Studies in Nonlinear Dynamics and Econometrics

Quarterly Jour nal

July 1996, Volume 1, Number 2

The MIT Pr ess

Studies in Nonlinear Dynamics and Econometrics (ISSN 1081-1826) is a quarterly journal published electronically on the Internet by The MIT Press, Cambridge, Massachusetts, 02142. Subscriptions and addr ess changes should be addr essed to MIT Press Journals, 55 Hayward Street, Cambridge, MA02142; (617)253-2889; e-mail: journals-orders@mit.edu. Subscription rates are: Individuals $40.00, Institutions $130.00. Canadians add additional 7% GST. Prices subject to change without notice.

Permission to photocopy articles for internal or personal use, or the internal or personal use of speciÞc clients, is granted by the copyright owner for users register ed with the Copyright Clearance Center (CCC) Transactional Reporting Service, provided that the per-copy fee of $10.00 per article is paid directly to the CCC, 222 Rosewood Drive, Danvers, MA01923. The fee code for users of the Transactional Reporting Service is 0747-9360/96 $10.00. For those organizations that have been granted a photocopy license with CCC, a separate system of payment has been arranged. Address all other inquiries to the Subsidiary Rights Manager, MIT Press Journals, 55 Hayward Street, Cambridge, MA02142; (617)253-2864; e-mail: journals-rights@mit.edu.

c° 1996 by the Massachusetts Institute of Technology

Sa d d le P a th Sta b ility , F lu c tu a tio n s , a n d In d e te r m in a c y in E c o n o m ic G r o w th

Alfred Greiner

University of Augsbur g

Department of Economics

Alfred.Gr einer@wiso.uni-Augsbur g.de and Willi Semmler

New School for Social Resear ch

Department of Economics semmler@newschool.edu

Abstract. We present a macr oeconomic growth model in which investment in physical capital exhibits positive externalities which raise the stock of knowledge. Treating physical capital and knowledge as two separate variables, we show that the model can generate endogenous growth. It is demonstrated that there exist at most two balanced growth paths (BGPs) with endogenous growth. If the BGP is unique it is always saddle-point stable. If there ar e two BGPs, the Þrst is always stable in the saddle point sense, wher eas the second cannot be a saddle point. Instead, the second is either totally stable, giving rise to local indeter minacy, or completely unstable. Further , we can demonstrate that a Hopf bifur cation may occur at the second BGP, leading to persistent ßuctuations. Besides local indeter minacy, the model may also give rise to global indeter minacy.

Acknowledgments. Detailed comments from an anonymous referee on an earlier version are gratefully acknowledged. Alfred Greiner wants to thank the Deutsche Forschungsgemeinschaft (DFG) for generous

Þnancial support.

1 Introduction

Recently, there have emerged two different appr oaches to endogenous growth. One appr oach emphasizes the creation of human capital (Lucas 1988) or knowledge capital (Romer 1990) as the source of technical change and, thus, perpetual growth. In the other view, referring back to Arrow (1962a), as for example in Romer

(1986b), technological knowledge and perpetual growth results from learning by doing and knowledge spillover .

In the Þrst view, resour ces must be committed to the development of new knowledge. In the Lucas (1988) variant, perpetual increase in per-capita income is due to allocating time to education and the creation of human capital. In the other variant, the R&D model of technical change, as for example the models proposed by Romer (1990) and Grossman and Helpman (1991), R&D spending creates new technological knowledge, improving product quality or expanding product variety and generating persistent per-capita growth.

A problem with the latter appr oach is, however , as Young (1993) has pointed out, that an investment into new technologies might not necessarily develop its full productive potentials at the moment of the investment.

On the contrary, at the time of the investment, when other competing technologies exist, new technologies c° 1996 by the Massachusetts Institute of Technology Studies in Nonlinear Dynamics and Econometrics, July 1996, 1(2): 105Ð118 may not necessarily be superior to old ones. In fact, as Young (1993) has shown, new technologies are often less efÞcient than existing technologies at the time of their invention and implementation. 1 The learning-by-doing appr oach to technical change stresses the learning aspect when new investments with new technologies are undertaken. This appr oach states that it is the learning period of a new technology that develops its new productivity potentials. Learning means the accumulation of improvements and experience. There are at least three aspects of how the efÞciency can increase. First, incremental improvements on the invested capital goods are made, leading to full efÞciency of the new capital goods. Second, the learning of skills to operate the new capital goods corresponds to the incremental improvements (on-the-job experience and training). Third, the improved capital goods and the skills may generate spillover effects to the efÞciency of older vintages of capital goods or other production activities of agents.

In general, we should, however , admit a learning patter n wher e the accumulation of knowledge occurs with a delay. A formal theory of learning with various delay patter ns is presented in Sato and Suzuwa (1983). By employing this study, we will posit a learning patter n with a simple delay structur e. Concer ning such a view on learning and technical changeÑas initiated by Arrow (1962a) and generalized by Levahri (1966)ÑRomer (1986b), however , has demonstrated that per-capita variables may grow without an upper bound if the spillover effects are large. In our model, however , we show that learning effects may be bounded.

Different from the common one-sector growth model with learning (see, for example, Romer [1986b]), our study introduces a model of technical change wher e learning is complementary to investment but wher e the effect of investment on the building up of physical capital is separated from the effect on learning. In the model, then, with no investment there is no learning and accumulation of knowledge, and with no accumulation of knowledge there is no technical change in the long-run. The model conver ges toward a stationary economy with no increase in efÞciency and per-capita output. 2 To simplify matters, we neglect the intentional allocation of resour ces for the creation of human capital, knowledge capital, or public capital, as is characteristic for the endogenous growth models of Lucas (1988), Romer (1990), or Barro (1990).

There are other important features of our model. Most of the literatur e on endogenous technical change has been concer ned with an equilibrium analysis, and the dynamics have been neglected for a long period of time. Only recently have studies become available on the out-of-steady-state dynamics of endogenous growth models. As it turns out, the out-of-steady-state dynamics of the standard endogenous growth models are characterized by saddle-path stability.3 On the other hand, it appears now as more certain that exter nalities generate multiple equilibria, indeter minacy, possibly local instability, and transitory, or even persistent, ßuctuations. For standard one-sector models with exter nal effects (nonconvexity of technology), it has been shown by Boldrin and Rustichini (1994) that such phenomena can arise only when negative exter nalities are assumed. Our model, exhibiting positive feedback effects, however , allows for the above phenomena.

