Journal of Mathematical Systems, Estimation, and Control © 1996 Birkhäuser-Boston Vol. 6, No. 2, 1996, pp. 1–14

General Closed Loop Optimal Solutions for Linear Dynamic Systems with Linear Constraints and Functional^�

Paolo d’Alessandro Elena De Santis

Abstract

This paper gives a general solution for the problem of deriving closed loop optimal controller for linear dynamical systems with linear constraints and linear functional. The controller is also given for the feasibility problem. Necessary and sufficient condition for the existence of such controller are given. The analysis is completed illustrating some interesting special cases.

Key words: dynamical optimization, constrained systems, positive systems, polyhedral cones

AMS Subject Classifications: 49B99 93C55

1 Introduction

A rather extensive literature has accumulated on input constrained dynamical systems. We cite as examples [1], [2], [3]. Here we use a dual conical condition, given in [4], to investigate the linear dynamical optimization problem with state constraints. The other basic ingredient of our approach is the study of the evolution, backward in time, of the set of admissible states (that is, initial states for which a feasible solution exists). The present results were essentially already given in earlier drafts of this paper (a technical report [5] - and a conference extended abstract [6]). The new presentation is more streamlined and emphasizes the interpretation of our results in terms of feedback solution of linear dynamic optimum problems.

An approach similar to the present one was also exploited in [7] to introduce a generalization of positive systems.

�Received June 24, 1993; received in final form August 23, 1994. Summary appeared in Volume 6, Number 2, 1996.

Some authors (see [8] and [9]) solved some specialized problems in linearly state-control constrained systems with a similar recursion, using at each step a projection algorithm (e.g. in [8] an algorithm is used, which is a slight modification of the well known Fourier-Motzkin elimination method [10]). By contrast in our general setting projections are not used.

We give, under absolutely general conditions, the expression of the closed loop solution for both the feasibility and the optimization problem. This latter seems to have been never examined before in the literature. At the same time we give necessary and sufficient conditions for the existence of corresponding feedback controller.

Besides the theoretical interest, attached with the generality and completeness of the results, our approach has the potential for applications beyond the toy level, despite the complexity problems related to the dual conical optimality condition [4] and [11]). Moreover it has the additional advantage that, for a fixed system, once one computes off-line the structure of the controller (similarly to the Riccati equation in the quadratic optimal regulator) the recomputation of solutions of feasibility or optimality problem defined by any determination of the bounds is very fast.

It might be noted that the computations for positive systems are instead straightforward [7], thanks to the results in [4].

A completely different approach, which leads outside the natural polyhedral setting, is given in [12] and is based on a smoothing of the problem. In this way, standard techniques of dynamical optimization can be applied.

2 Problem Formulation and Recalls

Consider a discrete time linear system described by the input-state recursive equations

x(t + 1) = A(t)x(t) + B(t)u(t) (2.1)

with input (or control) u(t) ∈ R^p and state x(t) ∈ R^n. Let t_i and t_f (also denoted by T ) be, respectively, an initial and final time with t_f > t_i. Moreover let the initial state x(t_i) = x̄ be given.

With reference to such system consider also the functional: max T∑ j=t_i +1

(f_j , x(j)) (2.2)

and the constraints W (t)x(t) ≤ M(t) t_i < t ≤ T. (2.3) For each t, W (t) is a m × n matrix and M(t) an m-dimensional vector.

The polyhedron defined by each of these inequalities is denoted by D_t.

LINEAR DYNAMIC SYSTEMS

We define the following feasibility (F ) and optimality (O) problems.

Definition 1 Problem F : Given the system (2.1) the feasibility problem consists in ascertaining whether there exists a control ū defined on the interval [t_i, T ), such that the corresponding solution satisfies (2.1) and (2.3), and, if these is the case, in computing one such control, called feasible or admissible control.

The problem F is said to be feasible if the solution exists.

Definition 2 Problem O: the optimality problem consists in ascertaining whether there exists a control u^o defined on the interval [t_i, T ), such that the corresponding solution satisfies (2.1), (2.3) and maximizes the functional (2.2) on the set of all admissible inputs, and, if this is the case, in computing one such control, called optimal control.

To solve these problems we shall at times introduce further problems referred to initial and final times t^′_i and T^′, with t_i ≤ t^′_i ≤ T^′ ≤ T .

In the following sections we make systematic use of a duality result (see [4]) which will be recalled now for reader’s convenience.

