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FINITE ELEMENT STUDY OF PLANE WAVE ACOUSTIC PHENOMENA IN
DUCTS

This thesis studied the finite element modeling of plane wave acoustic phenomena
in ducts. The study looked into finite element factors such as shape functions, mesh
refinement, and element distortion.

The study concluded that the higher order shape function eight-node quadrilateral
element gave considerably better results than lower order shape function four-node
guadrilateral element. The eight-node element converged much faster to the analytical
solution than the four-node element. The average error, taking all the cases in
consideration, for the four-node element was around 30 % for a mesh refinement of about
14 elements per wavelength at 100 Hz frequency. The eight-node element in the other
hand had average absolute errors of less than 1% under the same conditions.

This section also found that the eight-node element was substantially more
resistant to solution deterioration due to element distortion than the four-node element.
For example distorting the four-node element up tod#hrees usually increased errors
very rapidly to above 100 % errors. The eight-node element on the other hand usually
produced errors of less than 5 % for the same level of distortion.

The study showed that the type of boundary condition used had a significant
effect on the solution accuracy. The study demonstrated that the effect of the natural
boundary conditions was more global. Meeting this kind of boundaryitemndhrough

mesh convergence produced accurate results throughout the duct.
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Chapter 1

Introduction

1.1 Purpose and Methods
The finite element method is an approximate numerical techniques used to solve a

given governing partial differential equation of a system. This study arises out of the need
to determine the modeling factors and practices that lead to good reliable finite element
results in acoustics.

The need for reliable results is complicated because the results’ accuracy depend
on the problem being modeled. Nevertheless, by looking at factors that affect the
solution of the finite element method, good modeling practices can be established that are
likely to lead to reliable results.

The problem modeled in this study was that of plane acoustic waves traveling in a
duct created by a harmonic exciting pressure field. The plane wave phenomena was a
good choice, because this system is easy to understand, and most readers would readily
understand the physics of this system. Further, the analytical solution for this problem
was easily attainable in closed form, which allowed easy comparison to finite element
solutions.

The finite element method was analyzed in terms of the following factors:

* Mesh Refinement

* Element Distortion

» Order of the Interpolation Functions

» Boundary Condition Type
The geometry used in the finite element method was a duct 20 meters long and 3 meters
high as illustrated in Fig. 1. Several cases were analyzed under different boundary
condition sets on each of the faces. This was done to determine the overall modeling

characteristics of the finite element method for several solution fields.
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Figure 1. Geometry modeled.

1.2 Literature Review

There are other numerical studies available in the literature that deal with similar
acoustic problems [1-4]. Some of the older studies like that by I. Tag and E. Lumsdaine
[1] dealt with the non-linear three-dimensional acoustic equation in axisymmetric ducts.
This study was mainly concerned with high subsonic Mach numbers and comparison of
the results with experimental solutions. The authors of this study were concerned with
meeting the experimental solution, yet no mention was made of the modeling practices
used to obtain reliable results.

Another early study by R.J. Astley and W. Eversman [2] looked at comparison of
the finite element method and the method of weighted residuals. The authors of this study
gave some insight into the modeling practices used to obtain their results. The authors
looked at mesh refinement to predict transmission and reflection coefficients. Although
more complete, in terms of giving insight into the modeling practices, than Lumsdaine’s
study, many more modeling factors are presented in this study.

More recent studies by I. Danda Roy and W. Eversman [3] have improved
solutions over these earlier studies. In their study for example an eigen-value acoustic
duct problem was solved with the finite element method. Improved solutions were
obtained by evaluating the acoustic pressure at gauss points rather than nodal points.

Although solution improvement was shown by their study by evaluating the

acoustic pressure at gauss points there are many more modeling factors in the finite



element method that affect the solution accuracy. The authors of this study stated that 4 to
5 elements per wavelength in the direction of the sound propagation would produce
“good” results.

There are more of these kinds of finite element studies documented in the
literature. Most of them were trying to achieve good results without necessarily
explaining the modeling practices that led to them [4-5].

This thesis intends to study some factors that affect the finite element solution in
duct acoustics. It does not encompasses all possible acoustic problems, therefore
extrapolation of the results of this study to other problems should be done with care. It is
preferable that the readers understand the physics and numerical methods and weight the

factors affecting the solution accuracy to each situation.



Chapter 2

Theoretical Analysis

2.1 Fundamentals of Acoustics

The most important equation in acoustics is the acoustic wave equation also
known as the Helmholtz’'s equation. To derive the Helmholtz's equation we must first
examine three other equations.

The first of these equations is the equation of state. This equation relates the
internal forces of the fluid to the deformation of the fluid. The second equation is the
equation of continuity. This equation considers the conservation of mass for the fluid.
The final equation is Euler's equation, which is analogous to Newton’s momentum

equation in solids [6].

A. Equation of State

Let's assume we have a volume of fluid with denpigyand pressur®,. When
this volume is deformed the density and the pressure chammarndP respectively as

can be seen in Fig. 2.

p&P
Po & Po

Figure 2. Volume of Fluid.
The new pressure in the fluid using Taylor series expansion is given by

P
p=p+Pgp (1)



Approximating equation (1) assuming small deformations leads to

oP
- ] 2
P= R+ 55 (0-P) @)

The Bulk modulus of a fluid is defined as

oP (3)
B=p, —
po ap
Rearranging produces
B_oP (4)
P, Op

Inserting equation (4) into equation (3) and rearranging leads to
P-P,

P, ©))

If p, the acoustic pressure, andhe condensation of the fluid, are defined as

p=P-R (6)

P=hy (7)

Equation (5) becomes



Bs (8)

o
I

Equation (8) is the equation of state.

B. Equation of Continuity

Figure 3 shows fluid entering and leaving a differential volume. The symbol
stands for the fluid velocity. To get the continuity equation we need to assume that the
change in the amount of fluid entering and leaving a differential volume is equal to the

amount of fluid increase inside the volume.

d(pu,)
pu, pu, +— 5 X
— —

Figure 3. Fluid volume with fluid coming in on the left and leaving on the right.

