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3.1. INTRODUCTION

,Q�VRLO�PHFKDQLFV��WKH�WHUP�FRQVROLGDWLRQ�GHVFULEHV�WKH�YROXPHWULF�GHIRUPDWLRQV

RI� VRLO� WKDW� RFFXU� GXH� WR� FKDQJHV� LQ� HIIHFWLYH� VWUHVV�� � 7KH� UDWH� DW� ZKLFK

FRQVROLGDWLRQ�RFFXUV�LQ�VDWXUDWHG�VRLO�LV�GHWHUPLQHG�E\�WKH�UDWH�DW�ZKLFK�WKH�SRUH

IOXLG� FDQ� IORZ�RXW� RI� WKH� VRLO�� �+HQFH�� WKH� SURFHVVHV� RI� GHIRUPDWLRQ� DQG� SRUH

IOXLG�IORZ�LQ�VRLO�DUH�FRXSOHG��7KH�UHYLHZ�RI�GHHS�H[FDYDWLRQ�OLWHUDWXUH�LQ�&KDSWHU

�� VKRZHG� WKH� LPSRUWDQFH� RI� FRQVROLGDWLRQ� IRU� GHHS� H[FDYDWLRQV� LQ� FOD\�

&RQVROLGDWLRQ� LV� DOVR� LPSRUWDQW� LQ� PDQ\� RWKHU� JHRWHFKQLFDO� SUREOHPV� VXFK� DV

IRXQGDWLRQV�� WXQQHOV�� DQG� HPEDQNPHQWV�� � ,W� LV� WKHUHIRUH� RIWHQ� LPSRUWDQW� WR

LQFOXGH�FRXSOHG�FRQVROLGDWLRQ�ILQLWH�HOHPHQW�DQDO\VHV�RI�JHRWHFKQLFDO�SUREOHPV�

7KH�WZR�GLPHQVLRQDO�ILQLWH�HOHPHQW�SURJUDP��6$*(��FUHDWHG�DW�9LUJLQLD�7HFK�IRU

DQDO\]LQJ� VWDWLF� VRLO�VWUXFWXUH� LQWHUDFWLRQ�� GLG�QRW� LQFOXGH� FRXSOHG� FRQVROLGDWLRQ

�0RUULVRQ�� ������� � 7KHUHIRUH�� FRXSOHG� FRQVROLGDWLRQ� ZDV� LPSOHPHQWHG� LQWR

6$*(�LQ�WKH�FRXUVH�RI�WKLV�UHVHDUFK�VWXG\�LQ�RUGHU�WR�H[SDQG�LWV�FDSDELOLWLHV�DQG

XVHIXOQHVV�� � 7KH� ILQLWH� HOHPHQW� IRUPXODWLRQ� RI� FRXSOHG� FRQVROLGDWLRQ�� WKH

FRPSXWHU� LPSOHPHQWDWLRQ�RI�FRXSOHG�FRQVROLGDWLRQ� LQWR�6$*(��DQG� WKH�UHVXOWV

RI�WKUHH�YHULILFDWLRQ�SUREOHPV�DUH�SUHVHQWHG�LQ�WKLV�FKDSWHU�

3.2. FINITE ELEMENT FORMULATION

%LRW��������ZDV�WKH�ILUVW�WR�SXEOLVK�D�GHULYDWLRQ�RI�FRXSOHG�FRQVROLGDWLRQ�DQG�DQ

DQDO\WLFDO� VROXWLRQ�� � %LRW� XVHG� WKH� IROORZLQJ� DVVXPSWLRQV� LQ� KLV� GHULYDWLRQ� RI

FRXSOHG�FRQVROLGDWLRQ�
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�� 7KH�VRLO�LV�D�WZR�SKDVH�FRQWLQXXP�PDGH�XS�RI�VROLG�VRLO�SDUWLFOHV�DQG�D�IOXLG�
�� 7KH�IOXLG�LV�LQFRPSUHVVLEOH��DQG�WKH�VRLO�LV�VDWXUDWHG�
�� 7KH�VRLO�SDUWLFOHV�DUH�LQFRPSUHVVLEOH��EXW�WKH�VRLO�VNHOHWRQ��WKH�DVVHPEODJH�RI

VRLO�SDUWLFOHV��LV�FRPSUHVVLEOH�
�� 'DUF\·V�/DZ�JRYHUQV�WKH�IORZ�RI�WKH�IOXLG�WKURXJK�WKH�VRLO�
�� 6PDOO�VWUDLQ�WKHRU\�DSSOLHV�

$OWKRXJK�WKH�ILUVW�DVVXPSWLRQ�LV�QRW�WUXH�RQ�WKH�VFDOH�RI�LQGLYLGXDO�SDUWLFOHV��LW�LV�D

JRRG�DSSUR[LPDWLRQ�IRU�HQJLQHHULQJ�SXUSRVHV�VLQFH�WKH�VL]H�RI�WKH�VRLO�SDUWLFOHV

DQG� SRUH� IOXLG� PROHFXOHV� DUH� PXFK� VPDOOHU� WKDQ� WKH� GLPHQVLRQV� RI� SUDFWLFDO

LQWHUHVW��DQG�LW�VLPSOLILHV�WKH�PDWKHPDWLFDO�WUHDWPHQW�RI�WKH�SUREOHP���7KH�VHFRQG

DVVXPSWLRQ�LV�UHDVRQDEOH�VLQFH�WKH�SRUH�IOXLG�LQ�VRLOV� LV�W\SLFDOO\�ZDWHU��ZKLFK� LV

HVVHQWLDOO\� LQFRPSUHVVLEOH� UHODWLYH� WR� WKH� VRLO� VNHOHWRQ�� �7KH� WKLUG�DVVXPSWLRQ� LV

UHDVRQDEOH�VLQFH�WKH�YROXPH�FKDQJH�RI�WKH�VRLO�VNHOHWRQ�LV�PXFK�ODUJHU�WKDQ�WKH

YROXPH�FKDQJH�RI�WKH�VRLO�SDUWLFOHV�

7KH� HTXDWLRQV� RI� HTXLOLEULXP� SURYLGH� WKH� ILUVW� VHW� RI� JRYHUQLQJ� HTXDWLRQV� IRU

FRXSOHG�FRQVROLGDWLRQ�

σ ij j, = 0 (TXDWLRQ����

:KHUH� i � DQG� j � DUH� LQGLFHV� IURP��� WR��� DQG� UHSUHVHQW�GLUHFWLRQV� LQ� D�&DUWHVLDQ

FRRUGLQDWH� V\VWHP� x x x1 2 3, ,1 6 �� �σ ij � LV� WKH� WRWDO� VWUHVV� WHQVRU� DW� D�PDWHULDO� SRLQW

x x x1 2 3, ,1 6 � LQ� WKH� VRLO�� � 7KH� QRWDWLRQ� ´, j µ� UHSUHVHQWV� D� SDUWLDO� GHULYDWLYH� ZLWK

UHVSHFW� WKH� xj � GLUHFWLRQ� �δ�δxj��� 7KHUHIRUH�� (TXDWLRQ� ���� UHSUHVHQWV� WKUHH

LQGHSHQGHQW�HTXDWLRQV��L�H��HTXLOLEULXP�RI�IRUFHV�LQ�WKH�x1��x2��DQG�x3�GLUHFWLRQV��

7KH�SULQFLSOH�RI�HIIHFWLYH�VWUHVV�VD\V�WKDW�WKH�WRWDO�VWUHVV��σ ��LV�HTXDO�WR�WKH�VXP�RI

WKH�HIIHFWLYH�VWUHVV��σ' ��DQG�K\GURVWDWLF�SUHVVXUH�� pw ��LQ�WKH�SRUH�IOXLG���:KHQ�WKH

SULQFLSOH�RI�HIIHFWLYH�VWUHVV�LV�LQFRUSRUDWLRQ��(TXDWLRQ�����EHFRPHV�



)LQLWH�(OHPHQW�)RUPXODWLRQ ��

σ σij j ij j w jp, , ,= ′ + = 0 (TXDWLRQ����

7KH� VHFRQG� JRYHUQLQJ� HTXDWLRQ� RI� WKH� FRXSOHG� FRQVROLGDWLRQ� SUREOHP� LV� WKH

WUDQVLHQW�VHHSDJH�HTXDWLRQ�

vi i ii,
�− =ε 0 (TXDWLRQ����

:KHUH�vi i, �LV�WKH�JUDGLHQW�RI�WKH�YHORFLW\�RI�WKH�SRUH�IOXLG�DQG� �ε ii �LV�WKH�YROXPHWULF

VWUDLQ�UDWH���(TXDWLRQ�����PHDQV�WKDW�WKH�QHW�IORZ�UDWH�RI�WKH�SRUH�IOXLG�RXW�RI�D

YROXPH�RI�VDWXUDWHG�VRLO�LV�HTXDO�WR�WKH�UDWH�DW�ZKLFK�WKH�YROXPH�RI�VDWXUDWHG�VRLO

LV�GHFUHDVLQJ���vi �LV�DVVXPHG�WR�EH�JRYHUQHG�E\�'DUF\·V�/DZ�

v k hi ij j= , (TXDWLRQ����

:KHUH�kij � LV� WKH� SHUPHDELOLW\�PDWUL[� DQG�h,j� LV� WKH� WRWDO� KHDG� JUDGLHQW� LQ� WKH�xj

GLUHFWLRQ���7KH�WRWDO�SRUH�ZDWHU�KHDG��h�� LV�D�PHDVXUH�RI�WKH�SRWHQWLDO�HQHUJ\�RI

WKH�SRUH�IOXLG�DQG�LV�JLYHQ�E\�

h x x
p

DATUM

w

w

= − +( )2 2 γ
(TXDWLRQ����

:KHUH�x2�LV�WKH�GLUHFWLRQ�LQ�ZKLFK�JUDYLW\�DFWV�DQG� x
DATUM2 �UHSUHVHQWV�D�SODQH�WR

ZKLFK�WKH�WRWDO�KHDG�LV�UHIHUHQFHG�

(TXDWLRQV�����������DQG�����DUH�WKH�JRYHUQLQJ�HTXDWLRQV�IRU�FRXSOHG�FRQVROLGDWLRQ

RI� VRLOV�� � 7KH� GHULYDWLRQ� IRU� WKH� ILQLWH� HOHPHQW� IRUPXODWLRQ� RI� WKH� FRXSOHG

FRQVROLGDWLRQ�SUREOHP�IURP�(TXDWLRQV�����������DQG�����LV�JLYHQ�LQ�$SSHQGL[�$�

7KH�ILQLWH�HOHPHQW�IRUPXODWLRQ�GHULYHG�LQ�$SSHQGL[�$�LV�
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:KHUH�

K � LV�WKH�VWLIIQHVV�PDWUL[�� K B D B d
T= I

Ω

Ω �

Kv LV�WKH�FRXSOLQJ�PDWUL[�� K B dv v

T

h= I ψ
Ω

Ω �

Kh LV�WKH�WUDQVPLVVLYLW\�PDWUL[�� K B B dh h

T

h= I
Ω

Ωκ �

∆d; @ LV�D�YHFWRU�RI�LQFUHPHQWDO�QRGDO�GLVSODFHPHQWV�

B LV�WKH�VWUDLQ�GLVSODFHPHQW�PDWUL[�

D LV�WKH�VWUHVV�VWUDLQ�PDWUL[�

ψ h; @ LV�WKH�YHFWRU�RI�QRGDO�KHDG�VKDSH�IXQFWLRQV�

Bv LV�WKH�YROXPHWULF�VWUDLQ�GLVSODFHPHQW�PDWUL[�

Bh LV�WKH�K\GUDXOLF�JUDGLHQW�QRGDO�KHDG�PDWUL[�

κ LV�WKH�SHUPHDELOLW\�PDWUL[�

γ wh; @ LV�D�YHFWRU�RI�QRGDO�WRWDO�SRUH�ZDWHU�KHDG�PXOWLSOLHG�E\�WKH�XQLW
ZHLJKW�RI�WKH�SRUH�IOXLG�

∆t LV�WKH�WLPH�LQFUHPHQW�

7KH�ILUVW�URZ�RI�(TXDWLRQ�����UHODWHV�WKH�FKDQJH�LQ�LQWHUQDO�IRUFHV��L�H��IRUFHV�GXH

WR�HIIHFWLYH�VWUHVV�DQG�SRUH�ZDWHU�SUHVVXUH��WR�WKH�FKDQJH�LQ�H[WHUQDO�IRUFHV�GXULQJ

DQ�LQFUHPHQW�RI�WLPH�∆t ���7KH�VWLIIQHVV�PDWUL[�� K ��UHODWHV�WKH�GLVSODFHPHQWV�DW

QRGHV�WR�IRUFHV�DW�QRGHV���7KH�VWLIIQHVV�PDWUL[�� K ��LV�IRUPHG�XVLQJ�WKH�HIIHFWLYH

VWUHVV� YHUVXV� VWUDLQ� UHODWLRQVKLS� RI� WKH� VRLO� VNHOHWRQ�� � 7KHUHIRUH�� K d∆; @
UHSUHVHQWV� WKH� IRUFHV� GXH� WR� FKDQJHV� LQ� HIIHFWLYH� VWUHVV�� � 7KH� WUDQVSRVH� RI� WKH

FRXSOLQJ�PDWUL[�� Kv �� UHODWHV�SRUH�SUHVVXUHV�DW�QRGHV� WR� IRUFHV�DW�QRGHV�� �7KH

GLIIHUHQFH� LQ� γ w t t
h; @

+∆
� DQG� γ w t

h; @ � LV� HTXLYDOHQW� WR� WKH�FKDQJH� LQ�SRUH�ZDWHU

SUHVVXUH� GXULQJ� ∆t �� � 7KHUHIRUH�� WKH� GLIIHUHQFH� EHWZHHQ� K hv

T

w t
γ; @ � DQG

K hv

T

w t t
γ; @

+∆
�UHSUHVHQWV�WKH�IRUFHV�GXH�WR�FKDQJHV�LQ�SRUH�SUHVVXUH�



,PSOHPHQWDWLRQ�LQ�6$*( ��

7KH� VHFRQG� URZ� RI� (TXDWLRQ� ���� UHSUHVHQWV� WKH� VHHSDJH� HTXDWLRQ�� � 7KH

JHQHUDOL]HG�WUDSH]RLGDO�ILQLWH�GLIIHUHQFH�PHWKRG�LV�XVHG�WR�GLVFUHWL]H�WKH�WUDQVLHQW

VHHSDJH�HTXDWLRQ�LQ�WKH�GRPDLQ�RI�WLPH�� �,I�WKH�YDULDEOH��θ �� LV�HTXDO�WR�RQH��WKH

WLPH�PDUFKLQJ� VFKHPH� LV� IXOO\� LPSOLFLW� DQG� XQFRQGLWLRQDOO\� VWDEOH�� � 1XPHULFDO

PHWKRG�RU�ILQLWH�HOHPHQW�WH[WERRNV�PD\�EH�UHIHUHQFHG�IRU� IXUWKHU�GHWDLOV�DERXW

WKH�JHQHUDOL]HG�WUDSH]RLGDO�ILQLWH�GLIIHUHQFH�PHWKRG�

3.3. IMPLEMENTATION IN SAGE

0RUULVRQ� ������� GHVFULEHV� WKH� RULJLQDO� GHYHORSPHQW� RI� WKH� ILQLWH� HOHPHQW

SURJUDP�6$*(���6$*(�ZDV�GHYHORSHG�WR�EH�D�XVHIXO�DQG�IOH[LEOH� WRRO� IRU� WKH

DQDO\VLV� RI� VWDWLF� JHRWHFKQLFDO� HQJLQHHULQJ� SUREOHPV�� � 7KH� RULJLQDO� YHUVLRQ� RI

6$*(� VROYHG� VWDWLF� HTXLOLEULXP� SUREOHPV� JRYHUQHG� E\� WKH� SDUWLDO� GLIIHUHQWLDO

HTXDWLRQ�

σ ij j, = 0 (TXDWLRQ����

7KH�RULJLQDO�YHUVLRQ�RI�6$*(�XVHG�WKH�ILQLWH�HOHPHQW�IRUPXODWLRQ�

K d F∆ ∆; @ ; @= (TXDWLRQ����

7KH�VWLIIQHVV�PDWUL[��>.@��LQ�(TXDWLRQ�����LV�WKH�VDPH�DV�LQ�(TXDWLRQ�������,Q�WKH

RULJLQDO�YHUVLRQ�RI�6$*(��WKH�VWLIIQHVV�PDWUL[�� >.@��FRXOG�EH�DVVHPEOHG�XVLQJ�D

VWUHVV�VWUDLQ� PDWUL[� UHODWLQJ� HIIHFWLYH� VWUHVV� WR� VWUDLQ�� RU� WRWDO� VWUHVV� WR� VWUDLQ�

7KHUHIRUH��WKH�RULJLQDO�YHUVLRQ�RI�6$*(�ZDV�VXLWHG�WR�VROYLQJ�FRPSOHWHO\�GUDLQHG

RU� FRPSOHWHO\� XQGUDLQHG� SUREOHPV�� EXW� QRW� SUREOHPV� ZKHUH� SDUWLDO� GUDLQDJH

�FRQVROLGDWLRQ��WDNHV�SODFH�

6$*(� XVHV� 1HZWRQ�5DSKVRQ� LWHUDWLRQ� IRU� WKH� VROXWLRQ� RI� WKH� ILQLWH� HOHPHQW

HTXDWLRQV��ZKLFK�JHQHUDOO\�DUH�QRQOLQHDU�GXH�WR�PDWHULDO�QRQ�OLQHDULW\���6$*(�ZDV

ZULWWHQ�LQ�)2575$1����XVLQJ�D�VWUXFWXUHG�SURJUDPPLQJ�VW\OH���7KH�SURJUDP�LV
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PRGXODU� LQ� WKH� VHQVH� WKDW� HDFK� GLVWLQFW� SURJUDPPLQJ� WDVN� LV� FRQWDLQHG� LQ� D

VXEURXWLQH�� � � &20021� EORFNV� DUH� QRW� XVHG�� DQG� DOO� LQIRUPDWLRQ� LV� SDVVHG

EHWZHHQ�WKH�PDLQ�SURJUDP�DQG�VXEURXWLQHV�ZLWK�DUJXPHQW�OLVWV�

7KH� LPSOHPHQWDWLRQ�RI� FRXSOHG� FRQVROLGDWLRQ� LQWR� 6$*(� LQYROYHG� FKDQJHV� WR

SUH�H[LVWLQJ�VXEURXWLQHV�DQG�WKH�FUHDWLRQ�RI�QHZ�VXEURXWLQHV���7ZR�JRDOV�JXLGHG

WKH�WDVN�RI� LPSOHPHQWLQJ�FRXSOHG�FRQVROLGDWLRQ�� �7KH� ILUVW�ZDV� WR�SUHVHUYH�DQG

EXLOG�XSRQ�WKH�PRGXODU�VWUXFWXUH�RI�6$*(���7KH�VHFRQG�ZDV�WR�DGG�WR�6$*(·V

XVHIXOQHVV�DV�D�WRRO�IRU�DQDO\]LQJ�JHRWHFKQLFDO�HQJLQHHULQJ�SUREOHPV���$SSHQGL[

%�FRQWDLQV�D�WKRURXJK�GHVFULSWLRQ�RI�WKH�ZRUN�LQYROYHG�LQ�LPSOHPHQWLQJ�FRXSOHG

FRQVROLGDWLRQ�LQWR�6$*(�

3.4. VERIFICATION PROBLEMS

7KUHH� FRQVROLGDWLRQ� SUREOHPV� ZHUH� DQDO\]HG� ZLWK� 6$*(� DIWHU� LPSOHPHQWLQJ

FRXSOHG�FRQVROLGDWLRQ�ZLWKLQ�LW���7KH�UHVXOWV�RI�WKHVH�DQDO\VHV�ZHUH�FRPSDUHG�WR

DQDO\WLFDO�VROXWLRQV�RI�WKH�VDPH�SUREOHPV���7KH�JRDO�RI�DQDO\]LQJ�WKHVH�SUREOHPV

ZDV�WR�YHULI\�WKH�FRUUHFW�LPSOHPHQWDWLRQ�RI�FRXSOHG�FRQVROLGDWLRQ�LQWR�6$*(�

TERZAGHI ONE-DIMENSIONAL CONSOLIDATION PROBLEM

7KH�ILUVW�YHULILFDWLRQ�SUREOHP�DQDO\]HG�ZDV�WKH�FRQVROLGDWLRQ�RI�D�FROXPQ�RI�VRLO

UHVWUDLQHG� IURP� ODWHUDO� GLVSODFHPHQW�� � 7KLV� LV� NQRZQ� DV� RQH�GLPHQVLRQDO

FRQVROLGDWLRQ� VLQFH� WKH� GHIRUPDWLRQ� DQG� IORZ� RI� SRUH� IOXLG� RFFXU� LQ� RQO\� RQH

GLUHFWLRQ�� � 2QH�GLPHQVLRQDO� FRQVROLGDWLRQ� FRQGLWLRQV� DSSO\� ZKHQ� D� OD\HU� RI

VDWXUDWHG�FOD\�RI�XQLIRUP�WKLFNQHVV�LV�VXEMHFWHG�WR�D�XQLIRUP�VXUFKDUJH��T��RI�ODUJH

ODWHUDO� H[WHQW�� � 7HU]DJKL� ������� FRQVLGHUHG� WKH� SUREOHP� RI� RQH�GLPHQVLRQDO

FRQVROLGDWLRQ�IRU�WKH�FDVH�RI�D�VXUFKDUJH�DSSOLHG�LQVWDQWDQHRXVO\���7HU]DJKL�PDGH

WKH� IROORZLQJ� DVVXPSWLRQV� LQ� KLV� GHULYDWLRQ� RI� DQ� DQDO\WLFDO� VROXWLRQ� WR� WKH

SUREOHP�

�� 7KH�VRLO�LV�IXOO\�VDWXUDWHG�ZLWK�ZDWHU�



9HULILFDWLRQ�3UREOHPV ��

�� 7KH�ZDWHU�LQ�WKH�SRUHV�RI�WKH�VRLO�LV�LQFRPSUHVVLEOH�
�� 7KH�VRLO�VNHOHWRQ�LV�OLQHDU�HODVWLF�
�� 7KH�LQGLYLGXDO�VRLO�SDUWLFOHV�PDNLQJ�XS�WKH�VRLO�VNHOHWRQ�DUH�LQFRPSUHVVLEOH�
�� 'DUF\·V�/DZ�JRYHUQV�WKH�IORZ�RI�WKH�SRUH�ZDWHU�WKURXJK�WKH�VRLO�VNHOHWRQ�
�� 7KH� SRUH� SUHVVXUH� LQFUHDVHV� E\� WKH� DPRXQW� RI� WKH� VXUFKDUJH� ZKHQ� WKH

VXUFKDUJH�LV�DSSOLHG�

7HU]DJKL� GHULYHG� WKH� IROORZLQJ� SDUWLDO� GLIIHUHQWLDO� HTXDWLRQ� EDVHG� RQ� WKH

DVVXPSWLRQV�OLVWHG�DERYH�DQG�WKH�FRQWLQXLW\�RI�SRUH�ZDWHU�IORZ�

c
u

z

u

tv

∂
∂

= ∂
∂

2

2

(TXDWLRQ����

:KHUH� cv � LV� WKH� FRHIILFLHQW� RI� FRQVROLGDWLRQ� WKDW� LV� GHWHUPLQHG� E\� WKH

FRPSUHVVLELOLW\�DQG�SHUPHDELOLW\�RI�WKH�VRLO��OHQJWK��WLPH��� u � LV� WKH�H[FHVV�SRUH

ZDWHU�SUHVVXUH�LQ�WKH�VRLO��IRUFH��OHQJWK���� t �LV�WLPH��DQG� z �LV�GHSWK��OHQJWK��

(TXDWLRQ� ���� FDQ�EH� VROYHG� XVLQJ� WKH� VHSDUDWLRQ� RI� YDULDEOHV� WHFKQLTXH�� �0RVW

WH[WERRNV�RQ�VRLO�PHFKDQLFV�FRQWDLQ�WKH�VROXWLRQ�WR�(TXDWLRQ�����

)LJXUH� ���� LOOXVWUDWHV� WKH� JHRPHWU\�� PDWHULDO� SURSHUWLHV�� ERXQGDU\� DQG� LQLWLDO

FRQGLWLRQV�RI� WKLV�SUREOHP�� �7KH� ILQLWH�HOHPHQW�PHVK�VKRZQ� LQ�)LJXUH�����ZDV

XVHG�WR�PRGHO�WKH�SUREOHP���7HQ���QRGHG�VHUHQGLSLW\�TXDGULODWHUDO�HOHPHQWV�ZHUH

XVHG� WR� PRGHO� WKH� VRLO� FROXPQ�� � (DFK� RI� WKHVH� HOHPHQWV� KDV� HLJKW� QRGHV� IRU

GLVSODFHPHQW�DQG�IRXU�QRGHV�IRU�SRUH�ZDWHU�KHDG���7KH�DSSOLFDWLRQ�RI�WKH�WUDFWLRQ

WR� WKH� VRLO� FROXPQ� FDQQRW� EH� PRGHOHG� LQVWDQWDQHRXVO\�� VLQFH� WLPH� LQFUHPHQWV

PXVW�EH� JUHDWHU� WKDQ�]HUR� WR�PDLQWDLQ� WKH�SRVLWLYH� GHILQLWHQHVV� RI� WKH� VWLIIQHVV

PDWUL[���7KH�WUDFWLRQ�ZDV�WKHUHIRUH�PRGHOHG�DV�D�UDPS�ORDGLQJ�RYHU�����GD\V�

)LJXUH� ���� LV� D� SORW� RI� WKH� H[FHVV� SRUH� SUHVVXUH� ZLWK� GHSWK� IURP� WKH� 6$*(

DQDO\VLV�DQG�IURP�7HU]DJKL·V�VROXWLRQ��DW�ILYH�GLIIHUHQW�WLPHV���7LPH�LV�UHSUHVHQWHG

E\�WKH�WLPH�IDFWRU��7��ZKLFK�LV�D�GLPHQVLRQOHVV�QXPEHU�GHILQHG�E\�c t Hv / 2 ���7KH

H[FHVV�SRUH�SUHVVXUH�LV�QRUPDOL]HG�E\�WKH�PDJQLWXGH�RI�WKH�WUDFWLRQ��T��DQG�WKH
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)LJXUH����� *HRPHWU\�DQG�ILQLWH�HOHPHQW�PHVK�IRU�9HULILFDWLRQ�3UREOHP�2QH�

Impermeab le

saturated,  CLAY

Linear elast ic model
parameters:
γsat  = 120 lb / ft 3

E = 33333 lb /  f t 2

ν = 0.3
k x = 0.0028 ft  /  day
ky = 0.0028 ft  /  day
cv = 2.01 ft 2 /day

Fin i te  e lement  MeshProb lem

Large areal f i l l  = 1000 lb / f t 2

H = 10 f t .