Let Q be a s × n matrix and let v be a vector in R^n. Denote by R(G) the range of the matrix G and by P the nonnegative orthant of R^s (the same symbol will be used in the sequel to denote the nonnegative orthant of any Euclidean space, leaving to the context the determination of the space itself).

The convex cone R(G)^⊥ ∩ P is polyhedral and pointed. A set of vectors formed taking a nonzero vector from each of its extreme rays is called a set of generators of the cone.

At this point we can state the following:

Theorem 1 The convex polyhedron {x : Gx ≤ v, G ∈ R^{m×n}} is nonvoid if and only if Qv ≥ 0 (2.4) where {rows of Q} = {generators of the cone : R(G)^⊥ ∩ P }. 3 Feasibility Problem

We start introducing a sequence of sets of admissible states, which can be computed recursively backward in time. Let us call S_t the set of all initial states, for which the problem is feasible, assuming initial time t^′_i = t < T and constraints W (s)x(s) ≤ M(s), t < s ≤ T . There is a backward recursion involving the sets S_t. In fact S_t can be obtained as the set of all states for which the feasibility problem defined by the following constraints for system (2.1) t^′_i = t t^′_f = t + 1 x(t + 1) ∈ E_{t+1} = S_{t+1} ∩ D_{t+1} is feasible. Of course the initial condition for this recursion is given by S_T = D_T .

At this point we can state the following theorem, which solves the feasibility problem and gives the explicit expression of the sets S_t and E_t.

Theorem 2 (i) The sets S_t, t_i ≤ t < T , and E_t, t_i < t < T , are polyhedra and have the following recursive expressions:

S_t = {x : Q_{t+1}Ŵ (t + 1)A(t)x ≤ Q_{t+1}M̂(t + 1)} (3.1) E_t = {x : Ŵ (t)x ≤ M̂(t)} (3.2) where

Ŵ (t) = ( Q_{t+1}Ŵ (t + 1)A(t) W (t) ) (3.3)

M̂(t) = ( Q_{t+1}M̂(t + 1) M(t) ) (3.4)

with initial conditions Ŵ (T ) = W (T ) and M̂(T ) = M(T ) and where: {rows of Q_{t+1}} = {generators of R(W (t + 1)B(t))^⊥ ∩ P }. (3.5) (ii) The feasibility problem F has solution if and only if

[Q_{ti+1}Ŵ (t_i + 1)A(t_i)]x̄ ≤ [Q_{ti+1}M̂(t_i + 1)] (3.6) (iii) The condition (ii) is necessary and sufficient for the existence of the following closed loop (or feedback) controller Ŵ (t + 1)B(t)u(t) ≤ M̂(t + 1) − Ŵ (t + 1)A(t)x(t) t_i ≤ t < T. (3.7) These inequalities in fact, coupled with the state equation and solved recursively forward in time, define the set of all the feasible control function and corresponding feasible state functions. Proof: (i) The state constraint at T is: W (T )x(T ) ≤ M(T ).

LINEAR DYNAMIC SYSTEMS

Substituting for x(T ): W (T )(A(T − 1)x(T − 1) + B(T − 1)u(T − 1)) ≤ M(T ) or W (T )B(T − 1)u(T − 1) ≤ M(T ) − W (T )A(T − 1)x(T − 1). (3.8) In view of the dual nonvoidness condition (Theorem 1), the set of all bounds that make the latter equation feasible is given by:

Q_T [M(T ) − W (T )A(T − 1)x(T − 1)] ≥ 0 where Q_T is the matrix, whose rows are the generators of the pointed polyhedral cone R[W (T )B(T − 1)]^⊥ ∩ P . Therefore: Q_T W (T )A(T − 1)x(T − 1) ≤ Q_T M(T ). (3.9) The latter inequality defines the set of admissible states S_{T −1}, showing, at the same time, that S_{T −1} is a polyhedron.

The set E_{T −1} is obtained intersecting S_{T −1} with the constraining set D_{T −!} and hence it is given by the polyhedron:

E_{T −1} = {x : Ŵ (T − 1)x ≤ M̂(T − 1)} (3.10) where

Ŵ (T − 1) = ( Q_T W (T )A(T − 1) W (T − 1) )

M̂(T − 1) = ( Q_T M(T ) M(T − 1) ) . At this point it is easy to see that generalizing the above formulas for the generic instant of time t, the desired expression of S_t and E_t are obtained.

(ii) The feasibility problem has solution if and only if the initial state x̄ belongs to the set S_{ti} . From (3.1), with t = t_i, we have that this is true if and only if [Q_{ti+1}Ŵ (t_i + 1)A(t_i)]x̄ ≤ [Q_{ti+1}M̂(t_i + 1)] as we wanted to prove.