This yields for one-dimensional flow to

_ a(pux) — a(pux) _% 9
{ou, —[pu, += dx]}dydz = o dxdydz = 5t dxdydz 9)

Doing a similar derivation for all three spatial directions and lettivgrdxdydz

produces
dpu, Opu, dpu op
— X y4 - 10
[ax ¥ ay ¥ 0z Jav atdv (10)
Equation (10) in compacted notation is
_ ay = 9P (11)
[0+ (pu)] =5,

6



Rearranging equation (11) produces
op ~
5 H0e (W] =0 (12)

Equation (12) is a nonlinear partial differential equation. Botland p are
functions of space and time. Equation (12) needs to be linearized. To do this the chain
rule for a divergence operator needs to be employed in order to change equation (12) to

the proper form. The chain rule for a divergence operator is

Oe (UA) = (Qu)» A+u(de A) (13)

whereu is a scalar and is a vector in equation (13). Using the relationship in equation
(13) in equation (12) yields

%+(Dp)-0+p(D-ﬂ):O (14)

Replacingp with p,(1+s)in equation (14), wherp, is the original density (a constant)

andsis the condensation of the fluid produces

9
poa—f +(p,09 * U+ (p, +p,8)(0* )= 0 (15)

Simplifying

0s
E+(Ds)-ﬁ+(1+s)(D-*u)= 0 (16)
Assuming that s<<1 equation (16) becomes

0s L
E+(D'U)—O



17)

Equation (17) is the linearized continuity equation.

C. Euler's Equation

Figure 4 shows pressure forces acting on a fluid element. The net sum of external

forces is equal to the mass times the acceleration.

0Xx

Figure 4. Fluid volume being acted on by pressure forces.

Therefore the sum of the forces in this element in one dimension is

0
pdydz— (p+ a—sdx)dydz: padxdydz (18)

where ais the acceleration of the fluid particles. For all three spatial directions equation

(18) becomes
—Up=pa (19)

The acceleration for the fluid is given by

__au ou ou ou
a=—+u,——+

ou  ou 20
ot M ox TWay Tz (20)



In compacted notation equation (20) becomes

2= @ Oy 2
_at (1)

Inserting equation (21) into equation (19) results
a0
Op= p[a—‘tJ + (U O] (22)

Assuming thadu/ot >> (w )u, then equation (22) becomes

—

U
-Up= Pt (23)

Equation (23) is the force equation or Euler’s equation.
Now all the elements necessary for deriving the Helmholtz’'s acoustic equation are

present. Taking the divergence of equation (23) and rearranging yields

ou _ R
pHe 5 =0+ (p) =-Lp (24)

Next taking the derivative with respect to time of equation (17)

0°s ou
> «— — 25
o 0 5 0 (25)

Combining equations (24) and (25) results in

0°s (26)
2n=n——

Substituting equation (8) into equation (26) yields

_10%

- —-ZF 27
¢’ ot? (7)

0%p



wherec is the phase speed of the fluid. Equation (27) is the pressure wave equation also
known as the Helmholtz’s equation.

Assuming a harmonic solution, and using equation (23), the fluid velocity is
related to the change in the pressure field with respect to space through the following

eqguation

Wherei is the imaginary number, andlis the circular frequency.

The relation of the particle velocity to the gradient of the pressure field is called
potential flow theory. The equation shows that for a fluid particle to move there has to be
a varying pressure field with space. In other words a fluid particle would not move unless
there is net pressure acting on it.

The phase speadn Equation (27) is a property of the fluid. It is

c=.— (29)

Notice that the phase speed has the same form as the more familiar natural frequency
eqguation for a single degree of freedom in vibration analysis. The equation for a single

degree of freedom in vibration analysis is
w, = M (30)

whereK andM are the stiffness and mass respectively of the vibrational system.

The reason for this similarity is that the phase speed is in actuality the natural
frequency for each interacting fluid particle. When a fluid is excited, a wave propagates
because each individual fluid particle vibrates at its natural frequency creating a wave

that travels at phase speed

10



2.2 Analytical Solutions to the Cases in this Study

The study modeled three cases of duct acoustics. Each case had the same
geometry as mentioned in the introduction but different boundary conditions. . The
boundary conditions for each of the cases was:

» Case I;Left Face: Constant Real Pressure Amplitude = 2; Right Face: Impedance

= pC

» Case ll; Left Face: Constant Real Pressure Amplitude = 2; Right Face: Velocity
=0

= Case lll; Left Face: Constant Real Pressure Amplitude = 2; Right Face: Pressure
=0

The pressure frequency is held constant at 100 Hz. for all cases in this section.
The unit of the pressure amplitude is Pascal. The phase sgeetimass densijy are
340 m/s and 1.225 kgfhrespectively. The physical significance of these boundary
conditions will be explained in chapter 3 (Results & Discussion). Here only the actual
algebraic analytical solution of the problem is of interest.

The assumed pressure field solution for the Helmholtz’s equation for the cases in

this study is
p(X,t) = Al 4 e (31)

where A andB are arbitrary constants that depend on the boundary conditions of the
problem.wis the circular frequency of oscillation, akdepresents the wave number.

The wave numberk, is obtained by substituting equation (31) into the
Helmholtz's equation (Egs. 27). Doing so produces
w (32)

Wherec is the phase speed given by equation (29). The solution assumed in equation (31)
represent two waves traveling in the positive and negatileection.

The boundary condition on the left end is an oscillatory pressure boundary
conditionp, for all cases. Applying this boundary condition to equation (31) results in

(A +B)e =pe“ (33)

11



Simplifying equation (33) yields
A+B =p, (34)

Before looking at the other boundary condition in each of the cases, first the general

velocity field needs to be derived. Inserting equation (31) into equation (28) produces

-1 | o
\KXJ):TaB(AkAe“X+ikBé“)é“ (35)

Inserting equation (31) into equation (35) and simplifying leads to

4

€ -ikx {kx
Wﬂﬂ-ggme Be™) (36)

The impedance field is the ratio of the pressure field over the velocity field.
Therefore the impedance is just equation (31) divided by equation (36). Consequently the

impedance field is

Ae ™ + B (37)
ﬂ@—ngnga

whereZ is the impedance of the fluid. Now all the necessary equations to solve for the
pressure and velocity field for the three cases are present.

For case 1 the impedance condition on the right side of the dpct Therefore
Z(L) is equal topc, whereL is equal to the length of the duct. Applying this boundary

condition produces

Ae™ +Bd* (38)

pCAe—ikL "B T

12



Solving simultaneously equation (34) and equation (38) leads to
OB=0& A=p, (39)

Therefore the pressure and velocity fields for Case 1 using equations (31), (36), and (39)

produces
p(x, 1) = p,e™ & (40)
and
v(x,t) = %e‘““ g (41)
respectively.

For Case 2 the velocity boundary condition on the right side of the tube is zero.

Therefore applying this boundary condition produces

it

T)_C(Ae—ikL — Bdt )=0 (42)

Solving simultaneously equation (34) and equation (42) yields
eikL

A= pom (43)

e—ikL

_._ (44)
B =P 3 CoskD)

13



Consequently the pressure and velocity fields using equations (31), (36), (43) and (44) for

Case 2 leads to

- Py KL —kx) o oci(KL-kX) \4 (45)

P D= Scoswy &  TE
- P, Lkx)  i(kL-KX) \j 46
v(x,t) 250C05 (kL)(e e )& (46)

Simplifying equations (45) and (46) respectively yields

p(x,t) = p,[Cos(kx)+ Tan(kL)Sin(kx)]& (47)

P, . :
v(x,t) = |E[Tan(kL)Cos(kx) - Sin(kx)]&" (48)

For Case 3 the pressure boundary condition on the right face of the duct is zero.

Applying this boundary condition produces
(Ae™ + B )& = 0 (49)
Solving equations (34) and (49) simultaneously leads to

A= Pegt (50)
" i2Sin(kL)

i2Sin(kL) — ¢
i2Sin(kL)

= p,[ ] (51)

Consequently the pressure and velocity fields for Case 3 using equations (31), (36), (50)
and (51) yields

14



p(x,t) = izsf’m{ewm +[i2Sin(kL) — € ]~ )& (52)

— Po L) _rinai KL 74kx 14 @
v(x,t) = m{e( ) —[i2Sin(kL) — € 1&* }e (53)

Simplifying equation (52) and (53) produces

p(x,1) = p,[Cos(kx)— Cot(kL)Sin(kx)]&" (54)

V(X 1) = =i %[Sin(kx) + Cot(kL)Cos(kx)]&* (55)

These are the analytical solutions of the pressure and velocity fields for all three cases.

15



2.3 Finite Element Method

The finite element method is a numerical approximation of the solution for a

differential equation. In this case, it is an approximation to the Helmholtz equation.
Following is the derivation of the finite element method to the Helmholtz equation [7].
The Helmholtz's equation needs to be rearranged so that it equals to zero on the

right hand side.

10°p

2 9P
7p-L9P g (57)
P 2o =
O (Op _@ =0 (58)
c? ot?

Equation (58) is multiplied by an arbitrary smooth scalar funafi@md integrated over
the domainQ. The functiong satisfies the essential boundary conditiohghy this is

done will become evident later in this derivation.

d0- Op)-d5 521 =0 (59)

[0 (TP jcp[ 2 Pla=o (60)

This is called th&Veak or Galerkin’s formulation of the Helmholtz equation.
To transform equation (60) to the proper form, the chain rule of calculus needs to

be employed. The chain rule for a gradient operator is
O (UA) = (Ou) » A+ u(T A) (61)

Rearranging equation (61) produces

u(de A) = O (UA) - (Ou) A (62)

“For a second order differential equation like the Helmholtz’s equation, the essential boundary conditions
contain no derivatives. Consequently pressure boundary conditions are essential boundary conditions.

16



Whereu is a scalar quantity arAlis a vector. Using the relationship in equation (62) and

with A=[Op andu=¢ and substituting the result into equation (60) yields
Oe (@Op)dQ - [ O Opd - [i@]dQ =0
[0+ (90p)dQ - [ B Dpc ~f 0l 5100 = (63)

To simplify equation (63) the divergence theorem may be employed. The divergence

theorem is

J'D « AdQ = IA o Adl (64)
Q r

WhereQ is still the domain modeled, is the boundary of this domaiA, is an arbitrary
vector, anch is a unit normal vector to the bound&ryUsing the relationship in equation

(64) and applying it to equation (63) produces
. 10°p
lchrr nd” -!Dcpﬂpdl—icp[gﬁldﬂw (65)

Simplifying and rearranging

1 0%P a0+ fhoe Dpda = [0 Pdr 66
Czl(p_atz icp p —Jr’cp% (66)

The velocity (natural) boundary condition in this problem is given by

_~19p
b — |(Ap on (67)
Rearranging equation (67) yields
op . (68)
a— = —I(q)Vb

17



Where theVy, is the normal boundary velocitgg is the circular frequency, armlis the
density of the fluid. Inserting equation (68) into equation (66) leads to

1. 0% .
gj'(p?dQ +J'D(p- OpdQ = —|oopVbJ'(pd' (69)
Q Q r

Up to equation (69) there has been no approximation to the Helmholtz's equation. If a
functional value ofp could be found that satisfied equation (69) exactly then this
functional value op would be the exact solution to this given problem.

Equation (69) requires an approximation since the functional value that exactly
satisfies it, is not known. Consequently equation (69) approximated with a finite series

sum of nodal values times that node’s basis funcponduces

P=¢" =y (xy.2) = QY (70)
p=p"=pY;(xy.2=py (71)
a N . .

a—f=p =pYi(xy.29=py, (72)
o by )= U (73)
ot? v ! (I

where,; is the basis function for nodeq is the value of the arbitrary function at node

pi and its dot derivatives are the pressure values, the derivative with respect to time of the
pressure values, and the second derivative of the pressure values with respect to time
respectively at nodie and the superscriptrefers to the number of nodes.

Inserting equations (70) through (73) into equation (69) yields

18



2N
C—lzj'(p”%zd(z +J’Dcp” « Op"dQ = —iprbJ'(p”d' (74)
9P, |
2 IququdQ+(ﬂijDqu ¢ DLIdeQ:_KP(*pVbILIJid_ (75)
1 . .
[gIUJiLledQ] pj+[IDLUi e Oy, d p = "Qp\éIUJid_ (76)
0 o) T

Equation (76) can be simplified by introducing quantikbs Kj;, andF; defined as

1
Mij = ?_J;w|l-pjdg (77)
Ky = [0, » O;dQ (78)
F = —iwpV, [w,dr (79)

Inserting equations (77) through (79) into equation (76) leads to

M;p;+Kip; = F (80)

Equation (80) can be rewritten in matrix form as

mifo) (<)o} = {7 1)

The boundary conditions in terms pf(essential)are applied to equation (81). These

matrix equations are solved simultaneously to get the valyefoofeach node.

In the finite element work the nodes are grouped into elements. Therefore the

basis functions are restricted to the elements. This restriction of the basis function to the

“Basis functions are functions (usually polynomials) whose value is one at its respective node and zero at

the remaining nodes [7]. They are defined globally. Throughout this thesis the Einstein summation
convention is used. Repeated indices indicate summation over the range of the variable.

19



element is called shape function. Consequently the element mfiuices$K] °, and{F}°

are defined as

. _ 1
M®, =§JNideQe (82)
K®, =JDNi * ON,dQ, (83)
FS = —iwpV, [Ndr, (84)
re

whereN;, Qe andl ¢ are the shape function associated with nodbe element domain

and boundary of the element domain respectively. Since global domain is comprised of
the sum of the elements, it follows that the global matifigs [K] , and{F} become the

sum of their respective element matridé4 ®, [K] ®, and{F}°.

