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Iterative algorithms for
stabilizing solutions of
game theoretic Riccati
equations of stochastic
control
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Abstract

We propose two iterative procedures for the computation of the stabilizing solution
of coupled generalized algebraic Riccati equations with indefinite quadratic term
- such equations appear in the solution of stochastic H∞ control problems. The
method used in this paper is a generalization of the defect correction method in-
troduced in [17] and extends to this framework the algorithm derived in [16] for
game-theoretic (deterministic) algebraic Riccati equations.
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1 Introduction

Consider the system of coupled algebraic Riccati equations:

AT
0 (i)X(i) + X(i)A0(i) +

r∑
k=1

AT
k (i)X(i)Ak(i) +

N∑
j=1

qijX(j)

−X(i)(B2(i)BT
2 (i) − γ−2B1(i)BT

1 (i))X(i) + CT (i)C(i) = 0, 1 ≤ i ≤ N. (1.1)

This kind of system of coupled Riccati equations appears in connection with the
solution of H∞ control problems with level of attenuation γ > 0 for the following
controlled system:

dx(t) = [A0(ηt)x(t) + B1(ηt)v(t) + B2(ηt)u(t)]dt +
r∑

k=1

Ak(ηt)x(t)dwk(t) (1.2)

with the cost functional

J(u) = E

[∫ tf

0

xT (t)CT (ηt)C(ηt)x(t) + |u(t)|2 − γ2|v(t)|2
]

dt (1.3)

where {ηt}t≥0 is a right continuous Markov process on a given probability space
(Ω,F ,P) and the state space D = {1, 2, 3..., N} and the transition probability
matrix P (t) = eQt, t ≥ 0; here {wk(t)}t≥0 are scalar Wiener processes. In (1.2),
(1.3) x(t) ∈ Rn is the state vector, u(t) ∈ Rm2 is the input control and v(t) ∈ Rm1

is the vector of the exogenous disturbances. In the case D = {1} the corresponding
stochastic H∞ control problem was investigated in [7] and [14, 19]. For the case
Ak(i) = 0, 1 ≤ k ≤ N , i ∈ D we mention [8] and [18]. The general case of systems
subject to both multiplicative white noise and Markovian jumping was considered
in [9, 13] and in the discrete-time case in [4]. The theory of discrete-time Markovian
jump linear systems has been nicely summarized in [3].

In few words, the H∞ control problem described by (1.1)-(1.3) asks to find a control
ũ(t) such that J(ũ) < 0 for arbitrary exogenous disturbances v(t). In the case of
finite time horizon a solution of the H∞ control problem described by (1.2)-(1.3) is
given by

u(t) = −BT
2 (ηt)X(t, ηt)x(t), 0 ≤ t ≤ tf (1.4)

while if tf = ∞, u(t) is given by

u(t) = −BT
2 (ηt)X̃(ηt)x(t). (1.5)

In (1.4) the function X(·, i) denotes the solution of the terminal value problem:

d

dt
X(t, i) + Ri(X(t)) = 0 (1.6)

X(tf , i) = 0, 1 ≤ i ≤ N , moreover, in (1.5), X̃(i), 1 ≤ i ≤ N is the stabilizing
solution of (1.1).
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In (1.6) Ri(X) is defined by the left hand side of (1.1). The solution of the terminal
value problem (1.6) may be computed using any numerical procedure for the solution
of a Cauchy problem. The attenuation level γ > 0 is chosen such that the solution
X(·, i) to be well defined on the whole interval [0, tf ].

The computation of the stabilizing solution X̃ of (1.1)- in particular the formula-
tion of sufficient conditions for the existence and convergence of an approximating
sequence - is more complicated than the computation of the solution of problem
(1.6). Unlike in the deterministic framework in the stochastic case, the alterna-
tive methods for the solution of (1.6) as the methods based on invariant subspaces
cannot be used. That is why it is expected that the techniques based on iterative
procedures are more adequate in the stochastic case. Unfortunately the iterations
based on the Newton-Kantorovich algorithm cannot be directly applied to compute
the stabilizing solution of (1.1) due to the indefinite sign of the quadratic part of
that equation.

