Journal of Mathematical Systems, Estimation, and Control © 1996 Birkhäuser-Boston Vol. 6, No. 4, 1996, pp. 1–12

Robust Stability Analysis of Characteristic Polynomials Whose Coefficients are Polynomials of Interval Parameters^�

Takeshi Kawamura Masasuke Shima

Abstract

In this paper, stability of the characteristic polynomial F (s) of which parameters appear nonlinearly in coefficients is studied. If real and imaginary part of F (jw) are monotone of parameters in frequency domain, their maximum and minimum values can be calculated from the endpoints of parameters. Using this monotonicity, we will extend the mapping theorem, to the case of polynomial coefficient of parameters. And sufficient conditions of the monotonicity are derived for the case of one parameter and multi-parameters.

Key words: interval polynomial, Sturm’s theorem, mapping theorem, Mikhailov’s theorem

AMS Subject Classifications: 93D09, 93B25

1 Introduction

Since the appearance of the Kharitonov’s theorem [1], the simple stability criterions of interval polynomials have been studied by many researchers ([2],[3],[4],[5],[6],[7]). On the other hand, there is the mapping theorem for the analysis of multilinear coefficient of polynomials ([8, p.476], [2, pp. 147- 152], [9], [10]). The mapping theorem is useful to analyze the stability of open loop and closed loop system in the frequency domain. In these studies, coefficients of interval polynomial are supposed to be linear or multilinear in system parameters. And little attention has been given to the nonlinear case which is more common in practice.

In this paper, the mapping theorem is extended to the general nonlinear case by means of the monotonicity of functions on the intervals of

�Received December 10, 1994; received in final form September 12, 1995. Summary appeared in Volume 6, No. 4, 1996.

parameters. If our conditions on monotonicity of Re F (jw) and Im F (jw) are satisfied, then all polynomials F (jw) belong to a rectangle F_h(w) in the frequency domain, whose vertices are calculated from the endpoints of parameter intervals. Using this property, we can check the stability of the interval polynomial. If the coefficient is a polynomial of the only one parameter, its monotonicity can be studied by applying Sturm’s theorem ([11], [12, pp. 81-85]) to its derivatives with respect to parameter. In order to obtain the monotonicity test for multiparameter case, it is sufficient for us to apply the monotonicity test for one-parameter recursively. An example is worked out to illustrate our result.

2 Description of the System

We study the characteristic polynomial

F (s) = s^n + c_1(p)s^n�^1 + c_2(p)s^n�^2 + · · · + c_n�_1(p)s + c_n(p) where c_j (p)’s are in polynomials of p = (p_1, . . . , p_m) p_i ∈ [ p_i, p_i ], p_i ∈ ℜ, i = 1, 2, . . . , m (2.1) It is clear that for each c_j (p) there exists an interval [ c_j , c_j ] to which the value of c_j (p) belongs under the restrictions p_i ∈ [ p_i, p_i ] (i = 1, . . . , m; j = 1, . . . , n). And the relations between the interval [ c_j , c_j ] and the interval [ p_i, p_i ] are complicated in general. For example, the system with structural uncertainties:

ẋ(t) = Ax(t) (2.2)

A = A_0 + p_1A_1 + p_2A_2 + · · · + p_mA_m

where p_i ∈ [ p_i, p_i ], p_i ∈ ℜ; A, A_i ∈ ℜ^n�^n, i = 1, 2, . . . , m

has the characteristic polynomial in the form of equation (2.1). It is known that if c_j ’s are multilinear in p_i’s, the interval [ c_j , c_j ] is directly determined by p_i’s and p_i’s. In this case, the mapping theorem can be used to check the stability of the system. In the following, we will study a more general case where coefficients c_j ’s are polynomials.

3 Extension of the Mapping Theorem

First, we need the definition of monotone functions.

