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Abstract

It is shown that by use of the Kalman-decomposition an uncontrollable and/or unobservable
port-Hamiltonian system is reduced to a controllable/observable system that inherits a port-
Hamiltonian structure. Energy and co-energy variable representations for port-Hamiltonian systems
are discussed and the reduction procedures are used for both representations. These exact
reduction procedures motivate two approximate reduction procedures structure preserving for a
general port-Hamiltonian system in scattering representation, Effort- and Flow-constraint reduction
methods.

Keywords: Energy, co-energy variable representations, port-Hamiltonian systems, Effort-
constraint, Flow-constraint, model reduction.

1 Introduction

Port-based network modeling of physical systems leads directly to their representation as port-
Hamiltonian systems which are, if the Hamiltonian is non-negative, an important class of passive
state-space systems. At the same time network modeling of physical systems often leads to high-
dimensional dynamical models. Large state-space dimensions are obtained as well if distributed-
parameter models are spatially discretized. Therefore an important issue concerns model reduction
of these high-dimensional systems, both for analysis and control. The goal of this work is to show
that the specific model reduction techniques of linear port-Hamiltonian systems preserve the port-
Hamiltonian structure, and, as a consequence, passivity.

Port-Hamiltonian systems are endowed with more structure than just passivity. Other
important issues like interconnection between port-Hamiltonian systems and energy dissipation
are also reflected by the port-Hamiltonian structure. In section 2 we provide a brief overview of
linear port-Hamiltonian systems. General theory on port-Hamiltonian systems can be found in
[10]. We will show by applying the Kalman-decomposition in section 3 that the reduction of the
dynamics of an uncontrollable/unobservable linear port-Hamiltonian system to a dynamics on the
reachability /observability subspace preserves the port-Hamiltonian structure. This result holds
both for energy and co-energy variable representations of linear port-Hamiltonian systems. The
co-energy variable representation of port-Hamiltonian systems is considered in section 4. It is
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shown in section 4 that the reduced models in the co-energy coordinates take a somewhat ”dual”
form to the reduced models obtained in the standard energy coordinates.

Within the systems and control literature a popular and elegant tool for model reduction is
balancing, going back to [7]. One favorable property of model reduction based on balancing, as
compared with other techniques such as modal analysis, is that the approximation of the dynamical
system is explicitly based on its input-output properties. Standard open-loop balancing assumes
that the system is asymptotically stable. Therefore this type of balancing cannot be directly
applied to lossless port-Hamiltonian systems. In order to overcome this difficulty it is useful to
switch to scattering representation presented in section 5, see also [11]. We will apply Effort- and
Flow-constraint methods of model reduction in section 6 to linear port-Hamiltonian systems in
scattering representation and show that the reduced-order models are again port-Hamiltonian.

2 Linear port-Hamiltonian systems

Port-based network modeling of physical systems leads to their representation as port-Hamiltonian
systems (see e.g. [5], [8]). In the linear case, and in the absence of algebraic constraints, port-
Hamiltonian systems take the form (see [2], [10], [11])

j - (BJTEBHIc%)QerBu o

with H(z) = %xTQx the total energy (Hamiltonian), Q@ = QT > 0 the energy matrix and
R = RT > 0 the dissipation matrix. The matrices J = —J7 and B specify the interconnection
structure of the system. By skew-symmetry of J and since R is positive semidefinite it immediately
follows that

——2TQz = vy —2TQRQx < uTy (2)

Thus if @ > 0 (and the Hamiltonian is non-negative) any port-Hamiltonian system is passive
(see [11], [14]). The state variables x € R™ are also called energy variables, since the total energy
H(x) is expressed as a function of these variables. Furthermore, the variables u € R™,y € R™ are
called power variables, since their product 47y equals the power supplied to the system.