In this work, we propose an iterative procedure to compute the stabilizing solution
of (1.1) starting from the ideas used for the first time in connection with perturbed
or linearly coupled Riccati equations arising in controlled systems subject to Marko-
vian jumping in [2, 1]. The algorithm proposed in our paper is a modified defect
correction method (see [17]) and extends to the present framework the algorithm
derived in [16] for the game-theoretic Riccati equations in deterministic case. To
motivate the interest for the computation of the stabilizing solution of the game
theoretic Riccati equations we mention that the solution of the H∞ problem given
by a control of type (1.5) based on the stabilizing solution of (1.1) has some ad-
ditional useful properties. For example, a such control minimizes the effect of the
additive white noise perturbations (see [6, 8, 10]). Hence, the stabilizing solution of
(1.1) allows us to construct the solution of some mixed H2/H∞ control problems
in the case of full–state measurements.

2 Some Preliminaries

Equation (1.1) is written as:

AT (i)X(i) + X(i)A(i) + Πi(X)
−X(i)[B2(i)BT

2 (i) − γ−2B1(i)BT
1 (i)]X(i) + CT (i)C(i) = 0 (2.1)

where
A(i) = A0(i) + 1

2qiiIn, X = (X(1),X(2), ...,X(N)) and

Πi(X) =
r∑

k=1

AT
k (i)X(i)Ak(i) +

∑
j �=i

qijX(j).

We recall (see [5]) that the elements of the transition rates matrix Q satisfy qij ≥ 0
if i �= j and

∑N
j=1 qij = 0, 1 ≤ i ≤ N . Thus we have Πi(X) ≥ 0, 1 ≤ i ≤ N if

X(j) ≥ 0, 1 ≤ j ≤ N .
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If Sn ⊂ Rn×n is the linear subspace of n×n symmetric matrices then, by definition
SN

n = Sn⊕Sn⊕ ...⊕Sn. In the following LA,Π : SN
n → SN

n stands for the perturbed
Lyapunov operator defined by

(LA,ΠX)(i) = AT (i)X(i) + X(i)A(i) + Πi(X), 1 ≤ i ≤ N (2.2)

for all X = (X(1),X(2), ...,X(N)) ∈ SN
n .

Definition 2.1 A solution X̃ = (X̃(1), X̃(2), ..., X̃(N)) of equation (1.1) is called
stabilizing solution if the zero state equilibrium of the closed-loop system

dx(t) = [A0(ηt) + B1(ηt)F̃1(ηt) + B2(ηt)F̃2(ηt)]x(t)dt +
r∑

k=1

Ak(ηt)X(t)dwk(t)

is exponentially stable in mean square (ESMS for shortness), where

F̃1(i) = γ−2BT
1 (i)X̃(i)

F̃2(i) = −BT
2 (i)X̃(i), 1 ≤ i ≤ N. (2.3)

Below we shall use some results and notations from stochastic control that can
be found in [13]. The next result provides a deterministic characterization of the
concept of a stabilizing solution.

Proposition 2.1 ([13]) The following are equivalent:

i) X̃ = (X̃(1), X̃(2), ..., X̃(N)) is the stabilizing solution of (1.1)

ii) The eigenvalues of the perturbed Lyapunov operator LA+BF̃ ,Π are located in
the half planes C− = {z ∈ C|Rez < 0}, LA+BF̃ ,Π being defined as in (2.2) for
A(i) + B1(i)F̃1(i) + B2(i)F̃2(i) instead of A(i).

For a scalar γ > 0 we denote by A(γ) the set of state feedback gains
F = (F (1), F (2), ..., F (N)), F (i) ∈ Rm2×n with the property that the following
system of Riccati inequality

(A(i) + B2(i)F (i))T Y (i) + Y (i)(A(i) + B2(i)F (i)) + Πi(Y )
+γ−2Y (i)B1(i)BT

1 (i)Y (i) + CT (i)C(i) + FT (i)F (i) < 0, (2.4)

has a solution Y = (Y (1), Y (2), ..., Y (N)) with Y (i) > 0, 1 ≤ i ≤ N . Based on
Theorem 10 in Chapter 6 in [13] one can derive that F ∈ A(γ) if and only if the
control u(t) = F (ηt)x(t), is a solution of the H∞ control problem described by
(1.2)-(1.3) and the attenuation level γ.