1000 lb / f t 2

d isp lacement   node
total  pore water head
node
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)LJXUH����� 3RUH�SUHVVXUH�LVRFKURQHV�IRU�9HULILFDWLRQ�3UREOHP�2QH�
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GHSWK�� ]�� LV� QRUPDOL]HG� E\� WKH� OHQJWK� RI� WKH� ORQJHVW� GUDLQDJH� SDWK�� +�� � 7KH

DJUHHPHQW�EHWZHHQ�WKH�UHVXOWV�IURP�6$*(�DQG�7HU]DJKL·V�VROXWLRQ�LV�H[FHOOHQW�

7KHUH�LV�D�VOLJKW�GLIIHUHQFH�EHWZHHQ�WKH�6$*(�UHVXOWV�DQG�7HU]DJKL·V�VROXWLRQ�DW

WKH� YHU\� HDUO\� VWDJHV� RI� WKH� SUREOHP�� � 7KHUH� DUH� WZR� FDXVHV� RI� WKLV� GLIIHUHQFH�

7KH�ILUVW� LV� WKH�FRDUVHQHVV�RI� WKH�PHVK�� �6LQFH� WKH�SRUH�SUHVVXUH�YDULHV� OLQHDUO\

RYHU�HDFK�HOHPHQW�PRUH�HOHPHQWV�RI�VPDOOHU�VL]H�ZRXOG�EH�UHTXLUHG� LQ�RUGHU�WR

PRUH�FORVHO\�DSSUR[LPDWH�WKH�WUXH�VROXWLRQ���7KH�VHFRQG�LV�WKH�PDQQHU�LQ�ZKLFK

WKH� ORDG� LV�DSSOLHG� LQ� WKH�6$*(�DQDO\VLV�� �7HU]DJKL·V� VROXWLRQ�DVVXPHV� WKDW� WKH

ORDG� LV� DSSOLHG� LQVWDQWDQHRXVO\� DW� W�  � ��� � 7KLV� LQVWDQWDQHRXV� ORDG� FDQQRW� EH

PRGHOHG� LQ�6$*(�VLQFH� WLPH� LQFUHPHQWV� LQ�D�FRXSOHG�DQDO\VLV�PXVW�EH� JUHDWHU

WKDQ�]HUR���7KH�ORDG�DSSOLFDWLRQ�ZDV�WKHUHIRUH�PRGHOHG�DV�D�UDPS�ORDGLQJ�RYHU�D

VPDOO� WLPH� LQWHUYDO�� �7KH�UDPS� ORDGLQJ�DIIHFWV� WKH� UHVXOWV�EHFDXVH�FRQVROLGDWLRQ

WDNHV�SODFH�GXULQJ�WKH�ORDGLQJ�

)LJXUH�����FRPSDUHV�WKH�DYHUDJH�GHJUHH�RI�FRQVROLGDWLRQ�IURP�7HU]DJKL·V�WKHRU\

DQG� WKH� UHVXOWV� IURP� 6$*(�� � 7KH� GHJUHH� RI� FRQVROLGDWLRQ��Uz�� LV� GHILQHG� DV

1− u q �DW�GHSWK�]���7KH�DYHUDJH�GHJUHH�RI�FRQVROLGDWLRQ�LV�REWDLQHG�E\�DYHUDJLQJ

Uz� RYHU� WKH� KHLJKW� RI� WKH� VRLO� FROXPQ�� � )LJXUH� ���� VKRZV� WKDW� WKH� DJUHHPHQW

EHWZHHQ�6$*(�DQG�WKH�WKHRUHWLFDO�VROXWLRQ�LV�H[FHOOHQW�

ONE-DIMENSIONAL CONSOLIDATION OF TWO CONTIGUOUS LAYERS

7KH�JHRPHWU\��PDWHULDO�SURSHUWLHV��ERXQGDU\�FRQGLWLRQV��DQG�LQLWLDO�FRQGLWLRQV�IRU

WKH�VHFRQG�YHULILFDWLRQ�SUREOHP�DUH�VKRZQ�LQ�)LJXUH�������7KLV�SUREOHP�LQYROYHV

WZR� VRLO� OD\HUV� ZLWK� GLIIHUHQW� SHUPHDELOLWLHV� PDNH� XS� WKH� VRLO� FROXPQ�� � 7KH

SHUPHDELOLW\�RI� WKH� ORZHU� OD\HU� LV�RQH�IRXUWK�DV�JUHDW�DV� WKH�SHUPHDELOLW\�RI� WKH

XSSHU� OD\HU�� � $OO� RWKHU� SDUDPHWHUV� DUH� WKH� VDPH� IRU� ERWK� OD\HUV�� � *UD\� ������

GHYHORSHG� DQ� DQDO\WLFDO� VROXWLRQ� IRU� WKH� JHQHUDO� FDVH� RI� RQH�GLPHQVLRQDO

FRQVROLGDWLRQ�RI�WZR�FRQWLJXRXV�OD\HUV�RI�XQOLNH�FRPSUHVVLELOLW\�DQG�SHUPHDELOLW\
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)LJXUH����� 'HJUHH�RI�FRQVROLGDWLRQ�IRU�9HULILFDWLRQ�3UREOHP�2QH�
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)LJXUH����� *HRPHWU\�DQG�ILQLWH�HOHPHQW�PHVK�IRU�9HULILFDWLRQ�3UREOHP�7ZR�

Impermeable

saturated, CLAY

Linear elast ic model
parameters:
γsat  = 120 lb / ft 3

E = 33333 lb / ft 2

ν = 0.3
k x = 0.0028 ft / day
k y = 0.0028 ft / day

Fini te element MeshProblem

Large areal f i l l  = 1000 lb / ft 2

H = 10 ft.