In the sequel we will often abbreviate J — R to ' = J — R. Clearly

F+FT <0 (3)
while conversely any F' satisfying (3) can be written as J — R as above by decomposing F' into its

skew-symmetric and symmetric part

J =
R:
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Two special cases of port-Hamiltonian systems correspond to either R = 0 or J = 0. In fact,
if R =0 (no internal energy dissipation) then the dissipation inequality (2) reduces to an equality

— el Qu = uly (5)
In this case the transfer matrix G(s) = BTQ(sI — JQ)™ !B of the system satisfies
G(s) = —G'(~s) (6)

Conversely, any transfer matrix G(s) satisfying G(s) = —G7T(—s) can be shown to have a minimal
realization

r = J B
ot ™)



with in fact @ being invertible.
The other special case corresponds to J = 0, in which case the system takes the form

M (8)

with transfer matrix G(s) = BTQ(sI + RQ) ™! B satisfying
G(s) = G'(s) (9)

Conversely, any transfer matrix G(s) satisfying (9) is represented by a minimal state-space
representation (8) with @ invertible, where, however, R need not necessarily be positive semidefinite.

In these two special cases, either R = 0 or J = 0, there is a direct relationship between
controllability and observability properties of the port-Hamiltonian system.

Proposition 2.1. Consider a port-Hamiltonian system (7) or (8), and assume det@Q # 0. The
system is controllable if and only if it is observable, while the unobservability subspace N is related
to the reachability subspace R by

N = R* (10)

with L denoting the orthogonal complement with respect to the (possibly indefinite) inner product
defined by Q.

Proof. For any port-Hamiltonian system (1) with F' = J — R we have

BTQ
BTQFQ

BrQrorqg | = BIFTQB|FTQFTQB | ... 1"

Q (11)

Since the kernel of the matrix on the left-hand side defines the unobservability subspace, while
on the right-hand side the image of the matrix preceding Q defines the reachability subspace if
FT = F or FT = —F, the assertion follows. 0

Nevertheless, in general controllability and observability for a port-Hamiltonian system are
not equivalent, as the following example shows.

Example 2.1. Consider a port-Hamiltonian system
o] _[-1 1] 1 -1)[m] 1
gy | T | -1 =1 -1 2| 0"
o 1 -1 I
v =0 7]

10
01

(12)

corresponding to J = (_01 (1) ) and R = ( ) The system is observable but not controllable.

3 The Kalman-decomposition of port-Hamiltonian systems

In this section we will show how an uncontrollable and/or unobservable port-Hamiltonian system
is reduced to a controllable/observable system that is again port-Hamiltonian.



3.1 Reduction to a controllable port-Hamiltonian system

Consider a port-Hamiltonian system which is not controllable. Take linear coordinates z = (x1, x2)”
such that the upper part of

{33'1} _ [Fn F12HQ11 Qm”ﬂh] n [Bl}u
) For Foo || Q21 Qa2 || 72 B;

(13)
v = 1ot e 1|3 327
is the reachability subspace R. By invariance of R (see e.g. [9]) this implies
Fo1Qu + F22Q§; - 8 (14)
It follows that the dynamics restricted to R is given as
@1 = (FuQu + F12Q21)71 + Biu (15)

Yy = B;‘FQMM

Now let us assume that Fso in invertible. Then from the first equation in (14) we may solve for
le as Q21 = —F2_21F21Q11. Substitution in (15) y1elds

i1 = (Fi1— FiaFy' F)Qur + Bu (16)
y = BlQuxn

which is again a port-Hamiltonian system. Indeed, '+ F T < 0 implies that the Schur complement
F = Fyy — FioF,,' Fy; satisfies F+ FT < 0.

Remark 3.1. Note that F is skew-symmetric if F is skew-symmetric, and is symmetric if F is
symmetric.

3.2 Reduction to an observable port-Hamiltonian system

Consider again a port-Hamiltonian system (1) and suppose the system is not observable. Then
there exist coordinates z = (w1, 72)T such that the lower part of (13) is the unobservability
subspace N. By invariance of N (see again [9]) it follows that

Fi1Qi2 4+ Fi12Q22 = 0 an
BTQia+BIQy: = 0
Then the dynamics on the quotient space X /N is
&1 = (F11Qi1 + Fi2Q21)x1 + Biu a8)
y = BTQuzi+ BIQoz

Assuming invertibility of Qs it follows from (17) that Fip = —F11Q12Q5 and B = —BT Q12Q5; -
Substitution in (18) yields

F11(Q11 — Q12Q5 Q21)1 + Byu
BT (Q11 — Q12Q35 Qa1)71

1

! (19)

which is again a port-Hamiltonian system with Hamiltonian H= %xlT(Qu — ngQ;;le)ml.