The formulator chooses the shape functions and consequently they are an
assumed solution field. The shape functions used in this study were the Lagrange shape
functions. These are a common set of shape functions, which are polynomials of the
lowest possible order for an element type [8]. Consequently each element type has a
specific assumed solution field.

The two types of elements used in this study were the four-node and eight-node
guadrilateral elements. The assumed pressure fields for a four-node and eight-node
guadrilateral element are

P(X,y)=Bat Bax+ Bay+ Paxy (85)
POX,Y)=But Box+ Bay+ Bax” + Boxy + Bey” + Box’y + Baxy” (86)
respectively, wherf; are constants associated with nofs.

Another important aspect of the finite element analysis is the mapping from local
coordinates to global coordinates. This is needed, because a systematic way is required
for integrating different elements (sizes and distortion) throughout the meshed model. In

order to do this a matrix is used called the Jacahian

20



The Jacobian matrix has the form

X Y[ &7)
Dg O_ED

I=5x ov 5
Bon ong

whereg andn are the local (natural) coordinates, wittandY defined as (isoparametric

formulation)
X =Y NiX; and Y => NiY; (88)
and N; is the shape function for nodeAlso X; & Y; are the global coordinates& y of
nodei.
The relation between the local and global coordinates is
dXdY = |J| ddn (89)
where|J| is the determinant of the Jacobian matrix. The determinant of the Jacobian is a

constant (scaling factor) if the elements are not distorted, and a function of space as the

element gets distorted.

21



Chapter 3

Results & Discussion

The study modeled three cases of duct acoustics. Each case had the same
geometry as mentioned in the introduction but different boundary conditions. The
geometry is 3 meters in height and 20 meters long. The boundary conditions for each of
the cases was:

» Case I|;Left Face: Constant Real Pressure Amplitude = 2; Right Face: Impedance

= pC

= Case ll; Left Face: Constant Real Pressure Amplitude = 2; Right Face: Velocity
=0

= Case lll; Left Face: Constant Real Pressure Amplitude = 2; Right Face: Pressure
=0

The pressure frequency is held constant at 100 Hz. for all cases in this section. The unit
of thepressure amplitudeis Pascal. The phase speednd mass densify are 340 m/s
and1.225 kg/n respectively.

The cases chosen for this study were picked for several reasons. All the cases had
a pressure boundary condition on the left face because this boundary condition was
satisfied exactly regardless of the level of mesh refinement. Consequently this allowed a
constant reference point that all other changes could be measured against.

The boundary conditions on the right were chosen to see the effect different
boundary conditions had on the mesh. The right face boundary conditions for the three
cases were mixed, natural, and essential boundary conditions respectively.

The corresponding mechanical system for all three cases would be a bar with a
constant oscillating force on the left face. For Case | the bar would be of infinite length,
for Case 2 the bar would be finite with its right end free, and Case 3 would be a finite bar
with its right end fixed.

Another important aspect that must be addressed is that the frequency of 100 Hz.
is above the first cut on frequency. This would then imply that the plane wave assumption

was no longer true. This would be the case if the boundary conditions on the left and right

22



side of the duct were not uniform. Since the boundary conditions on this study were all
uniform, there were only plane waves created in the duct for all cases.

The consideration of plotting either the real, imaginary, or amplitude of the
pressure and velocity fields must also be addressed. This concern applies only for Case |,
since Case Il & lll contained only real or imaginary quantities but never both in the
solution field. Consequently the only choice available was to plot that quantity present.

Case | contained both real and imaginary quantities in the pressure and velocity
fields. Consequently a choice needed to be made in the quantity to be plotted. Notice that
the analytical solution for the imaginary and real quantities of both the pressure and
velocity fields are orthogonal and equal in maximum amplitude.

This means that plotting the pressure amplitude or velocity amplitude would have
produced constant pressure and velocity fields throughout the domain. Therefore no
comparison except for actual amplitude difference could be done. Consequently this
choice was ruled out.

The remaining choice was to plot either the real or imaginary or plot both
guantities. Plotting both would have been redundant since the only difference between
the real and imaginary fields is a phase difference. Therefore it was chosen to plot the
real part of the pressure and velocity fields for Case I.

All meshes in this thesis were generated using IDEAS Software. All meshes were
analyzed with SYSNOISE Software. The results were then post-processed using IDEAS

software. The software gave both pressure and velocity results.

3.1 Finite Element Mesh Refinement Analysis

An important aspect of finite element modeling is the mesh refinement needed to
obtain an accurate solution. In acoustics and dynamic systems it is appropriate to talk
about elements per wavelength. This is the equivalent of knowing the frequency and the
element lengtH.

The main focus of this part of the study was to look at the effects that boundary

condition type and the order of the shape function interpolation in the element had on the

“We will see in part 3 of this section that although this is common practice, it may not produce satisfactory
results.
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solution. The section looked at the error between the finite element and analytical
solutions for different levels of finite element mesh refinement. The meshes were refined
uniformly, so no localized mesh refinement was done.

In this section the elements were not distorted, therefore only the effect of

refinement was present. Furthermore the mesh was uniform throughout the domain of the
duct (See. Fig. 5.).

Figure 5. Uniform Mesh.

Figure 6 shows a typical pressure field plot solution. Notice that the wave-front
created is plane. This reiterates the assumption that for uniform boundary conditions no
cut-on mode will be excited in the duct.
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Figure 6. Case | Real Pressure Field Plot for the four-node 13.6 elm/wavelength.

Error plots at different locations in the tube were not included in this section;

rather they were placed in Appendix A in order to make the section more readable.

Throughout this section these figures will be referenced. The naming convention for

these figures is simple. The convention goes as follows: the letter of the appendix

precedes the figure number. The figure number in the appendix corresponds to the figure

number in the text. For example the error plot associatedfigitte 7 in the text is in

appendix A namedFigure A-7.

The absolute error was defined by the absolute value of the difference of the

analytical and numerical solution divided by the analytical solution and multiplied by

100.
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3.1.A. Four-Node Quadrilateral Element Pressure Freqguency Response for Case |

Figure 7. shows the four-node element frequency response for Case I. As

expected the finer meshes approximated the analytical solution better.
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Figure 7. Four Node Element Pressure Frequency Response for Case |

and finite element solution match very closely even for a relatively coarse mesh (3.4

elements/wave). At positions away from the boundary condition, a greater degree of

Notice that close to the pressure boundary condition (near x = 0 m) the analytical

mesh refinement was needed to continue to attain an accurate solution.

an essential boundary condition and the solution independent variable. The essential

boundary conditions are forced upon the matrix solution. Consequently, close to the face

This trend can be explained. The pressure boundary condition on the left face is

with the essential boundary condition, the solution must start at that value.
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The natural boundary conditions on the other hand are satisfied through mesh
refinement. The impedance boundary condition on the right face involves a relation with
velocity and consequently it is a natural boundary condition. Therefore by increasing the
number of elements per wavelength, the analytical and finite element solution matched
more closely on the face of the natural boundary conditions.

To quantify the above trends Fig. A-6 summarizes the percent errors at different
locations along the x-axis vs. number of elements per wavelength. The percent errors are
very high, exceeding 50% absolute value except for the highest level of mesh refinement
and up to 30% there. The figure also shows the general trend of decreasing percent error
with increasing mesh refinement. Notice though, that further mesh refinement would be

needed to achieve satisfactory results with this type of element and case.

3.1. B. Eight-Node Quadrilateral Element Pressure Freqguency Response for Case |

The four-node quadrilateral did not match very well the analytical solution even
for very fine meshes. It was expected that the eight-node element would perform better,
since the assumed solution within the eight-node element is quadratic. The quadratic
assumed solution was expected to be a better match to the actual sinusoidal field. The
reason for this expectation was that the higher order polynomial would have an easier
time approximating the curvature of the sinusoidal solution.

Figure 8. shows the eight-node element pressure frequency response for Case |.
As seen from the graph the finite element and analytical solution match was improved
dramatically.

Figure A-8. also shows the dramatic improvement in terms of solution accuracy
by using the eight-node vs. the four-node element. The percent errors dropped to less than
5% much faster than for the four-node element. Another important characteristic of the
eight-node element was that its solution seemed not only accurate but also much less

prone to propagation error. This aspect of the eight-node element makes it very valuable.
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Eight Node Element Pressure Frequency Response for Case |
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Figure 8. Eight Node Element Pressure Frequency Response for Case |I.

3.1.C. Four Node Quadrilateral Element Velocity Frequency Response for Case |

Figure 9. shows the velocity frequency response for the undistorted four-node
guadrilateral for Case |. The solution accuracy of the natural solution (velocity) field was
different from that of the essential (pressure). The maximum amplitudes of the velocity
field tended to decrease away from the analytical solution as the mesh became coarser,
rather than stay the same as in the pressure field.

The corresponding velocity boundary condition on the left face due to the
pressure boundary condition (essential) was not matched exactly as in the pressure field.
Nevertheless the velocity boundary condition was better matched at the left face than the
corresponding velocity boundary condition on the right face due to the impedance

condition.
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Four Node Element Velocity Frequency Response for Case |
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Figure 9. Four Node Element Velocity Frequency Response for Case |I.

Another important aspect of this plot was that the velocity field was square
oscillatory even for the finest mesh rather than sinusoidal as the analytical solution. This
result was unique for this case. The author does not understand why this behavior was
observed for this case.

Figure A-9. shows the error plot for the four-node velocity frequency response.
Comparing the error plots for the pressure and velocity field, it is seen that the error
diminished faster for the velocity field than the pressure field when the mesh was refined.
Nevertheless the pressure field error approached zero monotonically after about six
elements per wavelength, where the velocity field oscillated at around the 10 percent

error after about the same number of elements per wavelength.
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3.1.D. Eight Node Quadrilateral Element Velocity Frequency Response for Case |

The velocity field was not approached well with the four-node element for this
case. Figure 10. shows the eight-node velocity frequency response for Case |. For this
element the velocity field still did not match the analytical solution. It is interesting to
note that the solution still was square wave like with noise like variability at the peak
velocities.

Now looking at the error plot (Fig. A-10) for this element we see that the error
decreased monotonically to zero as we increased the number of elements per wavelength.
It also suggests that the solution was more location dependent for the velocity field than
for the pressure field. The errors varied from a mean of around 40% for a distance

equal to 20 meter to around 5% for a distance of 5 meters.
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Eight Noded Velocity Frequency Response for Case |
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Figure 10 . Eight-Node Element Velocity Frequency Response for Case | at 100 Hz.

3.1.E. Four-Node Quadrilateral Element Pressure Frequency Response for Case |l

For Case Il a pressure boundary condition (essential) on the left face and a
velocity boundary condition (natural) on the right face of the duct was applied. Figure
11. shows the pressure frequency response for the four-node element as a function of the
positionx, along the duct.

Notice that for this case the difference between the analytical and finite element
results was relatively constant along length of the duct with little propagation error, and
depended mainly on the number of elements per wavelength. Also notice that the
amplitudes are higher than the analytical and converge from above.
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Four Node Element Pressure Frequency Response for Case Il
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Figure 11. Four-Node Element Velocity Frequency Response for Case Il at 100 Hz.

Figure A-11. shows the percent error at differeidcations for this case. Notice
that the percent errors were higher for this case than for Case | for this element. This can
be explained because the resultant pressure frequency response was the result of a plane
wave traveling in the positive direction and a plane wave traveling in the negative
direction. Consequently the FEM method had a harder time approximating this more
complicated solution.

3.1.F. Eight-Node Quadrilateral Element Pressure Frequency Response for Case Il

It was expected that the eight-node quadrilateral would match better the pressure
field than the four-node quadrilateral element. Figure 11. shows the pressure frequency
response along the length of the duct for the eight-node quadrilateral for Case II.

The solution match was better for this element than the four-node quadrilateral.

The number of elements per wavelength seemed to matter less for this higher order
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element. The graph also shows that the solution field for this element was largely

independent of the location in the duct.

Eight Node Element Pressure Frequency Response for Case |l

4.00E+00

i A

1.00E+00 \ / \ / |
0.00E+00 - */ \ / : \ / \ / \ / \ /
-1.00E+00 \ /6 |

.

\v/

Real Pressure (Pa)

e A AR SR R AR
0 VI V¥ A v v A ¥

% V V N N

Length along the tube (m)

-4.00E+00

—— Element Length = 1.0 (3.4 elements/wave length)

—— Element Length = 0.5 (6.8 elements/wave length)
Element Length = 0.25 (13.6 elements/wave length)
Analytical

Figure 12. Eight-Node Element Pressure Frequency Response for Case Il at 100 Hz.
Figure A-12. shows the percent error at various locations in the duct. Again low
errors were present regardless of the number of elements per wavelength and numbers of
locations in the duct. The solution field also approached very fast the analytical value and
did not change after that. Consequently convergence was achieved faster for the eight-

node element vs. the four-node element.

