU�� � 7KH� VHFRQG� VWHS� WR� LPSOHPHQW� WKH

LPSHUPHDEOH� HOHPHQW� ZDV� WR� FUHDWH� D� GXPP\� QRGH� IRU� HDFK� UHDO� QRGH� RI� WKH

HOHPHQW�� � (DFK� GXPP\� QRGH� LV� DVVLJQHG� WKH� VDPH� GLVSODFHPHQW� DQG� URWDWLRQ

GHJUHHV�RI�IUHHGRP�DV�WKH�UHDO�QRGH�ZLWK�ZKLFK�LW�LV�SDLUHG���6HSDUDWH�GHJUHHV�RI

IUHHGRP�DUH�DVVLJQHG� WR� WKH�GXPP\�DQG� UHDO�QRGHV� IRU� SRUH�ZDWHU�KHDG�� �7KH

PDQLSXODWLRQ� RI� WKH� GHJUHHV� RI� IUHHGRP� LV� SRVVLEOH� EHFDXVH� RI� WKH� GHJUHH� RI

IUHHGRP�PDSSLQJ�DUUD\V���:KHQ�DQ�LPSHUPHDEOH�EHDP�EDU�HOHPHQW�LV�SODFHG�LQ

WKH�PHVK�EHWZHHQ�WZR���'�HOHPHQWV��RQH���'�HOHPHQW�VKDUHV�WKH�UHDO�QRGHV�RI

WKH�EHDP�EDU�HOHPHQW�DQG�WKH�VHFRQG���'�HOHPHQW�VKDUHV�WKH�GXPP\�QRGHV�RI

WKH� EHDP�EDU� HOHPHQW�� � )LJXUH�%��� LOOXVWUDWHV� KRZ�SHUPHDEOH� DQG� LPSHUPHDEOH

EHDP�EDU�HOHPHQWV�IXQFWLRQ�

INITIAL CONDITIONS

,QLWLDO�FRQGLWLRQV�PXVW�EH�HVWDEOLVKHG�EHIRUH�D�FRXSOHG�FRQVROLGDWLRQ�DQDO\VLV�FDQ

EHJLQ�� � $W� WKH� EHJLQQLQJ� RI� HYHU\� 6$*(� DQDO\VHV� �EHIRUH� DQ\� FDOFXODWLRQV�� DOO

HOHPHQW�VWUHVVHV��QRGDO�GLVSODFHPHQWV��DQG�QRGDO�KHDGV�DUH�VHW�WR�]HUR���0DQ\�RI



&RXSOHG�&RQVROLGDWLRQ ���

)LJXUH�%��� 3HUPHDEOH�DQG�LPSHUPHDEOH�EHDP�EDU�HOHPHQWV

Permeable beam-bar element

beam-bar element is attached to
the 2-D elements

Impermeable beam-bar element

Connectivi ty for Flow Problem

No connectivi ty

Connect iv i ty for Deformation Problem

node with displacement and rotat ion
degrees of  f reedom

node with displacement degrees of
f reedom

node with pore water head degree of
f reedom

dummy node
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WKH�PDWHULDO�PRGHOV�XVHG� LQ�6$*(� UHTXLUH� QRQ�]HUR� LQLWLDO� VWUHVVHV� LQ� RUGHU� WR

IXQFWLRQ�SURSHUO\���7ZR�DSSURDFKHV�IRU�REWDLQLQJ�LQLWLDO�FRQGLWLRQV�IRU�D�FRXSOHG

DQDO\VLV�ZHUH�LPSOHPHQWHG�

2QH�DSSURDFK�LV� WR�DVVLJQ� LQLWLDO� VWUHVVHV�DQG�QRGDO�KHDGV�WR�HYHU\�*DXVV�SRLQW

DQG�QRGH�EHIRUH� WKH� DQDO\VLV� EHJLQV�� �$QRWKHU�ZD\�RI� DFFRPSOLVKLQJ� WKLV� LV� WR

DOORZ� WKH� XVHU� WR� VSHFLI\� HOHPHQW� VWUHVVHV� DQG� QRGDO� KHDGV�� � 7KLV� ZDV

LPSOHPHQWHG�LQ�6$*(�

7KH�VHFRQG�DSSURDFK�IRU�HVWDEOLVKLQJ�LQLWLDO�FRQGLWLRQV�LV�WR�XVH�WKH�SURJUDP�WR

FDOFXODWH� LQLWLDO� VWUHVVHV� DQG� QRGDO� KHDGV�� � 7KLV� DSSURDFK� ZDV� LPSOHPHQWHG� E\

VHWWLQJ�DVLGH�D�JURXS�RI�FRQVWUXFWLRQV�VWHSV�WKDW�XVH�WKH�XQFRXSOHG�ILQLWH�HOHPHQW

IRUPXODWLRQ���6WUHVVHV�FDQ�EH�HVWDEOLVKHG�LQ�WKHVH�LQLWLDO�FRQVWUXFWLRQ�VWHSV�XVLQJ

IHDWXUHV� VXFK� DV� JUDYLW\� WXUQ�RQ�� ILOO� SODFHPHQW�� H[FDYDWLRQ�� DQG� LPSRVLWLRQ� RI

IRUFHV���7KHVH�IHDWXUHV�DUH�GHVFULEHG�E\�0RUULVRQ����������,Q�DGGLWLRQ��WZR�QHZ

IHDWXUHV�ZHUH�LPSOHPHQWHG�WR�IDFLOLWDWH�FDOFXODWLRQ�RI� LQLWLDO�FRQGLWLRQV�� �2QH�RI

WKHVH� LV� D� VWHDG\� VWDWH� SRUH� IOXLG� IORZ� FDOFXODWLRQ� PRGXOH�� � 7KH� VHFRQG� LV

SLH]RPHWULF�OLQHV���%RWK�DUH�GHVFULEHG�LQ�&KDSWHU���


