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Abstract: Non commutative multidimensional systems are considered in this paper. The zero
module of an input/output multidimensional system is defined under this framework and related
to the output nulling controlled invariant subspace associated to the state space realization of
the system. The non-commuting framework allows to copy Wyman-Sain geometrical poles-zeros

characterization from 1D to nD systems.

1. INTRODUCTION

From the earlier papers [3] and [4] to the survey [1] it
has been clarified that in multidimensional system theory
there are no clear characterization of minimal state model
realization apart from the non-commutative case. The in-
vestigation of the 1D-geometrical characterization of pole
and zero module is obtained under minimal realization of
the system under study ([9]). In this paper we are con-
cerned with the connection between the pole-zero modules
and controlled invariant subspaces of the underlying state-
space realization for the noncommuting multidimensional
case.

Multidimensional models received great attention, prospec-
tive applications ranging from formal languages, automata
theory towards to more recently linear fractional transfor-
mation ([2]) promoted deep understanding of Noncommut-
ing Multidimensional(NM) linear systems structure and
modeling, starting from the seminal papers [3] and [4]
where NM-system state space realization has been stud-
ied to the complete full structured NM-system approach
developed in [1] a complete picture of the classical system-
theoretic properties has been developed. The fact that
the NM-systems is evolving over a free semigroup gives
a clear statement of the minimal realization problem in
terms of structural properties despite the commuting case.
This explains why in the commuting case multidimensional
systems are studied with behavioral or module-theoretic
approach, the main references devoted to study of pole-
zero structure for behavioral approach are [8] and [10]
whereas for module-theoretic approach [6] and [7].

2. BACKGROUND NOTATIONS AND RESULTS

As previously explained we consider systems defined over
non commutative rings, we now set up the usual nota-
tions. Given z1, 22, ..., 2, items let (z1, 2za,...,2,) denote
the set of strings of finite length obtained by concatena-
tion of the items zp,z2s,...,2,, the concatenation turns
(21,22,...,2,) into a semigroup with the empty string
acting as the unity. The set of non-commutative polyno-

mials and non-commutative power series over the field k&
are denoted by k(z1,22,...,2,) and k((z1,22,...,23)) Te-
spectively. These two sets become non-commutative rings
with the usual sum and product definition. Another useful
ring is the set of non-commutative Laurent power series
denoted by k{({z1,22,..., 2n, zfl, z;l, ooz, In order
to give the notion of non-commutative rational power
series we recall that a ring R is said to be rationally
closed if r € R implies »~! € R. Now we can define
k((z1,22,...,2n)), the ring of rational non-commutative
power series, as the smallest subring of k((z1, 22, ..., 2n))
rationally closed containing k(z1, 22, . .., 2n).

The rationality of a formal power series H can be charac-
terized in terms of ralizations or in terms of Hankel matrix.
A realization of a strictly proper H € k((z1,22,...,2n))
can be obtained with the Fornasini-Marchesini (FM) sys-
tem or the Givone-Roesser (GR) system or generally
speaking with the framework of [1].

The FM-realization of H € k{(z1,...,2,)) exists if there
are suitable matrices C, By,..., By, A1, ..., A, such that:

H = C(I— 21A1 — s — ZnAn)_l(ZlBl + —|—2an)

whereas the GR-realization exists if there are suitable

matrices Ci,...,Cy, Bi,..., By, Ai1,..., A;; such that:
I z1A1n - 214\ |z2B1
H=[C; - Cy)] — : : :

The Hankel matrix (H) for a formal power series H €
k({z1,...,2n)) is a bi-infinite matrix with row indexed
by word h € (z1,...,2,) and column indexed by word
k € (z1,...,2,) and the corresponding entry given by
(H, hk), the coefficient of H relative to the power hk. The
Hankel matrix has an operatorial meaning if we define
system equation y = Hu where the input v has a finite
support lying in ((z1, ..., z,)). In [1] the general structured
multidimensional linear system is studied, namely with
evolution on a free semigroup obtained from a general
graph, and equivalence between rational H, the finiteness



of the rank of the corresponding H and the existence of
finite dimensional realization is established.

Summarizing the rationality of a formal power series H
can be characterized in terms of realizations or in terms of
Hankel matrix as in the following theorem.

Theorem 1. (1) H € k{(z1,%2)) iff there exists finite
dimensional realizations.
(2) H € k({(z1,22)) iff its Hankel matrix has finite rank.

As is well known([9]), the minimal state space characteri-
zation for a strictly proper transfer 1D function G € R(z)
is given by the module

K[z
G Y(k[z71) Nk[z—1]’
which is the algebraic formulation of the Nerode equiva-
lence. For the nD case the minimal state X of a realization

of a strictly proper H € k{(z1,...,2,)) accordingly with
[1][Th. 11.1] is defined by(up to isomorphisms)

X =

X =
k(7 .,z \ K

-
sz (21, o za)) )RS 2z \ R
Indeed one can recognize that to X belong any u €
E(zyt, ..., 21 \ k (hence with compact support in the
quarterplane represented by (z7!,..., 25 ') modulo those
having the same y = Hu anywhere except in the quarter-
plane represented by (z1,...,2,). Namely an item of X
is the set of inputs v which have the same y = Hu with
respect to the “quarterplane” (z1,...,z,), in other terms
the set of input of the Nerode’s equivalence.

