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On the Entropy Region
and the Ingleton
Inequality

D. Fong∗, S. Shadbakht† and B. Hassibi‡

1 Introduction
Let N = {1, · · · , n} and let X1, ..., Xn be n jointly distributed, discrete random
variables with distribution p(X1, ..., Xn). Then for any α ⊆ N , the entropy of
Xα = {Xi, i ∈ α} is defined as follows:

H(Xα) = −
∑

xα

pXα
(xα) log pXα

(xα) (1)

The vector of all 2n − 1 joint entropies is called an entropy vector. On the
other hand a 2n − 1 dimensional vector whose entries can be regarded as the joint
entropies of n jointly distributed random variables is referred to as entropic. The
region of all entropic vectors is denoted by Γ∗

n [2]. It turns out that characterizing
this region is the key to the solution of many open problems. Determining the
compatibility of independence relations among a number of random variables [3],
optimizing information quantities and discovery of new information inequalities
for ranks of arbitrary matroids [4, 1, 5, 6, 7, 8] are some examples. Moreover it
has been shown that there is a fundamental connection between the capacity of
information networks and the entropy region [9, 10] and since the capacity region
of many even simple networks such as relay channel are still open, full character-
ization of entropy region is of central importance in network information theory.
However this has proven to be notoriously difficult and all the attempts so far
have only resulted in partial characterizations for n ≥ 4. Nonetheless, for n ≤ 3
the region has been fully characterized [11]. In fact it is well known that the joint
entropies H(Xα) (or Hα for simplicity) satisfy the following inequalities:
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1. H∅ = 0

2. For α ⊆ β: Hα ≤ Hβ

3. For any α, β: Hα∪β + Hα∩β ≤ Hα + Hβ .
These are called the basic inequalities of Shannon information measures and the
last one is referred to as the submodularity property. They all follow from the
non-negativity of conditional mutual information. Any inequality obtained from
positive linear combination of conditional mutual information is called a ”Shan-
non type” inequality. The space of all 2n − 1 dimensional vectors satisfying only
Shannon-type inequalities is denoted by Γn. It has been shown that Γ∗

2 = Γ2 and
Γ̄∗

3
= Γ3 where Γ̄∗

3
denotes the closure of Γ∗

3
[11]. However, for n ≥ 4, in 1998 the

first non-Shannon type information inequality was discovered [11] which demon-
strated that Γ∗

4 is strictly smaller than Γ4. Since then many other non-Shannon type
inequalities have been discovered [6, 12, 13, 14]. New information inequalities of
course result in new (hopefully tighter) outerbounds for Γ∗

n, however achievable
regions are obtained through determining innerbounds and there has been less
focus on this [1, 15, 16].

A remarkable result of [17] reveals a deep connection between entropy region
and group theory.

In the remainder, we first give the relationship between the entropy region,
group theory and quasi-uniform distributions. We later use this to fully construct
entropy regions of 2 and 3 random variables and give an innerbound for Γ∗

4
from

quasi-uniform distributions of alphabet size 2. We then show that the well-known
Ingleton bound for the entropy region cannot be violated with the use of some
classical groups such as the general linear group and finally we prove that the
non-trivial Ingleton-violating example of [1] cannot be constructed via a group of
order 156.

2 Entropy region and group theory

2.1 group-characterizable entropies, quasi-uniform
distributions

Let G denote a finite group with subgroups G1, · · · , Gn. Define 2n−1 dimensional

vector g such that gα = log |G|
|∩i∈αGi|

where gα, α ⊆ N are the elements of g. Then

g is called group characterizable and it can be shown that it is in fact entropic. Fur-
thermore if we denote the region of all group-characterizable entropy functions as
γn then [17]:

con(γn) = Γ
∗
n (2)

Therefore any information inequality as
∑

α aαHα ≥ 0 can be translated to its

corresponding group inequality
∑

α aα log |G|
|∩i∈αGi|

≥ 0.