Definition 1 (Monotone function of p) If a function f(p) = f(p_1, . . ., p_m) is a polynomial of p_i, i = 1, . . ., m and satisfies the condition ∂f(p) ∂p_i ≤ 0 (3.1)

ROBUST STABILITY ANALYSIS or ∂f(p) ∂p_i ≥ 0 (3.2)

for all p_i ∈ ( p_i, p_i ), p_k ∈ [ p_k, p_k ], k ≠ i; i, k = 1, 2, · · · , m,

it is called a monotone function of p. 2

Using this definition, we have the following theorem.

Theorem 1 If Re F (jw) and Im F (jw) are monotone functions of p, F (jw) belongs to the rectangle F_h(w) in the complex plane.

F_h(w) = {x + jy : α_m ≤ x ≤ α_M , β_m ≤ y ≤ β_M } (3.3) α_m = min_{pi=pi, pi} i=1,2,...,m Re F (jw), α_M = max_{pi=pi, pi} i=1,2,...,m Re F (jw) β_m = min_{pi=pi, pi} i=1,2,...,m Im F (jw), β_M = max_{pi=pi , pi} i=1,2,...,m Im F (jw). 2 Proof: Let us consider the monotonicity at an arbitrary frequency w. If only a parameter p_i is varied on [ p_i, p_i ] with the other parameters fixed, it is shown that Re F (jw) have the relative maximal value at p_i or p_i due to the monotonicity with p_i. The relative minimum value of Re F (jw) is determined in the same way. Then, another parameter p_k can be varied and so on. Consequently, Re F (jw) has the maximum value and the minimum value at the endpoints of p_i; i = 1, 2, . . . , m. The same argument is applied to Im F (jw). Therefore, F (jw) belongs to the convex hull F_h. 2

Using this theorem, we can check the stability of F (s). F (jw) belongs to the rectangle F_h(w).

Theorem 2 If the plot of F_h(w) satisfies the following two conditions, the system is stable.

1) F_h(0) is on the positive part of real axis.

2) As w increases, the plot of F_h(w) encircles the origin in a counterclockwise direction and its vertex’s phase goes to n^π_2 for w→ ∞. 2

Thus all rectangles F_h(w) do not include the origin.

Proof: According to Mikhailov’s Theorem [2, p. 113], the above conditions are derived. 2

This stability analysis is similar to the mapping theorem [2, pp. 147- 150]. And the monotonicity of a function is very important in our analysis method. Next, we study conditions of the monotonicity.

4 Criterion of Monotonicity

In this section we will discuss how to check the monotonicity. First we study one parameter case using both endpoints of interval parameters.

4.1 One-parameter function

We consider a polynomial f(p) with a parameter p ∈ [ p, p ]. It is clear that if^{df (p)}_{dp} ≠ 0 on the interval [ p, p ], f(p) is monotone. Therefore, it is necessary to know how many roots of the equation^{df (p)}_{dp} = 0 are in the interval [ p, p ]. According to the Euclidean Algorithm, the following procedure is derived.

r_1 = df(p) dp , r_2 = d^2f(p) dp^2 (4.1)

r_1 = q_1r_2 − r_3 (4.2) r_2 = q_2r_3 − r_4 (4.3) · · · · · · · · · r_w�_2 = q_w�_2r_w�_1 − r_w , (4.4)

where r_w is the greatest common factor of r_1 and r_2.

Next, we evaluate the values r_1(p) r_2(p), . . ., r_w(p), and count how many times r_1(p), r_2(p), . . ., r_w (p) change its signs, which is denoted by V (p). V (p) is calculated in the same way.

Theorem 3 In the above system, if the following condition 1) or 2) holds, f(p) is a monotone function of p on the interval [ p, p ].