We show the existence of global and local indeter minacy. 4 Global indeter minacy may arise in the case of multiple equilibria, implying that the initial level of consumption, which can be chosen freely, crucially deter mines the long-run economic paths that the output and efÞciency will take. Therefore, two different economic situations characterized by the same starting values for the capital stocks may reveal completely different long-run paths and growth rates. In terms of two economies, this means that one economy will always lag behind the other and will never catch up.

We also demonstrate the possibly local indeter minacy of economic equilibria. In this case, two economies with identical initial conditions with respect to the capital stock exhibit in the limit the same growth rates, but the transitional dynamicsÑand thus the transitory growth ratesÑdepend on the starting values of consumption, which may be chosen freely by the economic agents. This parallels a result obtained by Boldrin and Rustichini (1994) wher e, however , a discrete-time version of a model with exter nalities is explor ed.

1Asimilarargumentmightbemadewithrespecttothecreationofhumancapital.ToincreaseefÞciencyinproduction,on-the-jobtrainingand experiencemightbenecessaryforhumancapitaltobecomeeffective. 2Empirically,suchanapproachcanÞndevidenceina recentstudyontherelationbetweeninvestmentinequipmentandper-capitagrowth; seeDeLongandSummers(1991). 3SeeCaballeandSantos(1993) andMulliganandSala-i-Martin(1993) fortheLucasmodelandAsada,Semmler, andNovak(1995) forthe Romermodel,wherethesaddle-pointpropertyofthosemodelsisproved.Thereisalsosomeliteraturethatstudiesthetransitionaldynamics forextendedversionsofendogenousgrowthmodels;seeforexampleBenhabibandPerli(1994) fortheLucasmodelandBenhabib,Perli, andXie(1994) fortheRomermodel;forasurvey,seealsoFlaschel,Franke,andSemmler(1996),chapter5. 4ThesetermshavebeenintroducedbyBenhabibandPerli(1994).

106 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth

Moreover, in our case we may also observe transitory oscillations in the growth rate if the eigenvalues of the

Jacobian at the steady state have imaginary parts.

Lastly, we can demonstrate that our model can also generate persistent ßuctuations. Related results are obtained by Greiner and Hanusch (1994) for a conventional growth model, i.e., for a model with zero per-capita growth, and by Greiner and Semmler (1996) for a growing economy. 5

The remainder of the paper is organized as follows. In Section 2, we present our model. Section 3 studies the dynamic behavior of our economy. It is shown that there may be two steady states and indeter minacy of equilibria with transitory oscillations of the endogenous variables. Moreover, necessary conditions for the emergence of stable limit cycles are derived. Section 4 presents numerical examples that demonstrate the analytical results, and Section 5 concludes the paper .

2 The Model

Our economy is represented by a household that maximizes its discounted stream of utilities arising from consumption, C.t/;

max^{fC.t/g}

Z^1 0 e ¡ .½ ¡ n/t

u .C.t// dt; .2:1/ subject to the budget constraint 6

PK D w C iK ¡ C ¡ .± C n/K .2:2/ where u.¢/ is a strictly concave utility function, u_0.¢/ > 0, and u_{00}.¢/ < 0: ½ denotes the constant rate of time preference, K the stock of physical capital, which depr eciates with the rate ±; and i and w give the rate of return to capital and the wage rate respectively. The labor supply is assumed to grow with the constant rate n, and L.0/ is normalized to 1 so that all variables denote per-capita quantities.

The level of output of our economy is determined by a representative Þrm exhibiting a production function of the form Ya.t/ D .A.t/L.t//_®K^a .t/1_{¡ ®}; with Ya.t/ D L.t/Y.t/ aggregate output, Ka.t/ D L.t/K.t/ aggregate capital stock, and A.t/ individual stock of knowledge as accumulated experience. ® 2 .0; 1/ is the coefÞcient in the Cobb-Douglas function determining the labor share in the production of output Ya.t/. All variables are functions of time. In per-capita terms, the production function can be written as Y.t/ D A.t/_®K .t/1_{¡ ®}: Note that our speciÞcation of the production function implies that knowledge is a nonexcludable, but it rivals public good just as in the Lucas (1988) model. 7

Per-capita output Y.t/ may be either consumed or invested, thus increasing the stock of physical capital in our economy. The Þrm is assumed to behave competitively, which gives the wage rate as w D ®A_®K_{1¡ ®} and

the mar ginal pr oduct of physical capital as i D .1 ¡ ®/A®K ¡ ®:

As to the stock of knowledge A.t/, we assume that it is formed according to the learning-by-doing appr oach initiated by Arrow (1962a). In contrast to Arrow, however , who uses a vintage appr oach with Þxed coefÞcients, we assume in our model that technical change is disembodied, and the production function is not restricted to Þxed coefÞcients (see Levhari 1966). Moreover, we suppose that the contribution of gross investment to the formation of knowledge further back in time is smaller than the recent gross investment.

This assumption makes sense economically, and can be formalized by deÞning the stock of knowledge as an integral of past gross investment with exponentially declining weights put on investment ßows further back in time (see Sato and Suzawa 1983; Ryder and Heal 1973; and Feichtinger and Sorger 1988).

More speciÞcally, we assume that the increase of knowledge induced by investment in the initial year is highest, and that it gradually decreases as time passes. A.t/ then is given by

A.t/ D ’ Z t ¡1 e ’ .s¡ t/

I .s/ ds:

5TheexistenceofpersistentcycleswasconjecturedbyBenhabib,Perli,andXieconcerningtheRomer(1990)model,butnotproved.

6Inwhatfollowswewillsuppressthetimeargumentifnoambiguityarises.

7WeareindebtedtotherefereeforpointingouttoustherelationofourformulationtoLucas(1988).

GreinerandSemmler 107

Figure 1 WeightingFunctionW.t/ D ’ te^{¡ ’ t}; with ’ D 1:

The parameter ’ represents the weight given to more-recent levels of gross investment. The higher ’ ; the larger is the contribution of more-recent gross investment to the stock of knowledge in comparison to ßows of investment dating further back in time.

The weighting function we use here, however , is just one possibility among others. A more general function would be a gamma distribution function which is of the form W.t/ D ’ te^{¡ ’ t}: In this case, the weight put on investment ßowsÑconcer ning its contribution to the actual stock of knowledgeÑÞrst rises as we go back in time, but declines monotonously from a certain point in time. Or, stated another way, the effect of investment at t D 0 on the building up of knowledge Þrst increases as time passes until it reaches a maximum, when it then declines. Figure 1 illustrates this fact for the gamma distribution function W.t/; with ’ D 1: For a more detailed discussion as to the use of weighting functions, see Sato and Suzawa (1983), chapter 6.