Along the same path let pXN
(xN ) denote the joint distribution of n random

variables X1, · · · , Xn. The distribution is called quasi-uniform if all the marginal
distributions pXα

(xα), α ⊆ N satisfy:

pXα
(xα) = cα or 0 (3)
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Figure 1: A quasi-uniform distribution of two random variables, alphabet size 2.

for some constant cα. Computing the entropy of such distributions is straightfor-
ward, i.e. Hα = log 1

cα

. Let Λn denote the space of all entropy vectors obtained
from quasi-uniform distributions. It has been shown that

con(Λn) = Γ
∗
n (4)

In other words the collection of all group characterizable entropy functions or the
set of all quasi-uniform distributions are sufficient to characterize Γ∗

n [18]. How-
ever determining all the quasi-uniform distributions is still a formidable task. We
have surprisingly found that considering quasi-uniform distributions of alphabet
size 2 alone, gives a full characterization of the entropy region of 2 and 3 random
variables and an innerbound for Γ∗

4
. For alphabet size 2, it is rather easy to obtain

all such distributions.

2.2 Quasi-uniform distributions of alphabet size 2

We represent each distribution by a lattice diagram where probabilities are uni-
formly distributed among all the dots in each diagram. For example, Figure 1
represents the distribution p(0, 0) = p(1, 1) = 1/2, p(0, 1) = p(1, 0) = 0.

For 2 random variables, there are 5 different quasi-uniform distributions of
alphabet size 2 (Figure 2). Using the Double Description Method [19] to compute
the convex hull, we find that the 5 entropies correspond to the 5 vertices of the 3
dimensional polyhedron described by the following inequalities:

hi ≤ 1 i = 1, 2

hi ≤ hij i, j = 1, 2

h12 ≤ h1 + h2

Recalling that Γ∗
2 = Γ2, we conclude that the convex cone of the above 5 entropy

vectors is in fact Γ∗
2
. Determining all the quasi-uniform distributions of alphabet

80, 0, 0< 81, 0, 1< 80, 1, 1< 81, 1, 1< 81, 1, 2<

Figure 2: Quasi-uniform distribution of two random variables and their corresponding entropy vectors.
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Figure 3: Quasi-uniform distribution of three random variables, alphabet size 2

size 2 for 3 random variables results in 16 entropy vectors (Figure 3). These cor-
respond to all the vertices of a 7 dimensional polytope, whose 12 facets represent
Shannon-type inequalities. The 12 inequalities are:

hi ≤ 1

hij ≤ hi + hj

hij ≤ hijk

hi + hijk ≤ hij + hik

for all permutations {i, j, k} of {1, 2, 3}. Now since Γ
∗
3

= Γ3, the convex cone of the

above 16 entropy vectors clearly gives Γ
∗
3.

For 4 random variables, a similar investigation gives 67 different quasi-uniform
distributions corresponding to a 15 dimensional polytope with 94 facets.

Unlike the case of 2 and 3 random variables, the convex cone of these entropy
vectors gives a loose innerbound for Γ∗

4
. Specifically this polytope is obtained by

the intersection of 6 hyperplanes of the following form and 88 other hyperplanes:

hi + hj + hijk + hijl + hkl ≤ hij + hik + hil + hjk + hjl (5)

for all permutation {i, j, k, l} of {1, 2, 3, 4}. This is called the Ingleton inequality [20]
and it holds for the ranks of representable matroids. In terms of characterizing
the entropy region, it is one of the best known innerbounds [1]. Entropies ob-
tained from abelian groups and normal-subgroups of a general group are known
to satisfy the Ingleton inequality [21, 22]. Therefore in an attempt to find tighter
innerbounds for the entropy region we need to focus on non-abelian groups.
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3 Non-Abelian groups and the Ingleton inequality
Representing the Ingleton inequality in terms of subgroups of a group G we obtain:

|Gi||Gj ||Gkl||Gijk ||Gijl|

|Gij ||Gik||Gil||Gjk ||Gjl|
≥ 1 (6)

To violate (6), one should think of non-abelian groups. Investigation of some
classical groups such as the general linear group interestingly show that even these
groups satisfy the Ingleton inequality.