Remark 3.2. Note that (Q11 — Q12Q55 Q1) > 0 if Q > 0.



3.3 The Kalman-decomposition

It is well known that a linear system & = Az + Bu,y = Cz can be represented in a suitable basis
as (see [9], [13])

Ay A, 00 B crl’

0 A, 0 0 0 cy
A: 7B: ,C:

As1 Aszp Aszz Asy B3 0

0 Ap 0 Ay 0 0

with X = Xl X XQ X Xg X X4, where

Writing out

A Az 00 Fiy Fip Fig Fia| [Q11 Q12 Q13 Qua
0 Ay 0 0| _ |Fo1 Fog Foz Fou| |Q21 Q22 Q23 Q24

Asy Asg Asg Asy| | F31 Fso Fs3 Fs4| |Q31 Q32 Q33 Q34
0 Ap 0 Ay Fy Fap Fuz Fua| Qa1 Qa2 Qa3 Qua

this implies that the blocks of the F' and ) matrix satisfy

(a) F11Q13 + F12Q23 + F13Q33 + F14Q43 = 0

(b) F11Q14 + F12Q24 + F13Q34 + F14Quq = 0

(c) Fo1Q11 + F22Q21 + F23Q31 + F54Q41 =0

(d) F21Q13 + F22Q23 + F53Q33 + F54Qu3 =0 (21)
(€) F21Qua + F22Qo4 + F23Q34 + F24Qu4 = 0 —

(f) FarQu1 + FuoQ21 + Fy3Q31 + FiuQu1 = 0—

(9) Fa1Q13 + Fu2Q23 + Fy3Q33 + F44Qu3 = 0

and similarly by writing out

Qu Q12 Q13 Qua
T T Q21 Q22 Q23 Qou|
[ B0 B3 0] Q31 Q32 Q33 Q3| (1 C200]
Qa1 Qa2 Quz Qua

we obtain

BIQi3+B¥Qs33=0

22
Bl Qs+ BiQs3s=0 (22)

The resulting dynamics on X; (the part of the system that is both controllable and observable)
can be identified in port-Hamiltonian form, by combining the previous two reduction schemes
corresponding to controllability and observability. Indeed, application of Section 3.2 yields the
following observable system on X7 x X5

T1| _ | Fuu Fiz | 5l 21 By
)= ] 7]
T

_ (23)
v =[Bl 0]Q }

)

where

0= {Qu Ql?]_{@li& Q14}_Q33 Q34]1{Q31 Q32] (24)
Q21 Q22 Q23 Q21 || Qa3 Qua Qa1 Qa2



Next, application of Section 3.1 to (23) yields the following port-Hamiltonian description of the
dynamics on X

1 = (F1177F12F2_21F21)Q11:z:1+B1u
y = BlTQ11$1

Further analysis (using a well-known matrix inversion formula) yields

Qi = Q11— Q13(Q33 — Q34Q14' Qu3) ' Q31 + Q14Q1, Quz(Q33 — Q34Q) Quz) ' Qa1+
Q13Q33 Q34(Qus — Qu3Q33 Q34) ™' Qu1 — Q14(Qua — Qu3Q33' Q34) " Qus

(25)

(26)
leading to a port-Hamiltonian description
= (Fu— F1oF55' Fo1)Quiz1 + Biu (27)
y = BiQun

having the same transfer matrix as the original system (1).

Remark 3.3. By first applying the procedure of Section 3.1 and then applying the procedure of
Section 3.2 we obtain a different, but equivalent, port-Hamiltonian formulation.

4 The co-energy variable representation

In this section we throughout assume that the matrix @ is invertible. This means that

e=Qx (28)
is a valid coordinate transformation, and the port-Hamiltonian system (1) in these new coordinates

takes the form

QFe+QBu, F=J-R
BTe

< o
|

(29)

Since e = Qx = %—f(m), with H(x) = %(ETQSC the energy, the variables e are usually called

the co-energy variables.