(iii) The inequality defining the closed loop controller is obtained simply generalizing (3.8) to arbitrary t.2

It may be useful, to better clarify the present result, to illustrate its application in operative terms. First of all we have to compute the sequence of the Ŵ (t)’s, M̂(t)’s and Q_t’s. This allows us to verify the feasibility condition. If the problem is feasible, then, by means of such sequences, the closed loop controller is completely defined. We start from time t_i and substitute in the equation of the closed loop controller the initial state x̄ and solve for the corresponding u(t_i). Once this latter is known it is substituted in the state equation to compute the feasible state x(t_i + 1), which in turns feeds the feedback controller yielding the feasible control u(t_i + 1), to be fed to the state equation, and so on. Thus we have obtained a closed loop solution, which makes it possible to compute automatically and recursively any feasible solution.

Finally, it is very important to stress that essentially all the computational effort to solve the problem is connected to the determination of the Q_t’s. Moreover, neither the sequence of the Ŵ (t)’s nor that of the Q_t’s depend on the initial state or on the sequence of the M̂(t)’s, and the computation of this latter is absolutely trivial. Thus once these two sequences are computed (a computation that can be carried out off-line) we can obtain the solutions for all feasible problem corresponding to any initial state and any bounds’ sequence at marginal additional numeric effort, possibly even in real time.

4 Two Interesting Special Cases

There are some interesting special cases, in which the above theory greatly simplify. They arise comparing, at each time, S_t and D_t. Incidentally, these special cases play a crucial role in the theory developed in [7].

For simplicity we refer to stationary system and constraints, that is, A(t) = A, B(t) = B, D_t = D, W (t) = W and M(t) = M. Thus, in the present case we can set for simplicity t_i = 0. Again we let x(0) = x̄.

If we suppose that S_{T −1} ⊃ D then, clearly, E_{T −1} is D. Therefore S_{T −2} is equal to S_{T −1}, so that E_{T −2} is again D, because the system is time-invariant, and so on. Clearly, at the end of the recursion, we will find S_0 = S_{T −1}. Thus the backward recursion radically simplifies, reducing to a single step.

In this case: Ŵ (t) = W M̂(t) = M t = 1, . . . , T. (4.1) So that, by Theorem 2 it follows: S_0 = {x : QW Ax ≤ QM} (4.2) where the rows of Q are the generators of R(W B)^⊥ ∩ P.

Moreover, the problem is feasible if and only if QW Ax̄ ≤ QM. (4.3)

LINEAR DYNAMIC SYSTEMS

Finally, the closed loop controller becomes W Bu(t) ≤ M − W Ax(t) 0 ≤ t < T. (4.4) Before passing on to the second particular case in point, it is useful to state the following general remark.

The behavior of the sequence {E_t : t = T − 1, . . . , 0} is monotone with respect to the constraining set sequence {D_t : t = 1, . . . , T }. In fact, if we relax the constraints, the terms of the corresponding new sequence {E^′_t : t = T − 1, . . . , 0} contain those of the original sequence, and, conversely, if we strengthen the constraints, they are contained.

Consider now the case in which the reverse of the preceding inclusion occurs, that is, S_{T −1} ⊂ D. Bearing in mind the above monotonicity principle and the stationarity of the problem, it is clear that S_{T −2} ⊂ D. By recursion S_t ⊂ D. Thus we can solve the problem removing all the state constraints except that at the final instant T .

The formulas in Theorem 2 remain unchanged except (3.3) and (3.4). The new simplified expressions of the coefficients Ŵ (t) and M̂(t) are given by Ŵ (t) = QŴ (t + 1)A (4.4)

M̂(t) = QM̂(t + 1) (4.5)

with initial conditions Ŵ (T ) = W and M̂(T ) = M, and where: {rows of Q_{t+1}} = {generators of R(Ŵ (t + 1)B)^⊥ ∩ P } Once it is known that no constraint but the last is active, the trivial non-recursive solution simplifies too. For example, compute the set S_0, using again the conical machinery. We can express the state x(T ) in the form:

x(T ) = C(T )h(T ) + A^T x̄ (4.6)

where: C(T ) = (A^{T −1}B . . . AB B) (4.7) h(T ) = col(u(0), . . . , u(T − 1)). (4.8) Substituting in the given constraint at time T we obtain the polyhedron of admissible input functions relative to the initial state x̄: W C(T )h(T ) ≤ M − W A^T x̄. (4.9) As usual, the dualization of this inequality yields the inequality defining the polyhedron of the admissible initial states:

S_0 = {x : Q(T )W A^T x ≤ Q(T )M} (4.10) where: {rows of Q(T )} = {generators of R(W C(T ))^⊥ ∩ P }. Noticing that R(W C(T )) = W R(C(T )) and that for T ≥ n R(C(T + 1)) = R(C(T )) = R(C(n)), it follows that for any T ≥ n the polyhedron S_0 is given by

S_0 = {x : Q(n)W A^T x ≤ Q(n)M}. (4.11)

5 The Optimality Problem

In this section we extend the results developed for the feasibility problem to the optimality problem. To this purpose we begin incorporating the functional in the dynamics of the system. Then we will express the optimality problem as a parameterized feasibility problem. In this way the application of feasibility theory will be straightforward.

To carry out the first step of this program, we reformulate the problem introducing a new state variable v: v(t) = t−1∑ j=t_i (f_j , x(j)) (5.1)

for which the following dynamic equation can be given:

v(t + 1) = v(t) + (f_t, x(t)) v(t_i) = 0 f_{ti} = (0 0 ... 0)^∗.

The new state vector is defined by:

x̃(t) = ( x(t) v(t) ) . (5.2)

The dynamics of the augmented state system is described by:

x̃(t + 1) = Ã(t)x̃(t) + B̃(t)u(t) (5.3)

where: Ã(t) = ( A(t) 0 f_t 1 ) B̃(t) = ( B(t) 0 )

with x̃(t) ∈ R^{n+1} and u(t) ∈ R^p. The initial state is now given by x̃(t_i) = ( x̄ 0 ) . With these positions we can state an equivalent optimization problem as follows:

LINEAR DYNAMIC SYSTEMS

max(f, x̃(T )) f = (f_T 1) (5.4)

subject to: x̃(t + 1) = Ã(t)x̃(t) + B̃(t)u(t) t_i ≤ t < T W̄ (t)x̃(t) ≤ M(t) t_i < t ≤ T where W̄ (t) = (W (t) 0), t_i < t ≤ T .

Finally, and according to a usual technique, the optimization problem is transformed into a parameterized feasibility problem, introducing, in lieu of the functional, the additional constraint: (−f, x̃(T )) ≤ −h (5.5) which depends on the scalar parameter h. In this way, solving the optimization problem becomes equivalent to finding the maximum h such that the resulting feasibility problem is feasible. Before giving a detailed formulation let’s state the final form of such feasibility problem, incorporating the functional into the constraints. Consider the constrained dynamical system:

x̃(t + 1) = Ã(t)x̃(t) + B̃(t)u(t) (5.6)

subject to: W̃ (t)x̃(t) ≤ M̃(t) t_i < t ≤ T (5.7) x̃(t_i) = ( x̄ 0 )

with:

W̃ (t) = (W (t) 0) t_i < t < T

W̃ (T ) = ( W (T ) 0 −f 0 )

M̃(t) = M(t) t_i < t < T M̃(T )(h) = ( M(T ) −h ) . The polyhedra defined by (5.7) will be denoted by D̃_t. Formally we have obtained a problem which has the same structure as those examined in the preceding Section 3, except that the final bound vector depends on the scalar parameter h. Thus, at any t, the polyhedron of admissible states at t depends on h, and will be denoted by S̃_t(h). Similarly Ẽ_t(h) = S̃_t(h)∩D̃_t. To solve the optimization problem, we have to find an h̄ such that if h ≤ h̄ then x̃(t_i) ∈ S̃_{ti} (h) if h > h then x̃(t_i) ∉ S̃_{ti} (h). Such an h̄, if it exists, is the maximum of the problem, which therefore would be feasible bounded. The controller computed in correspondence to the maximum h̄, according to the theory developed in the preceding sections, is the optimal closed loop controller. Clearly such controller exists if and only if h̄ exists. If, for any h, x̃(t_i) ∈ S̃_{ti} (h) then the problem is feasible unbounded. In this case we can find feasible but not optimal solutions. To this purpose it suffices to fix an arbitrary value of h and compute the solution with the already developed formulas.

Finally, if x̃(t_i) ∉ S̃_{ti} (h) for any h, then the problem is infeasible. Dealing with this problem with the conical method we are lead to solving linear programming problems of the following simple structure: max h, subject to F h ≤ K where F and K are two column vectors and F is non negative. It is straightforward to demonstrate ([4] and [11]) the following

Lemma 1 Define the set: J = {i : F_i = 0 and K_i < 0} then there are only three mutually exclusive and exhaustive cases:

• a) J ≠ ∅. In this case problem O is not feasible.