It is worth noting that our formulation of learning by doing is closely related to those by Romer (1986b) and Sheshinski (1967). If population is constant and neither physical capital nor knowledge depr eciate, we have A D ’ K for A.¡1 / D K.¡1 / D 0 and, thus, Y D ’^®K ; which is a special case of the Romer model.

Before using necessary conditions to describe the solution to this optimization problem, we Þrst state that it can be shown that a solution to the householdÕs problem exists if the rate of growth is bounded by a constant that is smaller than ½ ¡ n. The proof is obtained by applying the theorem presented in Romer (1986a), and is available on request.

To describe the optimal solution, we can use PontryaginÕs maximum principle. The current-value Hamiltonian for our problem is written as H.¢/ D u.C/ C ¹.iK C w ¡ C ¡ .± C n/K/:

Maximizing with respect to C yields u^0.C/ D ¹ for interior solutions. The evolution of ¹ is given by P¹ D ¹.½ C ±/ ¡ ¹i: Since the Hamiltonian is concave in its variables jointly, the necessary conditions are also sufÞcient if, in addition, the transversality condition at inÞnity

limt_{!1} e^{¡ .½ ¡ n/t}¹.t/. K.t/ ¡ K^?.t// ¸ 0 .2:3/

is fulÞlled with K^?.t/ denoting the optimal value.

As is usual in this sort of growth model with positive external effects, the solution to this optimization problem does not yield the socially optimal outcome. The latter would be achieved by explicitly taking into account an additional differential equation, giving the evolution of the stock of knowledge over time. The

108 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth question, however , as to what measur es should be taken to achieve the socially optimum solution, is beyond the scope of this paper .8

3 The Dynamics

The differential equation system for our economy is obtained from the necessary optimality conditions for the household, together with the equilibrium conditions deter mining the marginal product of physical capital as well as the wage rate. Further, the evolution of knowledge is obtained by differentiating A.t/ with respect to time. Thus, we get a three-dimensional differential equation system, which is given by

PC D A_®^K_{¡ ®}^C μ 1 ¡ ® ¾ ¶ ¡ C μ ½ C ± ¾ ¶ (3.1)

PK D A_®^K_{1¡ ®} ¡ C ¡ .± C n/K (3.2)

PA D ’ A_®^K_{1¡ ®} ¡ ’ C ¡ ’ A; (3.3) with ¡ ¾ ´ u_{00}.C/C/u_0.C/ the elasticity of marginal utility, which is assumed to be constant.

It is obvious that sustained per-capita growth is only feasible if the external effect of investment is strong enough. In fact, if A is constant, we have the usual neoclassical growth model, with zero per-capita growth in the long run. This is well known, and has been pointed out by many authors before (see e.g., Romer 1986b or

Sala-i-Martin 1990). Unfortunately, we cannot give general conditions that guarantee per-capita growth for our analytical model. This is one reason why we present some numerical examples below, where we show that this model is indeed capable of generating endogenous growth.

To explicitly investigate the steady-state and dynamic behaviors of our economy, we perform a change of variables with k D K/A and c D C/A: Differentiating with respect to time gives Pk/k D PK/K ¡ PA/A and

Pc/c D PC/C ¡ PA/A: Our new system of differential equations in k and c is then given by

Pk D k’ .1 C c/ C k1_{¡ ®} ¡ ’ k2_{¡ ®} ¡ k.± C n/ ¡ c; (3.4)

Pc D c’ .1 C c/ C 1 ¡ ® ¾ k_{¡ ®}c ¡

½ C ± ¾ c ¡ ’ ck1_{¡ ®}: (3.5)

A rest point of system (3.4)Ð(3.5) corresponds to a BGP of (3.1)Ð(3.3) with PA/A D PK/K D PC/C D const: Let us, in a next step, examine whether system (3.4)Ð(3.5) has a steady state. It is immediately seen that k D 0 cannot be a steady-state value, since k is raised to a negative power in (3.5). This implies that there is no steady state with a zero value for k. Moreover, setting c D 0 and k so that ’ ¡ .± C n/ D k_{¡ ®}.’ k ¡ 1/ would yield a stationary point for (3.4)Ð(3.5). This, however , would imply that consumption is zero, a fact which does not make sense from the economic point of view, so we can exclude this rest point a priori, too.

Therefore, we can consider the system (3.4)Ð(3.5) in the rates of growth and Þnd its interior stationary points.

Let us, however , Þrst demonstrate that for a speciÞc situation, no balanced growth path (BGP) with sustained per-capita growth, i.e., a path on which all variables grow at the same constant rate, is feasible in our model. The following lemma gives the exact result.

Lemma. If ±C n D ’ , no BGP with sustained positive per-capita growth exists.

Proof. This lemma is proved as follows. First, we set ±C n D ’ and compute c on the BGP from (3.4) with

Pk/k D 0: Inserting this c in Pc/c D 0 gives an expression for k_{¡ ®}^{on the BGP . Doing so, we get}

k ¡ ® D .¾ /.1 ¡ ®// ¢.¡ .± C n/ C .½ C ±//¾/: Note that k¡ ® D A®K ¡ ®: Then, inserting this expression in PC/C;

derived from (3.1), yields the balanced growth rate as PC/C D ¡ ±¡ n:

Subsequently we exclude this possibility and suppose that the parameters are such that endogenous growth is possible. Proposition 1 shows that there may exist two BGPs or a unique BGP if this economy generates sustained per-capita growth with an endogenously determined growth rate.

8Fora detaileddiscussionon measures to be takento improvethesociallysuboptimalsolutionofthedecentralizedproblemso thatit approachesthesociallyoptimalsolution,seeBarroandSala-i-Martin(1995),chapter4.3.

GreinerandSemmler 109 Theor em 1. (i) If .½ C ±//¾ · ±C n, there exists a unique BGP in case of sustained per-capita growth. (ii) If .½ C ±//¾ > ±C n, there exist two BGPs in case of sustained per-capita growth.

Proof. see Appendix.

Proposition 1 tells us that we may have a situation with two BGPs. In that case, we can possibly observe global indeter minacy in the sense that the initial condition concer ning consumption may crucially determine to which BGP the economy converges in the long run, given a Þxed stock of physical capital and knowledge. That phenomenon arises if, for example, one BGP has one positive and one negative eigenvalue, while the other has only negative real parts of the eigenvalues. But the long-run growth rate in an economy also crucially depends on the initial conditions of k. Here we can speak of lock-in effects, in the sense of Arthur (1988) implying that an economy with a lower initial stock of knowledge possibly always lags behind other ones and can never catch up. A similar Þnding has also been reported in a paper by Futagami and Mino (1993) and an earlier paper by Shell (1967). These authors, however , could derive their results only for conventional growth models, i.e., for models with a zero per-capita growth rate.