1) V (p) − V (p) = 0 (4.5) 2) V (p) − V (p) = 1and sign (r_1(p)r_1(p)) > 0 (4.6) 2 Remark 1 [12, pp. 81-85]. If r_1 has α-tuple roots at p = p and/or β-tuple roots at p = p, then all functions (4.1), (4.2), (4.3) and (4.4) become 0. In this case, V (p) can not be calculated in the neighborhood of p and/or p. So we must eliminate (p − p)^α or/and (p − p)^β in r_1 and r_2. For example,

r_1 = d dp f(p) (p − p)^α , r_2 = d^2 dp^2 f(p) (p − p)^α . We can calculate V (p) − V (p) using the above algorithm. 2

Proof: According to the Sturm’s theorem, the number of roots of^{df (p)}_{dp} = 0 on the interval ( p, p ] is given by V (p) − V (p). If V (p) − V (p) = 0,

ROBUST STABILITY ANALYSIS df (p) dp = 0 has no roots on the interval ( p, p ], and if V (p) − V (p) = 1, df (p) dp = 0 has one root on the interval ( p, p ]. Since r_1(p) and r_1(p) have the same sign, f(p) is a monotone function with one point of inflection. 2

4.2 Multi-parameter function

For multiparameter functions, we examine the monotonicity. Definition 2 For parameters p_1, p_2, . . ., p_m, we define the set of parameters p_i (i = 1, 2, . . . , m) as p(1_{j1} 2_{j2} 3_{j3} · · · m_{jm} ) where each j_1, j_2, · · · , j_m takes 0 or 1 respectively. In this form, we denote j_i = 0 if p_i = p_i and also j_i = 1 if p_i = p_i. For example, p(i_0j_1) means p_i = p_i and p_j = p_j . 2 Then we suppose a function f(p) = f(p_1, . . . , p_m) to be a polynomial of p_i, i = 1, . . . , m, where p_i ∈ [ p_i, p_i ] and f(p) ∈ [ f, f ]. If^{∂f (}p^)_{∂pi} ≠ 0 on [ p_i, p_i ] for i = 1, . . . , m, then the function f(p) is monotone by definition. In the same way as one parameter case, we examine the existence of roots of^{∂f (}p^)_{∂pi} = 0 on [ p_i, p_i ] for all i.

r_{i 1} = ∂f(p) ∂p_i , r_{i 2} =

∂^2f(p) ∂p^2_i (4.7)

r_{i 1} = q_{i 1}r_{i 2} − r_{i 3} (4.8) r_{i 2} = q_{i 2}r_{i 3} − r_{i 4} (4.9) · · · · · · · · · r_{i wi}�_2 = q_{i wi}�_2r_{i wi} �_1 − r_{i wi} , (4.10)

where r_{i 1}, r_{i 2}, . . ., r_{i wi} are polynomials of p_1, p_2, . . ., p_m. And r_{i wi} is the greatest common factor of r_1 and r_2.

As the one-parameter case, V (p(1_02_0 · · · (i − 1)_0(i + 1)_0 · · · m_0))(p_i) is calculated by counting the sign changes of the sequence

r_{i 1}(p(1_02_0 · · · (i − 1)_0(i + 1)_0 · · · m_0))(p_i), (4.11) r_{i 2}(p(1_02_0 · · · (i − 1)_0(i + 1)_0 · · · m_0))(p_i), (4.12) . . . . . . . . . , r_{i wi} (p(1_02_0 · · · (i − 1)_0(i + 1)_0 · · · m_0))(p_i). (4.13)

And V (p(1_02_0 · · · (i − 1)_0(i + 1)_0 · · · m_0))(p_i) is calculated in the same way.

Using these expressions, we have the following theorem. Theorem 4 If the following conditions 1), and 2) or 3) hold, f(p) is a monotone function of p on [ p_1, p_1 ] ⊗ [ p_2, p_2 ] ⊗ · · · ⊗ [ p_w, p_w ]. 1) Let r_{i 1} be regarded as a polynomial of p_i. All coefficients of p_i in r_{i 1} are monotone of p_k ( k ≠ i, k = 1, 2, . . . , m ). 2) For all pairs p_k and p_k (k ≠ i),