Consider the linear stochastic system

dx(t) = A0(ηt)x(t) +
r∑

k=1

Ak(ηt)x(t)dwk(t), y(t) = C(ηt)x(t)

obtained from (1.2)-(1.3) ignoring the inputs u(t) and v(t). Reasoning as in [7] and
[8] one obtains the following result which provides conditions which guarantee the
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existence of the stabilizing solution of (1.1). Also, some properties of the stabilizing
solution which characterizes it in the set of all nonnegative solutions of (1.1), are
displayed.

Theorem 2.2 Assume that the system (2.5) is stochastically detectable. Then the
following statements are equivalent:

i) A(γ) is not empty;

ii) The system of coupled algebraic Riccati equations (1.1) has a stabilizing solution
X̃ = (X̃(1), X̃(2), ..., X̃(N)), X̃(i) ≥ 0, 1 ≤ i ≤ N .

Moreover this stabilizing solution has the following properties:

(α) X̃(i) ≤ X̂(i), 1 ≤ i ≤ N for any solution X̂ = (X̂(1), X̂(2), ..., X̂(N)) of (1.1)
with X̂(i) ≥ 0, 1 ≤ i ≤ N .

(β) For any F = (F (1), F (2), ..., F (N)) ∈ A(γ) X̃(i) ≤ Y F (i), 1 ≤ i ≤ N , where
Y F = (Y F (1), Y F (2), ..., Y F (N)) is the stabilizing solution of

(A(i) + B2(i)F (i))T Y (i) + Y (i)(A(i) + B2(i)F (i)) + Πi(Y )

+γ−2Y (i)B1(i)BT
1 (i)Y (i) + CT (i)C(i) + FT (i)F (i) = 0, 1 ≤ i ≤ N.

3 The main results

The next result extends to this general framework the result of Lemma 2 in [16].

Lemma 3.1 Let X = (X(1),X(2), ...,X(N)), Z = (Z(1), Z(2), ..., Z(N)) ∈ SN
n be

such that

[A(i) + γ−2B1(i)BT
1 (i)X(i) − B2(i)BT

2 (i)X(i)]T Z(i)
+Z(i)[A(i) + γ−2B1(i)BT

1 (i)X(i) − B2(i)BT
2 (i)X(i)]

+Πi(Z) − Z(i)B2(i)BT
2 (i)Z(i) + Ri(X) = 0. (3.1)

Let F2 = (F2(1), F2(2), ..., F2(N)) ∈ A(γ), Y F2 = (Y F2(1), Y F2(2), ..., Y F2(N)) be
the stabilizing solution of the corresponding equation (2.6).

Define
Ǎ(i) = A(i) + γ−2B1(i)BT

1 (i)(X(i) + Z(i)) + B2(i)F2(i)

Â(i) = A(i) + γ−2B1(i)BT
1 (i)X(i) + B2(i)F2(i), 1 ≤ i ≤ N.

Then the following hold:

i) Y F2(i) ≥ X(i) + Z(i), 1 ≤ i ≤ N if the eigenvalues of the Lyapunov operator
LÂ,Π are located in the half plane C−.

ii) The eigenvalues of the Lyapunov operator LǍ,Π are in the half plane C− if
Y F2(i) ≥ X(i) + Z(i), 1 ≤ i ≤ N .
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Proof. Hint: i) Let U(i) = Y F2(i)−X(i)−Z(i), 1 ≤ i ≤ N . By direct computation
one obtains that

ÂT (i)U(i) + U(i)Â(i) + Πi(U) + W (i) = 0 (3.2)

1 ≤ i ≤ N , where W (i) = γ−2[Y F2(i) − X(i)]B1(i)BT
1 (i)[Y F2(i) − X(i)] + [F2(i) +

BT
2 (i)(X(i) + Z(i))]T [F2(i) + BT

2 (i)(X(i) + Z(i))] ≥ 0.