We also can show that the above model can imply local indeter minacy of equilibrium paths. If the stationary state is (locally) completely stable, that is, all trajectories satisfying (3.4) and (3.5) which start in the neighbor hood of this stationary state converge to the rest point, then there exists a continuum of paths fk.t/; c.t/gall converging to the stationary point. This holds because only the initial condition k.0/ is given for an economy, whereas the amount of initial consumption c.0/ can be chosen freely. Therefore, there exists a continuum of c.0/ satisfying the Þrst-order conditions that are all feasible for the economy, so that we may say that the equilibrium path is indeter minate. What the level of c.0/ is that Þnally will be selected depends on noneconomic factors like cultural or institutional ones. They affect the transitional paths of the economy until it reaches the long-run balanced growth rate. Thus, the levels of long-run per-capita capital stock and consumption are also determined by c.0/; but of course, the long-run growth rate is not.

We may also observe transitory ßuctuations of the growth rate if the eigenvalues of the Jacobian at the steady state are imaginary. Only in the long run, when we have convergence to the steady state, does the economy display growth rates that remain constant over time. On the other hand, an interesting question pertains to the persistence of ßuctuating growth rates, and whether the economy reaches the steady-state growth rate at all.

To investigate the local dynamics, we proceed as usual and Þrst calculate the Jacobian matrix. Using the fact that Pk D Pc D 0 at a stationary state, the Jacobian at the steady state is given by J D " c/k ¡ ®k^{¡ ®} ¡ k1^{¡ ®}.1 ¡ ®/’ k’ ¡ 1 .. 1 ¡ ®/c.¡ ®/k^{¡ ®¡ 1}/ ¾/ ¡ c’ .1 ¡ ®/k^{¡ ®} c ’ # : The eigenvalues of this matrix determine the local stability properties. Proposition 2 gives a complete characterization of the dynamics in our model.

Theor em 2. (i) If there exists a unique BGP with endogenous growth, this path is always a saddle point. (ii) If there exist two BGPs with endogenous growth, the path associated with k^1_1 is a saddle path, while the path

associated with k 12 can be anything except a saddle point. The points k 11 and k 12 denote the values of k on the

BGP , and k 11 < k12 :

Proof. see Appendix.

This proposition characterizes both the global and local dynamics of our economy. It demonstrates that in the case of two BGPs, the Þrst is always a saddle point, whereas the second may be either completely stable or unstable. Moreover, we can possibly also observe a stable limit cycle around the second BGP, which is the most complex dynamic behavior we can expect in our system. To show the existence of a persistent cycle, the Poincar «e-Bendixson theorem could be applied where we need to demonstrate the existence of an unstable steady state and to Þnd a compact invariant set that represents a trapping set for all trajectories. Here we prefer to resort to bifurcation theory and simulation studies to investigate the existence of persistent ßuctuations.

The stability of the second BGP is determined by the sign of the trace of the Jacobian, tr J; and the determinant, det J. If tr J < 0 and det J > 0; the real parts of the eigenvalues are negative, indicating that the steady state is completely stable. Then we have a continuum of equilibria and may speak of local

110 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth indeter minacy. It should be noted that this case can also provide an example for global indeter minacy, which arises if k.0/ is such that the choice of the initial value for c.0/ crucially determines to which BGP the economy converges in the long run. Moreover, if .tr J/2¡ 4det J < 0, the economy has imaginary eigenvalues, implying that it shows transitory oscillations in k (and of course c). This means that the endogenous growth rate also shows ßuctuations until it reaches the steady state in the long run. To illustrate our analytical results, we will present a numerical example in the next section.

Of course, the second BGP can also be completely unstable, i.e., have two eigenvalues with positive real parts. In that case the Þrst BGP is the only feasible solution. Then, the economy is both locally and globally determinate.

Before we present the numerical example, we note that our dynamic system may under go a Hopf bifurcation, leading to stable limit cycles if we vary a certain parameter . If tr J D 0 and det J > 0; the system has two purely imaginary eigenvalues, and system dynamics may bifurcate into limit cycles. The economy then no longer converges to a balanced growth path, but instead shows persistent cyclical oscillations in the growth rate. To Þnd the necessary condition for a Hopf bifurcation, we set tr J D 0: This yields c_1 D .® k_{¡ ®} C .1 ¡ ®/’ k1_{¡ ®}//.’ C k_{¡ 1}/. Substituting this c in det J and knowing that det J < 0 must hold, we have the necessary condition for persistent cycles, ® ¡ u_{00}.¢/C/u_0.¢/ < 1:

For our analytical model, we check the necessary condition leading to a Hopf bifurcation. We leave aside the analytical study of whether sufÞcient conditions causing stable limit cycles are also fulÞlled.9 These are positive, crossing velocity of the eigenvalues and the sign of the coefÞcient determining the stability of the cycles.10We present some numerical examples in Section 4.

4 A Simulation Study

We illustrate our analytical Þndings by employing numerical examples.

4.1 Example 1

Let the instantaneous utility function be a function with a constant elasticity of marginal utility ¾, with ¾ D 0:4:

The coefÞcient in the Cobb-Douglas production function is set to ® D 0:5, and the depr eciation rate ± D 0:19.

The population growth is assumed to be n D 0:02, and we set ’ D 1:65. Interpr eting one time period as two years then means that, for our value of ’ , the contribution of investment two years back to the present stock of knowledge is e_{¡ 0:825¢2} or 19.2 per cent, and the contribution of investment 5 years back is 1.62 per cent.