1000 lb / ft 2

Linear elast ic model
parameters:
γsat  = 120 lb / ft 3

E = 33333 lb / ft 2

ν = 0.3
k x = 0.0007 ft / day
k y = 0.0007 ft / day

5 ft.

saturated, CLAY

displacement  node
total pore water head
node



9HULILFDWLRQ�3UREOHPV ��

XVLQJ� WKH� VDPH� DVVXPSWLRQV� WKDW� 7HU]DJKL� XVHG�� � *UD\·V� VROXWLRQ� DQG� LWV

HYDOXDWLRQ�IRU�WKLV�SUREOHP�DUH�SUHVHQWHG�LQ�$SSHQGL[�&�

)LJXUH� ���� FRPSDUHV� QRUPDOL]HG� H[FHVV� SRUH� SUHVVXUH� YHUVXV� GHSWK� IURP� WKH

6$*(�UHVXOWV�DQG�*UD\·V�VROXWLRQ���7KH�DJUHHPHQW�EHWZHHQ�WKH�WZR�VROXWLRQV�LV

YHU\� JRRG�� � 7KH� UDPS� ORDGLQJ� XVHG� LQ� WKH� 6$*(� DQDO\VLV� WR� PRGHO� WKH

LQVWDQWDQHRXV� ORDG� DSSOLFDWLRQ� GRHV� FDXVH� D� PLQRU� GLIIHUHQFH� LQ� WKH� VROXWLRQ�

1RWH� WKDW� LQIOXHQFH� RI� WKH� UDPS� ORDGLQJ� GHFUHDVHV� ZLWK� WLPH�� VLQFH� WKH

FRQVROLGDWLRQ�SURFHVV�VORZV�DV�LW�SURJUHVVHV�

)LJXUH�����LV�D�SORW�RI�WKH�DYHUDJH�GHJUHH�RI�FRQVROLGDWLRQ�IURP�*UD\·V�VROXWLRQ

DQG� IURP� WKH� 6$*(� UHVXOWV�� � 7KH� DJUHHPHQW� EHWZHHQ� WKH� WZR� VROXWLRQV� LV

H[FHOOHQW�

STRIP FOOTING ON CLAY LAYER OF FINITE THICKNESS

7KH� WKLUG� YHULILFDWLRQ� SUREOHP� LV� D� WZR�GLPHQVLRQDO� FRQVROLGDWLRQ� SUREOHP

LQYROYLQJ�D�IOH[LEOH�VWULS�IRRWLQJ�RQ�D�FOD\�OD\HU�RI�ILQLWH�WKLFNQHVV���7KH�FOD\�OD\HU

LV�DVVXPHG�WR�UHVW�RQ�D�ULJLG�LPSHUPHDEOH�EDVH���7KH�LQWHUIDFH�EHWZHHQ�WKH�FOD\

DQG� WKH� EDVH� LV� DVVXPHG� WR� EH� SHUIHFWO\� VPRRWK�� � 7KH� SUREOHP� FRQVLGHUHG� LV

VKRZQ� LQ� )LJXUH� ����� � 7KH� VRLO� LV� OLQHDU� HODVWLF� DQG� FRPSOHWHO\� VDWXUDWHG� ZLWK

ZDWHU�� �*LEVRQ�HW�DO�� �������GHULYHG�DQ�H[SUHVVLRQ�IRU�WKH�VXUIDFH�VHWWOHPHQW�RI

WKH�FOD\�OD\HU�XVLQJ�FRXSOHG�FRQVROLGDWLRQ�WKHRU\���7KH�*LEVRQ�HW�DO��VROXWLRQ�DQG

WKH�DOJRULWKP�XVHG� LQ�HYDOXDWLQJ� LW� IRU� WKLV�SUREOHP�DUH� VKRZQ� LQ�$SSHQGL[�&�

7KH�SUREOHP�ZDV�DQDO\]HG�ZLWK�6$*(�DQG�FRPSDUHG�WR�WKH�*LEVRQ�VROXWLRQ�IRU

3RLVVRQ·V�UDWLR�HTXDO�WR������DQG������

7ZR�ILQLWH�HOHPHQW�PHVKHV�ZHUH�DQDO\]HG�ZLWK�6$*(�IRU�HDFK�YDOXH�RI�3RLVVRQ·V

UDWLR���2QH�PHVK�ZDV�D�FRDUVH�PHVK�ZLWK����HLJKW�QRGHG�TXDGULODWHUDO�HOHPHQWV

DQG� ���� QRGHV�� DQG� WKH� VHFRQG�� ILQHU� PHVK� FRQVLVWHG� RI� ���� HLJKW�QRGHG

TXDGULODWHUDO�HOHPHQWV�DQG�����QRGHV���%RWK�PHVKHV�DUH�VKRZQ�LQ�)LJXUH�����
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)LJXUH����� 3RUH�SUHVVXUH�LVRFKURQHV�IRU�9HULILFDWLRQ�3UREOHP�7ZR�

0.00 0.20 0.40 0.60 0.80 1.00
U excess/q

0.00

0.20

0.40

0.60

0.80

1.00

z/H

Gray, H . (1944)

SAG E

T=0.5

T=0.1

V R 2_ISO .G R F



9HULILFDWLRQ�3UREOHPV ��

)LJXUH����� 'HJUHH�RI�FRQVROLGDWLRQ�IRU�9HULILFDWLRQ�3UREOHP�7KUHH�

1E -3 0.01 0.1 1 10
T , tim e  fac to r

0.00

0.20

0.40

0.60

0.80

1.00

U
, D

eg
re

e 
of

 C
on

so
lid

at
io

n

Gray, H. (1944)

SAGE

V R 2 _ U A V E .G R F



&KDSWHU�� 'DYLG�-��%HQWOHU��

)LJXUH����� 9HULILFDWLRQ�3UREOHP�7KUHH�

b b

h

rigid,  smooth, impervious base

flexible str ip footing

saturated l inear elast ic
clay

k = 0.0028 ft /day
E = 33333 psf
ν = 0.30

y

x
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)LJXUH����� )LQLWH�HOHPHQW�PHVKHV�IRU�9HULILFDWLRQ�3UREOHP�7KUHH�
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7KH�VWULS�ORDG�ZDV�DSSOLHG�DV�D�UDPS�ORDG�DSSOLHG�GXULQJ�WKH�ILUVW������GD\V�RI�WKH

DQDO\VLV�� �7KH�*LEVRQ�HW� DO�� VROXWLRQ� DVVXPHV� WKDW� WKH� ORDGLQJ� LV� LQVWDQWDQHRXV�

)LJXUH�����LV�D�SORW�RI�QRUPDOL]HG�VHWWOHPHQW�DW�WKH�FHQWHUOLQH�RI�WKH�VWULS�IRRWLQJ

YHUVXV�WKH�WLPH�IDFWRU�IRU�WKH�*LEVRQ�HW�DO��VROXWLRQ�DQG�WKH�6$*(�UHVXOWV���7KH

DJUHHPHQW�EHWZHHQ�WKH� WZR�VROXWLRQV� LV�YHU\�JRRG�IRU�ERWK�YDOXHV�RI�3RLVVRQ·V

UDWLR���7KH�*LEVRQ�HW�DO��VROXWLRQ�DQG�WKH�6$*(�VHWWOHPHQWV�GLIIHU�VOLJKWO\�DW�WKH

YHU\� HDUO\� VWDJHV� RI� FRQVROLGDWLRQ�� � 7KH� PDLQ� FDXVH� RI� WKH� GLIIHUHQFH� LV� WKH

GLVFUHWL]DWLRQ� RI� WKH� FOD\� OD\HU�� � 1RWH� WKDW� WKH� GLIIHUHQFH� EHWZHHQ� WKH� 6$*(

UHVXOWV�DQG�WKH�*LEVRQ�HW�DO��VROXWLRQ�LV�OHVV�IRU�WKH�ILQH�PHVK�WKDQ�IRU�WKH�FRDUVH

PHVK���$�VHFRQG�FDXVH�LV�WKDW�WKH�VWULS�ORDGLQJ�LV�QRW�LQVWDQWDQHRXV�LQ�WKH�6$*(

DQDO\VLV��EXW�LW�LV�LQVWDQWDQHRXV�LQ�WKH�*LEVRQ�HW�DO��VROXWLRQ�

)LJXUH������ LV� D�SURILOH�RI� WKH�QRUPDOL]HG� VHWWOHPHQW�RI� WKH� VXUIDFH�RI� WKH� FOD\

OD\HU�DW�D�WLPH�IDFWRU�RI�������IRU�WKH�FDVH�RI�3RLVVRQ·V�UDWLR�RI�WKH�FOD\�HTXDO�WR

�������7KH�DJUHHPHQW�EHWZHHQ�WKH�*LEVRQ�HW�DO��VROXWLRQ�DQG�WKH�6$*(�UHVXOWV�LV

YHU\� JRRG�� � 7KH� VHWWOHPHQW� SURILOH� IURP� WKH� ILQH�PHVK� DJUHHV� EHWWHU� ZLWK� WKH

DQDO\WLFDO�VROXWLRQ�WKDQ�WKH�VHWWOHPHQW�SURILOH�IURP�WKH�FRDUVH�PHVK�

3.5. CONCLUSION

&RXSOHG�FRQVROLGDWLRQ�ZDV�LPSOHPHQWHG�LQWR�WKH�ILQLWH�HOHPHQW�SURJUDP�6$*(�

7KH� LPSOHPHQWDWLRQ� RI� FRXSOHG� FRQVROLGDWLRQ� JUHDWO\� H[SDQGV� WKH� UDQJH� RI

SUREOHPV� WKDW� 6$*(� FDQ� DQDO\]H�� � 7KUHH� YHULILFDWLRQ� SUREOHPV�ZHUH� DQDO\]HG

ZLWK�WKH�QHZ�YHUVLRQ�RI�6$*(���7KH�DJUHHPHQW�EHWZHHQ�WKH�6$*(�UHVXOWV�DQG

DQDO\WLFDO�VROXWLRQV�IRU�WKH�YHULILFDWLRQ�SUREOHPV�LV�YHU\�JRRG�
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)LJXUH������ 1RUPDOL]HG�VHWWOHPHQW�SURILOH�RI�WRS�RI�FOD\�OD\HU�DW�7 ������
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