Then assertion i) follows from Theorem 2.13(b) in [11] (see also Theorem 3.5 in
[12]).

ii) Equation (3.2) may be written in the form

AT (i)U(i) + U(i)Ǎ(i) + Πi(U) + CT (i)C(i) = 0 (3.3)

where C(i) =

⎛
⎝ γ−1BT

1 (i)U(i)
γ−1BT

1 (i)Z(i)
F2(i) + BT

2 (i)(X(i) + Z(i))

⎞
⎠

We conclude that (C,LǍ,Π) is detectable. Therefore conclusion follows applying
Theorem 2.23 in [11].

The main results of this paper are contained in the next two theorems:

Theorem 3.2 Assume:

a) The system (2.5) is stochastically detectable.

b) The set A(γ) is not empty.

Let us construct the sequences:{Xk(i)}k≥0, {Zk(i)}k≥0, 1 ≤ i ≤ N as follows:

X0(i) = 0, 1 ≤ i ≤ N (3.4)

Zk = (Zk(1), Zk(2), ..., Zk(N)) is the stabilizing solution of the coupled algebraic
Riccati equations:

MT
k (i)Zk(i)+Zk(i)Mk(i)+Πi(Zk)−Zk(i)B2(i)BT

2 (i)Zk(i)+Ri(Xk) = 0, (3.5)

Xk+1(i) = Zk(i) + Xk(i), 1 ≤ i ≤ N (3.6)

where

Mk(i) = A(i) + B1(i)F1,k(i) + B2(i)F2,k(i) (3.7)

with

F1,k(i) = γ−2BT
1 (i)Xk(i) (3.8)

and

F2,k(i) = −BT
2 (i)Xk(i). (3.9)
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Under the considered assumptions, both sequences {Xk(i)}k≥0, {Zk(i)}k≥0, 1 ≤ i ≤
N are well defined and convergent.
Moreover limk→∞ Xk(i) = X̃(i) and limk→∞ Zk(i) = 0, 1 ≤ i ≤ N , where X̃ =
(X̃(1), X̃(2), ..., X̃(N)) is the stabilizing solution of (1.1).

Proof. Hint: For k = 0 (3.5) becomes

AT (i)Z0(i) + Z0(i)A(i) + Πi(Z0) − Z0(i)B2(i)BT
2 (i)Z0(i) +

+CT (i)C(i) = 0, 1 ≤ i ≤ N. (3.10)

From assumption b) one deduces that (LA,Π, B2) is stabilizable while from as-
sumption a) one deduces that (C,LA,Π) is detectable. Applying Theorem 17 in
Chapter 4 [13] one deduces that equation (3.10) has a unique stabilizing solution
Z0 = (Z0(1), Z0(2), ..., Z0(N)), Z0(i) ≥ 0, 1 ≤ i ≤ N .

The fact that Z0 is the stabilizing solution of (3.1) means that the eigenvalues
of the Lyapunov perturbed operator LA+B2F̃2,Π, are in the half plane C− where
F̃2 = −BT

2 (i)Z0(i), 1 ≤ i ≤ N .

Thus we have seen that X0(i) and Z0(i), 1 ≤ i ≤ N are well defined. To show
that Xk(i), Zk(i), 1 ≤ i ≤ N are well defined for k ≥ 1, one proves iteratively the
following items:

αk) (LA+B1F1,k,Π, B2) is stabilizable, F1,k being as in (3.8).

βk) Ri(Xk+1) = γ−2Zk(i)B1(i)BT
1 (i)Zk(i)).

γk) The eigenvalues of the Lyapunov operator LA+B1F1,k+B2F2,k+1,Π are located in
the half plane C−.

δk) Xk(i) ≤ Xk+1(i) ≤ X̃(i), 1 ≤ i ≤ N .

From δk) we conclude that the sequences {Xk(i)}k≥0, 1 ≤ i ≤ N are convergent.

Let

X∞(i) = lim
k→∞

Xk(i), 1 ≤ i ≤ N. (3.11)

Further we have limk→∞ Zk+1(i) = limk→∞ Xk+1(i) − Xk(i) = 0.

Taking the limit for k → ∞ in (3.5)-(3.9) we deduce that X∞ = (X∞(1),X∞(2), ...,
X∞(N)) is a solution of (1.1). Additionally, from (δk) we have 0 ≤ X∞(i) ≤ X̃(i),
1 ≤ i ≤ N . On the other hand from Theorem 2.2 it follows that X̃(i) ≤ X∞(i), 1 ≤
i ≤ N . Hence X∞(i) = X̃(i), 1 ≤ i ≤ N , and thus the proof is complete.