The discount rate ½ serves as the bifurcation parameter . We analyze the range 0:0075 · ½ · 0:0412. For

these values of ½ there exist two steady states.11For ½ > 0:0412 there does not exist a stationary point of the dynamic system under consideration. As is well known, the eigenvalues of the Jacobian at the steady state are given by ¸ 1^{;2} D 0:5.tr J § p D/; with tr J the trace of the Jacobian and D ´ .tr J/2¡ 4det J:

It turns out that one of the steady states is always stable in the saddle point sense, as predicted by part (ii) of Proposition 2. For the second steady state, Figure 2 gives the trace of the Jacobian, tr J (upper curve) and

D (lower curve) as a function of ½:12

For about ½ < 0:014, both the trace as well as D are positive. Since p D is smaller than tr J, the steady state is an unstable node. For ½ ¸ 0:014, D becomes negative, but the trace of the Jacobian is still positive, implying that the steady state is an unstable focus. For ½crit D 0:040899; the trace is equal to zero. Since D < 0; this means that there are two imaginary eigenvalues with zero real parts. The steady state for this value of ½ is given by k_1^1 D 4:17066 and c_1 D 1:02111: Increasing ½ further, the trace of the Jacobian becomes negative, too. Since D < 0, this implies that the steady state now is a stable focus, until it vanishes for ½ > 0:0412:

For the value of ½crit D 0:040899, the dynamic system under goes a Hopf bifurcation, and for a value slightly smaller than ½crit, stable limit cycles can be observed. Figure 3 shows the time path for c.t/ for a certain period of time, with ½ set to ½ D 0:04075:

9FutagamiandMino(1995) presentan endogenousgrowthmodelwithpubliccapitalforwhichtheyalsodemonstratethepossibilityof persistentcycles.Theseauthors,however, onlycheckwhethertwopurelyimaginaryeigenvaluesmayoccur.

10Fordetails,seeGuckenheimerandHolmes(1983).Belowwecomputethoseconditionsnumerically.

11ForthenumericalcalculationsofthispartweusedthesoftwareMathematica(seeWolframResearch1991).

12Notethatrhostandsfor^{½ in Figure 2.}

Greiner and Semmler 111

Figure 2 Trace of tr J and .tr J/2¡ 4det J as a Function of ½:

Figure 3 Time Path of c.t/ for a Certain Period of Time.

4.2 Example 2 We now pr esent an example with different parameter values, and employ ® D 0:3: The coefÞcient in the utility function is now ¾ D 0:5: The depr eciation rate is ± D 0:12; the population is now assumed to be constant .n D 0/, and ’ is as above. Again, ½ serves as the bifurcation parameter .

Analyzing this system with ½ D 0:2667, we Þnd two interior steady states. The Þrst is given by c^1 D 1:78019 and k^1_1 D 4:47098; with eigenvalues ¸ 1D ¡ 0:248538 and ¸ 2D 0:0975281; indicating that this equilibrium is stable in the saddle point sense.

The second stationary point is c^1_2 D 1:93537; k^1_2 D 4:79655: The eigenvalues associated with this stationary point are ¸ 1/2D ¡ 0:025915 § 0:157396 p ¡ 1; showing that this point is a stable focus.

If the economy converges to fc^1_2 ; k^1_2 g; it will show transitory oscillations until it reaches the stationary value. Further, if we vary the discount rate ½; we see that for ½ D ½crit D 0:266452; the real parts of the

112 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth

Figure 4

LimitCyclein the c.t/ ¡ k.t/ Phase Diagram.

eigenvalues are zer o. The stationary point for this value of ½ is shifted to k_1 D 4:97537 and c_1 D 2:01863:

Since @Re¸.½ //@½ < 0 for ½ D ½crit, the crossing velocity is nonzer o, indicating a Hopf bifurcation. For this value of the discount rate, the other rest point is given by c_1 D 1:70687 and k_1^1 D 4:32076, with the eigenvalues ¸ 1D ¡ 0:339087 and ¸ 2D 0:139892; indicating that this equilibrium is still stable in the saddle point sense.

For ½ D 0:266348, we could again observe stable limit cycles around the stationary point which changes to k_1^2 D 5:02978 and c_1^2 D 2:04371: Figure 4 shows the limit cycle in the c.t/ ¡ k.t/ phase diagram.

4.3 Example 3

Next we Þx the discount rate at ½ D 0:628, and take ’ as the bifurcation parameter . The rest of the parameters are set to ® D 0:1; ¾ D 0:1; b D 1; n D 0; and ± D 0:1:13The critical value for ’ at which the real part of the eigenvalues vanishes is given by ’ crit D 1:665909: The stationary point associated with this value is k_1 D 8:043804 and c_1 D 5:514256: Since @Re¸.’ //@’ D ¡ 0:1708215, it is assured that the eigenvalues cross the imaginary axis. The program used can also calculate the coefÞcient determining the stability of the cycle,

¯ 2; as well as the coefÞcient giving the direction of the bifurcation, ¹2: Since ¯ 2D ¡ 15:35438 < 0, the cycle is stable, and because of ¹2D ¡ 44:94277 < 0; the periodic solutions occur for ’ < ’ crit: In Figure 5 we show how the trajectory appr oaches the limit cycle with ’ D 1:66 and starting values k.0/ D 7:82 and c.0/ D 5:49:

It should be mentioned that part (ii) of Proposition 2 is again conÞr med, because this system also has a second stationary point which is a saddle for all values of ’ that we consider ed.

5 Conclusion

This paper showed that inventive investment and learning by doing are interdependent. Without investment, learning by doing effects on efÞciency are bounded, and without learning by doing effects, there is no increase of efÞciency in the long run and the economy converges toward a stationary state in terms of per-capita income. 14Different delay patterns for the learning mechanism can be speciÞed that are likely to generate different effects on the transitional and long-run increase in efÞciency. By assuming a simple

13To analyzethissystemweresortedto thecomputerprogramBIFDD,whichisdecscribedinHassard,Kazarinoff,andWan (1981). This programcouldnotsuccessfullybeappliedtotheÞrsttwoexamples.

14Note,however,asmentionedintheintroduction,thatwehavepurposelyneglectedotherfactorsforgrowthsuchastheintentionalallocation ofresourcesforthecreationofhumancapital,R&D,orpubliccapital.

GreinerandSemmler 113

Figure 5 LimitCyclein the k.t/ ¡ c.t/ Phase Diagram.

lear ning patter n wher e the strongest lear ning effects are complementary to the most recent investments, we obtain analytical results, conÞr med by simulations, pertaining to the persistence of efÞciency incr ease and per -capita growth. Mor eover , we have seen thatÑand this is now well recognized by other studies on endogenous technical changeÑa model of endogenous technical change thr ough exter nalities may admit rich dynamics such as local and global indeter minacy and persistent ßuctuations. Such phenomena, as has been shown in the literatur e, cannot arise in standard one-sector growth models with positive exter nalities.