• b) J = ∅ and ∀i, F_i = 0. In this case problem O is feasible and unbounded.

• c) J = ∅ and ∃i : F_i > 0. In this case problem O is feasible bounded.

The maximum h̄ of the functional is given by:

h̄ = min { K_i F_i : F_i > 0 }

At this point we can state the following theorem:

Theorem 3 (i) Considering the constrained system (5.6), (5.7), the sets S̃_{ti} (h), t_i ≤ t < T , have the following expression:

S̃_{ti} (h) = {x : Q_{t+1}W(t + 1)Ã(t)x̃ ≤ Q_{t+1}M(t + 1)(h)} (5.8)

where W(t) = ( Q_{t+1}W(t + 1)A(t) W̃ (t) ) (5.9)

LINEAR DYNAMIC SYSTEMS

M(t)(h) = ( Q_{t+1}M(t + 1)(h) M̃(t) ) (5.10)

with terminal conditions W(T ) = W̃ (T ) and M(T ) = M̃(T ) and where: {rows of Q_{t+1}} = {generators of R(W(t + 1)B̃(t))^⊥ ∩ P }. (ii) To solve problem O consider the following optimization problem O_e:

max h h ∈ R (5.11) subject to F (T )h ≤ K(T ) where F (T ) = Q^′_{ti+1}Q^′_{ti+2} . . . Q^′_{T −1}Q^′_T

K(T ) = T −t_i∑

j=1 Z(t_i + j)M(t_i + j) − Q_{ti+1}W(t_i + 1)Ã(t_i)x̃(t_i)

Z(t_i + 1) = Q^{′′}_{ti+1} Z(t_i + j) = Q^′_{ti+1}Q^′_{ti+2} . . . Q^′_{ti+j−1}Q^{′′}_{ti+j} 1 < j < T − t_i Z(T ) = Q^′_{ti+1}Q^′_{ti+2} . . . Q^′_T and the partitions Q_t = [Q^′_t|Q^{′′}_t ] are defined by the block structures of M(t)(h) on the row side.

Then the problems O and O_e are equivalent in the sense that O is infeasible or feasible unbounded or feasible bounded if and only if the same is true for O_e, a circumstance that can be verified by means of the lemma. In this latter case the maximum is the same for both problems and hence it is given by: h̄ = min { K(T )_i F (T )_i : F (T )_i > 0 } . (5.12)

(iii) An optimal feedback controller exists if and only the problem O is feasible bounded, and it is defined by:

W(t + 1)B̃(t)u^o(t) ≤ M(t + 1)(h̄) − W(t + 1)Ã(t)x(t) t_i ≤ t < T (5.13)

These inequalities in fact, coupled with the state equation and solved recursively forward in time, define the set of all the optimal control functions u^o and corresponding optimal state functions.

Proof: (i): apply statement (i) of Theorem 1 to the system (5.6 - 5.7). (ii): the set S̃_{ti} (h) has the expression

{x : Q_{ti+1}W(t + 1)Ã(t_i)x ≤ Q_{ti+1}M(t_i + 1)(h)}.

Let us examine more in detail the structure of M(t_i +1)(h). From (5.9) we have

M(t_i + 1)(h) = ( Q_{ti+2}M(t_i + 2)(h) M̃(t_i + 1) )

M(t_i + 2)(h) = ( Q_{ti+3}M(t_i + 3)(h) M̃(t_i + 2) )

M(t_i + 3)(h) = ( Q_{ti+4}M(t_i + 4)(h) M̃(t_i + 3) )

and so on, hence

M(t_i + 1)(h) = ( M_1(t_i + 1)(h) M̃(t_i + 1) )

where M_1(t_i + 1)(h) = Q^′_{ti+2}Q_{ti+3}M(t_i + 3)(h) + Q^{′′}_{ti+2}M̃(t_i + 2) = Q^′_{ti+2}Q^′_{ti+3}Q_{ti+4}M(t_i + 4)(h) + Q^′_{ti+2}Q^{′′}_{ti+3}M̃(t_i + 3) + Q^{′′}_{ti+2}M̃(t_i + 2).