H-Y(k((z1, .., 27}

We are concerned with the zero module of 2D systems, for
the 1D case the zero module, retaining the assumption of
strictly proper function G, is given by ([9]) Z(G) := %
where

G'(R[z7'))
GH(R[z7]) NR[z71]

Z1 =

and
kerG
ZQ =
kerG NR[z—1]
The projection p of these modules over the state space
X defined previously gives the following commutative and
exact diagram:

0 0
1 1
Z2 — R*
! |
Zl — V*

! 1
Z(H) — V*/R*
1 1
0 0

Where R* and V* are the maximum reachable subspace
contained in KerC and the maximum output nulling
invariant subspace relative to a minimal realization of
H respectively, namely H = C(zI — A)"'B, R* =
R(A,B,KerC), V* =V (A, B, kerC).

3. GEOMETRICAL CHARACTERIZATION FOR
ZEROS OF THE 2D STATE SPACE SYSTEMS

For the sake of clarity we develop our characterization for
NM-systems in the 2D case and when needed we consider
2D state space realization in the Fornasini-Marchesini
form. We consider the Input/Output structure given by

I —H] [z] =0

where the “signal” space for v and y is k((z1, 22, zgl, )
and H € k{(z1, 22)) and strictly causal i.e. (H,2?29) = 0.
Using the characterization given by theorem 1 we can
write y(21,22) = p(z1,22)q(21, 22) " (21, 22) with p,q €
R<Zl,2’2>.
To develop our calculations we need to assume that
u € k({z1,20,27 ", 25 ")) has (u,w) = 0 for all strings
w € (21,29,2, 25 ") which contain negative indexes
beyond a prescribed bound, i.e. a compact support as
for those u contained in the first quarter-plane u €
k((z1, z2)). A state map for H can be obtained with a state-
space realization as in the Fornasini-Marchesini model
namely (A1, Az, By, B2, C) such that H = C Y320 (A121+
Ag29)F(B121 + Bazs). The local state space associated is
given by:
X =

Rz 2 ) \ k
H=Y(k{(z1, 22,27 1, 22— 1)) \ b{(z1, 22))) N k(er 25 0) \ K
from (1) and strict cusality we remark that y has the
following recursive structure:

{(y,Z)Z | z € <21,2’2>UJ} = {(y,Z)Z | KA <2’1,22>1,UZ1_1}21U
U{{(y,2)z | z € (z1,22>wz;1}22
U{(H, 21)(u, 2y *w) 21 } U {(H, 22) (u, 25 "w) 2 }.
From this it follows the recursive structure of the Nerode’s
equivalence classes. We define the following actions on X
A X - X xb—w:zl_l;
Ay X —- X a:»—>acz§1

and two maps from input to state space:

By k—X u~ [uz');
By:k— X uw [uz

where [-] denotes the equivalence class associated to -.
Finally the map from X to the output space is denoted

C : X — k and a projection application B : k(27 25 1)\
k — X given by B(u) = [u].
As in the 1D-case we can define a k(z; ', 25 *)-module ([9])
which gives the set of u such that y is zero in k((z1, 22))

AR

H'(k((z1, 22,21 1,25 1) \ k(21 22)))

H=Y(k((z1, 22, 21 'y 25 ) \K{{z1, 22))) N (k21 ' 25 1)\ K)
Since we have that

k<2;1251> \k - H_l(k<<21’227 zflv Zgl>> \ k<<217 22>>7
hence X C Z; the projection p; : Z; — X makes sense.

We want to know which is the range of to the projection:
p1(Z71). In the 1D case we have the following result ([9])
p1(Z1) = V* where V* is the maximum output nulling



controlled invariant subspace. To expose the corresponding
result for 2D systems we recur to systems defined over the
ring k[z], in fact considering the k[z] module of Laurent
formal power series kj'[[z]] we can also consider columns
with n entries in k}'[[2]] to obtain another k[z] module
denoted by kj'[[z]]. We have the following definition.

Definition 2. A submodule of ¥V C R}[[z]] is an output
nulling invariant controlled subspace if

(A1 + A22)V + (B1 + Bez)Rangekp[[2]] €V (1)
and V C KerC where KerC := {Zfz 12" x; € KerC}

We define the projection P with p : (X)% :— X in the

following way: P(3.% x;2%) = xo. As in the 1D case let V*

denote the maximum output nulling invariant controlled

subspace with respect to the inclusion, moreover we define

V* = P(V*)

Proposition 3. We have the following equivalence: p1(Z1) =
V.