We want to note, however , that in the context of the pr esent model we do not explor e ßuctuations at business-cycle frequency. Our growth model, although admitting differentials of growth rates acr oss countries as well as ßuctuating growth rates, is a model for the long run with all markets clear ed instantaneously, and is thus not well suited to study short- and medium-run ßuctuations. For the latter purpose, a nonmarket clearing appr oach with gradual adjustments appears to be better equipped. 15

Appendix

Proof of Proposition 1 To pr ove Proposition 1 we compute c on the BGP from Pk/k D 0 as c^1 D .k1^{¡ ®} ¡ ’ k2^{¡ ®} ¡ k.± C n/ C ’ k//.1 ¡ ’ k/: Substituting c^1 in Pc/c leads to

f .k; ¢/ D k^® μ ’ ¡ ½ C ± ¾ ¶ C k1^{C®}’ μ ½ C ± ¾ ¡ .± C n/ ¶ ¡ μ 1 ¡ ® ¾ ¶ .’ k ¡ 1/:

A point for which f .k; ¢/ D 0 holds gives a BGP for our model.

For k D 0 we have f .0; ¢/ D .1 ¡ ®//¾ > 0: Differentiating f .k; ¢/ with respect to k gives

@f .k; ¢/ @k D ®k^{®¡ 1} μ ’ ¡ ½ C ± ¾ ¶ C .® C 1/k^®’ μ ½ C ± ¾ ¡ .± C n/ ¶ ¡ μ 1 ¡ ® ¾ ¶ ’ : To prove part (i) we note that .± C ½//¾ · .± C n/, and ’ · .± C ½//¾ implies @f .k; ¢//@k < 0 everywher e and limk_{!1} f .k; ¢/ D ¡1 such that for this case, (i) is immediately seen.

If .± C ½//¾ · .± C n/ but ’ > .± C ½//¾; part (i) is shown as follows. For k ! 1 we have limk_{!1} f .k; ¢/ D ¡1 : Thus, @f .k; ¢//@k < 0 must hold at least locally. Since @2f .k; ¢//@k2< 0 holds

15See,forexample,Flaschel,Franke,andSemmler(1996).

114 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth everywher e and is independent of k; @f .k; ¢//@k > 0 is not feasible once @f .k; ¢//@k has become negative and, consequently, there is no second BGP.

If .± C ½//¾ > .± C n/ and ’ · .± C ½//¾; part (ii) is proved as follows: At the Þrst BGP, the curve f .k; ¢/ must cross the horizontal axis from above, i.e., @f .k; ¢//@k < 0 must hold at this point. For the second BGP, the curve f .k; ¢/ must cross the horizontal axis from below, i.e., at this point @f .k; ¢//@k > 0 must hold. Since limk^{!1} .@f .k; ¢//@k/ D limk^{!1} f .k; ¢/ D 1 , and @2f .k; ¢//@k2> 0 holds everywher e and is independent of k;

there exists a Þnite k such that f .k; ¢/ D 0 holds and a second BGP exists. For a third BGP to exist,

@f .k; ¢//@k < 0 would have to hold at this point. But this is not possible because of @2f .k; ¢//@k2> 0, implying that no inßection point exists.

If .± C ½//¾ > .± C n/ but ’ > .± C ½//¾; part (ii) is shown as follows. In this case we have limk^{! 0}.@f .k; ¢//@k/ D 1 , and limk^{!1} .@f .k; ¢//@k/ D limk^{!1} f .k; ¢/ D 1 : Further, there is a unique inßection point of f .k; ¢/ given by kwD .2¡ ®/.’ ¡ .½ C ±//¾//.’ .1C ®/. ¡ .± C n/ C .½ C ±//¾//: This demonstrates that the existence of a BGP with endogenous growth implies that there are two BGPs for this case.

Proof of Proposition 2

To prove part (i) of Proposition 2, we Þrst note that det J < 0 is a necessary and sufÞcient condition for saddle point stability. Knowing that c_1 D .k1_{¡ ®} ¡ ’ k2_{¡ ®} ¡ k.± C n/ C ’ k//.1 ¡ ’ k/ holds on the BGP, we can calculate det J as det J D .1 ¡ k’ /k_{¡ 1} μ ’ .’ ¡ .± C n//

.1 ¡ k’ /2 ¡ ®.1 ¡ ®/ ¾ k_{¡ ®¡ 1} ¶ ;

with k evaluated on the BGP. Further, we know that f .k; ¢/ D 0 on the BGP. Dividing f .k; ¢/ by k_®.1 ¡ ’ k/ 6D0 we get f1.k; ¢/ D ¡ ½ C ± ¾ C ’ C

1 ¡ ® ¾ k_{¡ ®} C .’ ¡ .± C n// ’ k 1 ¡ ’ k and f1.k; ¢/ D 0 must hold on the BGP, too. Differentiating f1.k; ¢/ with respect to k gives

@f1.k; ¢/ @k D ’ .’ ¡ .± C n//

.1 ¡ k’ /2 ¡ ®.1 ¡ ®/ ¾ k_{¡ ®¡ 1}:

This shows that sign det J D sign.@f1.k; ¢//@k/ ¢.1 ¡ ’ k/:

If the BGP is unique, we have .± C n/ ¡ .½ C ±//¾ ¸ 0: For ’ ¡ .± C n/ > 0 this gives lim k! 0_{f1}

.k; ¢/ D C1 and lim k!1_{f1}

.k; ¢/ D .± C n/ ¡ .½ C ±//¾ ¸ 0 (5.1) lim k%’_{¡ 1 f 1} .k; ¢/ D C1 and lim k& ’_{¡ 1 f 1}

.k; ¢/ D ¡1 (5.2) lim k! 0

@f1.k; ¢/ @k D ¡1 and lim k!1 @f1.k; ¢/ D 0 (5.3) lim k%’_{¡ 1}

@f1.k; ¢/ @k D C1 and lim k& ’_{¡ 1}

@f1.k; ¢/ @k D C1 ; (5.4) where % means that k appr oaches ’_{¡ 1} fr om below and & means that k appr oaches ’_{¡ 1} fr om above. Since

the BGP is unique, (5.1)Ð(5.4) demonstrate that f1.k; ¢/ intersects the horizontal axis from below, i.e.,

@f1.k; ¢//@k > 0 holds at the intersection point, and this point is in the range k 2 .’_{¡ 1}; 1 /: Consequently, det J < 0 and the rest point is stable in the saddle point sense.

If .± C n/ ¡ .½ C ±//¾ D 0; f1.k; ¢/ must intersect the horizontal axis from below and then converge to zero.

Since there may exist an inßection point for f1.k; ¢/ for ’ ¡ .± C n/ > 0 and k > ’ .¢/_{¡ 1} this possibility is given.