3.1.G. Four-Node Quadrilateral Element Velocity Frequency Response for Case I

Figure 13 shows the velocity frequency response along the length of thefduct
the four-node quadrilateral for Case Il. The solution was not approximated well by this
type of element. Only the finest mesh was capable of “keeping up” with the analytical

solution. The coarser meshes had problems with phase, amplitude and frequency of their
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solution. No error was plotted since the variation in the solution was too great to achieve
any meaningful insight by it.

This figure also shows that the boundary condition, of zero velocity in the right
face, was not met, except by the finest mesh. Nevertheless the finest mesh that did
approximate this boundary condition correctly, also tended to approximate the rest of the
solution relatively well at other points in the duct. Consequently a way of checking
whether a mesh is converged is to check to see if we get back the applied natural
(velocity) boundary conditions.

Four Node Element Velocity Frequency Response for Case |l

SR ATANA G

VR RYE AV A
o /\ BRI
JSIVAY VAN R/ /AR,

Length along the tube (m)

—— Element Length = 1.0 (3.4 elements/wave length)

—— Element Length = 0.5 (6.8 elements/wave length)
Element Length = 0.25 (13.6 elements/wave length)
Analytical

Figure 13. Four-Node Element Velocity Frequency Response for Case Il at 100 Hz.

3.1.H. Eight-Node Quadrilateral Element Velocity Frequency Response for Case Il

Figure 14. shows the pressure frequency response of this element for Case Il. The
solution field improved dramatically compared to the four-node element. The velocity

boundary condition on the right face was approximated closely. The solution seemed to
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be independent of location and tended to vary less with respect to the number of element

per wavelength used.

Eight Node Element Velocity Frequency Response for Case |l
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Figure 14. Eight-Node Element Velocity Frequency Response for Case Il at 100 Hz.

Another important characteristic from the graph was that the difference in
amplitude between the coarser meshes and the analytical solution was more marked. The
amplitudes in the coarser meshes were higher than the finer mesh or the analytical

solution. This trend was evident throughout Cases | & II.

3.1.l. Four Node Quadrilateral Element Pressure Frequency Response for Case Il

Figure 15. shows the pressure frequency response of the four-node element for
Case lll. The graph shows that both pressure boundary conditions were met exactly as

expected (essential boundary conditions).
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The solution throughout the tube also improved significantly because of the
matching of the boundary condition. The phase and amplitude difference between the
finite element and the analytical solution was reduced significantly. The solution tended
to agree closer to the analytical solution nearest to both ends where the pressure boundary
conditions were present (See Fig. 15 and A-15).

This shows a major difference between meeting the essential vs. the natural
boundary conditions. While meeting the essential boundary condition improves the
solution in its vicinity, meeting the natural boundary condition improves the solution over
the entire solution field given that the elements are about the same size through out the

field.
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2. Finite Element Distortion Analysis

Another important characteristic that affects the finite element solution is the
distortion of the elements. This part of the study was undertaken in order to see the
relative stability of the solution field to element distortion. These results were then
generalized to predict the increase (or lack of increase) in error for generalized plane
wave acoustic fields.

In order to accomplish this part of the study, elements were distorted throughout
the length of the duct evenly with the angle between the left face and the element being
the distortion angle (See Fig. 16.) This was done in order to avoid errors due to “big”
elements being close to “small” element, which would have caused ill conditioning errors

rather than mapping errors.

Creates individual nodes at locations you define

Figure 16. Distorted Mesh.

Rather than looking at errors throughout the duct, error plots were developed for a
position in the middle of the duct. There were several reasons for this choice. The
solution field was uniformly changing throughout the domain modeled (See Figs. 17 &

18). Further there were five levels of distortion per location.
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As the level of elements’ distortion increases and its level of refinement
decreases, the plane waves in the duct start tilting. Nevertheless the pressure field pattern
due to the elements’ distortions is repeated throughout the domain. Consequently looking
at more points throughout the domain would not have produced more information, just
significantly more plots.

It is also important to note that the cut-on mode is not excited in the distorted
meshes. Consequently additional errors produced by distortion are solely due to mapping
problems and are not due to cut-on mode excitement effects. Appendix B contains

additional error plots for this section.

3.2.A. Four-Node Quadrilateral for Case |

Figure 19. shows the pressure frequency response error plot at 100 Hz for this
element at different levels of distortion. The first important feature to notice is that up to
30 degrees the results don’t seem to differ very much from each other regardless of the of
the number of elements per wavelength used.

At 45 degrees a transitioning is observed, where the error does increase
significantly at low number of elements per wavelength, and it does not at high number
of elements per wavelength. At 60 degrees the error was very high, and it only started to
decrease slightly at very high number of elements per wavelength.

The same kind of trend was evident in the velocity field for this element as well as
can be observed in Fig. B-19. The transitioning angle nevertheless went from 45 degrees
to 60 degrees. To understand this new transitioning angle remember that the velocity field
was more accurate than the pressure field for the undistorted configuration (See Sect.
Mesh Refinement Analysis). Consequently a higher amount of distortion was necessary

for the results to deteriorate.
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Real Pressure Frequency Response Percent Error for the Four
Node Element at x=10 vs. Number of Elements per Wavelength
for Case |
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Figure 19. Four-Node Element Pressure Percent Error Response for Case |.

3.2.B. Eight-Node Quadrilateral for Case |

Figure 20. shows the pressure frequency response error plot at 100 Hz for this

element at different levels of distortion. The first difference that is evident from the graph
is that the results were less dependent on the amount of element distortion present in
contrast to the four-node element. Even at 60 degrees distortion, the model approaches

small error after a certain amount of refinement.

“The 60 degrees response is not shown because it is out of range.

40



Real Pressure Frequency Response Percent Error for the Eight
Node Element at x=10 vs. Number of Elements per Wavelength
for Case |
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Figure 20. Eight-Node Element Pressure Percent Error Response for Case |.

The velocity field had a less marked difference between the different angles of
distortion at the lower number of elements per wavelength as can be observed in Fig. B-
20. The difference in the solution continued as the number of elements per wavelength
was increased but at a lower rate than the pressure field.

To understand the difference between the four-node and eight-node element in
terms of the effect that element distortion had on the solution, the Jacobian needs to be
studied. The terms in the Jacobian are basically the order of the respective shape function
minus one™ Consequently the determinant of the Jacobian depends on the order of the
polynomial used as shape functions.