V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) − V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) = 0 (4.14)

where j_1, j_2, . . . , j_i�_1, j_{i+1}, . . . , j_m = 0, 1; i = 1, 2, . . . , m

3) For all pairs p_k and p_k (k ≠ i),

V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) − V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) = 1 (4.15) and sign(r_{i 1}(p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} )(p_i)) r_{i 1}(p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} )(p_i))) > 0 (4.16)

where j_1, j_2, . . . , j_i�_1, j_{i+1}, . . . , j_m = 0, 1; i = 1, 2, . . . , m. 2 Remark 2 As the same as Remark 1, if r_{i 1} has α-tuple roots at p_i = p_i and/or β-tuple roots at p_i = p_i, we must eliminate (p_i − p_i)^α and/or (p_i − p_i)^β in r_{i 1} and r_{i 2}. We can calculate V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) − V (p(1_{j1} 2_{j2} · · · (i−1)_{ji}�_1 (i+1)_{ji+1} · · · m_{jm} ))(p_i) using the above algorithm as the one-parameter function case. 2

Remark 3 In this theorem, we have to check whether r_{i 1} is monotone of p_k ( k ≠ i, k = 1, 2, . . . , m ) or not. If r_{i 1} can be expressed by the polynomial of p_i, the coefficients of the powers of p_i are expressed by polynomials of p_k (k ≠ i). Applying this procedure repeatedly to the coefficients, we finally obtain coefficient functions with only one parameter. Then we can check its monotonicity by means of Theorem 3 and calculate the maximum value and minimum value of these coefficient functions. Using these maximum and minimum values, we obtain interval polynomials whose monotonicity can be checked, and we calculate its maximum and minimum values, which yields another interval polynomials and so on. This backward procedure terminates with finite steps and we can check the monotonicity of r_{i 1}(p). 2 Proof: In this theorem, V (p(1_{j1} 2_{j2} · · · (i − 1)_{ji}�_1 (i + 1)_{ji+1} · · · m_{jm} ))(p_i) is equal to the number of sign changes of the sequence r_{i j} , j = 1, 2, . . . , w_i. r_{i j} is a polynomial of p_i and coefficients of powers of p_i are polynomials of p_k ( k ≠ i, k = 1, 2, . . . , m ). If condition 1) is satisfied, r_{i 1} is a monotone function of p_k and r_{i 1} belongs to the convex hull spanned by functions

ROBUST STABILITY ANALYSIS

whose coefficients are derived from all combinations of coefficients of r_{i 1} where p_k takes p_k or p_k. According to Sturm’s theorem, if the equation (4.14) holds, r_{i 1} = 0 has no roots on the interval ( p_i, p_i ]. This means directly f(p_i) is a monotone function with respect to p_i. And also if the equation (4.15) holds, r_{i 1} = 0 has one root on the interval ( p_i, p_i ]. As the one parameter case, if (4.15) and (4.16) hold, f(p_i) is a monotone function with respect to p_i. Thus, if condition 1), and 2) or 3) hold for all p_i, f(p) is monotone. 2

Remark 4 In the applications of our test to ReF (jw) and ImF (jw), we have to examine the monotonicity in parameters for all w belonging to the infinite interval [0, ∞). In the coefficients of higher powers of w, parameters appear in lower powers. Hence, if we differentiate the polynomial with respect to parameters, the terms with higher powers of w often disappear. ReF (jw) consists of only the even powers of w and ImF (jw) odd powers. Thus, if we put ξ = w^2, it is clear that we can check the monotonicity of examining the lower order polynomial in ξ. 2

5 Example

Let us consider the characteristic polynomial with interval parameters.