Example 4.1. Consider the LC-circuit in Figure 1, with q the charge on the capacitor and ¢1, 2
the fluzes over the inductors Ly, Ly correspondingly. The energy (in the case of a linear capacitor
and inductors) is given as
1 1 1
H _ 2, L 2, L 9 30
(qa¢17¢2) 2Cq +2L1¢1+2L2¢2 ( )
and x = (g, ¢1,P2) are the energy variables, in which the system takes the port-Hamiltonian form

9q

q 0 1 -1 o 0
01 = -1 0 0 T+ 1w (31)
. [
o 1 0 0 P 0
Yy = ¢1/La
with w,y being the voltage across and the current through the wvoltage source. The co-energy
variables e = [ &% |7 = [ Velnls 17 are the voltage over the capacitor and the currents
through the inductors, leading to the following form of the dynamics
‘.70 & 0 0770 1 —1][Ve 0
I =10 2 0f|-1 0 0 ||Ipa| + |£|u )
Iro 0 0 AJ[1 0 0] 0 (32)

y = I
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Figure 1. LC-circuit

Example 4.2. Consider a mass-damper-spring system
z1| 0 1 0 0 kq 0
BRI R HE "

with energy H(q,p) = %kqQ + ﬁpz (potential and kinetic energy) in the energy variables q
(elongation of the spring) and p (momentum of the mass). The constant ¢ > 0 is the damping
constant, and u is the external force.

The co-energy variables are ey = kq (spring force) and es = 2 (velocity), leading to the

dynamics
er] [k 0 O 1 ifer| | O |,
€| |0 1/m -1 —c || e 1/m (34)
y = e
Note that
d1
%ﬁeTQ_le =el'Fe+e"Bu=—e"Re+uly (35)

and thus if @ > 0 then V(e) = 1eTQ e (the Legendre transform of H(z) = 127 Qz) is a storage
function of (29). V(e) is called the co-energy of the system, which is in this linear case equal to
the energy (V(Qx) = H(x)).

A main advantage of the co-energy variable representation of a port-Hamiltonian system
is that additional constraints on the system are often expressed as constraints on the co-energy
variables (see also Section 6).

The reduction of the port-Hamiltonian system to its controllable and/or observable part takes
the following form in the co-energy variable representation. Interestingly enough, the formula’s
take a somewhat ”dual” form to the formula’s obtained in the energy variable representation.

Consider the system (29) in co-energy variable representation. Take linear coordinates
e = (e1,e2)T such that the upper part of

[6'1] _ |:Q11 Q12} [Fu F12} [61}4_[@11 Q12] [Bl]u
€2 Q21 Qaz| |Fa1 Faz||e2| |Q21 Q22] | B2

(36)
_[ pT pT| “t
Yy —[31 BQ][@J
is the reachability subspace R. By invariance of R this implies
Q21F11 + Q2F21 = 0 (37)

Q21B1+ Q2B = 0



Hence the dynamics restricted to R equals

é1 = (QuF11 + Qi2F)er + (Q11B1 + Q12B2)u
= (%11 — Q12Q5 Q21)Fiier + (Qu1 — Q12Q55 Q21) Biu (38)
y = Bje

which is a port-Hamiltonian system in co-energy variable representation, with energy matrix
Q=0 — Q12Q521Q21, and interconnection/damping matrix Fy;. Notice that these formula’s are
dual to the corresponding formula’s (16) for the controllable part of the system in energy variable
representation, where the resulting interconnection/damping matrix is a Schur complement, while
the resulting energy matrix is Q11.

Analogously, take linear coordinates e = (e1, e2)” such that the lower part of (36) equals the
unobservability subspace A/. This implies

Qu1F12 + Qu%z z 8 (39)
leading to the observable reduced dynamics
&1 = (QuFi + QiafFo)er + QuubBiu
= Qu(F1 — FioF5' Fay)er + Qi Biu (40)
y = Ble
1 €1

Combination of the above leads to a similar Kalman-decomposition as in the energy variable
representation.

5 The scattering variable representation

Another useful representation of port-Hamiltonian systems is the scattering representation (see
[10], [11]). In this representation the power u”y supplied to the system is split into a non-negative
term denoting the power due to an “incoming wave” and a non-positive term denoting the power
of an “outgoing wave”. This is accomplished by the following well-known change of coordinates
in the space of input and output variables

v L (y +
ey (@)
Z(-u+y)
with inverse
1
vo= o) (12)
y = H+2)

The vector v is called the vector of incoming wave variables, and z is the vector of outgoing
wave variables. Note that v measures the deviation of the input u from the situation where the
system is terminated on a unit resistance, corresponding to @ = —y. Indeed v = %(u — ).