Since the determinant of the Jacobian is a function of space, the rate of change in

space that maps the solution field depends on the order of the interpolating function

""Remember that the terms are differentiated with respect to the natural coordinates.
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polynomial. Increasing the distortion angle increases the rate of change within the
element that the determinant of the Jacobian must achieve to correctly map the element.
Increasing the order of the interpolating polynomial function within the element
increased the capacity of the Jacobian to map the natural coordinate points to the global
coordinates. Therefore the four-node element was more sensitive to element distortion

than the eight-node element.

3.2.C. Four-Node Quadrilateral for Case Il

Figure 21. shows the pressure frequency response error plot at 100 Hz for this
element at different angles of distortion. Recall from the previous section (Finite Element
Mesh Refinement Analysis Sect.) that this case and element had very bad solutions. This
figure reiterates this finding. The solution varies tremendously among the different
elements.

The solution field only drops below 100 percent error for a distortion of 30
degrees or less. This case shows quite clearly how errors due to the element’s inability to
approximate the solution field couple with the Jacobian’s incapacity to map the natural

coordinates to the global coordinates.
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Real Pressure Frequency Response Percent Error for the Four
Node Element at x=10 vs. Number of Elements per Wavelength
for Case
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Figure 21. Four-Node Element Pressure Percent Error Response for Case II.

3.2.D. Eight-Node Quadrilateral for Case |l

Figure 22. shows the pressure frequency response error plot at 100 Hz for this

element at different angles of distortion. Here the picture is similar to that of Case I. At
low levels of element distortion the number of elements per wavelength had a marked
effect, yet at high number of elements per wavelength the element’s distortion becomes

irrelevant in terms of solution accuracy.
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Real Pressure Frequency Response Percent Error for the Eight
Node Element at x=10 vs. Number of Elements per Wavelength
for Case I
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Figure 22. Eight-Node Element Pressure Percent Error Response for Case Il.

Another important characteristic that may be puzzling some readers is the fact that
as the interpolating shape function polynomials are increased, so is the order of the
integration in terms of mass and stiffness matrix that needs to be performed. The results
suggest that the improvements in solution approximation as well as improvements in the
ability of the Jacobian to map natural to global coordinates out weigh any inaccuracy that
may be introduced due to integration inaccuracy.

3.2.E. Four-Node Quadrilateral for Case lll
Figure 23. shows the pressure frequency response error plot at 100 Hz for this

element at different angles of distortion. The graph shows that the solution field was
better than in Case Il as was seen in the Finite Element Mesh Refinement Analysis

section. Distorting the element had a scattering effect on the solution field.
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Real Pressure Frequency Response Percent Error for the Four
Node Element at x=10 vs. Number of Elements per Wavelength
for Case llI
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Figure 23. Four-Node Element Pressure Percent Error Response for Case lll.

3.2.F. Eight-Node Quadrilateral for Case Il

Figure 24. shows the pressure frequency response error plot at 100 Hz for this

element at different angles of distortion. Again this graph shows the eight-node element
performed better than the four-node element.

Another result that may be perplexing some readers was that the four-node
element when distorted produced a scattering of the solution field, without necessarily
having the expected higher errors for the highest distortions. The eight-node element in
the other hand, had the highest errors for the highest element distortion.

To understand this phenomenon, realize that the eight-node element already had
good results at zero distortion. Therefore distorting the element only introduced errors

due to mapping and consequently the expected higher error for higher distortion.
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Real Pressure Frequency Response Percent Error for the Eight
Node Element at x=10 vs. Number of Elements per Wavelength
for Case Il
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Figure 24. Eight-Node Element Pressure Percent Error Response for Case llI.

The four-node element in the other hand already contained errors of refinement
for a zero distortion angle. Therefore when the element was distorted, the element now
contained errors in mapping and refinement. These new errors in mapping may
sometimes cancel previous errors in refinement. Consequently some distorted meshes had
lower overall errors.

Nevertheless it is important to note that as the element was distorted to near 60
degrees, mapping errors started to dominate the error field and consequently any

canceling with the mesh refinement error became small in the total error of the mesh.
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3. Finite Element Mesh Refinement Analysis at Variable Frequency

In the first section on mesh refinement knowing the frequency and the element
length fixed the number of elements per wavelength. Throughout this study error plots
and response solutions were plotted at a frequency of 100 Hz.

The question then arises, if the number of elements per wavelength was fixed
would increasing the frequency (correcting the element length every time) cause higher
errors? It is a common practice to use the number of elements per wavelength as a mesh
guide [3]. Consequently the likely answer would be that the error should not increase.

With this mentality in mind this study originally fixed the element length of the
mesh and changed the frequency to get different number of elements per wavelength.
Contrary to expectations some meshes with a higher number of elements per wavelength
but higher frequency had larger errors than corresponding meshes with lower number of
elements per wavelength and lower frequency.

This section is dedicated mainly to explain this phenomenon, so rather than go
through every case and element an explanation is offered as to why this phenomenon
occurs. Figure 25. shows pressure frequency response error at the middle of the duct at
100 and 200 Hz for Case I. Notice that the two hundred frequency curve did not lie on
top of the 100 Hz curve but rather it was much higher. The reason for this phenomenon is
not totally obvious. In order to understand this apparent contradiction, the analytical
solution for plane wave acoustics in a duct may be examined.

The analytical solution for case | (See Sect. Analytical Solutions) looking only at

changes in pressure with respect to space was
p()= A" (90)

Taking the first and second derivatives with respect to space, and knowingdhatked

w=21f produces

dp — 2ATH ik (91)
dx C
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d’p _ 21, (92)
dXZ _A( c ) €

Real Pressure Frequency Response Percent Error for the Eight Node
Element at x=10 vs. Number of Elements per Wavelength and
Frequency for Case |
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Figure 25. Eight-Node Pressure Percent Error Response for Case | at 100 & 200Hz.

The first derivative is the slope of the pressure field curve. The second derivative
is the rate of change of the slope. From the above equations the changing frequency
changes the slope linearly, but the rate of change of that slope varies by the square
change of the frequency.

The finite element method is trying to approximate the pressure field through the
use of the shape functions. As we take derivatives of the shape functions we are

essentially decreasing its polynomial order and therefore requiring a higher refinement to
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approximate the analytical solution field. At the same time the spatial rate of change of
the solution field is increasing every time the frequency is increased.

Therefore increasing the frequency makes it harder for the shape function to
approximate the rate of change of the solution field. Also remember that the pressure
field and its derivatives are point functions. Hence it does not matter if a certain number
of elements per wavelength is fixed. To maintain similar accuracy mesh refinement
should increase with the square of the frequency ratio.

This phenomenon leads to a common error by engineers who deal with high
frequency problems of blaming the finite element of being inaccurate. The reality is not
that the finite element is inaccurate, but that the representation of the field variable over
the domain of the element is inadequate to represent the field.