3.1 Some classical groups and the Ingleton inequality

Let G = GL(n, q) and m1, m2, m3, m4 be 4 positive integers such that m1 + m2 +
m3+m4 = n. A general subgroup of G, say Gi would have the following structure:

Gi =
{





Ai 0 Bi

0 Imi
0

Ci 0 Di



: Ai ∈ GL





i−1
∑

j=1

mj , q



 ,

(

Ai Bi

Ci Di

)

∈ GL(n − mi, q)
}

(7)

Recall that the order of a general linear group over a finite field with q ele-
ments is (qn−1)(qn−q) · · · (qn−qn−1). A direct computation using this fact, shows
that (6) always holds.

We also showed that we cannot violate the Ingleton bound using a similar
construction as the above using special linear groups, orthogonal groups and sym-
metric groups.

3.2 An attempt to construct an Ingleton violating entropy
vector

One of the known non-trivial examples which violate the Ingleton inequality is
constructed by using a pair of projective planes [1]. The resulting entropy vector is
as follows:

h1 = h2 = h3 = h4 = log
2
13

h12 = log2 156, h34 = log2 78

h23 = h24 = h13 = h14 = log2 52

h123 = h124 = h134 = h234 = h1234 = log2 156

The fact that h1234 = log2 156, suggests to look for a group of order 156 to find
a group-characterization of the entropy vector. Therefore we need to find a group
G and four subgroups G1, G2, G3, G4 such that

|G| = 156, |G1| = |G2| = |G3| = |G4| = 12

|G12| = 1, |G34| = 2

|G23| = |G24| = |G13| = |G14| = 3

|G123| = |G124| = |G134| = |G234| = |G1234| = 1
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Figure 4: Required intersection order for subgroups of the group of order 156

The corresponding order of the intersection of the subgroups are shown in Figure
4.

If any one of groups among G1, G2, G3, G4 has only one subgroup of order
3, then it must intersect with two other groups at this subgroup. This implies that
those two groups must again intersect at an order of at least 3. However, this
violates the fact that G1, G2 intersect at only 1 element and G3, G4 intersect at only
2 elements. Therefore, by contradiction, each of the groups G1, G2, G3, G4 must
have at least two subgroups of order 3.
G1, G2, G3, G4 are groups of order 12, and there is only one isomorphic class of
group of 12; the alternating group A4, that has at least two subgroups of order 3.
This implies that each of the four groups must be isomorphic to A4. This gives us
more information about the group G that we are looking for:

• G contains four Sylow-2 subgroups

• G contains four Sylow-3 subgroups
• G contains no element of order 4

The first two claims are obvious while the last one can be seen directly from the
Third Sylow Theorem [23] that all Sylow-2 subgroups are isomorphic and they
must be isomorphic to C2 × C2.
We then check the above three properties against all the 18 isomorphic classes of
groups of order 156 using the GAP computational discrete algebra system. Among
the 18 groups, 17 of them violate some of the above properties. For the remaining
one, all of its order 12 subgroups are isomorphic to C6 ×C2, not A4. Therefore, we
conclude that there does not exist a group of order 156 which satisfy our require-
ment for entropies.

4 Conclusion
We studied the connection between the entropy region, quasi-uniform distribu-
tions and group theory. We provided new constructions of the entropy region for
n = 2, 3 random variables using binary quasi-uniform distributions and showed
that it gives a strict inner bound for n ≥ 4. In particular, for n ≥ 4 our con-
struction satisfies the Ingleton inequality. We also presented some (unsuccessful)
group-theoretic approaches to violate the Ingleton bound.
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