The basic relation between power variables u,y and wave variables v, z is expressed as

1 1
Ty =3 lol? -5 1 = | (43)

Expressing the power variables u,y into the wave variables v, z by (42) into the equation (1)
for a port-Hamiltonian system leads to

# = (J—R-BBT)Qz+2Bv
z = ﬂBTQx —v
which is called the scattering representation of the port-Hamiltonian system (1). Note that the

term BBT > 0 can be regarded as a virtual additional resistive term (corresponding to unit
resistances attached to the ports of the systems).

(44)



Because of (43), the basic dissipation inequality (2) of any port-Hamiltonian system takes
the following form for the scattering representation

le 1 2_1 2 T
SoeTQe = SNl —5 |2 ]F " QRQu (45)

If @ > 0 then the scattering representation is under minimality conditions asymptotically stable
(see e.g. [11]).

Proposition 5.1. Consider the scattering representation (44) with Q > 0. Assume the pair
T
(A=JQ,C=( }B‘iQQ )) is detectable. Then (44) for v =0 is asymptotically stable.

Proof. The right-hand side of (45) for v = 0 equals .—xTQBBTQx — 2T"QRQz. Defining the
Lyapunov function V(z) = 327 Qz it follows that {z | V(z) =0} = {z | BTQz =0, RQz = 0}.
Detectability thus implies by LaSalle’s Invariance principle asymptotic stability. ]

The controllability and observability structure of the scattering representation is identical to
the power variable representation. This follows from

Proposition 5.2. The reachability subspace R, of the scattering representation is equal to the
reachability subspace R of (1). The unobservability subspace N of the scattering representation
is equal to the unobservability subspace N of (1).

Proof. R, =im[\2B | (J—R—BBT)QV2B| ...]=im[B| (J-R)QB| ...] =R. Similarly
V2BTQ BTQ

Ny =ker | V2B"Q(J - R—BB")Q | =ker | BTQ(J - R)Q | = N. 0

Hence, the Kalman-decomposition of the scattering representation is identical to the Kalman-
decomposition of (1).
From (45) it follows that for v =0

1o M=) | dt = 32T(0)Qu(0) — 32T (T)Q(T) — [ 2™ ()QRQu(t)dt (46)

for all T > 0. Hence if Q > 0 we conclude that 2 fo | 2(t) ||? dt exists for all £(0), and is equal
to 327 (0)M=(0), with the observability Gmmzan M >0 bemg the solution to (see [11])

Q(J-R-BB")"M+M(J-R-BB")Q = —2QBB”Q (47)
Furthermore ker M = N. Note that
1 (oo}
S OMa0) = 5 [ a0 ar (49
0

and thus equals the outgoing energy of the system (for the incoming wave v equal to zero). From
(46) if follows that M < Q.
Furthermore it follows from (45) that

0

éf (@I dt = %fo 2@ dt + ffﬂ (HQRQz(t)dt + 527 (0)Qx(0) — 32" (-T)Qx(-T)  (49)

-T

for all T > 0. Hence if Q > 0 we conclude that 5 f | v(t) || dt exists for all z(0), and

inf, 3 EOO | v(t) ||* dt is equal to 32T (0)W ~'z(0), with the controllabzlity Gramian W > 0 being
the solution to (see [11])

(J—R-BBTYQW+WQ(J—R—-BBTY = —2BB” (50)



Moreover imW = R. Note also that

1 I
S OW a0 =t 5 [ o) at (51)
2 v 2 J_
and thus equals the incoming energy of the system (for the outgoing wave z equal to zero). From
(49) it follows that W—1 > Q.

Combining the obtained inequalities yields

M<Q<w! (52)

Now bringing the scattering system (44) into a balanced form where W = M (see [7], [12])
and computing the square roots of the eigenvalues of MW which are equal to the Hankel singular
values (see [4]) provides us the information about the number of state components of the system
to be reduced. These state components require large amount of the incoming energy to be reached
and give small amount of the outgoing energy to be observed. Therefore they are less important
from the energy point of view and can be removed from the system (see also [1]).

6 Reduction of port-Hamiltonian systems in general case

For a general port-Hamiltonian system in energy (1) or co-energy (29) coordinates with no
uncontrollable/unobservable but with ”hardly” controllable/observable states we may apply balancing
as explained in section 5 and use one of the following structure-preserving reduction techniques.