This phenomenon also points to a grave problem with using Lagrange shape
functions to model dynamic systems. The use of Lagrange polynomials is appropriate
when modeling static solid mechanics problems where even if solution have high
gradients, these gradients do not change in space as fast as in dynamics or depend on
frequency for that matter.

Another important concept that is important to note from the analytical forms of
the solution is that the phase speed c is in the denominator of these equations. The
solution field in terms of displacement is of the same form as the one for pressure. Since
the phase speed in solids is much bigger than in air, then it affects solid dynamics

modeling to a lesser extent than it does acoustic modeling.
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Chapter 4

Conclusions and Recomendations

The study showed very decisively that the use of higher order shape function
elements better approximate the analytical solution than the lower order shape function
element. This was the case for all levels of refinement. The results also showed that the
rate of solution improvement due to refinement was much higher in the eight-node
element than in the four-node element.

Meeting the natural boundary conditions through mesh refinement was an
indication that the mesh was converged. The choice of boundary conditions on the right
face affected whether unrefined meshes would overestimate or underestimate the solution
field when an essential boundary condition was applied to the left face. In general the use
of essential boundary conditions led to an underestimation of the solution field, while the
use of natural boundary condition led to an overestimation of the solution field.

The results also showed that throughout the field the pressure field was more
accurate than the velocity field. This result was expected since the velocity field comes
from the derivatives of the pressure field. The pressure field also tended to approach the
analytical solution monotonically while the velocity field tended to vary more in its
approach to the analytical solution. This tendency was present regardless of the boundary
condition type used.

The element distortion part of the study suggested that the eight-node element was
more resistant to increase in error due to element distortion than the four-node element.
This was the case regardless of the boundary condition type used. The results also
indicated that refinement reduced the sensitivity to element distortion.

The results also showed that the use of the number of elements per wavelength as
a meshing guide was inadequate. It concluded that the number of elements per
wavelength for good accuracy was frequency dependent.

This study showed that many factors affect the solution accuracy and that correct
modeling and convergence is essential in obtaining good results. For the example, the

study suggested users verify the model to see if the natural boundary conditions are met.
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Users should if possible use higher order elements when faced with complicated
solution fields. The user should also expect, at the very least, to retrieve the same natural
boundary conditions from the model that were applied to the model, before assuming that
the mesh is converged. It is recommended that the user of finite element models should
always understand the physical system, and the finite element method and the factors that
affect its solution accuracy.

It is recommended that more work be done in the area of developing better shape
functions that are more suited for the kinds of solution fields encountered in harmonic
problems. The study indicated that the accuracy of the solution greatly depended on these

functions.
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Appendix A’

Finite Element Mesh Refinement Analysis Figures

Real Pressure Frequency Response Percent Error for the Four
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case |
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——Percent Error at x=5 —— Percent Error at x=10
—— Percent Error at x=15 —— Percent Error at x=20

Figure A-7. Real Pressure Frequency Error Response for the Four Node Element
for Case I.

“The figure numbers in these appendices match the figure number in the text, i.e. Figure A-7. corresponds
to Fig. 7 in the text.
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Real Pressure Frequency Response Percent Error for the Eight
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case |
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Figure A-8. Real Pressure Frequency Error Response for the Eight Node Element
for Case .
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Real Pressure Frequency Response Percent Error for the Four
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case |
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Figure A-9. Real Velocity Frequency Error Response for the Four-Node Element for
Case I.
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Real Velocity Frequency Response Percent Error for the Eight
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case |
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Figure A-10. Real Velocity Frequency Error Response for the Eight Node Element
for Case .
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Real Pressure Frequency Response Percent Error for the Four
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case I
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Figure A-11. Real Pressure Frequency Error Response for the Four Node Element
for Case Il
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Real Pressure Frequency Respose Percent Error for the Eight
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case I
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Figure A-12. Real Pressure Frequency Error Response for the Eight Node Element
for Case Il.

57



Imaginary Velocity Frequency Response Percent Error for the
Eight Node Element at Various x locations vs. Number of
Elements per Wavelength for Case Il
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Figure A-14. Imaginary Velocity Frequency Error Response for the Eight Node
Element for Case II.
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Real Pressure Frequency Response Percent Error for the Four
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case Il
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Figure A-15. Real Pressure Frequency Error Response for the Four Node Element
for Case IlI.
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Real Pressure Frequency Response Percent Error for the Eight
Node Element at Various x locations vs. Number of Elements
per Wavelength for Case llI
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Figure A-16. Real Pressure Frequency Error Response for the Eight Node Element
for Case IlI.
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Imaginary Velocity Frequency Response Percent Error for the
Four Node Element at Various x locations vs. Number of
Elements per Wavelength for Case I
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Figure A-17. Imaginary Velocity Frequency Error Response for the Four Node
Element for Case IIl.
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Imaginary Velocity Frequency Response Percent Error for the
Eight Node Element at Various x locations vs. Number of
Elements per Wavelength for Case I
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Figure A-18. Imaginary Velocity Frequency Error Response for the Eight Node
Element for Case IIl.
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Appendix B’

Finite Element Distortion Analysis Figures

Real Velocity Frequency Response Percent Error for the Four
Node Element at x=10 vs. Number of Elements per Wavelength
for Case |
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—— Distortion Angle= 0 —— Distortion Angle= 15 —— Distortion Angle= 30
—— Distortion Angle= 45 —— Distortion Angle= 60

Figure B-19. Real Velocity Frequency Error Response for the Four Node Element
for Case I.

“The figure numbers in these appendices match the figure number in the text.
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Real Velocity Frequency Response Percent Error for the Eight
Node Element at x=10 vs. Number of Elements per Wavelength
for Case |
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—— Distortion Angle= 45 —— Distortion Angle= 60

Figure B-20. Real Velocity Frequency Error Response for the Eight Node Element
for Case .
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Imaginary Velocity Frequency Response Percent Error for the
Eight Node Element at x=10 vs. Number of Elements per
Wavelength for Case |
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Figure B-21. Imaginary Velocity Frequency Error Response for the Eight Node
Element for Case II.
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Imaginary Velocity Frequency Response Percent Error for Four Node
Element at x=10 vs. Number of Elements per Wavelength for Case lli
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Figure B-22. Imaginary Velocity Frequency Error Response for the Four Node
Element for Case IIl.
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Imaginary Velocity Frequency Respose Percent Error for Eight Node
Element at x =10 vs. Number of Elements per Wavelength for Case lll
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Figure B-23. Imaginary Velocity Frequency Error Response for the Eight Node
Element for Case IIl.
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