Proof. For the sake of brevity we give only a sketch of
the proof. The first part reduces to show that p;(Z;) C
V*. Given z € Z; we consider a representative u =
u__ + @ such that u__ = k(z7',2;") \ k and @ =
k((z1, 22,210 Y, 25 1)) \ (R((21, 22)) \ k) we obtain pi(2) =
pr(u—__) and u__ € KerC If we compute the action of

27t on pi(u__) we obtain

B(u__z7') =
p1(uzrt) — Biu(0,0) — Bou(1, —1) — Agz(1, —1)
moreover
Al.’L‘(O, 0) =
B(u__z7") = wi — (Byu(0,0)+Bou(1, —1)+ Asz(1, —1))
with wy; € p1(Z1), a similar result can be obtained for
As2(0,0). Summarizing for a representative of z € Z
namely u this gives u__ such that pi(u__) € KerC and
Aip(u__) + Aszo + Bruy + Baus € p(Zy) (2)
and
Asp(u——) + A1xs + Bruz + Bauy € p(Z1) (3)
for appropriate wuy,us,us,x1,xs . This pair of relations
can be written for all u lying on the portion of the plane
{(k,—k) | k € Z} thus giving (1).

The second part reduces to show that V* C pi(Z;). It
is not hard to show that for v € V* v € X one can
find u € k((21,20,27 25 ")) such that pi(u__) = v
and [u] € Z;. Consider v € V* then there’s a se-
quence ...,v_1,v,v1, Vg, ... such that 3 F%° o Uizt T €
V*, define x(—i,7) = v; and x(0,0) = v and X, =
Zfz x(—i,4)z" then compute X1(2) = (A1 +A92) Xo(2)+
(B1 + B22)Uy(z) with X1(z) € V* for a suitable Uy(z) €
ku[[2]]- In this way we obtain the input u(—i,4) with ¢ € Z.
Since X1(z) € V* this procedure can be repeated to obtain
Xa(z) € V* with Ui(z) € kp[[z]], this Uy (z) gives u(—i +
1,i), ¢ € Z. With this inductive algorithm we obtain the
u € k({z1, 22,27, 25 1)) needed.

O

In order to complete the study of the zero module we need
to consider as for 1D systems the module Z5 defined by:

KerH
Zy = 1 _—1
KerHN (k{z; ", 25 )\ k)

namely the output nulling inputs in ((z1, 22,27 ", 25 )
eventually modulo those lying in k(z; ', z;") \ k. Since
KerH U (k(z; 23 ") \ k) © H '(k((21, 22,21 25 1)\
R((z1, 22)) we define the projection py : Z5 — X and we
seek the range of pa(Zs). As for Z; we need to recur to the
1D system defined over the ring k[z], we make reference to
the geometrical objects perviously defined in [5].

Definition 4. A submodule X of k;[[2]] is the global reach-
able state submodule if it is (A; + Agz) invariant: A; +
Axz)XX and contains the range of the ky[[2]] — k}'[[2]]
operator defined by u — (B + Baz)u.

As remarked in [5] the global reachable state is a finite
generated submodule, the projection P(X) gives Cs, the
linear space of achievable states with zero inizialization
set and finite support input string defined in [1].

Definition 5. The output nulling maximum reachable sub-
space R* is defined by R* := X N KerC where as previ-

ously KerC := {3 "% 22" x; € KerC}.

We define R* = P(R*) to state the following result.

Proposition 6. We have the following equivalence: pa(Z3) =
R*.

Proof. The proof is very similar to the previous one to
which we make reference, if z € Z, again we take a
representative u € KerH of z and split it in two terms
u = u__ + @ as before. By reasoning in the same way as
we did for z € Z; we obtain two equations similar to (2)
and (5):

Aip(u—_) + Asxo + Bius + Boua € p(Zs) (4)
and
Aop(u—_) + Ayxo + Brus + Bouy € p(Zs) (5)

for appropriate ui,us,us, 1,2 . Summarizing the pro-
jection of z € Z over X is pa2(u__) € KerC and (4), (5)
can be written for all local states z(k, —k) in the following
way (A1 + A22)X (2) + (B1+ B22)U(z) € R where X (z) =

i x(k,—k)2¥ and U(2) = S302° __u(k, —k)2*. As a

consequence pa(Zs) C R*.

The second part consider the opposite inclusion namely
R* C po(Zy). Now for v € R*, v € X one can
find u € R{(z1,20,27",25 ")) such that py(u__) = v
and [u] € Z,. This gives rise to a global state X, =
ST w(—i,i)2" where a(—i,i) = v; and 2(0,0) = v
come from P(...,v_1,v,v1,v2,...) = v € R*. We com-
pute X1(z) = (A1 + Apz)Xo(z) + (B1 + B2z)Up(z) and
X1(z) € R* because Xo(k) belongs to a submodule (R*)
maximum A; + Asz) invariant containing RangeRy[[z]] .
Thus we have that R* C py(Z2).

O

Summarizing the results contained in these two proposi-
tions by keeping the notations used we have obtained the
following commutative diagram.



0 0
! !
Z, 2 R
! !
z, B oy
! !
Z1)Zy & V¥R
! !

0 0

Remark 7. The results presented in this section can be
easily extended from the 2D to the nD framework with
no great effort apart from introducing further heavy nota-
tions.

1]
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