6.1 Effort-constraint reduction

Consider a full-order port-Hamiltonian system (1). To make the system uniformly asymptotically
stable we bring the system (1) into the scattering coordinates (44) applying the coordinate
transformation (41). Now we balance the system (44) but in co-energy coordinates (with another
change of coordinates (28)), obtaining the following balanced representation of our system

= Q(J—R-BBT)e+2QBv

V2BTe — v (53)

where the lower part of the state vector e = (eq, 62)T is the most difficult to reach and observe.

Consider the system (44) again, but now in the coordinates where the system (53) is balanced

i = (J—R-BBT)e+2Bv
2z = 2BTe—w

A natural choice for the reduced model would be a model which contains only the e; dynamics
since the lower part of the state vector e is much less relevant from the energy point of view

e2 = Q2171 + Q2272 = 0 (55)

(54)

Therefore the reduced system takes the following form

T = (J11—R11—BlBlT)el + \/iBlv
= (J11—Ru1—B1B)(Q1121+Q1222) + V2Byv (56)
z = V2B ey —v = V2B (Quz1 4+ Qr222) — v

After substituting zo ~ —Q;;lea:l from (55) into (56), assuming that Q;; exists, the reduced
system will take the final form in energy coordinates

T = (Jll—Ru—BlB{)(QII_Q12Q521Q21>$1+\/531U
2=V2B] (Q11—Q12Q3; Q21)71 — v

which is again a port-Hamiltonian system.

(57)



6.2 Flow-constraint reduction

Another structure-preserving way of model reduction of port-Hamiltonian systems is the so-called
Flow-constraint Method, when after scattering change of coordinates (41) we balance the system
(44) and approximate the lower part of the state vector, but in energy coordinates, plus its
dynamics. Using the notation F := J — R — BBT we obtain

o (58)
io = (F21Q11 + F22Q21)71 + V2Bov ~ 0

with the reduced port-Hamiltonian system of the form
i1 = (F11Qu1 + F12Qo1)x1 + V2Bw (59)

z \/i(BTQu + BQTQ21)$1 —v
From (58) it immediately follows that Qg1x1 ~ —F2_21F21Q11x1 - \/innggv, assuming that F2_21
exists. Substituting in (59) yields

i1 = (Fi1—FiaFy' Fo1)Quizy + v2(B1—FiaFyy' Ba)v (60)
2z =+2(B{-B} Fy' Fo1)Qua1 — (2B Fy' Bo + 1)v

which is if (F12F2_21)T = F2_21F21 again a reduced system in a port-Hamiltonian form.

Remark 6.1. The reduced-order port-Hamiltonian systems (57) and (60) are automatically
passive since the preservation of the port-Hamiltonian structure implies the preservation of the
passivity property (see [10]).

Remark 6.2. Though the Flow-constraint method is similar to the well-known Truncation
(x2 = 0, see e.g. [1]) and less-known Singular Perturbation method (io = 0, see [3], [6]), it
is different from these reduction methods since it is easy to show that neither of them preserves
the port-Hamiltonian structure.

7 Conclusions

We have shown in section 3 that a full-order uncontrollable/unobservable port-Hamiltonian
system can be reduced to a controllable/observable system, which is again port-Hamiltonian, by
exploiting the invariance of the reachability /unobservability subspaces of the original systems. We
discussed energy and co-energy variable representations of port-Hamiltonian systems in section 4
illustrated by the example of electrical networks where the energy variables are charges and fluxes
while the co-energy variables are voltages and currents.

The scattering representation of port-Hamiltonian systems is discussed in section 5 showing
that in the scattering coordinates a stable port-Hamiltonian system becomes asymptotically stable,
provided an observability condition is satisfied, so that standard balancing can be applied to
the port-Hamiltonian system. Balancing is discussed in section 5. The reduction methods
Effort-constraint and Flow-constraint are introduced in Section 6 and applied to a general port-
Hamiltonian full-order system showing that the proposed approximations preserve the port-
Hamiltonian structure for the reduced-order systems as well as the passivity property. Effort-
and Flow- constraint methods motivate to investigate further important issues about the error
bounds between full-order and reduced-order systems which is the subject for ongoing research.
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