Remark 3.1 a) From βk) we see that a possible test to stop the iterative process
is

λmax[γ−2Zk(i)B1(i)BT
1 (i)Zk(i)] < ε (3.12)

1 ≤ i ≤ N for a prescribed level of accuracy ε > 0.

b) From (3.5) we infer that at each step k, Zk is the stabilizing solution of a system
of coupled algebraic Riccati equations of stochastic control with defined sign. To
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find the stabilizing solution of a such kind of generalized algebraic Riccati equations
one can use the iterative procedure given in section 4.6 in [13] or in [15].

The next theorem provides another iterative procedure to obtain the stabilizing
solution of (1.1). In this procedure, at each step k, Zk(i), 1 ≤ i ≤ N are obtained
as stabilizing solutions of N -uncoupled standard algebraic Riccati equations.

Theorem 3.3 Assume that the assumptions of Theorem 3.2 are fulfilled. We con-
struct the sequences

{Xk(i)}k≥0, {Zk(i)}k≥0, (3.13)

1 ≤ i ≤ N as follows:

X0(i) = 0, (3.14)

1 ≤ i ≤ N . Zk(i) is the stabilizing solution of the standard algebraic Riccati equation

MT
k (i)Zk(i) + Zk(i)Mk(i) − Zk(i)B2(i)BT

2 (i) + Ri(Xk) = 0, (3.15)

Xk+1(i) = Zk(i) + Xk(i), (3.16)

1 ≤ i ≤ N . Mk(i) being as in (3.7)-(3.9).

Under the considered assumptions the sequences {Xk}k≥0, {Zk(i)}k≥0, 1 ≤ i ≤ N

are convergent and limk→∞ Xk(i) = X̃(i), limk→∞ Zk(i) = 0, 1 ≤ i ≤ N , X̃ =
(X̃(1), ..., X̃(N)) being the stabilizing solution of (1.1).

Proof. The proof follows the same ideas as in the proof of Theorem 3.2 from above
and Theorem 3 in [16]. The details are omitted for shortness. However we mention
that at each step, one obtains:

Ri(Xk+1) = γ−2Zk(i)B1(i)BT
1 (i)Zk(i) + Πi(Zk). (3.17)

This allows us to suggest the following test to stop the iterative process (3.13)-(3.15):

λmax[γ−2Zk(i)B1(i)BT
1 (i)Zk(i) + Πi(Zk)] < ε (3.18)

1 ≤ i ≤ N , for a given ε > 0.

Comparing (3.17) and (3.12) one deduces that the algorithm proposed in Theorem
3.3 seems to be slower convergent than the one described in Theorem 3.2. A detailed
discussion concerning the convergence rate of the two iterative procedures will be
made in another paper.
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4 Illustrative example

Consider the following numerical example for n = 2, N = 2, r = 1 and Q =[ −1 1
1 −1

]
:

A0(1) =
[ −1 0

1 1

]
; A0(2) =

[ −1 −1
0 1

]
; A1(1) =

[ −1 1
0 −2

]
;

A1(2) =
[ −2 1

1 −1

]
;B1(1) =

[
1
−1

]
; B1(2) =

[
1
1

]
;

B2(1) =
[ −1

1

]
;B2(2) =

[ −2
1

]
; CT (1) =

[
1
2

]
; CT (2) =

[
2
1

]
.

Then the iterative procedure proposed in Theorem 3.2 gives for γ = 100 and

ε = 10−8 the stabilizing solution X(1) =
[

9.5536 13.7815
13.7815 25.0974

]
,

X(2) =
[

8.4178 16.5128
16.5128 44.1219

]
after 3 iterations.

The same solution, for the same accuracy level was obtained applying the alternative
procedure given in Theorem 3.3, after 52 iterations.

5 Concluding remarks

The paper presents two iterative methods to compute the stabilizing solution of a
class of game theoretic algebraic coupled Riccati equations arising in the optimal
control of linear stochastic systems subject both to multiplicative white noise and
Markovian jumping. It is proved that these procedures are always convergent if the
stabilizing solution exists.
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