F (s) = s^3 + (2 − p_1 − p_2)s^2

+ (p^2_1 + p_1 + 2p_1p_2 − 2p^2 + p_2 + 3)s + 3p^3_1 + 4p_1p_2 + p^3_2 + 1, (5.1) where p_1 ∈ [0, 0.5], p_2 ∈ [0, 0.25]

In order to study the stability of (5.1), we have to check the monotonicity of Re F (jw) and Im F (jw). F (jw) = (p_1 + p_2 − 2)w^2 + 3p^3_1 + 4p_1p_2 + p^3_2 + 1 + j{−w^3 + (p^2_1 + p_1 + 2p_1p_2 − 2p^2 + p_2 + 3)w} (5.2) = α + jβ (5.3) where p_1 ∈ [0, 0.5], p_2 ∈ [0, 0.25]

1) Check the monotonicity of α. i) Regard α as a polynomial of p_1.

α = (p_1 + p_2 − 2)w^2 + 3p^3_1 + 4p_1p_2 + p^3_2 + 1 ∂α ∂p_1 = w^2 + 9p^2_1 + 4p_2. (5.4)

It is obvious the equation (5.4) takes positive value on intervals of p_1 and p_2 and^{∂α}_{∂p1} is monotone with respect to p_2. In this case, we will check the monotonicity according to theorem 3.

r_{11} = ∂α ∂p_1 = w^2 + 9p^2_1 + 4p_2, r_{12} =

∂^2α ∂p^2_1

= 18p_1, r_{13} = 4p_2 + w^2 (5.5)

case 1: p_2 = p_2 = 0

r_{11} = w^2 + 9p^2_1, r_{12} = 18p_1, r_{13} = w^2 (5.6)

V (p_2)(p_1) = 0, V (p_2)(p_1) = 0. Thus, V (p_2)(p_1) − V (p_2)(p_1) = 0.

case 2: p_2 = p_2 = 0.25

r_{11} = w^2 + 9p^2_1 + 1, r_{12} = 18p_1, r_{13} = w^2 + 1 (5.7)

V (p_2)(p_1) = 0, V (p_2)(p_1) = 0, V (p_2)(p_1) − V (p_2)(p_1) = 0. Then α is a monotone function of p_1. ii) Regard α as a polynomial of p_2.

α is a monotone function of p_2, because^{∂α}_{∂p2} = w^2 + 3p^2 + 4p_1 > 0 holds on interval p_1 and p_2.

2) Check the monotonicity of β. i) Regard β as a polynomial of p_1.

β = −w^3 + (p^2_1 + p_1 + 2p_1p_2 − 2p^2 + p_2 + 3)w ∂β ∂p_1 = (2p_1 + (1 + 2p_2))w (5.8)

All coefficients of (5.8) are monotone on the interval. Thus we can check the monotonicity at the endpoints of p_2. case 1: p_2 = 0 ∂β ∂p_1 = (2p_1 + 1)w > 0; p_1 ∈ [0, 0.5] (5.9)

case 2: p_2 = 0.25 ∂β ∂p_1 = (2p_1 + 1.5)w > 0; p_1 ∈ [0, 0.5] (5.10)

Then β is monotone function of p_1.

ii) Regard β as a polynomial of p_2. We also check the monotonicity. ∂β ∂p_2 = (−4p_2 + (1 + 2p_1))w (5.11)

All coefficients of (5.11) are monotone with respect to p_1 on the interval [ p_1, p_1 ].

case 1: p_1 = 0 ∂β ∂p_2 = (−4p_2 + 1)w ≥ 0; p_2 ∈ [0, 0.25] (5.12)

ROBUST STABILITY ANALYSIS

case 2: p_1 = 0.5 ∂β ∂p_2 = (−4p_1 + 2)w > 0; p_2 ∈ [0, 0.25] (5.13)

β is a monotone function of p_2. Thus, β is a monotone function of p_1, p_2. Consequently, Re F (jw) and Im F (jw) are monotone with respect to parameters p_1, p_2. Thus maximum and minimum values of Re F (jw) and Im F (jw) are expressed by endpoints of p_1 and p_2. Drawing the rectangles F_h(w) for this example (Fig. 1), we know that F(s) is stable. 2 In some cases as shown in our example, it is possible to check the monotonicity even if w varies from 0 to ∞. But in more complicated cases, we have to divide the interval [0, ∞) into subintervals where the monotonicity holds.