Greiner and Semmler 115

For ’ ¡ .± C n/ < 0 we have16 lim k%’^{¡ 1 f 1}

.k; ¢/ D ¡1 and lim k& ’^{¡ 1 f 1}

.k; ¢/ D C1 (5.5) lim k%’^{¡ 1}

@f1.k; ¢/ @k D ¡1 and lim k& ’^{¡ 1}

1 .k; ¢/ @k D ¡1 ; (5.6)

whereas (5.1) and (5.3) do not change. (5.5) and (5.6) together with (5.1) and (5.3) show that f1.k; ¢/ intersects the horizontal axis from above, i.e., @f1.k; ¢//@k < 0 holds, and the intersection point is now in the range k 2 .0; ’^{¡ 1}/: Consequently, det J < 0 and the rest point is again stable in the saddle point sense.

Part (ii) of Proposition 2 is proved as follows. Again we know that det J < 0 is necessary and sufÞcient for saddle point stability. Further, the existence of two BGPs implies .± C n/ ¡ .½ C ±//¾ < 0, and from the proof of part (i) we know that sign det J D sign.@f1.k; ¢//@k/ ¢.1 ¡ ’ k/:

For ’ ¡ .± C n/ > 0; f1.k; ¢/ has the same properties as in the proof of part (i) with .± C n/ ¡ .½ C ±//¾ ¸ 0; with the exception of limk_{!1} f_1.k; ¢/, which is now limk_{!1} f_1.k; ¢/ D .± C n/ ¡ .½ C ±//¾ < 0: This together with limk_{! 0} f_1.k; ¢/ D C1 and (5.2)Ð(5.4) shows that the values for k on the BGP are either from k 2 .0; ’^{¡ 1}/ or from k 2 .’^{¡ 1}; 1 /:

If the values for k on the BGPs are from .0; ’^{¡ 1}/, we have 1 ¡ ’ k > 0, and f1.k; ¢/ Þrst intersects the horizontal axis from above and then from below, i.e., @f1.k; ¢//@k < 0 holds at the Þrst point and @f1.k; ¢//@k > 0 holds at the second point. This shows that det J < 0 for the Þrst BGP (with the lower value of k) and det J > 0 for the second (with the higher value of k).

If the values for k on the BGPs are from .’^{¡ 1}; 1 /, we have 1 ¡ ’ k < 0, and f1.k; ¢/ Þrst intersects the horizontal axis from below and then from above, i.e., @f1.k; ¢//@k > 0 holds at the Þrst point and @f1.k; ¢//@k < 0 at the second point. This shows that det J < 0 for the Þrst BGP (with the lower value of k) and det J > 0 for the second (with the higher value of k).

For ’ ¡ .± C n/ < 0, we get for f1.k; ¢/ lim k! 0^{f1}

.k; ¢/ D C1 and lim k!1^{f1}

.k; ¢/ D .± C n/ ¡ .½ C ±//¾ < 0 (5.7) lim k%’^{¡ 1 f 1}

.k; ¢/ D ¡1 and lim k& ’^{¡ 1 f 1}

.k; ¢/ D C1 (5.8) lim k! 0

@f1.k; ¢/ @k D ¡1 and lim k!1 @f1.k; ¢/ D 0 (5.9) lim k%’^{¡ 1}

@f1.k; ¢/ @k D ¡1 and lim k& ’^{¡ 1}

1 .k; ¢/ @k D ¡1 : (5.10)

This shows that for the Þrst BGP (lower k), k is from the range .0; ’^{¡ 1}/ and we have @f1.k; ¢//@k < 0 at the intersection point such that det J < 0: For the second BGP (higher k), k is from the range .’^{¡ 1}; 1 / and we also have @f1.k; ¢//@k < 0 at the intersection point, giving det J > 0: Thus, Proposition 2 is proved.

References

Arrow, KennethJ.(1962a).ÒTheEconomicImplicationsof Learningby Doing.ÓReviewofEconomicStudies,29:155Ð173.

Arrow, KennethJ.(1962b).ÒEconomicWelfare and the Allocationof ResourcesforInnovation.ÓIn:RichardNelson,ed., The Rateand DirectionofInventiveActvity:Economicand SocialFactors.Princeton,NewJersey:PrincetonUniversityPress.

Asada,Toichiro, WilliSemmler, and Andreas Novak(1995).ÒEndogenousGrowthand the BalancedGrowthEquilibrium.Ó TechnicalReportTR95-02,Instituteof Statistics,OperationsResearch and ComputerScience,Universityof Vienna.

Azariadis,Costas,and AllanDrazen(1990).ÒThresholdExternalitiesin EconomicDevelopment.ÓQuarterlyJournal of Economics, 104:501Ð526.

Benhabib,Jess,and KazuoNishimura(1979).ÒTheHopfBifurcationand Stabilityof ClosedOrbitsin MultisectorModelsof OptimalEconomicGrowth.ÓJournal ofEconomicTheory, 21:421Ð444.

16Recallthatfor_{’ ¡ .± C n/ D 0, no BGP with sustained per-capita growth exists.}

116 Saddle Path Stability, Fluctuations, and Indeter minacy in Economic Growth

Barro, RobertJ.(1990).ÒGovernment Spendingin a SimpleModelof EndogenousGrowth.ÓJournal ofPoliticalEconomy,

98:5103Ð5125.

Barro, RobertJ.,and XavierSala-i-Martin(1995).EconomicGrowth. NewYork/London:McGraw-Hill.

Benhabib,Jess,and RobertoPerli(1994).ÒUniquenessand Indeterminacy:On the Dynamicsof EndogenousGrowth.Ó

Journal ofEconomicTheory, 63(1):113Ð142.

Benhabib,Jess,RobertoPerli,and DanyangXie(1994).ÒMonopolisticCompetition,Indeterminacyand Growth.ÓRicerche

Economiche, 48:279Ð298.

Boldrin,Michele,and AldoRustichini(1994).ÒGrowth and Indeterminacyin DynamicModelswith Externalities.Ó

Econometrica, 62(2):323Ð342.

Caballe,Jordi,and ManuelS.Santos(1993).ÒOnEndogenousGrowth with PhysicalCapitaland HumanCapital.ÓJournal of

PoliticalEconomy, 101(6):1042Ð1067.

Chamley,Christophe(1993).ÒExternalitiesand Dynamicsin Modelsof ÔLearning Or Doing.ÕÓInternational EconomicReview,

34(3):583Ð609.

DeLong,BradfordJ.,and Lawrence H. Summers(1991).ÒEquipmentInvestmentand EconomicGrowth.ÓQuarterlyJournal of

Economics, 106:445Ð502.