By finite recursion (and bearing in mind that M(T ) = M̃(T )), we obtain

M_1(t_i + 1)(h) =

Q^′_{ti+2}Q^′_{ti+3} . . . Q_T M̃(T )(h) + Q^′_{ti+2} . . . Q^′_{T −2}Q^{′′}_{T −1}M̃(T − 1) + . . . + Q^{′′}_{ti+2}M̃(t_i + 2).

Substituting for M̃(T ) = ( M(T ) −h ) we arrive at the following expression: M_1(t_i + 1)(h) = Q^′_{ti+2}Q^′_{ti+3} . . . Q^′_T M(T ) − Q^′_{ti+2}Q^′_{ti+3} . . . Q^{′′}_T h + Q^′_{ti+2} . . . Q^′_{T −2}Q^{′′}_{T −1}M̃(T − 1) + . . . + Q^{′′}_{ti+2}M̃(t_i + 2).

Finally, partitioning the matrix Q_{t+1} and bearing in mind M̃(t) = M(t), t_i < t < T , we can write for the bound appearing in the expression (5.13):

Q_{ti+1}M(t_i + 1)(h) = −(Q^′_{ti+1}Q^′_{ti+2} . . . Q^{′′}_T )h + T −t_i∑

j=1 Z(t_i + j)M(t_i + j)

with Z(t_i + j) as in (5.10).

Thus x̃(t_i) ∈ S̃_{ti} (h) if and only if:

Q_{ti+1}W(t+1)Ã(t_i)x̃(t_i) ≤ −(Q^′_{ti+1}Q^′_{ti+2} . . . Q^{′′}_T )h+ T −t_i∑

j=1 Z(t_i +j)M(t_i +j)

LINEAR DYNAMIC SYSTEMS

or, equivalently, if and only if F (T )h ≤ K(T ) with F (T ) and K(T ) defined as in (5.10).

(iii): Apply statement (iii) of Theorem 1.2

From a computational point of view the sequences {Q_t} and {W_t} can be computed once and forever. This requires a good deal of numerical effort, but the computation can be carried out off line. Then for each determination of the initial state and of the bound sequence, it is immediate to solve the optimization problem O_e and obtain the maximum h̄. At this point it is easy to implement the automatic feedback optimal controller (which works in a manner analogous to that illustrated for the feasibility case) to compute recursively any optimal solution.

References

[1] A. Marzollo. Controllability and optimization, lectures held at the Department of Automation and Information, University of Trieste, Courses and Lectures 17, International Center for Mechanical Sciences, Udine (Italy) (1969).

[2] R. Conti. Processi di controllo lineari in R^n, Quaderni dell’Unione Matematica Italiana 30. Bologna: Pitagora Ed., 1985 (in Italian).

[3] P. d’Alessandro and E. De Santis. Reachability in input constrained discrete time linear systems, Automatica 28 (1992), 227-230.

[4] P. d’Alessandro, M. Dalla Mora, and E. De Santis. Techniques of linear programming based on the theory of convex cones, Optimization 20 (1989), 761-777.

[5] P. d’Alessandro and E. De Santis. Conical theory of feasibility and optimality for dynamical linear systems, Research Report 40 (1990), Department of Electrical Engineering, University of L’Aquila.

[6] P. d’Alessandro and E. De Santis. Conical approach to linear dynamic optimization. In Operations Research ’91 (P. Gritzmann, R. Hettich, R. Horst and E. Sachs, eds.). Heidelberg: Physica Verlag, 1992.

[7] P. d’Alessandro and E. De Santis. Positiveness of dynamic systems with non positive coefficient matrices, IEEE Trans. on Automatic Control AC-39 (1994), 131-134.

[8] S.S. Keerthi and E.G. Gilbert. Computation of minimum-time feedback control laws for discrete-time systems with state-control constraints, IEEE Trans. on Automatic Control AC-32 (1987), 432-435.

[9] F. Blanchini. Ultimate boundedness control for uncertain discrete-time systems via set-induced Lyapunov functions, IEEE Trans. on Automatic Control AC-39 (1994), 428-433.

[10] K.G. Murthy. Linear Programming. New York: Wiley, 1983.

[11] P. d’Alessandro. The conical approach to linear programming, Research Report 43 (1991), Department of Electrical Engineering, University of L’Aquila.

[12] A. Propoi. Dynamic Linear Programming, WP-79-38, International Institute for Applied System Analysis, Austria.

Department of Mathematics, 3rd University of Rome, Via C. Segre, 2- 00146 Roma, Italy

Department of Electrical Engineering, University of L’Aquila, Monteluco di Roio, 67040 L’Aquila, Italy

Communicated by Alberto Isidori