6 Concluding Remarks

In this paper, we present a new criterion of stability of interval polynomials. Defining the monotonicity of multivariable function, the mapping theorem is extended to the general case, where parameters appear nonlinearly. Using our extended mapping theory, stability of characteristic polynomials with polynomial coefficients is checked by means of endpoints of parameters.

We introduce the rectangle F_h(w) in the complex plane and show the condition that the characteristic polynomial with interval polynomials lies in the rectangle F_h(w) for an arbitrary frequency w. The sufficient condition for stability of F (s) are derived by means of F_h(w) by our extended mapping theorem.

For one parameter functions and multi-parameter functions, we show how to check the monotonicity. For one parameter coefficients, we apply Sturm’s theorem and for multi-parameter coefficients, we can check the monotonicity by our multiparameter test.

Our result may be applied to the stability problem for the characteristic polynomial, of which coefficients are polynomials of parameters, multilinear and linear (affine) with respect to the parameters. And there is room for argument on the conservativeness of our sufficient conditions. It needs further investigation for nonlinear functions with interval parameters.

Figure 1:

ROBUST STABILITY ANALYSIS

References

[1] V.L. Kharitonov. Asymptotic stability of an equilibrium position of a family of systems of linear differential equations, Differential Equations 14-11 (1978), 2086-2088.

[2] J. Ackermann. Robust Control-System with Uncertain Physical Parameters. New York: Springer-Verlag, 1993.

[3] J.E. Ackermann and B.R. Barmish. Robust schur stability of a polytope of polynomials, IEEE Trans. Automat. Contr. AC-33(10) (1988), 984-986.

[4] A.C. Bartlett and C.V. Hollot. A necessary and sufficient condition for schur invariance and generalized stability of polytopes of polynomials, IEEE Trans. Automat. Contr. AC-33(6) (1988), 577-578.

[5] F.J. Kraus, B.D.O. Anderson, and M. Mansour. Robust stability of polynomials with multilinear parameter dependence, Int. J. Cont. 50(5) (1989), 1745-1762.

[6] E.P. Oppenheimer and A.N. Michel. Application of interval analysis of interval analysis techniques to linear systems: Part I - fundamental results, IEEE Trans. Circuits & Systems CAS-35, 9 (1988), 1129 - 1138.

[7] E. Zebeb. Necessary and sufficient conditions for robust stability of a continuous dependency case illustrated via multilinear dependency, IEEE Trans. Circuits & Systems CAS-37(1) (1990), 47-53.

[8] L.A. Zadeh and C.A. Desoer. Linear System Theory. New York:

McGraw-Hill, 1963.

[9] R.R.E. De Gaston and M.G. Safonov. Exact calculation of the multiloop stability margin, IEEE Trans. Automat. Contr. AC-33(2) (1988), 156-171.

[10] A. Sideris and R.S. Sánchez Peña. Fast computation of the multivariable stability margin for real interrelated uncertain parameters, IEEE Trans. Automat. Contr. AC-34(12) (1989), 1272-1277.

[11] F.R. Gantmacher. The Theory of Matrices, Vol. II. New York: Chelsea, 1959, pp. 175-176.

[12] T. Takagi. Lecture on algebra, Kyouritu-syuppan (1930) (in Japanese).

[13] N.K. Bose and A.R. Modarressi. General procedure for multivariable polynomial positivity test with control applications, IEEE Trans. Automat. Contr. AC-21(5) (1976), 696-701.

[14] T. Kawamura and M. Shima. Study on a new criterion of the stability of structured uncertainty, Systems and Networks: Proceedings of MTNS93, Vol. 2 (1994), 279-282.

Department of Electrical and Electronic Engineering, Kitami Institute of Technology, 165 Koen-cho, Kitami, Hokkaido 090, Japan

Division of Systems and Information Engineering, Faculty of Engineering, Hokkaido University, North 13, West 8, Sapporo 060, Japan

Communicated by Clyde F. Martin