Feichtinger, Gustav,and Gerhard Sorger (1988).ÒPeriodicResearch and Development.ÓIn GustavFeichtinger, ed., Optimal

ControlTheoryand EconomicAnalysis3. Amsterdam:North-Holland,pp. 121Ð141.

Flaschel,Peter, ReinerFranke,and WilliSemmler(1996).DynamicMacroeconomics:Instability,Fluctuationsand Growthin

MonetaryEconomies. Cambridge,Massachusetts:MITPress.

Futagami,Koichi,and KazuoMino(1993).ÒThreshold Externalitiesand CyclicalGrowth in a StylizedModelof Capital

Accumulation.ÓEconomicsLetters, 41:99Ð105.

Futagami,Koichi,and KazuoMino(1995).ÒPublicCapitaland Patterns of Growth in the Presence of Threshold Externalities.Ó

Journal ofEconomics, 61:123Ð146.

Greiner, Alfred, and HorstHanusch(1994).ÒSchumpeterÕsCircularFlow,Learning by Doingand CyclicalGrowth.ÓJournal of

EvolutionaryEconomics, 4:261Ð271.

Greiner, Alfred, and WilliSemmler(1996).ÒMultipleSteadyStates,Indeterminacyand Cyclesin a BasicModelof Endogenous

Growth.ÓJournal ofEconomics, 63(1):79Ð99.

Grossman,Gene, and ElhananHelpman(1994).ÒInnovationand Growth in the GlobalEconomy.ÓCambridge,Massachusetts:

MITPress.

Guckenheimer, John,and PhilipHolmes(1983).NonlinearOscillations,DynamicalSystems,and BifurcationsofVectorFields.

NewYork: SpringerVerlag.

Hassard,BrianD., NicholasD. Kazarinof, and Yieh-HeiWan (1981).Theoryand ApplicationsofHopfBifurcation.

Cambridge:CambridgeUniversityPress.

King,Robert,G., and Sergio T. Rebelo(1993).ÒTransitionalDynamicsand EconomicGrowth in the NeoclassicalModel.Ó

AmericanEconomicReview, 83(4):908Ð931.

Levhari,D. (1966).ÒExtensionsof ArrowÕsLearning by Doing.ÓReviewofEconomicStudies, 33:117Ð131.

Lucas,RobertE.(1988).ÒOnthe Mechanicsof EconomicDevelopment.ÓJournal ofMonetaryEconomics, 22:3Ð42.

Maddison,Angus(1987).ÒGrowth and Slowdownin AdvancedCapitalistEconomies:Techniques of Quantitative

Assessment.ÓJournal ofEconomicLiterature, 25:649Ð698.

Mulligan,CaseyB.,and XavierSala-i-Martin(1993).ÒTransitionalDynamicsin Two-SectorModelsof EndogenousGrowth.Ó

QuarterlyJournal ofEconomics, (August):739Ð773.

Romer, PaulM.(1986a).ÒCakeEating,Chattering,and Jumps:ExistenceResultsfor VariationalProblems.ÓEconometrica,

54(4):897Ð908.

Romer, PaulM.(1986b).ÒIncreasingReturns and Long-RunGrowth.ÓJournal ofPoliticalEconomy, 94(5):1002Ð1037.

Romer, PaulM.(1987).ÒCrazyExplanationsfor the ProductivitySlowdown.ÓIn StanleyFischer, ed., NBERMacroeconomics

Annual (1987). Cambridge,Massachusetts:MITPress.

GreinerandSemmler 117 Romer, PaulM.(1990).ÒEndogenousTechnologicalChange.ÓJournal ofPoliticalEconomy, 98(5)part2:S71ÐS102.

Ryder, HarlE.,and Geoffrey M.Heal(1973).ÒOptimalGrowth with IntertemporallyDependent Preferences.ÓReviewof EconomicStudies, 40(121):1Ð31.

Sala-i-Martin,Xavier(1990).ÒLecture Noteson EconomicGrowth (II):FivePrototype Modelsof EndogenousGrowth.Ó WorkingPaper, NationalBureau of EconomicResearch, no. 3564.

Sato,Ryuzo,and GilbertS.Suzawa(1983).Research and Productivity.EndogenousTechnical Change.Boston,Massachusetts:

Auburn House.

Seierstad,Atle,and KnutSydsaeter(1987).OptimalControlTheorywithEconomicApplications.Amsterdam:North-Holland.

Shell,Karl(1967).ÒAModelof InventiveActivityand CapitalAccumulation.ÓIn: KarlShell,ed., Essayson theTheoryof OptimalEconomicGrowth. Cambridge,Massachusetts:MITPress, pp. 67Ð85.

Sheshinski,Eytan(1967).ÒOptimalAccumulationwithLearning by Doing.ÓIn:KarlShell,ed., Essayson theTheoryofOptimal EconomicGrowth. Cambridge,Massachusetts:MITPress, pp. 31Ð52.

WolframResearch, Inc.(1991).MathematicaÑA SystemforDoingMathematicsbyComputer, version2.0,Champaign,Illinois.

Young, Alwyn(1993).ÒInventionand Bounded Learning by Doing.ÓJournal ofPoliticalEconomy, 101(31):443Ð472.

118 SaddlePathStability,Fluctuations,andIndeterminacyinEconomicGrowth

Advisory Panel

Jess Benhabib, New York University

William A. Brock, University of Wisconsin-Madison

Jean-Michel Grandmont, CEPREMAP-France

Jose Scheinkman, University of Chicago

Halbert White, University of California-San Diego

Editorial Board

Bruce Mizrach (editor), Rutgers University

Michele Boldrin, University of Carlos III

Tim Bollerslev, University of Virginia

Carl Chiarella, University of Technology-Sydney

W. Davis Dechert, University of Houston

Paul De Grauwe, KU Leuven

David A. Hsieh, Duke University

Kenneth F. Kroner, BZW Barclays Global Investors

Blake LeBaron, University of Wisconsin-Madison

Stefan Mittnik, University of Kiel

Luigi Montrucchio, University of Turin

Kazuo Nishimura, Kyoto University

James Ramsey, New York University

Pietro Reichlin, Rome University

Timo Terasvirta, Stockholm School of Economics

Ruey Tsay, University of Chicago

Stanley E. Zin, Carnegie-Mellon University

Editorial Policy

The SNDE is formed in recognition that advances in statistics and dynamical systems theory may increase our understanding of economic and Þnancial markets. The journal will seek both theor etical and applied papers that characterize and motivate nonlinear phenomena. Researchers will be encouraged to assist replication of empirical results by providing copies of data and programs online. Algorithms and rapid communications will also be published.

ISSN1081-1826